ONE 


FUNCTIONS, LIMITS, AND CONTINUITY 


1.1 FUNCTIONS AND THEIR GRAPHS 


Real Number can be expressed as a decimal- 

A ralivnal number is a repealing or terminating decimal. 

Inequalities o < 6 fa is less than i>) if & — a is positive; 

a > b (a is greater than i) if a - & is positive, 

a < b (a is less than or equal to 0) if a < 6 or a = if; a > b if a > b or a = b. 
Intervals (a,= (a: | a < x < 6} [a,&] — {x \ a < x < ft} (a,6] = {* | a < x < i} 

[a,4>) = {jc | a < x < t} («,+oc) = {x | j: > a} (—oo, fr) = | a: < i>} 

[a, + 00 ) — {r | r > a} (-00, &] = far | r < &} (- 00 , +tx>) = R 


A hsohite Value | a | — < 


fa if a > 0 
f — a if a < 0" 


I a — b 


a — b if ft > i 
i> — a if a < b 


Sign, Step Function sgn ar = 



if x < 0 

if * = 0 . U(x) = 

if x > 0 


{! 


if sc < 0 
if x > 0 


Triangle inequality |a + i|<|a| + |& | 

■ Graphing Sketch mean by hand; plot mean using & graphics calculator. Our plots label the axes. 

1-1-1 Definition A function is a set of ordered pairs of numbers (x,y) in which no two distinct ordered 
pairs have the same first number. The set. of all admissible values of x is called the 
domain of the function and the set of resulting values of y is called the ratine of the 
function- The numbers x and y are variables. A function like \x\ is said to be defined 
in pieces, 

LI-2 Definition If / is a function, then the graph of / ts the set of all points (x,y) in K 2 for which 
( x ,y) an ordered pair in /, that is> the graph of the equation y — /(a:). 

A function determines a correspondence between the domain and the range. 
For each number x in the domain there corresponds one and only one number y in 
the range. When addition^ subtraction, and multiplication are the only operations 
required to calculate ^ as in a polynomial function, the domain is the set of all real 
numbers. If division is required to calculate y, then the domain does not contain any 
replacement for x that results in division by zero. Thus, for a rational function, which 
is the quotient of two polynomials, the domain is the set of all real numbers, except 
tor those replacements of j: that result in a value of zero for the denominator of the 
fraction. Because the range of a function is a set of re a/ numbers, and the square root 
of a negative number is not real, if the formula that defines a function contains the 
square root sign, then x must satisfy the inequality obtained by making the 
expression under the radical sign greater than or equal to zero. 

Greatest Integer [jrJ = rt if rt < z < n + 1 where n is an integer. Note. ttj — u + i if n < x < n + 1. 




2 FUNCTIONS, LIMITS, AND CONTINUITY 


■L (a) {(z, y) | y — x*} is a function; the domain is (- 00 , + 00 ) 

( b ) ((*» y) I * “ &; 2 } i £ not a function; it contains (4,2) and (4, -2) 

( r 0 {(^i If) J V = is a function; the domain is (—oo, -f-oc) 

(*0 {(®>y) I 2 = if 3 } is a function; the domain is (- 00 ,+ 00 ) 

4. (a) {(s,y) I y — (i — I) 2 + 2} is a function; the domain is (- 00 , + 00 ) 

( 0 ) {(x,£r} | x = (y + l) 2 - 2} is not a function; it contains (2, ]) and (2,-3) 

( c ) I y = (* + 2) - 1} is a function; the domain is (~oo, -f-oc) 

l.d) {(*i If) 1 x — (y + 1 ) 3 — 2} is a function; the domain is (— 00 , +oo) 


5. /(z) = 2i — 1 

(a) /(3) = 2(3) -1=5 

(c) /( 0 ) = 2 ( 0-1 = -! 

(«0 f(x + 1) = 2(x + 1) — I = 2ar + 1 
(g) 2/(x) - 2(2s - 1) = 4x - 2 

CO /(*) + f( h ) = 2x- 1 + 2h - 1 = 2x + 2h - 2 
6- ?(*)= | 

C a ) /(!)=$ = 3 

(<0 /(6)= f = | 


(fl) /(3/a) = ■£- - a if a ± 0 

/(3) 


(b) 


-^ = fifz^0 


m-zfc-j 


00 /(-2) = 2(—2) - 1 = -5 

(<0 /(a -f 1) = 2(a + 1) - 1 = 2a + 1 
(f) /(2x) = 2(2®) - 1 = 4 * - ! 

00 f( x + A) = 2(x + A) - 1 = 2 ¥ + 2h -1 

(;) /t* + '0- /(*) = (2 x + 25-1)-(2z- 1 ) = 2h _ 2 

(b)/(-3) = ^ = —1 

W/($) = ? = 9 

(f) /(-Vx) = ^=xif*^o 

(b) /(z-3)= ^_ 


0 ) /fc4 A)-/(jQ _ 3/(z + A)-3/x _ 3[x-(z + A)j _ _ 3 

^ b hx[x + A) x(x -y A) 

(b) /(-l) = 2(-l) s + 5(-l)-3 = -6 
(d) /(3) - 2(3 ) 3 + 5(3) - 3 = 30 


(i) /(t)-/C3) = |-| = |-1 

7- /(x) = 2x 3 + 5* - 3 

(a) /(—2) = S(-2) 2 + 5(-2) - 3 = -5 

(c)/(0) = -3 ^ JXV ,_ 

| ™ ^ = **?+«&-* - S* 4 + 10s 2 —3 

(h) /(z + A) = 2(x + A) 2 + 5(x + A) - 3 = 2z 2 + 4xh + 2h 2 + 5x + zk 3 
(0 fi x ) + /(A) — 2x 3 + 5x — 3 + 2A 3 -f- 5A — 3 —: 2x 2 4- 2A 3 4 - 5x + 5A — 6 


Q) X + h ) f - x '~ = + * xh t 2 A1121 + : 2h ~ 3 )-(^ 2 4 0* - 3) 4zh + 2fi 2 + 5A , 

A k - _ =--= 4x-|-2A + 5 


8- i?(x) = 3x 2 — 4 

(a) tf (-4) = 3(—4) 2 - 4 = 44 (b) <j(l) — _ 4 - 

(c) ff(x 2 ) = 3(x 2 ) 3 - 4 = 3x 4 ^ 4 2 2 A 

(d) g{ 3x 2 - 4) = 3(3x 2 - 4) 3 - 4 = - 24x 3 + 16) - 4 = 27* 1 - 72x 2 >|- 44 

(e) g{z -h)= 3(r - A) 2 - 4 = 3(x 2 - 2xA + A 2 ) - 4 = 3x 2 - Gxh + 3h 2 - 4 

(f) g(x) - g(h) = (3x 2 - 4) - (3A 2 - 4) = 3z 2 - 3A 2 

( K] Si 31 t jO ~ g(*) [3(x-r A) 2 -4|-(3j 2 -4) _ 3(x 2 + 2xA + A 2 ) - 3z 2 0 X A + 3A 2 

W A A - -£--- “—jj-= 6x + 3A 

9. F(se) = 

(a) F(x + 9) = v/(x + 9) + 9 = y/x + 18 
(c) P(x 4 - 9) = - 9)+ <) = = x 2 


(b) F(x 2 -9) = y'(x 2 -9)+9 - v^ 3 = lx| 
(d) F(x a + 6x) = V* 2 + 6x + 9 = | z + 3 1 


(e) F(x 4 - 6z 3 ) = v , x 4 -6x 2 +9 - !x 2 ~ 3 

(f) + ~ F C g )+A + 9- y f x + 9 yfj+A+9 + v /^+9_ (x + A + 9)-(z + 9) 


v/*+A+ 9 + \/x+9 A( t/x+A+ 9 4- V x+9) V / ®4 A + 9 4- y/x + 9 













4 FUNCTIONS, LIMITS, AND CONTINUITY 


18. F(x) = \/9 — z 20. p(r) =; V4 — 22. /(x) = \fp — 1 

t D:9-x>0 !> D;4 —x 3 >0 t> il:x 2 ^I>0 

(-ao 4 9] [-2,2] (—co,—11U [1, +oo) 

R [0,+oo) R: [0,2] R:[0,+oo} 



N | 
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U I'T NOTIONS AM) 'I'llKIR. (1RAPIIS 


{* — 2)(* 4- 2)(x - 3) 
(x + 2)(x-3) 

— x —2. D: x -2, 3 

ft: y 4- 1 


-4 if t . < -1 


32. s (*) = ^-i if -2 < r < 2 34. f(x) = 


if 2 C i 


3x + 2 if r 


if x 


& f): (—cc, +oo) 
R: {-4-1,3} 


&■ /(x) - 3x + 2 

D; +oo) 
R: i/ ^ 5 



_Jl -* 3 if: 

” \3x + 1 if I 

CO, +Qo) 

OC. 1) U [1, +Oo) 

- (-«,+») 


1 k 

L> 

\ * 

j / 

\ 4 

- f 

\ 1 

k ■ b i ii i V i 


-8 ^ H -S 

■ jf t 

-c 

- 

-E 

: 


9 

6 

4 

2 


-a ^ “4 -jf 

^ H H 

/-4 

E 

/ 

E 

' -E 

F 

H 


’ttv II 










(c) sgn(r + 1) - sgn (t - 1) 
ffl if x < —1 or x 

- < 1 if ¥ = -] or x 


(b) sgn(x -1) 


50. (a)sgn(x+l} 


51. Define /(x) piecewise for the graph of the figure. 
t> Using the point-slope formula for each segment give 

{ 2 — 2{x 4- 2) if —2 < x < — 1 f~2x-2 

0 + l(x + 1) if-l<x<0 Jx+i 

]-lx if 0 < x < 1 1I“X 

0 + 2(3-1> ifi<x<2 \2x-2 


52. Define /(*) piecewise for the graph of the figure. 
t> Using the point-slope formula for each segment give 

0+2(z+2) if-2<r<-l (2s +4 

+ if 0 < x < 1 |l4*x 

if 1 < x < 2 [4-2x 


e 

t 

4 

4- 

• 

i_y 

-3 -6 -4 -2 

-1*6% 

-2 




-6 

- 

-8 

r 








8 FUNCTIONS, LIMITS, AND CONTINUITY 


53. Define the graph of the figure as the union of the graphs of 
two functions /j and / 2 . 

* /i = a,/ 2 - ~s or/j = |x|, / 3 =-Uf 

54. Define the graph of the letter Z as t.he union of f v f 2 , / 3 . 

> Use relational operators to get segments, rather than lines. 

fi = S(x > -,8)(x < ,8) 
f2 = *(* > -.&)(z < .8) 

h = -,8(x > —.8)(x < ,8) 

In Exercises 55-58, define the function piecewise and sketch the graph 


Exercise ,>S 


58* — I £ M £ — H> I — | — 3) fi fi p p pX a n o fi fi a 

(*?-Zx if x < 0 -V- 

= | Zx - x 2 if 0 < x < 3 -2- * 

lx 3 — 3x if % > 3 

In Exercises 59 and 80, sketch the graph of the function " 

and determine its domain and range. Check by plotting. -6 - 

59. h(x)-X- {x|, D: (-«, + 00 ); R: [0,1) Exercise 59 

60. I [xj — x + Jx j. D: (—oo,-|-oo); R: (2&, 2k + ]), where k is any integer. 

6E Define two othe r funct ions whose graphs resemble two different leLLers of tile alphab 
■> U: /(z) = 1 - VT^x 3 , V: f(x) = |x | 

1,2 OPERATIONS ON FUNCTIONS AND TYPES OF FUNCTIONS 
1X1 Definition Given £,he two functions f q\ 

(■) their sum, denoted by f + g, is the function defined by 
(/ + fl)(*) = /(e) 4- <?(*) 

(ii) their difference, denoted by / - g. is the function defined by 
(/-ff)( K ) = f{x)-g(x) 

(iti) their product, denoted by / - g, is t.he function defined by 

(/ ' ?)(*) = /(*) ■ g (»> 

(iv) their jiroireni, denoted by f f g, is the function defined by 

(//?)(*) = /C*)/?(*) 

In each case the do 
domains of / and 
which < 7 (x) = 0 are < 


ose values of x common to the 
: (iv) that the values of r for 
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4 

2 
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V 
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* - - j J 

,246 

*2 

A 
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- 


1 £ 

\ 6 

\n 

* . . ■ 

1_V 

-g -fi -4 -2 
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-A 

- 

-6 

1 

-E 

- 




1.2 OPERATIONS ON FUNCTIONS AND TYPES OP FUNCTIONS 9 

! 2 2 Dcfunlwm OLven two function* / ana g, th* ^suptfsrte denoted by / «fl ** d r ^ 1 / &f f> '* 

dtrw by (/ o S )( i ) ±1 /($(*)) and the ibutin of / »j ia the act of all jiuecl ^ x m the 

domain cT £? H'.itli that j(?) is in the domain of/- 

The of functions rs ateoeiative, that ia (/ o j) □ Ji = / * o A). 

‘ D^finirii>r fii A function iswid to he an r.ur.n function if Eot every c in the domain \r.\ f. j (—-i) - j t J .•■ 
fil j A function ia said (o he an odd Wlion LF for vt&y r in the domain *f />/{-*) = /(*)■ 

Ijl both pajss (i) and (h) A k undetslood that -x ia in the domain of / whem^f x is. 

Even pcpVftT? of r art even functions: odd pO^viot and odd reOts of r art' odd Tu Eie:ions. 
Combination:- cv m ± m ± odd = odd, even x even = even, odd* odd = even, even * odd - odd 

CVrji/evCJl = fv^n n udd/wkl = CW, CVCa/fldd =&dd, odd/eveo - odd. Ser F ;<LT'rn;JFiI?; f>2. 


JErrr^z* fa I. J 


In iierej^e-v J-JM, define the jColtowLng functions and determine Their domain I3 l 

(»)/ + #(b)/-p(i)/‘g [d) //i(«) $// . ,. . , . .. , 

& We adopt the common praetor ®f omitting l s T• Valois not in r .he vmplic. r . domain 4-.r. vn t cs . 

1 . / = x - 4 , 3 - - 1 (a )7 + i r = ^+® ** f—bOiDfciJ tb} / - a = -* + *-*> ft (-»■»> 

Jr.I / ■ J = ( s - a)(?-- — 1) = ~ i>T 2 - 2 + 0, D: (- 00 , 00 ) 

(d) //j = -^4-, PL I ^ il <*> J/; = —if. I>: J £ * 

2 , / = ^/a, 3 = x a +1 (a) / + tf = ^/i r +sf 1 + I t tl: [(J,+eo} th) / ~ J = 1, P : f0,+oo) 

fc) /’$ = v®(=*f»)- D: E°> +«) W) JVff = ^y <* feU«$00 if//- n '< 0 ’ 




w/-»=| 3 i‘i-i-S€T'-^ij D:£/0f 1 

1 te) 7 = 

t /=v"i > Jf-d- : f 2 t.)/4-.,^^+4^?i. D:L«-+«Hb)/-? = ^- J l+j: 2 , l>: [0,-oo) 

ft) / J, ^ V ^(4 ^* 2 ), D: L 0 ;+00) (d) ffr =~^T. D= 1#;u ja, +oc) («) ?// = 

3 = *“-] (a) / 4 3 = v/* + x^ — i, Di [ 0 , + 50 } (h) / - „ = Ji-x 3 + I, U. [«,+«) 

C / . j= ^(r 2 - 1), D: [O.-HB) (d) //J = D: [MjUft.+w) (*) iff = D: 

* /=]*[, ff =|i-3|[a) / + j = !a|+|jr-Sl J P | : (-».+») (b)/-jI*I-1 1 -3L Eh (-«,+») 

0 / ■ p=I.»- 3 l D: HB'-hxO W) //J — (Tzyj 11 ^ 3 - nil 1 J>: 1 ^ & 

^ / = J ! + ij f — Je - 2 (a) / + g = z 1 + 3x - h I>: (-“*, +oa) (b) / — s - x '^ - ^ t+ 3 ’ ^ -cCr+gc ) 
o /-a = ft 2 -+ l)f:5x - 2) _ 3x a - 2z 2 + ^- s D- (-®, +w) ( d > //* = 57^?' D: * ^ ^ 

’*•' ff// = ^y. D: t-=c.+t*) 

A /= 3 ^ X 2 - 4 (a) /4it= v/^M+£- 2 -4 n 3>: [-4,+0o) / - J = ^ 

B. H,4«) w v^RCF-4). I -4 - +«0 w /'' 4=; 7rr. D=!-t.-s)0M,i)u(2, + «) 




LCl ¥ (JNCT10-NT> CONTINUITY 


2 j. Vt- 


f i < r , ,_J i > + l—L±a^Lrf;f J-1.2 


fuw t a -1 r. J +4 -— 




Ift. / - t‘. a = 


r -j-I ]{j - : 2) 
r - l 


. D; *4 -1' 2 W 7 


/_,Li I —L.i^ = -F 4 T,D^^I, 0 , a 

7 — t + ] 1 1 * +1 * *l<+.W 


W l>: 1 # - l - 5 
■a. /=*>, „ = ‘ w /+ *= .u-fe *mm w /-»-^ 

<d /•, -^ - * 3 ' ! . (Mo.) W> £=*’ = ,S/I ' <“■ + ”> W 7 w $£* D:l °’ += 

l„ item if V M compute (/■#) bs *« racthd*: « W »(=!/»* [hj Find (/» 

11 ./m-3 I ! -4p.j[p)=3c-s,c=< , - w*»-fe?-5a ?-&rM 

(b) /(!?'») - 4jt2i - o) ! - 4(3z - i) = :i(4* 3 - 20* - 25) - Be + 23 = 12* - Ml + 9o 

/0(4>] = 1,3-4*-6(3-4+05 = 15 __ 

12u /(*> = y^S e, g (*)= g ? -3 s, * = 5 » ? - 3 -5 = 10, /(1U) = v^lO 8 - 8 

i» /(*(#» = + * 

j 3. /(*) = ?l» = * = k * = (lf + l ® !■ ^ = :|4f“i 


M /t^))=i - f,U t) = f(s{ * 

sr^+L 


il?T 3 


3v J ’ + ' ^ , ^ 3 t + - r 5 ^ 

M- /(x) - -. ff[*) ^ - , F 1 '■ “ “ 3 


2(^3)+ 5 j. 

* Wjrt- 2 >- - 7 ^- = lT>- 


2J^i3 


/S - a .-, 
\: "7 — J 


:;sx' 1 + 2 je 1-5 


\/| = -7 -< h ) = — ?FTiv — = ife + s' 2 V 


* %[ ~ 2) + 5 = ^ = M 


In Ji'atrciiH 1S-&4, find (a) (b) fio / (c) W (rt ) 9" ? ™ cl Si™ £k ™™ 5 

W /(it*J)^ (i + 7) -"a = a + S,.D: (-c*. + w) H») S(/(*» = (*~ + ' = 11 + f' Pi <7"’ ^ ] . 

( C ) /(/(s)) = (jt-S) - 2 = J -4 D: (-ca, -Kh) (d) = (x + j ) + 1 - 1 + 14 > JJi ' W| +0 °^ 

* S) I /rjM)= , 3 I -S(6-3"i) = 6u-»-«(-»+») 

(c) /(/fr |) = l-^l- 2 c)=*tc-:l, 0: (-ec,+ocj (d) tf(o(u)) - 9-3(fi - 3«) - 3c ^ 

«. /(,).«. s, sW - . i ► w m»»- - 1 > ■-* - * ! - «■ D: ■-"> t “ 1 


(dl (t g — 1 - 1 = JT 4 - E>: ( nfe.+oc) 


]K, /(ac) = V^, Si 1 ) = ^ + ] 

l> (*) /(^ V^+i' D: (-«. +oo) (b) J((*)) =* +1 = 1 + 1 * ^ l° f +C ° :> 

Mk - w +4 ( d ) + 1 z^!_ + +2 - D: 

1& , / t .) = yr^, ,(z) = x ,J -2 ► W /iflW) - D: (-*-«I^f2. <'*J 

( b ) Jf (/( s 0 ) = ( V ^ 3) 3 -2 = jr - 2 -i = x - 4 ®s [ 2 ,+ t ^> 

i/TS- 2. D= *-2>*.ta.+w) (d) j(a(T^ = (x s -2) a -2 = r i ~*c 1 . 2. D 


1.2 OPliUAM IOSS ON FUNCTIONS ATYPES OP FUNCTIONS Li 


20. /(f) = - l, ?(*> “ J 

. &«M5 = © , -l=?-> = 1 1f D!r ’ iu 

/(/{*)) = — 1]* I ai 1 -fti 1 , O: { 0*1+™) (<!$#{j( 1 )) = = T> ' 1 ^ ® 

2L /(*) = , 

* {$ = 4w D: = V?'= ^ D: [ °' +W) 

tt) /(/(x)) - X = *. 0; * j£O l^j = tJv* U I°?.+ 00 ) 

22. f(x) = ^ S {x) = 4 » (*> /tfl (?)} = n [?L (b) “+• D: 


(d) jW*)) = 


-— l - ^i.Dix/n 


I/* 


(Ij) jj(/(e)} = ili \+?\ s=UI+2. D- { «>: +«) 

(H) f ( ? (^-|lx + 2!+2 =1*+Zl+Z t 0: {-&.+&} 


(c) /(/■») = yV* = V*- » [0,+®) 

SI. /{*) BS U^Sf)«l*+i| 

* (a) = [| i T 2 !| = \x + 31, J >: I -», +^) 

M /(/f r » =|lc|| = l*L O: 

34. /(*) is vV-1, j£j Q = i/r - I _ _ 

* (ft) /{*(*)) = t /u/g - "0~ - L = V*-l-l = ( 2 - +v ®) 

(b) \/\A ! -1-1, D- J 'A J - 1 > l, 

= <yf^ y'lf^ —T)' — ! = x 1 \ — L = \f*' 2 --■ O: I,-Wi ~ 0 +30) 

(d) j(s£i)) =? \f — 1 _ It 0: * — 1 > l. (3 ,+m) 

25. /(*) _ >/x (a) f(T 2 ) = 'fr* = \ *1 fc: (-», +*) 00 [/fa)] 3 " t V^)“ ® *■ Dl 5 1J ' 

(«) /(/(*)) = = v^> D; L&. +=*J 8& /(^ -!E 0 ” t «»i D i 

2*. /(xi - 47 w ^= rb : l): 2 * * 1 {h) U{ * )?= v-~*? iVz ** 1 


fcj «fe»= t _ 3 it-4 -*5F 


*=k ft x # G,1 (d) D- i # 0,-1 


[f, Eff^rcwei cipl^* the fiincLLuii fist.*)) lei twy vr^y^- 

lispr^ The funrticsi uiidt cf iwke; al lhc ^ or tht ^ :,d 

D- squ.iNf rood uJ tkt tliffere’nrd <>l' 

& -2 [kj^mc: <?f the su™ of -■-■/- 


/= 

\/x. p - 

■^-4 

or / - 

v^, 

^ ^ X 1 

\ V 

= M-x 2 

0-- j r = (0 • x 

) _a =J = 


- t J 


2 W 


If = * - 

± 

fs 

7V> 

u 

t'- 

*r\H 


or / = 

X, j = x*+3 


- * OJ 

/ = (^r 

- ay 1 , t 

- X 1 4 ia 


27. —1 

36. 

M - tiif 

3,1 

31- £i a 4 4z-r0 <l 
32. VfTT+i 

in £Vwcwfj r- 1 *' thc M£l detl!Tmil!r ;r ' l£ C ™ 1 flrid ' OI [L t H ' t<3 T tj ,, 

33 (a) 2x 4 -3x 2 + I ip <-vriifii (turn of even pn^^Ts} (ti) fti" + ] is rtfe^hiir (cwJri Ttra. 

34. (at) ^ ^ 2s + 2 Lh ucitlier («v<n 4 odd ) (h) * - 1* £*W» - 

35 S S® 3 — 7* » odd (odd 4edd) 0>) fl(*) = l?l. 4(-*>=M!-i^S^ — 

36. { 3 > 1^' 4 Sr" i* odd (odd +odd) tj) ^ + 1 ncit11 ^ (odd + m) 

3V- fa) S/i is Odd (odd tltod) t‘0 - 4 j* c^n (even cv^n) 

38. (a) is odd (even 4 odd) (b) 31* I + ?;#™ ^ vstl + e ™“> 

In i’r-rrriits JJ dwJ Jff, detcrxniiie if lisp function is iivdti. cdtl. Of /seitliffr 


p- ^ rlirTermc^ of ■ ■ ■- / — ^ 

> SqkLFiFC JT.k:-L of ^UTT! nf ^ -_ / = ^ — I J - ! + ■* ui J ^ J ^ 


is, (^) ^—-j lfi rw3tf (odd : i^frTfc) 


f 1 j] —77 — ' \* t-vesi 1 even -r tVEn) I/-) 
+ 1 


4-— u- (even ■: evon) 



12 FUNCTIONS, LIJUfT$ r AND CONTIM' ITY 


I V IT1 -f-ocl 


jiiHUw 


In Exercises Ji- 44 , dtdme tie function Ln LciLcrva; a, plot t«, and determinc if it is even, odd, nr ncilli^r 

ji \x\_fx/x=] itx>Q. , fif-Jr = r“ ifx>0 

4 1 " T „!_ _ r .1 _ ^ n l!i C*^*™ •- odd) 42 . - is evtui (otkl 


f-Cx-2)-r (t + 21 - j if i < —2 
4S- k -2|-|jt + 2| = = -2* ir-2 < x < 3 is odd 

4*— 2) —(*+?) =-4 if =>2 

^-^[(t + IJ-fx !)]/* = 2 x/x = 2 if *t-[- 1 , 0 ) U( 0 , ft is even 

l[(i+I)-[i - l)]/i = 3/x if z > 1 

45. / (5 3 f- g □ /. See Exeidses 16-2d, (a] versus (b). 

Ju tkzrcisss ibow that / and <j Arc inverse functions hy showing tbnl /[j[x)) - x and y(/ix)J 

46. /=2z-3, ff a £(«+£)./gj = 2[^[z-!-3)I-3 = k+S)-3=ii l q o / « ^(2« - 3) + 2] = £(fe) = 

47. t = — n -Lz^I f fi a — _1_ r - _£_ - „ „ „ t _ ^ Vt^+l) *+i _ T + 1 - 


4^ / = T , X < 0, \f - ”-y/r- / * = (- 1 0 / = V ^ = -f 

Sfl. / = (* “ 1) 3 > 0=1 + . / 0 J = [(1 + ^/x) - ]] 3 = f^) 3 = J5. p ‘ 

51, F5c ( d fursnuhiE foe qgn(U(x)) and U(sgn[z)) and sketch Uli-It 

If Ufz) < D 
iF U(x) = 0 
if U(z) ts 1 

If _ L ;|=:.ifc r > ( 

LC Sgll X < 

52, M / gillI $ 7±n\ odd ftincLiotts.. p?ov# ihia f + ^ and / -ftTC fldcS untJ J - $ JUM 
fr /(-*) = -/{*), 9{-z) = i(i), 

U + eX-*) =• /( -*) + j(-s) = -/'» -!?'» - -[/(*) + tffx)] = -[/ -+■ ,7}(xi 

(/-*){-*) = /(-i) - g(-^) = -/(*) + ${x) = -V(=) ~ f(*H = -(/ -<?)(*) 

(/ = A-*)frf-*) = [-/M-j{*}j = /fxM - (/<&*) 

(//j}(“ E ) - = -ik)/-S(t) - /(£)/?(»} - (//g)(z) 

53 , If / ts Afciv fuFicticra and ^ -r)) = /(fjfx)) ec i_^ 

II / rind J ate both udd, /(({- 1 )) = /(— fg(x)) = /[jr(x)j to / a 3 is odd. 

If / la even And 5 is odd, - /{-(<>)) = /(#(a:)) a» /« if fa even. 

54, find fotccml^K [ur (/ oq)(i]. Sketch tJie giouhs ^F /■ J- and / 0 3 . 

> y0£^)<1 = /r 5fft<r<t 

It 1 o-Lhcrwisc ] J 2 iHhcFwjs*: 


i -h (j — ]) as 


n 1 - r 


1 1 ten *)) 



l.o OPERATIONS ON FUNCTIONS AND TYPES OF FUNCTIONS L3 


55. find fontiulas Tot (jj °/){-?) and sketch it* graph. 

m If f(x) = 0 fU if x < (I tir £ > I 

► ={}/<*) if 0 < /(if) < ] = U lf0<*<4 

II if ofhmriK U if * < *•< 1 r 

56- if f(x) = x* + 2.t + 2, find twn ftinciicma g for which + 5- 

t AaSume j has lie form ax + fc. Then /(j) - (w + t}* + 3(« +1) -I- 2 = A 1 4- (3ri + 2*)* + tf* + 2*+ 2). 

= l f a = ±1. If a ±= 1, 26 + 2 = —1. t = -3. Ef a - -I, -26 - 2 = —4, 6 = i- Roth satisfy 6 _ + 26 + 2 

= 5 , jf(x) = *-$ or j)(i) = 1 - *■• 

§T. if /(e) — find two functions g for which /(ff(*)J — 4t/ — IE* + 0 — (if* - 3} 1 - 9 = 2* — 3 or -2* + 3, 

58. Prove that if / and g are linear functions, then ™ I» / o 57 . 

E. Let / = ax + 6 , P = tx + d. /(p) = «{e* + d) + fc = (nr* + ((nf-s-t) = Ai + B with A = ac d ft = ad + fr, 

59 , Find tiie function /(*) which is mid nud even. 

o /(-*} - -/(e) and /(-*) = /(*>- Then ~/(i) = /{*) » /(e) = 0, 

SO. If /(e) = 1, ?(*] = A(e} = -*. is (/ o ?)(*) = %)? 

0 (/*!?)(e) - (j° /)(t) = -i while h{s) = -f for nil e- 

61. TC* plain why F(e) = v /t+T/ And (J(sr) s ^(* + I )/(* - i} ate not the same, 

t Dorn F =2 {* + t Z 0} n {1 - 4 > 0} = (4, +<£■) hut dom G = (—xn-i]U (4, +^) 

1.3 FUNCTIONS AS MATHEMATICAL MODELS 

VaH*hl«i should be described using units: * fad U length. 

Sr is Proportional u> e Directly; y - ks. Inversely: y - kft- Jointly propuH ionsd to e and ^ y - i*;- 

Enticmum of «j a + bz + c occurs when * = -t/ 2 ot this can he obtained by cocnphl-lng the square. 
MaximiEns ProdwcL of a net of pwirivK numbers of eou-stanr. sum is when factors «rr equal. Sec Ex. 25- 

Minimum Sum of a set of positive numbers of constant pTodun is when terms arc equal- bee Ek. 22 , 


JZicmsrx j-S _ ___ _ _ 

In cacti exeTL-.iite, obtain a function aa a mathematical model of Uin *iiuaiLtui. He sure to write a fAaclusion. 

1. A payroll of p dollars u directly proportional to thu number Jr. of workers, and a erew oF 12 worker* rerns 
$ 536 . (a) Find p(tii). (b) What i* Uic payroll tor a co-w of lo workers? 

p p = ltw. SID = k(12). k = 6 T^ (a) p(m) = 67.5tK (b) p(lo) = 6T-5 -1& - 1612.&0 

2. A person's brain weight i Lb i* directly proportion! to his body weight id lb, and a pursmi weigliing LS£l ib 
has a 4 lb brain (a) 6 (u:). (b) Find the brain weight of a 176 Ib person. 

P b = kw. 4 = fi(15&K k = (a) i(w) = jrtv (b) = ^-176 w 4,69 

3. The period p xt*r. tv Fa pendulum is directly pic^onional te the square jool of the number * of iec: in iLs 
length, at id «ti 8 ft pendoluiii tine, a 2 s« [X'rtod. (a) find p(*). (b) Find th* period of o 2 ft pendulum. 

t. p = itJE. 2 = Jtv^ : * - 1 //a (a) P(*) = V^/2 (b) JK2) = vT = 1, The period is 1 **■. 

4 . The frequency / par BM. of * Vibration is dirw-tly proportional to the square root OF Lbe tension f kg, Mid IS 

864/sec when Mi<j kensloo is 24 kg. (a) Find Rt). (b) l md t.hc frequency under a ttjisloo of 6 kg. 

* f = kvfi. 864 = i = 12 t/v v r - 72^6 fa) /((} ^ Ko/St (b) /(G) = 72 ■ & = 432 


S- 


6 . 


C(s) doLlais is Lbe cost of phipiiing * lb. C(t) = 



if Q < x < 50 

if 56 < x < 26D . LJfbU) = 2.2 x ofl - 110, 
if i > “ 2^0 


mj] = 2.1x51 - 167.10. 0 ( 52 ) ^ 2.1 *o2 = 109.29, C(53) = 2,1 = lll.M, 0(290) = 2.1 x 2U9 - 120 

€(302) = 2-05 x 292 = 414-19, 0(264) = 2-05 x204 =a 418.20. G{296) = 2.95 x 200 = 422.30 


y(a) ofist» Lf. the cost of mailing t ounces- y 
y(2) = 9-23|^2j = 9-28(-2) = 55 

=9-23[—8.4] = 9- 23(-9) = 2lB 


sfl-23|j- 


x|. y( E.6j = 0 - 3A[- ’ 1,9] = 9 - 23{-2; - 50 
y(2.L)^D- 233-2-1] = 9-25( 3) = 7S 
J ,(U) = 9-53j-ll]^9-23(-ll)=?fl2 





M FUNCTIONS. UUlT$ h AND CONTINUITY 



7. y(x i cents is the cost of au * minute call. y[t) = 10 - 30f—x|. ^{(1.5) = ID - 34>[—Cl.i] — ID — 20(- L) — 40 

»(i) = 10 - 3fl[-2] - 10 - 30(-2) - 70 tf£2'.5) - SO - 30[-2.&) = 10 - 30(-3) = 100 

y(5) - 10 - 30|-3] - 10 - 30(-S) = 100 y(3.5) = in - 80[-3,SI - 10- 30M) - m 

j/(b) = 10 - 30E->J = 10 - 30{-5) - 160 


3- The adult admission. price is ?r h while the pike far cikiicn under 12 years is l : 4 and the pries fo? seniors at 
least. SO y«rs is- $5- (ft) Find a mods! of price us a fun c lion of age, (b) Sketch the graph of your function in (a), 

if fl < * < ]? 


j? < (?(t„ 


l> cluJJartf lJlo j-:Jjii i.^fon Jbr -t4? v^r b — 

D. Tins demand for n toy is f{p) — —9^ whetc p dollars is the price. After f months the price is 


{ 4 if 0 < ar ■ 

7 if 12 £ a 

5 if SO < x 


pfa) = + jjji + 5. (a) The dtfRubd after ( months is /£p(t)) — 


■5000 


i.OUU.OUO 


(b) The demand after 5 di-liilE Eh ii> —- 


2.Mtil.wri 


f 5 + 7 ’ & + 10D) J 


f^ 3 + ^+&r £r + 7M- lOQr 

- = 7 * .125 a 7S 


EHT 


10. Liu 1 number of large Osh is fix) = \/'2fy*. + {50 when x is number of medium fish* The number if medium 
Jish js — y/tU + SQOO where ir- is the number of small Hsh» ifa) As a function of w the number of large fifth 

is fisi.tt-}) = y (■ 5000) ¥ 150. (b) There are 0 million small fash. 

/(jKOOOOOOfl)) - ^20(30(10 + 5900) +150 - 550, There are 550 large fish. 


11, If ? cm it- the rad hm of a sphere and A t-m 1 :s1 hr surface men. i lien A(r) — 4-irr" The radius is increasing at 3 

cm/sftc, so r = /(t) — Hi, (ji) After t sec the area is A|/|l]) — — 3(jet 3 cut 3 

(b) After 4 see lilt men is ~ hTO-x ss 1309.9 cm 3 

12. ff t ft is the radius of a .sphe.-e And V ft* is (he volume, then V(r) = Jut 4 . The tAdius is 2 ft ;ind decreases at 

4.5 in/mljs =■ ^ ft/nda « t = /(() = 2 — j*. fa) After t miimUs the volume is 

V{fiJ)} = 5^2 -§^ (b) After 3 TOlOutts (he volume is - ajf 3 = 3.31 ft 3 . 

IS* A field of lengtli j- m k eudcecd with 24(1 m of fence. Tea width Ea ^(240 —2x) = 320 — x m and its area is 
g(x) — (120 - — I20t—x 3 . 0 < x. < 120- a(x)-= dtiOM - (x —WJ) 3 is greatest when x = fib and llie field i> 

GO TO x 00 rn- 

14. A garden of length i- ft is criclravwt wHJi mo ft r>i fence. It* width is J(100 —2r) = 50 —t fl and its area Ej 
n(x) = (50 — Jt)r = 50x — x 3 , 0 < x < 50. a{x) — 62o-(x —25) J is greatest when a-^ 25 and the gaiden is 
25 ft. ?f 25 ft 


15. A Geld of length x m parallel lo a river is enclosed with 240 Jtl of fiwic#- It^ width is i(24G ■ z) m and its urea 
is a(#) = - xjx = 120x — ^x s „ 0 < * < 240* a[x) - -^x 1 - 24Dx + 120 ? + ^ ■ 14400 = —- 120) a + 7300 

is greatest when x = 120 and the full I is 12d m *00 m. 

15. A guidon of length x ft parallel lo a haunt is enclosed with 100 ft of fence. Tts width is I fjr'l - x) ft mnl Ilk 
area w <*(*} = |(](MS — x)x = 5Qi -ii ? > 0<iv 100. o(x) = -^{x s - lOOx + SO 1 ) + 1260 = - 50) 2 + 1250 

is greatest when x = 50 and t.bc garden is 50 ft x 2 5 ft. 


17. x La. squares arc cut liom th* corners of 8 in. bv in. sheet aid the side.* ufe turned up- (a) Find the vuluin* 
V(*J in 1 , (b) Find dQttt(V)- (c) MudmiH the •u'olunw graphiraJJy* 

► V = £u,yj = (ft - 2x)(15 - 2x)x. 0 < x < 4. The maximum t ojymft E$ 90-74 in 1 v'h^a x ~ g *f 1.7 (ia.) 
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IS. 




t9r 


ftfl. 


21 . 


22 . 


2Z, 

> 


24 


> 


25, 


* 


27. 


2& 


j cm squaws pic cut from th-e L'omtrt nJ VI cm ^qiFfwc cind the 5 cd^t an? turned UJ>- (a.) Find this volume V(i) 
UD’ 1 . (b) Fitud cUlin(V). (c) Ma^imi*r Valum* graphically. 

V = tu?h = (12 -2*}** K i-J|a(li-a*}[ia-2ff) (sum = 24J &<>^6 P The mwatnum- volume as 120 cm 3 

batten 12 — 2 % = 'la 1 , i — 2. CuL 2 ciu squares, 

x 111 . ! 4 )feLAt #9 am r.ur. from the corner of 12 ill. by 15 in. aiwet and the sides ire mined up. (a) Find th* 
volume V{x} in*. (b) Find dom(V)- (c) Mammae the volume gLapbically, 

V = = {12 — 2i](1d - Sj)j, ft < r < 6- The maximum volume is 177 in* when x » 2-21 {in-) 

x f.m *qi3Ar*:i nn- rul. from the enmera of 411 cm by 50 cm shuH and I he tndt# act lumtd up. {&} find the 

volume V|>) emT*. fb) Find domfVL (^} Masimiiw; ih# v&lum* graphicully. 

V — twh = (40 - ftr}[S0 - 2x)x, 0 < j < 21). Tine lYiAumum vtdume is 6ot>4.2 cm 3 when x = 7-36 {cifl) 

00 lcl 3 in the volume of a cyJinder, r in. ts tin* radius, 60/xr^ in. is the height* 120/r in ^ is th* lateral nrtA, 

2jt r* in' 1 is the area of Lb* tods. The cral is St/Lu 4 for Iht side* Mid S2±/in* for the ends. The total cost ts 

C{r j = k - 120/r 4 2i - 2 ?h^ = Jt(120/^ + 4irr^) s r B_ 0 = k(p6/r + 6ft/r 4 4xr" i {product = 14406*) is 

minimum when ftft/r = 4 *^, r* = 15 /tt, r ■:■=: 1.68 Etl, 

60 tsfi^ is the volume o^ a cylinder, r ast- h the cadiue, 60/ xr 2 iffl- jfi the. height, I2n/r in* is the lateral aim, 

tt" in y is th-r jirrjt nf the bottoTU. The ffttnL surface ts £(r) = 120/r + r > ft, S — 60/r + fift/r 4 irr 2 

(pifldlict = 2G06 f) is minimum wh*n 50/r = xr J _ r r-: =r 60/X, r S; 2.67 ii3- 


A page with margins 1-5 iiL_ ;il Ik^ Ijup nm\ buttemi -and 1 in. At Lhi; hklut is to contain 24 of print, [zi] 

Find the totai ^.rea of Lite pipe, A(zr) in", when the widr.li nf the prints r«^ic?n in * Ln. (bj Wint is ehe 
domain D of A? (cj ApprCutiiilitc r.o ihft Eiujadtedth of ^to Lndt the size of the smallest page. 

(a) Th^ kngth of ihe primed region is ^ L:l. A(x) = {x 4 2)(^jr - 3) ~ 3ft + (3* -| *y) (product — 1^1) 


fb) D j x > 0 {c} A n ^ >t = M v- _ h.cn 3r = . x — t- i + 2-1f5=6. ™ 4 3 = ^ 4 3 = th The smallest page is 

6 in. wide nnd 9 in, l^ng. 


A lot with yvfiI kwjtyji 22 h wldt at the front and hark and 15 f>- r 1 .: the sides is 5o ccinlmin ^ 13,200 H-" bmldSng- 
(aj Find the tot4il suea of cIl^ Jot h A{c) U 5 , when th^ width M Ihr frnnt. is x fL. (bj VVhAt Ls s.Eitf dumain D of 
A? (c) ApprmdcLLaie lo Lhv near^f JuiuJrBili h ;l GjuL Lhe h-i^e uf the umalievl Juc. 

(a) The length uf Lbe buMa* is ft. A^) = (x + 3^1S|SS + 44 ) = 14&20 + (44x +396000/*) 

(b) T)\ x > 0 (c) B^c^me the produ ct of Lhc vurlablc term^ Is l n T42,00ft r ihc smallest Loc has area 22.S0d.4 

44t — 5T?6|t5flO/s f x — \/50W ^ftl-87- The field in I24.S7 ft by 163-14 if. 

A chI" l^iL^Lh z in. with squaic cros^ ^r«kiEi hflM I Oft to- a.=: she aum of it] length and girlh. (a) FJjkI tJ)*S 
volume V lil 5 a functL-ou of -- (b) WIlmk. is tht domain D of V? (c) Appm^im^ir- ili Hie- nputi^t inch t.he 
dimenaEOiis of Uie largest box. 

{A) Tlw width of the box lb 1(100 - *) to- V - - *)} 2 ^ ^-5x(l0ft - J?J[ 1 U 0 x) (sum = 2 ^ 1 } 

{b) D; 3ft < x < lftQ (leuglh > wid th) (c) « 92ff» when IM - x = Sx> x - 

The largest box U AlNOUt 3^ by 17 by 17 in. 

The growth r*r* / K^e.^ ria/min of a colony is jointly projwriKi the number s of "oacteri* and Eh£ 
number IJWiWD — x of c^f^u iiy. /(z) _ t r( I .flOO-iSOO - j;), /(LftfKl) - ftft - lOftOt ■ ft99,f)0ft, ^ = ^^§57355 

= ^ = *{ 1 - 000 . 000 -^/lemooft* o<i < l.ofto.ww, jtmm) = fcoft.ftno ■ 

^ nlft5 bactcria/niiiL /(-r) = t{-f 3 4 l-Oftft-OOfts) is DUHlffiUJb wH^sl x = —L,QftU.060/-3 =1 &lrtl h 06U. 

The growth rate / mfottttl/cUy an epidemic is joLuUy pat>ppjHPDfll to Lim ilulllIwi x of Infected zmd Lh« 
ruimVi 5,000 - x of capacity. f(x) =. fex^flftB - 4?}, = 9 = LDCIfc - -JOftO, h = 0/*t00,0&0- 

/(j) ^{5,Qftft - x)/490,(H?0 1 0 < r < 5,00ft. /(2fl0) = \l ■ 200 4600/490,000 a I7.fi ^ 16 peupie/day. 
f[x) - Jfr(-=- J 4 5,000x) ix mayimum ^hen j = -n,<MSn/-2 = StfftO- 

The base of a pymnM&S ^nl is 2x ell s gLaic ancl -1 iri:L:igi4ftr slrlt h.^ IjeLgJcE 2.5 — x m. The height 4 nf I>hf 

lent h 2 +■ j: 2 = h = ^6.25 &x. T|w \ Jiiajaie is V = - w, 0 < * < I.SS- 

V(O-S) = ^(2 - - § - |.e 3 V^35 = m 3 ., V ! = ^(1 - 5 *) = “ 5 1 ) 

Bcoauar ilif sh.uj yf il.r v*rial>3t; fintore if. 1, V is maximum wfhetl t* ■= 1 — ^<r. x — 1 


] ft I« i; NC I'TONi JMITS, AN]} CONTI N 1JE r fY 


L4 GRAPHICAL INTRODUCTION lO LIMITS OF FUNCTIONS 

The femnuL definition of limit- lh given in the jitxz action: 

1-4.1 Definition Lei - / hr n function that. is defined ai every number in smne open interval roninining -i, 
crcept puSaibEy dL Lhe u umber □ iLstdf. Tbr iirfiit af f{z) a* z apprvizchcZ a z.¥ L, written as 

[till f(x) — L 

ir -, m 2 

if the following statement is Hue: 

Given any c > 0> however tmalJ, there exists a i > 0 such itiil 

ifO<lx — o?l<5 then _T(t) - L | < r 

Note that Q <|± -n : implies that x / a. This hypothesis must he used whenever /(a) 
is not defined as in litercises 2ft and 3Q„ 

It* rtc.d b wu liauaJJy facLur tit* eXpri^LuO | /(x) — L j ajLtu [Jre form I ^ — « |-j <;{±) : - Jf 
/{*) is s finst degree pulynoudaL then g\*) \ is a constant. and we find £ as in Exerriiw 23- 
Howev^fj If f[±) lb; not a Fufsi degw*: i^Lynomiai, then itf not a temstant* and we must 

find ait upper bound Jfer as :n Exercises 3ti. Wc cuaj- ofLen find this upper bound if we 

assume that £ <: L 

finiJJy. we note that the definition does not tell us how to find the limit T.. [n Section 
L-5 vve have thec-rems thtik he tued to find L, 

Fr-c reuses 1.4 



l. /(*) — 2t.- S, ^ = 3, L — L, r = 0.2 
f* From the figure. 6 .1 


Exorcise I 


And 25 l /(tJ — E — 1, S 
^ t x - 1 ±= 3 - 0-03-, ■ 

|/f#)-L| = |(*-l) 
4 mud 25. /(*) - x 4 2, a 

fp- jffj + 2 = h 0-02- = 2 1" 


4 0 03! l « 0-03- Chouse £ - 0-03 

|i-4|< £ — tLD2 = a. 


l.a -op 1 
lixerr.ijvti 2 


2 = 34 0-02, x 2 -3 = 0-02. Cbuttsr £ = 1L0: 

vhen |t 3! < r - 0.02 — £ 


CAlwjxu £ 


1 arid 27- f(z) — - 3, a - l h L 

r> &T, - 3 = 2 4 0-05, &3fi - 5 = 


3 = 54 0.05, 5i 3 -S = 0.05. t. 


8 ji;iiI SS- /{xj 1 = -Is 5, a = 

^ - ri = 3 - .oni. ■iT l 

Iffe- —'S) — 31 = 14* - 91 


3, L. = 3, ( =0.001 

= -,001, i 3 - 2 = -.00026. 4?; ? - 6 - ? 
. - i I < , -irfapn I r - 2 _'n.«0(IW 


a4-.Ma.&j T +i0 = .0O: 





1.4 tiflAPlIlOAL CNTltODLCTHON LO LIMITS IW b'l NC IJtJV.H ]? 










il. f{x) = a = -2. L - —i. 4 = 0.01. t* f(x J = x - 2 if x ■■£ -2 

> i, - a = -4 - .01, Xj - 2 = -4 - .01. I] 4- 2 - -.01. x.j - 2 = --3 + .Dl, x 2 - 2 = -4 + .01, x 2 + 2 = .01 = £ 


n* = 2,4 = 0.01 

3?!+!=^ 01. 4^ - I = -.01, scj-i = 


p /(*) = 1e + 1 if x ^ i 
*■ 3 ^-* + 1 = 2 + ,01, 3 ij — 1 = ,01, x 2 — ^ = 3^ ^ 




3CW J 

2 

13 atod M. /(x) z_ ‘ la \ ~2 J, ‘|~ Ji . « = -±, I. = -4, * = 0.03 > /(x) =; 2x - 2 if x ^ 

a*! - a = -4 - .00, 2*! 4* 1 = —.03. r f = -.015. 3=^ -.3 = -4 + .03, ^ + 1 = .03, Xj + |- .015. 5 = .015 
29. |(2 ¥ -3)-t-4j| = |2x-i-l| : xin-||<t when 0<|x + l|<|e =i.015 = l 

14 and 30. /[£)■ = o = 3, L = 10, t = .03 f- /ft) = tix + I il i f 3 

3wj + 1 — 111 — .CF.1; 3 a. j — S — —■ U"j i fj — 3 — —“F - 1 — 1 

30- | (3x +1) — 10 ■ = 1- 91 = 3 i — 31 < i when 0 < | x —31 < 

15. f[x) -- ** +1, * = —2, L = 5, t =1 
o From the fsjjyie, b = m]n(-2 + +2) 

= mi(i(0.449 n 0-2)66) = 0,266 

.. ,xj = S)-x i , a=2 : l. = 5,* SR 0.5 
& From the fig uie, 8 — niEJLfU — yfl~Ji, y'^f- —!!) 

-min(0.129,6-121) = 


M!J[h . hor nonimew /. the values of S nhtaiund frnjn inequalities -nr usually smaller 
"h-aii lIl ose obtained daiettlj . The- fajzioc-ir^j. is realJy done Jjjsl deieirniii* what 
twamstlit we Fieed, 


17 and 51. ftx) = x 2 , a = 5, L = 9, f = 0-5 & u > 0 > 0- -j 2 ~ 0 0,3 — S-S, 

x t = v^K = 2.015, i- Zj - .035. x 2 2 = 9 + 0.5 = 9.5, *. = sffib = 3.032, - 3 - .032, £ - .OW 

3L Ch*>0M £ < 1 90 — 1 < 3f- 3 < 1, — 5 < j: + 3 < 7- Then l?‘ — 9l = |ao + 3;|r — J’< ?lx — 3 < ( when 

x - 0|<ir = Jj = <5 

18 and 3%. ffx) = x 2 , q = 0.5 h L = 0-25, t = 0.1 fr a > 0 ^ x t> Xj > Q. J7, a = .35 ^ .1 = l& h 

x, = yL15 - O.lSfij. .i - f t = . 113. x 2 2 = .20 + . I = .30. jf 2 = ■/ji = 0.092. r ? - .5 = .092. i — .092 

32, Choose- f < 1 so — 1 < x - .5 < 1, U < x -r -5 < 2. Thm t.” — .261 =. x + .2jj |;x - .251 < 2| z — .'■} ■ c t if 

Iar-.5]<.^r = 05 = f 

19. /(it) = x^,_a — —l n L = 1, t = .2 t q< 0^Z| ) £ 2 <D. / is decjeaflinB. Xj 2 — 1 + .2 = L ,2 

x, = - \/T!1 = -1.095, -[-*]= .095, x 2 3 = 1 - .2 = -,6, x 2 = -sfl I = -,694, x r - (-1) = .106, f = -095 

30, f{x) ^ x 3 — 5, a = 1, L — —4, c = 0. L5 ^ a > 0 ^ Sfj, s 2 > 0- - 5 = —4 - .15, Xj 2 = ^8E 

±, =5 J-x, - ,07fl. x 5 2 - 3 = -4 4 . LTs, x^ s = 1.15, = h/TTI = 1.072, Xj - 1 = .072. £ = .072 

?1 and 33- /(xj_= x 2 — 2x + 1. a =2,L = l t ; = 0.4 p r ]% x 2 > 1. x 3 2 — Sij + I = 1 — -4, fxi ~ l) 12 =■ .6 
*1-1= i/L^ 3 - 2 = - 1 = -.225. X 3 2 - 2x a +1 = 1 + .4 1 (Xj - l) 2 = 1.4, ij -1 = ^^4. 

e E - 2 = v'lA- 1 = .133. 6 = .183 

53. CtlHw«; £ < I so -1 < x -- 2 < l. I < x < 3.1 (x 3 - 2x + 1) - J = | x 2 — 2x — x || x — 2 < -1| t - 2 <£ t 
lx —2|<^f ^ ^ = 

13 and 34. f[x) = x 3 + Ax + 4, a = -I, L = 1. { = .08 > *j, x 2 > -3- *] 2 +4* : +4 = 1 - .08, (rj + 2) 1 = .93 

+ 2 = v'-SSi x, + 1 = V-92 - l = —.(I4L x.> 2 +4x a - 4 - 1 + .03. (s 3 + 2) 5 - 1.0A, i 3 + 2 = v^-08- 
i 2 + 1 - /l.03- I = .0392 

34. Chonite ^i< 15 o- 1 <x+ 1 <I, 1 -<t + 3<3. ]<jk s + ii + 4) - ! \ = \s? + Ax + 3 \ = \ x + 3|tx + 1 | < 3j 2 + ] | < r 

when | x + 11 <. ic = £- = A 
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215 jlth.1 35. f{t) _ Hx 2 t ,-lr + 3, a = •-!, 
2^ J - 5z, - 3.6 _ 0. x, =■ (-5 - y' 
2z 2 + - , i“ 3 - 2.4 0, = (-& vA 

35- CIjMWC L' < ] W —i < ^ + < |, —s 

W-f » -$J ¥ 12* -11| jr + 31 < gf i 

24 amt 26. /ys) = 3t ? - Tx + 2, « = I. L 

> *ii < g- / is dccifis^ng, 3* , 1 — 7 j 

-(?- \Z" 3 -4-2-^.7}/6 = .009, 

/A) £ /f|) > —2 — .3, vrc m*y take 

-2 - ' = .024. rf = .19L 

2fi. Choose J<Iai-l<i 1< I. -3. 


J isflecreasiisg. »it 5 * + ax, +3 
= .OS4. 2x s 4 Dx ? + 3 = 3 - .fl 
MS, 2s7 a +5f s - Jf = .084 

fc 2 + Gx 4 3) - 61 = 


i + 2 = -2 + ,J, ■ - 

1 in = -1 Sir Because 


. UJ7 M-3J3jjrrdir.ilre LM T Uflgrcet HI fr Volume IS p: rTC , 7S.9 s 

39. VI hen tilt side is r ft, -lEu* fence as 4 e ft. < 4^ < 4-0.04 - ( 

40- Whm Eb* radius is ?■ ft, the cEnciiirofrrecce [a ?stt' fi \2irr #-| 

11, Whan 1 be riide is 2 - ft, the aran is 
U 3 —100[=|* + JQ||* - i£j|<2i 

^■ Wli*n Lht rjujiws is r fr,. ih^ ma 

I irr 1 - &n | _ il r + 31| r --31 < 7r 

43- A body Calls s ft in C 5 pc s s = if J , t _= 2; 0-f - k2‘ t k — 10. ^ = I 
S " h — D125 - & - - 6-0125,. -5 = .0195. Within 

A win,] has pressure / psi wben its varnritj.- is l mph, / = Jtr- 2 . 

4.45 c < 4.55, m < u 2 < 910, 29.833 < v c 30.166, -.167 
1.5 DtHNiTtO^ Of THE LIMIT OF A FUNCTION AND LIMIT TflEOREM 

l’hd- H.ffinitioii vf limit wits given in SetcUni L.g. The 

llwrf l * Jtt th * of a fintttiira. “L.T." means 11 Lien i 
Ll r i; LLnciLlL If m ami t are ioy c&nriaiits, LLm (m 7 + fr] =• t*a 4 t. 

J—‘ill 

I.-T.2: CJunstand Jf r h a cor=nt&n1 n th^id r<jr any numbei a, Um c - c. 

I^T.i IiltniitT K’utw: L□ h_i ri lim. e- = &, 

1.T.4; Sum/Diefereott Iffou /(,) _ l aadj^ = then fEm [/{*) ± ^ 

I™ ± ^ (X ^J “j™, /(^) ± lim j(») 

L.T.5: STun/triffnrcncc If lim / 3 (i) . L 


Assumt — j < j; — ]Q < 1. ID < i + 10 

i< 5 wh«ib-lor< 4 Within ^Sn. 

Assume -I < r - ;s < 

i 0- 2 when | r 


U.0091. Within 0,Oo9l ft 


402, i, = ^98/16 = 4.D675. 


1 £tf - ‘ MW -f = ^JVi 1 

16b- Withm = l5ti mf>h 


/«(*j =L a; then 

Ji™ FA(*)± /a(*)± ■■■* /,fj)] = L i ± l± -± ;r, n 

.A( 3 ) ± /jW ± ■■"it / n (jrJl=]Em //r) / S ( T ) ± 

L.T.C: IWoct If jEm f(x) = L said]|m jfjr) = M t th*j, Um [/{i) - t -M 

^ j™. ]/(*)-^*>] /f*}‘lim oft) 

It fnJIfttvs from L.T.2 i.hat 5f c- is a constant, limc/{ir) - c Jim/^i. 
L.T.71 PfCKlnct If]ini, /,(-.I - L„ lim / 2 f=) = L a , .... andji^/^x) = L^Ihea 




1,5 DEFINITION OL- Til !■! LIMIT OF A FUNCTION AND LIMET THEOREMS HI 


L.T.JJ: Power If |Lm f(x) =■• L and ft h any positive inLeger, thenjim [/(i)] 11 - L" 
* » Lim [/[*)]■! = [lim Tidr 

j—r-m -e— 

L.T.fl: Quotient If Km /{*) = E. and Hra p(z;} - M, then jim ^ if SA / (i 

fix') /(*) 

O 5 Lm = x ~* ,, if lim ? ( T ) Yt 0 

r-a jt) Ilih 3(1 .■ - 


L.T.iO: Rwt if n is a DasJLivr- and iLtn /fj) — I., thef. lim = V ^ 

2?—*0r — ,- 4 

■»■ lim = Jflini f{x) 

^vith the refftrictiwi Lhat if n i* r.vpfi, L jv-D. 

Substitution I -iirni Theorems L HI IctL^ly that the limit as sr approach^ a ul any foTTnul* (that is. 

excluding functions defined in pieces) can be found h substitution, if stil&tLtution is 
QlcanihLgwl 

FracUyna Note that wr rannat Limit 'HieorGnn 9 to find Limit of a fraction, A the Jmiil uf i h<- 
dutiOpni^ii!^]' La aero. However, wlitnt the limit of bolh mimeraLor arid dfirioni ri iaUjit u 
■^ijpo ati = o wn! jnsiy Lw to apply mtr of iSvm folkmug methods: 

(l) If (li-O numerator and dcn^rTiLftator are botti polynomials, we apply I.he /ac-Cflr 
efieanem v.'hich klAte* that If r “ a is a of u polynorijiak thfn i? ^ factor. 

Ths common factor r-a na*y I L^el Da ^ancekcL This iDiisbraltd ■■: Exerdsc 32, 
f«) Ef tlse denominator a potyitomia,L aod * -nmi of lLi* luimfiiator is a ™Jicil : we 
muEttpLy by 2 ts ^ojiiugott, which is noL zwo at a, £ud apply method (i) to tlir 
product. This is ns Excrc^sra 30 ofld 3-- 

lti so doing n wr us* :tir following, th^nm. a conscGu-cncs of Definition 1,5.1. 

TWtCO A If Lim *?■>) - I, and f [z) = p{x) Har jdL x ^ o, then lim /(f) “ f- 

j._p a j.—«iz 

^Vc cur mot use Limsi TJuwrsjfta l 10 10 find the limit uf a frar.tion for ^hicli Hie 
limit of the denominator is mio and for v/Wtr.U Use Limit uf r.|,e ntencratm iii not zero. In 
Sedion W have a tlicoitlfn fnir rmdir.f> tin* limit of such a fraeEuii. 


Jjercist* J-J _ ___ ____ 

1. We wifdi to determine * J > 0 such ih a 1 

if0<|i-2|<J then |7-7|<* 

■» if H <|x-'2|<j then 0 < t 

Therefore for any t > 0, any choice of i > I) will suffice; in parti chIht tnite ^ = t, 

2. We wish to- tfrler„,,,it & & > 0 such that 

if 0 < I* — S : , < fi then | f—f) — {—4) | < r 

-e*iftl<|a; — S|<£ tlien 0 < c 

Therefore fOJ any e > 0, any chuke of 6 > 0 *'ill suffix; in particular tahe 6 = (. 

3. Wc wisli to deterTnJne u 5 > (E such that 

ifD<|!r-4!<^ then | (2z- -|-1) — Ll | C r 
t>ifU<U- j !|<£ then a^-ilcr 
^ifD<T|£“4l<5 then 

llcnw take A then 0<k-fl<J=^3^-4i< 2%) => j I'-ir + L) - El \ < c, 

4- W r e wish to ilcterriiui-e a t > 0 such that 

if0<|s—l|<^ then 1(^4 3}- 7;< t 
C4if0<|l-l|<f then 
w if 0 <|i- 1|< £ then U-l 

[fence lake 6 = ihofi 0 <. I x — l < 6 ^ 4|i — 11 < ^ | 4 4) - T < i- 
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h '.Vi wusli tv ih::l ermine a 6 > G Fu.cb that 

Lffl<|i —3 <£ then | (7 - it) - (.-2) | < ! 

£* if 0 < 1 1 — 31 < £ t hen 3S x - 31 < / 

-»iflK|r-3|<£ tfo(H Iji-SRjf 

Llmce, ;?>lrr £ = ibfro Q C I z ■ &; < 6 = 331 < 3(^0 ^ | (? — 3 J ) - f - ^); ^ *- 
g \\>r wi-^h it> r>Lrnn]jic a ^ >0 fMth th-ilt 

Li 0 < 1* + t! < & U]f it | f2x + 7) + 11 < r 
oLfOc Llc^ti ^ z + 4 1 < c 

^ i f 0 < x -t- -1! < i then | z 4 4 \ < n* 

Hence tike 6 - £e; Lhtfl. 0<|z + -1 : <J^iiz-l *\< 2(^) =■ | (2* + J) - I < f * 

1 - We ^ish to determine A ^ *urh "hat 

tfQ<|z+ 2 |<* then !(l+3a:}-t-5)|<f 

^ if ft < ] z + 21 < thrn ^ x + 2 ^ r 
<^Lf-P<jx-|-2|<£ then |z+£[:<^ 

Heines tike ^ = Jr; th^n 0 < | x + 2t< fi ^ 3| z + £| <! - 1|1 + 5^} — t—S) | <■ £ ■ 

8. We hviE-h u> determine & J > 0 ^ucel ihai 

lf(f<|z + 2|<fi then |(1 + 3-r) — f—-n>} | < € 

** if-’Q<|ar + 2| C £ then S* + S <e 
oif0<|sr + £|<£ then |a + 2|<J« 

Hence . take £ — Jci then Q < |z + 31 < 6 ^ 3| z +21 < 3(^0 =* |U ^ 3z) - f—a) | < 

U IVe wish -n> clrhirj] ::n ft £ > Q SVcSi thaL 

I ^ ~ E _ f_ Vi 

r + I [ ~ f 


Lf D ^ 1 1 + 11 < J* then 


<■ r 


O if i> < \z +1 <6 "hen |x -j- L i ^ t 

Hence, lake i = ^ the:: ft < | * +1]< ^ 0* < |x + L | < « 


z 2 - 


ft-w 


< f. 


II). Wft w^-: r* rfcoeTiinine a? >ft ^ uc-h i.h-u. 


if Q < | z - ^ < 6 then 




< t 


Hr:ni j . Ijtkr i = t| i]ti:ll D<-? 3 ^ F 

11. Licit (IS* - 7 ) W 3(S) - 7 - A 

r—►:■ 

12. Lim^ffi* + 2) ^I' 1 &(- i) + 2 = -18 


j-- -S 
^ — 3 


-6 


< (. 


L.T.ft 

L.T.l 


13. lim => 3 + 2x - 1> U I J lim E s + Mm (2 t - 5) L =' 1 [\im *f + ^{M> -1] (2} ? +3 = 1 

z O J— 2 I—I T—£ 

L.T.l ! , 

|4 lim (2^ - 4 b + fi) !J '=' ,, limj* a + ^(“ 4 * + + 5 


L,^.^ 

15. lim u* + S) A tiin P + lim S f lim zf +* A =' + 8- — 0 

% ' x->-2 r-2 2 y 

16. lim (J/ 3 - V + 31? - 4) L '= 1 lim V - LLccl 2y j + lim (3^ -4) 

u-t-T* y—1 y-*-l y—i 


lr--r 

fi:;; jf■ Lim 1 /' tim y- lim 2- lim jf Lleel iy+ Licci iJy-'i) "—'' (-L)*- 2[- L) 3 

u- \ it—— i v -—'-'5 v— ■—1 y—*■ - i y—L y-^—L 


j _3 hx - | lim l-iz- 1} h(3y- t ^ 

x-»a 

. 3* + j L.T.»’S^ + %*l«+ 10* 

“ Lim (8? — 1) “ 6(2)-] IIS : 


2-3-3-7 = 11 


+ 3(-l) - 4 — LO 
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1*. Isxn 




5 lim (( J ■ 5J TT Jim **- liit< h L-I* Jiini a -& j"'xJ — * 

L-J..3 j _3 L-T.'i f —2 i-3 L l ^ t-? _ _ 

|™2i’ + 6 Jim (S( a + 6) li«n<2( 3 )+ iim(6) " (Eim 2)(])w i J ) + 6 

j_a f-J j— 3 i—2 t-j 


lt..i ( 2 r - ft 
2^f + G 


W. lim 


Sl+ 1 LT-S L.T.1 Jn.,1^ + 1) UTJ 

'**-31 + 4 lull ft? - -i t- 4 ) lim' *“ + lim {-3* 44) f litti tV + lim 4 —3* -i-4) 

r- 1 r—■ -1 #-*- l 3- —»■ — D ,» x-] ' 


L.T-1 2(-l)+l_-1 

{—1)* -f- (—$)(-*! 1 + 4 "®" 


MM) 


3 "" i —1 V r + 3 ~ vJ™ r + :s ^ amir+ 3) " V 


i V 1+3 " V 4 " 3 


'* !l + 3 * + 4LT.H> A. x» + 3 x + 4 L.-J.a Um^ +]ig 5 (to + 4) 


n. \imJ x = V lim t'-~ 

—aV * 5 +l V I “ 2 r + 1 


tima: +1 


im x -h lirr: ] 


l.T .8 ^ z -I- 4 ) L-T.i /2 T + 3♦ 4 _ 


j Inn x Tr + IjJiJ ] 
2 !-* I J T — ^ 


V 2 ®4 E V ^ “* v 


,—^ 5 — - T Jinn(e 5 — 3i + ij T _ lim j\ : I Iim{-:lx4-t) 

zjx* — 3j 4 4 j/ir h '1 L -Z- a 3 a-^ r __I-T.4 3 x-H 


Ltm 2s - 4 lim ( z - i) 


£i. I»h Cf , - T ■ 

x—l V 2x J - j: - 1 


ii'i V 2 x J ± — 1 V r—>-i 2 x'^" - * — l \ I i n i [ a tr^ — r — 1 } 

7 - -- X 

fa J up ,/ (4? T i _ yx = 2 

\ Eim 2 (iim if + (-S) \'2{4}*-a ^ 2l $ 


\s 


I.J.B j 


r *4 a-»l 


24. lim 


.*/■> 4 2 x 


Mi! M- s-hfa ^l' 9 j J !l^ + 2 ^ ii.T.1 3 /*h- at-31 _ = _| 


ii . / it 

-jV -o -t 


■= M Lim 

V & ” x 


- V^-<- 3 ) - Ve 


„ *_ 2 t 4 * 1 1.S 1.9 l.m > 1-999 3 a.fl 2.1 _ 2.01 2-OQ 3 

P A*J W f ,3333 .2K57 ,2564 TSSOS .2501 .2000 , 2222 -2439 -2494 .2409 


(b] Jib. - ]™ ( ± . :t 


= . L. L.p ^ 1 L.T.1 ] 

j 1^,1 t\l lLnin f x+2} ■’ 


„ .._2* 2 + 3*-Z,.-i X -a -2.5 -2.1 -2.01 -2 . 001 -1 -1,5 -l..B. ^U9jj_ z USgg 

2B ‘ f{X] - **_ 6*-|6 -^ 7t4 ’° 015 -5002 .3333 .4211 .4848 -49^5 7i$S& 


^- h g ^-t,-iB ay—*) - MS=t - 


^Ull^iiT- I)|..t.iS1-3)-I _2 . 


Jim {-j: - H) 

H—■ -2 


■=T=T—=^?f -f 


rJ + ^,4-6 1 Z -4 -3.5 -3.1 -S.01 -3-0Q] -3.00Q] -Z ■Z.'i -?-■? -2-« -Z-WP -E.9999 

27, f{r) - ^ _ j (a) f .SMfl .15« .1U1 .UM ,K» ,(J»I!T176P .ijm .«w , 1 *^ 

... .. . ! + Si+s lm (* + 2 )(i+« .. r+*L.iji 2 , <J+,, L{tJ -Lt*-^.-! 

< b ) J^ 3 ?r , . 12 = A K - 4«x •> 3) - J™ 3 r^t - lim (t-4) " -3-4--T"? 


fJ ■ 2i"3 i 1 1-^ L ^ _ili;_ L^'.Ll _^ 

.a .1724 .16W -luti? .leer .1420 ,i©L 3 . l.1 


I ] 1.4 I .49 1.400 1.-19&9 2 


IW-J 

1.6 L.yl 1-501 1.5001 


(b1 r-l's^s ~ #liSsf2s - 3X2^ + + 3 


U-T-4 


L.T.l J_ l 

. . 2-I.B + S“6 

7--L5- 
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» .fa If j j fc.«} *» 

c.—ffi , 


L-.T-M 


(b) 1% ~T^y~ = IS S (9 - 4(3 4 3+V* 1^(3+ 7% 


■i —U 

L.T4 

L.T.j 


LLm ^ +■ Urn v/x 


l lM‘ _ i m- 1 , 1 

3 4 /Turn i ' l+VS * 
V 


S — */d _x - w -i -0 5 -0.1 -■■Q.tH -.001 I 0-^ 0-1 0 ■ r j l 

m. /(i :}■= -J-" ■>) 7^T5^:>1 "^42S ,2435 .24y8 *2500 -E&79 .^.58S .2516 ^:>02 . JGOO 

r J 2 4 — f _ 4 — (4 — if) _ |- r j ^ ^ ^ 

2 + ^Ti = b™ t ( 2+/4-*J“ ^2 + ^_i (* + -t) 


i-0 * 

L.T.4 


Hm ] 
-<1 


L.T.tO 


lii vi I 


L.T.I i _ I 

j-*v ' =i -* = - f 1 — 3 

iTrnS 4- hny/1 ^ _ -4 v/4 

|L ]im “ ] im -* ~Pi 7 + ~ - ^"1' * * 7 L = 1 7 * 7 = H 

z—T *- f j—7 r “ 1 

:sa. ILm ^T - 5 = Lufl = lim.j-5^' 1 -lj-S --LD 


* + 5 “ *~£ ITS" *—i 

». to m- . 

^t+3 r^-z/n ■ j x-»-3/I 

7).3lVl 


-J/5 

-l/*Piir- 1 


34- liTn H"" - - a f~J . tt = ten. 


1 


•l/3(3r-:KJr + I; 


3(]/:i) + i 

,. *+«Mi .. l»-ML.I.»| y +4) L.T.13CQH_jS 

3V “bprnx^^Ss^r - k^-ti - 7 

3**-If®+ 40 « (r-4X3^-!5) ^ - 5 L.TJ ~ 5 j LT.I a. j - S _ 7 _ , 

« " TT^ 7 

37- ^^ ty I ^Lz^±J2 = Vn p/t-2, + 4| ^^4 ^ 

U P ( Si m + [{-2)t- 21 + 4] L =-^ f-2) a + # - 12 

g—*■-'? 

38. Ijm^i - = b(.> + . + 1) L =' Ejj* ! + «9|*+ft ‘''i" 4 + M* + " 

i' ± + 1 + 1 ±i3 

r~J~- T$ / (»-3Xsp + S) .. I v -3 LT-Ifl /■:-- lf-Tt" 

31> - J,!i n -JVaT+ty+S = V+iXw+*S»'VV+1 Vs-- L; ‘^ 1 




L1.9 


9 

LLtn (y - 3) 

\ 

Jim (2y4- 1: 

ij 



_— ^ = !5m h 


J..:- LO 

j: a 


^ y--■ _ __ _ _ -f 

tnfi_vr .. /(2(-S)(4t 3 -!-** 49)_ + 9 ^1 J J 

Ewfrzt -,->U vi-w+ir- --5}W‘ «+s - 

! 

V 


lliii (4t“ + 6i + 9) 

!—:l/> 


1 


Li in fit - \ Y 
[—•3/2 


^ i ■ Jstf ■ ++9) t.T,i ®+HH_. s 

--- -'—:--kH “77- “ U ^ 1 . i 


LI^ 


V 


]im X3*+ 1) 


3 1 4- 1 


VT'i 


- jjV-s 




I .!> DEHMT10N OF THE LIMIT OF A FUNCTION AND LIMIT THEOREMS 


\kujx ■* b )> + 1 i rn 

% v 'jT+2 +y'a) 


1] does not exist D/0 b not defined, lim ) =? 11m (i +1) — 1 +■ 1 


Q(l) dues ML beeatLrie D/0 is not defined. Li til ti(r) — lim 


AfO) does not crti£t 0/9 i* defined 

g-aXv^Tfl _ , itS- 8 _ , lr 


dr-fi I 












I PIJ K (':'!■] os S, LI M ITS, AWD COSfTIN V IT V 


lim/(*;= lien (3s - ] j 


in Exftft I^h HiTj— TaH. 

ExemfW vo 


jinswcr i^rts ( 10 m cfcufi graph rtf / ijkelrJikKJ ici i3ll 

t"Xfrci3£ 56 Exercise Q7 


acLrtmpjuLyiiig figure. 

Exerciiic 58 


x -S- S cf ^ Ji 


tiiu/(il-0- "jm/{4:) = 2 


i -x^r i e 1-5,-4) U (—1,9)11(3,5] 

3- lim /(#1 - 4, lLrn/(sO = 4, |im/(x) 


i +2 _ if xizf-ro.-tjU^G) ■ = 

[ \/5"-t 2 if [fl f l)ij(!,J?l 

hm /(t> - 1, J3nj /{i) = 2, lb/(s} = \H, lim f{x) - 1 

la Exert iiea ^9 62. sketch the graph of a Juiktlion / with domain f—J-eo) satisfying ihr* given properties 
50- /{-5) - j; A3) - -&! lira /(*) = -ft; lirri/(xi = 4; lrni/(j-) _ /(a) i \ a-■£ ±3: - (-&i,+=u) 
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L.r, DEFINITION OF TT1R MM IT Oh' A FLNC'l I UN AND LIMIT THEOREMS 2* 


^3 Jim /(z) « L ■“■ for Jiiay t > III tlif :v ia n $ > ft a-ucb Lti-iit f(r \ — Li < t when 0 < \z — ■ J | < i 

for ajty f > U the^e iu 3 . <S > ft au-cb that[ [/(z| - L| - 01 < * wMn 0 < x - a\ < f 

^ Jim [/(z) — Lj = 0 

- * 0 . 

54- LH Z — i >i l x — 1 4- g. 

]lni/(sf) = L ■«■ fur Aii.y f > ft Uhsw i* a f > n «uch i hat /(x) — 1.1 <« when ft < ,,T !l I C nS 

for any f > ft there it a ft > Q such ilLat | /(£ -e- 41 } - I, | < r whsn ft < 1 1 U | ^ ^ 

O -r = L 

B- 3bsfj P(s j = I Lm (r r rt + ” ■ + c*] ^= S 3iffi r.T h 4 - ■ r + J]m llm c _ ■ li \m z- + - lira z + - - - + Uttifln 

f—"ft t —1 n ■ y q-—*-rfp !H r— 1 ia y _i ' il rL 1 : g. i'—tf; j_ 

^ n ^ rj + ’ ■ ■ 4 Let R(x) — P(x)/Q(xj. Llccl Etr ar) = JRjfa) provided Jinn CJ(z) ^ 0- 

■*“-3T— 

5*. We are given Jim/fx) exLyCJi, If Lluif(x) did cxbt. then by L.T-I, &n wmaJri 3im[/{x) + j(x)J, rontradLctmg 

■X- ~~ r lJ 

the other hypo thrift. 

1-5 SUPPLEMENT 

1.5_I2 Ttirmram If a is any rral n urn her rTt-p-ni Ij lam ^ _i ' 

r _i. fl £ ct 

1.5.13 ThoCweccL Jf u > ft aud ti h a praiLive anie^ti, or * < 0 .uid ft is gj] odd positive integer. Li,HI JVx — tSrtj (yS P 

■T—^ _E -H-lT v 

1.5.16 Thwmm if iim/{z) Lj and Ucll/i'z) - t 2l thcci = JL^- 

-jfnp^ ferj^iTifjry Skcrcigcs Jr? _ 

> ['he key tft ft &o3^ttCHl ift fta-or i el Use Second bite before coTuple^LuR r.he fLt^i lin«_ 

L Umz: J = 1 t CtiOMC i £l w-l < j-1 < I => 1 <141 <3. 

Thcit U 2 -l|^fa-+]|lj-l|c3|t-] ^ r vvbeii z — LI<^. .5 = minf I ). 

2. Ebn = B > Choose f<]Ao-L<x — —>. 

X—!■ —3- 

Tlier: . x £ — ft| - | r 3 1! x 3 <l|x43'<t wJieu | x J- 31 < iU . 6 = miu( 1.1/ )_ 

3. Jm^-^-IO 


CJitKwe if < 1 fao - J < z — 5 < J ^ fi < r -f 2 < 8- 
Then -3r - Ifl = | z + 21! t - $ i < Sl-r - o\< r x-h |<^(, f = minfl.^:). 

* Grot tf < I 5 * -I < f - 2 < I —> -5 < -E 4 4 < T. 


1. lim 4 - I) = 7 

r*+2 


'J'ticii -|- 2z - I - 7 = f j + 4 |iz — 2 I ^ 7| z - S I ^ n when Jz — 2 | < f = anln{l^). 


5 Um (S-i-r J ) = -l 


p Chooes i ] ;y> — 1 x + '$ < 1 =4 “E < ^ n i < — 14 . 


Th^ii ^5-T“X 3 +]|-U^4x-6| — |x-2 |x+3|<0tx + 3L|<i when | j 4 ^ | ^. f = itlLq( 1 _ gc)_ 

G- Sm f3+2*-4f 7 ) = 0 


x—►—1 


& ChMM f < 1 So «t < x f- 1 < 1 ^ —5 <! s ■ 3 < 0 . 


Then ^ + 2i - z 2 - ft I = | z 2 - 2z - ^ = z - !i. z -h 11 < h; z + ] | < r y^Wa^ \ r. 4 L | < {•tf, f = mlnfl,j)r 
7, Hni^&r* - 13n + 5) ^ 3 P Lh-iosc f < t so -I < z - 2 < L ±4 -G < 'Gz -12 < 6 => 5 < fit - 1 < 17. 

Then - E3z 46 — i| = | 6 x— 3 |fz —2f < ITlx— 2 \< € when | t - 21 <. -^>- ^ =■ min( 1 . ”c ). 

S. liiTi (4x 4 ™ L3x 4 L2) = d & GLut™ i< lar>— l<x — 3 < 1 ^ —i < 4x - 4 < J ^ !J < 4x - y -n -1. 

Then | — 13z -|-12 - 3 S - Nz — ft z — 11 < fHx — 11 < f Wptitsi |z — ] | < ^. t - iiiifi{I ? ^f.)_ 

Eflr We wish to prove by mail'iexnatLeaL induction uhaL if Ilhi / a (x) — L l . Lin: f. 2 (x) — Ly^.-.and f n [t) = h. 

then j™ [/,(*> ± /^C*> = — ± /„(*!] = I-! zb t 3 ± - " (lj 

Proof: k$y L/l'.^. lim = L a 4 D 2 . Therefore. t>iTiaTior: (3) hold:= when n = 2. 


m 


^ —‘a 


Aw-iunr I!lj|ei;:~ ilmi i| . ) hnJrb; wli+;n n = It: 11 .Ml lh 

lim ±/,f:r}±-"i - ]i E ± L ,±-“± l.- k 


^ Y'W;TO^UNVYT£ S VS® Cfi*TBW\T\ 


Viv msb, V) t^Tfs'-O: Vr-.^'i. Ty^vfttwft (. Vj WjWs ^htn n =-k -t 1. V xwn l. 1 A 

]™_ ^/i < *1 = f 2 » ± '' ‘ ± J ki*? ± .* i +] (*}} “ I if" [/ f (r) ± J a (*) =£■ -■ ± / ki 1 ^ = I' 1 " 1/(r+ ] ( x )i 

J. 1 it F l'i± f 

From Eqiiaiiori {'2) av.d btcaa^t feypotlwwL-fl Lim f^ +i (T") ■= L,^, Lht n^L-likud y.i.6'; uf 1_l'i■:■: equation 

j* (I^i I-" ±---± L fc }± E^_!_x- Tberftfora, Equation (3) h uU\& far n = k ■+ |, anrf hints'. frj|- In I •::g |, i" i~. 

I 1. 1A\- fin 1 , jjivrn lirn /|V) = T. pincl lim^x) = Ij. Til Uffil« |ir*Wr r.hajr. Him [/{j - ! 1 -^(s)] = H Wfl nillftt fiho-W that 
r— t—■ p— 

for any f > 0 ihere exists a 6 > 0 such that 

then ! /(x Jl ’ y(x ) | < t (1) 

JJccause Jim f[t) — L it Follows from Defmiliou 2,1.1 that there it a d, > 0 auch that 

tfO <u -a{< 6] then |/(ij — Li< 1 (2) 

Because iai-1 b| £ la - bl it [oiEovrs that |/(*) ILI< |/[*) - Lf. Hence, from statement tli) there ia a 6, > U 
such that 

if 0 < x a| < Jfj thejt |/fjr) |< J T,! 

Because linn $ (i) = tl it follows from JfcJinition 2,1.1 r.hac there is a > I? such that 

X™ll 

if 0 < ■ x — a | < A z then j(r) | < ^ —j 
Het $ — mir(f 1 |i T ); it fclLnws that 

if 9< 1 * -e IC i then | /(ar)*fl(sr) | = |/i» | # (i}| < (1+1L1^^ - t 

Theiefoie atacenfient (1) ia prov-ed and so lim — 0. 

t—■ 

12- We ore given lim J(x) = L and [titijfa-'i = M =? liiitJ/fx. 1 - L?■= 0 and irjjlflfx) Ml ~ 0-Hence 

X —X—* 1 !! X—*-11" X—‘■ff" 

Hm f (i) - afxj = lim {(/■» - LMs] + - M] +1 - M] 

X--H3i r—'C! 

I "=' 1 lim {[/{j:) - -l- If {U$( E ) - ^T]} + hm I, - M I j = ' 1 o -?- G + L ■ M 

a - —m T' —■ 'j 

13. VV^ wink Uj« pr-.nvc by smath^matkaJ induction that if ]im /|(±) I_ ]? Jim / ? (t) = L 2:i ..,ajid lim = L n , 

then Jim J/ t ./ t ,(rlJ = L 1 -4.k ^ ^ " f U 

Proof: By L.T.C, ^Lim ■/jf*}] = L x -Lj. ThcrcG>ne : B^watton (I) holds Hi hcn n = % 

Aasume JiquatLoci \ I) HrJds whpn n — k: l.bat tM 

fim .y fc (f)] = L x ■ u.1^ (2) 

W* wish t a pho%s LliaL ^qu-atian (1; kuld^ '-vliud ri = K+ 1- I'cusll L.T.fi 

Urn ([M*) -/a(*)./jbC*H -/*+!(■“)} = i™ 1/i(as)-/z(*) ' — i /*WJ' '!» E/jfc+it^ 

From Equation (2) nn<! I>cc.(iuse by hygK>;h£B:B j5m / i+1 (!r) - Lj^ +] th* ligh^Jianu side of the awov^' I'quaiion 
ii ((,, -T,j-kjfc) ‘ tj% + ]- Thcrefoncj Equation (1) holds fot U = If + 1, and hence far every itm^r n. 

14. bupuo^e a < 0 and so — <i > U ISv whar. iirftved, lim ■ = ■ ^ ^ for any r. > 0 titers is ;l h >D sucEl lliat 

— i|<, c when Q<|y-(-n}|<f. Rtrplaicitig y by —£> ire get tlie cquiralelit COJielnsioti 

j—^ | < t when 0 < | —e — { -a) f<5-» ^ ^ <e when 0<|r—al<^4b = a" 

15- Suttpo^ a < 0 so —o > 0. By what wm pjoved. ^Ucu^ 'ffi — => Tui nz\y r > 0 there ta a A SO such I he I 

1^-s^l<‘ when 0 <&• Repl-atit]? T,' by X, 1V« I^sfl -tii; IXlliivaknt crnirlgsHon 

,;y37 _ ! < f ™h<T (i < I —Z - (-nj| < 6 n O Jd I t^T - ifc: < c wher. 0 < 1-nkJo = 


The i es<e fl = 0 follows it 


oiii a ^ u ii 


nd a > I) end ocwjsided limits, discussed in the flWt scciion. 





IS ONE-SIDED LJMI1 


IS ONE-SIDED LIMITS 

L6.1 Definition; Let / Iw a function tii»L is ■duJjtl-C-d at every number in son!* interval (o,e)- Thei 

JfiKi'i £>//■(t), os 2 cpprPHcif* u from fi-r rajAt, j.f /,, •written 

Km /fc) - L 

■x — *n + 

if for any i > 0, however small, thcro ewiaia a 6 > 0 such that 
ifQ<i-dcA then /(*) — L | < c 

1.0.2 Definition Let / be a function tSial is defined »1 ¥v«rj number m tome open, interval (c f o). Thef 
limit of {{t), ah jt afjprcacncs a from (Ac fc/i. is L. written 

lim jYi) = L 

if for any ^ > 0 , however small, iboe a J > A such that 

i(D then |/(i)-L|<i 

Limit Theorems 1-10 hold iT t ‘i — (F is replaced by *2 — a" 1 "* or w x -> a -1 *. 

1-6-3 Therein lim, f(x) exists and Kiuals L if and only if lim /(i) and lim f{z) both -exist and eqtial b. 

T—'A " ±—Kl- M = -r flH" 

fiEitrriso I, if __ 


in Exercises L-22, .sk^leh ih* graph. Then fend the indicated: limit or state why it dors not exist, 

fS if it < I 

L /<*) = {-! if** I 

1-3 if 1 < x 

* (a) lim./(*)= lim (-a) = -3 

1 + z^l + 

(b) lim /(*) = lim_ 3 = 2 


*—t 


i-l 


(c) lim /(sf) does not exist because ]1 tti_ /(r| ^ lim f{z). 

E—t J-ll '4"*" 


if x < 0 
it' £ > 0 


ek (a) Lim /(*) s£ lim 3 = 2 

__ til + _n+ 


(b) lim /[*) = Um_—3 = -2 

V ! *—0 ^ Z-0 


(c) lim f[x) do** not exist because lim_/(*) 7 t Lim /(c). 
*■—0 x-*0 e--Q + 


if ( < -4 
if -4 < i 


(a) lim /((}= lim (4-0 = 8 

t-.-q* t-*-A ' 

(b) iim/(f) = lim (4+4) = 0 


i— fl - 


r-*--a 


ft | lim /(f) does not exist because lim /(*) ^ lim /(<)■ 
' r-f-4 r— 


' 
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', . . . , - t 

■4 -2 

* * * « 

-2. 




-4 

- 


■ 

4 

9 

L V 

* 


1 J 

•J -2 

_ 

2 

4 





■4 

- 




” 






IS FUNCTIONS, LIMITS, AND CONTINUITY 


p- fit) BeciuiBe j(ff) = 3 — ^ if £ 


tJwn tira_j 5 >(» = Ltm - 3) = 1 


(b) Because = a + 3 if £ 


■c J Because 15m j(s) ^ lim_^) n by I-$.3- lirn j{s} does not exist 


(c) lim F(i) 4 by Theorem 1,6.3 


7 by Theorem l-6.il 


5 by ThcoFBm 1.6.3, 


^ll — r a if —2 < i 

i> (a) HeiiATiac — IL i* if t 


(b) = 3 +i* if t < -2, then ]Lm_^() ” lim_(3 + t 2 ) = 7 


(f.) ILm — Lin = 7, then by Theowm 1-6-3 Einj g[t) = 7 



,1U I'I .Ml,. I LUOS 


J.JJHE AMJ UJNT1JN UITY 


(&•) Because sgn j: — L if t. 

lim S(ij = Liin 


b) DeC;- 'iih<'! fjjjjl 


fc) Bftojuiflr ]im Sfrj — lim — 1, liy Thi^r-cm 1.8. 

r _0+ x-0~ 

ft _if* < -I 

f(s) = J V4 -z ! if -It < x < 2 


(cj lirn^/(i) docs not rixist because lim /(*) ^ lim, + /(j 

(d) |i[i ? _/[T)= lim_ v^4 — a s ^ D (e[ lim f(x) = ^lTm. S (-2) 

* ">■? x—■ 2" x—•S-" 1 '" 

(0 liiT^/fa) docs nor. ejfisl. b«t:»use llm_/( t) ^ lim /!*). 

^2* x-3 ,_j+ 

{i + l if s < — L 

X 2 

2 - z if j > ] 

^ M ^= Jim_fE+ I) = -1 + 1=0 

(b) Mtti f(i) — lim X 3 - f—l) a zr 1 

1""" H X —L"*" 

[*0 lim f(x) does not exiri because lim f[x) ^ Ucn /(a 
*—*—3 _ x —■-■j - j. ] -|- 

(d) lim_/(x) = JittLi 2 = I' = ] fe) |j rn /(*) — Llecl ft — t) = 
i ~ 1 X_ T r—L"*" j_|-*- 

(f] LLcij fix' — ] by TlLoorecr. [.ft. 3- 


(c) lim J(t) = 1) l>y Theorem ].6,3 


S»-iff*)= ,V 

if 0 < x 

fr (a) liin = Fim = U 
j’H)' 1 " t-0+ 

(t>J lim g(x) = [tm ^“7 — 0 

X™□ 

(t) liei-juiss Jim y(r) = lim^fa;) = 0, then by Theorem t.6.3 lim g(z) 

a- l"l - X— ■0'“ IT— C.I 


A 

2 

-1-K-1- i—A ! 

y 

L 

'.v 

, H 

- 3 A 

■r.n 


■T 


-4 

f 




LG ONE-SIDED LIMITS 3] 


*) Iijjj _ F(ffJ — lim yV - 9 
±—. y~ - 

' b) tlm + F(?J= lEtn^v^-x 1 

c.l binFfr) — 0 by Theorem 1 . 6 . 

(dj Jirci FJx) — linn ■= ( 

-r—Li- i—a - 

is Jim F(x) — D by Theorem LG.3, 


fa) Lim_Gff) = Jb]]_^ + 1 = ^ 

■ — > _ 

■sj lint. Gl(t) — lim "J 1 — t 2 — < 

t —■— j n^-.i. + 

<• ^lini CJ(i) — 0 fcy Theorem 1 . 0 , 3 , 

C- JiJTLGf*) ^si - t* = \/l 

*■+3 t —.] 

<■) I'm G(f] = lim 1 = i^T" 
dm C.b ] t) — [i by Theure-m 1.6-3^ 


SJ I. r) = x - 2 fcgnj: = J x ifizU 

U - 2 if 0 < z 

a' ititL F(sc)= Lim {x - 2) = -2 fbj 

£—*0 ^ X — 1 ^ j 

l.c} lim Ffx) dne* not exist because lim Ffi) * lim I'Yj) 

± .d~ ' ,_R.+ 

1*. Lei A be defined by A(r) = ept £• - U(*) n wheie agn * = / n 


\ u-i^-i Hi = a 
' 1 -1 = 0 if i > 0 

{a) ftifjrJ = 0 if x :> 0, and lim A(z) = (l. { 

(c.) Because IitlA(j) ^ lim # 1 ( 4 *), then lim A(st) tit 

Z-tO - *” -T —«0 


I if I < D_ ttrjt: lnn_ft[zj = 


fcl lim [x] does not exist b™iMe lim_ [*| ^ Li 


t>-c.ii4!Fe LLm_ fff ] ^ -i.cn [x], 

J -4 + 


i (Ji(jj = Ibn. (t - 1) = -1 
x—ft a'—O" 5 " 

lmj_ , r i|'xj — lim (1 —ar) = J 

- ‘-“fj i* 

-—Li h[z) dc-nfl no* K^caost 
z^2 











32 functions, limits, and continuity 


m \*1 O(r) = [iH + [+-J-]. 

> Let n be any integer. If z — n„ then G(xJ = ri 4 ^4 - n) = 4 
ir u < X < n + 1 lihf'ii 4 — rt > 1 — 7' > 4 — (rt + I) = 3 — H 

so O [xj = 7i ■+■ (3 -r n) =: JL. 

(a) lim C(x) = lim 3 = 3 

x— 1 >+ 4 —K 3 

(c) ikenusc liro CfxJ ~ Lien. (?(x) =-3, by Thcojem 1.6.3 lim G(x) 


(b) liEn_ 0 {x)= 15 m _3 


a /M = f 31 r£x<4 

t> firm f{i) OXlfitfi; if nlid <jnlj, if lirn /{i)= lim /(x). 

J -‘- q JT—14 .T_^ + 

lim_/fr}= LlrtL_ {lz + 2) = 14 lirn 

r —H a?—•■fl x—-4‘ 

Thcrjdbrc lint f(z) exists Lf and uiily if 20 ■+ * - M; hence ft 


p lim f{j■) exists if and only if lim 


Lim f[%)— lim (fti—3)sr—fi —3 Iiiil /i 

x—] i-1. *__! + 

TliareFore Lim /(*] Mists if and only if ■ * - i - I ■+ t: Hcr.cc * 


to If Jim f{s) exists llitt) Jim_/{x}- lirn / :'x); ill nl is, A = — 2a - h 
*— 2 ’ x-.-! + 

If lim f{i) orist.? tlucn hm /(i) = ii(ft /I'st); that is, 2a — L — —2. 

r— L -x-lf - £_L2 ■ 

Sulking tlmse equations ramuLtanstnisLy, rh a =■ — g. b = J. 

(2t - 0 if i < -3 

32, Giv™ f{r) = { ar . + % if -3 < x < 3 


Kind the values of a and 6 at dial lim /LxJ and lint f(x) both exisL. 

±-^— 3 J—i 

H+tciiusr Lhf 1 he Iwu uja^Ldtd EtHlLta IWjlliw! of tfi-t two limit; 


lim _f[x) = Inn - a) = -ft-a ] 5 ni_/+ 2 fr] = 3 a +■ 26 

lim /(x) ^ Jim {cue + 2f) = -3d + 26 lim F{e) = lim ft - 5i) = 6 - L5 

_r— .-3* j —.— JK 1 r-O'" i-o + 

if lim /(jm exists, by Th«fn»*m 1.6.3 we must Slave if lim /(*} iwistg. by Huaiem 1.0.It wcmusL Lave 
r 3 ^ 

- a = -3a H- i6 3a + 3fr = h - IS 

a — t 3 So + i = —15 

SqJylcik (]lcs€“ EjmtiliMHfouaLy, we aLtiLLi &— ^ sinrl A- = - G. 

jw={r‘ ilj|j!!ii/wi= iif ^» 

jj]]ii ^ liiaL ( - L) = — I. /ft) = Lim (1) = 1 

J--d £-iU* . r—■d" 1 " 

him /(.c) ^ lirr, f{±)\. aim f[x) £ok ciol mv-ii. Rui Urn |/:±’f= hm ] - L 

*—\'r j? _iD -1- r -Hli- 

34- If 5 — lJtcr= Lbc followlnj£ rfjf yqUlYaEcTj r JS 

lim f(x) — L 

T— 

■» For ci'ciy « > 0 there :* ji 5 > Q ^utlL that /(x) - L | < < when D < .r - a i < 6 

■& Ftvr every ( > 0 -licic ia a > 0 sueh that I /[ al - L < f when and there is a &. } > (I such 





E.G ONE-iJiDLD LIMITS 3a 


In Ux^rcisn.? 3S a-nd 36, evaiuaw: t.he- limits from tho gTopfi of funcr.i-on / sketched in che iiccumpiin y ii^urc. 
35. (a) lim f[z J- 0 |b) Jim /(r) — If (e) Jim /fjpJ- 0 ((!} do«* not exisi (e) ii.rn /(*) - o 

j-^-i+ J —4 r^0+ 

(f) lim f(s) = 6 fg) lirrv/(j;) = 5 {li) Nm_/(x)=2(i) lim f[r 1 = 2 (j) lim f(r) - "1 (k) lim_/(x) - 0 

^,2+ z->3 ,^3+ a-3 ■ 

36- H U m, /(r) = i (b) 1 3nq_/(s:} = 2 (c) |jm ,/(*) = 2 


(J) Because Ll[u./(i) ~ Llxi i /(ij 


(e) lim_/[±i - 3 ff] iim f{z] = E [ftl Because LLrti_j r {ri ■/ Ii:■; Ffx). Lira/(x) Jo« net exist. 
r-2+ r-^ 4 *“* 

(ll) = 1 (j) Lirti /(t) = I (i) Because lun_/(x) = lim f(x) = 1, by Theorem 1.6.3. lim _r'f-r) — i 

■J .—“4 - jL i i x -—| . jT ' t —'4 


Exercise 35 


urs jh Ll i" cuk'. of :v!up|j ink x 


40 . ir'(a"} certs is the cost of matting i ounces. f(sl s. 9 - 23 J—i]. 

^ (a aeirl b) IF It x< 1 then l'(i) =± G - 23{-ll ^ 31 and so lim F(*) = lim 35 = 32 and JinLFfa) 

j"—ki 4 r I 

{c nibil rl) If [ < x < 2 l-hp-n Ffj-J = G — 23f — 2) = 35 unrl sti lim Ffz}= |im 55 — 55 and Jim_l r (j!) 

*+l 4 ,-t 4 x-n 

(e) if a < x < lfi then ¥{x) = 9 - 23( - 111} = 230 and so lim_ F(z) = lim_230 = 23JJ 

1—10 ’ j—ID 

ff jukI j 5 } If III < x < II h.h«ti F(z) = 9 -23(- I I } = 2112 and *0 lim F(x) = lim 202 = 2G2 *nd 
,. n. , ^ -r-IV + *-W + 

LLm.,.F(iJ — 252 


dl- £«ma :$ Lb( goojt of ;>jl x minute c&il. trir) 
& («) liiH_g(*}=10 30-1 (l“)l = ltt ^(J{ 1 1 

(e) Ji::t_ ${i) = lit - 3ltJ-( T )] = 10 - 3CJ {-2) 


42, <jr(«) cltdliit^ is the admtssLoa feu j years G(r:j 


., y 

■ j- 

■’ /— / 



* v \ 

3 : /■ 

i-\ 

. 

. V, , _j x 

■< -1 i. i * 

4 - 

H. -1 , V^4 

-2 " 

-* - 

_ 

-j - 

Ex-e^ciic ,17 
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34 I’O ff CHOHS 1 LIMITS, AND -COMJNUITY 

■x a -r 3 ifsc < 1 f z 1 i! Jt < 1 

And gt'Zf — l 

l 2 if 1, x 


43, 


/(*) = { 


X + 1 if 1 < X 


& LLm_/(t) — Jiffi_{£ 2 4 3) = ]* + 3 = 4 and 

jc— rl j—< I 


f{±)-=r Jim (* + L)= ] +1 =? 


(t) = iint_* 3 = L s = 1 iLTid 

*-*■1 ■*-*! 


{«) /(Ji)-Sfr) = 


{(z 2 + 3 )j 2 ]f x < 1 
(t + ixaj if ;r > 1 

. i-fc. 


Etm £(*] = lim 2=2 
r-*a + *-1 + 


{*) lim [fix) ■ jC*) ] = {1 + 3 )f 3 ) = * 1™ [/(* J" ?(*11 = (1 + 1 J(!) = * 

r-l“ , _ r-l + 

Therefore, lim f/fit) 1 jfji}] cxiite ?Jld is 4- 


i—1 


44. /(*) 


_f* + l 

-(x-l 


if t. < 1 

ill! > I 


if X > ] An<3 ^ - {] - J! 

{a) linj_/{r ) = Jarn^x -|- L) = 1 + 1 = IE and lim jf"(x) = liraifx -])=[- I ±= G 

r >1 ^ £i-«p1 "I" j—■! 

Berjnjs* lim jjrj lim /(*), then lim /(x] does not ckIrI- 

X-*-J a _Sl+ 

LLm_j(xJ = llm_(l — x) = 1 — 1 = 0 link = Lull (1 + i) = l + I = £ 

2 "-! 1 ” Jt +" .J— 

Onraisss lim_^|V| ^ LLcn then Jim ^fxj dots not esist 

?£—*■] c + ' s 


tb> (/■ 




i+fs-4 'f^<i = h 

) + ff+x) if X > 1 \2; 


2x 


if f < l 
if z > I 


(c) -I- ^(s;)J = -Em 2 = 2 and Mm [if^j +■ .g(-r)] = Mm 2x — 2- ] =2 

-L^a r—‘1"*" je-p'1^" 

1 1 m [/(V) + = Ieiee p /{x) + pf*)] = 2, then hm |/frj 4 ff[x)\ — 2 

ff-^1 2^] + 

(d) Because lim f(x) and Lim^fx) do uoE i-xist, lbs hypotimsra or Limit TJneutem 4 aie not satisfied 

T—ii-l 

I-V nWTNFTE LIMITS 

1.7.1 DdmLtkin Ll l E / lir ;i furirDi^n tbal. is dettned at evesy mimbcf in wiw? np«n int^rvil cDniaini^ a, 

^senp-h possibly tbo n^Eflh^r ^ ilsnlf. a c-jies f(zj increases unih&ut. bun ?2if. 

yfiikh is irriitni 

lim /{x) = 4oc 

if for any number N > £1 ihtni exitiy a f > 0 w-wrla l-liat 
If (J C | x - a | < $ thep /(x) > N 

1.7.2 Definition Let / be a function that is dftfiri^U ill L-vt*y □uEELtwi: in some open interv^d roniainh^ 

eseepi possibly at the number a itself A$ * vpprntitKw s, f(z) dser Gases mih&ut p^nni 

VriiitJi ik wtiilefr 

lim f{x) — ■ oo 


if f^r ni.v number N < CJ there exists 4 f > U siLch Lhat 
if 0 ch«n /ft) <■ N 

We may aJso dcLine ocie-tatkd BeeellLs Uidl are inftnite. Th<- fcilJnwin^ invoEve siact 

dflinltiors. 

Limit Theorem 11 Lf ■ p k sity pytw-t!™ inile^tj, t-bsij 



if r is odd 
Lf r ijf even 



1.7 [^FINITE LIMITS 3d 


-^niL Thwicm 12 [f a ss any real number, and if I[m /(t) = 0 anti iiip jj(x) - c, where r a coflb-iadl not wj-juL 
to 0, then ' 1-rd Jr_fCL 

(L) if t > 0 AJitl ]f /(t) — o through potitivc values of /(f), Lien 4^= + 0t; 

*-"* I [*J 


(ill if i > (I and if /(*) — 0 LlLduu^h tuenilivt valuo of /(t), Jim t= -oc 


JlJjj Yi . 

j(^) 


(in) if c <0 and if /(i) —1 ,El[-ipu^L punitive values of /(t), linj v ■■■ — —ac 

r-Hj 


(iv) if £ <0 and if /fx} —- ^ throncli arsatJ'.'f values of ffaA, li(Lt -^ 7 - = 

^ ' d J () 

Tbc theorem ia also vaitd if v r -t a" - L& replaced by — n +y -nr u 


4-W 


W* C4U3 nuW Ub-Li idly fszL-d the limit ai m fraction if either the JlUmWB-tor UJ tbtf 

tirjtCkurijiaicir has limit ^:rn_ If l.bc 111 ::iliTrL^iij hag limit zero ar.d the denominator Kha ,1 limit 
tih.a.* is uo-t £erQ ? r-hnn by Limit Theorem !i tb^ limit of 4hi; 1‘ra-r; khi. is xfm. If c-tic denominator 
Iikls limit zflin md •-.h? numerator ba* a limit tbaL ia uuL z-htu, I Ili'jl i us i. l yf tht -casts of Limit 
Theorem 12 is usually tatkli^d and the Limit of Xkt fraction is 4ac □: -ac ? de^mcling tin 
which case. If both the numerator and denominator hav* limit .zero.. then chuk ciif Lhc niELhoils 
□f FzecLjion 1 _-R> often work*: 


(i) I'nctar ihc numerator and denominator and r*ncd the c-ommotL fatiiura- 
(iij Ratsmudiic* eiLhrr th* num^-ilnr m - denominator and p/Ctfted ii* lu (L). 

Wo will loam additional methods as we I h rma^ii th^ l-H-H-iir, but it ia irtiporlaiEt to 

malize thac some Jmlcs simply dn^'L e*lhl. 


]-?.& DeEkoIliocL The Line c- = a Is said to be a of th-o graph of the fuisrt.mn / af n.i Ipijlsi 

nf the following; sr^r^menti i: ; i me■ Eaoh statement Is iJluacrated by the ^nrLjih brlov.- . 1 . 


fi) iim J{r) - 400 

KlT 


(LL) Jim /(t) - -od 


(ill) Mm /(f) - +oc 

X—l-fl.— 


(jt) lim /(is) =■ -co 

_r —^ il * ’ 





Uni ■ t ~ 
f.7 



li I-12, do tbc fodowiQg; (a) l/so a oaloidaioi to tabulate yalaeL 0 1' /(jf) for the sfwcjfied v-Llues nf -v. 

ibrt from these vr.jjca make a statement Tcgnrdio^ tbe apparent behavirtY nf /(r). (Lh) Support yriLir i-n p^rl 

a by plotting ths Kr^pLi nf /. {c) OjciH r 1 u yu-ar «jzhwci: jjl Tjart [a) n.njiLyticaLly by computing tlw- indjoaceci limit.. 

&■ Le^ 0"* - and 0” denote-quantifies that approach If through positive and negative value*, i-ejpaetiveiy, If p and ? 
arc positive and negative nuctiben, then Limit TbeUE-Kin [2 cm :yr. re*i.fited nx bslow. Ibk 1 ^ ioJutioas U arid lfl 1 - 
(i) p/D + = +oy (u) v/0~ = -oc (jjj) ^/0 + = -Cv (Lv) ^/0 - = -fee 


1 - 

X 


(b) .Lzi 1 = 1 and 
7 —■5"^” 


7 6 5,5 5.] 5.01 5.001 5.0DOJ 

ff/1 I 5 10 100 1D(1G 10,000 

lim (1 - &) = 0 through positive, valuer Hence, Urn ^-r = +oo. 

i-*S+ *- G* 1- ' 5, 


-- '» W =.^b' 


x 4 4.a <-9 *.a;i 4.1133 4-!i&i?g 

}<*) -1 =a -10 -mo -i#e-s000# 


i.b) Um_ I — ; aricE ]ini_ — 0 'hruujiji v^LuW- Hence, 


Lieu 

r_K 


I 


-“ 

T — -fc 


= -CC-. 
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3- (*] f(x) = 


-!- 5 -IK)] .i-t lML 

(i-S}- /(i) l 4IDO 10, MD 1,000,00(1 !UO,OUU.(JOI> 


•1.PP 


4.99$ 


J ] -1.5 4-6 

fix) 1 4 LOO 19,090 1 >000,0150 200.000 Hint 


■\wm 


l b) Jim 1 = 1 Wld ILm (x-o)^ ■=() through pnsiihvf rdlasa. Kerice, Jm 7 -5—^ = +(?g _ 


r--d 


;r—iS 


. -5- (x — 5/ 


4. [a) /(f) = f±f: sf is 6, 0-5, G,9, 6,69. 0.539. 0.9099: (h) lim £±1 

j-n” l — * 

p (a) From the values of /(f) for the values of x jiven in (he table. f[x) A^|jenM lo be increasing 

without bound as x approaches I lusm Uhc left. 



0 0,6 0,9 0.99 0-999 0.0999 

m-T±% 

2 5 29 2ff!i 2W9 29!rtHf 


fhlJjLf* + 2) — 3 Jiitd^]im_ (I — *) = 0. Because x I 1 theu i- < J and 1 —. x > 6, Thus, J —■ x approaches 


through positive VAftliJS, I3y hrmic Thonr^tJ have 1 jj:l_ ^ '*' " . -*c& 

.*■—1 <■ — x 

% 1.5 1. 1 


^ (*>/(') =f=| 


if f(£) -A -7 —rs I 


1-01 1.0 01_ 1, OOQl 

-Ml -3001 - 30,001 


(b) lim (ar-i-2) — 3 acid llm (5 - 1 ) - 0 ihioagi negative values, llenoe, lim f—;= - oo. 
*~i + m-4+ r _l + J “* 

s. *»=N 


(«■-!)' 


X . 0 0-5 0.9 0.99 

0.999 

0.0699 

/fri 2 IU 300 29,000 

J.jSSUiOti 

296,500-000 


2 1.5 LL 


I .(II 


1.591 


ism • 


7?xJ' 4 M 31(1 WJW 3,0(11,069 JDU.OIO.UOQ 

(b) lim 1 = 1 and lim (x-a) 2 — I) thrOuftli potalevc values. H-nxee, lim -—-—= = +,>;. 

*->* s-i (*- Wf 


7. (a)/(s} = 


■A-'l 


—0,5 -0.9 -0.99 -U.900-5.0999 


* + !’ /(-; -2 -S -29 -m -%m. -26,699 

(bj Um. (ar 3) = — !i and lim (x +1) =. 0 through positive values, lleuee, lim £^4 = 

*—i- r^-l* ‘ l 

J* — 


—(X,, 


0, (a) f(x) = 1—1; x I® —2. -1.6, -1.1, -1.01, -3-001, -1.0001; (b) Inn _ 

Z —'-I * 1 


► i a} FY\>m the- value ctf /(fbr the .^nsfied vvihat^ 03 p in rb* LahJe, f[x) ajjpcMK tn bo mcT-Easing 

wpitwut bound as ± Ajipingich^ 1 fDom eta l^L. 


£ 

-2 —1.6 -1.1 -1.01 — L-001 -1-0001 


1 7 31 301 3001 ,315001 


(t>) lim_(j — £) = —j anti Lim (x+JJ=0, Skc-nij?r- r ■■ 1 . r.hcn ± < — L mid x+3<ll». Tl-ms 1 


r—a 


r H 1 appyoiclEEs- Q Lhimj^h n&^tivc v4iLut-^. by LjJujI TLtor+i-jjj h*ve Lirri ^ '? — 4^0 

fl. (a) = _* _z!_zM - 4 - 1 -^1 —-i.iiridi 


-il 


40] -wo: 4U.UU I 


(b) lim a = --I And ii-n — [i ubroiigti nogitivi! valtiea. Henc^ Lim 

i*—f ■-1 

Alt#Htftlivriv, vf? rn-Jirl wiit^ t£lf f AtlW ^IuIjUIl as: IJj 3 j - 

■ ■ j —-i 


X 


JJJJ _ _ I j" “ |-|— B- 

m,„j\ x + 4 D 


x -^-A 


= 4 -TO, 


10 . (a) /W=^ T 


W 


to 


1-1 ^01 


l.ljtll 4-0001 


11 . 


■ fb; Jim —^ -- -i- +cc 

om 1 f 4 n I 

j—fl 


Xf 


6 41 4ni 4001 40001 '-I ;~;>T - A o + 

-3.S -3,1 -3.01 -:i,001 -3,0091 

Ci 


20.3 2011. J 2000.5 20,037 


(b) 3im_ 4* — —12 and lirii_(9— x") =0 thruu^b n^pjniLvfl values- H^h-cCl llm ——— r _ 

r —s ^— 3TB—jf* 
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. } \ T.) - -^ 3 ; X i* 4, 3.5. 3,1, 3-fl ], 3,001, 3.0011 J; (b) lim 

> d,) The table gjvey the valiie3 of /(z) fra the specified value* of x. Yiam the Table, /(z} appear; 1 o be 
detKHwihjj without btfiisid as r approach*? 3 famn ilic tight. 



4 

3-5 

3.1 

3-01 

3-001 

3.0001 


-y .14 

-15-1 

-63-0 

-W2 

-mm 

-*D0tW 


fb) Lim (4z^) = 36 and DM (fl — — 0. Purttwrmore! since r -* 3 + , then x > 3 and 3 — 2 1 < D. That, 9 - r 5 

*-3+ J ^ 3+ , . 4x M 

appjLhu;lLi!S D tJLtougli negative values, T3j' T-imit Theorem 12(a)., ism --^ = -sa- 

j *—% 

I. Excesses L3 -A£ l [ind the ItfuiL and tuppoil your anther ■■■>' pitting the graph of ".tuf [LmctluEL. 

Ll Ltti 4±^= lim —J±=-—= Elm -4- = ± = + 00 . 

( _j+ f 3 -4 t~ t + < ( _i J f-a -*-*" 2 D 


K lim ^±4 = 


— lim 


-r — J111J — * a' 3 — — “W 

(f-a)- 1 2“(t — 2^ t-a (i-2y 1) 

tt. tim i—- = lint j ly ? ■><, — lim j ^ , 1 = = -00. 

i^-V -4 w* ft +®X*“2) r-2-'- a 0 


■P — I 




£*- 13m 

r-v-a 4 ' 

:> lim y^-Ii-|- and lim x — 0- Mor^nv^r, m-iillc x —*■ 0^". x D through posativ-c values. Thus by 

--fl + 

/* , X 2 

L 131 lL i. Theorem LLtn - f -- +~o 

p—P + yz — 

CT. 13m s/3+** = 75 And lim £ — 0 through negative valuta, Ttttrefcw., ^ ! ^ £ 

- r-d f— 


= —cc. 


lim 


y'j + j* 3 


t —>0 3 ;* 


= o+ =+ * 


?*. lim 


li "I ^ = lim 3 ^' 1 ~*~ J — IJ,m ^ LLm ^/e -hi = \rfi and lim \/x - 3 ~ 0 tbiaugh 

+ * "3 r ^+ ^^3+ V^-3 T-J+ r-K.1 4 


” 3 ^ 


y £ -H J _ 


positive valuer ''1'lioTiefoTO, hm v ■ = +oo 

m Vis-E 1 
B- lim “ ■ - —r— 

-^r ^ 

* liecause bath the stumersinr *nJ deDammaior have limil (t> we wnhnt uste T.imLc. Theo?em 12. We nuiSl 
factor. EceaiLRe z — 4 - , then sr < 4 tw, Bctuivalcully, 4 — z > U. Thu?, 

r. - 4 = -M - *) = 

Thciefore _ •__ 


\/l6 - T. f 


Ijin 

,-4- J - 4 


^4-xX4 + p} 

■ lim -«- , l- - 

■~* -i/H 3 *? 

— £ - t/4 + Jt? 

1 \/4 " J: 


= lim 


— './-i 


n lii 


y ,,| li -h x 

-Z^7T~ t 


(D 


lim + X - Uttd lim v '^ - t = U - v'^ - * approaches 0 through valiant, by 

_ *— ■ .. j - 


7->i 


Limit Tltemsm I2fli) and- Eq. (1J wc have lim — ^ — -w 
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lien f't—M = i™ iLm (i -1) =-1 nad liflfl = 0 through pMitive v*!ues, 

^ * s—*Q + 

Therefore. lim 1 “ 1 = ix>- 
’ t-K1 + «* , 

lim 4 ~ T | = iltn + C = 7^j ~ 

+I ? s-O+r'fjf+ ij U 

_ i "J. J i 

lim {2 — -lx 3 ) - 2 lim {nr 2 - — £1 through poealLve vaIlus.. H-tn-ce,, Lim_ _ n ig jj - +o*- 

r—»0” j—C l" *-*0 ox + 

JS-fcb-nb) 

: Jgsfesfef " ^b) ”^+ 2 ) 3X* + 25 ) 

VJorto^ciT LLm fj —1) = 1 and lim (j-2)[aH-2)= U- fitcauBe s — 2”, Lhe/a *— 2 <: 0^ ttiae {& — 2J(f + 2) 

i - —*■2” ■■— r 'i j _ J" 1 ^ \ 

approaches 0 ‘h rough native valuer. Therefore, cry Lin ijl Theorem 12{ii), - LL ^Ji,” T /_ — “ 

.. / a 3 i. / a _ aft - ] ) l_ ,. 5-5 1 

-Vf?4 3l - 4 t + 4J *_™-l(i + 4)(t- 1) ft 4 , 4)ft“ ly Oh-— IJi 


lim (a - 3f) = IT *ntl lim (3 + 4)ft - 1 "! — 0 through positive values. Therefore. 

2fi. lim - r V ^ ±= 71 1 = t oo 
t j -1 * 

27, lim ([*] t) = lim [iJ-3= liin_ f2) -3 = -land lirri_ (3 —jr) = LI through positive values, 

JL—E-h3 lT h: ? 

Therefore, Jim 


23. 

LLm 


ff-i1” X' 




limj* 3 ! - I = -1 

J—-Ji 

IkLiub* x < 1 iiid x 2 — 1 < & if — I < x. < 1 : then 

linn_(x 3 - 1) = 0 
1 —-t 


iud z z - 1 appFOftcbta 0 ikr-Dsigb ci-rg^ti™ va3*u;s. Tturclffre. by r,imU Th^or^m ]2(iv) 7 

^ i* 3 ] - 1 _ 


lim -: 

i—l” r-1 


v tf a +»e 3 + H(hc *£* + 5}(*+ 4 }_ lim *(* + &> 

jfr .‘+*-12 = (*-*][* + <) “ # + 

linn jiz- 4 &^ = 24 And Dm fi-3) = U through iiBR^Liv* values, llen-ra, I™ ——=,— = -cc. 

_ fii 3 + i-S _ l; _ 6g 3 + J -? 2(3 

^™+a7 2 I St . 2 “ ^+(*4 2^-1) ” 0 + M> 
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Etm (v - x 2 +1) ^ "£ and Ism (1 — x) — ft through negative value*, Hence, lim 


Because the mantcr ator and; denominate! both have limit Limit Hieerem I 

C-be dbJLU.fi-KllLilC.UJ. 


y. We i, r :Tiarir-|li7r 


S) = D. FitpthermoT^, x - J approaches 0 Ihrough neg^tiv* values. 

we wnrlncte that lirn 


Lb Exercises 44. find the verticaJ |HS^pptc>tc(?) of tlrr gr-ipll of thr fn.nr.hinn, And sln-r.rji tlif^uph 

5 S. fa) Beswise lim ^ = —» Or JMwiuse 3 ™ ~ = -|-oc 1 ^ ±= D is a verged asymptede. 

*™flT x x-*0 + 

fb) Because lim -L7 — -\-oo H x = 0 i* a ™tka] a*ymptote- 

a-^iO 

fc) lim Ar - — » □! because lim At = +00, jr = 0 is a vertical Asymptote. 


><» H a? = 0 ia -a vertical ftsymiJtutu 


Exercise nihf d'; 


Fvei-cise 35i 
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41. Rt#au<Xi Urn ' l j = ? — 00, - - 3 i=> :i asj- mploti*. 


-2 


o 1 

4H. D«ai.s«- Jjjjj -—— jyx — +oo, -t ^ 3 La a veiLical aiyuLplulr. 


/(t} - ^ + Jg _ (i + 3)[* + 5) 

BravUM Iud /{l) = +K? 05 because lim _f-£jeji ■= -■», ^ — -J Ftf *i vcrlicaj :u;yiJi|itnle. 

S" 

Because lam = -oc c: Ix^aufrp lam /(r - -oc. / — 3 is a vertical ^.symp'nip. 

t -n " -_ 


3b, (&1 Because lim -1 =.+qc- by Limit Theorem ]2(iv} oi because lim —| = —so b* 1 Limii Tlttfirctn I2(]ii), 

<-□" x-Hi> + 55 

jp — 0 ly -Hi verilenL asyaabuto^. 

(h) lim —3 = —QO By birnil Tbmrem l^iiiL jp =il isn vcrfck&l uYnapluft. 


^cj Because Lim_ — 4cc by Limit Tbeciram I3(iv) or beruiise Lim — t- = - :>:■ by Limit Theorem 12(iii] 

* —10 I *-»Q + * 

1- — 0 Ls jl v^ilir.nl 7uy [[Lptob=. 

(dl Because lim --■*- — -«> by Limit Th-ecnem i! 2 (aai> x - is a vertical asymptote. 

j—.0 J3 q 

17 


Exercise 3fi(b) 


?]BGTdB£ 3fl(c] 


Exsreige 36(4) 


37. Bnuauar Lirn — ; '—r =”00 nr h^-niLNC lirn --'—7 n +l>z,, x r 4 if ji v«ct3.Ua| Mymptntr-. 

r ” -l * X ~ -1 
i ■> ■} ir if 

38. Because lim ',.=?£= = 00 or beuiue lim = —r = -j-^, r = — I is a vmifcal asymptote. 

r— 1^1 +1 U 0 + -rp 

39. Because Lift _ ~ +** £r bet*ufie lien + - cm, ^ = -3 is it vcnieal asymptote. 


4U. /(i) = 


- -4. 


X - Cl 


p If 1 — 5,. then 1 — 5 = D. Furthermore, hetfausr r - ^ > 0 T x > fj, A-nH --1 < 0 , Ly limit. Tlreoienr; I 2 (m] 


lim /(xl — tim -- — —cx. 

+ at \P 


‘ ' ' ^ 

if j < 5. by Limit Thetfritpn J2(iv| 
x) — Jlna_ -”-r — -w 


“ JJJJ] —^“-r 

3T—,-> Z— J _ & 

Thus, t 3 is a vet Lie a] ajyin^Uit*; 











1.7 INFINITE LIMIT! 


1 i r 

llflfi _{E + S) — 0 iML-d lim _(r — 1) = ^-T. Wctaust .#!— a ft ", thsTj £ -|- fi < D; thus fx + V^x — 1) J i|iproiiirhr.N (j 
r—r —6 fn>-u 4 i. 

[Jiioiifgji ntgft livt vcdn^ Therefore; by Laftdt Theorem lim ^ -.? 1 - = -m. Thun at = is a 

r—tf +,'>£ - fi 

virrtar-jtl ^ypnpLok, 

lajaa fx + £j] = 7 nn-rl fctim- -l)=Qr Btcau&c s — 1"*", then r-1 ? LhiLs + $)(* - 1) ycoachtu 0 thru 

r—«■] (-il f j j ■ 

positive values. Htn&Cj by limit Tlwnim 12(i) lim ^-= +oc> Thus 1=1 s&ci vertical asymptote. 


Exercised Ejcerebe 42 Exercise 1A 

h= Exercises 45 and 46 ? evaluate tbt limlr^ ftum t(ie pjT^ph nf function / skcicljt-d Lei lh* accompany. 

)» ]jm + /(x) - (b) _/(i) = —x= {c) LLm ( j{x) = -fra fd)dTtt/(*) - 0 (c) liir^/(a?j 

ff) lim^/{ir) = +oc {g) Urn/(i) =s-i-*& (h) limjfr} - | (3} lim + / [x) = -ocj Q) ]]m_/(x] = 
ft (a)- ]]ju +J T(x} = +cu (b) ^^2 fc) = -foo{d) = 0 (*) bmL/l>) 

(0 I™. - 0 Ce) J ±= -oo {h} lim/[*} = -e* [i] Hm f(;r) = - w (j) ttm /(*) = 

^ t 1 i ■ .a 4- j—| 11 

— bxerci^7 and 4& t ykeidj C-hc graph of a function / satisfying iht given piropcrtie*- 

^ The domain of / is [-5,5]. /(-5) = 0: /(-3} = S; /(-■) = 0: /(0] =0; /(l) ^ U; /?3) - -2- /( 

lim /(x) = 4-tx,; I i Ell /(*) = 0: linn _/(*) = +cc; I Liu .f(z}= -*c'- Mm /f Jr J = 0- Um = - 

X-+- •> t ]—f—1 x—id .x-— r | 

lim / -j;) — 0; lim_/(a:) = -oo 

* -S M* + 3p/[(ff + SK* + l)-J if —5 < x < -1 

Th? n^urc sho^s Lhe graph oF t xf[I - x J ) if — I < t < 1 

l£*-3]/[(*-I)(*-S)] if I < r < 5 

4t Thr domwr, of / is [-2,5]. /(-&) = D; /<—lj = 0i /((J) - ^ /(l) = /(2) - $ Um = 

a=—■— 2"^" 

lint _/l J-) = -Kio; lirn /(i) = —nc; lrm_/(j-) = 0; ILm /^*) s± *oo| lizn /(*) ±i —oaj lim_J 


I)J if ff € (-2, -l)u (-]. D) 
]) ! ] ^*€(0,1)11(1,2] 
txeicbfi 47 


> Thft figure slin-vm tltft g™|i]i c^f 


Ejtetc 


■fix- bcrauiio v and n arc p<wntiv-r 


/( * J = ^ rJ “ ids. ^ = iT 3 

lim ${i;) dew nf>t rKUt. {b) - 0 tf Jt? / 


■do yo dots aot rxiat. Eim 

(t) ]iiii[/(rj-|-F(j:)t-= H 


x ■■ -4 x ■ -1 

■L- 3 

1 ; i i 

; t 

V \ ■ 


v.V. 

i Y 

i 

.] .1 c 

^ j r 

: • 

j-. 

ill 







« FUNCTIONS. LIMITS, AND CONTINUITY 


fa) Because linj/f*) and do not exist, the hypotbwe* «f Emit Theorem 4 are not ttLpifled 

5l " v^ L '7T _ ? = n3 “ 0+ “ +M ' **+“7- d * a 1,04 *“* **«#•* l - fw/e) 1 < 0 if v > <. The limit v 

?> — cdcx;* not exist hecaiuw neither l-aided limit exists 

2.7 SUPPLEMENT 

rbraoEt B ti[EL/{i) = j-fle if Mid only if ILtn - /f; l = -oo. 

r—"7 T 

Proof Let .M = -~ft. Iint/(i) = F-Ct 

& for every N > & there ia a it > 0 such that /{*} > » when 0 < | z - □ | < & 

«> e'oi every M < 0 ULftje is a £ > U such Thai -/(x) < M whan fr < I r - a | < 6 
9? Jim-/(*) - —co 

-S'lijr-pL^ rr^TtJT^r Eigrna ^ff 7 

1- that Jin] 3 j = +m hy using Definition 1.7.1. 

*-2 (r - ir 

* We must show that f at any N > 0 there exists a S > 0 such that if ft < ! s - 21 < 6 tl.™ _*_-, n 


ifft<iz-2|<fl then --— 

C x — 2]" 

ii’0< -r -2J< £ thtrt (i-2) a C 
— 2|<f then |^-S|<-| 


vr, pquivainnlly, because (t -4) s > 13 and ft > U if 0 < |x — 2|< £ then < 

eqniratenUjr, if IK | z - 21 < i then f 

The above statement holds if £ — 

2. P?nve that itm --— —cc by using Defmiijr'm 1.7.2. 

*—* [X — 4] 

^ VVe ztiow that for any ft < D Lhere crasin a fi > Q such that if 0 <!x — -l < £ then < N 

, . , ( 

or, fewvaknUy, fn'eausa (< —4) ? > 0 and ft < © if 0 < j * - 4: < i thejp (, _ 4 )* < 

or, equivalently, . iT0< U-4 |< S then 

The above acpjtemenl. hold* if £ — - 

Sr Prove Limit Theorem ll(jj): If r Is nny positive integer, then Jim_ -ip - i - ™ if t 1 B odd 

Z r 1.+3C iF r is evan' 

Ef r w Ml odd positive iiittfiej Yi = must tiov tJist for any N C f) Ihnr i 5 a S > 0 sudi L.JxnL 
if -£ < r < 0 ticn ^ ^ K 

i-f D c - * < -f ^hcii ^7 > -N 

ft if 0 < - j < ^ Lhtfn 7 - Upr > — M r bs an rx3d infr^rji 

*? if U < -j? < f tltcm (-a-)' <. -1^ (because > ft and -N > [l) 
ft- i! 0 < —^ £ tb«n —Z < [ -■^ ] 3 ■' r (h-TCMSC: T is JHMliti /c) 

The JjiiL KiairsccL^it hoJds if f - || ^ L;t . 

If T l$ ao cv™ pMJtivt ipU'tn: wt that foi any ^ > D there 5* a * > 0 such that 

if - A < i <i 0 LLtMl -V > ^' 
x J 

ft IF 0 < —x < A then —Ljp > S (becaiise t j$ an t^ven iiiteRoi-J 
ft- i;l ft < —at ^ th™ ( j) r < jjj (hs^Mn^ > D iud > 0) 
ft if 0 C -r < then. ~t < ^ 1/f (because r is 
P I'he last EtatcmtfKL linhls if _ f^ l,;r . 





1.7 SUPPLEMENT 43 


■ :Theorem. l,7,4(ik), 

Wr want to prove that if lim /(a - ) = 0 w'Ml f(x) —* ft Gtoongb vaIoua of and lim = c with 

. ^ r—«c i:—pn 

■C>(f 4 Lbetl lim = —M- Now LLm— /(t) - 0 with -/(r) — o through positive values, and so. by east (]") 
j- m (T) x—■(□ 


aas -./'t = 4-m. Hence by Tb»r*m E3, 1]jjj —| '. )= -oc ? or equivalcnctv, Lim = -go. 

r-a-/(af) r—± \-/(i)/ *-a/(r) 

Tl F:*Vp Thron^m. ].T. j i(iii]. 

^ A* w*L ni lo pr^ve :L.y> if Ijasi /fr} = D ^itb — G through positive vjihif-p of fix), And- lim i.r|V| — r. with 

r.—nt ' f T- —<i3 

■ < ■], then Lim 4^4 = --sc. lim jfrl = —c with -r > G, &n<j by easn (il lim = +sc. 

X—M] J(x> X —t —k p r\Xj 

f v y 4 

X-txj? by Theorem B, -cc, oi equivaLent-lv, lua^j - -oo. 

t- ^iov£ Theorem L7 t 4(Lv'i 

* W* want to prm-e iSiftjt if 9im f[z) ±± G with /[*} — U through negative values of /(a?), Jam ff{x) ~ c ^iL- 


- < G, lien Lira 

X—i£l 




= 3C. Ntfw = 0 WttlL —/f^r) —* U lJ: 2 ij-u^3l punitive v.Llues T -and Jjjjj—— —C 

j- [£} x-ni "■ jf—pft 

*ith —c ■> 0- ncid au, bv uase (51, linn — H-oo, -nr equivalently, Lim t™4 — oo- 

w =-*-/(*) =-*>/(*) 

Prove Theorem L7.6: If c 5s my corsL-n-pT run<3 
. if Urn jf"(±-1 = H-oo-and 13m /(rl = c tb^n lim [fix) = +^" j 

x-m ' ' _f-*«il X—>d 

iii} if lim f(x) = -so jmmJ Bra $(x) = c then hjm [f(x] + j(jr)] = -oo 

fSssCw.L^e ]]jn j] = C, s]n t n hr ?my r > Ll Lht-rt! i* h. j U such I.ImI 
r—*a 

if D | if - ^ i then ■ ^ | < c 

^ow |^(x) | — | r| < j j(r) — cl Htfiiee. if c — | n+ 1 tliere is ? fl T sxi^h that 
if A < | x - -a| < f j ihen -1| < K l-b 1 

^ Lf ft < | j — o i < 5 t then | j(t) | < S: c | + 1 

« Lf ft < < 5 l ih*n -13 c |- 1 < < 3|c | -h ] (l) 

Tn p-rovT pnrt (5j we must shew r.hnt For 
Any ft > 0 there- ts a > U uhai 
if ft ^ | if- - d i < j ttieiL jf(a?) + ^(-rj > >■ 

Rpcjuiw: Jain, / ix) = +rc. then ff>T 


'fo p-iove ^arl (iij we muy? sbow l]c^i (or 
any N < D tbene 5? n A > ft such LiiEtt 

ifft <|x — Li | < ^ t E Li= J1 /(r) — ^(e) l\" 

Bccaus^ LLcti J{x"; - CC\ then for 


fi -i- 2\c | + 1 ;> G Lhere jh a > !■' (1^ l 

if ft < | t. - r_| < ^ ihea /|V) > N - 2 c ;4 1 

[f f = by siAtciri^nt (1'■ we jjtpl 

if ft< 1 1 - 01 < & 

then, /{x) + p(±) >K+3eL+l-ScHl 

00 lfO<|S — csl<£ Utta J"(x) - > N 

Hence natt (i} 5& pioved- 


N — 2 c i - 1 *: ft Ihete Ls a ^ G goch that 
if ft <\z v\< Lb*h /(» <. N - 2je |— 1 

If i = min(J l J s ) h -'y ?C.D. p jemcnL (!;;■ wi 1 grl 

Lf ft<|s-c|<; & 

rbnh f($) 4 $[*) <W-arc:-l+2[ffl+I 

o if ll < ; X — JT < j* Lh-nn /(x) + < IS 

Ik-ucc part (ii'i proved. 


I?L Pmve: TlwKW*StL 1.7.G„ 

Tf lim /(*) = -boo i^nrl lim — c. ivhoic c j? ^n> -:.iJciaLai:i except ft, eLea 
(i) if c > D. J^ii^ /(x) ■ j(i) = +=□ (ii) if c < Sim f{v) w(-r) =• - ft* 

& By Thcnrftrn H, lim—/|2}= — >D, By Til^Ot^Jirl 1 -T-7 jJfOVed tkiluw 

ii c > D. lim -/(s) - $(t) - —oo if r - < 0 n ttf.k-/(x) ■ = +m 

X — iT 1 1,11 

Applying Theorem B ngwn tn the limit of Lhe pcodact^! vn; uvUllli (l) wid (ll)- 




■f± r l , m . 1 IIl-IIWJ ft -I IJ 11.^ L-J1 J£ 


9, Prove; Theorem 3-7,7: 

]f lim f[%) = —TO nm.H lim j(j:) _ r, where C 15 any CutiiLjLnl tittipt ft, [hen 

J — y -p—(| 


(i) if c > fl, lim f[x] ■ ^(sO = —:kj 

£—’ IJ 

(ii) hf C < 0, jim /(t) - j(r) _ 

To i.iii>yc part (i) we mus-t show that for 
any ft D theft: is a § > o such LhraS 

i I G <_\t y I < £ then /(a) ■ < _N (1) 

Bixai^ae lim ^nfj) = c and c > 0 then fnr 

j—« fl 

£ — ie > fl LJicr+t is- ;l > 0 Jn_i|j tbwl 
Sf O < I x — ^1 < f-, then ! _<?(*) - c | ^ ^ 

=> if o < 3 j - a l < t] then - e > - jt 
W if 0 < | Jf - $ I < £ t ih^n jfx) > ^r. > 0 f?} 

EJecausc; IJcCEL fix) = — W *tie]L for — <. (1 

J"~K3 

there is- a d 2 > D h-udi thaL 

if 0 CI *- af <r then -/{x) > > 0 (3) 

T.fl £ = It follows 

from otatements [3j ai 5 (j (3) thol 

if 0< | x — □ | < £ t torn — | f x) ■ g( i} > — ^ - 4- = — N 

C i 

This iia E-tatemcnt fl) proving part (j). 


T« prov* pari {ii) we muft show that iw 

any ft > 0 there L* a t > 0 wieh that 

if f\ — < tf then /(t) ■ jfr) :> ft [A] 

B«aii&e lim e and e < 0 then Ibr 

r«—"ii 

f = —y( > 0 th(!M is. a. J5-, > JJ sudb that. 

if U < | z — □ | < I bed j ^(x) — c | < — jC 
=? it fl < | ? ■ a | < i^ Chfln 

-»if(K|*-€E|<*j then - fa) > -it > U (5) 
BotiUSO Jim f{x) = —■» tHpn fot ~<0 
there ia a > 0 such [hat 
Lf 0 < I £ — ^ I < ^ then — f(z) > — ^ > 0 (6) 

Let 5 [i folio wa 

fhOVWL h , tatr:n ih!ci I t [5) ^in^f (h) 

if 8 < |t — «|< J tbiTi /{ x} ■ — ft" 

[ his- i£ statement (4) pyuvinjj part fli). 

K 15 — x | < #. Then 


10. Use Dsijjaitznij L.7.1 tc* nrnvfs tJiat JtElL -jt— J 

t ^n|3 + 


= +OC- 


Cb CheKwc 6 S 1 thit + l < < i =± -$< x — 5c-7^ 

3~+i| ^ ^ ^ N" wlltflevra i <^ Ohc>oR£ fi = rnin(l,T/N)^ 

1J* OOftTlft UITY of a fuhctton at 1 a number 


TlU'm arv many thcorrma having a hypctheLNis thiiu indvdes tlte ctmlilLuti liLai a fujieljM 
vonttnuouy at a ilujjj Uh-j -h. K«n<:t -.vit mutt abk to determiiw if a fnitctlon is ranlrndOus oc 
diflcoDtinaotiE at a. If thciM a brcaJ: in the graph of / at tbr pnant irher-r p? = /i, ^hen / m 
difltontiniii)u^ nl n. I'hir flit-nntimi if- included in the- ftdJumnft .ajiajjli^ defi-CLLtion, 

I-B-] DcEmiikpft The fuziciign / is Bald Lo be at the nirmhcr -n if ^nd only If the fol lowing tr — 

ooudiliftns are satisfied. 

(i) /fa) exb^u 

(LL) iiiJJ /[t) uxlste 
•r— 

0h> ]im /(i) = /(<i> 

jf DJif or motii of thvsjc LhTou condLlions faiJs to Koid nt a, tho f'in<;tln^ / ts kjuH to 
di^&wforiUSTffi rv! u m 

H'r note rhat ■we may hav-e lu s^ns-idat oiteKiiJ^J linn:# K in& use Tbeoicm 1,6,3 ■■ 
determi^ ^hedher t>i not condition (ii) in T^ifiiiiiLon 1-8-1 is satisfied. This is illuatrateri : 
^eTeiae 7. Jf / ia a funr.ti^n p ,hat, h Hi^onniinunL^ r'nr number r? b-nt Foi wlizd: ■t::- 3 ._ c / - 
iH-L-ti- hjilI jm teir r«^J mjinl>PT I., i h^n eitlaei /{&} ^ L o’ -else /(a) doe^ not ftiosi- S^ieli * dbr- -- 
l Ija^ii is r-ull^d a njnrpvffi-fe ii&coniinuiip hceanae if we define fin) - h (h* new funt-iio:. . 

continiioirF ill o* A removable di&caTitLtiucLv ^]]J :i^r show ^ a br-pal when the graph is piotia; 

on a graphics cilciiiatu- unlyas [h« x-rajign ir ? c?urfhlJy thusen. II \isn T f(x) noc a “ jp , 
number, then / has aj's tfi4en.tcal rfiscon-(enaIfy a( o, and the dMeonlinuity eAimol. hr rr-m^v^- 
Thr follcwmg th^nrems eoncerniitg. the eonLiuniiy uf a fucieCLnn fnllnw from I Vr 

] -d-l ■ Oftr-n l.bc?y ttn be ased ie det*i,r_i.n£ if ^ Functicu ii- tominuoui ^ jt^rnher. 




U CONTINUITY OF A FUNCTION AT A NUMBER 4. 


aro two functions chat arc-eonUrmcms at the uUcrLber a, then 


(iI f + ^ is continuous ai -a 
(ii) / - j ie continuous at a 
(ill) / ■ g Is continuous at o 
(iv) f/jf la continuous at a. provided that p(a) 

l.fl.H TbwcCUl A p^LynoniJ.;}- func.tiaTi is cont-JEiuoiiK At evHTV number. 

■ -8 A Theorem A rational function is contanuous at every number in its domain, 

" ,g„& Theorem If h is a positive inte^rr and f[x) — r \/l? i then 

(ij If ?i Is odd, / is continuous at every number 
fii) if n is r\'rn^ / 5$ ::cijhr.ini;ii"iK ?lI fc.Vcrv fi^iliv^ mrrrilwr 

Theorem The ab-Boluie-v.aJ.ue (unction ^ continuous: ai ever) 1 number, 


— Ewrdses I 14, sketch tie ^raph of the (unc"son. Bv observing ^lieie there is a break in the ftmiib, determine 

- ' "umber at ^hich the function as discontinuous- and sho-ir why Definition L.fl.L is nut Kalisfied ,-il i.hir, number. 


* There in a break in t.he gmpb at - 15 , 

/(—J] does not tfAsSi, Hence condition (l) of 
Definition LS4 fails fct -■>. 


> ( here is a break in the firaph at 4 

/{4 | duKM noL gxjk". Henct ojjjd i li/jci fl) uJ" 

CcfLrjiuoii 1,3,1 fails at 4. 


Thus condition Jni) of Definition L3_l faJas at 
Henne, ^ is d i&:.:-c>5itLn ncms a,L — 3_ 


J_k-L 


th-rn 

w= ;*+i ifi ^ 4 

^ J 12 if* =4 

The nr is- it *’t|«Lr- T " Lei ilie Line nL the pd]jtt bec-uube G|x) ^ j! + ] if x = 4. ajid. 

lllUi G k ■disconti.LLUtHi!; #1 “3, sJ]i>w i|g\v l>efjji.L[iuji J-S-J Lx ::ui xa.LisJl*J. Rev.m^K- 
Lien G(*) - 15m (x + 1) = S anti G{4J - 2 

jt-*4 if—‘4 

(bell 

lim G(x)itG{i) 

and thus condition (hi) of Dcfinitiriri Ltf-] is not saLijifiod. 



L? .f 

¥ 


5 

1 ./ 

4- 

' / 

2 

.. * 

-e -c 

; 2 C 45 fl 

/ -4 
X -4 

f -a 

- 

- 

- 

- 





1G FUNCTIONS, UMtt^ AND CONTINUITY" 


i> I'liwe j,s ^ bFtak m the - : at 

h{4) docs DOT- eKLKt. ThnsL, -COiLd_LLJu fij tif 
l>rfiiiitiim Ld-1 fails si -1, 

Therefore, / diamatmjucHts at 4. 

fi - “W = rb 

> TEtcie iH a i n i- he £japh at —2. 

dnrt not ^xjiL. "I’JiUfic. pandit[nn (|) of 
O^oiLioD I-RJ f?g3^-"il -H. 

T^or^corc. f L** disc^n tinitoiii &1 —if 


U ifr^4 

Thsr^ it a, brtf;!i<. ia it? graph at 4 . 

Eem /(ft) = H-oo ancf Etm. /(x) — 

t“—14 ?—i-i 

^ondiLma (ii) of DeFtniLioB 1-8,1 fai ls at 4 
Tbuefec-e, / is [LirfrinlLnuoiift at 4. 


30. UtiElC*. 


[(? if t. — —2 

& Thtje :* jl break in the graph at x = —2; 

sti wc use Definition F.tf.] a? a-= —2 to show there is a 
dbcoEtiiiuitj. Ijecauit 2> =r 0, condition (i) i 5 
satisfied. However 

lira jfr) — i^oq and lim — —sc 

X-*— ■Z-‘-7~ 

coDditi&n (ilj Ls i?ol satUfretL Therefore, 

P is d-HrorUuiuous at 

f“l M"* -c 0 

J /W-h if e = 0 

if 0 < * 

Tktr* Ls & break an. thi- graph at 0. 

Lim f{z) = lirrt_ (—i) = -1 and LLm /(t j = lim v 

' u n *_,d+ r-rMl" 5- v 

tbrr^oK Mm f[z) does not ftifist. Tbiw conditio (h) of 

r--D 

Detinit.iuai l.&.l fails at 0. Ile-i^ / la dl^e^ni niuouii ac (I. 


!? a 'btCa.k in th^ ^r^ip-h. at 1. 

it /( l ) = 1; (ii) U[iL,/(i) — linLflr—1) - 0 and 

I—I L ' 

J™ + /(») = Hmjl - ±) = 0- Thus Kw/(c) =0. fttij ]ira f(x) 4 /(I) 
Thin* condition (iii) fails at 1. H elite / r.s discontinuous *l L 


a 


* 

2 

. I.. 

= 

-S -<5 -7 , 

f\4 t l 

/■4 

hs 

y -a 

j \ 




t.3 CONTINUITY OF A FUNCTION AT A NUMULJl 47 


Titttfoit lim i(0 = 0- (m) J5 tjj y(_t} * ff(S}, 

f—o r—>■? 

"JThe* L-nriLtECi,nTi (iij) of H'tefqn i t iom l.ft.1 fails at 2. 

Hr&ec £ U dii^wLtliiuQus -at 2. 

{ 1 H- e if z- < -2 

2 — at if-2^1-12 
2* - 1 if 2 c t 

* 7 "■*;■!.■ arc breaks in the graph at the points where j — -U and e = We con 

pc nis separately Stance Ei( ?} = 1 r £= — 1* Gdndhbfl fi) t>r Ilrfinitjoji I.8J 
_± ±-iiLsfi*d ivlte-Ji u = -2. Because 


Lim 11^j) does not ckjs-L. ThteefiOE'E -ctwidLLloti fiL) oJ DtifijiLiLoci l.H.l i.g ho\ satisfied 
i3kA a ■= —2 n and tJiu* EJ It discomdnuD uh M —S, 

^□rjn H73) = 2 f — rondiiton {!) of DeLlmLiori LB,I is- satisfied when n - 2. Etocjiiise 


Jim ilfz) - ILm [t - x) - *0 

r—«2 s—r2 

.hn FTf it i don* not exige. Thus condition (iij in l^cfi^EtEnin I.&.J 1 m nut 

I “*2 

^■T-tlsfied when a ~ 2„ .and thus El i* discontinuous -v. 


> br^nk in l he jyapli at U- 

/(ft) doe* net c=x i^-1 - TT*ri-:':C: candle Lon (i) erf 
Definition 1,3.1 fails ill I). 

Th-Ciefor^ / is distfonLLnuoug at 0. 


There Is a break in I h* pin. 
ful lini ^(a) = Jim —w/s 

Inn h^{j: j = lim e/e = 

Condition i Lif in DefscLLUOri 
so g is dLsumiliULLOUS at 0. 


L Thus linyr(^) does -i^c rates. 
.8-1 ts not satJiiLod ?t 0- ailH 


b at C 4 - (a) Plu-L LJuf v.cjpJj uf / aitd Loo* foi br^t x - n. 7hoca she 
IF ao, ho'iv should / be :i.!-: 5 ellrj«i to remove 3l? (hi Confiim analytk^LLj- 

t j" yar — 2 Lai _i_* _ t * ri-ftm* f,-_ n , n _ j 


4 

2 

>■ 

■ mini 

± 

i i Id — 

^ j 

- 2 + 

-2 

- 

-4 

- 



1 ' *TS - X jF - 

Q make / ccniLctuou^ wc should defn 


° make / liOfllinuous, Tvr- ^Fiould define 


Odj nf: /fi) 


^ ■£. Dufins /fH) 


' + r -iir^+ir^+tjc+i) 

if S7 0. To i j Kik I* / continuous, 


(* + + [-7 - 1 

"c aiould dffiiiK f( (J) =-. 






l.a CJONTtMniT Of’ A I'UNCTION AT A NUMBER W 


* + 1 - 4 : 

■ 0 . Udine/(-S) 

^ T 3 , i'i 


-hoc. Essential discontinuity 


> Ism. 


— ■" rj = tittle——;- t rlrirs. n^t p-xi.^L brc-juiM* - iEi n ilt-rKHiiiuntrir is 

j— 3 ■ v + ]) +4 

sppjoaching Q nnd the numerator is ooL. Hence tbe diHrodil'bluily Ly eewntiAl 

li£kp .«5 —40, determine the numbers at which the function Ls continuous 

state the reason. 

; ;<= + 3}^ is a polynomial. Hence, 

" r — [x - SJ a [t 2 + 4 ) s La n polynomial, tie-Jict_ / Ls continuous tor all rc-a-l numbers- 
*3 - rrh* ift a r-ar.icrn-.il fuTirtirwi- Henre / em c:nnI.imlOilS u:i itft du-m/iin: -ill real IfipmliCTfi 


5 continuous fo: All ted -iuiv :>m. 


► Btcsuec ft is a rational functLmi, by Thcnrejia LE.4, Ji La continuous -at every numsfi In its- domain. Tb.czdorr. 
\ continuous at every number for ^bids 2 e -h 5 t 0 ur wjuL^L-ntly, j t -j- 

^ t ■? 

3. f ■ r) — is a r&iional 'unction. Sfitute F is continuous on iss domain: ail real number* except 2 snd -£. 


G(x) =——-—= t -' 5 4 rational fuFiclnti, Htunr.E G L* ronlinuone ml it* domain: a.13 

w * J -=- 2 *-a (r+4X*-3J 

-■j/jsbtH i^cfcpt 2 and -4, The dieconLinuky at 2 is removable- 

If x 2 ? /jx) is ;t polynomial. Hence / ie continuous at numbers other than 


lim /M ^ Jim ( 3 r- 1 ) = g and Jim J(z} - Jim (4 % ) = 0 : thus- |im /(?J does not exist. 

t— J' r— 2 ”" 2-4 j.^n- 

Therefore, / is discontsnuyu?!: *4 2. 

f (r+£') 3 :f t < 0 

/(l) “ius lfO<* 

EccsMtc / it a polynomial fund ion fm * fl and For r. > fl, by Thooram I.o.!t„ / U coaLlniloua aL every *. f 0 
Fut&he;r[t0r4 i , 

tiw /!» = I im_{x -1- £)^ = 4 liuj /{-t) - lim (i* +$) — 2 

x-*Q a—■□ 

Tlrc^trob^ liiu /(t) doea not exist, so / i* disoanLinuD^b. st t). 

if—«□ 


Ef X 1, /{x) _s i jaliojLSJ funet.icm Hmine / is rmi ten lions cjfccpl — I 
i = x = /(l) and lim /(^) = Itm 1/(3 — = Hence / is continuous At 1- 


[f i ^ 3 P /{«) is ^ laaionaJ funoLion, Hcoou / is IF i ^ 0 or 9. 

4 and lim f{x) = lim 2/{9 — i) = 3 = /(3j. Hence / is continuous .il 


iM CMLtLnuuLiM be Ilieetfm 1 -S.5 


1 — 0 . Heuco h is continuous for oil :caI :i um beta, 



SO FUNCTIONS, mors, A.vn CONTINUITY 


4D_ — 


{ 2s — if t < 

u *> 


& The ladicaLf m( cominuouE by Theorem J.jL-5. 3a Mid x are polynomiali.. iind .sn *ie contLmunii. Ham LT 
J! # t- j is contra uoub by Theorem t-S-2 {h) and (iii). Furthermore, 

- ^/x) = 2-1= | = and Eim pfi) = lim. i^/z = M = I 
Ther?:fctr? y Lg [1110013 for all Ma] nu^il>?r 5 . 

T:i Eiemseb. 4\-44t (. 1 ) Find c ajsd t that mpice / contttiiJrtnH everywhere, {b) Sketch lb* of/. 


41. jf£*) = 


f3rT-T tf t <4 
\l-z -I if4<X 


Iiin_ /(*) = Lira. £&e-f 2) = H - f{4); 2IF ■ 

bm /{*) s lim (lii -1) = 4k -1 Jp = 

I —^ " JC—"I" | !i - 

H'enne / Ls continuous at A Lf and *h3y if | 

4*—1=19: ft = 5, m 

42, /(*) = /*■" 1 tfE<2 af ■ ■ ^/ZA 

U* 1 lfx>2 6; ^jHT; 

lijjj + /^}= LLni^ Ail 3 = 4jt = _f(2) 1 - * \ 

= Jim_*x -1 = at- 1 i 1 * 

Httnc* / iii contliu tutii; at 2 if and only if ^ 

4*=2t-1;2t = -l f fc = 4 -fit \ 

r* tf*<s -*t \ 

4,1- f(z} — Jes-J-jfc if 1 < X < A ' 

L—2x if 4 < j 

Iim_/(x} = Udj_* = 1 s/(I); lira /(x) = Jim (ci + k)=c+Jt jE 

f - 1 X-] + ;r-E + .E* 

Therefore / is Mmtiftuous L if and only if e + ± = L -S-1-a-£^h 1 

Um_.fl>') - Urn_{C3 + Jt; = 4c + k; )jm,/» = Urn (-it) ;= -fi - f(i) 

-4 £--*i p 

Therefore / lb continuous at 4 Lf and only if k — jt = —0. ”6 ■: 

Soiling c-f t = 1 autt 4* 4 Sc = — S sdjnuLcsruiously, we get 0 •= -5 auil Jt = 4. 

(j + 2c ifjC-2 " l0 [ 

44. /»i^3es + J; ir~2<x<3 -l3 > 

b* - 2i if I < x 

> For oij values 0 : e fujrl k ihe fijnction / is- ^.hintci mux aL a]L rxc ep( pus^LL^I) at x = —2 and x — I 

If / is contimiuiLa tt -2, tJim if / is continuous ;ti l, then 

I i m_ _ f(z] = Urn , f{x) I i m /{x) = Lira fit) 


r- 2 -L E 1 2 J i ; 


Jim_(i + 2t) = Lirn £3cjF + t) 

^—2 x—S'*" 

-2 + 2c - -Gc -t jt 


Mill /fx) — lira fit) 

lim_( Sex -r t) — I i m ^3x ■—■ 2Jt) 
x^i x-i + 

3c + Jt s 3 - 2* 



Stdvitig lhes 2 equations si m uilwtcously, »r gtt c = ^ and Jt 

Substituting thwd* valuw. Knr eand k into- F.q. (JL} : wc Ija.v^ 

{ ± + |j if * < -2 . 

X + | if -Z<i< 1 Ur, tqiiivjilrnt|y, /(r) - {^ + ' 
3J!-| if] <x Ux_ 

New, /(jj = t+ |=^. Purtbemnore, 


Thus, lira /{*) =| = f{4). Ihercfbre, / ]s contimME aL J. F™r n / is conLlnu-D^jj cm ; 



LB CONTINUITY OY A FUNCTION AT A NUMB Eli 51 


laicises 45-46, in ) ah<jw that / in ihtt ftgUN! is djaeontinuous by shciwinp; ban- Dtdjjiiliou 1-8-1 fi 

a) x = -& Aim /(t) ?t lim essential (b) *= J: = & ^ /(l); removable: defat* /(l] 

. t) z - ~ 3: Iim_/(j} docs uvc cJtisi; essential 
r —+3 

a) r = 0; lim/fc) - » ? /(0)t Trniovahfe: define /<0} = 3 (b) r = 2: # Lim /(*)i essential 

[el r = 4: lim /(z) docs not «KWt; essential 


Ex£ixbb 


pjitrcifle 16 


- E « re *?w ste 4 A *< 

n / is ccmxLriuMk in (—1 
Jim /{u) — +!XV 


^sh _si.imc function / a^tiafying thw? given p/&peDtk5_ 

2,2) ^nd (2. L): / bs disconEinuffua ctf -£ mrl V- /(—2) — fl and /[2) = 9! 

;> = 0; lim /(jc) - 0; lim_f J = -oc 


/ 1 M mnl.lniiuiw on (-I n lJ n asd f^+oo); / is diswDtinuaui* at - I and 1^ /(-!) = 

Baa_A*] And lim /{j) both esist htU neither is 0; neithei Lijn_/(*) 00t Inn /{*) eiitU, 

i-3 *”d i«—■! "■" 

M Erartisea 49 52, state where the fuuctUm is duKunLEEiuoitx by xhuft-itLig Itow Definition 1,8-1 fail* 

r3.£tf ifQ<x<5& 

49, f(x) dodaia (be eoet of ^tupping j - Lb. /(x) ■!?. 6 1 if oO <. ^ < 21)0 P 


**-50: lim./fc) = 1AU ^ IU& = t™ /(*]L* = Sdfc I'™ _/(*} = 420/<10 = 

j—«-fH> * .-riU + I_rJ ' w 

M. F(e) cents is the rmt rrf mailing r oiitices. F(t) — & - 73 [—t]. 

► If ri L-i ant punitive inteser, lLrn_F{*) 4 litn F(t); condition iii) is not saUsEod- 

A r—?i"^" 

S]. j(i) ocstl-ti ij [ho cufrt o‘‘ an i miaul* call, ^(x.) = IV - JO[-* ■ 

* II n Lb any positive integer, LLm._j{*) ? 11m j(z)i cor.dLlion •,LL) :s JiOt JtaLisLleti. 

A ifQ-ii<]2 

7 if 1.2 <t<W. 

i if 60 < z 

i: CO: = 

J—djQ 


:7 G[il dolJars is Lhr admission far iig.c t . ycava. O^e) 


r = E2: lim_(l(r) — 4 ^ 7 = lim 
I Iona! Lion (LLJ of DeriniLioi: LB J is not Knii^lied at 12 and oU 


4^4-afl 

.10M-4 !£i>2 

and liiri r(t) = lirr (16 i Ll) =^& 

f_3+ f^2 + 

|ir(10l4 4> f if I >2 
id Eeiil rf(l = 3b« ir(lB( + 4) ? - »(361* 


LS. AL 1 HsiiLuLsi, r-(() ^ the radium ^(t) z 

^ lim_r(f) = tittup + 20> - dfi)’ + 20 = 36 


Si. At t mini WO, A(i) [[l 2 is tlm area. A(i) 


jk- IJ n is i puuiiive intend, = lim^— | - b^n---- s — i " 

= lim fz T,_1 + i n-2 4-1-11 = i + J H-f- J = n. The diKOntWHtEty is removed by dotinjnR /(]) - u, 


K\ 

1 ■£ 1 

> | 

i 

F 

r 1 

r 1 

■ ■ ■ ■ ? 

-n -3 ~2 -i a 

1 i J 4 

-] 

■ \ i 

"2 


! "3 

■ \ 

H 

l- 

Plxerdflo '%T 





52 junctions, limits, and continuity 


56_ The fuiLctLcm f :s defined by J"(x) — lirri l nx —. 

it-*} n* - as. 

5 ketch the graph of /, At values of x ia / disconfimucrtTB? 
c- H> r^vico "lie numerator and dtnoml^.e.-.oz bv ?i to ubcuiu Lbe Ihnii. Thus. 


Fui-Lhermort. 


r wiith d in the definition of f 


lamti 


(h / LE di^DUtLDUOllE &t Z = 0, 


57 - «■>={:* il:s: - d ^-{i &s&</■***>«{r if;*!* i * 

]jm_ f(x) = ]im f-i) = 0 and 15m /(*) = ISfn, I = t; IwiftC* IEia/t#> d«4 H*t cacLflri, 

^—•P r—K! J r a— iU - *" 

Thfiicfnift, / is d-srcyntinuonE at 0, 

J im_ $(*} - 3im 1=1 and 15 m ${x] — hm is = Q: time LLru^(se) does riot r.mL 
Therefore, 5 is dixeiiaithiuoua at (J. 

{/ ■ — UI w f ■ g aa continuous uvGiyvfhm.; in pai r _iciiLer? ? f ■ g is continuous at 0. 

hH. \.H f(z) — x and 3(1) = sgn r_ Then f is tojiiin.uOusi hi El, ^ is disronLiT.u-ous &: <U and = | z ! _= 

COIl L J J J LiU JL-. J.|. IJ. 

59 . [{*1 1 ™* d *(*)={0 

Then / and § iic dLitonlinticmi at - yee&u&c wndALufl. (ii) yf Dcfiniiicm 1.6,1 fails ;il o for both functions-. H-. _ 
(/ — = i fc? *v*ry t\ therefore f 4 p is conLtnuaun everywhere; in par^Lrula-r, f + q is continuous «l □. 

1.9 CONTINUITY OF A COMPOSITE FUNCTION AND CONTINUITY ON AN INTERVAL 
3.&.1 Theorem If ILrn efsl = i and tf the function f ia rootim uous at fr. 

J — -9 

]im (/**)(*) =/( 5 ) 

or, equivalently, 

/fit*))- #( T )) 

13,2 Theorem If the function j lsf continuous at a w>d the function / ts caul isi noun- ai $(a), e5i«h tbr 

rompodit^ frnirtio-R f a $ i* COUtillUOUti 4t a. 

t-9-S DedjLniiictn A function is said to- be ^onCd-rui-siis on it?.«. pprin if ?tnd only if ]t i.s coriMTiitous at c■■ v■ 

number In the gptu EntervnJ_ 

L.9.-1 DtffiiiiLjrNii Tbft fujLcti^n / ia aaid lo hw /rom i!fce rtjAi tftr. number a if a^d OTl]y if ? 

foJEowine three eondillona are satisfied: 


[}) f{&) 

[}]) lLm^/(jcj exists 
{iii) lira./{r) — /(a) 

x*— b‘I 

1.0.A Definitirtft The function / i.-; sai<l m l** cnnlcngovof frojn C.'j-r; itjt iji fk?. nnmbrr 'T if and -only if \zt. 
fnilnwiTi^ th rfti- r^dlticuqs e ^-Ulrfpedl: 

(t) f{a) exijrtH 

(ii) ]:an_/f±-J ncisbs 

(iii) lira /(r) = J(a) 

z —»ti3 — 

A fn-nrtifin f is continuous at. ii end only if the function / i= cxui : _ 5 irons the 1 

at o and ccmdnuwB from the left ai q. 


f 

? 

1 

-1- h -1-■-1 


-4 ?-? 1 H 

j 2 3 4 

-3 

- 

-4 

" 


1.9 CONTINUITY OF A COMPOSITE FUNCTION AND CONTINUITY ON AN INTERVAL M 


Definition A Function *hose domain includes the closed interval [n,o] is aai<3 to be wnUnvivus $p. If 
and only if it is con riminus on the open interval u.« w^ll ?u ^cmiimioi^ from tb* light s-t 

n ;uid cojilmurjua fruEci l:ih leJE e±L 6 . 


A function / itl fry bo oO&tinuous an the closed interval il ivith nut beEns; mntmuoua at 
■either a or fr, For eoEMnpIo^ Jet / l>e the function defined a* fuiluw^: 

f-1 if * < 0 

L 1 if z > I 

T}icn / is contims mis on The ekisftd interval ^fl^J], but / u durnntiiuious o-t botb £ 0 and 

i = I- 


1 5.7 DiLfiiiati™ (i) A function ^horc domain includes the interval half-open on ihr r.pht [a,h) is wiirl 

to be cLHjviia ri-yia±: hi re fa. 5) If it rid ojlEv ,: il :s cunLntu-uus ou tlte optiEs inlervai (ti. D I 
and tojumuous from the light at a. 

(ii) A funcltcm Vrhcc-c domain includes the interval bdr-upAci mi th* l-rft (o,i] is ^-nid to 
be cen^pTi^aH-f on fn,^] ii and uniy ]f it [9 eontj.mjtow?s on ihe open interval (cL,fij and 
continuous from the EoFr. al &. 

3f a f-jnctlon / i_s clhlLldudiu ■on Aliy interval ], i hm f ItJ tODLjlLUOUS Ob any subset of CIir; 

interval L 


- Ibipcrmediatt^- [f the funetiun / conti jiuoua un l]lt cIomH lntrival Jr* v i ood if f(n) ^ /(4), then tbr any 
Theorem qumber £ (strictly) between /(*i) wl-J f[b) itirre exists z numbor e in the ripi'ii imcival (r?;.^ 
such Lhol /(e) = k. 



% iJ^dscg I ft, define / <? $ and dewrmi-oe ll=o numbers eil which / d j is contin uoui 

i 1 ^ 17 ; ~ >(?’ ~ 9 ~ & f f° B){x) - V f 9- r* 

f. rhwiem l.-S.sfil}, is coclinutjub for gfr) > Q. 

B? Theorem l.fl.S, g Ls conrinun^iH for ?JE ± and ^(-) > fl fnr -S < x < 3- 
"■rc by TtiMTern 3.9.?, / z-ij 5 k contlnuDUf for 5 r in 1 — 3 , 3 ). Bc-caust: 

1 ” :L (/ a fl’j(j) = & = (/ D JPT)(-3) and lim_ =■ ? )(ff) = D = [/ o p)(3), / 0 y “i^ t-.ori1 i n uouh nn , tf], 

i-r 

^1 /C*} — jW - r ' ~ Ll > </ c sK^) - -16 

4? Theurcnj 1-6,3(ii), / a^7 ia coELtinjous for $(x) > 0. 

If Tlcatom I.S.3. g is continuous for all x and ^i(^} > D for x < -4 or x > -a. 
by Theorear /o^ is continuous fur all i- in —^1)U (d, lw). 


CEm_ i f u g){z) = = (f □ ? )( } and Lim {/ d ^0 1; - ft - ('/ ? 1 }* 




^_.j 


/ ~ j is continLOUh on (-oc.. - 4 ! U [ 1 ,+ooJ. 

Is.. u} f{x) = j[j!) = te - ^ » (/ f - V L6 - z 1 

r i r.rorcm l.b.u(li), / □ is continuous For y(r) > U. 

5r Tbeorem 1.-B.3, ^ is contmuous for a]) 2 and j(z) > ^ for -4 <, c < 

Sfliioe by Tticurrrri 1.9^ i& cOittillOiiiiS for nil t . in (—4,4). Eficaitw 
h=. i f □ p)(x) = 0 = (/ □ -Lnd liin_ (/ a s v)(^) = U ~ [/ □ v)H)i / a V is continuous on [—4. 


> / f) = -I -4 ^ f/°S)C*} = A 3 +4 

Fheoiccct J.J.5(ii). / ^ ea-iitLcLua-uH for u(x; > 0. 

!■ nfcttMtm l.M, j t g is continuous f:>r s"; -n and jjl r) > (I all x. 
t—I' heoTcm 1 9 2, /n j is continuous for *tl j;. th?l is, on (-oo.ck). 

* II. a'i f(x) - /ff: ^ t> (/o ii}(fj = = 

rai^rn l-H.Sili), / OJJ ]S cmitimamss f^r ^(x) > fl. 

T^-eoicm 1-6,4. 3 is continuous except at 2 and ${x) > for a- > 3:. 

"Scicf by Tbeoreni L. 9 . 2 , / oy is r.emtlntieius in ( 2 ,-rflti). 

3™ (/ °.ff)(je) does nuL ^vi:,l, / a y Ls coritiuLi.mil* only on (3, + 00 ), 


\fx — 2 




54 FUNCTIONS, LIMITS. AND CONTINUITY 


{*)/{*) = 7^= - U ° a){l t = T7t-> 

R y Thra^ri'm 1-3-4, / □ g b continuous for j(sr) / 2 

Ry 'iTir^rcm I.b.o{ii), g is continuous Juc x > 0 and yjx) = 2 fu* £ = i. 

Iten.ce by Theorem L§.3. / Is continuous tor nil pOSi1iY( Hu tubers except L. 

RfcCftcl?-e lirn {/D^)ifx} = —J — (/ a f}f0}, / c g i.^ mntmm , l* -OH [0.41 U [4. bra) 

4 aad 20. {aj f(x) = tf(i) = y'TTT t> (/ :> j)(t] = vV+- I 

By ThMiirm ].&.5(i], /oj is car.limtm!* fo[ p(::, 

By Therein l S-SfJi). g is tontiimoujB for s > —I 
Hence by Theorem I.D-2. f ogis continuous in (—1, -hso)_ 

Because fom {f $ $)(x) = Q — (/ c= tU-] ). / o g i* c-j-r.lLri iilhes on [—1,,+pcJ. 

5--1+ " __ 

(b) }{x) - yx - 1; p(s) — y'z •» (/ o j)(*) = 1 

Hy TUrortm 1.8.&0E), / ° fl i& coutiiiuocis fuj jf(.i) > — 1. 

fty Theorem. 1.6.5(E),, g is continuous for Sill t. and > I for * > 1. 

Hence by TtfoOfem l.fl.2. / is continuous an (-1,+oc'J, 

HcuiLise I i m (/ n g) |'x) = v = (/ o j}(-1), / a j is CODt iliUOUS OQ j—0, 4-CC-), 

J—| + ' 

Samd 21./(*) =—= ix| » (/ ° g)(*) ~ ^ " t 

\/*-i v0 J" I— 1 

V-i — t 1 Ls continuous for x in (— %2)\ y^lxl T is soul ithlolis fiw r. in f-™, — J) UIt, +«?). 

Tty Theorem 1.8.2{3v), fog it tojsttEi uuus for j- in {-2,- 

Uccanse SEm. (/ * fl)(x) = 0 = ( / □ and lirci (x> — 0 = (/ o 51(2), 

^—p J--+S 

/ a g :s continuous OH [—2. —1) Li (1,2]- 

BaDd32./(*)=jSEIi j(*}=|*| * {fo S m=Vj£dL 

_ '/'l - x yH -h\ 

vr - 1 is coniiiLUtfut for x Lu (-oo, -1) LJ{1,4oo); ^ “I * I it cC-fLUniKiii? for j in (-4,4). 

By TbeoTem La.2(iv)_ / o ^ is c^ritiifitioi]^ fnj n in f-4 n -]) U'(] ,4}. 

Because (/ * a.\id [f* g)f4J in n^t exist, / a ^ b ceriUuuou^ on I y ou (-■*1. — L) U [1 .4). 

Eu T ]6. find the dorniin ef the i"uncLii>n. litlKrrnsnp fnr ^r_r}-. inip-rv-n; i\ it js. c^nt]nu.ous oik th&t iLLicr-. 

■> 

7 f(x) - ihe dojjjAin uS" / b ^.Ll iH I uumbeiy txceuL —5. 


/ Is CEVrtliiwOuB 011(3,7), ( -i, i do)s j 10. b): / is discosatmuettis on — B, 00 , 0 ), |-e, +to)_ 

(-co,a], [#,+(»), .(0,2), (0,2]. P.-HM), {2,!») 

The domain is the -^id of all r™d numbers, Bm'siipp- a rfl-r-ion^l Funetton iscMitEnuous l>ij iis doi 

and ^ li a rational fy;fietinn t u continuous on any interval LbaL d&t^ not include 2. Tltewfwi;* ? is coatini 
oo (-■ 5 *, OJ, ( 0 , 2 ^, and ( 2 ,-i-oo). And g ls dbconllnnon^ oil [ 0 ,+co), [^ 2 ], iLnd [ 2 , +«), 

0 , /(f) — —j-; the domain of / is ail real numbers except I and — 1 _ 

/ Lb conl.iniwri on (0-J),( l.l) r ( -1, 0J,(1, 4oo}[ / Je diEcontinuous on (tL 1] r (-oc ? —L]_ 

Xtk f\r}— the domain oF / Lb all teal nnmbets except 2 and -2. 

r* - 4' 

/ ts continuous On ( 2.2), (^. t-rw) osd dbcontinuauH on ( oo, 2;, f 4,4'. ( 2. 2'. 

31. - i/j 3 -9; tLue domajiL of g b -fx | x 2 — 9 > 0} - [-uu. —3] J [^i. 4 osl>). 

j is c ontmuouf; ou (-co. ; 3 ,e>i)- g js diawntil? ::uUS ( 3 . 3 )- 


EecaiEM Lim_ g[=) — lim _ %/x J — 3 = 0 = j(“3) and lim j(x) = bm V^x 3- — 9 = D =. j(3;._ 

J—r-p- 3 “ X —"■ I 1- x—^ 3 ^" " J-— 

i 1 b aJEO conJanuous on (—oc, - 3 J and [A. 4 oc" 



1 /tf CONTINUITY OF A COMPOSITE FUNCTION AND CONTINIH i'Y ON AN" INTERVAL fjfj 


■ = I r j ; ^= 7 )' |L 2 ) h |l.a| 

" *:«t integer funeiion is defined far nvrry rud number, so thi- domain of /is I hr set of ajj ita1 
. - =-!TF If n fefi Aliy iiiC then 

[_-] = rt - l Lf TJ - 1 < -n Ft HO tbaL LLm /(sr) = n - I 


I-] = 7i Lf n < s < b f I kj (SiaE 3am f{r) = n 

httnre hm f{%) docs not ejribc uud no / La dLscarilmnanK ;il e?cb integer n, Eowever, f[n) — n so / is 

**Mmw from the right ai j* betaim ]Jm /[^} - f(n) and discmilibuLHia i-um LK,r bit tj because 

Z—'A - *" 

J£M*1 / /( n 3- ThErefore, / b contipn.ntifl <m ihc intervals *ad [l,2) t while / is di^unhlnimiia 

*- ~^± inttTVah { and (l,2j_ 

: = Tzry' dtwjjiLLb of / b all rt^tJ numb™ except 1. 

■ :aniintiGUs on (- ac, 1) and (Leo); / is diseoiatSiEttabuon 1,1], (-Leo). 


{ "^t - 2 if 1 < — 2 

x-5 if-2 <x<t: 

3 


the dbm&isj of ft L? dJ red numbers. 


” - linn. (2x-2) = -7; Jins A(xJ = Jin:- (at — S) — -7 = h(-2) and so ft t$ unitmiicniE ai -2 

- “ - Z—r-2 W~a ■* z—.- s -1- 

- .-“ x - — bm ix— 5) = - J 1 =A(l j; )m = lim (3 x] = 2 and so h is continuous (sum cht: Leli in l. 

J “ 1 J—-1 ' r —»■ J. 

■= cetntmunua (-w^ i) h (-2, lj, [-2,1). L-2.ll; / is dssccmtEtlU&ua on ( 2, +do). 

/ t = v'4 the domain of 7 is {2 4 — > Q) = [-S,2|, 

r d- roniiitajjous on {— 2,?); / Is d iseu-xtr Lmiana cm (— gi^ — 2] and (2,+cc) B 

Beuusf lull /{*) ^ 1 ™ Vi -tf* - » = /(-2] and lim_ /(*} = lire Vi -x ? = U = /(2), 

' i a^sn tQntinuoup nn ' 2,2]. (-2.2], snd [-2,2). 

*&) = 2 _2 V -,/ ' [-!>*], [ U3), [-1,3] 

1 ! 

HVfy -V p-Mi+v) 

■ ' -o-main uf F i-i tli« s*t of all n-al numbfrs Mttpt 3 and —1, UecaiUM: I' a rniivtttl funr-lion, f [a continu- 

-* -- ltx domasa. Thus, P k conl:auooe on (-1.3), and F is dittOnlintrou! on [-1,11], [ -1,3), and (-1,31. 

1" '^e-t P’s.l IS. Sae Fji.j 19. Km* Fjs ..3 2D. 5™ Fs.J. 2L. lix i 22 Lx.G 

p_ if 

f * = V•! f* if -2 < x < 2 (lontinuouft om (-<», -2)u [-2,2] U {S, +»}. See Ex, 1,0,17 fo! Flj.. and limiu. 


f2 _ ifr<- 

r i = J Vi e* if -2 < 

L—2 Lf -i < r 

H f,bc ]&igvsl inicrvaJ [yr urnion cf iniervak) or. ^hich '.Eui function is fjontinuoLi*: 

{ x + 5 if x < -3 

V 1 )-** Lf -3 < £ < 3 
3-* if 3 < t 

* / jfi jl poIjii-pirnLal nn the in Curv'd a ( co, —2) and (2 ,+og) ? / con ljjlu.ou_s on tEm^c i niervds- 

l ~ - 2 coniinaous Tor 2 ana posLti>^ an (-:5 h 3). / fcs cantisauau^ 0® (“3,3) by Thvaiccnfl L.S.Fj rtnd 1^.2, 

■Km 

Em /(x) — lim v^9 — rZ = 0 = /(— 3) wd lim _/(r) = 2) = 2 ^ /(—3) 

--3+ X—r-J!"*" T 1 -!*- X-r—^ 

/ -* cpnlinnous from the light at ^!5 but not, fram the Jeft Rscaw* 

,.-_.r{x) _ Jim_T/H-- 0 ^/( 3 ) and lim f(x) ■■= lim 3 - x - 0 - /( 3 ] 
r-ri _ ... t-ks + ' . z- 

/ * oontinnous from left and ihe tight at 3 and hence b continuous there. Ombumi^ fnj-i^. wr. sr.n 

diil / is rnnimious -nn (- 00 , — 3 ] U (-J, +»). 



o* FUNCTIONS, J.IVETS, AND CONTINUITY 


Ci^-LLLII LN- prtpn or a nillCELun / U331 satJffTI** U }n gjlTfl pFOgHtfEtei. 

£S. / i? n?n linn OILS Ml and ( 2 . 40 c): Mru/fc) = 4 ; ]iin_/fz) - - 3 l Jiszl /(x) 

35- / is mntinuflUfi on ( -oo, -2), f—3, ■ij, jind (4, -|-»^ Urn r /( jtJ = 0; Li m 17(r) = - 

§0&t =-'? M3&= I? =u 

37, / Is oontlniHHB on (-<», -4], (-3,3), mid [3,+oc); Knv /ft) = 2: Jim _/(*) = 0; 
lim/t*)- 1- ]j J?J _/(T)= 0 : Bin /(*) = -&; lim/fr) = tl 

i_ k 3"^" I -- ’® 

23. / )S coittiBumia i>n f-^.0) aad 'D,+co); Lim /(jj =fl; lim_/[*) = 3; Lirn /[*] - . 

... J * r —'0 r—iiy 1- 

/ is OTIIIMOIIJ ai -4, llren f[-4) = ILm /[*} = 0. to ili« K rap]t contaiine i 

2 —« 4 I 

/ ip fontisiuoua from tbe light al 0, Lhcn f(0) = lim + /(*) - -3, mid ih<* | 
/ in cciiilitiu(ju£.a( 4. atiH lim f{r) = 2, tLen j(4)-= 2 
iim_/(i} j± Uni /( x). Ihcit is a in the crnpta ?.r, the pomt when: r - 

r-^4> j-<|- ' r 

/frj = 3, from the Lcfc tin- graph apprucdjtw the point (fl, JV but ihi-F 


& Hwauai 


Kxereise 3& Excrt^c 26 ftteici 

In h xtfriiWB 20 34. |irn.vr tho,t the funuLi^n obtained in Escklsc? L.3 
2S. (s) Ex. 13. a(r) = (120 - 1 ) 2 : = 12(h - 
fb) Ex. 15. a(rj = *(240 - *} z = I2ili 

30- (Aj Ex. 14. ci('j:j = fSU— 2)1 = -HO* — x 
{ b) Ki. 15- 0(1 ) = H)fl - t. ‘it =, j Ds? - 

31, (a) Ex. 17- V(*j = {«-Sx)(1o-£eJ* 

(b) Ex. 10. V(*) = (12 - 2i)(15 - !?; 

32 - (a} Efceicnee lfi- V(i) = ( 12 - 2 ijr 
(b) ExercLxr 26 . V(i) 
licit Ij uf thwe are poivhOmidB, 

33- (a) Ex. 21. Cfr) = 4(120/r +4»r*}, 

fb) at 23.A(*3 = (4f + ^+'i) = 

34. (a>Ex 22. C(rJ-tdiD/r + arr^ 

(b) £x. 24. Afr) =i> + 30)p32!m+ «J. « 

[u Sx-fi!-d?ws lJ.. u^f k lh$ iuiain&diai 

[f &>> /(c) ^ t craphically An d JUiJilytKdJ; 

35- /(») = Sti iF*; fa,F>1 = [O^J; Jr - l 
* 1 te beLn 1 rcn /(0> = 2 A|l4 /(3) = 

tiHcl / Lsa continuous on [d 3 -il. Tho^foir, 
thy. intorni^cLaic-vpiliqc thecaeni Jlu]cU ^i>J 
^xlaCa; a nujnbci E tK4w«r: 0 and ^ sn. 


^ 27 Ejccrdse 

4:gi>tini?OTi5 oil Ltd domain. 

< X <" 1 2U. ia 41 pcdv^ginaaL 
, 0 < z < 1MD : is a paljTjQi-rjial. 

^ < nli. l?; n poLyjiniTiL^j. 

r 2 , t 1 < / ^ LOG, is a piLi-lyooTniiil. 

■+ ■ S 3"" | H < .^ < 4_ is a pp-]ynfjmiji I. 

!- ;x - - ^4 z~ 4- - dUx h 0 < * < ft, Us a polynom^l- 

* - ^8x 2 + l^4z, & < x < ft, 

0 2if)( ^0 - 2x ]x - A?* 13fl± £ + ■zuux, ij < < 2ft. 

cQ-ucinnmis *t. *veTv tiuna^i by Theorem 

t" > D. is a. mlionfl] fnuctioh, continooiid on lls Ll^crtain bv Th. T_S.i 
. H- 30t 4 48 . _ „ , . . . ^ 

-”-X > 0 , J? ^ 4 .ISO 4 ?ftUOYL?i fijOC-tlOD. 

t 1 > >J, Lg a r-iri^n^l fiinrcion. luuIjjiuous oel ilg domain by '('h■ J .$A 
U, i=i aJ^cj a lalicuaJ fnucti^n. 

valufl Lbwmm hold for thf fna^liQ]] /, Liatctvd [a, A] and c<?n^Unt 

!y tu- -I dtdrnnb and gbetcJi ih* irrnnh showing t -.n^h t 1 


1 iVirf-jL-i-i; ’nfc-kjJ _i_,_ 

■ \ x \ n 

k^. 

, 14 ^ ■« V! 

^ 2 4 ^ H -3 

Pc 

t \/ f 

I ' -2 

: / 

in 


: / 



1 . 1 ? CONTINUITY 01 ' A COMPOSITE FUNCTION AND CONTENCITY ON AN INTERVAL S' 



36- /(*} - - V'llNi-JcV [«,if - [0,£]; t - -S 
p- Ikcause /(a) - /(D) - -10 and /(fr) = /(3) — -6, then /(a) ■£ f(b), and i in 

between /{a) and /(£). FunhfTmoi*;. / in eontimicus on [0.11]- Thus. the hrpol.hfsij; 

L>f the inlj?-rn:u«:i.aip--v B ilu« I bftorsm. is ^iti-NktcL. and wa c.tiz i find a r.'^ml>?r C such that-' 

/(*) = -* 

-\/tOO-r ? ;=-S 
[00 -c ! = 64 

4? = ± 6 


S J] L ] 2 1 4 J £ 7 I 9 10 


[iccauae ft is not between 0 and fi f the only suitable choice of c u ft. The figure 
tifiO-rfVb hbe ^r-tLj>l] of / rutd the Line y = —ft. 



37, /(r>= V2* a: 2 ; [a,b] = [- 1,5,3]; 

b- 3 is between /(-4.i) = i^/To k 2. IS and /(3) = 4 
utid / is cj^ntiaiiou* on —-■ . j 2 3-J - ThHfwfaj*. 
thtf intermediate-value theorem holds and there 
ej dsts a n umber c between —±.5 and [i such that /[t) 
v'Sa-*« = »: 2&-e 1 = 9i c s = 1C; c = ±4, 


ae. /{xj - + 5 jp - 6- [*, t>] = 1-iOJ]; 

^ 4 E5 between /{-]) = -ID and f{2) = % 
and f Li Conti nuuuK uri f—L P 2_. Therefore., 
the IdUrmt^Ii^ic-vaJut! Lb^rtEBi hoi th wtd there 
cxEsts a number c between “1 and 2 such that f{c) — 4: 
r 1 + 5f —6 = 4: e'^ + be - 10 ^ 0; r = £{-6 = ^5) 
and £(-* + v^J ™ l-Wl ^ 9 in (-1,3). 

39- /(*] - x ^.[a .*K — ! ■ J. r: 

t» J- is between /(—3) = -4 and /(]) = ^ 

but / dir^nnhimsmis nL —2. Tincl — 2 i* in [— 31 - 

Therefore the intflFnwdiaie-vaJue theorem does nut htdd 
and there may not be a timber c between —1 and T 
such that f(c) = ^ 

. . h “A; S — c -h2; c - d. liuL 6 b not 121 —3, ] j. 


/W= ■ ite’L'i- [«.*] * [0, It * * 2 

Because / is discontinuous at Lbera /" id not continuous on Lhe dosed inuirvaj [0,1] 
Thu^j l.he byp.:.!'ln t : i: : of i,hr mterjiapdicLic-v&Lur- ihuorrm i-; nut ^Li^led ^d thi 1 
L]l^ol^iel rjut-i :lu! huld. TLe Llguct: tbotvs the jtrapk of the lunctira on [U. 1 ] aod tbe 
J»Mi y= 2- Bucau^c the 1 sd« d<w3 ^nt intersect the cujvs, thcea t§ /-o namber c Ib&l 
satisfies tie conchaatm of th^ 3a^TiiK^i.^tft-vah^ 


E> —1 IS n^t betw™ /(-I) =0 ruid /{0) = 1? a.^d / Ls iloS 
continuous on |-2,3], Ikr.Dt? the iuUTmediatu-vpJiH' 
ihourr:rn doLw not bold aind the nr: may not b^ n niimher 1 ? 

—2 ;uid 3 sucti Lfcuit — —1 _ 

t 2 ~4--l;t 2 -Sqc- ± ^3; *ad -V3 iaio (-2,3). 

, /I+e irf-4£jr c^2 . , „ r ... 

if -5j < i < i i-I -4 '*] 

o Because / is diflopnt-intinuH at —2 7 and —2 is in [—-i s I\ 

Thflipfnrr hhf 1 intrrm^dintE- v.iliar; theorwn (loes nnt bold 

and there ma^ uol be it number c —i ;inc3 [ 

such that /{e) = j,. The graph shows there is no snob number, 








functions, mins, and continuity 


jjrerciaca apply tlte mterrru'd late-SAicr theorem to aiiow I hjil / has the 

■rated Eiuiaiher -of zeros batmen □ and (3i) Approximate limn to 2 decimal places 
/(,) = ^ - 0* + 3. /(-*) ^ _6 ? /f—2) = 7; sm = 3, /(!) = ~2; /(2) ~ -1, ffiSj 
]I) each of the interns: (-3,-2}, (0,1), (1,£). The KCPW air -12.GG9 & -2.67. 

/{*.) it X 4, + 7t S + J — S; AfTO*! <7 = — ](l; 6 = & 

/M) = 496, /(—7} = -13; f{ 0) = -3, /(l) = I 1 

J'Sy E'bc jjlc ijj ji irMJ iji.rr-iLT'j- ihuortm. lh"TC a zero in e-Arh (rf (.lie intervals 
■(-Si-TJ, (0,1), To C*YO der.irrijilj;, l-.hc Btfrui- ah: -7,*4 arid 0-9G- 


M1UL liLCie lfJ mtcrvai: i-i.u], IU.i> -a,^- i lu T aie -0.440 ft -*.44. O.iiia s u olf, 2.¥22 - 2.92. 
47. /(j) = ar t -4x ,i + a +3. /!!)= ],/(£) = -3. Td 3 dcciTniiJs the root ^ 1.2119. 

«. Show tha; the Uttar m*dhtc-vnlue theorem guarantees that i i +£f.l - ll has a loot -1 and 5 and 

iisf: youi graphics calculator iu approximate the rout fo t^o dmiiikal pJarcs, 

* \*i /(■>*;**T * +3. /(-3) = 7 and /(?} = ]j. lkcauxe 0 is IkIwhi -7 and [3, tithe is a number c 

UiUvttJi -2 wul 2 wEth fie) IVu 2 rihcliii{i| places the root Ls -].i I. 

4!?. m(t;) - - ... —^-is! ton limioits an ffl,cl 

v'l-t'-'W 8 

Ls: $ — & — t. f \.% cnnt.imLOLid d.L a 

=> Jim/<*)=/(□) 

^ for every £ v 0 Iherr is a * > u r,u<h that |/{*} - /(u) | c r when 0 <fi - a I < i 

=> for every * > 0 there if! *. f > * such dial /(n - f) - /f a ) < 4 q ^ | ( j < £ 

=> fj = /{a} 

51 ■ J = 1D V /^™ f/W, i 

52- Prove that. Sf liin/f*) L, r.Sien |LmJ/(iJ|- JLl 

& By ttie triangle in^naUty, |/(t) - T. > . f[i) - [ 
llTjj /(z) ^ L 

4T—'ll 

-> for every £ > D [her^ j? a J > Cl RUch liiai f(j-) 

—- :’or ir\ r ciy c t * tfiPTh :s a ^ > 0 .*uch that ||/(^] 

^ jjmjjff*}|'- L|. 

J4ote tlM the coo vers* h aot true: iirmsga z\ = i hm. limPfm ? does not cxisU 

T'—'J =■—.a 

S3. Suppose / to » function for wMdi 0 < /■(*) < 1 Lf 0 < i < E. Prove that if / is ronci.mous un [0,1], thew U ttl 
Least csitf mimoci e Ln f(t, L] such that /(e_| — c, 
p ff /ffl) = U. then e = (I JsaiiiiEjes the a 
/(*} f d and /(IjyU, Then banana 
i UEWlion defcnerl liy 


virwfd as a £>ui>i;[dcd limir. if I 


Therefor 




K r -L 4 iiL C - I Irii 1 . ^crocllJ^QA. 

-r < 1, wo (uve /((I) ■> 0 and /f|) < ] 


l js^oj — /i.H) > - s ,md ^(1) ^ /(]) 1 f>. ^ciujK $ is contiiuiouM an "U.l]. ii^d 0 is. licivr^cn 

by the ijbtwrmsliate value theorem there esists a numbtr 4: Ljetwnuri (j arid l mdi thal 


40 a 

JOO 

300 

1 Vft 

— 1 -1 1 1 ' 

1 1 11 j i_i J 

-R V ^ X 

: 2 d b ^ 

\ Xl 60 



- 




LU CON TINUITY OF A COMPOSITE FUNCTION AND CONTINUITY ON AN INTERVAL 


54 - /(jcJ ^ |e 2 — 2 j- \Ve seek the largest value of k for which / is contiguous on the internal [3,3 + k) r 
/(») _ - 2] = H7J- Tf x > 3, then /(*) < 7 if And only if x 1 - 2 < B, that is * < v^- 

Ttm* the I Afloat value of k satLsGti S + t = \/l0; £ = ^/lO - 3- 

55_ Not equivalent: / continuous on the dwwrl inlcrv&l Implkft tbfc of llTTltte <94 end points / 

continuous at Rverv number in the dosed mterval inrapLbcfi the existence of 2-sLdcd limit? at the endpoint*. 

110 CONTINUITY OP THE TMGONOMETR1C FUNCTIONS AND THE SQUEEZE THEOREM 

L1Q.1 S^ucras TIhophji Suppose that the [unclLous /. y. and ^ axe defined oil some open Interval t cod balding o. 

except possibly at a itself, a fid that f[x) < } for *EI X In I for which Y-^a. 

Also suppose, that !im^ f{z J and lim^^ h( j) both exist and are c^ual tn L. Then 
I im r _ T also nchtv is tin uni to h 


The squeeze theorem i> u^ed to prove the following results. 

1,IG,2 Xhco-runi 13m ^ 7 -^ — 1 Corollary: LLitl - g - L 

f_0 1 1 -o^ani 

1,10 .$ Tircureu] 11m I=fS±i = 0 

i-iO * 

To verify Tkftrtm I-1G-2 mi a calculator, you must switch to radian mode. Notft also 
that angle rrif^-suire is based cm rue length, whirh is not defined until Chapter 6- TTie 
above IheoremH are used to strove: 


1.10-6 Theorem Tin 


line -iLid cotine fujLctaouH are coniiiLuout ai *v*rv real number 


l-lfl.7 Theorem The Uingent, cotangent, secant, and cosecant functions are continuous on their rlomajns. 

Thcjetfoif* the tangent xmd secant functions ace continuous a J - every real number* except 
hr 4- i 1 *, wtK-r k h any integer The cotangent and coaecnn - functions are continuous at 
every teal number except e^r, wSicxe i h any inttyjrr. 

Useful KdauLitiutt 1 — eos L z — sin 2 r 1 — oos r — "J siu ? lx 


lim 

?x—4> 


hm t The Limit appears co be 

To appiy Theorem I. I 0_2 we divide the numerator and denominate* by Gz 


Lim ajS^S - lim - hm (I) 

*-0«“ 6j r-0 to —'Li \[ m _ L i 

&x r _4 hx _ 

furthermore, because both J r r and Approach 0 wh^n x apprmchrj 0, ih^n L>y Theorem 1-10 

,. X~m rjj: _ ■ sin 'At _ i i Ew ftlll SJU Gj _ i 



: _ y 

1 

_1 . m l. 1_1_ * 

-d.A -CL? 

U.5 

-1 

-1.3 

O.i Dl4 






PO -FUNCTIONS, LIMITS, JlND CO.VTrNLTTY 


> TLj*; limit appears ia- bn $, 


Wis^ply Thtioiem l.lft.2. BooiteSc 2 jc - 0 when 




fr The LLm.Lt appear to hi* ft, 


A p plying Theorem 1 _ 11.J. 5, we have 


SfctW 

±—n 

/ii- x 

i e5Fg _ 


i> The Ikllil 


c=—0 cos" 1 2t 2x—□ v -3 
Because the lu^Lci*: Turn'Lion k rc.Knfjiniou.1i at ft, 


By Theorem Lift. 2 


2£f —.ITI \ / 

SubsLir.nripg frnm Kqun&tons (?) aiid (;t) into Eq, (1), v-'t obtain 

I i i-v. _2-1- — H _ 1 _ .1 


Jim H- J) ■ [tm -rf— = 3 ’ I - 

j _iG j_p Mil -T 

> Th« lirnil *ppWT-G to be 


Applying rbtoiem L.1Q.2. w* h?.\r 

% -m*- =Mife 

r—a 4 jf-,ox( 3 x + 

Ik... Mi- ii-n-i linj. i: m 1_. 


\ * 

\ s 

\ 

\ t 

J v -^4 

\_y 

J j 

n 

- 

_1_1_l_J_ 

i i 1 1 r 

) -a* 0.2 ,| 

. 0,2 ft4 | 





*3 F 



] lti CGNTIIVUITY OF THE TJWRONOMI T'ltK.' FUNCTIONS AND TISE SQUEEZE THEOREM 51 

H sin 1F/4J 

iL, ' rr — 5 ■■ . - - -™i hy Limit TEic^t-rfl I ? 


sin 




(i) 


Ieeel = il— 

- l.} & J hr limit append Lo be 1 


H 2 Ci.Jti.Gti.il 


-l\ j h 


25_ Ler s - ^ - tr, Thai ± = it 4 “ - 
iL smx _ , ihk «□(* + *) 


26 . I^ / z j-t, Then ^ = f 4 t. Jjjji 


h CudLLirm 4 i<# for dl 0. the cOmpO-dti^n 3 m 20 h ttiiilLnuoiis for 


^ A '1*7 = J f & in g _ c UB p * 13 < k < ! I rove tfun. L- i* toyitlBuons on T'_ jr]_ 

& Lktatlfl* iii5 > & Mtl CDif 0 > (I 021 "G. iff] nrjeE li^lh nr-p Ztro f02- Lbe same 0, 
RrnmJSi' sin fl, and tltiJUr it miii 0 . iind ™ d Afi- eonLuj ilu*j& for aJJ £, tl 
,t sin 0 + cos 0 is conlteuiob!* Fo* -ill 0 . hy Tiieojem LS-S^v) the quotient- F(ff) 

]ji Ekbtc iees 2-G-32, m^i i\-.r -sque^e tiKe-rcm to Find rhe LLrnii. 

29. If x ifip.n - l 


(■ns 


f>. it fnL-niv* .nil11 si} 7 iiiH r-he wfucesse tJlcot^eei that lim a: cm 
i ■*—a 

-W. r^CAUSC —1 < s::i x < L, Lhcil -I r --' >JJL -A- '■ ] ' j: ^ Q. 


Bij-^Luse Li 


Multiplying by we have -j - 1 < 
Lien i* = i) aiftd lim (« * 2 ) 


wo may apply r.hc Hcuery* thrmnm to eojsdude Lhat iint e^sdn 


II. Because 0 < | jjf*)• + -t | < 2(3 - irj 1 . LJstJi - 2(3 z)* 

Because I in i 2(3 - j) 1 = 1), il r'nllnw^ from | 11 and the aqueexe LhromtU Aiat 

J —>3 

lim +■! — |y TbarefoM lim ${r.) — L 

jc-^ 3 r-—ll 

'£- if ${x) — j < &(x 4 2) J For aLI *. 

p- Bwnuyt D < | - A < 4 2 }^ then - ?i{j- + Sr < j(t"J 

Sij'rnnsr- Sit y_ 4 '2 |r ■■ U. iL sbJJaivs- frcitm i l l fijul t ll 4: b^UOd, 

r —*■—2 

lim ijf{z) - o =: I’J. Therefore lim = 3 


< 6fs + 2’r 

- Dltec-hnn i kal 


E^ciriw^ and 34. find LJt^ limit if it. i-;i. 

As ^ 4pproaebo£ 0 do^ sin r, ll^n^r 

ean(em if) __ sin{&in , ,. sin(sin x) .; n j. 

hm —^ - Jim —i-= Urn —■ Mm ^ = L ■ I - I 

f_.D ^Ll1 J ■*■ A\n±-tQ 3tn Jf ir-tCi ^ 

if r / Q Ihr.n —l < ?i n fl /ar | < L ^ so -| ihi r | < ad □ x si ji( |/jJ < | tin x | 

Rl-.cjlu.-w j| = 0, It foLLows frqpii (1) aud the sqiKtisn ilierimrri (hat Lim ain ^ eo^(J 

r “ D s-ij 



3£. HetaLiae 1 - Cu^x < /{x) < X 2 fof all X iil th-TTI 

53H^X < /l» < X 2 for All * III (-^T,:|r} {1) 

EfomUbr Li III HjJl* T :- [■ and Mm = ft„ it folfown fr^m (I) -ind Llir sqicrmr tli+iArfirn that IFtYi /(x) = U. 

x— k'i x-nl x^& 

3ft. Glvt'l: -ain X < /(x) £ 2 4- sit'i ^ For ill x in tbe open interval Find 1 im /(x)_ 

r -pVE 

> Ecc-ause -pin * ^ /fr) < 1-l-ai.n x for all £ in (-*,0), then 

—I - sin x < /(x)- 1 < 1 -hfiin r foe aJJ s - Ltl (1) 

tkcjusc Jim j I +kit) r | - | L - J | - U, it- fojltms from [ I) and thf squeeze i hmrmi i.h-^1 Mm J[t) — 1 = \\ 

x-h-rr/2 jp-*h—^ /2 

and so Mm /fx] =. 1. 
r—»■—*-/5 

Mi JtJjierosyrK 3^— 1 ill. pruve :luL lIjc fuj^tiij-u Jb- continuous on itsdom*iri 

37. Botanae ianx - and bo*h the sine *nd craine functioos are continuous. 

Y. U rs J 

thu Latyjent fotietion is continuous it aJE r for wbitb x (J. 

Therefore, the tangent fundion ae continuous on its domain. 

33. Because COtr - l= '~ L? " and Mth ^H-H fsinaHioni; arr rniir.iminiiK, 

Sill X 

the rLjIrnngenl f::nrlicj-n i:- rcjril VriUrtllfl At all X fol W?lich am E # 15. 

Therefore-. thf robangent fuiir.lion is ronliaiiimas n?n il> rforrinti n. 

39. RLMUiiaft* Sfr<: x = ,- H .L.'lir'i aT1 ^ C™ 11 * function is Continuous, 

ttl-r (JrcillL fonrCtun is crnilmuous al all v^J^hh gF X Put winch cos X ^ 0. 

Thcr-cfora. the secant function is continuous 09 its domain. 

40. The fimetson is defined by esc x = ' 

;m x 

The LlomAiw of thr eoi&cartL Function b, tlw sel of all real numbini ^ for which sin x ^ ft. ik'eiua! ^ wnsLAni 
funclian and the sine function ar! wntinuoLIS ?n r=a 1 numML iha ecwccint. function is the ^notisnt 

of -a Cuustaol Functfou incE (bt function, by Ibror^m l.^.2(iv') l 1::^ rj?KHeaciL fund ion is CuaiLinooi^SI at 

every real number j for which am s D. Thitt iba cosecant fnnctioEL k ^oittiijnouy or it* dujnpiij- 

4L If |/(x) | C [il for »1] 3F, fljea —W < /(i) < M a^d - Ux 2 < ±V(^) < (l) 

Jicciusc Jim Mx^ - U, it BO-ilc^e from i j) And the squfD^E Lh**i?rKm LhaL Vizzi x^ / (x) - U. 

r—I'l r-rfft 

41i- 1 f! /(*) | < U for aJJ X, lEjca -M < J(t\ < W and - M s(z) \ S /(*>p( z > < M| jfe > (I } 

Because lirn M 0, it follows L"ic™ (1) 3inl ".Lw ^quesiac llLi:ont::ci IJillC J:::l fl>)jj(x) - 9. 

43. IF j/{x) | < klx— n| fbf ail x / a. then - lux - o | < f[x) < k|x - dl (1) 

Btcjius« lim k|x - u | ft. it foiLtiWb frinii fl) aad the squetae theorem tbot — ft. 

ftcmar’lc: If /(xjl< j(?) and MmffCs) = Cu then liift/fx' 1 — 0- 

x —a r —nj 

In Fact < /(^J ^ a:id the lemark follows From the squeeze theorem- 

The results of EkctoLscs 3ft h 31, -tl Alfld 13 follow imro^iately from this remark. 


44. 


Plot the graph of /{xj = hd^I/e) in c^ch of the folfowin^ windows: {a) [—2,2] k [-2-2] (h) ^ 1] s [-2,2] 

W [-0-5,Q-5]kM, 2] (d) [^25,^34^1-3,3] (e) [-liJl.0,l]ic [~2 h 2] (F) [-ft.ft 1,3-01] x [-2,21 and 








I-10 COlfTINmy OF Tni’ TK]0O!*O.V| frITHJO FUNCTIONS A NI; I ii i! StjUEl:l!I£ TIIFOF.EM G; 


Ynur 


ICULUKjl ^LLL dpptuttjsli 

The liimit doe.< not tixfct. Suppose Urti 
;in(l /t) L <1 
t t - l/(2k + £)■* Rid = — 1 /(2Jt +■ 1)*. Tl^n -i 

the [ijJl'j’.viTiu; ounLmdidian: 


e LFi+i iJ,r jl11 Ilk s]mjiv ji 


L, In di'fiTii 1 !iuji nil" limit, rhnopf- f _ L. Ttl£Ii fur some 
^ x< 1*1 t tie a pOSiiOT integer > Jet 

< - T i < ^ ^Tid -t < r 2 <J. By l.h* Lnw^lr inequality H'e get 


irivr- 


1 + l >|^LCi(l/i]) -Ll + lEinfi/ij) - L|>^[anf|/p-])-t.I-j 
= |5int3*+|>T-Bi!L[-f2t + ^ J rj| -|l-(-l) ^2 
Thus Lhcie ]:■; no rin-cli immhflr T, ruirl iti: 1 hnvf does :not es : .ac 


S33lfl/j.) 


■IS, lini-L&h- 1/ r j -rl^s noL r^ipL. Srr bJK.44, 
£— 

Jirercisss /or Atajrtrr ^ 


Ji]iLLai 3 (l/jci <ioes no^ cxisi. $(■: Es.-M 


V) irA^tq. 


y/l^x t> (»)^L)= /TTT 
+ I) = /[-{* + I) - 

j(z -+■ ft) - jr^i) _ yf\ |.R I 


(c) 


A{V 1 - x — h 4 i) v' l — j — A +- i/\ - x 
fi Ezt-m? i+:> H dpfssw! i\ze fallowing foi:cLKir.K ,-ind determine thtLr domnin D: 

{*) / + * f[>J / U (*J / ■ ST [4] /At (*) ?// {f! fc) ? 0 / 


+ L): 

!- +oo) fc) / j = 4} 


V r at + 2 - f 


fd) //jr 


(0 /(tffc)) = \f 
<S) *(/{*)) = (v^ 


(H) Sh 


+K) (*) J)// 


3}u(-a,tyu(:s.+<») 


(«) *{/{*)) 





M FI ? NCI JO N S, U \\ I !■&. A X l ) CO N M'MUJTY 


if = f*) / + if 


+ ^A D: {0,-kfl) (b) / -ff 


co /w*» 


D: (B.-cc) :.(rj 


] “ (*-■)(*+ *)— 1 
D: (dj //* 


F+2 (at— 1 l<a; + a 




{0 /(*<*)) 
(a) stf(*)) 


In frcrcisfli 7 -j nn i' plo-L tha grapii arid delanuiria .f the (unction. ^ aven, odd, or neither, 

7. (a) — 3sf is ;>d(; (odd — odd) (h) + 2ar* — l is- avail (sum of avan) 

Jjcj Zx j -2x*+j:*-x * nelLti^r (add +even ) (dJ L}/(z^ — j:) is odd (ctike] -r^rld) 




(0 fc&evtn {odd -=-odd) 

K(0-5J = (0-5f E0-*J = 0-25(0) 


In jEMrnt/Pr* 3 arc-rf III, plftt (ho graph of the Function find dccr-Tjeiine 5t5 donnfUB II find PflUf^ R. 

(*) Ji *) = 4 - 2* (b) tf(*) = ** - 4 fc) A(r] - n/x 

t D; {~DQ^+Oo) r Rr ( 0 Q,+w) D: {-D0,-rO0), R: [—4,+oa) R: ( — isc,-»1] ; 


(e) 

n- { —TR. +-Tt- ) , FL [O, -aft) 

(lj) f(x) = 0-37* 

4 * 00)1 D: (“ca,+oc), ll; (-oo,U] 

(*) $(*} = t ^ + 4 ;! 
IjUll.+O*), R; [0,+M) D: (-m ? +oc), FU [B ; +oo| 


tel) rtJf)-vW"± 
f?:: [-4.4J, K' [0,4] 

10. (a) 5 ?(a) = a®+ 2 
o D- (-ac,+«4 Rl { 

(J! G{X) 

T>:{ 


E 

£ 

4 

1 

■ 1 i 1 

b ~ 1 ~ 

V . . 

-* -j -7 -re 

/: 
^ -1 

- [ Jh 3 4. 


#' 

J 

n 

A 

f1 

| 

,_i_ 1 _ 1 ■ 


-4 .* -2 -1 . 

„ 1 3 3 4 

-? 

- 

-3 

■ 

H 

- 

(d) F(e) — t* ■■ 

|r] x ;:■■ neither: 

{-Q.&^IH^J - 

r 0-25(1) = 0-25 





MJSf!ELf,ANBOi:S F’XKRCJSES FOR CHAP] ;:k L 


--n tixeicisra Il-H. determine tbe domain D and range 31 of the function and «kcljcb. ils graph 
ii. M s(.)= 4^r ,, (b) gm=(*-" 


hi E-xr-rri srs 1-J Sll, ctpfcfTmin^ it £ > f) >nc. 

Urj^L'sL -r z - ^rjd by uiwjmI i tke, 
IS. f(ff)='2a—^ a = 3, L =a a i = J# 

E- 2x\ — fj — I — .ftlh;. ft — 2jn-| — .D-"i. 3 — r 


. vh^n u k' t- i? < t bv finding t>ic sm&Jfceit i'l and 


Ik^aubJE- f is ]iic£^asjjig, ±, cou^bpoEuds to th* tm-bJitf v-nL^hf of/. 


1 

:? 

!J v' 

* 

l y 

.1 

■ i ■ i ■ i ifl i 

.-1 - ij c 

■3 

_ 2 A A t 

/ 4 

j 

■f 

\ 

1 


: 


'\i 

7 

i ■ i ■ i d i ii- 

p 

6 1 -2 

2 4 6 6 

-2« 


'4| 

: 

■6 


-a 



.. $ 

L V 

[ 

-a 

-6 

-24** 

-s 



S 

* 

+ 

2 

jr 

-s -t i ?7 

L A 4 6 £ 

r \ 

/-4 

L \ 

/ 

\ 

/ -3 

i \ 





tic 1- UNCTIONS- LIMITS. ANLI OTNTIFjKllTY 


= fl.l. i: ; 4S = 10 -HU, r 4 -B = 0.1 u A = D.l 
Ltn 0 < | x — ,S | < {I. I . £ = 0.1 


z +5) - JO 


2£*±9x + 10 


2| x + 21 < .03 rt'lu ft | x + 21 -f . 
i> Bcs&thw a > 0, iIhjjl s 


| [as 2 4 -1) - $| -' - 41 = \x + 21 * - 

20. /(x) Z ? - Jr, a = 3, L = a, c = M 
p- Be cause / is incrS^ciU »L 3. r L cei t^mpocidB to the sms ^ valu* of j 
Bcc-ilufc a > U % z-, sji-tI > 0- 

j^ 2 - Its, = D - .OB, - Sxj H IM = IL X, = ±[3 4 ^/s 2 —1(.0S)1 = 2 
x 2 *-£» = 0 + -OS, *, a - 3i* - .BE = 0, i, = i{3 4 v/3 = -H = ; 


O.IE wheo | e 


Ch&oit 5 < I sg — I ^ z ■■ 3 < L 2 < x < *t. 


| [j? - 3*) 0 ] II* - 3] < - 3 I < -OS when \r -= i 

En the Figure, f .iniri ^ Jirr fKaggrralrrl for clarity. 

In Ejccttisfr; 51 3p. pi-nvc the :imi.L hy ap-p=j=ir_g Lbc d-tililuUvn (Definition 
ZJ- limps - 5) = L ► |{3a-5)-l| = l4ff~6| = a*- 


3x — ft 1 = 3|± + 21 < e *hfn |s +■ 
+ 3i= 3)r + 11 when |z +11 


23. lim i&-3*} = ]<! 
31 limf3r+3)=£ 

24. tirnf^x El) = 9 


^ We wldh lo determine 3 t > 0 swell ihnji 
Lf0<|*-Sl<J then |f^a- — i 1) — 9 

£>if0<|j5 &|<^ th«n 4|x—5|<f 

o il' 0 < | if - b | < fi thou U — s|<^c 
H^ncf Ltdifi £ =? r.hen D < |x — ■>! < -A => 


t when B < ! z + 


ra lT^“*H (l+3a) 

3-1, Fmd Che limit wh^n ?_^p?opriB4e. indicate the limal i harems used. 

L I.r.L.T.a 1..T.3 

ix + 5) L = , ’ d| 151)13^ + Jim (-4a + (SJ =='*" lim 3(lim 3) = < 

7—^t T—■■£ Jt_i2 r^+2 


4 when f> 


fy 

1 - 

\ 

* 

Tv 

.^Z - 

V i 


B 

i 

_r>i 

| 

1 


-i- V. 

y 





MISCETXANEOITE EXERC1HFS FOR CHAPTER 1 fir 


2g. itttL r - j - * 
xw-^i x — aJt — 14 

,;l _ .* _,. (js + svit-a) 

d Lun -y-—= lim - ( --r?-=v 

*—!Jc J -**-14 j-J l r - J A r - T J 

= lim 

P T—' — 2 J — f 

lim [± - 5J 

_ g—■—2 _ 

— lim (jc — t) 

“=3 _ ! 

2ft, lim T '~| — tim = lim (i-3) L = 1 —4 


(!'■ t ■ 3] 

(L.T. 1) 


*■ 1™, iL7 


. , „ lirnfft 3 —4) ..... limh^ liml K-r? (limb)' litn.1 

A 2 -d L.T.11) J L.T.-1 A->1 ‘- Z ? &-»l 

4h^4 6 Erm^3A a 4#) JLLm3A^ 4 JLimQ nnt J^ucl AJ 3 4 Ucil6 


L.T.1 l 2 — d _-3_ 1 
3 -1- 5- • (J :| 


31 . lta jjAf-?g +3 i= Ih. ?1±| 

a .i/lV JiM x-r+i/i V — l)(9f+ ] J ^i/iV 2 *^ 1 V J -■ 1 / J ? 


+ 3y 


L-X9 1 


Jzz-3 (2 jt-t3) 

?=ui - 3/2 


Itm (2J 1 -l-1) 

—l n 


32. lim 
f —fj 




1 — y'L +1 


v 1 — Vi + f i-_. 1 t ^ 0 +■ * 

lim i = !]]]> ■—;--- r 

F—*-1/ 1 F-D 1 1 + t/ 1 + C 


= 3im 




= lien 




*-»u i(i + Vl+7} ^ r -' f(l + VT+O 


- i::r: 


-t 


J33JJ -, * " — 

I—M) 1 -h y 1 l -I- J 
- I 

km (14^1 + 0 

J-— 

-1 


1 - ■/- 

1 

“I 


33- lim 

f—o 


V y a^7-3 _ ]im (V^W-3)(V^ :: I4 3) _ 


L.T.-d 

L.T.2 


L.T. SO 

-1_L.12_-] 


— Jam 


-I 


■ = ] jjll -TTT^-T 


L.T S 


(L.T. 9, 2) 
(L.T 5, J, ID) 


lim (-1) 
t—u 


1 ini - t — lim ■"! 


c -□ 


H-Hj 


” /Jimrt-ll + B 
V r—u 


J J Ja9 ^- 1 — MJJJ 

F-Ci ifV'S- ^ t3) V9-J+ 3 

LT.i -] _ | 

- 7r + i-“* 


(-41 


t + 3) 






tts FUNCTIONS, LJMlTis. ANIJ CONTI 


t- Wc apply Li.mil '.rheorem 12. iteriasr 2x J Sj 2 = jc 5 (2jc - ft), then 2i 3 


!j: j is app“o?K hiug 0 iVmigh vdurfl. Fintliciriraje, 


Thu*, hy Limit Theorem J2{iv] we cocicLuch l'mil 


Thertfart LLtu 


x_ ' r ^ 77 ~ D V r I + 2 U B)( x/s 1 + 2) 

Ett liTC-^eiscs 4'2 4S, skec-cJl LJll t^rajjlli and find die luii.il. UT aln.lq Vrjiy n dwy aiut cJtist 



MISCELL A IS'EOI.'S J-Xl-JRCTSfiS YOR Ql\ APTLK 1 (10 


«.,[„)={ V 2 i,iS " 

1 1 2 — 1 tf t > ft 

> LLiii_^(^') =. EEni fr — 2'i _-2; 

j--d x— 

lim jjr) = I in i x 2 - 1 ^ -L 

Because linr.^*) ^ Jim j[x), 

=—'O , HK+ 

t;:^zi jim ^(ff) does nut c.iiuL 

is. 5:<] = ^ 

* r S“-*<tj = ]™_=£t=iU == - l; 
Etta, h(tj — Lirn J “ ; =± liml = ]. 


HfJICfi, trots ihjE ^T^jyt, 

21 ztt 

3 li]n_/(r) = )im_{2 -r) = 2-2±0; 

r -^2 p au £ 

kmf{r}= lirri (r 2\ = 2-2- ft. 

f—I f + r--l' r 

lEeUftt: liiri/-(r) ~ [j 

{ g A if z < ^4 
V^lfi -x a if -4 < * < 4 
4 - x if e > 4 

fr lim ) - J jjjj _ /x - 4 ) - — 4 - 1 = —3 

r-i — 4 1-1T.-4 

Jint £ (a:J = lirri V 1 * — j-* = - “d = 0 

j i jt-——L"*" 

Jim f(x) dcfts nut t-xjai. 

]in^j} = rim_\Z eg-? = >/lg- l« = 4 

=—H ±—!■+ 

I™ iW= lim. (<t - a?) = \ 1=0 

X“*4 + _r—l4 T " 

l^HCc lim jfif) — £L 



fs -4 ifs £2 

■14. Afar) - - x Lf 2 < x < 4 

Lr - i itx>4 

> (a) Eim_/i{x) - lim_(i^ — 4) — -I —4 — ft 

Z — 1 Z X “i 

( l>J lira A ( i ) = ]jm (2 - z \= 2 -2 = 0 

*-!+ x -i J - 

S-) Bcr-auac Lim A(t) = LLtn = 0 ibuu Jim = Q. 

■^-*5 J ._,j-'p r—«!Z 

( d ) Lin = Lim . • 2 - j ) = 2-4 - -2 

x— ’ 4 - 3-— 

(c) Htxi Afa-} = ]3 =[ l. fx - ^!] — 4^2-2 

T—*-4 "" j—i-i" 1- 

(1} Bccsuaf / lim ft(xj T thta 3eecl j 1 J:ut 

3 

In. Efteirista 49-54, find ibe Ujj'jJ t arid ^ujipyrl voiar graphically. 

( a j l«n_ fc ] ifl! ^l = d 

j: - t - i| lfi-X" 2 ——■i (4 — r);■! - X I -1 -I- J- D 


= 0—H°° 


i-H • J#■ 


. — lim 


.. 2*/{4 s .[ 

= Inn —^- — _oc 


^j+f*-*«* + *) ‘“t 4 + i 







70 K L r- CllONy. UM1T5, AM.) CO.MTI S L IT Y 


3e/[ 4+ «) _ i 


In Exercise* iB-to, (a) plot tine «rcr>J)i wcijecmic the IIjiii -■ ;■>: s -0 mu I (10 rjdr.ul-it*- i! 


5t -'W=T^5n 

t* (a) See the H^uie. /{j ) appear ^o be approaching ^ as s: appioaches it, 


57. jun S|«™ = Jim 

=— b i E]JL 2j/2j 


^lim ( {sLtl Je/Sx ) 
an 


Jim. Lao 


L4>i 


fi0 /w-A 

► (a) See the figure- /(*) appears n> be approaching ■■] ;ix ± approach** 0. 

4 -Tii-s [J ■ 1 : 


4 ro^ ? 


1 r x-itj tan c — £—□ gin a/coa z — r-* 

Rince t?ie coa-ino fimetinit ij cMrtLrmmss. 

,- car Sj- ,, lfzinZr .. 

Jm — j/ 1 = hit! f 7 ■ •= 1 1 n i 77- 

x—u eol j j.- -u eos an z z--«ij 


In Exercises to to, find the vertical MynctptotcS :md nftO iltflrc to sketch ihe graph of the Eunc-.ioiu 
t* Note that it f[x)— L is jit hltFTwi&y ■rLn %r I) in? ,j]] L^rijr values of j-. xhi-'-n ihc graph of ^ = /£i?) approve he= 

ihfi Line y — L at the extrejne Jd'c. and nglit h tr A<?njpR|.M oy^mpioif: Sreiimft t.7). 

53- . 4* M 

& B.6C4UK Liin J{-r) = -cte uf Jam /(x) = +f£, n - J \ 

*: 1 \ 

x — ^ ta a vertical iwympfoie, Decautw 4 p J \ 

fjv-'i _i ._ -r + S 


is small when ^ is Large. 


i is a horizon jusym-LoU 1 


x* 


1 

1 

T 1 | 

-2 -1 

-] 

3 


/ 2 
/ 

h 1 

-A 

1 \ 







M1SCEU-ANE0DS EXEftClSitS FOK OEAS'Tiilt I 71 


T+i l~l nicL Llfc& i. itLiLi’i! ptotc, Wf FlctriT tbr rUnom i ti j 


Because (i + £J(x — 3) = 0 if x = 3 or i ■= —2, wr End the following limits. 

Tf z >i, ch^ri {x-s-2)fx --!i) > D. Thus, by LLiblLe Thsocem 12(iii), we- Ii-h.-^-•=- 
Situ f(z) —a rtd. the Lie'll-x = 3 is n vertical asymptote ol the graph <>f /- 
i—j"l" 

If -2 < x C 3, then i> I 3)(* - 3) < Q t to by Limit Theorem 12(» 

LLm_/(i) — 4oo. Therefore! tlreciirv* sipproMhes the asynnptoce z - 3 as shown 

X-r'l 

in ihe figure. Also, by Limit Theorem L2iLv) Lini />’■ - -+og, so the LLqc x - -2 

r^ + 

a vertical as>mpttftc for the graph of /. Bccaii^ /(jf) is sm^ll wI-.gii z is lajflft- 
the liuc y ~~ 0 ;s hcrkomaJ isynnpto"r. 


* BocMsc LLm tf[*) = -oo ih Jijji ^|r> 
a-u x —o"* 

x = 0 ie a v*T£k-iL esyrnptoU- 
Because is dose to 1 ^hen x i; Inr^ 
^ = 1 is a horiponta] asymptote. 


& Because linn f(z) = -x oi 15m /(n'l : 
*—2 + 
x — 2 lj a VcifE.ka.1 ;ihy n'lplCita. 

Because - 3 — ^-fy - § - ~~~2 '" ,1 * 
x :s Urge, ?ji = 3 is ?- horizontal asymptot 


t Because linn /(j) = -oc- or 5 

y—2~ □> 

T=-2 L6 O vertical nsyrupCute. 
Because lim fix) = 4™ or 


x = —2 la a vertical asymptotc- 

Bwftn^e /(x) - 5 = - —--5 = i& 5 

x" — '\ r — -t 

i ts large, ^ — 5 is a. Loii^cilal asymptote 


e* Because linn f(x} — - oour Sim /(= i 

j-.I" j—]" 

x— 1 Ls -l vertical asymptote. 

Because 15m /{*) = 4oo o* lini _ 


x — —1 is a vertical asymptote 

/(ar) - 2 = 4^4“ 2 = i" r j* jSIMtl wh “ 
x ip large, y ~ 2 is ?. burizumai asymptote. 




FUNCTIONS, L]Mil'S. A.M 3 > OUKTIM I i’Y 


In Ek^Iv:!h;t .^Icrt-rli llii* pr^pf] ill r.he hitK>Lu:i: Lir:i Ijv riULjui^ IjuvLks Ije IJ.e |^aph, th.£ vaJu-Ci 

which th-c fundion is dtKCKirtttiuoiisi. and sJ»w why n<sRnix,it>n t.S/l ]& nol, satisfied at each dincontiuuiTtf. 

*■ *>= (.4^-d 

?ire breaky in the graph at -2 and 3_ [| 

/(-2) and /(l) do rcoi csdst. d\- >1 

Hcflffl c^ndiLujci (i) of Definition 2.0,1 2 r j \ 

hits at 3 and ]. ThercEbit h ,■ ■ ■■ 1 , cJ 

/ is dsFcontinuoLis at -l! and L ^ 4 * 


x 7^ j_ 1. There are breaks in tb t graph at 
/( lj and /(l) do not exist, 
hknee condition. (5) of D^fimLion l.tf J 
IkiEs «iL — I -lncL | . Therefore, 

/ is ■discontinuous at ] and ] 

{ 2 x I if* < -5 

i — 2 iT — 2 < * < 2 

2 - s if 2 < x 

» Theta i:> i* bx£H.k in th.a ure-ph at — 2 - 

= Lim_ (Si -H 1) — -3; 


therefore lam $(%} dne* not exl-st. Thus rondidna (LL) tif 

DrGnition 1,3.1 talk at —2, so A L* dfwiwilLciuoity al -2. 

^ is eoLir.inmiJs At 2 rifrAi™ 
lint $(t) — Imi - iJ — $( 2 ), 

7*. KM «’ + * 

c* Thtre h a li bo]e K in the gjaph at the point (4,ft) 

F(j^) J | -1 r | it j: — 4, and ihus F kd tlLsCtuLELnumis ?il 4-. 
We eIiow how IMlnkkra L&. I is mil satisfied. 

Batause tha ylmn' ib 1 v:v ir fiin r ; i^n is continnonfs 


B?n F(j) - lim - z-1 = | □ | = D and Ff|) = -2. 

r—4 

Thtrs^ lim F(4) and so condition (i!!) nf lXiaiLtioti ] 3,1 is- not Mbafit-iJ 


jiM = (T irj:S! 

lx 3 -1 if ] < r 

There art break* Lti lEw ^raplsi at [I and 1. /([I) does not 
exiat-L Hanca h-ucuiil ion [I) nf TJi.'fin11 inn 2 -ft ] fail? at 0 
and f i.- d.i3CDnilLniji>n!i H.L [J- 
LLtn ifc(x} - Jim x* - I = 0: A(l) — j - lj 

i-,l+ r^T 1 ' 1 

hence condktoa ^iai) of Definition !.§.] fa.i!- L 
aEld bi h; rEtsiioniijLno!.is J . 


Thete ia ?i in itu*- grnph ni !!. 

Ji EE L_/(^) = lim_ if z - 9 ) = 0 bLJLt /( 3 ) - 5 

F —«5 

Thus coaditjon (ii} or condition (iiij uf definition kf?_] 
:$ not aatLifictL 




In Rjcerdwi ?5-7B P ptove t h.F4~ f p d»cnpi:fiuciiift Jit r Ef tho diiic<>jiE.inuiiy is removable, redefine /{«■} Lu nuenLivt il 


.4 l> [) r " 

njci sL. Therefor* / L& di KOfttlniTOUP Ol. 1 


The discontinuity is remov 


^.n ff=sftHLifil dffiroitinuity At ] 


so. Thus, idcre Ls an cfisculiaL djAcaoLuiuily at 2 


/(J) £cte* nnt ™st_ Therefore, / i& discontinuous -it A, 

lim f{x) ^ 13m ~ji? T ~/ - lim {-1)^-1; IEm f{x) = lim jj = lini 1=] 

x -i~ j>-3 + n'-iV 

liaas /(if) =£ tim /(z), then Lim /(x) rWx ran! 4iKisl. ['Emnsfunf, lIje dL^ujLtEiLuity aH ewn-iilia]. 

jf-ij - "■ 13 " T — 1 »3 

Tn E^xadH 3 7 y-B 3 , / k disrraLtimnn=M aT a. (a) FfoL the graph of / arid look for a break at ?r = a. Eo*h cht 
QLr.^u-jittn ui ty appear to be removabk? If sg 3 hnw should / be redefined to remove it? (b) Cojifimi Aoelytixfdly- 

*9- /(x) = 1 j ~ f| ~ 3 ; a = L p lirai/(«> = - 4 " ' ji~ * = M TTT = ! l 3( _1 ) = “ L fi 1 ) = _I 


& W* mLiondizc the niuneiaLar, 


/z + d *(7 + V*+ 4 ) xfi-5- 
. Tn mAkc / cOALiftuous, we should define 


rx l, J + 1 if r ^ L_ Drtfinc 


OELLlrnujus und s1e*U; list reason, 


Ijl E}wrnw=? 83- Mid 84. fa) define f -ft g And rind -E'h': hiLlTibers BA 
33. (a,) /(*) - rfi) - 25 - / » (J ° s)6 

By Theorem LB_5(ii), /□ j is rontm.uioufl For 4 ( 1 ) > U- 
Ry Thecmm l.S.o, g 35 conc-imamix for rdl r artd rjfi*) > 0 for □ 
n<fioe by /'oj it ttmttoAWIS for &JE x Id (—^5). 


O.i 

- 

1 1 


-3 -l 

-C.S 

e i 




“• r VHOliC.Vj, LIMITS. AND CONTINUITY 


V J — £ 


j' ~ - 4 _ y^-d 

3 i ^ f i/3-tti 
contiiiM far yfxj t {{-hJo, —2) I.J (2, +m)} n {-CO, 3 

x and j(x) £ I ft 


for All 
aJ3 x in J 


* if * ?)(*) = 

By Thorns I $.24 and l.S.Sfii), fag S x 

, at ^ ul ^ vaJ “ fli f tilJ " 11 iS awrti ' 1 ™ 

[ "• (cfS) — J. Hwice by TIikmctti 1 . 9 . 2 , f eg i*. continuous for 

W /(*) - *a *5 *(*) -«?-J fr f / 3 )(x) »%&*-: 1 * 

„ s 'V^«™ jM # 0 *™« " in f-«, -i}o{-i f 1) U (i, +«>=L 

Hfilirf by I hinicju 1.5.3, / c jis Cnutiuituus foi all x in. I, 

"■ 8 M z vftia-f -* 1 * (/. *»>= 

Uy TJi^onrm I.S-5(u} t /*.? is camtinnmij toi ^x) > II, 

Hv Theorem 1.3.3, ^ is wntinilouft fur all x and jfj) j™ -5) ufo j-oqi _ r 

Ntiacc by Throran 1.D.I!, /oj is cxuif in uons for aJJ a inJ, 

(b) /ft) =■ v ''a +T; a{*) - — 


X — S 




By rhnorcnn l-S.ofii), /<»?«; contiguous fui <r(x 1 -l 1 > g 
By Theorem 1.8.4, g » comJniHMu for all x ^ 3 ^nd j(r) + [ > 0 when > 0; 1 £ f-ooL-Ji U f3 + 00 * 

( c ) /[*) ^ Egn X‘ j(r} = I 5 -* * (/o _ z} 

L?. ?£%T“ Y.?*! * sW f * X*) if«in <-~, Oj li fo, i j j ( 1 . +») ^, 

llcnt-e by 1 fienjr:rri 1 . 3 . 2 , / oj is continuous for all x in I. 


In Emrniksca 55 ana £G. find .1 and A rb*t male / 


S5. 


... f 2 * + } p± + 1 if X < J 

/fz) t- /(z) ={JUx-3^ if 3 c x 

U a +* ifS<* lz* + 2 if 3 < x 

/ J* tontinmoius on (- 35 , 3 ), (3,5j and (5 r +oo). 

* Or / to 1 ^ rmtinuous aU, F OT / lo La WQ linnous at S, 

I'm Jtxj - |iin_/(t) lim_/(j) = ]i m 

a _jsT 


rojivin itous at <iv<ry numtwr. Then •rflinUiEi thft ^ranh uf /. 

<5 


n—O' 


r^+ 


ljmf2jf +I)s: |j m (ai + b) 
^ x-a + 

7 = ik + L 


liiij (,-ir -b fa) — lim ( T - a. 2 ) 

i + 

an fh = 27 

bolting Sjjna[ran«nj5jy. ^ get a= JO and I. = Vdil. 

Tbt lire 1 Ox —23 .joins tin; parahula j a + 2 smoothly at {5,27). 


pi l 60 if x < —2 
86. /(*;} “ ^ 3 fjx 7 t it ^i<x <3 
ix-t2t |fi>l 



pr + 12 ifx<-3 

> /(*■) pi -l-LI] if ~3<X < J 

. , lr + ,lf3 i f § 

/ 1 * ublMintis on (-J. 3 ) and ( 3 , 

for / to be continuous si —3, tn 


JiEti_ /fa?) = lim f(x) 

*— 1 - *‘3 3 _|_^ + 

Jim _ (3 j + 6a) = I:::i (Sox - 7i) 

- 1 — h — it j. 5 + 

-9 4 60 = - 9 . 7 - 7 * 

I bn + 7i = 9 9 rj i jfi ■= 3 

bobing si m uliaJIUOLIsIy, me gfll a = 2 und b - -, 3 . 


too). 

or i r to Ur conlLnumw at 3. 
liTin_ fix) - lim /(is) 

■r—>3 a««3+ 

]«n_ (dur - rfr) _= lim {x - 126) 

“' : -f r i .a+ 


X-lJ 

9o - 7* '5 - 12* 



8 T- fix] 




if x ip ab inl^ger 
if ^ cs ml iJin 

fb) II a ts an Lnttgcr, for all x in tha nprn intm-nls 
(a - 1|A), {a, a + 1), /(*) _ Q. Tt ug li^ - u ;in(J j jT0 

Hence. Elin /fjrl =: D 

ITT a is not an Integer, « is Ln tin; open interval (k.l + 1) foraom? integer k. 
Then for vlt x in the optn im«v.ds (k.a) and (a, k t J). /(*) = \j. 

I bus Jtm_ /(x) = (J and lim /fil = ( 1 - lie™*, lim /-x' - 0 . 

f.—■fl. -1 ” J —-A * 

'nierribre, JJ111 f( s ) exists for all values of a. 

Jr— 

(c) / is dift rvnti.nuaus at every hitogEr ^ because LLcci /(x) — (J, t> ut /fk) =x I. 


-A -J -C 


t 2 


-<r 



MISCELLANEOUS EXERCISES FOR CHAPTER Jl 75 


Qo-wcveir Foi any mLciLbur a that h not an Lntegrf. jim /(x) =0 ami /(a) =«■ 

I hen-fore / Ls continuous al all mjai-iiRiisere- 

SR. Give- an campleof a inunirML For w}™* FimJ/U)| «xL*es bul lim/(i) due* not exist- 

& Any / For which = Hnt /(*) will do, for then = LLchJ/Ci)'. 

A simple example =* sgn * li«LJP * = = “ l MC * * “ J'??+' = K 

],_ Exercises Kit-H jj. Rati t he lattfWt interval m ujiluli uf infonraJs on which the function, js coriluiEujua. 

SS, (a) J(t) — VsV-- x* c> The domain of / is {* [ 25- * > 0} = [^5,5]- 

/ is oanLiuuons cm (-5 ; 5). BmwWb Uhi + /(*) - ^ m ki . v ^ & “* 2 = 0 = /t -5 ) ajllJ 
lim_ fa) = lini_ t/*5 - z 2 = Q - fe. 581:0 tWlinwus on f-S-H- 

;n— fF 1-^5 

(b,J /ti) - vV-25 p> The domaih ol / i* {rfP- 35 >0} =(-«>, -6j U [S,-»} - L 

/ in continuous on (- 00 , -5) U (-&,-H»). Dew* ^ Mm _ ft*) ~ Jim _ v'V-tt = 0 - /C" 5 ) 
lim /(rj = lim '/x* - 25 ^ 0 = ft5)>/ i* also continuous on I. 


x-r& 




W. (a) /(*} = 


_ Ul-fc 


1^1—1 


/ aa Londnijov* <rt'i 3. Sirica r _i : _^ - — x^- ! ” (]+ 


Tho domain uf / ts {j ||a?|- I ^ Cl} = [-OGj ■ 1) U(»l n 1) U (I ? +oo] - 3. 

^£j+' I — = fra nnd lim /(^) = lim iT™T = ~rr = +. CKJ i 


i n 


r—> L 


+ ^ ■ 


(1 1 


/ is romitiiJij- Lij u:i]y on 9. 

(t») 


t- The domain of ^ is {r | 3 — > 0} ■- {2} = [—3 h 2) U{2 ? J| — I. 


j La continuous cm [—3, ft) U (2-3). Ikcwi** ^ llHi + s ^ ^ — D — sf 


ai. (a}/^) = ! ^-|^ 


- i™ '/lr. £ -= _ + 50 , and lLm._irl» = V J_ ^ - j =0 - ir(3^ ? i* continuous on I. 

t The cosmin. of / is {« | ?r-2 # «} (—»s2) U {2, +oo} = I 


r 5 + rf*i =■ ■ ,-a- 


Beeauao ^ligL/W =* JjgL -' ^ ^ = 3°-(" T )*" J i11ci = = J5+ 1 “ 11 

f Ls raciLinUDUfl onlv chi T. 

9(zt}ts ^ Thft doraalaof ^ ia {a 1 ; r f ■ i = {-m,- 2) U (—2>2)'J{i> t-sc) - L- 


■*> 

= -ip - -ISJ, 1^- Lb tOiltmuouS 


B«mw Jim lim -^--^---focand = lim + ^^ 

ujlL> on J. 

92. F(a) = /h/IG-i 2 if -4 < z < 4 t The dom*m of F is all ^ 3y Thamdaa 1.8J and l.fl-5(ii), F is 
Ijf — x if 7. >-4 

MffllLmiouB CD (—oOk -4) U f-4,4) U (4, +e®). fiatause 

lim „F(x) = lim _(* + 4) = 0 and lim^Fix) = lim = 0 

■s ^—* r—*-4 r-^—1 ' 

then F is tontihuous at -4. Ilecan^ 

Lim_F(a) = - a’ = 0 =± F(4) and iim + F{x)= ]im + (2-i) = -2 

th^ F I* mpl^houB only from the Left at 4. J fhi^efore 1’ b oontinooua on (-«s»4l U (4, H ot). 



713 FUNCTIONS, LIMITS, AND CON'L'tN LUTY 



□ AfrcHta 93 a*, dt*s Hie iiK-eimcdiatr-vnli^ ikonem Jiniri for rhe f u 
w v\ j ( c ) — graphically rtod analytically to l dccifiiuJii nod -Li'lrb t 
93, /(srj -sr 3 -A t + n M] = f-lft.0]: * = j«, 
f> Tk interval fiorn _f(—10) = 1-il to /{0} = 1 oonuins Ifl \ (40 

and / is eOittinuoL* on [-10,0], Therefore, \ i 70 . 

the iiitetm cdie^vALuc theorem holds and there exists \ ioo 
a number c between -10 and 0 siirh uhaL fU) - lfl- \ 

e 2 - 4c +1= HJ; c 3 - 4c - 9 = Dr c = 2 ± Jfi \ (oj 

and'J--/IS ss-[.fidifl ia In Ulfl.fll \ V 


94. /(*) = - -4t + 1; [q, 4] = [0,10J; i = m 

* The interval from /(0) = 1 to /(ioj - 61 umUfaa ll» 
Mid / i* L-unttnutmj, fojfl], Tk*ti£nn m 

the imrrraetHaeovalue Lkorem holds and there exists 
* number c between 0 and (U sueb (bat f(r) - 113- 

c 7 1? +1 ^ c *~ 4e - 0 = ft t - 4(4 ± vSa) 

#4 + Vo 2 ) * -MOofr is in (U, 10). 

M. ffc) = * - [a,*] = [O.lJj k = -v 

* TIjc interval front /ffl) = H fo /(ft = 4 wotaliiB -2 

and J is contintfoiis on fn n4 '. Therefore, 

Use ill tcimodink-viiiiLir theorem holds and there rotLsts 
a number r between 0 and 4 vieh tlim ff e > = % 


ownver^ e + 2 cannot b? 


: J (h) Jim_/{^) =0 f t ) = +oc, (d) = 

» {f) 'iiln/f*) = u (g) list j/(*j = -I 
uu„s *t -3 (essential)■ -[ (essential); 0 (removable, drfin, 
utieil); 2 [removable, define /(2j = -]) 






54ISCELLAfrfiQOS EXlifiClSEii FOli.OHAF'mt - T7 


in iixeiciseti #9-1^2. sketch the gjiiph a fund ion iALidymg '.Jlc givtn «r:an.rl iLi^ns- 

[?9, -b ? —3 h -I, 0 and 2 art the only acros of /r lirn/{*) — i\ LirtL_/{j?J = 4oo; ]itt. f{x) — D; 

1 T —-1 *-h-i + 

lim f(ip J =- -\-ocr t / cofitinuoug OH f— OC. — 3 ), (— 3 ( — 1 ), f— 1 , 11 ), ( 0 ,-j-OC-) 

■"—*0 

l(Mh / is continuous on (^oo, -2) h [-2 h l) h [I,3J, ^tid (3 a 40G^ linn /(r)-Oi lim /(^) = 4ws Urn /(-r)=0; 

rf—*-2" r—.rr-j 4 - 

lim. /{i) = -3.; Llixl fix) = —oc; lim /{jc) — 2; tim /(*) = 4 l lim /[jrl — -U hm /(a?) — 0. 

r—H> 2 —S " + *-r3 j—3+ t— ift 

& Rwailk f in -ronlinuouM- at —t A fid Llm f{i) =0 then /( — 4) = G_ and the giapji -cunldjjL^ thr point —3,0). 

s—r—A 

Because Jim /(e) = the ELtir x — 2 ^ vertical wjy impute and the curve- approaches the asymptote 

r—--J 

Fron^ the left in the upward dilution. Beenurw / ts continuou* from thr right 2 and lim f[x) = 0, t-h^n 

a— -2 + 

= and the Graph contains the point (-2..D). The graph contains the p^int {fl. -A\ hwe / is 
cnnti.rn.3mj5 *1 U and lim f{z) = -;L rkrjiUHff lifti /(rj : -oo, l:is linif x - I ha v^rttel a^mptotc-! and 

x—«0 r—1 

curve approaches the asymptote from, the Ecft tn ihc downward direction.. because / is oontinuniia from she 

riftln *E l a rijsd. !pi:l /i'xJ ^ 2, Idas grapJ: cmU-aLua thy point (1,2)= IkcAuae / is ouNtini^uu^ JiPm the left 5-t 3-, 
jc—*■] " |i " 

md Jimi_ i f(j 1 ) = 4, then the graph contain* "he pK^^-in" [3,4)- We. arc given r-h-ni lim f(x) = —1_ Because 
r-*n< ±;—-n." 7 " 

J]]jj_/(i) =± *1, then / it discontinuous at 3, and thurc jt- a break jjl the graph at Lhe polcU where f = 'A. 

1^3- 

ErrjanKe lirn /(x) = — 1 , 13 la fjoinl ( 3 _—I) i^ A limit |jcijjiL flf lEiC j^rjtph. h-il= ths point is nnt pnrl nf fchr pr-iplij 

this is indicated by the -open circle at the point (3,-I) r FJaaliy, because Urn /{i j =®j and / is coutlrmonu at 

■r-i-t 


Eaircisi* 90 Escrclse IDO tixcrciEe lfll Exercise 102 

101- /(-"!) = 2; -2, 0. 2, ^l, and 5 are the only zeruy ai f. Jim /f>) — U^ Jam /fa?) = -oc: Jim /(i) - 

i-2 

lim /(sc) ■= 0 j lim /(tt) = — 3 - lirn /fx) = f 5 i / contiguous at all tmmhcifl eveept -^ 1 - 2 , 0 , and 4 _ 

T— ^ r-i0"*" . 1 ' * 

102- / if? C^Utiwaf} o:^ (-c-o., (—1,4). and 43o)i — Oi lim _/(t) - 2; lim /(j) = 4oo; 

lim /[r)=0^ l]m/C*>-^ lim/(i) = = L lmi/(*) = -2: Lun/ii'lVo 

Jr--2 Lr_Fi r -^* x—*— 5 

1IW_ x in_ arc cot ftom the oornets of a H irDclS in sheet and ".he sidei tf;r!n}d up- (^- Find the volume 

V(j) in^- [Vl Find dcn- a (V). (c) Pixjve V is continuous ou its domain- (d) Mnusmise the volume graphically- 
► V = twh = [14 - 2*)(18 - 2j:)x, Q< i < 7. £c) V is a polynomial, (d) When ^ ^ lZ.eU40, V mdar = 202.B6 in 3 - 

104. Ati open box having a sqnrvrg is kn havn 1 a volumr of 40Gfl tri [a.) F^inrl a mfttlnViijfLiiCAl model 

OJcptfiflSing |he total surface area of illK box a* £L fiam-rthm of lIl+! Iml^Hl nf a sick c^ th^ hi-k-se-. [1>'; Wh&l 

is r.hfi domain r4 ynnr fiifirtion? fe) Prc^e that the function is continuous on ik domain, (d) On y^ux grwhies 
calculator ddermine- to the neai^L scl-lIl. the dimcrLsiceis oF the box that can be constructed with the 


nr-CcL of bottom 4 1 - atea of a side ^ z? 4 — z 2 4 4i 


(c) A TationaJ Function rs continuous w- it* domain, skLauat S — r 4 


:Lrf.b a uju3LauL ;;: l-u-J ll L- 




3 FUNCTIONS, UMITS, AK3> CONT1KI/TTV 


^UtiCJ . i he Bum S ib JctL'if. wbm th<: terms *rc fquah x ? . 
2 U tn x 20 in x JO in, 

ED 5 . A sign with margin* n f 4 m ai t he top;md bottom ™d 2 »: 
) he l£rta1 cf tfw sifiu, A( r } m* when the width of the p 
W Prm ' c Ibal A .is Odtitimroua an. its domain (d) Dekermme i 

^ ^ hf! fcngth of the printed region is ^ m, A(x) _ (i + 4 j£: 

(b) D:i>0(t) Aba rational ftuictjM (d) A^- ^ = 54 when 3; 

IT 4 - S = *1 = IS. The smailed sign hSm wide and IS m I 

06. TJsp gjowlb iats / fish/wedt is jo-lialiy propoTtinmd: to the n 
capacity. /(*) = ti(10 t O0D -*), /(lOOtf) - 9G = tQOOJfr ■ SMD. k 
■V; 2 ^"" 1 G-0OO - ^.i/KlO.OOU. 0 < t < lO.ftOQ. A polynomial is- 

j (x) - k(— s A r lO.ttPOx) s.s maximum w>i<!ri r _i — I u. TJU4>/—2 — 

17. F(y}= S( ,r. jr. Li(irH 1) 

f’l if J7 < 41 , 

=■ < 0 i f x :_fl - J ^ :fz+l<D 

if i + J > 6 


^ — E,0n0. ± -20. Th* dimensions 


1 ^li. ttie ftjdcs is to crm tain 50 of 
jrinTftd ir £ i(m j a x ia . (b) Pjjid She domaii 
lu Llir ncaieel. E tlcter llicsiwof the smaJh 

^ + Si =r +■ ^Sx + '-^J (product = 160 


1-1 

1 djjcf tl because the left 


U if £ > 0 

F is, difientiti numus at 


= 1 if r > V 

and light-hand limits disagree then 
i find i he Limn. 


n FsetcL-iEs JOS and IG&. nm- ihi 
VS. it"! rp|> j -5 <J(4 

S> Rrrnuss <li)fx>4 b\< 3f4 


Lhen - 3(4 zi* < S ( T ) +£ < 3(4 - £) ? 
,B Frattl 11) MtcaquetSe shcoYem that 


fJecauso Jinn 

^—.-I 

Jim j(x) +5 


0, Tl rrffoTe I 


IJ < It »o -(x - lY <(x-i \ 2 sio(l/ x J < (i - J] 
W£ from (l) and I.he squoeac thc&nrrn that Jim (: 
■r 2 ] fnn s in J-£, 21. 

z L '[ =z u- when -t y 


Ii*eausc Jim (x I) a = 0- it r u 3Ecjw 

116. SJteich thi! £.rapJi /(r) = ] ] -, 

> J.et if be 5 E££al3vc inte^ci. [1 —a 
n < 1 - x 2 < n + l h ti _ 1 < _a2 < 
x £ [-’/-(n- T), - v ^)1j(^ 
Jim/( C j = lim 0 = rt / /(«} = 1 H, / 

111 - Sketeb the gruph j(^) = !> - l ){ t ] f 
t- |r - l)|r] — n(j -1J n < i < n 
= |] .ind $ ] H toELLmioiK At I. 

j™^x) Ooes aor, i?Tast if tj is any OLb 

L S2r Supj^ns^ /fx) = rrfxj fas ;l| 1 valu^j of 


VfrinlUl 


E^rcis^ U J 
lirn L i'(x) if tb« lin-oih 


VllSCl I.UNEOUH FIXFRf’TSF.H P(>F. CHAPTER 1 T$ 


111 (a) We ftre aiven that linn /(r + b) = /(*), Let h = -k. Then Siia f{x - k) - f[z), 

Jl —*0 '^0 

Jtul k->0 is 4QB Lvalenl to k—d>. Thetcfme, lim Jfa- kl /(*). 

! if r ^ 0 *-* 


(b) LeL /fie) 


-{! 


U if t a:Q 

TJhj* fim /{O + h) = lim 1 = 1; lim fifi - h) = lim 1 = U but /(O) = 0, T!In* jfifl /(U + 6) #/(&)* 

ji-Kn h-a h—u Ji-f *- tn 

111, it' i is any real Qiintl^T, Ihto /(() eiids : i>' hjjwrhrskv In ordr,r lo [trove that / tf= continuous at t w? musi 

show l.hat lim /(*■) == /{(), 

Because /(a+ b) — /(a.) + /(b). it fnllown tlirL /(j:) = /[f + (x - ()] = /(f) + f(x — f). Thus, 
if the limits csisl, f{ x ) — - :t “ /(*) + Ihu fix —i) 

S /( i ) = /^) + lh [ L /(*-*) (l) 

r —»C 2«-t 

Bccauji 1 / iK ronl^uoi]£ al Cl, it fcLlotfi Iryrri TJfcMtfem 1 - 9-1 c-bai. 


lim J(r - £) - /[lim (x - i)] = /(&} 

J-"l f—'C 


hu bats tilting: into {l) we obtain 

LL [Cl J(f) = /<*) + /»>) 


( 2 ) 


7—rt 


To find /((J) WC apply /(;. I- b) = /{a) ■+ / (b) with a = b - 0 . Tluen wc have 

/.(o) = /ro)-*-/<o);/fo} = ft 

H u l.'stlt'.i L i i j;j into (M) wv gtt lim /(*) /(f) which proves that / is continuous at I.. 

_E —I 

I l,i. Iftlin domain of / is the set of ali real uOffllWH, / is continuous at tl and f(ffl + A) = /(o)/(^J ior all a and i, 
prove that / is continuous every number- 

► Because / is continuous Si 0, /{(J) = Jim/(0 + s) = Eim /(&)/(*) = /(W)/(ll)- Thebdoi*, /(U) = ft ui /(0) - I. 
Suppusr /(Q) = D. Then J(t) = /{x + 0) = = f(z] ■ 0 - 0, Thus / Ls a sMStaiU tmtiioii and / ]s 

Suppose /(U) — 1 l.i'l n 1 if. an* 1 number. Then SE^/-^ * T ) = |j^[/{ a )/W] = /(aj/iCl} = /{«} J 1 - /{^J- 
Thi.m / Lr r'.u/i Li ij Louy aL 

116 . Suppw* tlir funeiLnn f ia defined on the open { 0 , 1 } and f{x} — Jj ,^ 1 

Dftflris / at fl aod. 1 ho iha-L / ^cwiLinncnts on iJie ehiscd inierv^f ] 0 . J L 
Womusl defs^t /(D) -uud /(ll so t hat 


•r— h-i> 
Now 


Jinn /(j) = U"'i iuld /(sfj — /(J) 

-.+ r-P" 


lim — lim 


mu m 


P 1 




X - 1 


= rlim 



CBy Theorem 1 . 10 . 2 ) 


Thus, we dffiue /( 0 ) = — it, wc lot t ~ * - 1 - Then 

,. ,, . .. &in(Trt + 

L ™_/{0 = luiL-r r" lif 

j™0 tt - lit 

= LI ELI — b ^ n - ■■" ■ lim 7T'| 
j_<r [ 

ird-*r 1(1 


— — ff -1 


Thus we define /{1 [ = — 


T W 0 


THE DERIVATIVE AND DIFFERENTIATION 


2.J THE TAKGENT LINE AND THE DERIVATIVE 

2.1,1 lWinitiu .1 SuH]nM« th* function / Li eondsisoas at * t . The line lo Hie of / at ihr P"' B! | 

(i) ttii; line through K having slop* l^vtn by 

( 1)1 


rnfij) = Iim-- i - 

di~id 


if tills IlLllic. exists 

(jjj the line i = r- if 

„ /(*,+All )-/(*,}. . . J .. 

Iim • J '■ :s ■ o3 or — x> and Iim 




At 


l& 4-30 nr —OO 


If pother (i) nor (il) of Definition 2.1.1 holds, then lh*tc Lk uo tangent line to ih r gr^ph of f al 
the point P( jt i, /(■))- 

[f w* v.'nnt to find tht dope- of I hr Laugent line f-o the curve al [»ok 1 hwi one point, wc 
n.ret find the Limit and then mn-ke the indicated replacements for However if we 
interested in finding, the IpingKJt! line at- only one prjinl and if the toordinaitK of the point o: 
tangency r.jr known, it is easier to first make thfi indicated replacement aiid then find the Limit. 

7.1.2 Definition The itormd fmc tt> * griiph at a given point is the perpendicular to the Utifiemt lin* ihaf ! 
point. 

rormuln (L ■ for I-he si ppe of the tandem line its & eaiir of the fonnuU for l hi- derivative of- 

a function- FgILowssir is one of the mobt import Ant deftnitEona in the cakulus- 

S.].^ IMnition The derivative of the function / k that function. Hquoted by f r , such thal ius virtu* at * number 
x in the domain of f k given by the eoni v^ilmi formulas 




= Iim 


/(*>-/£*) 


iriO 


(3) aJid (3': i 


if thi.s limir. fixisra, irlu™ z^x I ■!„. (/' ii read “/ prime. 11 and f‘\x) is send “/ prime of :r. v 
Wp. *lan use the symbols £/{*) artd D/(i) to cepreseiil /'(*)• If s J{r}. «*«! Hk aymboli 
D a, y\ dti/dx aic sometimes used lo represent 

T Ay 

Tf Ap is defined by Ay — /(± + if) -/(r ‘ f hrn D x v =^h 111 


IJ -c L k a paitkular niamh^-r in thr domain oF /. then to Ftitd /"'(x,; miy uee citinit ol cue 
pqnlvaient formuin?, 




/(r, +M-/^ L ) 


H} ui = l™ 


/W-/W 


^ ■ ■ r l 


Pi 


To use formidas (3) SJid (^3), note that 

(b T Ai) 2 = » a + 2zAar + (Aif Md (at + At)’ 3 = * 3 + |fei?Ar + 3 *(Aj0 2 + 


To ute formulas f'3'1 and (7). notE? ibui 






- X 2 + J7i 


The slop* " r [ll1 ‘ tangent, line to thr; gr*ph of y - /{x) at, th* point Ls p™dhdv i3«i 

rterivutive nt / evatujKed at x v Thus formulas (3:- (3'}. (4), and (7) iiil^^lia-v -i -:.- 


The cquatiofi of a (tangent : fifte with dope m and pa.-oir^ Lljiun^h i-:.^ 1 “ r “ : ~ *■ 

\ !*:□«■ Ka-a sLopc 1//' x : 





2.1 THE TANGENT LINE AND THE DERIVATIVE 31 


’ 7l EiicrdsiS 1 f>, find ar; c^Kiijon of the tangral I in*; M the (joint.. Sktrch the graph tnad ft.ar£mrnt of the LiuiperLt 
1. y = 9 — x s ; (2, &> n- Let /(i) = 9 - ir. 

+ 2} = -4. 


m(?)= lim ILm -- 

' ■ j 2 ™ 3 x—*-3 

Ait ^tuition of the tangent Sine is jf 


An equal ion of th<S taiiKtfnt line is y — —2(* — (— 1)) 4- 5j y 

3. y = 2r 3 +4i: f-3 a 0) *=- ^ 

, „ , /(?)-/{-2) 2^+lr-f2(-a] 2 -h4 

mf—2} — Jim --— = 1 m. m t ni - 


Ehticlw 3 

fioc 4 0 I)** fcwmiiLa (4) with — 3- 
.. 9+6Ar + 'A*) ! -IH-6a*+9 


LLtti Ai - W An equation d the tangent. Jiiae is if = - 3) ^ fr y — Q 

& Let f[x) = a? 1 + 1- 

-m = M „ j^iszoiti) = 


Atl wnifiLlon of tins lanjijnit lin* ls ^ 


An equation of the tangent Sine is i, — -13(:r — Si 


Exercise 4 




THk DERIVATIVE AND DIFFERENTIATION 


IV-h^rr 1.1 ■if! iail£CDl- LE boniOfttllL. 


■IG, {al find tbc slop- of flit tangent at. ( 
■ 12*+ 6- 

/t#, -4- Aj)- /(z,j 


Tti Esarcibei 7- 
7- /(*} = 3j: : 

t (»)ra(*,} 


(b} m^i) = 0 when ij = 2 and /(2) — -i: 
tii« u. ljz.|_ 31 j b«M? horiEontaJ t-D-ngeni :>l 

8. /(j:) = T-6*- ** 

t> (a) Applying formula (3) havt 


= Jim —- t- 

— 15™ (—6 ■ As) 

= -ft - 2jj =-i(Tj +3) 
(b) tufa^) — D wJtejk j: t — -!5 and /[ d' 
^ 3, 1ft), Other twinLs oil Ui* gr*ph 

/(arJsJ^-Ga^ + to-a 

-- 1= /t*WK>_ ,^6 


Ifr bo ihL- graph bah- a. horhcmlzd rjingcnt. at 
■7,0}, ( 0.12}, (--3,W, (-1.12) «i<i (UO}. 


(b) ( ) ■= 0 when = l, /(I 

30 tJu L m-x^jjIi Il*h bafittHllaJ tiinj 


(b) = 0 when i t = ft, /C. 0 J = ft and - l n /£.!) : 

st> Hue graph him jiuTj±ontal tangtraW at (t?. D) ai:J ( - 1 

In EtffcWBCS s. 1 ! E, fipi <:£[iiatj&DB of tbd LaogfcUt anf3 nriT"L; 

1 L k = v^+t; (3,2) ,_ ,-— 

/{sOH/OJ 1S _. t/*+i - a _ V*ll, 
» rn = i l i? J —i^r - £3i<* +1 j - V " i% v ? e+ 1}> 

The tangent line has equation i = J<ir - ,11 ■*■ 2 • 

'fh* muma! tine hwuhoi* -1 and equ^nai!. y = ~4u - 



t THE TANGENT LINK AND TIEK DKftlVATlVt; S 


12, y=i/i-xi (-5,3) 

&• To find the slope of the tangent line Lc the curve. ?it (-5,3), W3C formula (7) wjfih /(“) = \/4 - n and ^ 


Use the paintdape form with m = -g to find an equation of the- tangent line to the CU|V:G a! (he point (—5,: 
V - “ (“&)) + 3i Jf = “g* + "f 

IJjte th-H pcim^-.ilope form with m — ft to find an equation of the nojinaS tine to the curve at the pom; (—0,3). 

y = fl(tt-(-5)) + 3;3r= er + 33 

jr=2*-**(-2,4) » Lcl/<*)=2*-* a 

__ /W-/(—-)_ „ a^-^-rat-^-i-ai 3 )... .+ 2 2*\ 


—25, The tangent lint has equation 
And equation y — ri(a + 2J ■ 4 - i*x ■ 


^ ! 

The tangent tine hiw equation y 

a =• 4/**! (2,1) ± 


■■(jt; At.-ttj — ■ U. The normal line has equation y 


The tangent line had equation y = -(j- - 3) 
The normal lino has slope 1 and equation y 

v = - 4-; f4,4) 


To Dad the slope of the tangent line lo like curvr ju. (4 


[Js 3 the point-slope form with tn = J- to find an equation of the line to the curve ac the point (4,-4) 

y = ^{*-4) + H0i if-J* -e 

l' 9 C the point-slope form with in — -2 to find an equation of the normal line Uj the curve ill the point (d, —-"I:. 
S = -2(t - 4) + (-4k sr = -2i - 4 





S4 THE DEtUVATIV V. AND DIFFERENTIATION 


lu Etf*tises 17-20, (a) Tabulate f t[2 h &*)-/{%)]/&* Ar = lU0 to O.OE step -0-0-1 and -fl.lG Lo -O.fll 
Step 0-01 and guess the limit. |h> Find J*[i) Liam# fonnulA (4). (t) Tabfctotfi [/{i) - /(2)J/{x 2} vil;*n £ = 2.10 

to 2.01 step 0,01 ^rid l.OO lo 1.99 step 0-01 »ml Uk limiL (d) Find / J {2) fiurmisla (71. 
t Thn nymmntTLC elifferraicc 1 quali&ir. tT 'jJ.'j It included lor comparison. 31 is r-Kftct for qsindrrttie fun^i'-ftm. 


17. f(x) = 4 Tr 
Ax 

2^A:r 

/P+Ax) 

E “ f-2 

[/P + Ar)-/(2-iiO)/SA* 

Ax 

2 + Ax 

At X ~2 

[/(2+Ax)-/[2-Ai0]/2 Ax 


(b) lim - 
ir— 0 

= Urn a 

dc—*G 


e> Tables for [a^ and (r) '3 he limit ap^ara to he fi¬ 


0-10 

Q.P9 

049 

o.gt 

0,06 

0-05 

0,04 

0.0J 

0.02 

ii.OI 

2.1 ft 

2.9S 

2x08 

2W 

2.06 

2.05 

2.94 

2.03 

2.1)2 

2.0) 

5.30 

b.27 

5.24 

5.21 

&.1B 

5.15 

5,12 

5-0fl 

n.ns 

,i.05 

5 

3 

5 

□ 

& 

5 

5 

5 

5 


-.10 

—.09 

-.08 

—.or 

-M 

-.0& 

-.04 

-.03 

.02 

.01 

L90 

1.91 

1.93 

1 93 

1.91 

1.93 

1.06 

1-97 

1 . 9 a 

1.93 

*.711 

4,n 

4.76 

I.Tfl 

■4.-82 

4.35 

4-BS 

4.91 

4.94 

4.97 

5 


5 

5 

a 

5 

& 

5 

5 

5* 

-(3-3? 

'-7-2 

) 


i; 

(3x 3 

-7*>- 

-(^2* 








X 

2 



-Ax)- 

(,V2 2 

-7-2) 


- Eii 


^-7 





zz Elm ■ 
dz—*Ii 


1- At43 .^- 7A * = Em<« W**) = !i 

iT-.U 


= u a ia(*+ap 


IS- /(i) = ^ 

A;: 

2~ Aa- 

/i-j + Ari-/(2) _ /;xi-/rj) 

Si ~ ± —2 

/(‘J+A=>-/(2-A*) 


► Tables for (a) and (c). The limit appear fo i>c 12. 
(1,10 O-OS 0-08 0.07 0.08 0,0,1 6,01 0,01 0.02 0.01 

2.10 2. DO 2.03 2.07 2.06 3.05 2.01 $M 2.02 2,01 

12.61 12,35 12.40 12.45 12.06 12.30 12.24 12.16 12.12 12.06 

12,0100 12.0064 12.0030 12,0016 12 0004 


2Ai 



E2.0^l] 

12.D01& 

12.O02& 

ISjflDOg 12.0001 

At 


-, 10 

-.08 

-.07 -.06 

-05 -.01 

j 

!=; 

i 

■3- 
1—1 

2 r Ax 


1.90 

6,91 1,9* 

1.93 1-34 

13b 1.06 

1-07 1-93 1-99 

A£ 

= x-r~ 

11-43 

L LIT 11.53 

ll.BS 13.64 

11.70 11.76 

31,52 13-36 31-04 


/(-2 + ^r)-/C2-Ar) 

55* 


12.0100 12.008-1 12.0026 12.0010 12.0004 

12.0061 12-0040 12.0U23 12.0009 12.0001 


(b) lim 

Ar-0 ** 

_ « 2? + 3 - 2 3 Aj -j- 3 ■ 2 Ax s + At 3 - 2 a 

ia: 


(d) lim ^ ~ “y~ 
s x-hi e - 3 

= )im (s? ■+■ 2r 4 2 3 } — 12 


= lim : 

Ai ■-■*& 


13Ar + 6Affl±Ai2 _ 
Ajc 


]», /(V)= 

Ax 

2 + Af 

/(2 + Ax)-/<3) /(*)- f(2) 

Ax ™ j-2 

/( 2+Ax)-/(2-Ax) 

Jr " 2Air 

Ax 

2 ^ Aji 

/{2 I Ax) /(2) /frQ-/( 2) 

Ax x — i"~ 

/(2 + Ajr)-/^-Ax> 

£Ax 


Jjuj (1*tGAx + A* J )-1B 
Ax—Li 

p Tables for (a) (c). The liiflit appears to be -J, 

G_J0 0.119 0.0b 0-07 0-00 0.1)0 D.U4 0.03 0.02 0-01 

2,10 3-09 2. OS 2.07 2,06 2,05 2-04 2.03 2.02 2.0l 

-.2415 -.3514 .2613 ,2411 -.2509--2506 ,2506-,2505-2505-.2502 

-.2500 IB -,240012 -.2,>9D06 -.230004 -.250001 

—.250016 2501)09 250005 -.250002 -,250000 

-.19 .09 -.08 -.37 .OS 05 -.04 -.0,1 -.02 -01 

1.00 1.91 1-92 1.31 1,04 195 l.Ofi 1.97 1.93 1.09 

-,2485 -.2480-.2488 -.2460-,2491 -.2492 - .2104-.2405 -.2497 -.2496 

—.2-50019 -.250012 • ,250006 -.250004 -250001 

-.250016 —.250009 -.250005 -.250002 -250000 



:.] THE. lANCEM TINT AMU THE DERIVATIVE B5 


m il, 

^4-At-!* v' 4 ‘ +i * + 2 

- Lull -r-^-■- 

Ar-0 Ax \A “ + 2 

(4 —At) —4 _1 

- hm —-—■ - - — -= h m — - 

At-C-Aj^y^ - Ajh 4 2 ) - Ax 4 2 

20. 


|d) Hm 

J—2 


n /b-j - y>: - 
x — ^ 

ylT^-VT 

(■G - e) - 4 


4 1 

p Lablee for (a.) and (e). The Jinn it appeal j tu be |. 




£M0 0 M 

*3-03 

0.07 

0,06 

0-05 

*3-04 

QM 

0-02 

0.0 L 

2 +Ax 


2. ID 2.m 

■2. OS 

2.07 

2.06 

2.05 

2.04 

2.0,1 

2-02 

2,01 


- /(2) 

■afi"M | s 

.2GfM 


2577 

i',!'; iL ,i 

flEN 

■£c;TJ5 



Asf s 

^2— 

. j_ jHiI.iL- . —U 1 M 


,2-501 




. .SM.i-n 

■ 

■ ^31 o 

/(2 + Ai) — f{2 — is) 


.2306S7 

Ai(Nn] 

A5fl22ri 

.250109 

250025 

2Aj 


,250507 

-25030 

7 

.2n0lF.fi 

,25M0ft 

.260006 

Ax 


-.10 -.09 

-.09 

-.07 

-r06 

-r05 

.04 

M 

-m 

-.01 

2 4 Ai 


I.EJft 1.91 

1.92 

1.^3 

1.04 

1-95 

1-96 

LOT 

1.0& 

1.90 

/(2 + Ar)-/(2) /(*) 

Ai I 

■■■j 

T'l 

1 ! 

M&l .aStei 

,2404 

AdlS 

.2427 

.2439 

-2451 

,2463 

,2475 

.243S 

/(2 + Ai}-/(2-A±) 



.35011! L 

*25922 

5 

-250100 

-25002 

□ 


' l? ' 1 - {3 - Ax) 4 —"j 


,ij03fi7 .250:3(17 .2pai5(j .250056 ,250006 

{d ' ] j-% ji'i-i “!-"$) 


Ar—0^ - + ** ^ 

,-_ L 2"{2 + Ajt)_ ,. I A * 

“ A ™ a SJ' F2 +Ar)2 _ ^qAjt’ (2 + A*)M 

“ i^ 0 (2 +- A c)2 " t 




% - (4 -x) 


1 j'-a 


I.5-XI2 *-*5 i-2 (4-jtJS 

‘ z -^-2 (4 — x)'2 4 


Iz. EX4iJCLKfts 2|-lf0, find /'[t) (a) sijung frurnulji 7 rind (h) luinpi formula (4J- 
31 - /<*) = * t = 6 


-ZjAz - 11 m -ZL?- — _X 

4 + At)4 ^Iiu-1 ^ An 2 


. Wr<«)=iiaJ)=feAiiffc-iasSfc--i 

(b) /'(s) = ^ 0 s^{e + Ai-3 "r- - t' = ’{4 +^IJ4 = ^“ D T+^t " 

__ • WWI=to^-‘-(^-.)] 

= a $ = & ^ 7 r " ft urrffozTi = k =-1 _ 


—2 _ -2 _ f 

(v/?+^ “ 


■)= J im . -A 


J v' '3 - y -J +Aj 


23. /(t) — slu j: x, — 0 


4- A* y'V ,/x y4 

^ We uw Theorem 1-10.2- 
(h,/' W w , iTn ^ + y-^ = 

Ai-D Ar-0 M 


24, /{i) — coe sr; x T ^ 0 
25- /(*) — s-jrj XI — Jjr 


= lim^ 


P Wc use Theorem 1.10,5, 

■ = o (b) /'(•)= tin ™»(Q + y-«»o 

£i,x —td 


Aa-td Aj-d Aj 

[> Id (a). Jfet x -|x -■ Ax Lo e;eL Lhe saine eolwli&d (b). 


J rf-nir/3 z-i-T Air Ax-^> Ax 


36. /(if) — tos x: j 1 = tt-t 


t> In (a), ler. * = A:r to qel the ^anie soLutian fb). 


eoe s — toe ir cus^iiT 4 Aj; 1 - cuii i*r x 

/'(U = Kjh -:—±-= tim —A--— _ Sim ^ a 

x-»f/2 E™w?T Ar-*0 Aj-tfl At 




£fi THfc DERIVATIVE AND DIFFERENTIATION 


p- Wf iht 'I'henf^n 1-lOTi. 


> Wr u*r TheOftm I -1U.2. 




to gtit the same ¥uJuljn?iii *-■+ (tj. 


" T 

- ;»T =. At i* t hfT FilTTir solution m (h), 
/^lu{i^r + A*) — 1 I/toaAc — 1 


In Exercises 37 — 40, find the derivative, 

„ d„ _a, .=_ [S-^A*} 3 ]- 


3*- 2 Ai — 3a (Ai-i* - (A*)' 


J'ir- itl -h 2ADr](3r - 2j - i> + 3)[(.V - 2) + 3Arj 


2.1 THE TANGENT LINE AND THE DERIVATIVE & 




- Lim 


Nj + Ar 


: - A. 




Ac 


= lim 


-Az 4 


-2xAx (At) 


i x t Aiz'j^a 2 


|| : e r:L -13 -A i , firtii 

1 


■ - Vim 

24: 4- At 
7" 


(* + A*)V _p 


■ 4 = limf-l • ^ i l ~ ~H = 

Ax (x + Ax} 2 4: 3 J x* 


-1 - 


j~3*+J^ > Lee /(i}- 3 i + A 


9= Vi. 
“ = lim 

iz *— <■$ 

— iim 


J I 


Liini *, ^ 

t— r <* — ? 


- LLm 


& Let /{jt) = r 1 ^ li - 


= !]jtl 


f* 1 ' 3 J .l/3 }[|>] ?,^ + ,( f Wa)( ll /3;| “ ^7y — (* l A)»+< a */-V ,/ V(* Wa ) 1 

= — : -i--— _ ■-■ ■ — N«w that while j/defined n.t N, ("■ is not. 

$£ 2 f 3 - “* 


4J. V = -A— 

yx — 1 


& Let /{z) = - 


4- limW-M, jj&OX-i_1 ) = Uiw- -(t/^T-v^i - 

MF f-T i — X ,_,r=*V^7Tl — H — I) — {z — l)jyz — 1 yX — 1 


= Lim 


-1 


(Vjs- 1 +yi-lj^-lv^- ! 2(x - I j 




^ * = i7b 


«* L “/<*>=s^r 


/(It AgJ-Jfr) _ ZfjT+'Ax) -3 ii-ii (3r-o)f 2 (j t A*) - 5] 


% -J™ 0 J ' Ai J '“ -JjS.T' Ai ’ (2x - 5)>(jr -v Ar) -a] 


, { 2x - 5) - I2(b + Ax) - &) _ „ „_ -i Af 

“ - S)t2(s-r A*> - ?IAx “ i"™oC2* - S0i> '-.- &;A* 


_ A y _ -Si _ _ /_ - 2 -$ 

” j^(2x - 5)[2(V+A4r)-S]' \<tx - 6K2* - S)J (ax-5 


46- F'md fttl «|TJ 4 rioii of the langtnt !)))<> tfl the curve y -■ 2x‘ + 3 that :s p&taLlal to the line 3x — V + IS ii 
a. 8#-^ + 3-0, orjf=fij: + 3. Iim slope 6- Let J[z) = 2i J + 3. We 'wish to find AH *, for which mfe,) =#. 

, ' .. /(x, +AjO-/(* 1 ) ,._ [2(® l +A^ J 4 3]-faa 1 ! +3> 

= - -ST"-^ ^-E- 

= Sim ^ tAr ^ (Aj) = lini (4 J e 1 +2Ax) = 4x 1 

i j—4] AT ir—*0 

Thecefoie, we have Ajt 1 = B; T| — aT1 «luaLk>n d[ the taa^ent Tvm al (2.11 ) lf y — B(z - 2) + LI — Bt — 5 
46r Fmd &rt of the tangent. ]ine L□ the curve y — 3jt z -4 Ih&t is |FniiilLel tta the hue 3 j +y 4. 






SB THE DERIVATIVE AND DIFFERENTIATION 


17, Fiiiri an equation of r.he normal Ijj^ to the *uc*ir a = 2 jX th*t ^ parallel to lum x -tf = 
> The line i - = 0* or jr = *, hw dope l so a Line pvpencLLtulu to it- has slope I. 

U& f(x\ = S - Jz 3 ’_ We wish to find an x 3 for which m(>,) = —1- 

TTlJ T. . — I I El !-T-■" — 31III H. . 


r^)= Un -- 

— hill “ o .1, ,, ” 


-2r, - At 




Wf have = -1 when i, und f(2) = Tims the required Undent line is Jit {|.|> * IS(I atl B 

y-£= (l j). QI <Ii + 4[F — II 0. 

■jfL Find Jin ^nation erf taeb normal ILfl* US lW curve 9 = i* - 2a that n parallel 10 lh* Ism 2* + '’ J = fl ’ 

p. Wfi tirsL find the slnf* of the tangent, line to the given curve, t.e* /(z) = * 3*- 


ijt (»i) —Jlrs 


- _ lim (x 2 + tx s l- -^) 


OriJKt the dope of tti* norma] line is — ^ j _ ^ 

Wt find the slope of the given lirte by writing the jiven cqualson m slope-intercept foim, 

lff-H%-g=.tn i&ti=-4*+9; ^-“5* 4 ! 

—1 us thr slope of r-he given linn rand the noi ujal zinc i* psiAIlH to the given line, wf havs 


3i i“- j = 9 - *i =±2 

VV, hnv* found the jc' wnrdLnatt uf wwb point od the given curve where '-he normal line is parallel t“ the P veT! 
line. If we JsulwtimTt x = 2 if) the equatmai of the curve, *e olrijim jj =■ 2 - J(2) = 2. Thus, {‘1,2) ie the poU| 
where the normal line intersect*, the given curve. Because cl« stopi'of ti.r normal line w wc may ante Use 
point-slope form oF Lhe equatian s 

y-2=J(r 2); i + fl S -M=9 

fiimilftfrSy. jf x — —2. wr Have- y = ( — 2) 3-1 2j = — 2- and 

v + l=_l(*+3) i x + 9^+.3O-r0 

49 . I’TOVf hhftt ^hetc is no Lint Lhrotigh Ihn pt^iuL (3,0} th-it r.an^iU to lln> th* paraDu]^ y dj 
^ At any point (x ln y x ) on the curve w* have y 3 - 4±, 2 . Sancc * l "S|s nt al (^l^ x 3 J k1u|M? Sj| wh ' r 

hhfi line through Lhe points asid (T5) hfli? slopfl «. fte ' lin-vt 

= - 3 - - %s 4TJ 4 - a*! + 4 = -11 Vt - I) a = -1 

SitL* the Iasi rqtiAimn has no solution iti-e-xo wn Im: no Itne through (L^J tangutu to ihe curv* y - 4^ a . 

Ftovc that UjKttt Is uo line through the pobit (1,2) thru is rML^tvit to the tV l^^hola y ='1 - ^ 

> At ?!ny |irvint (x i: y L ) trt 3 tli* curvt wr h^vt- y-, =4 Zj 2 . a taagftuUme al l --= 1 -«^ ” £ s ) hftS ^ Lo|?f ~~ T 1 

while the litre thTough the poisitR wd (1,2) S«s ^loj^ ——',“i - * e have 

+ + i =-is (* a -ij *=—i 

SiiL-c* Llm l-aitt vquailon has slo soluti-on ihi'T« can be do line l.h rough (TS) lanj^tint to th^- c.utvk y — 4 — z . 

51 t\ ;j is tontimtoiiE -at u ontl f(x) = [z -uiyl^), find /V J )- 

_ rO £| -. A J ) -IM _ ^ (f 7 U ^ J ) ~ . liLU j[ b j - since g is continuous ^ *. 

J hjj^ Jj_fl x — n 

1^2. Sf j it cotiticiuoiiS at a W /{j:J = (t 5 - o 2 }^(*)i ^nd / .o)- 

t as^ _ ljm /< J >-/<?! = [[ m l* a -°*M=»0-< ai - a? M p ) _ \ im (,+ 0 ) s (*} = £aj(<0 (ff « beutseucus at a)| 

r - 0 it-a y ^ 


2.: THK TANGENT LIKE AND THE DERIVATIVE i!) 


k Ewrciars 53 and 54. hr the formula f r (x) = Inn ^ ^ i j ^ ^ ^ \ 

Az -0 £ “ 1 

. , ^ r r-^r % W* + ^ + t>(t+if)]-(ai 2 + hi) a^fLr + Ax^+bA* 

H. /(x)=di 1 + b*. / £ar> = ±2 - i - ^- Ar J = j™, - -- 

— 11 m A^Si + Ai) + b — So* + b. ) = iim -—■-* : / _.j — Jim — Sin] 84 — 2o 

ix-^j ir—*0 Air—43 J ^ !r Air —J"i 

H nx) = %. f'ix) = fan-Mg-gW = 


it ?-.x} = %> f‘(x) = lim—-4—if — ■§J = lic(lr“'-“ - Him =3- _4 

^ ' ' X * J r —— X 0 .Z X/ — M f -x z % r* 

». If /'(u) pmVL' thAE /'(a} = lim * l j ^ Af * J ^ 

Ax-tO 

/(a + A*) - /(a - At} _ i(a+ Ax)—Jia) + f(a)-f(o-Az) 

m IMB 4 A = IMl -iijr-- 

Ar-D 2 iX At_u 


/(« + Ax>-/({!) /{«>-/(*-Ax) 


,. /(rt+is;)-/(d) , ,. 

= 11 rEI - 7 -h 11 TEL 

Az-Q Ar^0 


= ± Lml 

‘Li 


/(a + AaJ-/(a) i /{a - Aj) -/(a) 
Sir + 2 &So Sir 


: -/'(fl) +1 lim 


. /(*)-/(*- A*J 

i^o 52* 

/(a+ {-Ar ))-/{*) 


= = /'{aV *3 desired. 


s$- bet / be a function whose domain ^ Ft ahd (i) f{a + 6 ) = /(o)- f{b) fir all q and fr. Further mote, suppose 
that (n| /(Q) =: 1 and. (ili) /'(ft) eiLate. Prove that f f [r) exist for all x and that /'(x) = /'(ft) ■ f(i). 


> E,+-t x foe any rdAl number. /’U) = lim -—r--= iim 

Ar -0 “ Ax-U 

■*•«.) lim lim M£t/W S/wm 

Aj —<0 ^-r-—ra —^ 


/|> + Ajj /(i) i .. /(g) /(Aj] /(ij /fie) l 

■ ■ i - liTTi - .. .... ■■ - — I I Tii r i J® I i «— . 


= Lem f{z J ■ 

Ax-t-U 


Six Plot the peiralmLa jr - -a^td lU> tailftetlt liu^ a[ |3,1) yjid OXplyiJj l.i&p|x:ne rLn yyu v:i kje ii in. 

► V#) = f B J jlf = ^ l s^ z + 2 } = !• = 1 + !£* - } > = 1 - 1 

Tht Can gent- Ntk ^-n<l ih-^ ■tutvp li«rirue jnctjfiTisighi^aabU;, a tliaracit^riaeLt of the tangent Jine. 
i3. [ ? 3ot the parabola jr — v^" its tangent line- y t ol (i, 1) and f\plai[i what as von Mom itl r 


rti)=^i~r= y r = 1 +H* ■- 11 ^ 


. Soe Exercise 57. 


12 l>lh KtHENTlxiftlLITY AND CONTINUITY 

Diffeceniuibk A function ^aid in ttifftirRuliabk ni it /' (^ L ) 

2^-1 Theorem If a furicMon ii difr^Qiltinlrie jil xj, th+*:i / is •^in^nuon^ at x,. 

'I'-be iheoifim implicjs that if / r (jei) Exists, then there must he no break in the graph of 
f at the point where f = t r The eouveise at Theorem is not true. That is. a fimction 
Chat \s continuorji 4 t x L mai' not be dilfeTen.Lj&bta at. j t - For example, the ab&olute-^idue 
function defined hy fix) - Url is HO! differemtable ai t = 0 akhoush / is continuous (here. 
Note that the graph of |s ha^ a corner at (y.tyf. Lf a function is diffcicntiable <n a point, tEirn 
the graph of the fuocrion must he srhoocJl ar. thr-ir. point. F«Tlh^rmoT ^ 7 If ;i fmirLiini in 
diffateiitltthEe ai <t point, th^n thr -xnpmi 1 i-nr: lo Lh^ graph &[ i-hfl fimE.r.iLMi nl tlirtl puint must 
not hr vniiL-Al, Thai i^, if tli-e r-jui^:pt line to the fl^aph of / at x^ ie vertical, then / b not 
differentiiihle at Jf], 

A function / defb.ed on an open interval containing x L b diffcEeniiabie if iud OBiy tf 
both one sided derivatives einst and are tquah On^-sidsd darLi'ativw are defined as follow^ 

2.2.2 Doftnilijon If the function / is deJll)*d at ip then the derivative from ike right of / at denoted 
/' (xA U defined by 

n , .. /(* t +An-/(*i) .. - j . .. m -/c-,> 



&Q THE DERJVA'E IVE AM? Dl EFEHENTIATION 


if Lh« LLrttit «XES-.S. 


2.2.3 Btfinilira If the function / is defined c^ iJbsu ihc dem ratine frjft of / *t x,. H« natal by 

/ f _(x 1 ). is defied bj.- 


/-f*,> - 

if i.h-H- limit exists. 


/(r,+A^-/!>,) 





ET / is -r/intinuotiB from L-he right gntf lien 
If / em continuous from the Jett ;uui Liln 


exists then I i nr 

r(i) lister then Jim 


c- &) = ~2; lim _ /(r) = \\m_ (r +2; 

-- 1 *■—*—-1 

/f—H)- 'J’Iiijk / Is continuous — l t. 

&. ,• f* + a)-(- 2 > , 


(d) Since /Hi—1} ^ /+( -4);. /'(-4J does not exist; bo / in nc>i.. differentiable At — i. 

2 - 4 *) = {S 3 

* lb) lim /(c) lim (3~2c) = -l; lijn./{*) = 15m $*-7)- ■ I 
Therefore lim/(c) -L = /{2). Thus. / ■■; con t in nous nz 2. 

/* Art - L /(*)~/fg) _ (3 .v , _ Sa _ 


(d) Since /[_{!) ± j"(2) dur* not. 

3. /(r)=U-3l /(3) = 0. 

u (b> Em_ }[xf - Jijn , - |± - 3’jj - j); lim f(x) 
j —jt— fC.i j—■3-1’ 

litE^ f(x) - 0 = f(3). Thue, / is contii 

r f iv, -• ii F \_ .r —(c —3) — 


xEsi- so / is not d i flfercnf iabjr m ?. 


(d) ain« f*J 3) / / # + (a), f\Z) does not exist; ko / is not differentiable at ^5. 

4 /(<r)=l+|* + St i n --2 

t. /fil - I I — (* ,+ ®) if x <—2 _ r-»—] ifa<-2 

1 \l+(*+2) if*£-2^W3 if*>-2 

(a) A sketch of r.ln- jzjaph as sho* T n at the right, 

(h) Qkaus /(— 2) — ], and 

J]m /(*) - fim_f-c- L) = h lim /(c) = ]5m (z+3) = J 


tlLrn / \s contirmoofi at —2 
(e) Bj IMniLicKt 2.2-S. 


\ 


N 

- 

2 

1 - 1 1 

N Xj/ / 

^ -2 “ 

-3 

_ 2 ■! 

-4 





w snofimicm:* he / ujqi 


0 id .^q^EjU-ijs_:jip 


(*}/ un.L *i*jaiaq.i. 


U ?nL>rn::nEO^ 

I fc~.T 

-f,-} utrr = 


Cl |V >|qW!lUOJ:q:;P 


G*"* 

111 l[ ,vjo|Meqx 


-,-| pl iOrLL! | J illi.:. a I } 


Wl =^(x)/ T iun 1 = £*>/ “5t ™ 

»-(»>' oJ . l ; 

™ t OCT nwp (<>),/ '(ll)V # (0)V »“‘S ? 
_ 2 _ + ™r= -^T 7 ^ = ^ -; 


SE 


*w/ o^Sii 

.r jc jni'Jios at) i jiOir 


1 _ " 

te ttT lvLLhCO QKY VXniSYU?i3M3JJHi El 


92 TDK DERIVATIVE AN!J |UJ-'FtlIiEKTUT)0\ 



Fiv Definition 2.2.2, 

/;(2)=lim ^ 


Because /£ 

COFrief rtC r . 


nol exist, flO{/ / is not diffiircn f.rnfrA- .1/ Jn fjgrJPr-, i 1 rr.i-f h" riji 


r ••.rri'fi.ni: Urn f(x) - ll - /(1J. '('hlLS / ta COqLLtlUuils nl fl 
F— h l J __ 


/ui)= ii- ' 7 , = 

(fl) ^imcc /' (1) ^ / J L U), f'Q) ttfrCS not Mist; so 


is ncrt different i^ilci jul I 


Therefore 


I f(- I )- Thus / 5 e c-DJitinuauft at I 


w> sw /K-r) -/;(-d = - 2 . /'(-j) 


sn- / sa diffcic^iiabLe at — 1 


Therefore lim f{r) = 5 = /{2)i- Th u a / is c.onlinaau& at 2. 


ni_ 2(sr f 2) — 8 

f[r}-f (2) .. (fli- 11) —5 


\ 1 


\ T 

- 

\ i. 

-■-■—1 1 l\ 

’ t , . . J 

-*3 -2 * 

-2 

5 ( 


\ 


1 k b J 

\ 30 -! / 

. . . J 

-* “- 1 \E/ i 

4 

-4 - 


-6 ■ 


-? = 


-. 10 ' 



(dj Since /1(2) ■ /y2) : S, / , f2) = S: so / is dltferenLUtMe al 2. 





2.2 DnVEEEHTtABIUTY AND CONTTM“tTY 9: 


i- fjcmtinu-oSiS .'it 


=m + - 

(d) / J _(-l), /■*(-!) aatl hfiiieo f‘\ lj ; do tint ncLsi: 

i0 / i* n[ >t diffcrentiftbU: at - I- Nuts that th^rt is a at 0, 

u. /(i) _(x-2 r J 

t. f is not defines at ‘i f v not conlilLIMUst uu. ii.-r rLrnval.tre cxisl-' and 
f is not aL 2. 


n f{±) = Lirri ( ■+ 
i~ —+3"* 

b. fjoiH.iniini:^ id 

sj-hW^ . 


fb) f{i) - litr 

■* — ,,- r " a 

Theteforc Ilcr /fi) = 

(c; /l(ai = iin. — 


■G±+18 


■fi: -^i , r iri dLffcTt'HLisslak at £ 


(d) State f_m - f'-'M = - 6 . /'W 


(a) A .st:rich of the fci ^h b 't |<y " ,L -' r l; '' ' S 1 ' 1 

(b) /fO) = Cl. and 

. Ji-x) - limJ-r^ 5 ) -0: lil!>./(*) = 

3—rll -1 JT—rO f 

l.ljljn f is COIiLmJuOI.':^ n.S IJ. 

!l) £Sy Dcfitiiskmt 2.!2.;! aod -'-2.2 


nc*L tLiirW^Svible at U 


H) Bteaunc /'_(») - +*>, th«ji .f'(0) *ws not exist 
v^ucfil tangent at the point wi.t-H- i -fl 




!tt THE DERIVATIVE AND DIFFEREDTIATlOH 


(b) 3im_/(i}= 

r--0 

Sincr tamn /(St) ^ m\ 

J-.D’ X-rO 

mj / 13. not rofUinun-uE dt 0 
/{rW i 


4(d) = 

I— 

fr|> / !?• noL 


ai H. so / ■? not differeatisil^t; ai-tt. 


Sine* Lin /{*] ^ IL! 

r—1 ?—* 

/ ih :lcvL MritLiL'iciu^ al 


r i 5 j^oi riiffeceL'i.tiftkl? at ] 


in not differentiable At 2, 


is not continuous at 2. 


own 


mt exist, 50 / is diyfflnlLmimi* at 

>r*ak Ln tbe srapiL -ir, the poim vrl 
I _ IV — 0. by Definition?- 2."2.3 n - 


-lim^(l -s) = ^ 

1 «r !wc*.t* / r (4T«tefi& not«»», lUu i is not differ^’-.- •' “ ] 


f is tfiiwooiinuous- at 


4 

2 

\L 

-2 

■ 

/ 

_ 

■f 

h 




2.2 Dim:Hi: NTi ABILITY A\n CONTINUITY fr'. 


arrises 21-SO, (a) Define- piccc^J&t the continuous function shown in [he figure; a^uinc llial each jjail of the. 
gpagdL that appeals It* be a tLth: tegment is a line sc&nwnt- Find (b)f f[ { —l). (c) /^{-l) r (d) f*_( 0)i (e) /+($)■. 
H j r ^_ (1), and (fi) / J + (l). fh) Ai what numbers it / not (EjfftrftntiabJe? 

> The derivative &i c-Ther of is is* slop* 1 . 


fc) and id) jTi(-l) - Z!L{0> = 1 (e) and (f) j;£0) = /'.(l) - 1 (g) C1J 

(hj / is not difieientiabEe at —I because /V-f) # /y 
at. O’ because /i(0) / /^(D); at L because J) ^ /+( I ) 

ffr+l) 3 if*<-l 
„ /*w ^ Ja* + 3 IF - I < J < 0 


(«) ««i (J) r. ■: -i)= fim=* w 4ixi m /ito = /it l > 

fe> /+w = ^ = l™. = &■>+j ) 

(It) / is no« differoUiabJc at -1 because /[_,(—l) jE /[_(-! J; 
nt IJ h^r^use / ' (U) -)i /yiJ): at 1 because /|Jt) /yi) 

ifx-^ 

^(a)jf I <-i,m= 44-4^3? S:> 


J 

V M -J ^ ■! i 


-t a' 

3 




(W TMK DERIVATiVt AND DII’KKK l , .XTTAT!ON 
f{c) j(0) t* l/n, + lj- 

m fm =- *s -—— 

(t.) and Si ;'_m = /',(!} - *l"r*(- r + 1) = ’I 


*~i+ 

] bitiUM 1 /!_M) i* /'+("!): 

is,h; at 1 becsUia* J’ + ( 5) Joes not exist 


(h} f is not di-fferantiabSe at - 
,il 0 b not f. 


] (h) r i;i not differentia W= a! 1 t*caifsr f'j'-'i f= /+(!)■ 

-g* 

*» if —1 < i < 1 

t* - 1)^-1 Lfx>l 

_ Z^ldzil= I™, Jti 


(J)ftii(i(a) /l(O) = /' + (0)- K 

. JW-JM- 


■Ai j rr t f 1J I^ni exial- 

K and having ilsM uiven properfe. 

xrfjii n and il-; /(- 3-) = — L- /{U) — 


is diiTtJT^i-tlabJt: at cvrry number car-fpi 

- -- 


KsctclsC 29 


Expirim 2 b 


LlMr^^ae 27 


J 

v-tc - IJ 1 ^ - ] 

2 

r 

■*-i 

, /-- 

' /-L 

i 


-S 

/ 

■ J"-r 2 



a DtmJHKKTIABJLITY AND CONTINUITY 9' 


n»r Tange t>r / is li, /' exists M —2. 0, 2; J(—2) = 0: /(-J 1 

. -2) = I? /;<-2) = —1| = -V, r + (2) - i; Bm /tXj ~ /( 

T—4Il * 

of J :k- (—cx,,+ J: / In h liTTbrczLlaabte at every number t: 
1- /(S) = 0; /' (9) = 2! /1(4) = L ti /^WW = -oc, 


*Pl 0 and 4: /{~aj = 0: /(U)= -f 


ir + 20 if o <4 

164 +4 if t > 2 


Si —^ spill of Ei. Llv32t di^tcjiLliabJc aL 27 A.h f min, r(l) m is the rndi>tB. rf4} 

K- /(0-/(2) .. (4t a + 20) -36 ijt 

tfJ - “ <_ a = A*?- L —fcf-= + aj = ifl 


(16^-1.4)_ aft 


n dlffeTyriLiftbte 2 


1 and S 


/ i — 1 ^continuous. 


' _ J£ ^ g ^-1)-~2 but f'4-l}= 

M Fmd b so / it continuous at b, (b) Sketch, (c) [% f differentiable at 


/ «-eJ3 be continuous at 6 if G/£ — fr‘ J — 7: * 3 — 7* — C — 0; (b - S)(6+ |){i + 2) - U- 
7 QS / t& continuous ft! br b =. :1, - ], or -■£ since ft > 6. onlv b £ is wlmtSGEblv 
f, fm- k™ ^ j W(3) ^-j-2 _ (r-iHx + a) 


1 ' Hence /'{3) do« nor, exist. and / is not differentiable. at 3 


U . Frovfl (a) /'_((!) *nd /' + (fJ) do not <-xidt. 

9 (1>] Jiiii_/'{*) = o and [Lm f(x) — (>- (c) Sketch 

lim " l "-^= + oo: - 


<b| lirn f(x) - lim n~{^l) = Hm Ian - J r, - - Lim 0 = 0 

x tt e-O" W* 1 ,-,0" Ur- .0 A* J r—O - 

lirn [‘{*) - lirai [^(1)1= lim [ = lim =1} 

*-0 + J ^n+L^-u^J j;_rfj+ 

{ ■ji" L-p u y 1 

ax + fr if J. > ]■ Fij3d 42 arid 4 / ‘ s diffepwatSabEc JL I. Sketch. 

Fa?- ewnli! i U it j 1 ii<^| I s = a - ] +t. 

/_ 1J= linL^^—^ - lim * ' i 1 = IStn (*+!) = ?: 

■ ■_ n„ I \*)-/(!:• (w+ti-tn+0 


/ ^ ill t>c dinarentinblc fit 1 sf c = 2. Since a-\-it - \, ilsejL b 


Find a and b F-ncV ili^.l / i-n ilFfTrrrnhrable aL 


2. = 2<£) 2 -l = 7, lim_ /(*)- Um_( M +fr) = 3ad-^ Ucu /{«). 

?-*2 i—i Tm -j + 

Foe / to be diHereniiable nt 2, f must be ocrnttniaous at 2 so 2a + 4 
■•-it™ llfl i im («+i)-7 (o-r - 6)-(2« + 4} 




\ 

1 r\ 

: / 

T V 

\ 4 

/ 

\ 

L / 

\ if 

-VC b_ ■ _1_1* 

-4 -3 

■•T 




H-fcg TH e DERIVATIVE and differentiation 

/'.(!) - lim fin tim lim S( I + 2) = 3 

J" weEE be diffextiftf Lftbtc at 2 if /‘[.(l?) = J H-) L a — ■&- Sif^e -& — A — 7. ^ — —c f■ 

h\ Ejcndw 37 4Q, treat the vAt-lfible npresen r>! ■■$ a. ia on negative inlugw aft if it »'Eri; a iMEm*£atk? ren J number. 

37. A trip » [or up w 250 student*. For up to ISO uuiAruU tbr m*.t i* *15 per atudenT and decrease; by »•» P« 
£tud*iit for each sturlrail utrit lit). (a) Fsrpress the Income an function f of the number of students, ,» Prove 
that f is ccuitlittioti-' on Its domain. (c) If / differentiable at iu07 
> fir let /{xl dollrts be the gross income if Jf students ipp^I* Hie trip. 

fisi ifQ<*<160 ns* if 0 < sr < 1 ju 

- jits- .nrtf«- ii»)ix if iso < * £ 260 m.Sr - .05x 2 if 250 

(b) /( i.G0> = f n( 150) = 2250: lim /(*} = biT^_ 15* = 10(130) - 52S0 


lim . /(*■) = lim ( [1&-0.D5 (t ■ IW)]»= 15(150) = 2230 
Fb^efur*, - 2200 = /(ISO). Tims { ia continuous at SoO, 

^ 1W J(«WjlM) _ lim i^p = | iE „ JSfel^SU lim _ 

x—Jeifl r ..,| 5 (> - c — 1&® ±—. a&o” *^1^3 I— 1-1 m? 


;l(ISO) - LLlu _ 

T-—ISO 




15 = 15 


fohJW- Urn 22.5X n r ^-2250 _ ]]m 

-TT7. - — UJJI _| 


-.05(^ ^Qj + ^DOO; 


■ ISO 


-viir 


ino T 


r= FM 


-mix- i&o-X-r — son; . 

= lim - - --= lir 

- -na+ £ ~ 1J ' ! 


-M{&- 300) = 7,5 


SinrM /1(L5U) filhU) d<H» not exisL. 

3%. Da Exercise 37 If icduriimi pet BtiMcni eei of 1 3 k $ti- 07 _ 
p» (*\ [j-t /fffl dollars be tine fiio££ kEHWi»K if = studentr; miller ihi trip. 

- --- — IT0 < ^ < 150 

I 25.5t - .Or* 1 if 150 < j: £ 3f>0 
3m Iot = 1 

__ r-fIW - 

Lim /fan} = lim [lE> - iti% - IfAfe = 1 St = *®» 

fhet^nre, I Llll^"/?j?'i = 22&0 = /(LoU j, Tjiuft / is cantinu^in At 150- 

lm M JW-^ t5l> > = *L lim i^M= »» 


■,eLi I f I f. , '.J'JJJUL ? ■-■ <-■ - ■■ -■ n' - - - 

rt , hsx if 0 < * < ISO _fi 

Jli) ■ \[I5-.07t*- 150)]* if ISO<J £35fl 1,2 
(b) /(150) = 15(150) = 2550; Lim /(*) p- 


-1 Ml" 


~wr 


-1 _ 




lim 
x—'1 W 


- jr — ISO 


15 = 15 




Since /U1W) {/ (15U}, /'(ISO) Hoes not exist. 

30. Each tree prodnera «00 oranges, at up to 20 trees per acre. For each Kiiditional tree per a«c. yield |«t tree 
dteerrasci by 1& orangfs. (a) l^cprem- the number of oranjjni as a funeiion /(*) of the number * of tree* per 


acre, (h) Prove / i>. continuous, i,c) k / differeuiiable tit 207 


, , f EOOi if 0 £ * < 20 

{"/ J (* I - |[^on - 13(x - 2f|)]iF if z > 50 


fMOx if 0 < j- < 2(1 

! \«Hl* - Ifa* if 20 < j; £ 00 
rbl ff->o) _ (iuOfiO 12000; Jim /(xi - lim_fi(H)z = 12000: lint /(*) - lim (900* - 15*-) = 12000 
Tlterrfore. lim /(.t) = 12000 - /(50). TLus / i* cmitinuoua at J<H>- 

i'-m- wlBte^fiac Hr = llm sdft=M0 


X- 2ft 


r—20" 


m-rm) _ 


IeeeI 




w^vr 


x-20‘ 


i5^_-iaow-Wd™h:" Mm ( 15x + W ) = soo 
»-»+ 


r+i 20 )= lim - , f r - 

+ i—tn + »-3u f 

Since /1(20) * /1(20), /'(50) du« tiot exist. 

30. A d..(-’s annuel dues Is SI00 per member, !«s 30.30 io< each me^bfi over 600 and plus SG-50 for each 
member kss than OOO. (a) Find a tnathemarioid mndel axprrs*)iLK the riiib.s revenue /(*) as a cunetjon or tl.r 
uumher □; of membcrB. (b) Prove that / is tuutinuaus nn its ttuntaiiL- (e) Is / diflrmnr.iable it 0007 



2.2 DIFFEKEJYJ (ABILITY AND CONTINUITY 99 


*■' J{*} = 4khi ^ - finis)] - T(m - ir) -• mi - p, OiK soo 

bj *nd iz} Refuse / \a *t ]K?ljjicnniuj ii. i$ contiiiUQiis and differentiable on (D,£DI}). 

L,i /(*) -1 i L Find f(£) t xj£ G- 

If J ^ G. then since \r\- \fr 2 we h*v t \x? - a : 2 ^ 

/'fr) = lim /(* + *S)-/ , (* , ) = lim ]iM1 ^f^l-Uft^ + Ajl+lirl 

ij—1> “ fir-U ^ iix—*-D ^Jf(|* -+■ ; + 1 X j) 

= | im , ,; m _2^£+JA*f_ = Ei + A* _ 2 j- _lrl 

fo A^(j ac + As |4|£|) ij—n A^(| x + + dr-m 1 1 4 AjfpFl z| 3x1 1 

Si™ /(^) = S^Ji ft 11 *! f f \*\) l - *i i- 3 i* 11 an intc£ci. Piqvc that / r (jC]) doe* not exist if 7j pp rin intent, if rj 
h aii iidf'iiisr, w|j<n tan yon euy about and 

if -"i ln ml ah mti^er. iJten Unite ra an inieger K inch that N < z-j < N + J. II^iu:^, l>;,- ctrliisiiinn, /{;. _i N. 
Furthermore, for aft a such that N < * c N +l h /(z) = iN_ Thu?, whenever N < r < 1^ + l 4 /(z)-/f<r,) - 0- 

Tbtttf* re, /'(*]} - Lim = Jim == 0 

‘ r “ l [ r E i i-hj 1_T i 

I.sijp;, if Jij is jlenI an iuiegfr h furthermore, if *, 3s an intnget, r.'irs- 

lim /(a-)-Ti and Iixn /(z) - - 1 

r—■*■,+ x—’■jj.— 

Hena^Um f{x) docs nol exist, and thus / is diBcontimaou? at x,,. TCy Theorem 2.-^1, ikiB prove* iJiat f f (x L ] 
does not oxi*t if is an integer. However, if z T is an int^r, tln-n 

- >, _ i;_ /( *) “/{*l) _ 1i_ (?i- 1)-^| _| 

r~( x i f — l3in — ~ _ j = Jim --— -= Jim “—— H-OO 

j—““ ■* ■* | p mmm i ^ ^ Z — x | — j] j,| 

/,■:*!)= i™ ism JL-e 

J- , ^ 1 + z £ J ^ ±[+ a —Kj x .^ e ^-i-2 - 

/(rj=.{*-l)fcj 

:• /-(i>= i™ lim £i_iMz^ = . M = i] 

*—] r ‘ 1 a 5 " 1 j— i~ 

^ /+f 0 — l^ 4 J ^^ ^ ‘ — [zj — 1 (u) /'!, (1) ^ / 4 (1>^!«? / r ( E) does atol cxisl. 

/ - (5 - Plot Lli^ graph np" / for x an [ L.f>]. Find, 31 they ^Esti (a) r^_ru); fb) / 4 (fi); (cj /'(b). 

{ (5 - x)4 if 4 < p < j 

(& —*}5 if 5 < i c fS /(5) = 0. ____ 

-b Ik X ._ Ij 


W ^ = Ji II L( ■-fl) = -1 

/+m= iim k < 5 ;V° - 

BetauM /!_{h) ^ / 4 (S), ihen / J {5) doe? no: Cidst. 

/ n - {x — a)[x]; a, is A3LJ- ijjtt^er. 

fU-) - B*. = lfm_ = | im W = j 

J-H-O J--TJ 

■I - Jim = lim' H=^ »/L(o)-S-l = f'Ja}. 

-r — jo T 


1 2 S 4 A 0 7 


Lf i ^ CT fp) 

r f K n duc ttifll- if ^'(ti) tx.lsLs fii]), / as oo^tintious at □. 
il j 1 = a (ii) 


{ $1*) ~ ffOl if ^ ^ ..-j 

, r Prove that if $*{*) «mi? [iiij, / as o 

fffa) iFf -a(LL) 

_ _. -'t- 1 ') — ]^ o /(^). Theref&TC;, by Defirtitinn / is continuous at a. 

a If /(j) = Jjt! and /ifz} - Ht| then [ / - ^(jpi = i« I'd? aLL Eiumlvfrs. 

[f Ffi) = J -i ftfid G(je) - jT j then (F + G)(*J = 0 f« r ^ D. 





THE DERU ATLV E DIFFERENTIA'] LON 


SJ THE NUMERICAL DERIVATIVE 

Syrnmnlnf: rafferctLW Quotient m n i» + 

usually JT 3 i£r h r^ler 1 han tV ojdiruiry different l 
3 £.mci]mr 3 AppitNU/bw a LLm.it Vr-ho:: f*{a) du^ liOL- 

tcili 1 r? 11c:tr. Wli.lt July toLoTan<i\ Iberrauis ■ * fa 
sLiilLI used a fixed tolerance of 0-0(11. Thus 

__. /(H-0-001) /(*-MOL) 

N13 ft*). ±) =■-- N.fmiH-- 

Note Lbat ECiiTH’ graphics s&fcnJators c.u*. plot i'u- !. 
and give Ute vbIiiit of NDER in t "M*? r >l*- r ^ Lu -- 
rules of diffcwntiKtiuji to get- (a decimal txfltegiian 


) wtuiiS y 


NDER to find Uw* slope rn il.r Ung^: line to / ?n. 
iLicent i:nc T; (c.) plot Un* tanged line Juid the graph nf / 

* y L = /(2) = U = / f (2) = 2- !fc V = 2(x - 2) ■+ 1 = 2* -3 

= o jf, =/f-i)_-l.m=/ J (-l)=i.T;^^( lf + 1 )-l-4T4- 

4.T; y = = 4r 10 


10- jF(je> ^ 2 h L i* - * ; *j = - 
Ll_ = ^ = 3 

12. /(wj =-(S — J:) 3 + 5- ^5=4 
t - /(4) - (-2 - 4) a + * = o. Using NDEE we End tn 
Ttiel^foie the equal Lon of i h-* iwriter.: line ;■= 

% — - 4} 4- &, if = 4at - 7 


4 

l 

i fc L 1- 

_l_ 1 < |!_j- 

"I 

-2 

-4 

n (, 


(*'< IsirfL' ife 2-1.£3 
(&) Exerr.ist 20.34 
{a) Ex-tidse JO^9 
[a) EmkLk 2.1.4(1 

r lf' Esercisf 2-1 
b) Exercise 2. L.iSfi 
L-i Exerr 1 > . LA 1 
bl Excrei^ ! l!.I-^- 

l 

( 

< 

:j 

r- 

i i I E 

■1 - 

*L 


1 - 

- -+ 5 N- 

I J 1 

-s 

'A 

-sl- 



!L . _ 

-4 ■ 

_ 


Lti 


1__ 02 

*i =.ft-*)-■“ T+t5 $‘—I ” 

? , n = fX-'l) = Cl.04 (usin£ DERI) « 0.0400001^6 (using K) 


ThcrttJWe Use equation ol the langgnti line- ^ 
jf - 0.6i{z + 2) - M* y = to-Mx + I-® 







THE NUMERICAL DERIVATIVE 101 


. t. / ij ■ ^ ■* an f: = 1 

* L'j =Hin i a* 0,811 h. m = fi 1 j a? |.tfl& T; UHlfi(r- l)4Q.K1lS = KffiJJSr- (Ulfci 

► 3. f^r.) = Tj - ■? 

fr ^.4r_Lii 2 ^ -KGG4I5. r?r - f(*£) ^ - 5.361 l£J. S', jj =s -5.301 B(> -2) - I .(HUG --5,301 dt 4^9190 
/U) = i),x l = 2 

> x-'j - Sint™ 3J * -Q--4042. m = /'(*) « -0^317* T: y ss -g.$31T{a - 2) - fl .40-12 - -O.BllTz +1.25 
20- /(*) =i lai^Bin i); — 5 \ 

fr jr^l = tan(s2it S) U. 1421 

m - /'(») --I.UII 997279* (tsi n B DR R1J = -1 ,009972967 (■» iiLg \ D EK j /<\ , , y^N 

Therefore ihe n]un.licvn nf ihs r ,;-ax.-J*;:i I linir li apifraxhuAtely 

If r- - 1.0lQ0(f - 0) + CM “121, tp -1 .GIOOt + 2.1720 - 4 1 


II and 22. Prove r.tiar if / if. a linear or quEdraisc fund ion Ijie r. is cjtaelJv /V 7 

* L*t /(^l - a? 1 4 6i 4 C (a ttiav bn Q)_ piDf:ll(/ji),i) = /( J ^ Az } } ^ ^ 

_ j 4 i^s) 3 + &{j ^ Aa) + e] - [ate - Aj) : - - Ag'i + c| 


as 2 4 2nsAs 4 a As y 


■!/r“Ax ■> 31iAx , , 

- 237 -" - 4 * - J {*) 

■- Exercises 23 -2ti, i‘a) plot / and NDEE(/{j) 1 r),. Lor what values ol of -r is •'!?} NDER > 0 ^n:i {r.'\ K 0 E R, < 0'- F 
Fc: wiiai Of * doe* /(*) apptAr id he- (d) ittCMMaiig y+d (*1 Lkei-easih-. (f) Com pah; your answers in parts 

5 .ijid (d) and in pares (c) and |V|, 

■ > ff] The answers are identical; a function Increase if i is derivative f f is positive, and deetcMcS if f r is negative. 


/{tf) = x* 4 ii » (b) and (d) r > 0^ (e) and (c)- s < Cl 

/(x) = l/r^ &■ l"hr fi?5:in; At Llif liphl sh<>w JT dark Acid / J liujS: 

;U) and (d); NDElt > I) and f{x) it dteieatiji.^ Lt' x < D 

(el and (*): NDER < 0 yjjd /(^} ps decree'::+ Lf x >0 

/(i) = V4 — t- i b) ajid (d) £ <. 0; {e) and (e) £ :> G 

f{x) = — -t & |h) and (d) ^ > 2; (e) and (e) r < 2 


r r-f-t /(xj. - x' ; . Corn [Hilt: NT)ER[/(x) ? Cl) itr.i ! PV]ii ;-.i r. why if ■h-k i-^l .-i rvt*-n ihnn^h / r (0) di>rs eiof ryist. 

»- NDtlll - (.001 I/ ' 3 -{-.QO:) l/3 V.aU2 = (.J - .1 /.Utia = ll>U. NOSH. iJwiji hiiwr wt Joa’l ilivide by (J. 

i± Lx arises 2y ^nd 29, ->1 sho^- that /'(0) dons no^ exLeC compute Cs r DER(/(i),0) (b) by I’oTmuLs (4) an-d ic) by 
aSsLLioir. (dj Lxpiajji why !SDLR exisld. (e) riot Lh* ^rjpti *>f NI>Kli{/ix\x.. iO Comp*^ ib. b^liAvir^ ,ll 0 
r.‘+ the result <if fa), 

a r 3oo| ' 

* t*) /'(0) = i^Sxir = !la-is = +3C - ? m 


•.( «od w ' -2si.i 

:.) NUE31 aJvrays firsts sjcicc we don'; divide by U 

f: The figure esI -he rs^,ht -sJiows NDEH d?iTk and /' li^hi 

W /!*} - ^ /3 - /'.(0) - - lim 4- = -«s /' 


■■: ■.VLS.iy / i.-; 71T\ rvrn fnnrhiyri, NDE R{/<x) h 0) 


fh-H inennflifiteney In Eveicise is hecauge the graph hns a cusp at the origin. 





m TBJi DERIVATIVE and differentiation 


2,4 THEOKEMS ON DIFFEKENTiATIQN OF A r.OESR.il[C FUNCTIONS AND IJ[G:iL.U OHUBK-DEJIIVaTIYES 

The differentiation formulas that are proved in this s&at&P ilifty tw itsed to differentiate any 
rational function Anri should hr memorised. Algrluai^ ftmetions am discussed in Sorlfod 2,9"■ 

If r a rcrslajil. 


2,4.1 Iljmrpm 
ConstauL Rulis 


5M-3 Theorem 
Constant Multiple 


2.4.4 Theorem 
yum ruk 


2.1.fi Theorem 
Pmcfliecl. rule 


OcncEal FruducI 
fUlt 


f>^)=d 

‘The derivative of a <-..ux^viii mid. 

IT e is a. constant and if D x /(jc j sdlt$ n 

oj .*■/(■)! = *-iUW 

Tk* derivative of a constant limes a faittt.ior is the constant limes lIh- derivative of ike 
function, if this derivative flKlstS- 

If Dj/fjr) and Tljri^^) rx&lt 

D J/ffc) + jjf^>] = 

TIk 1 di L ri^n1 J Vf ot tEit y:u lli, of FutwtjLi-ijs- is i , .Ik jfurn of tiinif derivatives, Lf these ditrlvfttivo flviat. 
This rnfe holds for uny number ufUrmiK 

lf D a /(z) and D r j(x) +rxUt, 

Dj/(x) - rfx)] = /<*) • D^fx) 4 pi*} - bjix) = D JK#> ■ ?i» 4 /(*) • 

The derivative of the ptndw.t. of two functions is I he find ftmr.Lion times the derivative n-f the 
sei’otid function pins th-n -ccond 'ruction r.imcw the derivative of the first functimE, if the-:*- 
r>ri vn hi vrs rjnfiF. Warning: In thft first form, (he pnxluci and quotient rules have their ten ns 
i 1 'aifrTL-1ir-Lii; in tin- wioiui farm fhe p-roduri rTnd qumirFit r.ifaji are in the same cider. 

(Lxmi™: 53-) If /( rj. fd'r). A(^; .iff dififlienLiable. 

i/(x)**)J 1 {xi]' = /'{*>•?{*}• «.) + /(x) - /<x) - fc£*) 4 fi±) -*»> ■ *'W 

in the Urn term, w* differed fiate the tits., factor. in tfav w-couid term tv« differentiate the second 
factor, etc. This rule hotels for an y number oF factors. 


2-4-7 Theorem 
Quotient mle 


>$3H 


2.4.2 Theorem 
Power rule 


[f and anti D^t-r) then 

g [x }. - / M • D j fr) _ djm ■ j(*) - > - 1>,ri* > 

DjWF - " toF“ 

Tjir cirri votive of i3li! g] uc>t J^tTi t of two functions is r.h^ denopninnlur t-inies Uift daiivative nf tlw 
Liujneratof injitud- t^i-v niinrcr-itor Fimr^ thr rU'nvn*.;-m* uf ri^nominAtor.. a i divided bv the tqinr; 
of "■lie denomicmtW, if iti* J d^irivaLLves e\isL 

ff r u a poiiii^ or f iu negative Lute^er and £ 0. then 

Dj i i& r } = cr* r - i 

A power in the denominator k mov-cd to the numisraLo^ cJfcangitis the ^-Liaii of iia cjrprairm.. J fur 
■formula for Lht doti votive of tho power lime lion was proved only far I lit* ea^e in which IV | 
rKpoPenr. r is ai-i inltgcr. In Brecon 2..^ wc sJ:o^ - that the fo.tJTi uJa h*Uls when r Ls any raLionc. 
number, and in bceiion &.h wc show thnl it is valed. when Y B nny real numhrtr. 


Hi^ljof Order 
l)etLvalives 


When convenient, vt-r- rrpfarr ji g^iv+'u prptliirl. t?y -in i^jniivalent sum before dllferenlu 
inIj, hwTJiaiifl 1 Lhr fomiulu Tux Lti*: dvrivatsve nf ^ F-iim h w^ior Apply shan "he formula for 
derivative of a pioduct. art ilhiitrared sri Kxr-.rc.ixr. 2D. Abo, if pofisiblo, ^re replcvfft A 
quoiienl by sjj equivaLoid ^uin Inafui-i* dilTEfiifn^iaiiai^, di illustrated in -32. 

The first derivative of the function / is denoted by the second derivatj^r of / ts the Ftw 
derivative, of f f ynd is denotKi hy f*\ the third ddrivativi! of / is the first derivative «F / J aas 
is d«cL-nt*d by and so foilh. provided these derivatives exist. Jf p± p$ an stiLetfef Krealer Lhte 
L. the nth derivative ^f / ifl denoted by f i r3 -, and / |TLj i-: Hrn( derivaliv-.- of p n ~ ■. 

Furthering if ^ = /f^)-, then = /?(*)* = Al11 ^ w ® 



*1A THEOREMS DN DIFFfcRKNTtATIQW OF ALCKBRjUC FUNCTION;* AKTl nERlVJTJVRS OF WC-HEH nKPt-ifl- 


Leibniz Rule (Ekctcls^- 56 ) If all derivatives eaisL following the pattern of the birLDjn.iil theorem 

UsY = f'e + 2/V +Ff. Us)" - f"s + W + W + //, ^ 

£rrreiser Jt?. ^ 


Ll Lxrr rises I -24, diffcrentsFitc the function bv applying the Itoenicms of this scctinn. 

11 f'ix) = 0,0 5) = 0,0) - 0,(5) = ? 

S- e'(i) = U,(K - 3fJ - tys) - 0,0) - -3 

S ff '(x) - T>,(] - ‘ist 2*) = 11,(1) 4 0,( O' - ]> r ( s a j = 2 2i 

It /(i) 5 = lx?-Mac 4 1 

I * /(*) - D,(4* ! ) + D,(te) + D,(i) = 40 !_I ) -!-.ta^ S_l ) -I-D ^ ai -«-4 

i- f'(s} = D,!* 3 - li ! + 5* - 2) - D t {* 3 ) 4- DJ-ix 3 ) + D,(5x) 4 D,{“2) - O fix , 5 
1C. /'(x) = D,(Sn:' - 5* z + 1) = D x ( 3* 4 ) - D,£5* J ) + fl r f i) = I - l Ox 

- m = ^ s -* 4 >=iMF> + o T ( = r 4P 

I t. „■■ x) = £ r - O 4 5 js 3 - 7j: 

» /(i) = 7t T_1 - t(j«*- l )+ Bfa*- 1-1 )- 7(* 1-1 ) = 7j£ - lO 4 0 J -7 

: t ro-D^^Vo^iVn) = ' 3 -- 

It H'- ■) - D^ - . + 2) = D x (p») - D x (x) + D x (2) = x 3 - 1 
n ■■■ t; = D,^ 1 ) = -lirr* 
p t;:y) = 3f m + V'B :! 4i 

* G'(ff) = I Gy 11,-5 -i- Tfgy®- 1 ) - Sy 3-1 4 0= lOy® 4 35y 4 - V 

U F" z) - DjV 4 if 4 4j) = 0,0 s ) + 0,0) 4 D x (* - *) = 2r + i - 2I- 1 = 1z 4 3 - |j 

» / *) D ^T + ^) X* - r S -^ 

* I (*) - “ jji) = D JV*) + ] M“iO “ 1«* 3 -r a-* a t6* 3 4 4; 

ft. />- = r 1 - 5 + a -3 + 4s~' 1 

* = - Q4{-2>~ M J =-1i^ - Jjr J ~ Igs" 5 

t f .2 - »*$ + 4[) - O= -Was '-202 4 = J-W 

P H'-) - ^ = 

L / s = D.tv/SR 1 s ? )] = v'30 ( i> :i S a )= 

* p- - &Z 1 4 5)(4*- ]) 

| fc V- -Knn*™ ff(?) a-! j and hh 1 the sum rule. 




ff*{r) — 24r* 4z ■+ ^13 


L“ftNATES SOLUTlONr Wc use the product rule- 

f .- = 0*4 5)0,(41- ]) 4{4r - l)D jr (2i J - 5) = (St 3 - 5)(4; 4(4r.- I )(4x) = 82*4204 IG* 3 -U 

= 2-lx 7 - lx 4 20 


S. r = D x [(2r 4 - 1)(js 1 4 fe)] = (Vj: 4 _ l)U x (ja: 3 4 &s) - ( 51 3 4 OzJD^Sa 4 -1) 

= - I)p5i*4fl) 4(^4ei)0' 1 ) = 30 e # 4 12* 4 - laz ! -8 4 ■10z ll 4-4 1 tr' 1 = 70i*4 OOt" - 15z*-0 

- r , x 0,1(41*4 Sfl = 0,((4r ! 4 3)(4t ! 43)1 = D t O*4 3) 0*4 i)4 (4^ 3 4-3)13,(41*4 3) 

. 'f](4i 5 4 3) = S4 p 3 4 4Bi 



lO'l THE DERIVATIVE AM) DllTEkBNTIA HON 


a. G'{y) 0^1(7-Vn = n„[(T -■ 3 K *jj -(. -> -w i + u-J> )«V' “* 

= i ,7 — 3/) (.-?* 3 ) + (7 - 3 V *) ( 9ir s ) = - lS/{7 - Jjl*) 

24. Fft) = U* - 2t 4 ] }[2* 2 4- 30 p VIV s!*f i3«n product rule. 

F'ff'i - {t 3 - 2) -t ljnj^ + afHtS^+^i'lMi*- 31+ 1) = (f 1 -- 2( + l>t+( + 3)+ £ 2( 

- 4j+ _ 8i ! + 41 -3- Si 3 - 6* - 3 + fit 4 + 8( 3 -11^ - ft) = 10s 4 +l2t* - l it 1 - Si + 3 

ALTERNATE SOLUTION- PiTtt. express F(t) as a sum aud tli*n cUneieEtiit#- _ 

p$ _ 0$ + 3 t 4 - 4 t 3 - 4 t s + 3 r F'( 1 )= IDi 4 + L 2 l a - Vlt *- Si + 3 

In E*t'hriftea compute the derivative. Iia lixcTc^ S5-A0 n check bj plotting: your 

23. n x [(* 3 -3* + 2)(2x S +1)| = (*' - 3* + 2)D J {2/' + !)->- (2* J 4 t.)D^ 3* + 2) 

= / e 3 - 3 j + 2rtfe*) + (2*^+ nr2i - 3} = e® 1 - i&z 3 + iz* 3 4 4 ** - a * 4 +21 -1 


lid NDER, 


c- W* u^e lit? rule. 


11 +si 3 r 

derivitivc; <nF k sum 





i_ 2 4 

-2 

- 

-4 

- 





2A TJtEOlULMS ON DIFf EngNTIATlON OK ALGEUKAK.' KUNCTU3M3 AMD HIGHER-ORDER DERIVATIVES 

f t** 4. !)(*» - 2s- 1 4- 1) 1 _ D [ > + ^ -f - fcr" 1 + I xl _ p] ,« + **-&± x - 2 , 

L ** + 3 J T ~^+T~ *j \ ft+Tz j 

j 3 + BjQD^ x* 4^- I 1 + J -2l-(^T^-f , + i- 2^ ** + 3 j) 


(x + 3x) 3 

^ + 3r](6j 5 + 4x J - 3x J ■+ I) -(i* + r 4 


3x & + - l -fe 

(**■ + 3*? “ aV + 3) 3 

Eserci®^ 37 and 38, Sind all the derivatives of f. 
fit ) = $ x s + 3x' - 2i* + &I J -#I+ 9. /'(*) = Mi 11 +12 i 5 - flr T + 10? 8, /"fx) = 12(l/'+ 30r : 

fix) = WO^ + T’x-- 12, = “20i + 72, / (i> = 129, / (l ‘V) = 0 if n > H 

fir) = 2»- f - * A 4- fw 3 - fix +4. /'(*• I = - S* 4 I 15e* 8, /■'(*) = M* 1 * 20** • 30*. 

fir) = mf - «IJ!» + SO, = I B«l* a - 12fb:, = 0040^ - ]20 r /<*>(*! - 10080*, 

}■>(*) = 10D80, f'\i) = D if n > 8 


► = V.MM*-!! 1 ' 5 )] = K H ’) 

= D^fSOr 3 - It - T 1 = D T (OOt 3 +14*--^)= 120* - 112±- -9 
Check by plotting yonr uif-fci and your calculators SWOiid derivative. 


b. Exwffiiflca 41 And 4^, find 


i. sSr 1 " 1 —,/ = H3 x“* + x *|T = Gf -4x‘ 

la Exfi^ts^s 43 4£, find aei ctpahinn tf the 1 .iij^+iiLt line or iiomial line, ai the point. Check by plotting the Line 
and the curve. 

4J. y = x 3 — 4. (2 s 4), tangent line v- Let J[x] - x? - 4.. Then f f (x}=$x 
tadgeiot lino fcbS dope 12; 30 an equation of the tangent line 1:5 ^ — l2{x 2 

44, rj = G/l>" + 4), (2 a 1 )* tangent line. 

> Bce&irJie 1-br slopr of th' x tangent line is Ike vaiuc rtf r.hr derivative, 

S V $F i-4)-0-8(2?) -J6x 


12. Thcrefoie lb* 


Th« e f 0 « «.{25 = jt 4 jp - -g 

Ttw; liae coataina- tira point 1 ) and ha* *k>[w 


A n t^pL^tirtis of ti™ linfi i* 


TJtcn /(Vl 


(4,- norm al tin^ &■ Lei/fi) 


y(4) = J - 2 ja' P ^ e nOFinal Iiik at (4 n -5} hri« ^lopf —a? its oqiulion hs *j = —— ■!) — 3 o r jz —- ”■. 

4fi. j 4x 3 — kx r (1,-4), lLEiiriiiJiI Lihp & /ir) = Si-:. Th^n /^-r) so /'{]] = S- TH* xinriMAl lirn- rst 

{1.-4) has bLopc- -^: i<j iLi etusaLiou is ^ — 1) — 4 or — -^x — ^ T -. 

47* Pl:lJ an ^quatiuii Ejf Lhf I Lcli>- .^js^::l y = ■!.■■ and 1 iAr. 1 l I el tn r.he line 2x y H- 3 = fl. 

p Let fix) — 3jc 2 Then / J (x) = 6x - 1. Th* given line ba* the eouatian p = -K I! and has slope 2. 

Z^X) =i when =3 SO JF= ]- Sip^e /(l.) = -L the dtflired Ihip {L-l) h^ 

slotw 3; 90 its <jau*H&n is 0 - 2{x - 1) 1 01 y = 2x - 3. 

48. Find mi e/|tJtttion of eaeh m the tangle IiH^9 to = j 1 - + fix - 4 r.hitr 1* ^n?allel in 2r - £j 4- ,1 = D. 

Cheek by plotting the curve and the lines. _ ___ _ _ 

^ let Lj be -Tine of the ret|LiLred lines ajul ,eL be the poltit at ivhich L, " yff 

is UuLgcajit ho l.he eotvt. The slope of Lj is given by m(xy) = J. - // f 

-* ,t +s* + i (i) XJ 7 

l x + 2 j/ 

., . r',,4 -j-J- l/) L j— 1 - I , ,, I—^— 1 —L-* 


Oeoaasr 
L ken 
and 



j^l 

-A 

-z 

-t 

- 



' // 

t. 

; 


- // 

2 

j j ]/ 

f/ 


L" J 4 tf 





1 Od 1M F D F R.IVA Tl V ti A ND DUFFS RJK N T1ATIQN 


Because thp'jlofw' inirt-rt KiNr. form of the equation of the gjvc-u line 1 is ?f + U, Ihe -of this- line i* -- 

Because L x b parallel to lhtgjv*n line, the slope of L, Is also 2. Therefore, **{*,) = 2, and by Eq. {2} wo have 

2 = * j S - 2 J-t ■+ 2., Tj = & or * 1 = 2 

]{ x t = 0, then by Eq. (1} jj = £. Thit* L. contains (Ih jj) and hi-ti: slope 2. An equation of L 3 is 

- 2? + 3 

Ef ji. _ 3 n - {2) 1 + 2il\ + £ - A. TfcerrW an equation of the second of tin; lequiitd lines p 

y ^4 =2(x -S) F p - 2* 

43. Find an equation of ™.h HdWiei line lo fr - jj 1 - 4r lhai La paralkl Lu Lk: Lime * + &ji - & = 0. j 

l> Lei /(i) ^ 4x. Then f{r.) — Sz 2 - 4. At ill* point (tj-i)) ou Lta curve, th* slope of ihe normal lute u 

~1 —._ “ —-. 'I'he given line h-fis the r5qisatiGU y — —^ ® hence his sl-uTje Since ihft normal Lfllfti 

f f [z) 3ii — 4 _i I i o , H> 

aw paraUel Its Lht- glv^ii line, wr. n1U*t have ^ ft 1 -4 - &; £ - ± - 

Xow /(2j = 0 anti /(—2) — G; sn the rirqnircd nojir&al linrs aw nt ^2,D) Mid {—'i-Ql and nju-h wine has p 1 o|M: 
Hence, their equations are y — —g£t- x + 3^ - 2 = Q and i/ - *^(a - + 2}' J + % + - " 

&fl. find an equation of she line tangent: to y = * 4 - fix and pcipcndlcukr ro ihe lint * - 0. ^ 

j* Tht*. ^jwn line has equation y = * e 4 3 ««id slope i; a ppTprndkular has slope -2. Lot /(x> —i -fir. IIkb 
/'(j) = fi. At tho ypjrjt 00 Ibo ^urve. Use slopr n-f the tftngt-ni. line is 343 J ” L ' 

BecaiiSf/(3) - the required line V -'ifa - If - 5 or y = -2z ft. 

fil. E^ind i*5L v.t [liaison of each line tlir^ugh {/l, 131 that is ’.aupeiL to ^ pmljnl* 6T = 1. 

p Lrt 2i 3 - I. Then /'(t) = 4t. A Hae tht^U^h tlie points P(i| n 2xj - 1) and 13) has^slopc 

Tbis lint will be i@J!gen& al P If it* 4Q* & / f (aiJ = te|- - 3!t ? 4 = 

pC^J4 = Zjt, - lC* q + 14 = Cls 2(* 1 -r)(j, - 3) - 0 » a, = ‘ oi = l- Dow /ft) = 9T «ltd 

/'{7) - while /(I) - 1 and /'(t) =4, Hma '.he cqujtlHmis of (lie lasifiCDl lb:® *ce 
2,-117 = 2S(jC -7); 28i-y-Dy = Cl and r,- l = 4(* - 4x- y -S = 0 

*2. Given /(¥) = ii 3 -T ‘lx‘ 1 + Sx 4 5, show Umt j'\,i) > 0 fm Ml values of i. 
t> / J (jf) =; a- 2 4 lie 4 5 = (j: 4- U ) 3 + 1^1 for all x. 

■S3 Prove ' lie “esii-ritl protlutl rule for llu«. faxtuia. t> Applying the pToducL rule twice, we 

f t/W • j(*H ■ MK = W*1 ■ p^M '■ * t *> + [/(*)■ Pl*» - 

- [/'(j) ■ irfzl + fU) ■ </{*)_ - ft(j) 4 l/fx; ■ - h'fx I 

= /'(*) j(-) hfx) 4 fU) ‘ g'{z) • hii )4 /(jrJ • J(ej - h'(x) 

In IJneiciiies S4-57, use tl.e general product rtik to find the derrvaUvt, 

34. [(i* + 3)(2x - .■»i(3r +2 )]'- i > ; 4 3)'(2x- & Jf3j; 4 2)4 (x 2 4 3)(3x —&>'{3s + 2)4(x‘'4i)(2^ -S)(3x 4^) 

= 3j42 C -5H3r + 2) + (x S 4 3)(2X3j;+l!) + (r 3 + SK3j:-l)Ka) , , 

= {1 Si 1 - 22t? - 21)tr) 4 (#r 3 + 4r* + 18i 4 12) + (Qi* - [ Si 3 +1 &* - 4S) = 24* - 33* 2 4 1 fi* - 33 

55, [(3st 4 2> ! — l)] r — [f3as 4 2J(3 r 4 3K* 1 - I )] J 

= {3x + S)'(3# 4 3X^ - l) + (3x h 2}(.3± 4 2) V - I) + (-^ + 2K ai + ^K* 1 ) 

= 3(3i 4 2){z J -1)4 p* 4 2)lS)(e^ -1) + (St + 2)<3x 4 2)(^) 

=e (;jx 4 3)C^ 3 4 ax’ - 3 4 Cj - 2 4 txl - (is 4 2){12x J 4 4 x _ s I = 12(3* 4 2 + 2i - 3) 

56, f(3^4-e~ 3 Xx+S)(i ! “5)]' , , _ , 

= (3x 5 4 *-Vu + 3)(* 2 - S) 4 fSe' 1 ' + 4 3)X * 2 - 5> + f3i 3 + x- J )(c 4 3)(x 2 - &f r 

■ v j n . t .. . — 3-.J . SAJfi ■. 


= (B« i -ax-' , V*4S)Cx ? -5) + ■ (3 x' s 4x- j Kj + 3)(2x) 

= (S'* s + J7±‘‘-‘l5e 3 - la^-ax" 1 - 9x -, + 15 t - 3 'HS* ll )4(3r s +J" 1 -5x _5 )+ (6x + IS 


Sx + 4 2r _1 4-(ie - '. 


= lSi' S 4^3r J| -fiOx 1 *- l3Sx a -3r -3 4 iOx -3 4 45* H 


57, [(Si 2 + i4l) J r _ +t+1+ * + 1)(2“ ! 4 * 4 0] 

= (2a: 3 4*4 l)'(2x s + *4l)(2x J + r + l) + (S l ! 4j+ L)(2* 2 4^41)W + * + 0 

4(3r i 4i4lK2 j: +- f + 1 )( 3r +p+l1 


= (1*41X2^ 4X4 Df!* 2 4 * 4 1} 4 (2x a 4 * 4 l)(4r 4 + x + 1).+ (2* 1 4 * 41){2* 5 4 1 4 1)(4* + 1 

= 3{4* 4 1)(5* 2 4*4 l) 2 




2-1 riLBOUliMS E>N DlI-J-iiHUNTLATE<>N QV ALGISFJBjUC FDNGTrftNS AND HEftHRFi-D'RF>FR DERIVATIVES LIJ'J 


ie Fiove the Leibniz xuk for th* iiteuad derWativt, 

*■ UaY - liMK = U's+WH - V's)' + </s7 = (/*» + fa') + (/V + // 
If gr = t 11 . prove by mathematical induction that 3 -^ - tj ! 
m- If n = 1 3 t/ =■ ^ aid! j- = t = 13, Now assume the formula is sruc for ji= k 

Tf V = i m , tliflfi D*t ‘p = T)*- 1 = p[(k + I Jt 6 ] = (k + 1 )&,(**) = 

TbiiE the formula holds true kn -i +J mi-d 3l^js« Put any integer ti. 

#(_ -'rik* formula (V) of §2J to prove thv power mle. 

<J «_,- (*-*)(*”"'+a ,l-I i+ —+«"" s + * n-J l 


= Jim{; 1,-1 4 i n ~ 7 z + - . + zz' 1 - 2 41' 1 " 1 fn terms) = in ’'" 1 

f. I'TtfVr That if / m:d are differentiable functions such Ibar f(0) = iS and jjfDJ — tl men f{z)g[?) cannot be x. 

► SwiXXXrjUM*)^*. By the p rot I nr L mle; + /(*)/(*) = I, At 0; / J (0) ■ 0 + 0 ^(0) - 0 / L. 

tl SliO^ Iwi'r t-hr^c ihPOffm >Mi 'Li fJVj-*-l 1 1 i*l i-"ii rliabk uh to dsfICfetaljii.Lt: h:l>‘ potvuoLuia:. 

■-„- n +^_,^ 1 +-+« L *+^r*>Kv*)'+fr„. 1 x' 1 - 1 r+■ ■ ■ 4 + k^ n y 

£| RECTILINEAR MOTION 

2l 5.I DdjJlitSoo If / it a Junction given by the equation s — f(t) and a particle is moving along a straight line 

sa that ^ is the number of units in the dir-rete^ difilanc* of the part-ide from a fixed prunt on 

the line at i units of time, then the jitataiifmuDus tthczlg E*r th« paz-tide- d i mail* of tin it :s 
r maal-M of vtdticily, ■vrh'f'Tf- 


if it. r.vlm. The 

QCHGler&iiQJt* 


ic velocity is called the Enstfln^aHeoru 


Erereiacs I ft. n particle is moving alrang, * hcurizojital lips aocc?rding to the given equation, where s meters is 
■ - rot-r.nJ disLimrJ’ nf I he pari ido from a poini £J ac : ^condi. Find cli-e jjLdzujliiEHiENaH Vi-luril.y f;(J) r::Herx pi-r 
acid at £ seconds, arid then find r;(tj i Tur rhe particular vaiire of 

= 3i J + 4 t<<)=^ = ^ t(^) = 18 
f = S-^«(i)^4i= -2i\ < ; (5)= --10 


-:r -1 t<s) =i -s~ s -e{^ -s ) = = -i 

* i- - n - a particle ie moving along a hoid^onial line according to sht 1 given &qtlAti&n whcic 5 meters is the 
&■ the pnrtirld- fnr^ni 5 j;.nint O r 7 i t f^rocds. The pcsitiw- dircctinr lb to the Tight, determine the 

■■ «: ri: the pa?fieie- is moving to [he sight «.riHl wh^n ai in ctkcivirig ta tin? ]«fi. ALseh determine wh^n 
: -- ■"■' ^n, Siirtdlate \h* mol ion your gr^phir^ calculator, Tn in ond lfi h plot E,hc motion 

^ wrh x ^ s and y - t. 



• 08 THE DERIVA TI VE AND filFFERENTIATlOf- 


f. t S i - l v pgJtink b 


+ moving \& the ijpuit 
(J chiming diiottion from righL to leit 
— moving t& the left 
0 raging direction .Tom left to rigM 
4 moving to the right 


[(■emeu* to 111* n-gsic 
c hanging cUr&etkm fmin right to left, 
moving to lhe irfL 

r.hAfigin .5 direction from left '-u right 
moiing to the rigjfet 

- - 2*“ + 'W - 2 = (I + 2)(2f - l)i 


eh-rngiog direction from right to HI 
moving to the left 

changing el iieetion fiotn ' t-Tr. to J:ghi 

moving to the right 


1 + r 

I he bisUntttFteOUB velocity l=! given by 
^ ( \ (! + <*)(!) 


i, the pnitide reverb direction jo. **hHi of these eimc 
£ ik in e-ieii interval. Thu; uf c is negative ™hrn v 
vr':,^ LI > Q EUld is moving lo Lift when ;< < 0- The I 
>]« iSb give* values of j altd * for specific rcpbocHiei 
y cakalftEfi * and K-q si) to calculate n. 


revising direction 




reversing <]ueLtion 
cnov i ng H .o the Left 


1 

1 t -' 1 ---- 

£ 

U 


3 

A 

— A 

& 


-1 

i 

a 

o 1 

G 

0 

1 

1 

i 

J 

{3 

2 

3 

5 

^r. 


d 

L 



2 

< 



_1_K 

_ "i 

t= 

\T 

-X- -jJ 2^ 

3D 

> 


4 

—— 

-LD -i 


—t; 

- 


TfiULc IFa 

t-« I 

ii+‘ 1 

t < -1 

+ 

- 

t=-l 

+ 

□ 

1 < i < 1 

+ 

+ 

C = 1 

0 

-I- 

i > 1 

- 

+ 1 
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-i j - 1 • (j — ^ = ^ + ** ~j jl * = - ° ~ ^ ^ + j.f(j _ o t = -3 and ( - 3 

“ df. f* _C*)* (Sl-H 2 ) 2 (9+HV lJ 


: i7? ; w ~ Tt 

3-i-t a-t f9 + t a )^ 

1 < -3 - + 

: - -3 Cl + 

-3 < ( < 3 4 + 

1=3 + 0 

J <( + 


particle is 


ft 


4 
+ 

4 4 

4 & 


i + 3 m ds l-« a + «J“ti+!?(«) _ 
f - -I—:■ vw — 


r~4 4' 


f < -1 - 

(= -]- \/4 
— 1 < t <. — } — \/^ 

' ~ —1 4 
:>-l4v^ 


(TO) 2 

| a -*t44 (^44) S 


moving to ilw left 

changing direction frni:: left to righL 
moving [-o the tight- 
dl&ngjng diroci'inn Jtciiji right to left 
moving tn thr Hf 

— I t(f) - U whffn J =5 — J - 

<<“+4)' 

panicle is 


+ nlOVLPE to Lhe left 

+ 0 changing dilution from left to HghL 

-i- 4 ccL/uving to the right 

+ ft f-Kaai gmg direction frnm right LO left 

+ - moving to the lesi 


"Kerci&et &:l object move* ;n. a vertical line 5 ',!ch that *■ = —1GJ 3 4v 0 J +^. i\-h^n- s n free and v 0 fL/fiec 

*r* '-r initial height *nd velocity aud -v ft is the liejgbt aftpj * see and the positive direction te npw:ud. 

U_ a stti.itt ] t dropped from a height of 25* ft. (a) Write iu equation ofsnotior (h ■ Find the vefoizily at 1 and 2 
see. (t) When does it reach l]lc ground'. 7 (d) Hnw fapt. B going then? 

* ,*) VlJ = 0, J 0 = 256- a = -lfti* (b) 40 =J@= -sat, ^1) = Therefore. 1 sec after the stone i.s 

drottptel its velocity is -S2f1/&ec. v(%] = -64. Thuffa see afre; Lhe stone is dropped ik-. vdocity is 6-jft/aec. 

The atone reaches the fioupd when s =0. Thru -l&f 3 4 2ofi = 0; t 1 = 16; i = 4- TIlu* (tu stone t™Ims 
the ground in 4 3 *c. (d) y[4) = -12 B. Hence when the stun* reaches ihr graubd its vclouty h -llSIt/sec, 

ii A ehandehcr is dwpp*d from a height of Jfift fr. (a) WiMe ^uation of moliujt. (hi Fsnd the vdorily &: I 
ufed 1-5 sec. (e) When does ft l**£h the pound? fig How fast le gpin R thept 
» (a) Uo = 0, «« = LGQ. « - -1^4 1W {b) t(0 = = -3*i r ( S ) f= ThewCoM, 1 see. aftw it .s dropped ite 

velocity is -32Jt/Mt u(L5) = -46- Thiut. 1.3 see after U is drnppcd Lta vetodty is -4£i ft/W, (c) It r*anhcs 
Hut Rjoend when * - A.'Then - ]fie ? I 1*0 = 0; l 2 = ID. t - y/\H- Tiius ii Teach™ I hr- ground in about 5.2 *e Li 
{d} p!v^) = -3£v/l0. ti^ncc; when il TeHvrhr^ r.h« ground i!3 vdocity is &boul -1UL2 ft/sei:. 

Li!. A chandrlicr b thrown down froni & b«ghE of ldO ft at 4S fi- '» Wrifr it,s ^nation of motioiL. (L>) Find the 

velocity sit 1 and 1.0 n«. (c) When does tt iwh thegrouridi 7 (d) How fasL is going th*;a7 

? (a) % = sg = 160- t = -lfir a -4at+ 1*0 (b) - -32t -4g, *(1) = ^80- Hence. 1 kc *1^ » 

tJnoivn sla veLucitv is -Sjfe/fe t<l-5) - -46. Thus, 1-5 6?c afici it k dinpped its vdocily u -90 ft/sec- M |L 
teaches the gionnd wh*n s = 0- Th^ —l** 3 -461416Q = 0^4 = t* 4 3^ - 10 = (i 4 S)(< * = 2. Thus it 

r ^hci the S r^]nd 2 sk. (d) vft) - 112. Heuee when U r«r.h^ the ground ils velocity b -ll'J Tl/^c. 

•jfl. a ball Is lIlmwu up tom Lhe ground at !K ft/w. (a) Write its «di=il5an of motion, (hi Simulate its motion 
on your gtaphica calculator ^jtd tslimate vi'hen wd *vhcTt its highest rJoi'tL Vp"ILL be- (r-l (l-aikuLite the 
M Find its v.Sotity And (r) its upt«d *t 0.5 set and 1.25 {0 rmd -■* ^1 when it ic&dKS ihe grouud- 

> fa) u r = 32. ** = 0- .v = -1(1*4® W t(t) = 52i ■ TJiii- oaU «»tb«a Its htghrst pnmi when i. - 0; 

th&t If. vben * = 1 and «(0- 1*. Therefore ll takaa the hall 1 i#C to Teach its maximum height of L* fl. (d) 

^ 75 '. = H«n 4 jc, .73 sec it is thrown Ks vidoeity L> Sh/ser.. r(L.23) = -^! 'IliuS, 1-25 hhc ;ifior jl is 

thrown Its velcK-jLy is -9 ft/sec. |V. la both its «p M! rl is fi fl/see- (.f) H reaches the rj«»u 1 whan « = *■ 

■Ch^,. -L6i 3 432f ^0^ 0= -l(H((-2); Jt=2. t -fa> =-33- lTen« when it reaches '-he ground Us s|«red ts 32 
ft/Bec, Lite simile as when it wnx throwr 




UO TEE DtJtIVATJVP ANn DIFFliftENTIATlON 


2], A rwhet is fin'd -. 1 ^ Inn il I he ground *1 560 ft/sec. (*) AA rite> lie t^iLilion oL 
on your graphics calculator and estimate when 4uid where il* highest potnt vi 
M) F'icul iijs velocity aud (*0 L[ - s sp^rd 1ft see nii-d 2d bgc (ff) Find its speed w 

e> (ii.) p; 1t =ft60. ^ = 0. b -HU^+JiGEM (c) +.(f) = ttvfdt = -321 + SGG- The i 
when T 7 =ftt that is, whcti i = 17.S and *(17.5) = 4ftGG, Tbwcfoie ir. i*kis ' 
maximum height of 4ft0Cl ft. (dj *{111) = 24ft. Etuee, 10 «c after jl it 
ai(2Vi = -240- Thus. 25 sec aftrr il ih. fixed it? velocity is - J 2<lft ft/*«- (*} In h 
(f] It roftCh<9 ifoe ground ^fhjpn s — 0. Then —10^-+5601=0; I3 = — 
w hen ft Ibc i;rc>niid Ity speed is ofift the same ns whftn El lha 

22L riot the. path of LIjc l>ajl In Exercise 2ft with 2£h Plot the path of ihe r< 

jf— £ and l" = £ P and also the velocity, r — i and 1/ = s. aud <. 


nation of the particle of fa. 3 oil your graphics cal^bnot. FxpL&Lj why this ..™«* lb* result* 

. we have t-Zi 2 -^ and ,. -g-tH-Si*. Fn? visibility, we simnUl* tlte motion of the 
t. line y = 2. With -our calculator in |Uf«f»ttde mode, we Let - l£-l! + 361 — 24 and 

l> ( « window [-1,4] k [-^5] wc hd [Mm, iMax] = [0,4] and I-slep = ii.O.j. We paw pi™ Iti' 
iil then press the ^ bey and hold it <Iowei unlil the cursor is ft' t = ft- NoLioe the informal i^n s. 
ihc «»«,; f - fj. j ix ft, r/ = 2. We press the :> key and held ir. down. The wtsoi rcpi^nL s the 
,£ Along the line y - 2- No-.e that the paiticle is moving to the Tight ufitil t ^ 2 and x - I. when 
langes dircctim?- The particle th^u moves to the l*fL and diapers off the screen to the kft- 

,d 2h, j 1 - partiele is moving along a IJne according I he I foe f^uetton, whe rc i ft ls Lhe ju^iLiuu aL 
■ l imr when :he acc^l^fation is ft add Lht- poiitioEL and vdloelty at that time. 

2*-+l ^ v - t* - 3t + J i, a = = 21 - IS = 0 when l - = }■ = “T 

h St - A ^ l- = &t a - 12 ^ a = ^ = l 2 i- T 2 = 0 w|kti f = 1 . sfl) = - 5 - *( 1 ) = -ft 

v \ ‘>S, make a t-nble giving js, f, c. IcLdudti tht intervals Lime when Uie pp-rtidc ss moving eg 
Atid when r.hr v^=oeity or speed Is EfttrtMhsft ot dtcrebuilt. PIoe- with x == ^ and y = L 
15i = t(i? - 9( + ir>)^ 4(1 - liJ(( - f 2 ) ? where tliejoota of f*- ft! + 3f> =- ft are 

1 - 4 - 15 ] ~Uv- v^i) & 2 .?L ^d t . 2 - i( 9 dr V -15 * & 

- Ifli + IS - 15) - 3(t - W -nj; o = - fir - 1* = 6(<-3) 





i -5 JtECTJLIJfEAft MOTION Ill 


3 < i <5 

i = 5 
> < t < f 3 


The velocity jb jluI chaining; * r -' Utc speed ey not changing, 

- - + Particle is left of thf origin, fljjid Lt Is moving Lu th* Ml 

Th« velocity is iacrcaring. The speed is dcerefcsEhg. 

-■■‘■if3 U l Panirle ■m (til Oi LJ:l Hjti.gi.Li, -nuri ii ii changing Us direction. of motion 

from I if', to right. The velocity is inc*r&A]iLg. TV sperM in rWyjudng- 

- - - P.i--:iLM !:. • Tl nf 11 -1 irigiri, :l:k: il i: —y. ■;■; r- : l--c "i y\ 

The velchrlty is- incranMny.. TV speed is infTCASJJLg, 

-+ H- Particle is at the origin! and b, is moving to the right 
I'ht velocity is increasing. The hjnhwl is- Ltier emang. 


tIj < t + ^ — PaiticLe is tight of tV Grijdr.. anti it is moving bo the right 

The velocity is Isicrasfsmg- The yjrted is inciting- 



L = 2* = ji 1 -•«-#•* = £(<* -- S< + I a) _ ‘f< • - 6'i: (I = ^ = * - 4 

h v a _ Condii ~ ! ~~ 


0 < J! < hj — ■+ - Far tide is left od" the or 13^i^i and il- is iisming Lo tJi* riflli! 

The velocity is decreeing.- The sp&ed is decreasing. 


*=<] 

□ + 

- 

E s ajtidt is ai the origin, and Jl it; moving La the left 

r ( < t < 2 

+ + 

— 

PartirV i? rigilt- of the origin sad it is moviiLg lu the right 

The velocity is decreasing. The speed is deswwiftg- 


T 0 

“ 

Particlc is -y iee sight nf the origin ;tcid il. is dj^-uging iis direction.-of motion. 
From fight tn Mr,. TV v da city is dM-Ffvwing The apeed is increasing. 

5 < ( < 4 

— — 

— 

PS-rtklc ib right of the origin* and it is moving Lo tfw left 

The vrlprity lx d^crea^iLig. The speed is- LnurEa&jug. 

d = i 

* - 

Q 

PaiUde is right of the oiigb, atid it is Hinvlng i/h ih« IH\ 

"I'he Vf-lnrbv is not chaiLgiljji: :^l' the b-^d ib not diangizig. 

1 < i < J a 

+ - 

+ 

Pufticle jq Tight of the Oil gin, mid iL is nuiving la th« left 

The velocity i& inere^injf. TV Sp»d is dccxcMLDg. 

< = <z 

0 - 

_l_ 

Parti: > al Ihr origin, And ]t Jh LDOvlug to Li.u right 

The velocity is irccnc-imng. T he finked is inerea^ag. 

t 2 < t <; 6 

— -*■ 

+ 

Particle A left of iV origin, and it is moving to Lhfi- left 

The vc ocity i c infieasin^, The ia deLmabijLi^. 

1 = 6 

-2 0 

+ 

Particle is m Jeit of the ozigin, and it is changing its direction nf motion 
from Mt IC Tight. TV vdnciLV is indJE^Lsin^. '['h-E .T-fje«d i^ d;::g. 

0 < i < £3 

- ■+ 

+ 

Particle is leFr of the mid ii. Is mnving; Ijcj the right 

TIik velocity i.s cner«a*ing- The ^pc«d is inrrcaain^. 

f=ts 

0 + 

+ 

Paiitde ls at the origin, and it is moving to l-he right 

TV velocity is LncrLasing. The speed ts incTeasing. 

<3 

+ + 

+ 

Pr.-r-rir Tighr. of the origin, atvd it is moving to the 
fhe velocity is inensasing. The speed is mcieasing. 




112 THE DERIVATIVE AND DltTERENTl .Vl'EON 


29, Simulate the motion of line pallid* nf Exercise 27 on your graphics calculator. 

39. Simulate the motion Of the particle of Exercise 2fl on ywir graphic calculator and explain why ihis support* 

a W^havc s = Id 3 - 2t* + Gl ■ 2 and * - If = fit - Hf*. For visibility. we biiliulat# Use mnUuh of Ihc particle on 
the line u — 'i. Willi our calculator in |>W“ unset Tic inrale, we lei i^tj _ $/" - it' r(U " * ™ lf|t i ; = " * :l Lh * 
erisdow f-lS.'l' if [-3:5] we let [xMin.tMaa] = [•,«) *wl ( *wp=0 0S We now press Use LUMP® *<V 
ihen P T C3S the o tev and hold it down unlil the cursor is at 1 0. Notice the information at the bottom nf 

the screen: f = 0, /= -2, y - 2. We press the > ley ud hold it down. The nirciOT represent* the parlicie 
moving along the line y 2. Observe that the particle Is moving 1c* the right until t«- 2 and 1 - - •**» '» 
and changes dlucetiim, I he particle the® moves to the left until t .. G and z - -12 wtwn l- >4'*P» * nd 
change* direction. Then ii moves to the tight and disappears off the screen to the tight. 

In Exercises 31 and 32, the equation of motion is * = \»r + .. 0 t + < 0 where a the 3cwmraiioti :«c the body. A 
stone dropped from a elilf hits the ground in T sot. (a) What i* I he height of Ihc cliff? (b) With what 
doc* it hlc the ground? ft) What velocity is nowlml to throw it hack to its original pos-umi- 
3) On the moon, u = -o.oi T — 4- The slope starts at the origin, a - -2,T-5l J . *1) - -^Mi the cl»JT * 44 ft 

„ - ,.(4) = -22. The stone hits I he ground at 22 ft/set and 22 ft/sec is Ore velocity Wed to return ,f. 


tJn Man, □ — —12? T = 3 2 

* (i) The atone start.? &r. the origin sc* ^ 0. TV *qimlion of motion is s ~ 0 t . 

ItKiMisse s(3) = - 54. the til His ^yi ft hi^h- 

(b) id<} = Dit = D [ (-Gt S ) = — l2f and *(3) = -36. 

The Stone hits liic ground al 36 h/** and! 36 h/uee. is the vdodty needed t» return it 

as. A. sprinter in a meters from the finish t sec MW l.he start, where <=100- '(t' + SSf) Find his speed (a) at 
th* start |» vli tfwf finiah, n 

> if21 + 33). (it) »(«)., ^-8.25. (l>) J = 0 when i 1 - 831-400 -9, t - i, = -(“33 + y/?m) if HAi 

t<!j =^63 $k 12.90. 

34. i ft is the distance of the ball from the mailing puiul at t xnv.. v = 24f ■ iU< 2 ; HO = ^ = 24 1 - 2(11 

,'a) lift.) — 24 n 20t,. Therefore, at djses. the instants neons velocity of ihe boll is (2-1 + 20f,):I/»ec. 

fhj u(t) = 48 when 4l + 20( _ 46; 20( - 24; I - |. Hence it f*lcs j W*. for the velodt.y to increa^ to 4S ^ 

ilS. -. cm ls Ihc dlstauc* of the ball fcmTi its iniria! (losition al >■ set. a = H)0i'+ lOOtl i ' 0 ‘ “ 30<H -■ H)0 

T)f^ bail Jiits the when b — :5Si w> «« tl^vio 

+ = J9; + (1&( - 3>(10£ + 13> = 0; * = ft or J = 

VVc icjerl. Lhfi nsg^Llv^: vaJur of l- Tlier^rrj«!, Lh-c billiard bidt ]iU$ the cushion in s«r arwJ l-(^) - Mill. Thin 
IV v^t&rtiy of the o;Jiicnrd bill IfUkm/soc when it MW the cushion. 

lw» iiJirt.il’ 1^., A. Find &, iriwv :i> the right alon^ i hodKonLaJ time. J hi L y *l*rL. at ;.>oint. O, -s metrts is rt.^ ; 
distevnee of the pattic^ from O &t i flocond^. anti i hr ^[MAiions uf motion 

ifc 4-i 2 + 51 (for pallida A) fi = Ti 2 + Si C^r particle B) 

If I = flat the rtarl. fo-f values of r will. tV velc^h^ uf partklc A r^r.^d the vdocily <sf pJWftidft B? 
tr The velocity of A Is givnn by r A = D r ( 4 ^ + ;i-t) - ^^6 

The Y-clocify uf B is givers by v B = ^ 

Wc want to fLCLtl wtiv=u ^ > i- Br or equivalently. \7h^n 
&l +5 > M( — ^ 


Tliui, the velocltv of A enc^eda the velocity of 0 'vbwi ft ^ K j, 



W.B THK E)KHIVA TIVSl A.S A RATE OF CHANGE 1J3 


XJ TUB DEJUVATTVE AS A RATE OF CHANCE 

2.-G-1 Oefjhai Liou If JT= /(x) h Lhe inxfflrrJerrcUiri.- Yutv cf . , ;^. , J7Age ff F<?' nni£ i'it St at 2 ^ it /Vx^J or, 

e*|iiLYnkiLl]j. Tip [itsrivAtivH of y ^illt cwipucL id x al x J( if LL exist*: Tile raarpindV re-fi 
itllJ r^yi ~t 11 } revenue Arw. the derivatives of the cost and tcvctiUO functions. 

Ltiativc Rato of Change of y with leaped, It? x al X| is given by /^(stiV/t* 1 ]..) = (dyfdi)fy evaluated ai 1 = ar r 

jrmftKJ t-ft ___ _ 

1. A square of ?ide x cm has an-* A{x) cm 2 Kind tV average. rate of change of A aa ar changes Irani (A) 4 U> ■l.^; 

(b) 4 U> -1.3; {<) -1 to 4.1j (d) 4 t» 4-05- (e) Find in# ingtaotMisniH rate of change when x = 4. 

*■ Afij = x* W A A/Ax = H-tf 4 2 )/(4-6 4) = &.ft fb] A A/A* = (4.3 2 - 4 3 }/f4.3-4) - 8.3 

(c) AA/A* = I-LI 2 4 a )/(4,l - 4) - ST (<l I {4-0& 3 - 4 a )/(4-05 - -05) - S.Oo (e) A r (x) -2x, A'(4) = £ 

I, A rectangle uf width n. 1 in. and length w + 4 in. ha? aie-a A(w) in 2 . Find the average rate of change of A A* v 
thanks from (*> 3 to 3.2; (b) 3 to 3-1; ( 0 } 3 to 3-01; (d) 3 to 3.001. (a} Find the ldseant.3we&us fate of change 
wbea v = 3 . 

*. A(w) = 111(10 + 4 ), A(3) = 2t (a) AA/Am = (3.2* 7.2 - 21)/.2 = 10.2 (h) AA/Aiir = (3.L ^7.1 - 2]>/J = 10-1 

(o) AA/Aui = (3 01-741 = 10.01 (d) (3.00J -f.&Ol -21}/.Qfll = 10.001 » 10.00 (e) AV} 

</{3) - Eft 

1. The jMuturt of eimsaiou is H — FI’ 4 , whew 'E" degrees ts ihe Kelvin temperature. Find (a) lIi*' aveijige r^t-e uf 
Hutsipt! rts T iiEL:fBh.H^» fr-uiB 1 200 id 30(1; |h] i:,r iiitiLAfllancauft rale uf change when T - 200- 

> (*) Aft/AT = (±300^ - *WU*)/(30O-300) =6^,000,000fc (b) ft r (T) s= **T®, R J [200) = 32,000,OOOi 

i. \ circular cylinder uf height 1& in. &nd bik-o of f ba. has volume V 2 » 3 . Find the average xalc yf diaugt of V 
with lespecL ki r as r diungL-s froiti (a) 3.00 to 3.40; (b) 3-00 5-10; (c) 3.0(1 io 5.01. (d) Lind the 

ill&UllteneQn? r^t** of N-JlAng^ of V with fe^lert I- -when T i_s ->.00. 

> The vaJiju'ic of « ^.irciit&r cylinder ia giv^n by = 10xr J . Wc simpt:fy the calcni.nlion by factoring 10x. 


' r >^ - '"^i-a S '^ = (■’> V‘(r)=it*r t V'(8, " IHUt 

i. A circu]*f p^aLe uf radius r in. has area A(xj eh 2 nud circuinferOUCC C^>) in. Find the in&ta.atanetjui ra(e of 
change of (a.) A(r) ^itd (b) C{r). 

^ •'*) A - rr 11 , A } - (b) 0 _ 2ffx n C r = (c) Ncn« th^r A f - C.:. 

t A right circuLftj cylinder whe^e length is twice it* radius r ss capped hy r;wo hem^pherrs *nd h^ volume \ r (r) 
cubic units. Find the instfttitanecus of rhaugs cf V (r 1 With respect to r. 

5^ The two heniEspherefi c-Dmbme to foini a sphere of volume The cylinder lla¥ voinul^ — =r"( 2 r) 

= ^rr :s . Thui V£r) =r V f (r) = IQjrr 1 . 


7. T.el x nail Is the luted length of the solid of Exercise (i. Find the instantaneous raw of of V(sr) with 

respect CO x. 

» I - 4r. r = ll, Vfx> = - ^-tx: 3 , V'(l) = jfij- 3 

Eoyl^s law for ciiK expajiL-iojj nd' a gB* is F‘V s C, ivli^re P iijuI:-- is the pressure and V units is the tolume, and 
T i? a constant, (a) Rhnw that V decreaasss at a race proportional eo the inverse square of P. (b) Flsid the 
instantaneous rate of change oi V with respect co E J when P — 4 and V — S_ 

» (aj Solving for V h we find V - CF -S ao Chat - —CP -3 — — C/P 5 which proves the MfHien. 

(b) When P ^4 and V = S, we find 0:4-8: 32. The instantaneous rate of change is V F = —32/4 2 - —2- 

f. t day a After a sickness starts the lomjKT^turc IS /(Tj T, whew f(t) « IKS-h -l- 1-21 -0.!2i 3 , 0 < l < 10- (a) Find 
:he rat.* oF e.h^ng* of f. Whar. is the temperature and iis rate of ehatiflc af^er fb} !i days and k) 6 days, 
id) When does the maximum lentperalnre occur and what b? it? 

> ,>) /\t> = 1.2-0.34 1 (b) /(3] - i01.12, /'(S) - 0.48 (c} /^) - luO.52. /^;. = -0-72 (d) The tempej^WK is 
moeasing as Long as /'(#) > ft, tha; is ^1,2, C < ft. The maximum letrtperatut* ie at 3 days^ it is l=0l a6 - 




[l\ THE DEM V ATI Yb \S\) ])J]-"KEK£iNl! ATION 


Fifth '.be Tate of change of tin- volume of a tphe-iical itLmnx with rr-spec-t to the radius when the radius Is 
(jl) 0.5 rrn nnd (h) 1 cm. 

o TV volume if. V r.TTi" 1 when the sr&dsus is r im, ^hcre V - |»r\ v'[f) =- -W J . (a^ \ rf ((\S*) = 4ir{0.5"r - * 
t:iij 3 /c:Tn (h) V J (;') = IttO) 3 =4r cm'/cm, 

11. Find the r# ? ,e of change of the volume of a spherical cell with respect to the ladii:* when the radius is (*} --5 

pm Mud (b) 2 pm. * 

0 The* volume is V pin' 3 when, the radius is r pm, where V — . V'fr) = , (a) V [1.5) = 4t(1.S) — St 

pm 3 /pin (b) V ? (2) = 4s:(S) 3 - 1G* pn^/pm. 

12. Kind the tat* of change of the surFaue of a spherical in mm with xesprri. i-o tV radius when the radius- k 
(&) 0,5 cm and (b) 1 cm, 

o 1 he ?.uTfare is S cm 2 when the radios Is r cm, where S — m 2 . S r (r!' - 

(i) b r m.i) - b;j{0,5) =4 tt. The surface it incieastAg at tiie lau. 1 of dt ct L - /i_jji. 

(b) S'(l) = TLe surface ip making at the rale of St cm 1 fan. 

L5 r Find ibe rate of change of lhe surface ir' a spVritAl nimor ^kli respect io the Trillins wt™ the radius ft 

{a) L& pm aiad (b) ^ pm. . 

t> The surface is % wiurn th+t r^diu^ ;s r /mi, wVr* Fi - 4 rr . fh r) - §Tr. 

(a; S'(l.a) 8 t(1-5) = 12?f. Use surfer is juettaoiofi at the rr.tr nf 9 t pm*/pm 

(t>) S J {2> - I fix. The surface ii memaslng at- ibe rat* uf Iflr (im 2 jsm\. 

14. TfiR hri.i^iiL Lif H {CHI' is IwiM tht radius, F;atl the raw* of ebanw' »r lIik vtilume wish rc9p«' to the rStllUS: 

when iV height Ls (») 4m and (b) Sm. ^ ^ ^ if . ? 

& Whim lIj« ?ajt...ts k rm, the hfighi Ls d = Trm and the volume ie V -ft r a TV (2r| - £irr‘ m-'. V - ^in--. 
fa) When A = 4, r = 2, V'(E) = St m :i /rn. {h) When h - S r r = 1 V r (4) - 32*- m' /in- 

Eh. T degrees it the tempeiatuie I ;:mirs ntitn- midoight. | _ O.!(40O-4P* - r), 0 < r. < 1^ 
o t rti The average rate of f.h;u:ige od 'L' with re^iwt tn L hulwuMi 5 a,m. ^iid n.m. ls 

Q.] [m- 6) + {6> m ] - 0.1 [400- '10(5) ^ {5) 2 ] _ 0-1 (-31H + 1 i5) , 

6-5 3 

ThcirfnrB hnl-w^u -> a_ iti, and 6 a r irL- the average late of chan S « ul' ilie tcniperFtt.lire with to tim-C 13 iJ 

ds,:t«Bss of 2.9 dig™® Jitf hQK. (bj T^l) - 0-t(-4D + ^>: T'(5) = 0-l[-4D + 2(S)j = -3, Therefore th« 
i]iat 3 iiian«»iis i-rtir o.f tliasgo of tbo (rmf^Jatii-s at o a.ni. in ^ dcr.rcas* of ,*i dcEieo prr Hour. 

Ifr. A worker tan paijtt y frajars x jim:n sflcr -rar’ini work aJ ? A-M-i and ji ~ -lx -i- 8tr* — ir’, CJ ^ ® ^ 4. t:nd, 
tbe iaw at wbicb bo is tsaiating at ](J \.v| (H ;■ I'iistl llsr munilwi of frames lie paints between 10 mid 11 A.H. 
i> (a) a' ~ 3 - ISjt —3a J , At 10 A.M., i =2. y'(21 = 5+ 16®U&f = Z3. tic is paitllltl* at the ralo cf 1 
frames pci hour, (b) At 11 AJtt . s = 3. „(3) -y(2) (:i - 3 — 8 ■ J — (3 - 2 -t H -2* - = 24, He pain:- 

frnjru-.R herween li? A M. and 11 a.M. 

17. V litera ;he volume uf water in the pool l mim^- afLm the dTajujng when- V = EoO( LWH) - + 1 2 

d f ?i\ Thf nniTiher trf litci& [wt rfLLftute In the average rate ae wliieli the vuJilclu.- of in the pool Lh chaugJns 

2h0[I.600 - 50(5) + [$}*\ - 250:1600 - SQ(0) + 0 s }. i&«(- A75) 
during She first a mm is--0"' ’ - -” r? — 

Therefore, the aver^gf ruU- at Lvhieti the ^ater ]ca,ve- 1 - the &ooE coring Use Eji^l ;i mm i? 1 Sp7oO nl^rK 
jasaole. (b) V'(t) = 2i1)(-B0 4 ‘it), V'(S) = 25H[-BD +2(5)] = -17,500- Tboefoie, 5 mis after ike draimn* 
the iv-ftier it Eea-viijy, Ulh 1 sxjliI c. - . tht rat^ of . j.-> 00 liteTF p^r minute. 

[g. Find the rale of dionge nf the area of a cirru^r ripple when it -?i&nr.s i^ {n.) 4 em nud fh) 7 cm. 

■b When iIil: radius is r cm. the 3 -rea Is A = Tf 1 cm^. -V = 2^r. jwu. 1 A f (7) = 14 t. Tho ai-ea -i ! 

inerting at the rate of (a) St on 3 /cm and [t>] 1-1- cni 3 /ciii. 

3^ 0(i) dollar!? th* lotaj <io?.t. of manufacturing ^ watenea: C{xj - 35DO + £= - 
k» |i) C' is the matjjinal co-Ft function- =3-1-2® (hj CflO) = 63 

(c) The uuenkr td" dtdlarr- in the r.rturtl n^r. pf manufaeturing the forty watch ^ 

0(41) - C(40) = fJ 500 + S-41+ (^l) 2 ]-[1500^1-40 + W 2 ] = 34 


-!-fi TJIh DERIVATIVE! AS A RATE OF f:ilA.V(xE: ]lf5 


Th* ttfL ^ MWrtLue received, from tiife Salt; of z desk* fa R.(*i dotSnrs. and li(j-) = 3D0r-Tr-. Find fa) ihe 
n-^rjgprtal reieuur function; {b) the margins r?^uf when x = 30; (e) the atbuai revenue fro in the win of the 
■^.i^y-firat £Ik-;L 

rt'(i) - 300-1® 


= 2M—3(30) ISO 


i The marginal revenue Tcjnr-i.inr. i.^ ^brn by 

■j The marginal revenue when e — 30 is given hy 
The marginaj revenue is 3ISC- when x = 3 Eh 
i - The ^ctaal revenue from the :-,&■* y[ the thirty-first desk it- givon by 

a-31J - R(isa) - [300(21 )-^3l) s ]-|200{30)-^2ft) 3 ] = 5470.07 - *700 = 179.6V 

I hr r^cir^l revenue from the sale of thr thiity-first detk La Sl79.fi?. 


r. r) dollars is the total revenue from the sale of x ih.iu;L s**s: Fl-\ri ™ fiOCb — 1 

s R" ha the marginnE revenue function: R'(c} _ COD - ^jx 2 . 

:■« R*(20) = 600 -^(20} 2 — 1300 - GW = o-H). Therefore Lhc marginal revenut- ts §-940 when x — 30. 


to 


Th* Jimulier t>f dollars in the actual revenue from the sale of the twenty-fjjfrt tdeviaiftn ec; i.-: 

R(S!) - 11(20). Rf2]>- Rf20) = ,'«00<2]) -^(£1 f\- 600(201 - ^(20)=* - S36.95 

’ ll dollars is the total cost of making r piper-w.!i^his: Cf-rl = JUU + + i—. 

£0 C' is Lhi marginal cost function; C'(x) = (b)< 2(1D) = = 3.5. Thi marginal cost is 

5-3-&Q when t — ID- it) The number of da-]Iarn in the actual sosl of rrvn-kbsi^ the lllh paperweight La 


r I ])—C(1Q) = 


£60 * ip + — 


a 

T 


]-[200+§ + ^]-3. 


Tlo- ss $J5 


p Hollars i* tht annual £ioss earnings of the cu-.npnny t yes is after January 1. EM-i. p(£) = Q_4r \ 2t ■+ EO. 
p'(0^0.6t + 2. (a) On Jon vary l. 11KHS, J ='l and j>'[ 2) = 0-6(2) ■* 2 = 3.6. Ilw.ce ojj January |, 1990 \hr. 
cross earnings are greying at a rate of I5.fi million dollar per wil r. 
h) The relative rate of growth of the grusa raroings on January l, l-JOtf \n /(3Y[>(2), 
p(2) = 0.4(2}* + 2(31 + 10 - 13.6: p\i)/p&) = 3-6/15,6 = 0.£3: ^ n.1% ' 
r| On January I, 2(10(1, 1 — 6 find pVC) 0.»(6) + 2 - 6.8. TTclico on January !, 2(19(1 ihc. pwss ftaftsinigt ore- 
growing nt r rah: of million dolbis per year. 

■d} The relative rate of growth nf ihe ^rocs earti:ngs- on Januaiv 1. 2Q0D is 

p(e) - 0-1(6 5 :2 +a{6) i-in±= j/{?}/p(2) = 6.S/AG.4 - o’167 = I a. 7 % ' 


Up dollws is the annual gcoiK .ewuiuefl of a company t year* after April 1, lM$ f where ^ =roftjDl?-|- 
IS,0G0£ +600re. Find (a] the rate j:i viJipr.ii the gross carningfl were growiisg o:: April [, L9 &.^l ; h) ihr. rrlulive 
of growth of the grii-.-. ^acjLdijjs o:: Aiirll l, J09o lo the nearest 0,1ft: «i Lhc rate at which T.hr- 
wvtinga should be growing on April l r 2Q03;. £4} I he ■aulieipaied relative rate of growth of the gross earnings 
on April l ? 2flD3 to the nearest 0.1%. 

* p>= 16,000 +um (a> On April 1, 1935. t±±2 and j/(2) = I 4 3^U0(2} -'20,400 lienee on ApAi 
i 900 I'.lm earnings are growing ar a rate of 32M0SJ pe!" year, 

ib) The r«bLiv« ralJ! of growth of the gross earnings un April 3, L990 ts p^3)/p(2), 

p[s) = 50,000+ i&.ooofaj + soop)® - as^ioo? pV)/fW ~ aodioo/ss,'ioo = 0 . 230-8 * 23 , 1 ft 

10 On April L. 2003 r t=H\ and p f f 10) ^ ]S : OU0 + 1200(10)) = 36 ? MD. Hence on April U 2003 (lie grera 
earnings are growing a rate of 83fl,tHW per year. 

i'd) The relative rate of growth of the gross earnings oa January I, £003 is p J (L0)/p( 10). 

p(10) - 50,000 + 10,000(10) - 600(10) 2 = J 20OdHID: p'(lD)/p(10) - 30,000/291.1,000 -D.1024 te lD.3Uf 


& P(i) k tbn number of people in a population l yeais after January |, E995, where P(t) =40i a + 2DOt+ 10,000, 
m P(|) = BOS + "JdlJ. (a) On January 1, !>QEM, | = 9 and P'(9) - £□ - 9 + 200 = 920. Therefore on January 1, lifltM 
the popuSation unit bi 1 growing at :hc rare of ^20 p^r yMi 

(b) The relative rate nf ^i-ownh of the population on January I. 'J004 is r'JDJ/RfO). 

F(9) - 40(0) ? + 200f&) + 10,000 = 10,0-tfk P r (9)/Pf0; ^ 020/1-5,040 = 0J)6: = 6.1ft 

(0 JflBUary 1, 2010, t - In and P'|1D) =60 ■ 15 - "200 = 140b. Hence on January I, 2010 (he population 
will be growing at the rete 1400 people per year. 

(d) The relative rate of growth of the population on January 1. 2010 k P‘; 1.5'l/P(15). 

P( 15) = 4U(15) 2 + im{ 15) + 10,000 - 32,000; r+ L5)/l l ( 15) = J ,400/22,000 0.064 - 6-4% 




11* TEE DERIVATIVE AND JUTFFEJRJENTIAT1GN 


2G, Let r be the redpiocaS of n. Fine! the instarF.ariePUs rate of change Abd the leUiive late of change of r with 
icspcci to n when n es (a) <3 and (b) 3(1. 

■ r -l r r- 1 fl x 1 .# fn 1 j A«) ~VK L__i ^(10) — t/lQO 

■ n r li* ' 1C' r(4} - 1/<1 “ ^ I 1 '.’ ' - ID i - w rfl3T “ “i/ W” “ 

27- I he profit ni a store is Hid# dollars when r dollars are spent daily on advertising and y ■= 25(1 D 4 - 0 ‘It 

> Sf F (x) = 3^ — ft.'ll. {ft) ^(Gift) =■ 36 — E>.= 2, Therefore the rate of change- of y with respect lo x k positive 

when z = 6ft- Thus it is prolUnblo lo i^eTClm , the daily advertising budget when x = ftO- 

(b) v F (3GQ) = 36 - 0-1{3 QO) = -81- B#a*is$ the rate of change &f *■ wills ti^pseL to a: is negative ^hon x = ’ 
it is not prof] Labis to Increase the daily advertising budget when .r - 36ft. 

(c) The maximum value for x below which it k profitable tu increabe the ad veil king budget qccuce when 
y>) =0 Thus 3$.-0.4 = 0 ; e,4i = 36; i = 0ft. 

2H. The supply aquation for a nhiit ia t = 3p J + 2p, where p dollar? is the price per shirt when HMHJe shirts ate 

supplied. {a) Find the Jivern^c raie of change of the supply when the price is metered for SlU to Sll, fb) Find 

the marginal rate change ol the supply when Lhc price is 310 = 
t fa) *{1J)-i(J0) = [3(11) 3 +2(11)]- [3(10) a 4 £{10)]-ftO- Tlie supply merges by ftfi.flOtJ shirts when the 
\it'h-k LcLiir**ise* fjisj £10 Ui 3 I 1- (In) * r — ftp 4 2. r'(Efi> — 0(10)4 2 — $2. The itu4fgi[ial rate of change is 02. 
ublrtfi per dollar. 

29. Find the alopr of the tangent line at each point of the graph oe' ^ = x 1 4 ^ — n£* where the rate of change of 
the slope is zero. 

» ylopc - r,i 1 — is -1 4 J.+ 3 - ft*-. — lSx 3 + 6x ■ * - 6(2 e 2 4 if - I) = 6(2x - 1H^ 4 1} — 0 when x — 1.4- 

If'H) = «Hf + 3H r - jH? =*. ?1|) = *W + s^) z -Kf) = - j 

3ft. Picii| i hr instacitaikceuK rsts of rhangc of (lie stt>pc oi ihv tangent .inr U> ry = 'iz* r 4 ] nl. (3, -2) 

* jbpc _r ry ? = ft^ a - !2 t - |. / - 1 t^( 3) = E2(3)- !'4 = 2-1 


31^ At f mm r(t) rn i& the radium of sn oil aplll. r{t) = ^ ^ |J j ^ “ 2 . In Ex. 2-2-31. Lb eliown that 

r^(2)— 16- Find the IAbe it which the the tiolilwi is chibging at (a) 0,1 min; (b) £ min; (c) h!-£ in in, 

> (a, b! Ifr<2 ? r r = 6* Mr'(fl.1) = S(<M)=3-3 a i*'(2) = fl(2)= l& (e) If r > 2, =r J = E6 so r'[3-2) = 3ft 

3^. Hht*W that for any liciEiii- function /, the u-V'erj+gf laLt of tham^e t>f /{j^J JUf ^ fr&ni -r ; lO + i tS- l 

same as l-he tHhlai(r44iieijo.H rate of change? of /(±) at ±|. 

n _. , , m .... f(x t -\-k)— f(z .) mfa, 4 t} 4 t - (mz, H-rnt, 

^ bet j (e) = 4 fr- Ti^ averngc mte &f c5iaiig,o lS — J . _|_ ^", _ ^ — 1 = --j]-— ~J- — In ' 

f f {x) — m ^hioli (lie inStiErtanc&uS Fate of change at any point. 

33- (fr) Tiie EasEanbiJieous late of change of Lhc area of a circle Is JEJ^fitr^) — 2 zr, ihe csTcnmfeienoc of the ciick. 
(b; TJlc instajitiLtieous l-h.:^ of change of Lti-e vol icilc of jl ^phefe k D r (^-r ! ; — -Ixr 2 , Lhc surface of the sphere, 


flhown t h-ffc-t 


_ _ Tr , 
-X- Tn ' 


2-V DtRfViVnVES or mi-; ' I' RIGO NOM FTKIC Fl'^OTlOMS 

£L7-J ThcyrcEEi D^fsin x] — ccw ^ 2,7.2 Theorem D^^cos e) = -sin x 

2,7,1 Theorem D^fton z'| = sec^ a; 2L7.1 Theorem D^cot x) — -ese^i 

2.7.S Theorem D^f-sec e) sec x tau z 2.7.6 Theorem — —£&■. x eoL x 

Fitnrtioms of tational muhiples of t in lhc fusL quadrant requiring a^ inosl uue iaii.Lr.1 i' IOjs in lL^Eoic; O^lcul is;, 
tan j^ft - 2 — y/% (9.£.0), sin -^pr = cos = -j{-v/S — ]} (1ft.6.22) (an |x _ -^/2 - I, sin gir _ cw 

C08 Jsr = Stn ^ ^ v^i l- aT] ^ = MS = 5(^/6 + 1 ] ■ ain Jtt = co® ban = L, 

tan ~ ^/3, tan — ^^2 4 1 (6.3.£iS)j Lau — £ 4 ^3 (ft.£ifii) 

Exercises 3.7 


sjh x ska t 


!i-7 DERIVATIVES OF THE- TRIOONOMETRIC FUNCTIONS 11 


!_l Exercit*R 3-IS. find the derivative of the iundjod. 

J. f'(x) D 7 {3 rin x) = 3- mx f 

i_ g(z) = ™ f + cos -t > — D^sid a:) + D x (co* x) = cos a - ■ sin x 

1 ^i-x) = D x i't-aji i + cot x) —sec^x - cec'x 
i f*(r) ■— [.1 J' A sec t — 2 esc t) t=- 4 see x utn x -r 2 cse * cot x 

I. / f (() = D t (2I co3 i) — ^ ' CO£ * -•■ -sin t) = 2{cos i £ sin Ij 

1 /(x) - 4j-"r:im 7 : 

-■ IrVe &ppiy the product ruler /'jix'; = 4 jt 3 D £ (cq& z) - c-na x ■ D x (4x 2 ) = -lx 2 sin x \ Hx :o£i 

J. $ f (i) — D s ( r sin i -hcos j;) (1 nin z + x cos x) — ^in x x cos 1 

I EL g ( (y) ~ D y 'i3 nic^-vcos y) = 3 cto y — [1 ■ coa- ^ + y( — sin y}} = 2 cos + y ain ^ 

11. h*(x) — D x (4 sin ^ -cos x) = 4(sin j. —-sifi x) + (cos x)cos r] = -41, —¥in“x 4 cos~x) — 4 cos 2z 

11. f{z) = x~' aid x 4 2x cos x 

* /'(*) = D r (z 2 sin t j + 2 ) = x 2 -!3 ff (wn r) 4 31 n z - D x (z 3 ) 4 i!z - D x (cm x) + cos {*) - U^Et) 


= t 2 cos sf 4- 2* tin 3" — 2x sin r + 2 cu^ 7 = x 2 -cos x 4 2 cob x 
13. /*(*) = D r (x a cu«s x — 2x sin z — 2 cos x) — [x 3 (-tsin r) - 2x cus z] - ('Sx pus c + 2 sjjj e) 4 2uiei x = --x 3 sin x 
H_ h J (y) = - y 2 coz gj + 2y sin y 4 2 cos yj - 3y 2 - (2]/ co^ ^ sin ^]] 4 (2 stn fl + 2^ cos - 2 sin $ 

~ ^ + ^sin v 

Ed- /'(z) — sec z tan t) = 3{(»c 1 i&il jf)t«i at 4s«c z.'-wc*#)! — 3 x(taji 2 x +sec a jr) 

IS. f{l) = sin t. tin l 

> J f \i) = sin t D t (Lan f) 4 Inn t l> ( (stn t) = sin i aec s t + tan t eos i ^ sin f sc A — sin t 

17 f%) = v Jr) '' fcoa y)'fihL ^ ^(col jy") 1 ' — -am t; erit if — cm y cse. 1 ^ 

IS. h*(x} = D r (-;0't i at - coi jtr{ —-Cjsc- x- ool x) + cac x(— cbc^e) = -cec x{cai?x + cbc^e) 

In Exercises LEF 3D, find the derivative. 

t) - 2 ecta i- ] 


j*. 

»■ D,(^) 


(* + l) 3 


- —2 


> 4 IjsiEl js 4 c*S T 

(*+i)* 


p- Wc applv the qnosLcnc cdlfi- 


"W 

»■ £(r^)= 


™ 1\ - «)-sii» t-ty _ t IC g < - ain I 


( I m r,)cos a: ~ sin r ■ sin i cfjSI . eoa i x - atn^s 

(1 ^cos*:)^ 


COR I - ] 




(1 - cost) 

d (I + 4'i _ I 'B<w s—(* +4X - sin -t) ivjs X 4.^ Sift 1 + 4 sin t 

dx Wo* r 


(coai-i) s ™t-l 


)" 

, EL t \ _ t -r.an tf-win Q _ MC f - £K 2 t - Can J sin i _ [ - 4 see < - si ft 2 ! 

*HP f-ccw I — (cos (— 4 l 1 cos ife&i I - 4 Y 


cos f — 4/ (ore i _ ^\ 3 ( cog r - 4 J 1 cos I - A ) 1 

><• 

j / cot y \ (1 - sin j/;D v {Col jf) - cOL ^ - E ' n (t — s-in jy) — cot y(—cos y) 

®Vi-wny/ “ tl-Binj) 3 ^ (l-sin S ) 3 

_ —esc 2 y + esc — coc y cos y 
{I — sin y) 2 

E jf/1 +sift lA _ [1 ~ jin jfQ(eps y) " [1 + adn p) ( -^cpb pj _ mg j — ^i n ;/ y H~ c«i + >i-n it pqs j; m 2 rtF y 
■ ©.I - sin v/ “ (1 -ainT"^ “ <1 - sin ^ (l-sin y) 



118 THK UEhlVATlVE; AND DU-'FEKEN11ATlON 


iu hT/ aid z — I 1 *! _ 
“ b ' 


_ l\ _ COB j(cOE J + 1} "■ (an J - 1)(—g-ia T) _ COS^Z 4 CPS Z + frill ^Z — si n Z _ 1 + CW J — n-ifcj.l Z 


(COE Z - 1} 


tfztt03*4L/ (oofia’+J f (cos B + IJ (cosz + l) 

27. I)[(z sin x){z - -cob zj] — (1 — cos z)(% 4 c-O-j - 1 - (j - sin z)(I - sin z) 

Sfi, D^fta 1 t- coa t)(2z - ain 

0 Allying the prwluet mb, WC obtain 

D x [(-^ — -COE a)(2a - sin. a)] = i-* 4 cos a}J .)_('1 ■: - bj n \l -|- (2a «li= -}r> j(- 2 + &u* : j 

- [; 2 +cos i)(2 - era 4 (2; sin ^j(2a - si n -) 

— (- £ 4 eos a)(2 -fCKi)-(2_ - SLtL 

^ /2 rf’-ar l- A ( £St M-SH-2 esc t £&[. f) — (2 C3C £ — I)(-cbc f cot f) 

n D li£tw = ^-(« t+ if- 

—2 eac a f cgt t — 4 cac i cot- £42 cot t ^ sec I cot £ _ -5 esc J <Ot C 
(cscZ + 2} 1 (csct-t-2) 2 

i ^ i-v ^f - 1\ „ /• 2 - sin x \ _ 11 + g O f-™ *) - f 3 - T H 2 0 

,>cy ' D[ l CM (-I i ) ~ U< il + TmV- (l + 2flin 0* 

_ — c(m t ^-2 sin t ow < — 4 fjg- 1 4- 2 sin f cos t _ —5 cca t 

(l-i-2 sin if ~ 0 +2 sin ()" 

34] ft / rAT * YJ ' 1 ~' 1 , - S M Vi Un >an]/ - 3 few 2 ? _ j-jj 

v’vtan y- l.J “ (^ny-lf (tan p-l) ? 

3n Exercises 31-42, compute NDERi/fi), Ci) your c*JculriLoT\ 1 hen compute the exaet value of /'(fl). 

31. /{# j = r cos ?;: fix') = cos z - x sia a so /'(0) - cos 0 - & ^in 0 = l 

32- /{*) - i ain z\ a = |ff 
& NDER gives Noi\ we find 

J f {z) — z ■ Dj-sin * z ■ I= z cos z 4 sin x 

Neal, wv rp]:]jtn* x ifKh Thua B 

/'(^tt) = )«»{^) + S i)(0 } + (■-l) ; -1 


D,(^=1)=ufe-^n) - ■ 


_ e«i ^ n *)-***-1 „ » 


33- /(*) : /'(t) : 


« rCP) = 


H-l>- 0 _! 


34, f{x] = /'(#) = {am: su /'( T ) = ^ % D.D64MKICI7, NDER = 0.GG45D33 1 

/(z) = z 2 laic z; / r (z) - 2z L&ii j: 4 J^flee^z; so /'(sr} = Lan - 4 7 r a scc^ - 4 

3€r /(z) ™ x-r.iK-: x s^ijr; z.; a — 13 

*> WDEft gives-0-89OT99* 

/'{z) = z~ ■ Dj-WS 4: - C03 Z ■ D 3 r 2 - l^^sin z = -z^sia z + 2z cos £ era r 

Thus, with z - 0, we 

/'[&) = -0 2 (ELn Q) 4 2(0)CCS 0-e«i)s -1 

37, /(z) = ^in t(cws z— 1 )■; /‘‘{j:) = eos z[eos z 1)4- &in s( sin z?; so /‘f- : - ■ ■ L)(--3) -s- D(0) — 1 
3^- J(t.) ^ (c®a z + LJ(^f am 2 — I): / J (z) — —aln z{z sin z — i) —■ [cOft f — LJ(sin z - z cos z)\ 
flip) = —(jt -1)41 =2-^ s <M2&2037. NDCR = 0-42&2Q41 
3G. /(z) -rtoar-r sin t: /^(z) - cos z - t sin z 4^z+j™j 

so /'(|'r) - yt “ (^X|-/2i + Jv/2 + (^)d^) = ^ 

4ft. /(i) = taK r + scc i; a — 

& IM D Eft gives LMJtigpti2. 

_f j) ±= r 4 extc z ss.ii z 

■II. /(z) 2 e&L z - c^c z: /■‘(z) - —2 csc 3 z 4tsez eot s; ao “ "|f^) “ -- y 



*- fir] = eol.l P ft*) = ft*”) ®| = 5 = «■ N [)liB. = 0J5MQ4Q2 
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2 
< ' 


la) * 1 

f-in(|ir + h) — sm jT 


0.5 (U 0.01 0,001 -I - 0.5 -o.i - 0 . 0 ) ^oi)] 

,0226 .20.74 .4550 .406(1 .4!)9, r s ,£ls:8 .45915 .5421 ,;70'O ,.TijOii 

sLsl^j: + 0) -gi-i^r . 

--=-— — — iiJi x 


k-*/3 

h[ 

T 


- cos J^r = 1 


The quotient appears Ui Approach ± (b) I[ m -_ _ 

* ft—»ci h tl * 

. (i) Use b. calculator to tabulate lu four decimal places vaSu&H of ~*~ ^ ^ h it l s D.i. D.l„ 


□,01, 0*001 and h i& -1. -0 ; | T -D,l> -0.0U1. VtJt&L does the qn&r.iem appear Lo be approaching as A 
. ™ . ■ = T t i . ., CftBfifcT-j-fc)-x4K^?r 

approaches Q. (b) rsod lirr --- -— by interpreting It a* a derivative 

* a' See the table. The quotient appear* to be approaching; -0.5 && h approach fis 0, 


A 

1 

0-5 

IU 

0.0] 

0.OOJ 

coafg? H- ft) - 
A 


-0.0226 

-0.26741 

-0.-155O- 

■M05T 

-0.-19D6 

1 * _J 

-1 

-0-5 

-0.1 

-O.0J 

-0. OOL 

ru.!{|s + /.J 

COS |jT 

1* 

-O.siea 

-0*60 E5 

H3-5424 

-0-5013 


ft 

-0*6004 


lim 
ft —<0 


b) 13y fotmuLa (4) of teeiion 2,1 and Theorem 2.T.^_ 

+ ft) - cos Sir 

7T ” D r CliS T I 5 x/G = 1 - “2 

0*tU 0,001 0*0001 10- 5 -0.1 

) — ton 4tr 

_m_ a ouft; 

it 


. ft i 0,1 

LArilV f A) - tnn In 

-—-— 2-2305 2.0203 2,M20 2.13(1132 2 


- 0-01 


-o*D0i —_f>nctt ~m H 


- he quati^nt appears to ap-str^di 2. (b'l liin 

' ft-4> 


1.^227 2.9803 LSOKO 1.9998 2 
— -Tf-= K ta " = “* b “ 3 


0.D1 


0-001 0.0001 10 _A —D -1 - 0.01 - 0,001 -.MO -1 


-nr 


1 1 al 
Irr 1 7 ,* + A) “ see. ~fr 

—- j -— 0 * 77 LG 0 . 670-1 U.M 7 ft 0 , 0 M 0 0.6067 0.5775 U .6571 0.6657 0-6607 

Quotient appeart lo approach (h) Jim ‘ /a )-" sl ‘ c e t 


ft—-ft 


“ - 5 J- . ■■■■.■ - : .r Lan 1- - 4-L _ - 

« ™ * 7^ 7^ ^ 




l 

iur 


J 


_]p_ T 


in? 
TSSO 1 

2GW& 




■GT _ 

■tLi-:!." 

SxRJ 




i 

i 

iV 

L 

i 

l 

tWl” 



is LC1 n 

nos* 

—-—T 

&jQ\y 

—-4 6S6 

-.4077 

-,49S9 

- ioas 

-.5224 

—.5123 

-.ft023 

— .5U1J 

■-500C2 


eo=. x — roj! J. t 


Thi! quotient appcoTE to appioadi —L fl>) Jjjji 
a i Lik: a caltnInJor to tabulate to four djeei-mitJ jdnt jr.y Vniiitisi o\ 


2-^77 


, A = ^iri ~:T — 


Sir* X - f I IS -rT 


|U T i’s „ IC^U 


e _ JT 

i* #ni: * 1 ,:l -WhM. <ti3cs the quofiwnt 3*etn to Ire apptaatlii.m ** ^ approach^ j^.' 

bj^ sntr^pretiFijc U as a derivative. 


. nJ sin x - n -flr 
b i Find 3im -.- 3 

■s-*ir /3 J - jT 




■ HI THE DFfti V ATJVE AMI niFFFREVnATION 


& (&) Sei" the [nblt. The quotient oppvars to Ik? ttppiofwhing 0,!i .^pproachc? t*. 


333 . 

LUCK*' 


L'l.JiODfh 


0 , 5(145 


0-4333 0-573$ 0-64C5 0-05&7 0-0047 0-911$ 0.777(3 0.GS73 O.erflS 0.0037 


Quotient snen-.a co approach 


TOKS' 


4QOO 


■1.U5T3 -E.&23 4 -1.9441 -1.9H2 -1.99&4 -2.17J3 


The quotient appeals to approach —2. (b) lien 


51. Let f{z) = sin x. Then = era x, 

(a) If jr — &| y i= 0> and thr slope of the tangent line ia /* (0) = cdsO = 3: thus an equation of the tangent hot 
at {0,0) is y = i. 

(1>) If r. — ^-rr, y — 1 v/li, and the si ope of the tangent lir,-: is /V~r) — cosf^ar) — J-j >hns an equation nf lh* 
EangenE line at is y -=jy^ - ](x - ^r)i - 0y - t + 3v3 — 0. 

(e) If z t„ y 0- and the sJope of the tangent Line is /^r] = — 1: thus an equation of the tangent Jine &; 

(t ? 0) is y = —I(±- *)■ j: + y - r = 0_ 

R9. Find an equation nf thr EangnsU iiair to thi“ graph nf the nunine Luncitioii *1 c lu: point where {a) ssitf; (b) 

X = -4n"i (c) X = ^TT. 

e* Let / be the cosine function. That is f{z] = cos x. Then f f {x) — —ain x 

(a) Bce-Btise = 0, f f (^t} = -sin(^jT) = -1 

t-hen y = 0 whsa * — antf che slope of the ^an^ent Line ia -L By the point-slope formica, AH equation cf 
the taisgent Line Is y-0 = -(z-^-), y = -E-*-^ 

[b) Because = c-cth f —^ttJ = 0 h /^(—= -sin(—^-sr} = i 

e 1h-ti y — H whtidi x — —wiiil the ilcpe nf (lit- tangent, line as I. Thus, ah ^q^utaon of ihe tangent Sine is 

y 5= J? + Jr 


3? 

jyu 

fa T 

101 

a? _ 

2CTS 


x — 


fa* 

_!_ t 

3fl0* 

L _ 

000 

fww* 

Bill X — SllL ^TT 

0-4556 

&.477I 

04955 

0.4977 

G-49SM 

■i-3 t 
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»««*“ /(g*)- j-A /'(s*) =-»in(s*) =-4 

¥ — 5 A *l>™ * = »■"! I ll** slrfpt- of tku lang«fl? line is “i, Thus, an (-filiation of t he tangcm; line La 

y s -+|A 

, L';/(*■) — t*m *, Then f'(x) = gee 3 #. 

(* When j- - (J, y — G, and the slop* of ihfc tangent line h / t (G) = sec^ft = \\ thus an equation of the t.pingmt 
Jit (0,0) ■* y - t. 

: Wb*!> -r = -£x_y = 1. and the slope rtf l(Eugeni line h = s*e^(^r) = 2 l thus fill <JQUS,tlOfi of th£ 

lafigtnt lint at is jr-I ^ dx - Sj + 2 - t = 0 . 

- \VM.i) = -^tt, ?/ = - 3. and (he sLopc uf l,h« line j* /'(—|sr] — ^ec ? (— £*) - 2; thus An tquatlon of 

»' :■ t-ingenL linr at { Jtt. 1} is p 4 J = S{* + 4 j- - 2rj - ^ + n _ I), 

lei /(a) = StK J.'. Then “ HX-X L-U.F1 J. 

I* w hen x - Jr, y ■ y/£ *tid ibs skip* lT i he taiweat line is = jjoc Jff [-311 |t - an equation of 

-it tangent line at (^r, y^l is y = i T ) + \A 

fo When 2 — = y^2, »'«J the of Lhr fanj^cnl line is /^—^x) — xety — J-jTjLjuif—Jtr) — ^i/2\ lLiub an 

equation of t-Eie tangent tine at (—Jr. y^2) is y — -y jfx 4 Jx) 4 y^. 

■- When * — |rf, y = —\/~i and th^ of the Undent Ime Ln / j [|t} = fire, tan ^jr — y^; thus fin 

-qnation of t-ki? iauig*tli Lltie at (|t,-\/?) Is £j = y^Ex- 3 tt) - y^S 

!r>rri^ Fiij-r^, a jvirtide is moving along a Straight lin* According to the equation where j tm is the directed 
w-' r from thfi origin ai t seconds,. (a) What j* the instantaneous velocity and fioce-leratLOh of i.he particle at i 1 
®Js- fb) find tilt iiiatautancoua velocity and »C«Wration of the particle at t t tetoude foi- eat:^i vaiuH of q. 

« - L MU (a.) Th^ iijEUuilaufOLis velocity and accdfcr&tlon are given by t'(c) = ^| = -1 ros t atnl 
W<) = -4 iin i (bj t<0} - A cosC = 4, a(0) = -4sin 0=0; = A coa(|z) = 4(|) - 2: 

: .!-) = 'l -;in ’ T = = -2%/3l t{jt) =4 cosier) - 4(D) = 0, «(j») = -4 iifl j?r -—4 1 — —4; 

*>1=4 cca^») = 41-1) = -2; o{|tJ = -A Sill |s7 = -A ■ l = -2-^5; u(ir) s; 4 cus » = 4(-t) = -4, 

«r*J= ^1 >iii Jr = -4 *Q = 0 


— fi ccm i T is ft, 1 -r, ani I x 


(*) v(t} = D f (6 cos i) =■ —6 sin t aJid *(<) = 6 Bin f) = — 6 coa f. 

*fc* mfltaaCianooii-? vdocily and serf krati-nsn of rhr paT+ieie ^t t sec ls — i'j sin l cm/ser. and w& i nzif'&iv 
3 The in-srant-ftneons velocity and acceleration fnr c«r.h i 1 b given in Liu: laijlif bt:lu^v. 


*1 

v 

velocity 

a 


a^CukfAtiOri 

* 

-&tin 0 = -6(0) =0 

ft 

—ft c os U = - 

ft 

-fi em/sec 3 

i' 


-3 cm/seL 

—0 s:ns Jjt = 

—6 1 j v 2 = —3\/^ 

-3v^ 5 cm/Btt 2 

1' 

-fi sLn(^if) = -6(1] = -G 

—ft cm/£ee 

—6 COB rrT = 

a 

—fi - IT = IJ 

ft 


-6 siu(|¥) - -fi(^) = -3 

-3 cm/sec 

-fi coe |rf = 

-6(-JvS) -;tv^ 


r 

-fi sin *= —6(0) = 0 

ft 

-6 cot x = - 

-6(-l) = « 

ft csn/sct J 


'i 


i — —3 to* ? (ft.) The instantancoiLH vrtiiraiy nn+l ^ic-r+'lei-ation are given hy n(i) — — 3 ^iu l and 

- ■ - 32 ” i f- 0*) t'(D) = m) = 01 q{ 0) - ^5 COB ft = 3 ■ L = 3; i -1 - 

.#<jr) = 3 ™ ^ = a ‘^vl = |i/5T v(Ji) ^ a - jv's = Jyfj * 0*1 ^ 3 = 3 J = | E v^} = 3-1 = 3 , 

*^ j = 3- [ sfi = |tr, .’i(|y) = 3 rop jr = 3 (-^> -f; *(|r) - 3-1 - ^ c(^) =3 cos|?r = 3f^V3) = 


■ -i-r3-{l = 0 n ct(x) = i5 cob t = 3( — 3) — -3 


- -|=j]n t (a) The ijisrtaiitftiK^UE velocity and acce2era.^i^n at^ v(t) - — -J cob t and. fifl) = ^ sin 

i<0) = -J to® ft = -J-l = -j, w(D) - | Bin d = ” ■ 0 - 0- j-(£x I - -'; cos ^ — -ij ■ 1^/1 = -i^ 

7'|r) = 5S*n^=F'5 = ^ = -i c ®5 5r = 4'T~ _ i 1 Q (^) - 5 sin. ^ 
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69. F = 


u[^ 5T) — CG& — —j L 0 - o, | P£g ai ') — , J ^ — g 3^ — ^) ~~ 1 4 1 

a(|i) = ^ sin jt = J -y\/^ - {Kh) ~ _ 2 Ma rr ~ “1V 1 ^ J — \ V^- M j- T ) = | Mn ^ ~ J P ? ” ?■ 

v{*)= —|crra r = -^-L) - y cliff) = ^ sir *- = ^-G = 0 

AW jW 

ij-tE JV 1 _: _ j1 i _ j... j"' 

^Wiy cos tf-sin tf) 
sin 0 -I" cos tf'} 2 


^SfcSl 6 +COS tf 

The instantaneous Tate of change of f with tre-peet to tf is f - 


WF^) 




■IJ) 2 


frfrS + Wfr - fl/fr —--r- (TT 

60. A prujiviiN- ik shot from a ^=hcl at c in angle of cie^ufon fcavin r ralfon m™uhtr and an iuiti&J vnLoc^y of :. ; 
ft/sec. Ff a feet ie the rASflg-5 of the prtjtclfr, l>i«i Si-(V/# n fl ’ 0 < * < * vtcjre £ ft/acc is At 
acCetemirm due to gravity- {a) If i n - 4SU. find I hr rati- of change of E with resprcl 10 fr whan or =^jt (l’=i«i 
is, the angle- of elevation ha* radian measure J-e-)- Take — ,52. ',b) Find the values of 0 for wfilch D^H. > 0, 

i> (a) Became n' 0 = 430 and $ = 32, are given that fti>) - tin a - 7^0 *in n 

Differentiating wUh roapect to uf. »v have HL-(rii) - 7200 cos O r K j (|t) = )'30O eos(^Jr) = 0 

K^ildg, ihe rale of nhan^# lj-I H. wi.ih respect to [t Lt! D vrhen n — p. 

(b) Itl'fG) > 0„ wc hitv* 72CHI cos or > 0 B ooa a > 0 

If c:ft£ a > 0 And 0 < o < T then 0 < o-*: = -r. Ws etnit Ludi: i hat I ]^R. > 0 when (f < ft < -^ff- 

\Va now wish to show Lbat lIil formula 
holds for k — t + 1 if it holds foT £ = £, 
that is, if 


if n — 4^ 
if n - 4Jfr 


61n Wo wish to prove by nmt.homai icaj 
induction tliat if k is Any ]-kk-:Le]yp 
tnte^« then 

j tL-L ± 

H# |S& ^n= 4t + 2 

\ —cos i if ti = 1 i -r- ^.S 
Wc prove that- form U.L& (1) holds; when 
£ — L Dj-ftiin *) - tofi 
D 3 (tin r) — —sin *; D 3 ;dn r} = -ms j: 

Tbu^ by irtkjnj; successive derivnl]vra 

( dll r- i T rt = 1 

.r, ir pi _6 

—cots T if FI = 7 

llrcAuae (2^ is (1) for k — l. wC b^ve 
proved fomraul^ ([) ior k — 1. 


( 1 ) 


osm*)= r_^ 


i s-in s if n ~ 4? 

cos H-: if n =4i + 1 

-Kin j if ?i = -=U + i 
■ cn® 3f if?i-4i + ; 


; = 41 41 
, = 4142 W 
i = 41+3 

W-li'-v, k — { + 1. then 4it —•‘III + -l h -tk + 1 — 4£ 4 5-, 
4k 4 2 = -If - 6- 4k + 3 = 414 7- From. (3) vre 
hove- E n (sm as) =- —co& s if .* — 

TiiUS, by iakang EiaCOeSSiv^ nlei-i vattvea 


ir Ft = l (3) 


D."(sin i) - 


f.sin r =f n = 'U I 4 

I tut: r if r>' -iE+O 

1 3231 I ]f H = 4( + 6- 

[ —ro^ T. if ti = + 7 


(*) 


Bccau^ (4) la (1) when * — i + L 
prcivrd llsal. if {!) ho’ds for ib = i at also 
holds for 4 = t ■*■ 1. EIcnct (1) holds for 
every j.M>si t.Lv^r integer k. 


62. The formula of Ek. fll cun be exprefifedl » P x n (3LEi t) - bin(jJ +^r) For any positive in U-&r r.. We wish Ic 
prov-p by induerion tbai if i? is uny jrtsitive integer. D/ L (m* -rj _ C 05 i(t + :Jut) i I j ^Vr prove thnt lormtiU l l 
bolds when n = lr D T (™ jp) = -ain x. and coa(j? +^t) - -fun ar- ^uppo« Lhv fonmila is true for sosne inUfgBf 
tr. Using this bypoth^b and the: formula for cos(A - Eh we hiw 

D x fc+1 (™ f) - D[D r *(»B ^>co^ + ^,)r#n(^ ± cus tk - sin a sin %) 

— -sin 2 - cos igsr — cos ff sin = cei*[* + ^jt)cos - sin(ff + ^r)sin J.^-ff — coS^ff I- {k + 1 )^tJ 
Wc havr pmvrd that if (!) holds for tl = t, it hold for n - k ■ 1. Hence (]) holds for cv«r y p^ilive integer k 
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DERIVATIVE OF A COMPOSITE FUNCTION AND THE CHAIN RULE 


Chain Rule If the function y js differentiable .ii. t: .1 iill, eIit- fnuri.um j is HtfftTrutiabdc sL gix). tiicrj “_Jie 
composite function f op if. different a aUi! *1 r. and 

(/of)-(i) = f) 

In .hocalio ft, if y l£ a diHeseutiaLdc function of u, and u is a diffeientiahk function cf 

i-, then p i.y a differentiable function uf 37 Mid 

^ _<y .dtj 

Jx d u d x 

f'hc following differential: ion formulas a™ ppcelal ease* of \ht. ehoin niU;.. [n for mu I* wr 

mkucuc l-tial u ii a fundion differentiabhi nL x. In the formulas involving the tring-nnli 
eotaftgs&t. $kcacii., ,ii.[! cosecant fUdttiocLe Wc asELLuitf that the Lrigoncuuelric function is 
drfbLtJ at tl. 


Wll-en corn puli rig derivatives by the chum rule wc dorr) actually wri r.r Lhr functions / and 
but Tie bear t h^LHQ in mind. If a. function is dtssciibod as ^povr-cr of ... ,i , ^siitc of ... ,! . or 
"product of then we Gtsc. appjy r.hc power rule, sine rule, Or product rule. Iu the final 
foim of an answer. Lbe simpler factors appear first. 

Harmonic Motion: An objeet moving on n lin* so lIh±i ih* measure of its accekiation is proportional to 
the measure of its rlisplaeerm i-i frnrji * ^^-r-rl pnj?u: on :hr -inr. and the Rioccicration *nd 
displacement a/e oppositely directed. J$ is a gum of K-rma of the farm A um{kx + a) and 
B sin s' kz + b) of □ mpl: I adc-s! A | and B L p cn sd H jt / * | nnd frequt n ep \k 1/2 t- 


lEiascLses 1-12. find the derivative of the Function. 

L fl.T) = D r (2j; + 1) J = 3(2s 4 4 1) - 3(2.r 4 if(2) - ft(£r 4 i )* 

Hfer) - lyio- as) 4 - 4 (JO -SsfD^iO - 5s) = 4(10 - raj’f-e) = -20(10 -5s) 3 

1 ; - = D^fr 2 + 4 k — h) 4 = 4 (a; S 4 At. ■ | c 2 4 4 r — oj £ 4 [l ! 4 - 4 s — 5 )^ 2 r 4 4 ) = 

Mr)=C2r 4 + Br s + l) ( 

SeCtuse 41 Vi 13 tb* :lfth p<m« of Or' 1 4 8r : . [, vie use the power iule 11 fb4 _ 
s''i r) - 5 (2r 4 4 6r l +1 ) 4 - D^r 1 4 ®r S 4 I) = 5(2s 4 + £ t 1 + 1 ^(Br 1 4 16r) = 4 0r( r 4 

I f !| =l) ( (2< 4 -T| 3 4-3d-'J) 2 = 2{2/ 4 -7i J 42**- IJD^Sf 1 -7^4-2( -1) 

= 2(24* - Tf 3 -f- 21 - L)(81 a - 21 1 2 + 2) 

L «:.-j = D,(s*- 3- 1 4 1) ,! = - 4*“ 4 1 )- 4 IJ ± (: 3 3.'“ 4 I) = -3(± 3 -3s* + I }~ A V\ 

- -9i(i - 2)^ - 3i a 4 1) 4 

E ‘ z) - Dj(s S + 9)- i | = -2(ir 1 +4)-*D jr (« , 4-4) = -2{r 2 4 -ir’pe] = -<*{**+ 4}-* 

| F x) = ?in z 2 

k BccaiMc $(*) U tht sitic of t 2 , w-e use Lnc -sine rule first. 

Wri* 1 ) = ce* x? {2z) - 2z cos 

I J > z j - Dj.(d cos J-x 3 hiiri ) — - ^1 f yin 5 jt)(3) — 3 [cos 4j}( 4) - —I2(sin \lx — eos irl 
| C^-r) = D s (sec^) = 2 fcc j D x (src t) — 2 see n(Bte z tan z) s 2 sec 3: z tan r 

-z‘; — D^f^cc^Si sec 2x1 _ {&ec"2x 1 jJ> A {fiee. 2z) = ;'fice 2 2i: - l)(see -.au 2x)(^l 

- f[au 2 2xX- ^2 e tin 2z) - ^ 2z Laa^Sx 
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12, /[#) = C09-(34?‘ 1 + I] 

i> Applying rtiain rule to the coslik rule, we have 

/ t (e) = f- i 1) = -seei(3i J + — -firsan(3i 2 i 1} 

1 21 hlttCFCLse? JL0 n oompute (he derivative, 

u - <Jt^ 2 ji) F ™ d !T3 r (.'rtif. 1 jf)^i;i Z ^ + 2 x D r (l-nu 2 j:) — 2 rim’, £(5 iln: j- sari + S4 :C E t( 2 4 ait X h-CjC S tf) 

S bec. 2 i lan^-r -+- 2 aec J r tan x — ? sec 3 itan i(l■+ swt 2 j;) 
l-L ^(S Bin 3 ! e«= 2 I2jD f fslit 3 £) ■ tos^-i-sin 3 ! ■ Dj(toi 2 £)l - 2[3 sJfl a ( ■ D r sm f -cos a r -rsin a e -2 cos £ 'I> r c&s i] 

= 6 ain J ( 2-4 &ln 4 l cos 2 

15. ^(coL*J - csc^O = 4 «rt 3 t[-cae 2 0 - 1 cbc^(-C3C t tot t) = -4 cot t csc 2 ^cot z * -csc 2 t) 

= —4 roi i ciic 3 f(-t) = 4 cot t cse 2 E, Alternative]?! 

^fwVV. — erfr: -1 E) — ~y[f l'.h il, 2 E — csc 2 fJ(cqt 2 S + c&c 2 E]] = J^[ — {2 co1. 3 E — ] )} ^ 4 cot E csc^t 

16 - + 

t* Because the function is the dtqcI*ic& of (dr 3 — 7) 2 and (Sr 3 4- IV 1 , we use the product rule JltSl. then t-htf power 
tulfc hi the final Step vre remove the tcpcatcd factors. Note that wc cannot describe the whole function a 
power of sam*ifting- 

J^t^+7j 3 (2i 3 +l) + ] 

= {4i , +7)*.D,(2x s +I)*4(|fr J + i^-D^.l^ + T) 2 

- (4i ! + 7) J ■ 4(Sto 3 + 1 ) 3 D 2 (2i a 4 L) + ['ix 3 + 1)< ■ 2(4 x 2 4 7}D J (4r a + 7) 

- (4* 2 4 if -4(2*:* 4 1 ) a (6i 2 ) 4 (2i 3 41) 4 - 2(if 4 7)(8c) 

- 24* \4? + 7f(2z s 4 I) a 4 16r(4T 2 4 7)(2 j- 3 4 l)' 1 
= $T(4x 1 + 7)(2r s + t) 3 [, r Si(4i S 4 7) + 2{2r 3 + |J] 

= 5b(4i j + 7K2* j 4 4 21r 4 2) 

In Exftrti&ca 3T—24-, find the derivative vf the futLctiun and check by plotling vnur answer and INDEiR- 

i 7 d (t -■ 7\i _ n/iC - T\l d /r - 7\ _ rf?- - ")[. x ~ -J l ~ {*" J ,d _ s “ 7)0 _ 1 [ff - ?) 

17, aarn/- *&+%)mzm- —£^3— -■j^jr- (a+2) * 

1* j[ /2i a ! i f] n/ 2<- I I j D y 2t 2 ■, L\ ,, 2i 2 +l (3l :i -l)(4t)-(2l 3 4lX^ :i ) ^ 2t 2 + L -t 4 -'tf+it 

' 4 V \ '■Si 3 4 V ^3^4 1/ 3i J 4l (Jf 3 41) S 3^4 1 (3i J 4!) ! 

_ —2i(2i s 4 J )(6# 3 +9t — 4) 

(2f 3 4 I) 3 

13. g'(l) - U t »i» 4 (S« 4 1) = 2 sin(Iii 2 1)0^^ 1) = 2 sin(3t 3 1)(6<) = ft# sintft#* - 2) 

30. p(j;) = t^n 5 ! 1 

p Btcauae L-he fjisttiou is [he square cl lau s 2 , we apply the power rule first. 

(/{s) — 2 lan r 2 - Dj( lan e 3 } = 2 (as i 2 bcc 2 r 2 ■ D 2 (i”) — 4i tan x 2 slc 7 * 2 

21- fix) = Dftt-i-i 2 * - ff = i(t&n 2 Sf - t J ) 2 D E (tsj|j 2 # - r J i = - r 2 f[? tan x(w}z) - 2i] 

= G(ts.n 2 r — ^j^taa i ftm' 2 * - x) 

22. s O r (2 an i — .1 tas i) 3 = 3(2 sin x — 3 caa i)*D,(2 sin i — 3 cos r) 

= 3(2 sin * ■ 3 cas t) s (2 cm % 4 3 sin *) 

Hi. F'(ji) — 11 [4 f/js(atn 3*)] - -4 pjn(sin SrJD^fsSn Itxi = -4 stmi'sin ‘.izfC&z :ia-(3) — 12 cos 3i sin(sin. 3a:) 

24. /(i) = fcir^cos 2i) 

t Because f(x) is the square of a sine, we llsc- the poTver rule fust, then Lhe sine rule, 
f{x) = 2 ^in(cos ^x)D r Mn(rnft'2j) = "2 juntos 2 j)cos(cos ^j)I> s co.r ‘2x 

— 2 slnfcoft 2s)eos(coa 2i)f—sin 5 j')D t (!3j) = 3 ^:n(cos 2 t)cos[oos £j)(— 2 sin Ssp) 

= -2 sirs 2i add (2 COS £#) 


rnwri: 



2.8 THE DERIVATIVE OF 
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■rcises And 2G, fvi; ■-! cqd Alien of i hf tangent I i n-n- al the point. Check by plotting Lhe cujvf :itnl ivm^nl. 

- (*“ - l) a m [3,9) 

» = - ])»,(** - 1) = *y - 1 ){2*j - ir/,y 1). /(2) = 24. y _ 21(x-i) + !Hy = 24* - 39 

- ■! tan at 

-. {x} 4 nectar IT(2x) . a *«r 2 2y. /{Jr) ^ £ sht* |ti = - in. y - 5G(x J*) f 4 

seises 27-30. * cm ir, \h* distance of a wesglit Iron il* control position At t fucondb. jltmI the- positive 
dti is upward, iVl Find the* vrlorily and acralerALion. (b) Show Hvu l he “■ -o-i-ior is simple Jiarmonir. (c) Kind 
ipliludc A. peiit>d p, ond frequency / of I he mutson, fdj Simulate the motion on y-mn caEcmlAiar. (c) Plot 


. - jjjrf (*} v = gf = |» eoa iflrt, a = zfi - -| 
ist m«tjnn i* ffimpUt hnHnoftiii- {<:) A — fj, p = *£rj- 


J t fb} rj 


* = an«* = -{pri* . = v v 10 13 14 \ 

Because —is a eabaLut^ then n, l!ic jned.hu ie <-jf ihc Acc.*Jei-atjpp. i.s 2 - \ / 

Mportk«al to t, the of the dispiacome&c, Furthermore, bctuusc_ 

— ■■~' 2 is ftftgatm-, r.her u afi<] .s aro Oppositely directed Thus, the [elo43qu h simple harmonic. (c) The 

amplitude is- 3. The period it 2vr/gF = 12 and the frequency 3s ^ fdj To simulate the motion, in parametric 
tjiacEe Id. ±^t) = 2. = m\ Ctffi jricl. 111 Lh« svhitLuw' [W. -1] X —1,4], wi m Irl [lY3i.n. i!Mri:tj zz [0„ 1 Ej, l-Ktup — .Q& r 

Pres? Hie I 1 ! H.UM-.j key, pres;; ihe < key cirrti i.hi- rnnsor ,\\ , i he pr^s* t hr :> 

i - 4 cos 7 t( 2 J - 3 ) |>j v — — - 2 Jtt sin ;r[2f - ^). e = j; — - Iftr* cos -rf^r ^ 

— L ? t ) 3 3 s negative, the motion is simple harmonic, (c) A - ■L, p - - I. / 

- i ran p(S£ (a) ' = = 24w cor r(3t +|j. rj - ^ -T'l^nhi t \Xt +^} 

— 3*)^ is negative, r.hr moiion h smiplu horrcLunie (e) A = £. p = 2ir/3ir = - , / 

31 artri 32, : m i^ the distance of a piLrlicie from ‘.he origin ,iL i seconds. Find (al the velocity and (h) 
^acceleration. (c) Show that the motion is simple liarmniLie. 

j = b on&(i:i + e= (a) -bit 3m(ttt + 1 ) (b) ^ = —b}: 2 rtn(kt + r) (ej ^ = —fc%, the mearaiic of 

■-n accekiation is always pTopoT-Lional to tho meBsurc oF the displacement and the ace derat ion and 
=__-pJace[j]P[it. *ir. oppmuLdy directed. Therefore, the mocion is simple ijatmorlk- 

* = A sin %7:kt + B cos 2?rfcd where A. B. and ^ are- constants. 

■ Hnd the velocity and then the acceleration of the paxtlsle by differentiating with r^p*et t* l- Thus, 

v = & - 2ir±A cos 2irjfci - 2sitB sin 


iccause a 


Ssiaitituring, we have u - Beenu^ -A-t^k 2 Is a cojisla::.. then t!, the measure of ihe accelersLiocL. is 

^porticmal r^n a, the measure of the diipUr«neiLt. J v nrthermOrf 1 heoaU^e i-^ negative-, thesL a and $ ?ire 

oppositely di-rceted. Thus, Hie mol ion is nimph- h^moni<:. 

33-S&, * ft is thft distMcp -of a particle from the origin at t seconds (a) Find v and a. (b) Show that 

Sam ion is simple harmonic, [cj Simulate tho mot hi m u-i] your c^lc‘,,otyr- 

i ^ fp sin t! + 3 cbs Tl (a) !■ -= 4j = f}jr cos -arf — 3 t sin irf p = ^ri — x-f 


- Recaitpc a = —t^h and -W J ; a negative,the motion is *impk hnTcnonir, I he amplit-udr v"ck + 3^ — \/34r 
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3<f, s = s.in{61 — J-n-j ■FsinifGH* v = ^y = £>£05(6i Jjr) + cos^6l 4 

n = ^ 4 ™|*r) + s-in(6i + £*}. = 

a — - Stis. the measure uf this ecoeleialiort ift always propoitbiial to the ciic?isiirc of (he diSplaceiTifcHL 
and the Mjceleratbft and dlsplattment aic oppositely diluted, Therefore. the motion h &LEnplr Iwnitink- lb? 
aniplLtLiEb Ls v^- 

35 I = 5-l|i , il =5-i**Mi-™ai*)] *=#=-»"“ 4* #=gs^«»*« =-4 

Becav^ □ = -lfis, Uic KLfeflimc of tile Jiccclcrat-LOfi Is always proportional to the nuMsure of t hi displicemfin: 
and 1 hr edition and displacement aie oppositely directed. Th<JJ<jfOT£- the motion Li simple ha* manic, 


36. 

F> 


$ = 6 cos 3 G f - 4 * , , , ■ , .. j |.p 

s - 4(2 6* - 1) we- may apply the identity cos &r = 2 cos i - I i rcpJ&«d by 6/ in stnoplifjF 

the pven equation- Thie. s = I ru* L2-t. Wt differentiate to ‘ind t and I hus. 


(ft) v = ^ = 4(-ain 12l)(32) = -48 sin 15 ( 

a = & = 4fi(cw 1 ft K12) “ - 1 - 14 ( 4 12 0 = -I 44 * 

(b) HoeauJ the tfiuluatfcm is proportional U> the dbptoMTfwnt. and a and ir ^ upponit^diiecied \M 
motion Lsi simple harmonic, (c) To simulate the motion, ill parametric mode let * M*) = 2. V^} - 4 coh 12i. Id 
the [tt t 4 ]*[- 5 , 9 j 1 wc let [fifin. iMa*.] — [13,2j t (*stip — -OS- Pmk th* &QH 1 W, P«s* Uw « tfl > 

until the cursor Ik at 0, llie press the & key to observe the motion. 

37 . { a ) ft(£) _; 10 -10 ton 6 = Lfl(l - coo If) = 1ft -2 sin 1 J# = 20 sir . 3 ’fl. h’(0) = 2 * 20 sin ^ «* ^' i = 1 11 aln & 

(b) *'($«} = 10 sin J# = 10 ■ ] = S (t) A'(jtr) - 10 *in = 10 ’ \ifi = 5^ (J) = 10 HD $* = 10 • l = 1* 

30. K = 25ain a, K'td) =25 COS <* {a) K j (Jt) =25 cm =25 ( b ) K, {j*) = ?!>4CS e r ~ 3& 

<c) K'(|tr)ss2S«)six=2&4 = ^ 


p — x > 80. Find the rate of change of P with respect U ? T whim (a) T = 1 (b) P o- 

" p, 4 U i W^W™ ) = Tti?’ li = ^ 

0>) p = 32 = (^y^f wW 2 = T = 210. P'(240) = = W = T ( 

40- If q - -Vui^LJt f#), fiatl t n the rote of chon^i' cf <1 wilh respect to t. 
p i = ss ^ssn(<i/t ■*• p) * w = A sm(yJ + 

41. If 6 — 0.2 cC« irfl — 0.5) at l second*, find, to the meareet tffiptb, how fast the angta 0 is changing at 3.1 9CC- 
* tf r (i) = -Q.2 t sin *{t ■ (I.BJi, P'(3.1) = -0.2ir sin 2.6 it = -0.59S sj -0-60 r»d/?ef. 

12. V=^x{lOO-i)*, V'=^t{lOO-*)* + i-iaKO[> v '<* s > = ^- 68 '< = 17 ’ 

V'(33) = r« 167 ■ 1 = ' t ' l87S * 4 ' 2 ' V ^ J4} = re' 08(-2) - -h.25 ^ -5.3 

43, £(<) = 50 sin 120 ia; E'(t) = 50 cos ]2Clnrt(120^ = 6.000^ cm I2flrt 

E J {D 02 > =.6 OflOs^coB 2 /i^r - cm .4-* ^ ^iS24.?. Hentt, the instaintwieoas jut* at ctLaniie k(U WIt * 

Ji«t U t. At < — 0.02 sec is ABMUtwhayw. (bj E'(0.2) = BOOfct ™» 24n - WXIOtc n. 18,*», Hence, th 
iTistAritiincpijs rate of change of E(i) with resjfiect tc t *t t = (). 2 sffl: is 15^50 volls/soc, 

44 . A WA ve produced by A simple sound bw the equation P(t) = 0.003 sin ISOOci where P(t) dynes per *«. 
centimeter »* the difference, between th.* atmospheric piessuie Find the air pressure at the eardrum a l 1 setoitd. 
find the instantaneous .ate of change of P(f) w;th respect to I at (a) if see^ 'Jj) ^see- ,ej _ see. 

p The instantaneous rate of change- of P(t) with respect to / a- f (t), 

P'(|) =0.003 cos l&OOiri • Dj(lEOOnl) s= 0.003(101)0# )c.oe l«00#f = 5.4? cM IRdOxf 
P'(^ = -:,Atc cos( 1800# -i) ^ 5,4# coa 21)0 t = 5-4i ros 0 = 5-4# 1 ~ 17.Q 
P'Q) = 5.4t oosflSOOsr ■ j} = 5 4# cos 225# = 5 , 4 # eos # =. -5.4# ss • 1T-0- 
P'(^) = 5.4# coii^r^ -15,3 

Thus tips instantaneous rate of change of P(0 wi‘l> reapwl- to ( is 



sr.fi Tin: derivative op a composite function a no the chain rule iar 


. 


■a.) 17.-0 dynw/cncr [^r second vrhcri t = jj; (b) -17.D dyncs/cm 3 por second when i = ^ 
fo) -la.3 dynea/cm 2 pci second *rhcn i 

LThe demand equation for a particidar i&y us p a i = 5 GOO r where ± toys demanded pet month *hen p 
jollies is Hue p-rke -per to*. Jr Ln ejected rluit jjs f months, winred i € [ 0 >fi] ? the pfice of Lhe lay will be- p 
i iiai-H. where 20 p = J j + 7fc + 1 HO*. iVh-it is tlie anticipated rate of change 1 of tJic demand with reaperr r,n Time 
ua S mcmlhs? [)o not exprr^ x in herms of t. bill use ihr chain riikj 
We have x - aDftOj ?" 3 and p - ^{i 2 4 7i 4 1A0) 

Hv the chain rota = 3^ = - ] ^D^P _S ■ + 7) — —— 

when t - 5 i\i en p = + 7[5) + 100] ^ G 

^ _bstit-utin 15 for i and p in J£q, (I), w? ohtsiu ^-| — —- I 

:sar is, in fi months the demand will be decreasing at the mic of l&.b toys pci month, 


CD 


4t f min. the area, of An h5j] spit! 


■ IQ) 2 if l.j < i < 2 


(a) Prove that A is different Lab Js ai 2, 

if t > sr 


Define A f (ri. :hid the rale at which the area of L-lie *pill Is chanpinp at kj 9-4 min, id] :r min.. ( 4 -) ^J.2 ielisl. 
a +20)M(| r _. 2 — /' + (2) — +-1)] t I'hna A is differentiable at 2 

i^d (b) A'(Jj = |gj*Jjg T # ' 1 -f ? ^ 2 ^ ( e > A'fO-d) - 16 t(Q. 1)[1(0.1) ! + 20] = 1H99 as 115 m^mb 

Ci A r [2J = I152w ^ nj ! /mtn (ci A'(3-.2) — j2t[]c 1[3.2] + 9571 nt^/min. 

/T*)-*?; **1 = /<=**)[ 

I*) 1 /'{*) = “ , ao = fix* (b) /(x) = D[/(i ! )J = /'(i ! )f2i) — HrVSx) - Or 5 

jjvto f{u) = u i -■- Otv 4 B And jr( 4 r)=(jf+ ] )/(ar ■■ }). Find r.he der-tvAiivc of / e> g in r.wo ways- (a-) by ilraL 
lizcjJtq (/ c j)(;f )5 fb) by usEhr the chain rule. 

»D.(/.,X.)-Djgi}) I + Sg±l) + s].^±|)D^|±i)+3D^|±i) 


» r(«) = 2 » + 5 M J /(r) = Djg±{) = {! □ *)'(*) - /'(#jyt*) = + s] ■ ^T 3 

Uj.i'cob i) — D[siii (^jt — a)) =cos(^t -t)(— 1} — —coaf^sr — i) = — din i 

Use the chain iu]e iu prove that (a) che defivaiive id .m even fm^ttiun \-n aik -m cirI IkmuLion, .timI (b) ilss 
derivative of an odd fuaction is an even function, provided that these derivatives eyi?1. 
a If / is m even function, th-cn /(-*) - f[z). 

DiffarcntiatiEi^ no both Rides with inspect to -x and using the ehiun rnic on tha left sido, w<j h&vc 
= /'(x); /'(-x)(-l) = /'(*); /'(-x) = -/'(r) 

Therefore J f is nn odd function. 

■j) If / ir an ndd fnnetion. fhen f( x ) — /fr). 

Differentio-t-LUE cm both --iides with ictpi'cr. lo / we havi 1 

J*(—aeJD.f—O = -/'(*); > /'(-*)(-!) = -/'(t}; /'(- *) = J‘{*) 

i hercfoic /' is an even function. 


£ : , Mi the result of Exercise 5tl(aj to piove lliat if f d.nd g aje dlfTefenLirtblc;. ^ is an rvc:t fuLetiun and 
Kr) = (/ o ^)(sc), then A'(U) = U. 

» c ^ lh on oven function Lhen by B^.bl(a), g' 1 a& an mid function eo g( x) — $[z) and ij r [ x) — j r (i) for every 

z in the domftifi of g r . If h (^3 ■= (/ ihtn h f (x) —/*(${ Jc)) /'"j), 

vr - ^ iX -*) = f ( rt *))(- A *)) = -a'W- 

-mbstiluLiiig x — tl (aivfes /L r (Ll) — 2 /j , 'i|^} - |J: ^^(0) 0. 


M. Sujjpiris* that / aud j are functions such that. _T(jj ~ 1/z (1) And (/ = £. E j jova that iT exists,, 

» !:_(/ Dfl-}(!r) = D # i. ilv the chain rufo. /'( = 1. By (!}. = !■ ir'W - ff(s) 
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o>. S;;;. 

(a) Prove that / is c^ntLtiuutis ac D. (bj Compute /'(?}. (c) Prove /' ifl discontinuous at 0. 

0 (A) Realise Uml j|< 1 , D <|r*siii(l/*)j< x?-*0 &a i- ^0- Hruiee by the squeak theorem =0 = /W 

and So / is continuous at n. (b) /'(a?) = 2 r wn ^ 4 **«» - 7 ) = 2x sin j- cos ^ if z f 0 and 

/'(()] - 3im^—= T Hill 1 — Cl. (cl As s *0, the first term of /'(x) appio&dlH U but ii=* second term 


oscillates between ± I and so lim/'fi) does not exist. 

r-# 

fil. if J* and g* exist, rind (/o j) u , 

► if *tY - + fish" 

S3. 5*e Ejieras* 27. S3- Srt &0ti« 2S. 

S7. Suppose that f and q are such that fi) /(jj) jmkI «Hst and (ii) for aJI t f a, in Bonn: open inhsTval 

, , .. {/onX'J-t/oflJOi) s(*)-s(*i) 

contitmtig ij, jrfi) " t 0- Then-^ . ^ I|} - T^X, ' 

(a) Prove thiiL pls- x-—►T j 1 jfc)— ix x ) and hence that (/* Jj r [sfj) = t- hl1 * simplifying the pcoof 

l he chain rule under the additional hjQtfhttis (ii). (b) ExpJain. wby tbU proof applies at x, = ft if f(±) = ^ 
jmd ^(sf) — x 3 . but not if j(x) — 9 gn j;. i/(e(±l) - /(g(r 

?> (a) Decaux / T (p(i|)J eJCMtiff, for every t > & lbore Is * <5 > fl such thaL i-; )) < f 

whenever 0 < |j(;r)-$[*,) | < *. fckcausc /(%} esitfs, ^(x) b continuous at x t #nd so at)— >, fl , C je 'i 1 " *^1- 

Hence th^re is a fi, such that .g(x) -gfx^lc^ whenever G < |j(r) — jr{ e 3 )|< ^. Jiy (ii),. w-r^ h-tv-? 

0 < | ff(*) — j(*i)| < fi whenever — <fi]i which proves that the first factor has limit- 

second factor has HmH c. 1 /( 1 ^) by definition, which Lhe proof. (b) The proof docs "not fl-pply tfli 

j?(aj) = flgn ^ brtCAUsfc ^(0) does nol exist. 

2.15 THE DERIVATIVE Of THE POWER FUNCTION FOR RATION AI. EXPONENTS AND IMPLICIT^ 
DIFFERENTIATION 

Two thtioreiiLs proved in this section r-simd the formula for the derivative of w powtlj 
function and for 1 deiiv^tjvr nf » iismptisite power function tu in elude chuae pow-^j 
with Tritinn^l nztjsiber KXjiorietics. To apply them to radieiJl, rewrite uEtng expoucrAS. 

2.3.1 Theorem If / is the pow W RuretLon defined by /|>) - x r . where r is rational number, then / aj 
difreiccLtEah]* and 


/'(*) = 


where p > 1 if j- — 0 wleI r has an odd denomLnaior if ^ cO- 


2 d 5,2 ThoOrom If / aTid 3 are functions such that /(t) — [f{-)] r i wh«r« r it any rational numbr^ n . 
j(x) esJst^s Lheti f is diffeT^rii.iiJiLr. and 

/'(*j - *ffWrV(*) 

Algebarajc Fiinttion A sum of terma of the form cx n $"* it identically 0- We can find y f without soivlnE for y. 
Tni|]lirtL DinKreuliaLiun With i,iEip:iclt differentiation w« nnwi he rjjrrFul p? distinguish the Lr-d-epcndent vaiiabte 
from the dependent vArinhle, Ef j: is the independent variable, tb^n wc regwd y as 1 
funclzEjn uf x. Thuft, 

D^ = 1 

bid D T y ifi not known. Similarly, 

D> r )=^ r " 1 

but io find Dj{^ F ) we must use the chain title fiiftte :/ is a composite function of x. I hin 

T>Jvl = rf- 1 g 

If we Tefi^rd v as. the independent viiriahlf pind differentiale implicitly with respect to r 
then the roles of t- xpid y art* iiLt^rEtajiged. I Iiub, 
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ff-tf 


1 KCS I — Ly. find the derivative of the function. 

/Til - = J . to" 1 /* - i- _ 2r"Vi 

/ » - lya* 3 ' 3 -6z ] / 3 + x -W) -I-3JI- 1 /- 1 e^ 3 _- &.-</*_ llt -v»_ i x </» 

|fa> = D,(i/i + 4**) = tijil + 4^1^* = M + 4* 3 )-'/ 2 <S*} ^ 4*U -4- 1* 1 )- 1 '* = .t 

^)=v^? ' Vl + ' 1jrJ 

,-eplace the radjeaj si^u by a fiactional imd use F.frc chains pawn n>le. Theorem 'L'J.'2. 

/w=$ - m=&- =• -^,i 

jrw ■ p„(s - te)^ 3 =§p ^ far l/3 f»3? * -2(s-a^y^ 

; ±) = d.cVPTTj = D,(4**- 1)WS = ^_ lr ^. n ^_ |, = a l( ^2 ij-J/a 


fT.Sr) = D. 


LJ.% - i 


- ri/aa - ^r 1 '* = -&? 5 - B*r a/I (^) - 


(2Wf 


/ ij = (5 — 

i&Y apply rheoTten ^.9.2. T]ius h 

/'(*) = -i(5 - a^r ,lW - L lV* 2 * a ) = -^5 - :|*(5 - ^ 2 )-'^ = -_4’__ 

3 j 5 — ‘2 r A ) 

PA*) = E,(S ewV*) = D t {2 n»(i [}2 )] - - 2 sin[l l/;i X^ _1/J ) = -f^an ^ fg ] = 
fix) — ^(4 zeci/z) — 4 ftfx-.i/r, — 4aw*^/x = 2 sst.-Ji tiuiy/x/ 

0 = E) r (=oi V'3f) = D r fr5r. : f -y'Ti- 1 &)} = - rar .-( -Jlr 1 - v 6 cse 4 v5t/2 V' 7 

-fjz-J =s j: 

We introduce a fractional exponent and iIlcm ok^ Theorem 2^.2, 

= ^/SVblei e - -s/Sfcin 


/(*) - v^(j){iliL x) 1 ■'X = 


v^< 


r iK-: f. 


- Sv^tTt 

disc £3 16, compute the- derLvaiiv-r and ebsrk hy plotting NDQ!!{_ 

d I sin t _ n 1 / ajn j \i/~j _ U ein t \- 1/J ^3 - aia f) - sin l(^cos i) _ 

■ ^ v i - -<> i ” - 3 \j ^5J (i —aLn tp = ^ A 

fc /ooe If sin x 'hl/Srcs*-! 

a*V 3LH* (fzV E 1 T 1 JT /_^ sin i ) — ~1S X 2W x-lJ 

VCU& * — I . . y - - 

‘■"i incorrect bccaissc ^/cum r — | Hopa not cxwl 


^.*T^ -- 373 — 

sin ^ 2 


= v 

•vY 9 + v^-^l - Djp ^ fB-e iys ] ,ft » + + - x) 1 ^] 

D .(v^ 


= * l ^*c 


“wx; 1 \y^+ Nin ^ 

=- fc - 

T f figure show^ a plot of tifiy/T/j), 
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iy. x* + ^ + ^ f r 7 : tiJZv* 

2Q_ i 2 + y 3 = 7 j$ 

We diffcLentlfcte with Teaprc 1 . Co x on bol.h jude* 
D^+D^sD^) 

Than — 2x. Eciai iKt*- y in rf. fuitetLon of x, \ 

uj* = i*}/)^ 

'rb rind n (7*j0 wc use the pKMJuet rule 
— (7®)D*S + 

= <7=Ja|+7tr 

Su.b*titLiC-ttig; from [2) and (3) iftfc» (1), wa have 
a*+:a^f = 7 ^ + 7 p 
Next, we^nke jiijpfcir ale ally for 


ALTERNATE SOLUTION- We divide c*n hc-Lh si^E? hy j 3 L'Suis 


['heieforr 


uchcT-e the G0fl8t*nt Jfc is on* of the lwo rood* of "he [[undr^Ut etjnaiion 
1 + k 2 = 7k 

It follows from E^i« (o) UiJiL 

1 / = Lr f 

Thsis the graph moists of two lines: through the origin. Because y is not & ftintlioti of t jr. any neighbnrhr* 
of (0,0), tb«n dp/dx docs not exist tX (0,0)- DLfleientLaliD E bath *id*± of F*|. (B) with r«prtt in * **d usi: 
F^, (P>) we find 


Using Ihfi given relation., it is easy to #liuw l.haL Kij. (7) is equivalent to Eq, (4). 


24, £x 3 F + W=& 

c- We differentiate with iresoect to x, and Elav.- 

d t ( 2*V) + ^(W 1 ) - u 

BeCAUae L-s the pioduci of twn functions o: x, n&xnciy 

and t/\ we use Lbe product rul-fi. Thus. 


and y, aelcJ fcacau^e is the prod.iieL of 
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(V + g* p a )=j = 


► *V = x " + ^ ^ = s *+ 2s 3r : ffl* 2y ~ = 31 " 3l ^ : If- ^ _ 2? 

L - q* = vs 4* + >P = u/£ i = 

> = :ds(i - 3 c): = -mo(i - y){l —Ij-J = -* 5 u(t - Sr) + *»{* - s)^: 

** , . , Y , - , Y if? «i(*" v'i 

-_. - S3n (x - V )\ = -*m{* -rt- T - i^ in(r - g) - 

4 : iin{x + y] 

I-^r^rziijir.Liip with respect. !o x. we have 
1 = cosf^ + j/JDjC- + u) 

l-«M,4 V )(l + J) 

I = cEwfe + y) + cos(x + fil) ■ 7 ; 

1 -cos(x -r- ±± cns(x + y}^ 

ajy _ i — coa(s -i- jy) 

” ™{x -+ y} 

tfy _ tan x 

COt t,< 


j£p -fl-r^v-3^' 

I ~ 

Jl rfjl. 


dx a** + 


cfy _ 2 -r - 2*£ 2 _ * - atV 1 

^ - ji 


r 3 i + — 4; 2$w. z[src x basi r) + 2 esc yi[—CSc y r.Ql y)^ — ft; — h “-V 


. xy + xy = 0 1 (-c* 3 0ftf + 1 )(y - *gjjy = 0; ^ = -- 


Alternatively, aey = Jfc, u'here fc is one of the eoo^s of wt £ 4-1 — 0; ^ ^ ^ - ~ 

- i^Tj y + y cos x = 1; sin y 4 z ctw pgr-fr at — jj sin i “0: ^i'x cos ^ 4- cos x) — jy Pin x - ein # 

f j _ y sin. x — sin y 
7: ‘ £ caa y 4 cog t 
t ry) = s sija x 

Wp iiBfirrpntsA.be ciu t?05.]k iiLclos i7Lth respect to x, 

-hlh(t + y ,li) r fir -- ^ j — y DJsi n x 

-sin(z + y * ^') = y X + sin x ^ 

-SllL[jF + V ) - «n{-r + y)^ = y cosi + Hi 3 i| 

[Biu(s + y} + sin x'-^ - y ^ -r 

d$ y cos + siit(x - y) 

dx slei i + Kinijx + yj 

£j.^tc:kps H 13-36 n find the im cLifAitfd liri^. clutci’ by pJottin.,^ the line said the curve. 

The Laiigent line to y— i/z 2 + & at 

r = 171 = y'W = - 7-j ^ =f T*ngie[rtlin«:H = ^-'l) + 5 = |t + | 

The normal ]inc bo if = v'l G + the orisln- 

y'fO) ~ 0- T3ie Ijirinerit jj]J4 is lLuJiii>Jstd.l: iJif norma! Imj’ lk x _ fl. 


1 - 


Tir+i* 

The rjuftdal ]Jne L-o Sx 3 - y 3 — 1 ?t {1.2). 

i7r J -3yV = 0; y' = ^-. m = = -g- Normal line: y = —g(sr- l)+ 2 = -jff + 
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36, The l-ati^fe-Lt lisLe lo the currt lb:n' ]; + j/' 
t> ]tifr+?titLLiltit^; implicitly., wt obtain 

EqftJwSon of tingtfnt \mz: y - 2 - ~'2{x 
To |>lot the citrVt sol v« for y. Hi^n 
^ - 32 -Ifti' 1 : v = ±{33- IS* 4 ) 1 ' 1 


(l, I-p)*- y + = 2(l-i-y:;- L The langm* Imp js t^alLrl to iIK * ^ = «■ 

Setflnf ^- 0 gives if = S(z + y -1); y - 4 -tt» Sulwtit^Tig gi™ i(:2 - 2#.=* ($ - Ift * = ^ + 1 

= $z — l)(a — 1). At the point* (J.ljj 4lfed (Mh % 1*0 B«* lin* is Jwa^leJ La CM * ttft The gr*j>h » 4fl 
in ih.* first quadrant langro 1 rn ihi- y ju is at [ 0 - 11 and Sh* j- m (EO). 

Find equation foi the two linos through Mi 3) ^ *K tangcnL t« Mi* mt** x 2 ± Ay- - 4* - By 4 3 - 0- 

Lft ^ be of the reeniurnd llntt and let (T^yJ br lh<- imint n\ which ^ is tangent to the curve- Thi find 
rnij, ik e slope of * l4 we use Eq- £ 1) aad differen1i-T.fr implicitly with aspect to s. Thu*, 

. dv . ,rfw „ 2x + -1 -r + 2 __^ 


UlDy,"-2S0y ] -riti« = U; 

_ SPW_, 


End *.[L equation uf £ 1 IF 


j.- rj jiii equation uf £| is 


r n Fawcists 3» 42: (a) Find two fund sous rtfiEuri 
equation. f-d) Fi^d the dwivative -uf eo^i fiL-etio:. an 
a^id ch^ch iviiti (d), (f) Find an w|uo.Uujs -uf each tang 
39. ir 2 - 4* ~-8l av^l 

f> (a) y — ± 2 v ,r K — / t (i) = 2^ - 2, domain: J 

fd] F/fr'j = —i—< domain: r >2\ A r l» “ -- 


z - 3, domain j > 2 


doin.dis: i 


If y = /nW = -a V* - ^ then Tt - - ^ 

'I'hercfon-., I.lsn Tisull iu )jatt <eJ Agra's ^itb clir ireuUs in 
(fj / L (J) = 2, = 1, Tangent liiir to Lhc giapli oft/fi-V 

’ ftf,) = -% //(3) -1. fanjrnr. line r.o r.h^ gra^h of J 2 


part(d) 


1 1 1 

H 

3 

n 

\„ 

-2 

ti 

r i 

u 

\ 




1 J DERIVATIVE OF THE POWER FUNCTION FOR RATIONAL EXPONENTS and IMPLICIT DIFFERENTIATION 133 


Rscrrise 3tf(a) Exercise 30(b) Exercii* T&ft) 

“ l^t ^1 ®- J J - _. 

i) Bec&y&e $ — +vz + 16, the rupclioiJi are glv*n by fjar) vt^H-lti and /. £ (r) = - V* -M6- Hse 
dytfiAiri of each function i- i—ot^oc-), 

!,}A dLeich of the graph of f t i$ ihowfi In fig- * Jin?d a sketch of the graph of f? L* shown In fi(«- $b. 

: i A sketch of the graph of ihe giv^a equation i? shown in fig, c. 

,d) /,(.) = (x* 4 J6) 1?j /*(■) = -t-* ! + i6) 1/3 

A'(*) = &** + ie)" t/! (2*) fj{*) - -&*+ 1C)" 1 /# (ir) 

h>(x)= 7^u f * l *^7?TZ 

The domain of ra^h derivative l£ ( — 50,+^c). 

it.) Diffenfiliatibg the gjviSCi e^uacion implicitly with leaped to a:, wv have 

25^-3 C = Q, _j-f 

Tot tf — f-\{z) — + Ifi and y = jfj{*) = — V-r 2 + frO-m iiai-c [dj, 

S = *'M = ^rie = * ,ind 2 = /s '^ = TP+iT * 

which agree with the result found bj- implicit dLlJcrentsatiori- 

if) Por & = /^xi, if = “3- then y 3 = / a (*|) = V^P” 16 ■ & m( i,) = //(* T ) - y; 
us iin «rjUAiion of the tangent line Ld the graph of /| at (—3 P £) is 
5T — S = -|(i 4 3); 31 4 6s - ie = n _ 

For y = /,(*), if *, = -3, tbeil JI L = = -i; r^*,) = /*'(*,]==£ = £ 

Thus an equation of the tangent line to the graph r*F / 3 at (-3,-3) is 
S' *f & = §(* + 3ft - 03 + Efi = 11 


Eierc^r 4&{-■%) 


Fx-eccisr: 4tt(l>) 


s 9. / j{t) =■ vx 1 - 9 n domain: \x\> 3; /^(^) = -vi -9, domain? jti > 3 
domain: n\> 3; / 2 ( x ) — ~- 0}“ S; 2 i domain: I t[ > 3 
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Tii^r^Jors. the resull in \wri ^rj a*rct& wLUi tins rauits in (d). 

- 4, //(-5) = -T- Tangent lint to graph of /r ff - * = “ 
E{-$) - -4, 5) =|* Tangent LLel€? 10 graph of / 2 ; s +-1 = j( 


Exercise 41(c) 


Exerew 41(b) 


Rjtcrciise 41(a) 
y 2 = 25, *, = 4 


ilurnain ! jc ! < 5 


domain I s l < 5; /^( f ) = — V 2o ™ : 
= — i 2 ) -1 ' 3 , domain] lx | < 5 


-* ■ / 3 (>) - 
domain] I * l < 5: / 


Exticssr 42(r) 


Exardac 


since t + ?/ 


44- Giv#n + y } * 2 = 2, mIkjw that 
o Wr Ji r.'it sulve foj Tbu&, 


sirtCfc e u -I- Ji' 


9EDW 


i 

J 

f 

f i 

■ ■ii i 

PY,, 

“■ft L~4 

-2 4 j ft 

\ ’■2 

J 


jL^r 

-5 

- 


■ 

*1 

l> 

/ 2 

bu 

-6 -J -2 

. 1 4 i 

-;l 

- 

-4 

1 

-6 



fr 

4 

2 

y 

-b -J-i 
/ 2 

: J V * 


E \ 

/ 4 

\ 
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« = V^Ts, t > 0; v = ^ = J<4 ! 3 4 3)^ 1/S {@!) = — 


- ■ at ✓«(* + » 

a) V* = 0 when —JL -= 0; f = 0 

VirTz 

(b) v = 1 when .A* — = 1 T 41 = y/ii 2 -h 3^ J&i* = 41? + 3] l2i* = 3; f* = i i 

V^4r + S 

(c) v = 3 whtu ^ ** j = 2; = '/if 2 +3; 4l J = ^ ! 4 3. There te no *qeh value of t, 

Ail obj«L ia moving alon^ a !inr swramling tbe equation of [ft&lion s = v"> 4- ^ Find Lbc value tif I loi 
which the measure of the vclucii:v jh (a) {b) I. 

* The vfllodlji ii; ^iyen v = £(5 + f 1 ) = ^==-4 

4 ) We let l ! = D. Thus, — 7 -^—- ■- 0’ t = u 

yf-M 1 _ 

•b) We let v = 1 . Thus. -jf-j—j- 1 ; ( = i/B + e** i 1 =ft + 1 1 ! 0 - a 

We conclude that the in£t 4 tltaW 0 Uft velocity Ls never 1 . 






C[j-) dollars is the total cost of producing * titerE of a Liquid;p’-d - G + -l v /r. 
a) C f is the marginal cost function: C J (j) = ~y-; O'! 16 ) = ~ ^ 

Tlum ih#i nwgm*L cost when 16 liters art produced lb ofj cents pfit ILfer- 
■;p) Wv with to fine sr for "which C J (-£I — 0-40:: — U.-tG; 1 = 

Therefore 25 liters ait pTodiieed when the marginal ow;l ie $0-40 p*r liter. 

dollars Is the total raxi. uf producing z mits or a commodity: Cfsr] — 4D + S;r 4 9-y^ii 
aj C* is the mEttginal «■* function: C f (?) = 4 4- S/y^; C'fSfl) = 5.9 
Thill tht marginal. cost when GO units a*= pructneed isSS.tHI per unit, 

b} We wish to find i for which C T [*) - ^.SD: ^ - 4.00; \/2x = $; t — IS 

Therefore 18 units are produced when the marginal cast is- $4-&D per liter. 

n = p* = (3Q/300-2*} = J0r{300 - 2x) lf \ x £ [ft. lftOj- = 30(30* - + 30x^300 - 2)] 

„,, ’ , 30(300 - .1x1 gB( !0a-r) 

R'( 3 t) = D when x - lUfi; thercfuie 100 apartments, must be nmted. 

TLic dac^ production of a part icular factory is f\x) unity when the capital investment is * thcmsaRds nf 
ddkrs h and J(=) = Ufl0 1 /a»4 L If the current eapi:aJi^itit>n Is $760,000, use the derivative Lo e^tijnate ih^ 
rhftn^L in the daily production if the capital investment :f IncicaEcd by 51000- 

ps f f [x) and Aj — 1, then Af ^ / r [/}. 

/(«) = 2D£K J 2r+l) 1 ^ 

/'(.) = 200(iK*Xfc+ l) -1 ^ = ygL 

because Iii-c currcAt ?TEU.(H)U. i-h,Ji x — V v fi„. I bus, 

200 _ 200 
/Cr>0) ’^5t7M)+l _ ' 3r 

I'hedAtty p^odiieLlcui will Luoiesse hy approaisnalely 5.1 units if thr r.ipiijil invH=n.rrirnt is ine?en i 'H>d by SlOOft- 

■ minUS« after the airplane directly over the statue, the hririionbu didatice traveled is ^t Vm aSitf hm is 
:he line of sigh-, distance Im^w esn the plane and the ytafisr- Th^ji feurn the Pythagorean Lb^netn 

. 3 = 14 (fip: s = (4 + ^<?)' /2 = £(" + = J(io + •n?r ,/ *U«a<> = j f* i 


We Tiah to find ^7 wken i — j. t-4 , = —1 * * = » *Lr — 2.7 

The re lore, <he line of d^ht di&tance between the plane and The tUatuc Ly dioa^nR. *1 «it of 2,7fcm/miTi 
j.J «r Ptflotr the plane ^vas direct sy ovtr the statue. 


Vie 4- sir 


^10 4*ftl[ a 4' 


lit Sv/25 
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M. Ar. t hours oftci 8 AM the first ship ia S4l miles north of ?, Lhc second ship i* 32(f -2) tuLLes east of P 
the distance Between t hem ls s miles. Then s 2 “(24J) 2 I f3-D -2}] 2 . IJiffcrentl»iiiiK amp^icLLty, 

2&^=2(34Tj24+2[32ti-^)J3^^ = - V" "' 
rf* d( . o^m + 33 ^-] \ 

(».) At 9 AM, t = 1, * J = 24* + C-S3) ! * IfiOO, f = dO, |-- L 4|j k —- = -11.2. 


I.fl-J W ? AJUi t = a = x± -t- I.. — -W — juuun * — "A n ,, — ^|j — ■*■-*■■-■ 

Thus ;vl L?AM iV* distance Iwcwten -he shi.ftt is tkcrcraLlitt .u. 1 L2 knots, 

(b) At J1 AM. f = 3. s a = C34 ‘3>* + <aa' l) a = *208, i= V5209, 3I = ~7^|^ = ^§8~^ 
Thus p.- 11 AM rhe distance bstween the ships is inoieasjjig at 3-1S? ksiotri. 


a. 0,(111) .=■ *»=hmTj= rfi= t 1 =* 54 “ 

J 

54L Pirn I D j 2 (Jji|) when it exists. 

j> Wp. iKttht definition. Ill = | t J: 

sr. / J (r) = pJj-“-^ ^[(r 1 'S)T /J = sE a!3 C* 1/;f P(* a -C( a *H 


r-i ifn<« 


n “|.K 1 - 0 if a- t 0. 


A I r envVi v-r ly. I) J x 2 


}JT if t > (T * \1 ifjr>0 a r 

= agT^jf 1 - ■ H) - 2 -t - -1}. J 4 = 2. 


F ,- id th* derivative m" ihe funcLLon / j) - ^ J !- 
t* n^r.firLSuLxlis not diffeienlL&bic 0. wc cannot. siso the product -nlr- 
Tf j 1 > Q then ; fl = £ and tf(*) = :s(i} = J 2 so tjnt /(*) = Kt = 'i| J.- 
If t < 0 then 3 j: j = —1 and j[,z) = - 1 ( 1 ) = -** thaL / [ a) = — 2x = 2i s |. 
Tf x — D then | £ I = D and j(^) = 0- Furthermore., 

^_(0) = |™-^^rr"' a +w=J& 


= lill l_-; 

X--HJ 

= Jiin_— f. 
X--hO 

= 0 


x-lT * 

-nm. % - 

.it— r-■ 

- Lim ? 

_ .. 11 ^ 


Thrift™ ^((1) _ fl - L In each case we find /(f) = 2\r. I 
53. /(*) = 1^^ = jc, / H (i) = 3j*sgn x = jtzl x\ f*U 0 - 6jc srh r = tftx\ 

50- divm Jj(t) =|/(f)|. Pmvc that if /'(^} and /far} exifi. t.h^n |/(®) -|/■'(*);. 

» A-) = n[/{*)V^ = ^/( a: )*]- ,/2 Ei£ffs) 3 ] -|/(*)|- 1 /(tf}/ J W “d 

|/f*)! = |/wr 1 |/w||/'<*)! = l/'l-r. pf>vldtd /(¥] ?t 0 . /(a) = 0. Tiicti 

V( . )= 

T-,£J ^, a| 

Because tp^a) msis-ts.. then /(/) — 0 ^Hfl : im = 13. Thercfo-rv 

/'(a) = jim ” = 0 and »1 = | / J (o) \ 

el. *(t)=We™ f i/(i + tf - i + o _J ; s'yj = ;i[D t {t« z () L ^ ■ (i +1 r a +- o&+ ir*l 

— h| '-sin t cos ^{coa z i)“ ' ■ '(I ■+ f} -: * — 2'cos"f'' ; '[I + ()"''] 

/[ L A) - -fl-1957 h ft/-wc, a J (1.5) = 0. U4 teh ft/sec, ff J { 1-6) =0.1 D35h ^ J i;2.2) ik D-lAQA ft/scc 

6S. Prove that r -hc sum of ihe J and i( intcrcc-jt-s o[ ioy trtnKcinL ];ne -.o the pais Win ^ v 2 t j/ 1 ! '' is A 1 . 


t DEifcrcntL&tins implicitly gives !,x i ' i - ^ !/ V = Oi li" = ■ 


.... , l- »n f \ x ar *o_ . _?n _ T si /a , >r if? _ ti/2 

i he tangent flt (^ 0? j 0 ) is y - ™T7 j + ^17^ “ "^ 72 + iTa - T o tf a " * 

V;: - J o 

The sum of the r-intercept ^nd jHiJtereepL is r i? 3 -' "v 11J -f 1 /q 1 ^ L ’^' 11 r “ (^o 1 ^ + l Jb f = ^ 1 ‘ ^ '' — 


2:1 DEH.EVATJ.Vt; OF THE PD WEFt FUNCTION FOR RATStfNAL EXPONENTS AND LMFLIOST DIFFFJ^ENTIA'TION 1X1 
= 1. DiEerentifiLing lirjiJiiriLLjf, = "l z 1 ^ 

£ = 1 = -e ^ ^ = !' if i/3 = 1 -7 = f- 

(ij Jf j/i = and V = ivfc ~ - ^fjp7» = = 

An equation of Use tangent line is ^ = t/3(* + ,D : \^ x - ^ ^ - G w 

») y vl = -jV5 “<* P “ 'S^-S = 1 ili/d = 

t-f) ^ 3 

Au equation of the t.nngpnt line i* jf -I '^v'^ — - V-K* + ft) I H- g — - 0- 

Suppose ihat p(x) = v'ii - j-* and *j(*) - /(£(*)), where / is dLCfillvinltahle at U. Fro*e that "ft. 

W-c h&ve ft(r) ^ /ff9 — sn 2 ) 1 -^)- By the chain rule, 

- z t y r - = 1'W - &(*1 -& -= /<(3 - s*) 1 '*) ■ 

Hecaust /'(3) crista, then MG) = f f (.3) -0 = 0 

2 

Shew that i[ xy - L ? Uaen ~ '!! = J 1- 

dz £ dy 

Because = 1, then 


i — sc 1 


S = ' v “" 


rfr' 

A=2jy- 3 

J± j tfjr 

Multiply mg Lh<: Iasi two equations-, w« have 

ll-w# 

Dk*iw£ - y = 1, Eq. (1) is equivalent. lq 


(15 


d=S d‘* 

j?'d? 


= 4 


f.*} = r r . Lti r = A q > 0 wil.h f> and q integers, and 3Ci j = /(&). Tbv:L a - *■ p ■' , Lfeounisb /' - r r . 

9 -i j! .-i ^ - P _ , *V* - TX */i-r - 

“ ~ P ' At ~ ml fl-l “ (T 


fflf’ 


l^(z) = 2c + 7; (/ a j/(P) = 2(0) + 7=7 

d d& nut apply at fl. 


rJLEFsrc]ii]3t.Lng impltciLly Rives 
Therefore /^(^) — r ^ r * X - 
^ The pidof given tn Lxcrosc 66 is n^r. no^plcce hncajsy it- owhJned that / is.■differenci^iSc. 

L Compute (/*?)'(0) if /(i:) = i s + 7^ and p(i) = i^ -3 - F.^pJain why the diu&in rule cannot be appli«i U* 
ptrfflEin this compnlatiflEi. 

■ f/4tfX*) = /($(*)) = (« WS ) ft + 7(^ /3 ) 3 ■ l* + 7^ ^nd ^ (/«?)'(; 

Rovrev-ejr, i^j-) = jJi 3/2 and j'[0) i* noc, defnved. Henc^ the cha.\n i 

IZ- RKI ATEti RATfiS 

If I is n v^riAble Lh*tL is= a function of U mc, whicji 1 ?. repiescfiled by f n Uinn Uie rale of ctianpr of x wiUk wapect 
Do time- is given by djr/of^. The following ^icpv'? should be r.aien to solve problems involving Lhc rale s>f nliau^t- 
with iesptfct Itlfte for two or more related vatiisblr^.. 

E. Select a letter to rCpre&uit each varJabJe. 

2. Identify tht c^naiant rates of chiuig-e that ate given. 

Identify the nic of chArig^ that must be found- 
4 Find jin rqianti(nn tha4 cxpicssTs the rtlAtjOP betv.'eej: Lhc vart^l^ 

DLLiereiillate with rtspcc?j Id ( on both Uae* of thf oration. 

6- Replace, the ^Lvea iatcs of ehaiiee' wilh their conRtent values, 

7. Replace (ho v^riabled by tbelr vk" ki I hr pajlsciilar time of irtwest. 

S- 5olv^ the resuming equation for the unknown tal- of dia.:L|i;t. 

Often il L 3 helpful to draw a figuic t* find the equati-on m ntpp -i. Bl- caiefni to distinguish che wiiifri , cs n 
which r^prif-kiar. Length, aTCESn volume, etc., from the ^es e/ nfvariable*. Although ?- vaiiabk 
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that icp^tsents length may appear as a tiinuuiflion La Lht figure. the irUe of diiiiig* of this variable docs tiol 
ippe-sr Ul the figure. To find ih* 1 cqual-i™* yin: may hm: any formulas from geometry for length. :*re^- and 
volume. You m^y use t.he fact thol CLurcspQtLdislg sid*s of similar ULangSeH proportional. 

Following -tJti hiom& of the formulas from geometry. 

]. The Pyt fiAgorcjui LhcoraKU for a right triangle; tr a 4 & 2 — e a 

2. CiroumferfiFiftf of a circle; C - 

3. Ahvl FnrmoliL'. fur plane figure?; 

a. Rectangle: A = ^U' 

b. Triangle: A = 

c. Equilateral Ilian gl<: of side s: A = jj f 3 

d. Parallelogram: A = bA 

e. Trapezoid: A - l 1 ^)^ 

f. Circle: A = tt 2 

4. Surface area formula* For solids: 

a. High! circular cylinder: 

(i) lateral area; S — Strrfi 

(ii) ToLal area: 5 = 2*rh 4 

b. Right circular cone: _ 

(e) Lateral area; S = JfrV?+^ J 

(3iJ Total area: ^=.^r\fr~ -A" i 

c. Sphere: S = 4rr' J 

5- Volume formula for ^u-Jidsi 

a. Rectangular pornlkdepiped: V = £wh 

b. Circular eylirnbr: V ^ tt 2 A 
c- Circular cone; V = 

d. Sphere: V - §rr s 

e. Prism; V — BA, where 15 la r.he area of die hMX-^C- 

f. Pyramid; V — s. where B is l he arm of the baHe. 


ffaerctictf iJG __ __ 

In Exercises 1 6 , X ane: y are fuEic-l-iPuS oF a third variable l. 


_ n- d* 

_n... 


1- 2r T 3jr = 3; + 3=£ = 0; ^ ^ R«ara 


2- =-f 2 = 


*■ f « W: * = Itt vi £ = l0 ^ n * ;i “ je S = - S ' thc ' 1 ~ 5 = 10 ^ 1 = “i 

3- * V = W -jf + 4 - 0: S - -TAP- Whexi * = 5 * = ?D Hea ^ J - iQ ' lhrn #U 

j ■ r n -:_ ■ j__ _ ■? ..._J _ 1 f.-nA l A*L ui i’T-t- ] - , 


3- *y = 20, = “J af = -f S- Whcn J = ^ ; = 1M **“■“ dT " m - mrn 1?U* = Iff - 10 = “ 2 

■| T 3 F 2 sin X 4 - <§ cos p = 3 and ^ = 3- find al (^, 3 - ■■ 

&■ We differendate with respect to £ on both sid«F uf the giveri equation. Because ^ and ^ are functions of i : wd 
must apply the chain ry!c- Thus 

d i cut: i - — 4 fin ■ ^| = H 


Wc Wl 'J* = 3, r - i-JT and y - and &oUt fflr 


2{< : ‘“ |»)^- ^in ^X3) - 0; 


2&/34S -4(±v^)(3) = 0i 


■ = 0; 


3. rifi 2 x 4 ^os 2 5 f = "2 rin 1 co? a^ c*b s{“riu y}~^ - Oi ^ — ™ ^^ 3 ? “ ® 

LeL f = = » 51 -"■ Thcn =4^ 

&i x* + y* - ^5 ^rui ^ Had whtu y - 4. Her^ia^c the value of 7 : is not given, wc solve J- 


y u r 2 dr ^£„_ p _4 dy. , li 

a = ± v / a5 , y r ^ a --r^ig- *7- 
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m ,1/? A .4/3 -E.-I.rlft&V 1,-172^ -ft. I _ I 

* v" 1 + >/*-** y - rf ^ W- 0, ‘ J7T -—T7JUT’27-”T;7 3i" 


Srcausu = -It mid when * = L n & — Eci ( then ~fj = 1 ■ 3 = -%. 

at . i ifl[*=t Lfj ] /J 4 

* Ef i/(Lin i + ]) - -t *nid = -4’ find when * — - 

» Because the value of y is nol given;, iolve fui y. 

jr — 4(tan j + 1) “ 1 

DifTerefitiariftg with re-spec: to ( on both sides, we obsain 

g = -4(Ua r+ ir , ^ I -f 

VVu h i ^-r —4 and j = tF ttutl miIy^ fur ™-- 
a I iIt 

-4 = (tan ?r + L)~ 3 at - ^ 

I _4=_1 af i 2t- 1 

f. At t sec. let r fl Et the borLiontal distant* [tufip ■ ]te child Lo the kite, s > G, a:id let S ft be- the length of the 

tfting.. Then from the Pythagorean Theorem, 5* - 40* + 1 *; - 2jj; ^ - T 

When S = 50 wf have 2oQ>J = 1600 ■ — 0(10; t = 30. Elecause -jj^ = 3, wc have 4^ : = M -3 = 

at rfi-c. 5a -30 a 

rhfctefOn: n when the Jentj^Lh. of the suing released i:* &0 ft, The string is bring p?d<i Out at the rate t>f | fl/sco, 
n||. At l min, let r jjj Le the radius &iut V It* hr Ut? will nr.. i he spherical balloon. 


I = is" 1 - 3 ; TT = Bpcjiusr ^ - S, 4 = 


J JbcrefujH-: 


T " 3 J| 1 1 dt - ■' dt- di~' M~ ^p- *.WWW 71\ r = t- - raj? 

E&nce when the balloon Ls L2m in dtametc?. the diam^ti^r b increoHmg ,ii ihe rale of =^— m/min 
LI At L min, let r ft be the radius and V ft 5 l>o t-ie volume of the spherical snowball. 

Rt'Wti when the snowball b 4ft in diameter, i hc radius is ineTcasing at the raid of rpy f&/rmjf P 

Z A spherical seo^ball with diameter 6 ft starts to melt at che rat* of ^ IV^/mlu. find th^ rate at which th^ 
r^d iu-s is ehanfiEnpi wh«u t‘ut rAilins h 2 ft. 

*- At t mla. Jet t ft be tin; radius and V l be' the volume of the tpherica! snowball. 

Because the snowball i* fflriiing at i mte of \ ft^/min. v,-^ Uhvk - -•[ 

i d.1 i 

We mueL find ^ whffl r- = 2, Tito volume of a sphere Ls given pry the fflnPulo V = 

Diff-rj^niiating iv^ith reaped, lo l otL both sides, we have — 4arr 2 ^ 

Substituting for and f, we ubljiL:: ~ = ^ ^ — D.4D50 

U'<i condude thil the rarbuK i^; decreasiiig ni the rate of O.JltlSU ft/min whan I.Eik radius is 2 fl, 

E. At t min, kt V cubic mctcra be Lbe volume of t.hr; eonifAl pile, 1c- r met era be the radius of :he brwe of the 

pile, and Jet h meteos be the height of the pile. 

FlrrAiLn* r = |h, V = pr*h = ptjk> a = ^ = 4j Tf' 8«ew*» § - 10. U,«D 

'3i'L_B ~ '^ = wben the pite: m * rn high, the bsi^hl h inerr^^inR at the rate of m/min. 

T - Bxejcines Id and lb. a Light. Imngs Lof'- afcovt fL :LOiizantal path and a man fift Call is walking away ar 5 fi/a^e. 
|4_ Uow Tati !s the man 1 a shadow leugLheulng? 

* \i d r.. kt xf j . be the rrLanV dbiatiee from i he light and * fL tbe le::^th of l:irt £h^LiJu-w_ Xuert dxfdt ~ If. From 
similar triangles. — | - ' : 5^ = 2 j; - Zfi; = £j:; ^ = ^x-, ^ = -| ~ ■ 5 = The man’s shadow 


simuar manges, ? ^ - 

is lengthening at the rate eif 4y ft/see. 
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15. Now fast L-ti the lip of Iris shadow moving? 

& Al t sec, x ft be the distance of thr mart from the lij-ht and lol y ft tw lb? horizontal distance of Use tip of 
the man's S-liAdoav from the bottom of th? pofit holding the light, From similar ie [angles, 

= = & - 5* “ a « ^ = fa; Sf = 

Therefore; l he Lip of the man’s shadow is moving at the rate of — ft/sec. 

16-. A man R ft tall is walking toward a building at the rule of 5 R-W. If there it a light on Urn ground GO ft from 
the building, how foot is his shadow up the building growing sWkr when he as 30 ft from the building? 

& At i &ec h let i ft be the distance from ih* mm to the light and ? ft lb? length 
of hie shadow on the building. The figure shows the man at point M, between 

point L (the light), and point B (the has* of the buiLdillp!)- Because thr man 5 

hi waking at tht rate of 5 ft/set. we arc given that dfc/JE 5. Qtcau&t dr/dt 

[s the tat? of change of the length of the shadow, w want to find dzfdt wtan I 

the man La 30 ft from the building, that is, when z = 55- 30 = 20. By similar i__ D 

triangl™ we have 

*-i --- 3,o ' _ ‘ . _, t 

D'fFerentLatiniE an bath iddeK with jcsoect to E, we obtain jv “ 300a: -77 


Differentiating un both sadeH with respect to E, Vfar obtain 

n _ _ I.. ■in J "rA L.,. 21 ira knu-js 


3J-" ovya: -J T 
ifz_ -3UQ T ci _ la 


Replacing = by 20 and ^ by 5, we have ^ — ,j 

Therefore, the shadow \$ ^Towing shorter ai thr TAte wf ^ Fl/sct when lb? man is .JO ft- from i-li* building. 
17, At t day*, r cm is the radius and V cm 3 is the volume of spherical tumor- When 


r = 0.5, £ = 0-801- v=X ; = 


- 4 = 4 t( 0 .-&) 2 ([l. I)D 1} = tl - Utl L t 

\r — 0,5 “E ,r=D.5 


when the iadiu« of Lb? tumor is 0.S cm, its volume is increasing at the rate of O.n&lTr « 0.003 cm 3 per day. 
ie. Ah l day ft, r is the radius and V put 3 is the volume of t-he spherical cell. When 
r = 1,5, J = M1- V =^A |tL = t 5 = ^ 5 ®L,3 = ^fJ^tUOL) =$M* 

When the radius oF th* «U is 1.5 /im h its volujttt Is in creasing at the rate of Q-U9* ~ 0.02S pm 3 jjer d*y. 

19. Al & days, r cm is the radius and $ cm 2 is the surface area of ta* spherical tumor- 


When r = 0.5. & = O.00). S = 4 rr*; = 5iri^| - B^0.5KD.W 1) = (MtUflir. 

** ( C-t ItztiJ. S U t | r^J 

When the radium of the tumor sa .a cm, its suriAcO AJfOA Is inercaslug at ttlC rtiLo or .nfHr es .012 cm* gier diy. 

SO- A liAf-tcrial cell is spherical in shap?- If the xadius of ih*~ r«3l is inn: musing at thr rate, of 0-01 micrometers pe: 

day when it Is 1.5 jjih, whaL is the rate of incrcasr or I ht* jfur^w ti of the ceE3 a' (hat timft?’ 

> t days afbcT the cdl b^gfl-n t* grow, Let r jim be its radiy:: S inn 2 he its surface nreA- 

tlccause the cell i-s growing the Tate- of Odll pm/day, w? nir^ cpven that 

^-aoi 

Wi 1 innsl find ~~ whfh r - L,b. Thr area of a split;r? given by the formula S 


Diffcrentratmg with respeet to i on both E-id« n we have 


£(S ^ ax4; 


SubstLl^lmg for r and we obtain — 6x(S.a)0-£H = 0.1 2t ~ El.1377 

Thus the surface area is inerr^ing At the rate of Eh 1ST7 ,um 2 /d.ay when the radius is 1-5 ^jul. 

21. At t mm, !?t V euloie meters bv Lhc volume of water in the tank, Let r rosters be the radius of ibo Murfaco 
the water, and let h rneten? Lk 1 (In- d^pth «f l .he water. i-Yom aimilar trishglra. ^ — g: r = ^h- 
Tlhf volume of water in the cjrn la: r:i-prtsed in tcims of (ho volume of a cone 1 . 


i? ] Ju t dV _ i- h 2dh, 4h _ 4 rf¥ 

V = r r h = 7T di' It ~ W 


Th dV t t, JAI 4 f“ rt } _ fi 

tfeAuse ^V- -£i we havr -rr =--,■ = 4'- ""- 

wf at k=in 7T ■ IQ 2 25 71 c 

Uenoc. when the water is Kim deep, Lbc wAl^r l?vel is Lov-erinii *t the fate of -^z— m/min 
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31 At l min, irt zil\K the drpth of thr water, fr int* width and V fh 3 its. voluEiie r Wfl Ate given rfv/dt = 2, 


From similar JiiAnfiJfts 6 = z and so V = J- ■ 12Jdi = 6± 5 - ^- = 12i ^f ■ When x = i,2~ 12{1 )^i 
When the water Is 1 ft drep it is rising at the rate of J; ft/mi n, 

■'\i t rciiij | P pounds per square foot is the pressure and V cubic feet is Ihf volume of pan. C. is a cttnstsnt.. 

F V _ Ol + V^E = ^ ^7 = ~Y ^T- B&c4u ^ “T “ 3 and F - ^GU wh eft V - S, wp have 

^£| 3t P ■ 3 — — ieC=0 I’Hns. when V = a. the pressure is decreasing Jit the rate of 1SOO Jb-/Et^ ]wr min, 

d 11 v=s 5 

The adiabatic law (no jgrj-io ot Joss of heat) for the expansion l?T a\t in P V' 3 ' ^ Cj, vrherr T J is i h*- number oi 
pounds per square i^ssit of pr^iuj^ V is the number nf oubie uni. is of volume, and C Lfl A constant. At 3 
specific instfuJ-, Lhtr prtit-utE is 40 Sb/in. and is increasing Jl: the rate of 6 lb/In. J second. If C — ^ vr-h-.il 

is the rate of change of volume a? this instant T 

Let t seconds be th* time since the pr*wure l:lc teasing. TSten P ami V functions of £. When P = 41? 

we arc givt;n that 4r ft and we must find ~—• W* a hr given that 


■ given 
PV 


' "iJl 

1,J) =A: V T/4 =&P _1 ; 


B. 


i?' - - 1ra 

DLffoicnliatsug with respect to i. ^e have 
rfV _ _Rf B\ l/3, p-lirrfP 
!3F — 7\16/ ' rf! 

When P = 4Q = 5 • 2 1 and ^ = S w« htv* 

f=* -* 

Thus, the volume ia decreasing a: the rate of ^ cable units per second at itus insfcanu 

At t aec h kt i cm be Ihe radsiis and let A cm 3 bo ihr of tb* disturbed fregfon. A — 7 rr*\ ^ =2-nrgy- 

B«*uw ^ = 10, ^1 = Exffl 16 = ThtlS. when the radius is 4 cm, the area of the disturbed region is 

at tfc.|r^4 

tneleasing Sir. the T&U of 1 2$* cm^/sec. 

At ( mm, Jet r m be the radius of the oil, h m its depth, V m S its volume- We are given ^ = 3ff, From 
simiJdr triftllgta, £ = r = J*- v = ^ ^ ^7 = 4' 

Thus, when th^ depth of ihe oii is Sm. it iy incre-Ming -t iIh- t*U' uf |«i/m:ji. 

At t sec after the truck leaves the intersection. Let s ft be the distance traveled by she truck, let y feet be rhe 
.distance traveled by the automobile, and let s ft be the rli^ante belwetn iht r automobiJc and the truth. Then 

.o = y/z 2 + (120 — y) 1 ; D t f — t ^ ^ ■■ —~^±±L Dcca^Lse D t i — 40, — 3ft : ajid when r = = 80 

y^ + ti^o-y ) 3 

and p= 60. we h^ve D £ e| ^ ^ W “ 14, ThuS| 2 aftet LtlHJ lT ” el< k^vefl the intoTsetl- 


IC—- 2 




.un the autumn hi k the truck are separating a l lh^ -^ic -'t H f'./sfic. 

A rope is attached to a bo&t at water Le^-et, and a *-cman on tin doek ii pulling on the rope si -J^ rate of 
oflft/min. If her luurtls nte 1# ft above the water fovcl, Iir?w f^c (Lr boat approaching thr do<-k whc^i the 
amou&l of rupft ou t is 5fl Ti? 

Let r fret bo thn disUujr* between the boat and vta dock and £ feet the 
amount of rope out I min after the woman to pull in the boat. Ijl Uic 

figure the boat is *4 point ft, the dock enters the water ax point D, and thr 
weman't hnuids *r« jil point W. Because the wnmn.- in. pulling in the rope a(. 
ihe ra.1^ of hfi ft/mlu, then z is decreasiSig. Ahd ^ = —&0- Since jy is the r^lc 
of change of the distance between che bnat and cne dock, v.c want Lj find 
v.-hen c = 20. Bv the Pythsgar«an theorem we have 

i 2 ^ + 16= (1) 

Differentiating on both ^idrs with respecl In i, We obtALtl 
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Substituting - — 20 in Eq. (1), wc get 


( 2 ) 


sia J = a* + ie^ 


m s-** 


i- E2 


di 


Substituting fur ^-- n and -n iri Kq. (E) we find 
3f2dX-^)-3(12j^i 

The boat is approaching tht dock at Lbc rale of when 20 ft of rope is oul. 

29- C dollars is the cost of producing j: ^mitg in t w^eb_ C - D-ASs 3 - * 2 + 10* + 4&; 

D t C = — 2x + 10)1)^ Because D ? sr = 2 and! at che present time i = 50, we have 

D^L__ q = 1,24(50}*-£(50) 4- 10K2J = 1 m 

Thus the coat- is incrcasmg at the rale of 81IJ20 per week. 

30. jt ihriu^aJid liox^r- t± rr- rl rmariiifitl il fi it-uls Ik "hr jukt nF ; J . ""Hix.. Ti’hrfff pi + blip = lfi.tKlO; i = lOjOUCIp - ' — 50. 


rfjF _ - - 

ap 3T 




SCOT 


100 


>, 0.4 — 0.25. [Remand is decreasing at the rate of 25fl boxes -a- week. 


JL £ units aic supplied per month when p dollars is the price per unit, z — Edf)0\/5p 3 -*- 2Op; 

* wjt+aft Biiid *._, m - =°*™+»* =3g „ 75 , 

,;+ P y^p 3 -L 20p « ** 1 riij^2u ^3. ^o 3 + 20 -20 4Q 

Hence, the supply is increasing it the rate of 875 units per month. 

^2. Suppose that y workers are needed to produce x unlis of a certain commodity, and x = 4i/‘. ]f production of 
the commodity this year is 2u£i,G00 units and the production h increasing al che rate of lh,0U0 units per year, 
what is fhe current rate at w?hich the labor force should be increased? 
t» Let i yosFS be the time, and both * and y arc functions of t, When z = 250,000. we arc arc gaven that 

~ — 1S,Q0Q and we must find . Solving the given equation fox y, have 

dV-V.-\fi4x 

Ji - !® <li 


DiilTgimtitfting with respecl to I, w? get 


Substituting for x and we obtain 
Thus, the labor force -should be increased al ihe pare e>F 9 workete pr-t year at )>rtwhl- 
33. I0Q.* shirts are -demanded per week when p dollars is the price of a shirt. 
aj^ + 05]. - 4950 = 0i i = 

This wick, J» = 30 aiuf — jj-, Tfitrclcre, ^1 -I 


= ^*,Q«r 1/1 )(l«,OT0} = 3 


P 
I P=- W > 


SO* > 


II 

■ ~w 


- il-- l#U 

Because = —-y^, then L0D — -->5. Hence l he <L<?m*fttl is decreeing at the rale of 55 whirls per week. 

34- The hypotenuse it 40 cm, a is such that dnfdt — rad/scc, The measures of sides are 4D dn n and 40 cos o, 
A cm 2 i.6 the Atmt, A — ^(10 yiti t3r)( i J0 tvs a) = 10Q sin 2ct. When a — 

= SDO cos 2n ■ ^- - 800 cos ^ -~t — 600 ■ ^-n - - ™tt. The area is iitcreasing at about cm^/aec. 

3&- At t hr, Jet the dtctApc^ from the intersection be x km for ihc. first track AJld $ km 

--- - ^1^ £1 _J_ .. D |« 

hir 1 hs- J4TMi-:sml l.riirk. Lhi 1 Hgllte- i — + y = — \ ^ * ■ /- ■■■ 

'JX* + y 2 

Since 13^z = -k and Dj^— --k. when x and y = m. wc have 

D r ' - ~ — V\/2- Thus, when ihe two trucks are e^r.li 

i/jii 2 + jn 2 ( v 2m l t _ 

m tm from the intersectson. they ar e approaching each o?bcr ai the rate of k \/2 km/hr. 
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- jxtd-Stt 3G and 37, a horiEontal Lrotigh iu 16 meters 1-iug. iUtd Its ends aw iaMtcehs: trapt-solds with an allitud* 
i l - m n rt lower base- of -1 nr., and assd upner bust- uf 0 in- 

■ Water In being poured into the Hough at the rate of 16 m 3 /min, Ho™ fast U thu* wnlrr tevrl i-iklcl^. when r.ho 
water by 2 m deep? 

£■ 3f the waWr lev*] j» decreasing at the Tate of cm/min when thf water ia ^ m deep, at wbai rote. Is water 
being drawn from ibe though? 

» Tbe fignte illusLraies one end of' the trough- Let. j 1 / m bo ibe depth of the wafer, a: rti ibt; width of the surface 

of the Witter. ?.jud V m 3 its volume, i minutes after water began pouring into the; Lruu^h 

Boseuflr water is bring poured tnW> the trough nt Lbe rale of LU ni^/iiim. given that, dVfrft — 10 Sm™ 

dj/dt 1? the rate at which the dtp tit of :he water is changing, w w;lnl iu lirid d-j/dl when ^ — 2. 1'he water 
that =s in the trough is in the shape of a prism with altitude Ifi- rn ;±ud Las* a trapezoid. Because Lh-! 1 volume 
of a priori is thi^ area of *he bate limes its ^Ltstode, mu\ Usll- area of' a trapezoid b given by foTmulu 
A - +1 3 ) -b. w* have 

V = ^[4+*}V*9|rf* + 4) (1) 

We express function of tj- By similar triangles in (he figure, 

*¥=M> -h< 

Substituting the value for ^ info ilq. fl), we ubtain 

ay dt -rf? 


V=Ks(| + 8)i Vs^-HWjr, 


EE 

._§_ 


i 


tn Exercise 36, w •mbital.-hta = ][1 and p=^2. Then 


1ft = 30^ 


dy. 

??■ 




(.hi- water level is Tisirig it the Fate of jjj m/min when the water is ^ m deep. 

In Ejt-ewi&S 37, we substitute ^ and if = -3- Then ^ = (S ■ 3 + ? 

Tb'dS, water is being drawn from the trough At the rate of aSjri'Vrnin 

LcC ihe ba.se of lIl*- ladder m: t mi from i::i- 'hr wall, and if if top ;> m from the ground aft51: t &ee. We arc 


rfrs 


ViT74- 


^]ven = — E..t. rsi^rtUM' sue iaooer is r m long, men y — v ‘tv—x ; ^ 

^- —---—- 1 = i ) — — >i~= Th« IsdcItiT is sUoL^fl up at about, 6.447 m j&t. 

dt l/49 - 2* \Z'1a a 

At t sec since the bottom of the ladder started to be moved low;ml Lhe tifnbaiikmcnl, 
iei tho bottom of embankment be j fr from ihc bolbun of Hit ladder ftzul _r; ft 
from the top of ihe ladder. See the figure F'riun Hip law uf nmiui-K wr- 

ti 5 - 2*s m6 120‘=400- r“+;r 2 «!il; 4U6) = D 

-x + y^ a ~ ~ 400) _ i/itjliO -.4-r ,J j. dy / -3 j 

2 ^ ^ ^2\/16(10 - Si 3 


Whtn ^ - 2, 




s - 



Since ^ — _1 > wlien ^ - 4 ^e gel 

Jfl = fr r -~" —= : 

ni|x=4 ^v/n;ao-3<l J 1J « 




:4V^7- ^ 
194 

+ g- 


a;9.6. : . 


Therefore., the rop of r.h^ ladder \i moving the r;tln of V -j-g^- ii/sk Q.Gu ft./^iL; at the given instant 

*;■ ]f ,1 ladder of le.ngt-h SO ft that is leaning again^l u wail lias Us upper end sliding 
duv- ri tftft wall t.hn rato of what is Ute rate of change of the measure ot 

lhr:*cnto angto made by Lbe ladder wjib tfitt ground when the upper *nd is 18 K 
above the ground? 

7 At L sec, let the dislam e from ihe bottom of ihr wpiII i/> i hr botteun of ihc Indder 
be x ft fe-ivl tu- the top of the ladder be y ft- Let 4 miliary he rhe measure of 
J ji^ a._-.iie angle made by the ladder with r -hft ^iroimd at. t spc. 

^ ■ 4 -_. _ -_ ., v a d$ _ 1 dp tlQ _ 1 dy 

Srt Iht figure. MU 6 = cct <) dl = m ^ : fl = ;K , c(li ,) ^ 
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WEiflj y= IS, r — V3Tl ? - I ft 2 ^76 =. 24; to cos & - ^ 30 co$ 0 = 24- Since ™ ^ we have 

— —^j- Hence, the measure of the acule an^lt made by lh« buhlrf with the ground 

decreasing at the rate of ^ nsd/stre at the given instant, 

41. At t sec after Ukeoff, lit x ft be the horizontal distance from like airplane to the 
point 10,000 ft directly above the and L-h-l 0 be the radian mr^aaUre Ol ihf- 

angle of elevation of the oitplonc.. the figure. 0 = :r/3-, — ■md 

x - 10,000 cot 0, ^ = - 10,000 £$[ 


dt' dt]ti=wfz 


■ -10 ooo ■ --— = --® 

- iu n wju 3 m JP 



10 001] 


The minus sign implies that x is decreeing- The speed of the plane is fl/W. 


12, At t miri 1 the beam m*k£S au angle 0 with a perpendicular 1o the shore and b a; ini from its foot. 

Wt axe Given ^ -■ ^ ** v ■ ^ r;wd = * = 4 lan &. Wh<a. 0 = 45*. ^ 4 s«^ #= 4(2>S4ff = 512t. 

* dt mm rev min rf * ax 

The is moving at ihoul IflM.Tj mi/min. 

43. At t ecc Fift^-r lifEoFT th* rocket is js yd high acid the radar dish makes an angle 4 with the around, After ID ace 

the average velocity ia 50 yd/set so its height id 500 yd. j — 100(8 tape -^ = 1000 see' 0 

: = ?= 7 , The dish revolves at Jj Trul/s^c- 


dxfiU 


100 


rfi 1000(140*0 + 1) 10001 (500/1000} J + 1 ] 

44, Wiiter is poured at the rate of 3 ft 3 /min into a taiA i:t 'hr furm of a cone. The cone is 2fi ft deep and 10 ft5S 
diameter at the top. If fchtt* is a leal; in the bottom kltd the water is rising it th# rate of 1 in./mici. when tii- 
water is 16 ft deep, how f^st is the water leaking? 

p- After t mia h V cubit foot ls the volume of Liu* water, h {**i b its depth, and r feet le the radius of iks SiKfWc. 
Because the water Lpv<-] b riaiog at the rate of l in,/mift when die water b 16 ft deep, and 1 in. Is |S ft, ar^ 
given that 

!st“iI wllC11 ft “ 16 

We find tfV/dJ *t this, moment. Applying the formula for the volume i>ra cone, we have 

V=^ft ( f J 

Becwiae rhe attitude of the tank is 30 ft atld the radius of the lank is 0 ft, by similar triangles in lhr figure, w# 
tLJT.ve e/A = 5/2Q or. equivalent]/! r — ^Ja. SutaLLtuUjjg Lhc value of r into Eq- (1) ? we obtain 

DifFftrcntlating with respect 10 i. we have 

dV _ J _ rh 2dh 
It ~l$ Th dl 

W( substitute h = 16 and dhfdt - Thus 

Because waler is being poured into the tank at the r*l<* of S ft 3 /min and the rite of change of volume uf lb- 
water in the ktUlk \$ fl ? /min. wc ccuidutlo thal water is leaking out of the tank ac the rate of si - v 
approKimaeely y.g-I fc^/min. 

45. The volume of a balloon b deeming at a rate proportion*! to its surface area- l>h«w- l.hal Lhe fddiufi of Ihc 
balloon shrinkfl at a conStiiit fate. 

> r units in Ihe radius of tfiK balloon at time f. V cubic units IS itft volume and 5 unite ie its surface areL 


ttic oa 
A _ ri- 

dC " ^ 


Wt ait given that 

where i is a negative constant. Wt rnttm rihLuw that. ^ negative cut>SC4Tlt. Now 
Different iat ing on t>ot,h sides wish respect CO t, wa have 


V = F 

wish rcspccl to t, wa have - 4trr^^ 

^ubsLsiuiJng from S - -Iffr 2 Lnio the aboiien we gre ^ 

Fiibstitut.ing from tiq. (1} int* Eq.{2}, wc obtain — — ^ 

Because dr/di h a negative constant i. wo rnuifiliJclf! that the radius ahrlpks at a constant r*.te. 




; 
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ft^reiJattfoiLg £rereijflj for Oh&pUr £ __ 

[ft ixer£:&!£ 1 14, fht2 ihr derivative of Lhe Amedeot. 

ft /(r)=5J!f 3 -7* 3 + ^-3 * /'{z)= 15^-14*+ S 

1 -{* ) — ) & /(j: ) = 5(4#^ + 21 s 6 ) 

I ;:f} = | + ^= + E> J f {j) - -§J" J = jj-p; 

4 * We apply tlx p^tt rule, : Tfrjft, 

lU = D.(4r‘* - 4*-*) =-**- 3 + 12*' 5 = - Jf + 

| & f^) = ^ 3 4 -2*7 Vl ^(i^K±-lt*^-4s + 4)l 2* 2 -Bj 4 4 7 5 tlT-1 _ 

I* G(*) = —rn > G(i!) = --r—-5-- j f _ |V 


7. G(f)- C3t 3 -4)(4t 3 4i 1) 


> C'(i) = (3i J - 4){12J( 3 + 1) 4 I4f j + t - Ijreo 
= 3fil J - 45! 1 -i-i- 24^ 4 tt f - a = (id! 4 - 33! s 


2 -6i -4 


4 f x) = (r 4 2xX^* 1 + 3;r + 3) * We multiply 3*d the pcn^er rule- 

f= 4* s 4 2* 1 4 5s* - B* 3, - 4 # 11 - ! 0* /V) = ft*? 4 lOi*4 2&* 3 -24i 2 - 6* - 10 




r w= 7 ^ 


ll /(j)i(^-!s4f) 4 
IB. F[zr) = {^-4x J 4ir 1/3 

r*r*.i — rr’j^.2 _ i ' 21 — I/3 _ . 


„ ., 1)-4t 1 ii 3 4 1)_ -Br 3 

“ 3ll} -(?TTjI- W^Tf 

, „ ^2^48) - 3fW> V + 16v- 3f 4 _ IBtf-!) 4 
* M * ,= —WTW = l^ + tf “(?7IF 

s> f*[3) = 4(2** - 3s + T) (6s a - 3 ) 

tV* factor and uw t.h* jinwnr rha.in ruli\ 


Fit) = [(2s 3 - 1)T ' = t?* 1 ~ 1)“" 

rw = -px> --ir !/3 - 

l F(*)^* J -1) S 'V 4) 1 ' 1 * F'C*} = ^ 2 -l) l/2 (2a)(i f -4) 1/! +|(a :! -l) 3ft C* ! -4r l/lt (2') 

-r x{ X 2 - 1) J 'V - 4)- i/ 2 13(^ - 4) - (i 1 - t>| - .(** - L) 1 'V - ■t) -1 ^ I (4i 3 - 13) 

:* ; fx) = f x* - *i^<s - a 3 )- 1 * =c* 1 - *r j d,c 5 - i a r 1 +C& - * V 1 cgi* 4 - * >-* 

= C^-4H-l)(a-i s r*{-Sa) + 13 

= -xJ-^5 - - *) - 3(5 - l)] 

I = <** -t)- a (5 - - 60^ - 5* ! 4 15) = 

: fe I^ctcLms «4xA.piiLe Lltti dtrlvailve, 

^ ) 9 ^ i 11as s] — s.in j4(i + i }c«s = - ciis i■ + J ssti st ^ (x + S }fstti x + ^ ma x 


D,(sin ! 3t) 


> We use tbc povier nsir JittI. 


: 2 an 3t ■ D B (sin = 2 at a 3( ■ 3 cm sin Hi l-uk ^i£ 


t- 1,5:1 4i) 


;(*“**) 


^ ±±^{uu4t) 


2 9*£ J 'U 
i/taji 4^ 


3 [sin(L“.-ir. sin TJ! rm 3tir] t» cosi'coe 3u)J(- 3 iist 3u) - |eoe u. COE 3 uj + sin u-(-3 SJU ia:)] 

— -3 &in .Tit ooa(«M Sv;} - cus i^- -tefi Hti 1 + !S t&n u san 


a. D [Ifin 2i ^ j +taii(2 ecc t) > Wn use the product tuic in the tiisl Lenn; Ote ^bfiici ria3e io tht: uxond, 
J D r ( tan 3 e ) ■ sec j + c an 2x - D^fs^c x) + wc a {£ r) ■ D(2 sec b) 

- 2 ^ a 2sr S KT + tan ii Un i ^ x + &m-. 2 (2 x) ■ 2 acc x t an. z 




In Escrci^-S 3] -24. compute the dtrivativ* and rnnr.'* by [dnttrnK your answti frnd NDJJR in the window 

f n, v. .. x* \ 2£z 2 +l)-2*(2f] 


BB * 

2i .-in t 


i:i ErairiscE 2&> find T- 

S5. 4i a +V-P 3 — 0 
f> Si + ~ - Sjr 2 -^ - th Sy - Sty 3 } 

25. ly’ + V-i-Sy 

* ) + ^ 1} + **7? ” 1 ' * 

27, tan i + tany - iy t 

tt. ftui(r +■ y) + sLnfc ^) = S c 

(«(* + y)(i + *“(* r s ^ 1 ’ ^ 

dg- co5(i - y) -i- g + ;/i _ c m iL^jf 


rfy _ i -y 

rfl ?afy — *y* -I-1; 


!g (^-^+2)^=1-^ 

» -*i = »-“ c ' If £ = ; 

& We dtlEtreniaatc implicitly ^nth respect x on. both GLd.es ■ 

~) = Ul [cm(t h y) - ir)]* - -■**(* + V) “ cmi !i P- : 


sin i tw'i y 

ihnl f-i^-b pate of the accottip&nying graph uf the continuDua fnncUnft / -hat 
ILhe acgm&nt. (a) DefiM / pjec^wi^; ftetd (b) M /+(-2) M /!_(0), l>i 

bat ni^mbcra in / not diflercntiafcle?' ? 


rtfjsi± 


ls nut difFertiitiftbSp at —3 &nd 0 


x 2 + Ejjs -s- 5 if i 



MISCELLANEOUS EXERCISES FOR CHAPTER 2 R7 


( c > A<- 2 > = JS^-i'+i 3 =- 2 >= 3 
w f'-w ==jis-(-i*)= n 
w4w= iii v =0 

(5)A(S)= lim (l5 ;^~ 4 = 1^-4 = -4 

Mi* * * x-J* 


(r) /-(“) = = jfeut* + 2) = 4 


(hj jT is ikCNL rl i FferH nl utble -H.r, —2 and 2. 



b Eacrdafis 151 and 32, sketch the graph of a continuous function / defied on R Jtrid having the given properties. 
II. / is differentiable except at -£\ 2; /(*) > 0 if#< -2; 52. / is differentiable except al -I* 0 h and 1^ tlw? 

/(-2) = 0; 0 < /(i) <1 3 if -2 < r < 2; /fO) - 2; range of / is ' co, +5£); /(-l} = Oi /(D) = 1. 

/(*) - G; /fx) < 0 if * > 2; /;(-£) - 1; f(0) - 0; /(3) = 3t / J (-1} =■ L; /'(-l) = 2; /'(1) =0;. 

4P) = -1; /+(S) = -2; j j;m- JM J ~ + / j~ 2> - -» 4(0 = i; l™ MriU _ +«, 




JJ. Find an equ?il;ion ™f l h* Iflngnib* lin^ to y = - 3r - i al. (2, l). Chce:k by plotting the carve and the caugcnt- 

& /'(t) =■ 3x a - 3. T« ■= / ; (2) — 3f2) 2 - 3 — !? Fquation of tangent I i n^- y = 9(x — 2) — U y — - 17 

Find an ?quaL itm ■A the Jiurnial line to y = at (3 h 2j- Cb«k by platting the cutvc and the normal. 

^ i+3 

* /'(g) =^ 1|J = * <y+2? m = ~P(3) = ~SV=7T>~ 3l NormaJ l “* ; W=3[g-^)-H2; 9 = 3*-? 

li. Find eqnatiojcg of the tun Rent Lines to ?j ^ 2x* 4 4x* — x having slope J- Check by plotting tlte lirLLs aud curv^, 

Hk JF* — Gx 3 + 0x - I = | whon 0 = 12a? 2 1 10x - 3 == (Gx - LJp* 4 3); 1 = = ~^ 

A\ * = y = + -4{i) 3 -| = Bqiifttion of tiMiscnt Unc: y = - 4^(i -^ 

\i x = —| e it = 2(-|} a +-4(-|') 5 - ^ F^nntion of tangent linet y - ^ -\ +1) = \z + i 

Jt_ Find an equation of the normal hue to the curve x — jr — ^ pwTit 1), 

^ Diffeientialing implicitly with rKsp«t La .= an hath sides or the gives eqdadtwL, wc gtl 

i-c^ir^Jtf + y^^a + nU) 


Replacing x by 3- Ajld y by 1 and :=»Eving for I3^y, we have 

I - E>,Sr = ^(4)-' /2 0 + D Jf) = + D^ff) 

4 - m iV = 1 + D r ifi Djr = | 

lienee, the &lopc df the tmgfllt to ths curve at the point ( 3 | 1 ) ia 5 and so the slope of Lhtf nort^pJ 2 ine there la 
Thus art ecfuatl&n foT rbc normai line 

y-|=-|(x-3); ar + 3y-ie = fl 


|7. Find equal ions of the Uci^m ^sid normal Jines to the cutvi' 2x* + — I) at Lhe jiuinl (2, 3). 


At (2,1) the tangent line has slope Its equation k y - 1 - J(s - 2); Gx+ 4y - d : ft. 

At (2,1) ^he normal line has slope -^ Its cqattLon is y - 1 = —4{i — 2); -ii — 5-y — 1^ - & 


THE DKKJVATJVE AND DIFFERESTCIATICIN 

38- find equations of tit tangent and nornud hn y = K sin 3 2~ at (^n. 1). Cheek by plotting the lines and twvic. 

■> y> = 4ft Alfa* cos 2 x. m tanQtnl - f'fa) = 48 sia 1 dm \>t = 6 yfi. 'Tangent lilifr- V = *1A(* " Ti !r > + 1 

m ^ ^ ^ =-L_ - Equatttm «f norma] line: 1/ = 1 

E J 

39. Prove that the line tangent to „ = V + 2r 3 + 1 ^ (1,4) l» tangel* to the curve <* *»thar point and find XL. 
ty /fit_^ 5 d-'ti + n tfll} = 1. At (l.aj tie tangent line has dope L lU equation i* = 

jr = j + 1. To determine the intersections of tic line and tie original curve w* solve lie first anc last 
equation!; simultaneously, , , , , , . , 

-t* + 2r- + * = n + 1; ** -4* s + 1 = 0: (J - 1} ! = D; l*.- 1)V + D -* * = M'“*< “ i 

Wbm ar = -S, y = i + 1 ~ 0- Thi-r* *« two ways W proceed- 

Method X; ^(-1) = ]. Hoik Ihe twigHil line ai (-1,0) lw equation |f-0-l(i + l) op equivalently, 
y = i + t n which is th* tangent ltn«c at (1 h2) b _ 

Method 3- Since The rc^ls 1, -1 repeated, the hue is i*iEg^pt at (l.Ol md (—lifl). 

10. Prove that the tangent line* to the curve* l/ - r 1 ^ - * + 5jr = 0 and x* - V + 8* + jr = 0 ^ lhc ° ri &'" aTf 

perpendicular , . _ 

f. We show that the product of tie slope* of the tangent lines at £0,0) ea -1- 1 he time curve is 

4jf 3 — * s a — x +5y = 0 

Differentiating implicitly with respect to c. using Hie product rule on lie second term, we lum 


Jii 

Wr Let £ — 0 and V = 0 and solve for 


-! + 5-j| = 0; 


dj_i 
a'r 8 


Thus, = J ia tin Slope of the tangent line to lie first curve at tie origin. The second curve is 
X* — dy 3 + Si + jr = tl 

Differentiating implicitly with respect to X, we have 

4*S-lV| + 8 + 2=U 

Whsii i - l ) *nd |f = U, vfc hftv« 


&+x!=o; 


l=- a 


ii. 


Thus, mj _ -5. Rmiuse = &-5)- -1 then the la.,gent lines a! the origin or* perpendicular. 

V - ^ (3 - 2I) 1 f *; g -K3 - a*r 1/l (-a) = -O - 

^ ^ _{3 - 2j:)^(- 2) = -(3 - 2i)' Vi ; ^ = -(3 -.3^*^®. = 

42. If g = /, fmd 0. > ^ = *^-'1 = *J^V = ^ 

k(2t - l)y ,fc - } ^= i(2* - l)j 3fc_, SP* = i(i Sk J)iy 3fr - 3 

43. /(r) = ^ ^ + Bi + 3; /'(*) = + Sx= + n + 3: /'(#) = f ■ 4® + 3 

Wc ■•■ ■ ■ ■ to find when /"(i) > 0, that » when i s +4i + 3 > 0: (*+ &}(*+ I) > 0. 

Case 1: r + 3 > 0 and I +1 > 0; x > -3 and i > -1. Hence X > -I. 

Case 2: r + 3 < 0 and * + 1 <0; z < -3 and * < -1. Hence i < -3- 
Therefore /''(a) > 0 when eiLher i < —3 or r > -1. 

41. Find the rate of change of jr with respect to i at lie point (3.2) if • y — ijf 3 — 4- 
e- Diffeieutinting implicitly with respect to i. using the product rule on the sefonu term, we have 


We let i = 3 and y - 2 and solve for 
The rate Of tfiange of jr wit), respect, to i is - n' 


-6-44^ = 01 


_ 

Jr 


JL 

11 




MISCELLANEOUS EXERCISES FOR CHAPTER 2 14$ 


Exercise 45 3 Lisd jL partic'c is riyvini£ aJyng a horityntai line according to the given equation *vhere s melers 
Sift* directed distance of Lhe particle from a point O ai J seconds. The positive dtKtftiQ'.B Is to tbie right, 
termkna the LnLcryals of L-i cell- when the particle is moving lo Lhe right and when li is moving to the left. Aiao 
lemine w'hetl it reverses its JirfeCLloi.. 


Conclusion 


i> is positive and the particle is moving to the right 
v is zero; particle is changing direction irotn right to k(i 
v ]s negative and the particle is moving to the Jeft 
i 1 is zero and the particle is changing direction from kft lo rlghl 
j. 1 is posili vis and the particle is moving lo the right 


Conclusion 


■H and Lhe particle La moving to the left 


tc-l -I- - V I& negamv 

f = -1 + i) v is seFO and the partide is changing direction from. Jeft to right 

< i < 3 - - v is posElivr and Lhe particle i* moving to tjj^ right 

j = 3 0 r. is aero flifid ihse particle is- changing direction from Jeft Lo right 

} < t — + n is negative and the particle ls moving to (he Left 

Ei-'.'cises dT and 4$, make a table giving f. r, s, Include the intervals of lime when the particle is niwwjl*| Lo 
.£i\ utcl right, and when Lhe velocity ox speed is Lpcfeasing, or decreasing. Plot position- is a function of i. 
i =4 -9f+ flt 2 - f 3 = i' -9 + l2i -3i J = —3{r — 4( +31 - -3(i - ii-lf -3 )l 


npruniusion 


Particle is righr. of Lhe origin and it is moving to the left 
lhe velocity is increasing. The speed La decreasing. 

Particle is at the origin and it is changing its direction of motion 
from Left Lo right. The velocity is increasing. The speed is increasing. 

Particle k right of the origin, and it is moving to the right. 

The velocity is increasing. The spuwl U il&ere&img- 

Particle ia righi of the origin, and it to the rtglit- 

Thc velocity ia not. changing; so the speed, is not changing. 

Particle is nghL of the origin, and it is moving to the right. 

The v-cLoeity is d-Ocroosiug. Tin- speed ia decreasing. 

F&rtkk r^ht of ihr origin, and it is changing Us direction of moLioti 
from right to left. The velocity is decreasing. The speed is increasing. 

Particle is light of the origin, and it is moving to the left. 

The velocity is d*ereKuag, Ttu 1 sp+od is idcreussng. 

Pau-Lide U at lIih Lmgin, il h moving Uj the kfL. 

The velocity is decreasing. The speed In increasing. 

Partkle is left of the origin, and it is moving to the left. 

The velocity Lx deL-re^ing, Tins fcpred is ijittcttritig- 





].jD the derivative and differentiation 


(.IrMnindfHi 


0 < t < 1 + - Partixl* Lk riftht *if ili?i origin and it is moving, to (he Ml. 

The Meaty U deerewmg. I he speed is increasing, 

i = 1 + — Q Particle L 5 right ed ihe origin And it is moving to the left. 

The velocity is not dl&ngilig; km the spt^d in not clian Ring. 

1 < f < JC, 4 - + Particle' ia right of the origin, and it is moving co tht left 

The velocity is increasing. Trie sp^cd >9 decidMing. 

t = t } (1 - + Particle is at the origin, and il is moving to the left 

The velocity is incrr;^in^. TIlk r-|ji*id h decreasing. 

I t < t < 3 - — -i- LWtiek is kit of the origin, and il in moving 1/? t.h* left 

The velocity in increasing. The sjxsaj is dwtewinfi- 

= 3 |J Particle is kit d the origin, and it L; changing its direr.Lion of motion 

from left to right. The velocity is in tie*.? in A, The >jjeed js increasing. 

3 < t < & 2 — 4- + Pfl.rLL l k Lb kit of Lht: origin. and it is moving 1^ the right 

The velocity ia increasing. The spoed :9 ifttreasatTg- 

I = ^ (J + + Particle is At the origin, and it is moving to lhe ri^JiL 

The velocity is increasing. The speed -y ine neaping. 

? a < ( 4-4-4- Particle is righ! ni" thu origin, unti ii is moving to the right 

The utfcodly is inerting. The speed Lr increasing. 

Til PiMrn'.isefl -19 and iift. a particle i& moving along o !iu-o *1 tire s font is the directed distance al i second*. 

lime when the instantaneous acceleration ia ieic- ^sid the petition and vdocit y at this; iiitk 

■IS. *=B( , -2>/S+l=9i 1 + 2^i 1/J + 1; *■ ds/dt 141 + i/zr 1 ' 2 ; a = riv/ili = *'* 

a 0 wbiLL 2~ S/ V 2 , 1 = Then 5 = ±3^ + 1, v - f fi 

.If! , — (r=rfiMj = ¥/ J 1 ■ V a n — n'.ilJl = Ij -1 / 1 Al _ V* 


a = 0 when f - 3 - Then S — ^\ZG. h — |v$ 

A bag it dropped from 2.0Q Ei, (a.) Write an -nqip^Liun, uf tziution. (h) Find the- velocity at I see and -3 see. |i 
I low long, doe* it um\i.v m hil Lh* ground-' (d) VVh+tf k i c r speed when it hits the ground? 

(*.) ,y = 20u - l$i 2 (b) 4i = dafdt =-\l2t, t (L) — -32 ft/see. r(3) - -52-3 - -96 a/sec 

ft) t - 0 when I 1 = ^ = SSL, t = |$« i.54 sec (d) v[%^2) - -S0v*2 * -113. «t *peed is J U &fm* 

A bag ip thiivjwn downwaH \'j^rn nn ahiunh 1 - d ^(Hj it. 'vkh a velocity oi Lin ft/^ec. (nj i ^;c Equation (LG) i 
V.xrjr-'ir -s 2,o to wrsic a;i ^rfn^’ioM cf mntio^ /'.nd simulme the motion on your c-aJcutakn. (b) Find the vfljocit 
o( I aisr. : . 3 aor- (c) Huw Iohl; l:,oo_r it take to hit the ground? fd) What iy- 1 "Kill'd vihcii il ii(s '.he ground 
{ji) Equation (Sfl) is s = - L6(^ 4 v D t + % Rccsubc i 1 ^ = -20 ujjd - ^00, I Ij^ +rqnation of jjj^iaciti is 
e = -16r -<lUt +2D(f 

(b) f = Dffi = D t i-lGi 2 - 2iH 4 20^) = -32? - 20r p( L) = -32 - = -32- n(3) = ^32 ■ 3 - Sfl =. -116 

Hie velocity at 3 see is — 52 ft/wc: th^ v*li>eity Ai 3 .^rc is ■ L 36 ft/arc (if it fails into a deep ;iolc). 

(cj When j - 0 5 -16?^ - 20(j + 200 = 0; t^= " 4 ‘^ hc - bil E tit* thw grosmd after ah^uL 2.97 see, 

(d) t?(? L ) _ “32-^(V33 - I) — 20 = -20y^. Its speed k abuul S U-ft 1i./sw. wht-n i( lii(n ihe ground. 

A ball is thro if a upward pz-oro n hc'Lij]!.': of 112 fi ^iftJL a vvlonty of ft/scc. (a) W t i :.r an f'quiiUuiJ of rnQtjg 
and simuklc the ^z 1 i>L^c^^. (b) Eatimatc and (c) calculate how [high the will ^id i*hen it gets there. •: 
F>;(aisel (c) caloulace ho-w long it tuh-c^ LJic bsJ] to r-CACh (.he ground, {f} Find the vciocily *L 2 MC auc 
ftfle. Q*) Etnd the speed at 2 see and d gcc r (h) Find the i^locity when it hits the ground- 

(a) /- -l«t* + S6i + 112 (cJ rj-32* — 9* - 0 when i 2. if i) - -16 - 3' 1 + 90 ■ 3 - ) 12 a «» ft 

fd> s = U whtn 0 = = l), 1 = 7 wt. (0 t<4)= ■:0-2 + S6=I 

t(l) — -32 ■ 4 4 96 — -^52 (g) I he Rpecd is 32 ft/scs at bolh titties, (h' t-{7) = - 32 ■ 7 4- Hb ~ -123 


MISCELLANEOUS KXERCISJtt 1-'OR CHAPTER 'i 151 


f” Ki8Sa , 5 t^ Part l <:lf fe “ aTl 5« wh ™ * * * cm ■ ..retted diUmt form Me origin. * 

1 . «• i« the velocity and a m/w 15 the stceleratLon fa) Find it and a. (b) Stow if,at the motion is simple 

i j l. rej SunuJatE che motion on ymai graphics calculaioT, 

L *= S-iraiaS-ll+mftjs^H f*j v = */<tt = 2 sin 3 *, * = dv/rf = 4 ra It. (b) Tho motion ij 
fcmjrie barmen it bocaiue a is pnpertknul lo Lhe distance from a filed point { 3 = 4 ) and oppositely dirsctfid, 

■ t - COS 2< 4 2 alii 2t (a) v n rfs/di - _2 -it + 4 toa 2i t a = d v /rf< l. -4 lus 2i - 4 sj n it 
-'■ The rniiLjren is simple harmonic because a = 4s. 

J ^ asn(4( +jir) + sinf'li 4 !*-} 

*) 11 = ~ D (> in ^' +J«) +- + Lt}] = 4fcosf4l 4^=7) 4 cob(1I 4^)J 

= = rf»/c It ~ D e 4[«M(4l 4^)4 coi(K + |jr)j - -J6{tin(4 t 4 $*') + sis(4( + £*■}] 

.*’ J? JE , 4 COTLalaJjl ' ,E| ™ lh<! meflEuie of the acceleration, is proportional to s, the measure of the 

Displacement. Furthermore, hewuse -1G Li negative,, then ft and f arc oppositely di retted. Thus, the motion is 
iiijjpm ELaimonic. 

?zofi\ on an itann is S2UU if not mure LJaaj^ am produced each week dud d«rr^ascs 3^.20 ]>cr iLorn for endi 
&V‘cr Si Kl. (*) Express the profit ns a. function / of the number j: of alette j«o!d- \b) Ttov^ tEsat f ir 
-antinuous. (c.) fii-ti-rminc if / }i diPEerffRSiabie oL 8(H?. 

ij If <)<.*< mti, LJien /(*] == 'm*. Oilier™, /(Tl=f2Da-.2(x-8M)]i^f3M ,2x)x = WQi-- 2z" 

;W<Zz< 1SDQ (h) ^_Lg^_/fjfJ - ^ dm & _2(JGff - 200 500 = /(MO) ond 

lim . /[-z} = lius (360 — t 2at^r =: 200 Sflfl a* / i? coiriitiLiuus S00, >'c| lifti i r, if i = llm ,? IJlI 'JUlI 

.incl l j m , (ffj - iim (^60- Az) — ^ri, Hcocr / is not diftis^ut]&b]c aL &1] ! (]i. 

^_gflO+ ar^flCin + 


20D Lo ^(3(Ji fbJ tJ:p JviLh 1 


s—8M T x-^B0D 

^ - iT' 1 . Had (a) tie averse mtr of change ui R m T iocre^ss bom 
of clAo^e of R. ^vJth Etapcrt &o T ^vhcu T is -200. 

4,1 5T “ ^dOCl -'2§ir^ ^ fi;, :0U0.t)UU> fh) Jt'tTi = 4ltT' 1 - Et'f20H) = 4£ ■ 240 s _ 112,(H)O,0tfQ* 

■ l f 5 ™ 6 ^ U * “ th " 4 ™ il nf 4,1 ■ B ° 8CfJe! t'g hl triengic for which the |en K tj b of each ] cfi is i nnits. Thus 
* w ^ t 1 ) — r?Lc of change of A with rr-spert to rasi cEiaagea fmKs 8 lo f?.0l is 

- °- D8OT5 - ° riria 

Oil -3 - (l.oL — 

f^) TJi* iurtMitmaiM r^c of change of A with nsjwrr co j when t = 8 k a/(8) - A. 

If If = End the tdative rslc of clLingc of y with respect bo a- when fa) * = 0, and fb) x = c, wLitre e u n 
wbstaat. 

H E t ft^bive rate of ctlAO^e of j; with repent to x t$ N Wl 

dy/di ^r" C/3 
5 ”" 


*r = a, 

dr 3 


Thus, 


2/3 


2 


'! a) If z — wc have 


% ! 

F _ 3(8J“T2 

The rciativr rni.i* of thauge uf y wj Lh resp^t to j; \b ± when r — & 
b) If f xc, wc have = ^ 

r ['h^ Fdotive rate of changa of y with respect, to x is 2/3e wJsen x - < 


L lOUy calruUbars are supply] when m dollars is the pri™ pri cakulalw. y = m 1 4- ^ 
al 1 he average rat* of change of y with rc^pwct tn m wheiL m incicaees from 16 to 17 i^ 


(17 z l yT ?)-fi6 a - ^]6;. _ a3 - 13:i _ 

i7- lfi -—^—-^.123 

.neretojre L-ht average rftbc of change 4if ]00^ wJUi resix-ct Lo m when rti incti^s^ from IG uo L7 3,312.:-!. 
ihns the aver&gc rate of changr nf the sopbl^ when lLl* increases firtrn ¥ 6 to 0] J Ls caLcuJabow 

per S] increase in ptioe. 



Lh3 the derivative and differentiation 


(b] i/fm) = m +^-m:“ 3 - ,r2 . The Lnatanlarjeous rale of change of y with rvupttt to ftt when Tft S 3 i$ 

^(1(5) = 2(16; +^(I6) _1/2 - 32,125, Therefore, the iflda&sarjecius 5fat* c-f thanj^e of Iftfiy when hi = S6 k 
,1212,3. the mitiiit&M&US fa-t* of change of the g^pply with respect, to Lbe pricr wh^n pri-r^ i* Sift Is 

3212-5 calculators pe? £J1 mere-sse in piice. 

62. The nTnaindef Ihenmn cd algelis-n stAtes I hat if F(;r) is a poly norma I in x. fln p sH r :s any rual mrniber, then 
there is * polynomial tjfx) .sui h LIijli F(ac) = Q(jr)(j- r)-?■ I > (T'J, What is Urn Q{zf? 

F i" z "j Ff r ) — l ^" 

> Solving the given equation fm Q(xh we- obtain Qfc) = j _ r — 1 P ' 5 3 ^dysLomUL.. ftiJlCt-iOfi., then 

F is dLfferen i \ahde ai every rent number- Thsis we m&v apply the Definition 2.1.3 J to conclude that 

toqw - la> EHzffii.P W 

x—*r x—r — r 

C 3 - m. = jh’ JMP M) + = ( 7 +WTij = d^ = 4 | 

64 . Use the definition of * decivitive to find f'(x) if j[? \ — 3 j" a - 5 ^ + i, 

fits- |:| /{* 4 Ali)-/(* )_ i: IV.X 2 &x? - 5(x + Ax) 4.1] - (3s 1 - 5 * I LJ 

J ^ J ai-lo 




= lim [3(2x + Ax) - 7 >] -Sc -5 

ir~J& 


65. f[z) = ^4t - 3 -- _-- 

m , b» «■ 

0 . 2^0 “ 


- lim 
Aj—-Ll 


(-^/vlir -T- 4Ai - IS — ^/4 j - 3)( ^/4j ■+■ 4 A t - — , 1 + \Ax — 3) 
Aj( <i/ii + 4ir 3 4 - 3) 

■1j + 4 Ar - 3 - 4 ± d 3 ,- __i__ 


Ax—'ij + 4Ax 3 4 3) -0 V'i* - - 3 + \A* - 3 \Ar-3 

ft*. the definition of a deiieativic to fsnd /^h) If /fx) = ^/3y + 1- 

j-r,. p i ,. v^+T--^ ,■ (v^^-4Kv ; 3?TTd‘4:i v (3jt +1) -16 3 

t^s * ~ 5 t —^ (x - 6)( 4-1 + 4 J £-rrt (r - h)(^3tR 4- I 4-4) 3 -kS + 4 ? 

67, /frj = y'iS 4- eos z = (2 + los /''{x) - J(2 * <:t»- x) ’ 1 -sin x) 

—tin jg) 4 + (5 + c™ ^V™ r ]] 

n*) - i - ir 3/l («) 4 p - 1 )- ,ft (i)i=^ 

6S. Ffcnd / ff (^) if /(i) = 3 sin 2 * — 4 coa 2 j. 

> Eiceatisc wi]] be taking two dmvotivM* d- pw tfl simplify 
/(x) = 3-^(1 - cog 3 ?) 'I ■ + tews 2 s) = —| 1 oos 'h 

f } { x) — 7 sio Set 

/^{r} = 14 cu® 2 i 

69. /(x) = flx + I|-l*0 S ;/ f W=2(k+l -UDD^^r+lj*-^/?) 

=aa 1 + 1 1-1 * =2(Si+ 1 Al 

{ (-x-l+x) s -I if J5 < —1 fO if 1 < —1 

(x+l+xf = (2* + If if -1 £ 1 <0; f'(xj = JSx + 4 if-l<j<0 

(x+l-x)‘ = I 5fx>D LO if*>0 

70. Find /'(-i) if /(at) = (|x I - a)4^x. 

& Because it is negative, then \ z\= —z, Theietoie 

/(x) = -?i(9x) l/s -1 /'(t) = /'(-3) = -3 -y 1/J ( 3) ,/3 = 8 




MISOEL LAN ECUS EXERCISES FOR CHAPTEK a Ilia 


-r of 4 weight »ts ccntr-. position af i si^nds. ar.c tin 

:id acceleration. (b) Sho-^ that th* motion is simple harmomr- 
f oi t-h-*- motion (d) Simulate the motion on you* calculator 


■ == r 3 sin gttf (a) u = gf “ i'f *» g*<. a = 5? ~ W 11111 is r * R 
Tjrt.ji iv'c, the motion is Eimiilc harmonic, (c) A — S, p = 2"/g* — 12. / 
j _ 6 cW *(4* - t> The graph 15 Jit the nght, 

1 v — ™ = D t [a COS S-(4^ "" |)1 = —&lu = = 

D f : -24* sin x(« - h)] = -S^t 2 mg <4* - J} = -(4*)'(6 cos *(4f J)] 


-^■pn-liEJiial to 5 , Lnc measure o: tne aspuKcnPRui. run 
- 4 t) s is negative, then a and a are oppositely d i rtx:ti-HJ. 

* fimpls hatmonlc.. (c) The amplitude Is 0. Ujc period 

nation. in pnrQmcttic mod* let — 2. Sf A (t) = 

[;rM^..fMas] = [Or 1 !], = .Hu, Tress the iTBACEl key. press the * key ujjiil the cursor is at Cl, die press the 

i fcev to observe th* motion. 

JjfrtLsea 71 and 74, a fl ls *bc directed distance of a particle from tine origin at i t ft/scc is the 

Lpri jy aaJ tj Jt/aec 3 sa the acoeieration* (a) Find the -a arid ft. (h) Show that the motion is ample tiannunit- 
3 LnuUL* Lbe motion on jaur calculator, 

t , = 2 ™{j£ + ^r}-M sin (If |ir) (a) w = rf*/^ = -6 Bin(3t+^r)+ 1^ oos{3( « - dn/dt = 

-lg cra[3* -+^r)--36 sin (It £t) (b) Brtause a = -9a and - 9 is negative, the mOtiCui is simple harmonic. 

* - sfcn a 4i = 3 - 6 ’ J( I -ot ft() =5 1 cos fit (a) u - ds/<£J = -24 sin Si, o = dv/rft = -193 cos S/ 

>■ BntrtUHtf 4 i — —anti —64 I-n negative, she motion Is siinnpJe harmaitic, 

1 = m ae +«M v = = -2 sib at -sin tj n = = H tM 22 - COS i 

£ui#e i,he acceicration L$ noL pmporciona! to the dinplsi^rneiit, the motion is elOI r.aijrionLC, 

. ^ paitieic 3 k moving in a atiaigbL tine ArrcirdiTtg U? the conation s — A + Bt a , where A and. B a-ri: poative 
tr^stafttS- Krow tLat the mestsur** at" the jLi^elciation of the partick is i'nveTseJy piG-portLoeol to ^ any J. 
We are given Ihal i; = (A 4- Bl 2 ) 1 ^ 0) 

We dJJTcFertd.-Lt* to [IjilI Aral the velocity *nd tlatn r.hi oeceleiation. 


o aimtilate 


= B[l(- Jj(A +B( 2 } a ^(afli) + (A +BJT^ 1 

= B(A+Bt^[-B^ + tA+B»*}]= g^va/i ^ 

t □ 

Sebstj tuti nj^ from Eq. (1) into Eq. (2), we obtain n = “g* 

SewL-Ae wt arc given that A &1Q<3 B aie constants, then we. have proved Ibal thp mpasLirt of the acceleration is 
=.>vTscty proportional to ^ for any t. 

ij) dollar* is the total cost of [[^nufocLurin£ x chaiia and C(s) - x 2 -j- dDx + SOU. 
a C' is the marpnal cost function: O^z) — "St + 40 (b) C'^Dl = 2(20) + JO = f'U 

- I'be TuiFiklirr of dollriJH In the acini! cost <rf manufacturing t;:r Lw^Hcy-firsl chai' is 
C(2 L) - G(2D) - [( J ^ 3 + 4 0(2) + 8Wj - [(2d ) :1 + 4fl{ 20) + SW| = B1 



154 THK DERIVATIVE AKD DIFt'EHEiN'J IATTOS 


T8- dollars is the rev^mt from the sale of r lampi and ft( j) = KJfir- 
> (a) R,' in Hit [luuf^naJ rtvruw Function : = 1M - jar (b) = 

ft) The actual revenue iiom tft-r sale nf I.he sixteenth lamp is 

Ft/lSJ - R(lh) =a 110006) - |(T6) ! ] - [100( 15) = 894183 

V9, Aflat I ^etks thei^ an* r. prey and X pretUror 5 where y - - j^y 

T-“ f — 1 I'| TP — 3IW1 ■ I n -U StT/i = 3£S7fl JilLlJ -r- - " ■ “ I >.r..n . a A . ! 30 


mcx^SSln-G aL it-e rn-t* «f Hah per ^eek, 

.ridy h. r u ja pr | jM 20p - :5I5D':1 where Wl)z candy h-ir* demand 
j-sr bur. If Jhe C1JTTCT11 price flf the candy )fl 40 «nw pw lw and tlir 
D.^ cent* twj u^k, find the t-tu e-f ehnnge in L-be- demand. 

IhiJCJ^j = irj[ltl~- L We strive Lbe ^ive-n equtftan for j and differ r.-.in:- 


■ After f 6 wtc-ka the predator population is 

60- Thfl demand equation Hur u. paitacuJjir e* 
■nd j,n ivHTi'h wh*n p ccr.ls h t-he price r 
price ptr bar :p ipcrfvu-ing -at the rt-t* ol ( 

& The jatt: uf change of the de-mind 5 h 
will* ttapeet to f □£3I>& r-b* ctudn min.' 

P t + T = M0&-3Clj» 


Tbt d-emanc. is- Eb-cntiaij-ijLg by abont 12-c 2 hAT-s/woE^ □! the enrrenL pricr- 

At l hnMr>; After ft p.M n Set -r nautical miles b* the dhr-anee of Ihn Hr?! i.hip 
be She distance pf r.he second -ship from Ihc port, and Icl 1 nautical miSts 


Zy. At the instant lJitr Jftcotid ship ho* Lr; 

00- 11 enrj* 


are Es^en 


2(2^20 -l-3(P0?l- r >- iA 00)30 - y 


1244 

“3[(H0) 2 + (1*D) 2 - V5C240)<W>] 3 y s 

When second ship has lAVdbd 90 Swl# s Mpfl a™ separitin# Jit xhe rite nt 1&.6 tafeofo 

Krfirn Ihr the hypoUDH9? of a ri^hi iriiLriKLti ii. 10 ar.d cn^ i? fi- From 

ihe Pythagorean Lhcuicm wr find the d^pth of the tartuuli is S m. Ut x tt be the t—^ p 1 — L 
d-opth. of the wit^f. Fjoiu dEmilnr hrijinjh-H wl> Sud the* wtdll <jf The wiDei's ^u.-fiicc- ? ? ± y 

5 S $ _p 2 - -|r = n -l- Tlse itftoi t>f the tripf^pidal wntif turfece i-5 A where _ y 

A -ii[5+ O + £j)] = hr + J* 2 rubd ]1 a vokcELe is V v.heic \|" []/ 

V 60A ~ 40tb:+fi0ar' J . When z = 6 Wid dx/dt =0.1, 

= (400 f 130*1^1 = (400 + 12B ^ 5)f0.1) = 100 
When the, watcr b 5 m d*ep at b LwJsitifl At 100 tn^/hr. 

'i'he wiicr in i)lc farniei torm-^ ft I'bise and the vplwne ^: r ibb Ls iiicicisb^ m the raU: &f Sin 1 


i pk. kr r jp. be the radius- 0 ! 
wish to find ^4 when h = 


^T-. UrrrT.I3HE — 7 — = 0 . Hit yi.Mrj.n. —- — —- 

3i r^h £ ^ di dt *=$ ^ 

The smdicr of the w^cer b lisnig ^ the faie of U 'liUn/w. 


uisi-™j.amioi:u.s kx t:fi.ossK& KOfi arAi' t-i-iR * j$r, 



i ks the lmI car -of u C:sir. passes binder -i bridge. ua automobile crosses the 
17 -rljhjf'. Ora ,1 h>Aiiw,iy j■.r| j1 7 11•: 3 VL 7 UI.'lI - to t hi\ GrFu'k iili d 30 ft ftljfiVi: it. The iTfiiri 
is traveling nr the ra*e rif HU ft/w* - nnd the automobile is i.mvfling I :.hr raU* 

.,f -hO JR/sbc. 11 uw rVtsi ait Llit liiL:L di^il the automobiLe separating after 2 eet? 

*Wer to the figure. The t uadwty is iu llR line A^A| Mid the railurfty LjaeL is 
- ?.hfi lw T n T 3 We given that line A U A 3 Le perpendicular to Sine TqTj 
T!.** Last cai of the train :s at poini Tq when ihr MiwmdtHl* is nr polr::. A g . 

After I jim the Eiial car of the train is at point T, and th*’ .intoTTmhik is rut 
point Aj■ The olber ain defined m Follows. 

t feet is the distance of the automobile from poitflt 1 kw: 

it frn'1 ii tli h rMire oF the laat ear of the train from point at f eoc 

- feet lft the diftt^nrr from l .h^ jimLo In l.h<! IjlkL rar of :Si(j train Al E SCC 

Because l.lie It&in ii LfH.vdir.fi at ^ 13 ft/set, ^re are gi^en that y &Gl- (hr automobile i.^ traveling at 

trj ft/&ec.| we are given that x — -10. S\zw Izfdl represents the rair <±l ivtuch tJ:e automobik end the train aif 

separating, we. want to find dzfdt when t - 2. Dence we must fifld ml ^tiuation with variabten x. y. and 

Because triangle A l T c ,T 1 i* a Tight rrijingk, ^P hnve = | AjTq f + jr* (1) 

Because tmogle A. A^T^, is a tight triangle. have | A l 1 u f* — + 30 (21 

SubsLLtntmg frem fcq. 'Jj ialo tq. (1) sj:d m>]i iri.L, fur V. «i> uiiiiiin 
; 2 = r?+ (30) S + '/ - (^0(f + (.H)) S + (3110 s 
i = (sooi?f 2 +ii>Dai ,/:f 

r-ilTfirentiatlnfl with leapcct !o t. wc gel. 

^=^sooo^ + 900 ) -1 * ! \ t eaofit j = 

VlMU ( = 2 »« obUin ^ - SS-2 

i A'i rr 2 see the i.raiii and the automobile arc separrvitnfi at the rate of about H&.'l fl/set- 

h Ai t a*w h let y ft be the height, of the m-irA shsdnw x ft hi? tiiatarte fruiu tfin: building. We have by 

simiJw Lriaitfilssi 

U I U1 „ „ . * _ tt(*0 - J )-M ->) d *_ 240 *V 

Z- — ■ I fln M “ .1 i sm- r ui HE ~ —I— 

(40 - zf «l (40 as 


f = W^ S0l ^*«3r 


| V* htn c = SU and = "fi 1-hfin = -- ^ ---a = ?!?-[] = — It. 6- 

al <U (4!t-30) s 

m I hr lijnfT;: shadow is x rowing shorNir at iJir- rate nf 9.C ft/. sec. 

1 Ar t day's, r cm the radius- of the burn and A em‘ a is (he area. A = ttt^ u J^ — Hirr^ — ^io(l)( IJ.Uo). - 0. Ett_ 
• When tb-e radius of the Uun is 1 cm. its Are? is deertaanfl jli about 0-^1 cm"/d?Ly. 




3 if* <3 
i 2 if 3 < * 


(b) lim_/(i)- li»i_(» a + 2)=ll r ]im /(*) = {'lO--,*) = Li s* lim /(*) = 11. 

a=—<3 J-*-3 , - t ' — ‘ 3 


/p) = 11. Becouse LLecl /(s) = /(-3-J, / i* ccaitamwes ot ^ 


10 /1(a) - r ^™_ 


/w-j(3) _ 


T-T 


= lim_ 
i-*4 


{x 1 + 2) - 11 

7=1 —“ 


Z 1 ?- F-T 


= ^-7275-- Ji*. (-+ 3 J = * 




Etm 


(HU -x 2 )- II 
x - 3 — 


ELm 

-A 


f j - r- 

-*• "rG — 3" 


= Um [tm ^( I + 3) = . 

»-a+ *"3 


/!,($) ^ /^3), /^f3) doifs not- Mibt, If once. / is tiot diffetemsiAhEi; at 3- 





Given /(*) - If r > 4' ^ Sketch ttc P 6 ®* 1 of /. (t>) Determine if 

f is continuous il 4- (e) Determine If / in Eliflemili-wblr ;ii. t. 
t- (a) The graph i& sketched in the figure e-‘- the ri^hl. 

fb) — 1C) — 0 n-m-ct Sim /(-c) jim (8 e - 32") = 0 =r /(4)- 

nr— k] ' e—* 4 j—^3^" 

HfiP-ce / iS continuous at A. 

i cl Because / ig- rcmtLnuoua at ■!■ - lLm_/'(;r]i — Lrm_(2r) ” 8 and 

’ ' T —M £— B, 1 

4(4) = lim f'i#) - 8. Hccairae tliMe «*5 equal, / it differentiable aL 4. 


4(o)= rim,^= |kr*s 

T -H 'l ' t“*fl 

Tberefore s /^(O) = 0+ “" J “■ 

/'(n) _: i) find f f ix) — 1j? ■ / is ciiffni t-h-ti ti fu bL g every wtrerc and / f is conlmUOufi everywhere 


RecaLise f J ( 1 J caisU- / ss continuous si 1 and so lim_ J(z] = lini /(T) and a-j-b -- l 

v X-Ll + 

f (]) = Ilim f'(x) - |im_{ J 2aj) ='£n and 

Elncoust /'(l) exists, 4(11 = /+(1). Therefore 2a = -1, u -|. 

Substituting a = in a + b = 1 we obtain “4 +■ b = 1, b = |- 

12. Suppose J{t) = ||| v ^ +fi jf *> j 

Find tE;c values of and c so that /^0) exists, 
t If x ^ l h we may differentiate / oa fcIWHr 
jtf x \—fi x2 \f%<\ 

'■ ■ 1 Lf i > t 

Because /*! 1} rxLKl^ i-hen f*{ l) exists and so / * contLSjuouB at i, Titctcfo.s 
lirci /(#) i= lim_/(j:) 


Li j 11 nx* -f bx + c — Sim -r‘ 


: L. Because f*{ 1) cxisia, then /' is e&ntinuaLiB at l. Therefor 
lim f\x)=hmj t {x) 


Eim 2 qe - b = lull 3 j^ 


-4- b = 3- 

and f{ 1) - 3, Became / ff (l) then 


\ s 

Id 1 J 1 4 -l J- -1— 

ii 

-S j S -4 -3 
\ 

: 2 i i J 

VlO 

1 J 


f 


\ f 

1 


I 

l 3 


\;: 


, V- 

L 

-1 -2 -1 

j ^ j 



MISCELLANEOUS EXERCISES FOR CHAPTER S 1*7 


^]+ *-< *~1-*-l 

lim 2ajI 4 fr .~ 3 = tlm 
,4 i-1 


£u-l" r * * x—«■!“ r J 

5 uttestiuiting h — ;L — 2* from E-q. (3), wc have 


Jita 2d = lint 3(x +1) 
t™*-*" s 

2a = &■ 


a = 3 


6 - 3 ■ then ^ - -3 Snhtfitutirig for ct And i-n Kq (3) wr grt 
S4H]+C=1j ET — ] 

Although we rirr nol friv-^n that i* f-u-niimimiF a* ! , if I hi- limits r^iisi*. il in r.nre r;ltftl 

lim f*{x) = lim_/ ff ( j) 

j-_l+ 

Differentiating * a + y 2 r 2 implicitly gives 2x + ^^ - fl; —p. Thu I in* through (x n p) anti the origin ha* 

■fope ^ Vi-h i-t-h is rhf negative reciprocal rtf 1 slop* of rhe r.trsgefu line. He n-c* they Ai-r. pei-penriitulaT. 

. /(«) = L/u 2 and jKjtJ = V*/W - fl* 4 [- Plotting ir ; = 2s 3 - &* +1, we find doro $ »(0, .16$) U 
L4l) (/ a = {2^ - G* - 1)/* = 2 r J b 4 z _: and ( / o = dz r 2 ,iC (0,-1 b&) Li (1.3tt2 h oo). 

ib) = / j (j(i))Y(i) whore = -2{${*))-*= -?*-*! 2 {2** Qs -I l) 3 ^ 2 and 

/(x) = - rVir + 3)- T/S ] = J*- l / a (2» 3 Q«-4- l)“ 1/2 |(3 b* - fi* 4 \)- 1/2 (Zx 2 - 6) 

Multiply P) and (2) and simplify Lo gel the- result. 

f{x) = 3x +| x | and ?(x) = |x - J x . 

f (0) = tin, ii m -*)-? _ Jim j-j 

3 ■ ' X - IJ a-4T -r 

km- «».«£#- 

*-^0 + * ,E-*0 + J-fl + 

Because ft /' h (U), then / J (ti) dots nol txial. 


(1} 

( 2 ) 


fiL(0) = Lien 


ff[j>- g(0}_ 


rnr 


■ az 31m 
-tr 


fVl®> 


- Jim Mil®, lim <l g --l gi - D 


= I]3H_ 1 = 1 

i _i 


J--0 


Sins A 


2 2 


FUieflUStS g r _ (l)) g r _!_ {ft}-* tl lEri IJ-" l" li) li'ClL . 

f □ ,)(*) = S(^X-il)+||l-^T|| 

If jr < 0, [f □ r) = 3{^x + ^x} -1-ip J.--1 — Si +■ z\ = 3r r = 2x. 

If J > 0, (/ ojK^) 3^*-Jr) +I? 1 “i 51 j-i J ’ + |^ r |-'j i: -Jr - 3*. 

FhuB (/_ 2x feu all x- ITenro (/o^)Tj) = 2. Therefore (/o j)^Q) — 2. 


-i]v-c tm e\amp!e of two functitm^ / and g far which / if dL^cientiafeSe at ^{0), p i? not diffcr-eniiahlf ot 0, and 
h diffeh-ntirtblr nt 0- 

Let / *nd $ br- defsned by /(i) = z 2 and j(e) = z 2 ^. Then 

/<*)=K 3/3 

Hence, J^CQ) d-oos not exist, anti thus g is not differentiable al 11. Mcneavcr, becau.se f f (x}—2x. llscn J" i& 
diLfercutiablc for all x, and in particular / is differaiEliable at 0. Eowcvtf, / * g is defined by 

[/ ° SX*) - fi.f(z}} ~ {****'? - 

Thus {f & — ^ l/A . Ti.uroiVj-i - ’, ,. f o g if, differ*r.:I;ihle ;l: aI. z, nnc in patticLiiar / r. ^ is cifferentiabk 

j. /(z) = coa j jrivert anoLher example. 



lRfi THE DERIVATIVE AND DIFFERENTIATION 


97. Ut /(*> — I x| ud S i>> ~ * 2 . Thai (/e .,)(*) - /(«,(*)) • /l> 2 ) - lx 2 l= x 2 . 

■XO) = 0 and /(i) = s t | b not JjJTricntbhLf at j(0). 

^(s) = 12i. Therefore. $\Q) = 0. Thus, g is differentia bSe at D. 

(/ *> 0 X 1 ) — t 2 - Therefore / e j-/ It tliffrrcu Liable ?lL 0- 

/(x) n- / f] n ^ £ J J, /'(x) - . 3 * 1 < 5, where, n b rational- (ft) / is tonliBUmJ* if n > 0 

il j- > (h if x > 0 . 

(b] f h differerci i*ble at 0 if lim. f\x) - lim (nz** ' j - H l-hnt b, if n V L |Vi /' is Shrn continuous. 

9®. l™ J5m = g ^ i ;-«,/(^4r 1 /.; g ,J-x 1 /( g ) 

j—j^-r. E *1 




: /£*!>«!“ 1 -*iJj™. L " - ( -¥=¥r^= /(“i) “VW 


IDO. J_*er. / and ^ be two Function* whose domains nr? Lhe sel of oil re*l flttctfbers- Furthermore, suppose that 
(i) if|» - xf{c) + L: (Li) j(u + h) — j[n) ■ ff(&) for all n and fr; (id) lim /(e) = I 
Prove LliaL j'[x} = 

* at ^ 

= lim ~ —?[£} (Hypcitbeab 

04; 

Ji^O Aj; 

= j(*} - Htn [ ^ r /( ^ J j + 11-1 

At —-0 

= /(At) 

Jr—-0 


(■Jlvppthftsb 


=m -1 

Thtfttfme. y(z) — 


(Hy|j«th*sb 


103. A counterexample. f(r) =■ | f i, g(x)=.^\. and x^=. \, Unr / ant! g .tp“ M ii itrffcrcn Liable at 1; 

(/o = f T- — I t J b fiO& cliffejrrnl iable at 1. 

102 tU)=\f(*)\^- m W <0 /*«) »/W< H , ** 

,w |A J| vm */w*«r f * ! l/i-to «fj(*)>o i/wr 1J 

103. We wish to prove by mathematical induction that D^ain — sitl(jf ■ ^mt)- 

If « = 1 vrf have D^f-iin sj = cos t = sin(i + ^r). Therefore she formula is tine for n — 1. 

Wc AHume I he Cormi.iio. i= for ^ t h-n f i* l 7 ) — sir-jT -r ^-t). Thd'n 

D Jfc+0^ Ln x ] — O ir FD ff 1 (^n f)] = Djainfr+^ir)] - L«s(i+^t») t= atEi[(sf+^ t)+^ r| = sin [a: + + l)ij 

Therefore, the- foimuJa JsoJtb foi n = k +1 if it holds for ^ = h- Henec ii hoHn for Any jxKil.ii/e iTitc:Kffr n. 

104, If v — L/(l -2i) b prove by [[LilhematicaL lilducicnji ih?n 

<Pjt _ 2 n uJ 
^ (1 -2jcJ“ +:! 

& Wc must show that (a; E^. (3) is true for n = 1. and (h) whenever Eq. "J) is tiue for a — h, then Eo- (3 
nbo r.ruc friiT u =2 Jc + 3 
(a) We are pven that 

!,■ = (i-2xr ] 

{ 1 - 2 r) ^(- 2 }= (r = fe? 

Bfccaisee Eq_ (L) bcenmea Eq. [2] if n — 1, then Eq. (1) hoSds -wh«it n = 1. 


(b) Sopposc that £q. (Z) holds when n — k. That JK n suppose t;i3t 
di 1 (l-2x)^‘ 

Differentiating w;-.n re^prri l-n I, We obtain 


miscellaneous exercises foh chapter a m 

”tr = aton-t -1)(j . [_ 2 j 

= a* + - 1 *!(t + ij(i-a*r*^ { 3) 

■osc (fc -I- IJ-*[ = (fc + i)], Eq. (J) ii equivalent to lL_— 1 * ~*~ ' ^ 

dx k * 1 ([ - 2r) t+1 ' 1 

h y b-r\ in Eq. hK-r n.'i ;u]1 ir Eq. (4). Tbeieforc, we hriv^ s-ho^n 1 b^tt yvhmv*v*T b’q. (]) 
e Jor n = k T it Jilsa fu>]ds for n - jt + I - 


BEHAVIOR OF FUNCTIONS AND THEIR GRAPHS, EXTREME 
FUNCTION VALUES, AND APPROXIMATIONS 


3,1 MAXIMUM AMD MINIMUM FUNCTION VALUES 

3.1.1 Definition The function / is mi<1 to have a rehtovt maximum nl c if thm ensts an Ptf*n iutervi 

eontaimriE r, on which / is defied, smeh /f^> > /(*) r « r 1 ilL thia interval. 

S.L2 Dcfijulion i'Jte fujirti™ / it &aid to h*v<; a florae mijiamBim eaTuc al t IF there Mtifltft Jin open niL-e-rva 
couta-i ni njj, t; ? <on which / is dcfincd n that /{cj ^/( £ ) fo-c *31 in this interval- 

If Lhe function / ha* either rt relative maximum or a relative minimum ^alu<S at ; 
then / it to havr a r-e Tur- 1 ^ rjirrmutn a* c. 

3. L3 Theorem Tf /{*] exists !'Or all valutt of r in the open Lnterv&l (G» h and if / hat a rcLalivt extremum > 
e where n < n < t. Lheu if ) V) /'(c) — D- 

3X1 IMsuitiuji If c is a number tsi the chi main of the function /, rind if rither /'(c) - 0 or / (*} di^s ik 
e.Taat. then c is called & r.ntical winter of / 

We conclude that ft n-ecesfiary (buL not Biifljctnii) condition for function to n^vc 
idsLLive exirennim at e is for c to 1>ft a critical mutibu. 

3.1 5 UdjoIl.iCm The function / La said to h^w an afisofute man mum valve u» reft tntepW if there is &K: 

number c in the internal such that /ft} > /(*) for *UJ * In tic interval. In Eitch a C*.ie /(Ol 
the absolute maximum value or / on the interval. 

3 1.6 Tlefinslioo The fnnotion / it said 'u have an niWiiTf vdlua on ai: jnterod if there w xun 

nnmbrT e in the interval such that /(r) </(.*) for all ± in the LtttexvaL In such * f\ti\ 

the absolute cnttlimum vaLu^-Of / the int^rval. 

An cjfrtfTiiijn of & fiim-Lfan / uti An interval T ta either on absolute TnaXjJun 

value ot an absolute minimise value of / on 1- If / has an absolute eatremum on I n -hen ti 
aLtohiE-R esittmuin must occur either at 3 critical number of / or at an endpoint -of I. ETIl 
not * closed interval or / is not continuous on I. then f may nni h;ivr ms absolute 
oa I. T« show that / W* no absolute maximum on J. wr show that far ^tnc c h 
either lim /(r) = +* or lim f{z}-d but f(x)<d in L where ll« limits ™y bfi 

aidod. To bKow tli j.l / Los no AhKcdule minimuin on 1 ? we nho^ that for some ■- in 1 citM 
lim = -oc or liin /( = ' d hut /■>) > d on 1. 

3.1-7 HiLrcme- If the tunotion / ls coiU 35 fiuons on Lh^ i-ltKied interval [^, fr], then / tut itbsuli 

Value 'Ihoorem "ia>L 33 i 3 iEKi value and sm ahsoluLf minijuum value on |n n i;. I 

The following stept r^.n be used lo TuA the absolute ajcntema of / ms [i*,^ if I 

contiguous on [a, & !■ 

I, Fi=vH Rids number c in («,i) sucb that /V) =0 or f(c) dote not, cxia!- 

J. t'ijul thr fniir.I.iHin v^Sue j(c) £of O^h number c of step 1. 

S. Find Lhr function vbIiih /(a) and /(■&)- 

■1_ The laEgeti ef the values from, 2 nr.d 3 is the absolute mwht::utr. value, *nd l 

Ejn^lletL of the v^l.^s fium stepp t and 3 is the ahtelpte minimum v^fae A f esi t 
closed interval 

Include in step 1 any F «*fatj p with as the break ?oin(s of a deSniliorr in h 5 ^- '* htr ' /l 
mijfAinot exr&t. Il 5&-easier te evjduatii /(e) than to prove that /' (r) does not exj^t- 
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►*"”* J“Sj (*i P bl Lhe ftinttiea and estimate Lh*- critical tmmbvre. (b fTakattefc the- critic*! numb™ 

# • - **+7* a - 5k f'(z) = 3* 2 ’p 14®- 5 = (3x - l)(x + 5) 

f’ 1 *' — ^ when X ~ j and X — —5. TJjUS ^ nnd —.I /irr l.h-r rJiticaJ Aumbir*. of /, 

! s -3x i - 167 + 1: /{*) -fa 2 - Ax- 16 = S(3s 2 2 jt-«) = 2(3x-?-4)(a-2) 
i j - 0 wJjtit ir — ’ and i — 2, Tfl ; JS ' ij, 2 stc the nilirn.| numbers uf g, 

’t r x Jj *- L2 t“- \ *'(*) aj* 1 '' 1 l ~x 4 ' l = |a- -1,i (x. a), $'(0) d«4 not exifrL and fl is La the domain of 
W- f z)-U when x . 2. Thus 0 and 2 are the critical ni.insW* of g. 

RH — * T ^ + ^ ► A plot of / is shown at the right. __ 

T&? uf / is (-oo,-h&j)_ 4 _ 7~ 

- 1*.*! 2 4 . ±^3 _ J " / 


/'CQ> does nof i-xls’ Ll is the domain of /, hy Dennitioji 
i-l. 0 £e a critical number of /. If / ! ’(x) 0, L&eu 


H, &nd bccauae: y Aiid — 1 arc in the domain of /f by 3>*fimtL*rc 


tritic&L numbers of /. 

* + ] _ 


.Nat-hcr f(V\ rifji /fl) t5 defined. Tin. 1 domain ol 


k -^+^r (jr-Si + 4 ^ y' 

ifj^n -x^.- 2x -*■ 9 = 0; I 2 + 2x - g = Q; x - -1 i h/lO 
-I -r- v' 10 atiti —l — %/t0 ate the criiicp.i numbers of /. 
f{x) La undefined when j 2 -fa-M = (I. El&weyer, the only aoluLic: 
ftrf ]l&t an tho domain of/. Thtjcfarc, neither I hot 4 is a cxJiJ 

- 0 

~ t ' * = ±$ UwL in tbe dorr^n uf /. Uj'ncc they will noi L*- in 1 

•jjig + lBir-18 rf , . 


;-’J number. / 1 ! j- 1 


■Jr 4 J? 


9 iiy^) ^ CtttLcaL tiu ruber*. rjf f, 
R*) = £* G r (*} “ - 2 ) 2 (x + 1 + 2(x - if (x + 1) = 0 - 2+ 1){5 T _ 

'- ■" = ® when i = 2, x — -1, and e = i 'I hits the critical uunibcTs of 0 are 2, ■ I. and j. 

- = (u + xy^lpt — i) 2 ► A plrit of E ie ahown at the light. 

TV domain of F is (-oa, tKl. Because f? - j-) 2 ^ ■ / - ± - /*\t 

Tiz)^(x+Bf( x - 2) 3 ^ 

,tfc&renl3aLLnj5, hxvi} / lffi "\ 

F'fr) = C*4 5) s D J ( a! -2> 2 + (^-2) a D r i:x-i-5) 3 / ™~.\ 

= {i + 5} i (2)(x-2H(f-2) 2 (3Xr + 5) J / , W I \ 

= (x + 5 ) 2 (x -ajfo+ rn) +(*-■ 2)C3)3 r-s a -3 i 4 - f^r 

= (i+5J J ti-3X5*+4> 

f• r ■ is defined ai every «*1 number. If F'(0> = 0, then uither x = -6, x - 2, or .t = -t Because eaef 
-z-z^m ij in thr: dewnaiu uf F, w t conclude tbat and *■? at? Ibe critical rjUiritwTw nf F. 


9-14, (aj OaJeuidL? the critical number. Cbock by plolliag (b) fz and jc) \]>KR(/(x),4 

1 - f + Hi + 54 x 2 + IS*- 2 . /'{t) ~ 4 » 3 +M* J + 6 k + 15 = (sr H 5 }(dx-r l)(i + 3 ). 

= D wJvcn ^ x — —1( and x = -5. Titu.? -3 arc the cTitical mufibcr-s of /. 





]§2 BEL1AV[0£ OF FUNCTIONS AND TFF1R GRAPHS, EX'fEUiME FUNCTION VALUES, AND APPROXIMATIONS 


10- f{x } - * 4 + fcr* - 2** \'2t.\ r(rl - 4z J + 12 jT- -lx - :2 = 4jjr\af -I 3. 

/'[*)= Q when * — jl — —I, and j: - -3. Thus C, -1 7 3 are Ulh> crilw 

11- J(t) - ((“-fl 1 / 3 ; /'(*} - and A-) du nfll eO 

/■ f(i) — o itbtn t = 0. Tims -2, 2 h & ara the critical imrrt^is &f /. 

12. /£»)=. (i^-3a,^+4) l/a 

» The domain of / if (- 00 , I 00 )- Plots 03 ' / 3 ’id NDER(/) aie siiown IwLn- 

fM - W - 3k? 1 + 4)~*‘ /s C3to 2 - M - -1 - 

iiVib-2) 


t®+!>"■£«-aj 1 ' 3 L. 

The factored foim of Llir denominator v 3 —3v* 
Etcaubc is n.*t defined aft - I juleL fit 2 i both 

0 is also a ciitkal number nf /. 

id- fl*}- x _v> f f*J - jtz^ t- 


i ; : i;uct 2 aie critical numbers of /. Occamkf /'(Hi 


is dcfijjnd whifji / is define and / f (T) — 0 wh. 


+ 2 . Hence the crUsoal numbers of / 2 + and £ 

(2* + 2M*-l)-J**+2* + 5)l 


' is defined when / in defined in 


IJ-: MAXIMUM AND MINIMUM FUNCTION VALUES UiJ 


f i)=* 2 - 3 iM- 4 ; \ = l-»,+otJ 
i'l The graph of the function is- giv^a at the right, 
t! /W = 2* - 3 = % - l). f\ 3) = 0 JLHri [I is ssi J. 

Tberrfora I is &hn critical number of / in !■ 

«; nn f(x) = ^liar^/(j) = +oo 

i_ij an / hat ilu ab&LUute maiiiiLLijn on E. 

■ 11 = 3 is yj] absolute minimum ojj 1- 

f(*) = £l =*[-*.$ 

9 ^ Lfi I and Lira j : = +oc and Lim_ jfz) = — on. 

a_,D 

B^nco ^ has neither ad absolute maximum vaiue 
Bor an ataoluta ifiiniii'mm value rth ]. 

/(e)=^;I=[X3) : 

W ^ nee that / 1 [a ) ^ 0 For all z in T Further moTC> 
fctcaUH z 2 ^ 0 tor rJ3 - in [, Lhnci / r [x) \x rEtrined in r 
jJi z Ln 1. We conclude that the function / does aoi 
have a critical iULmb« in I r a.ud thus An absolute exttiroum, 

^ it fid 9 l% must occur at an, endpoint of I. Because z > 2 
m [, an^ so /(i) < ^ on J. nod /( 2 J — then !■ is the 
liwosute maximum value of / on I. There is no absoJusc mini mum 
. aiue of / nn l frec^se lim_/(^) = ^ hut /(x) < ™ nn I 

-T —■■■/I 

' zj ="2 -r, 1 — [ -|- 3 T n i wl- /\x> - 2 srn r 

0) ^ fl and D is id 3. Therefore 
f is th* ettlital number nf / in T. 
f { -^) = 2w(-^} = 2(-}) = -I; 

/(G) = 5«afl-2-l-2; /{+*) - 2 j - 1 

Iabsolute minimum value of / on 1 ii -1 and = —1. 

The absolute tELajdmujjj value of / On I is ‘2 and /(G) = 2, 

' j 7) — -3 3FF1 I = [0-,fT] 

h> 3 is h |i;:ri|:h of th* fa Oct son i:-- j^jveji ; j .:. I, lie riplit. 

o' /■‘(z) = —3 cos j. = Cl and ^ is in 1, 

Ihirefw is the critic.*! number of G in ], 

/ 0 i = -3 sin 0 = 0; = -3 bLu^t — -3 

«nd Ism _G(ir) = -J sin h = -jK/2 * —2.12, 

Lr absolute minimum value of / oji T iw — 3 -end /(f T | — - 3 . 
thr alnaluLe ma^iriLbim value nf / «n 1 is, U arid /{&) = 0- 









/M= ^ -i 3 ; l = {-i,S) 


Because 

the abfloluio maximum 
dhsolute minimum value" 
: D but /(r) > G on L 


/«*) = i/S 

/•;-i) = 

.Jius the 
Secausr 


/'W = 


e of / on T la O- 

is no absolute maximum value of / 




Ittf bi’JtAvion or- FUNCTIONS AND TFIF,JFt CJtAI-lJ3. KXTJIEME FUNCTION VALUES, AND APPROXIMATIONS 


5 i& in E and lin^ h{x) — too, Therein; b 3 Liu tio absofcilCfc maximum value on 

h'(x) w never 0 00 thtre are no critical number* of h. 

= 4 and hfb'j _ 1 , eo ibc absduSe minimum value of h on. i is ]. 


-3 iy au cndpcdflt fif i 1m j||i) - - 00 . 

*-* r 3+ 

Therefore <7 bits uo akfctfdute minimum value on J. 
$ f (x) iy never 0 ^o liter* do critical number^ of j. 

lim rjifx) - Sand < r on T Therefore y Ha* tin 

r—*3" * 3 

aJbwlule itLiitisnum value on 3 


29, F(r) =|t —l|-rl, I — (D.6); )■» = ^ = 

F'(4) does not erist and A is in E; 

F f (; t] is never 0 . so 4 is Lbe critic**! number. 
F(D) = 5, P(4)=! 1 F(6)=.'J 
h h?v; an absolute minimum value of l on I an 
liir? F{x] = Jp Tjiat F(ac) < i for nil z in L 

z—tO -1 " 

Hence F has n=> absolute ma-iamum value on 1, 


/(*) = : 4" s 3 li I = (-»*+w) 

Because 4 > 0 if -2 < x < 2, and 4 - x l < 0 iT-r <- -IS or 1 > IE* LhtZL 

fsP-i if j < “2 f itx<-2 

JM = ^4 -* a if -a < sr <2 i /'(*> = 4-2* if -2 < Z < a 

L- 2 -A if x > 2 t 2* if* > ^ 

Because / J _(—2) = —a ami /' + (—2) =■ 4 r then / r (—"2) is not defined, Because 
Jf'_£2] — —4 anti /V (2) - 4, /'(£) is iloi defined. Also, / r (0) = il. Th uh-. Un¬ 
critical numbers of / ait -2. D, and S, The JiLsninls minimum value of / is 0 and 
it occurs ai r = 2 and = = —2. Ikrjiuae the values of /(i) can be arbitrarily 

Large, th^rr is n« ftimnliale maximum eaJue of /. There is a restive zna^ini. 

value nl 4 wtiLdi ctocur^c at th t. crmcaJ number r — b. 


ff (— J) PS ::cl **1*1 Inal —^ in not in 3; j (z-) IE ilCYC 

Tbr absolute minimum value of g on ] is 2 &ke! 
Because Lim_ ^(sej — b and j(x) < 4 for «il ^ in i : 

JC-*3- 

rbcTe is no absolute miXiitUlttH vnlun of ? on [. 


* Becaiis^ lim f(x) 1 1* 1 = U ( 1 J h 

3—h— 3 

/(-l) = 3, then / is not toutiuuous at i — —1- Ths;ttrfoje / r (—I) is not 
defined and thus -1 is a crit-LcaL numhet of /. TJie graob of / on J is shn^- jlI 
(.be ri^bt. Tlsc ab^oliUe miutimum value of / on 1 is d *nd it tK:rur> #le s = —] 
Ta- (1) holds and f{i) >'0 on I, 

Ibere is no absolute mi:uiinim Vittu* uf / on 1. 




MAXIMUM AND MINIMUM t'l'NCT [ON VALUES lfli 


l***' U if j = 5 1 ■ J 

Sccause }lrn_ /(e) — -Cv, chert is 

s= ^itolutc TYILHimiim UflJlW of / on J. r 1 1 

T*f absolute maximum value of / on Mi 2 nnd /(oj - 2- " 4 

: = — 1,1 >. F(j:j - (*> U)-(r > 1> 

■(0 <*< ]>’■(*> 1) (t> J)-(0 <*<1) 
r z ■ is not defined at D and 3, and Lr fl elfiftwhciri-. Thus cvh-iv 
" r- ftf [ is a critical |JOint, which is useless I 7 h-.is an abwlms 
—jr;mnm value of 1 taken at every point oF !fi, ]) szid rui 
aSsoJiate minimum value of U taken at evccy point of ! —3.0). 


- --M- I ~ Jl.SJ 

I absolute minimum value of f on i is 0 M( 
There h no absolute niaAinuiuL v;l_uc o! / on I 
Srrause 3im_ f{r) — 3 or because Iirn_ fir.) - 

wmd f(x] < ] for all x in I. 

?*-!]; ] = fJ, 2] 

a i'be graph of A is shown at the eight, 
ri^ + J 

j h(x) =|j*+ 2 \ti< x <,2 


i’ 1 r) is not defined at ^ and is 2 elsewhere*. Thi.is 1 hr- rriikal 
temlier of A in T is t nJid h( J] - ,=>, fleruuM lim pij'x) = 3 
,. . . v .. ,-i+ 

**?d h[x} >3 in 3. 13 ice-k in nth nhsn-lnlr minimum value ot h ill I 

7zt absolute m^tmum value uf A ou ] ih 7 and hD/i - 7. 


fix) - 3-*, 1 — [-gw, Jwji - 3 sk Zx tan 

f 0.- =>D and 0 is in I. Thus 0 is the critical number. 

BerausC lim j(e) = 4oo L <? has no absolute 
x— t/s 

-asimmn vaEtie nan T. 

The absolute minimum value oF g on 1 If. I and rr(0) = 
/(*) = liin fa; T -i 

Bmaus* /(—jifJ, which jb out. defined. / : 


-_sooaiinuous at 


" ■ FurLhermoit, 



]itn /(^} = lim tan 2x = -oo 
£—■-*-■*/■*"*" r—r—r/t — 

Tb<i*fore / dot* not fc&Vte an absolute minimum on I. /^(x) - 2 j&c* 

-JsCxC^tr thon -^sr-c^af <" ahd -*r 2 t > ll. hm-iirrmorc, although 
pk 2x is not defined if t = — jtt, —~tt not in the doeitaltL of/. Thun J Ii^i.- 
■oeritkal numbers, FtoaEly, f{i') </(^fl] = laji 
We conclude that th t abwlutc daajdnium value of / is \f$. 



l £_E5Tcisty -15, Find the absolute e^tKtn* of tbs function or. the dosed ieit^TYfc'. and check by plid.tmg- 

I r *) = ^ 4 ; ^ 4 16 O) r = l-MJ; (b) I = l-Z*} 

1 f ix) — 4x* - 3tin = 4t.(t £ - 4> = 1*(* 4 - 2} 

Scoul^ / is LoniJnumis on each interval t f has an afeaoiutb jriajcem^m value -inf| An absoJutf Fetci>mitr» valuv 

JU rftCJl. /^(s) = WLlM.ll r = d, X “ —V, X = 2 . 

«i The rri tic 3.1 numbers- of / on [-d 5 Ul ait —2 and U. [b] 'J'liii eritlcaj iiiirnl.K!irS'Of / on '—$ h 2] arc —2 and U. 

I W-4) = ^ 44 , /(-5) = 0 , m = 16 /[— 3) = ft /<-2) = ft, /(0] = 16 , /(2 ) = 0 

* ,ibsoluU; mLnimiint vs^ue is fl; The ribsuistce miiftiffliiim vCiluo k 0; 

,:.e absolute majtimujn vtiue is 144 - Lbc absolute muiimitm value is 2 -^. 



1GCJ BENA 1701ft OF TtrxemOKS. AKU TKFJIEL GttAHJitL I3XT31EME FliNGTLOM VALGUS, AMD AFPFOTXUtf ATIOtSS 


co. f dot* rjt>l -mvc juiv AbHoE ;-^ extreme vJdue nn 1. 


Ekranse is defined and /■‘(t) f 0 fnt ail jc Lcl 1 there a^.- un i-rii! 
niLLiiirfr- id / in i rvrrc so Lh^ abwtutfi extrema of / mm t oceur aL Li.i 
po-mta of f-.i h 2], fleeav.Kf /1-5-j — ft and /(2) ~ 7, we conclude ibil 

ft i. 1 ; the absolute maximum value / on ] and 
—7 is the- jtlbsoliiiE minimum value of / tut T- 

ft*)=[*+1 ) !/5 , i = t--i. iii /vj =|fr+u _1 '* 

Bucs-use f .=r -coni-iniJiiLis lui 1, / fciAi an absolute maximum vjilue and 
/ f f I,; doe* juui ax.L*i and -I Ik in ih* damniiE *?f , f ; /'(jr! ef never U r 

The ab&oluU minimum value is U- the A-bwril u le- niMirnum vatu r h ^ 


Because / is continuous on 1. / has al absolute [[la-xmium vjiLli* ^ud an absolute minimum value on I. 
/T3) does Krtt exist and -3 is in the domain of /:. /'i-f-. 1 1=- uevex 0. Thus $ is the oniy erLtscal number 

/(-*> - m - s. m - rj 

ITk a bpri|in.- m»3iEEiii[EEi value is -3; the absuiute nfsatmtnn value is 

^xen-i?^ p|uL tu estimate the absolute rwrma of the tune Lion u: Ih* interval, thru »?* ^\\:h 

f(±) = ** + 5a; — 4, I = (-3,-1]; / J (*) = ^ + & 

Because / is ooiilinunuH «:i I, / has an absolute yjlAXttnum value and an absolute minimum value on I- 
■eXi-HirS iiv-ervwheie and f J irj nrvrr ft. Therefore. / has no erttieal numbers. 

/(-■*) = —«i /(-l) = -10 

Tht absolute minimum v-giiir Lk —3T>: Lhe absclu tt maximum valu<: '•* —1ft. 




5J MAXIMUM AND MINIMUM FUNCTION VALUES I # 


, = s' 3 -f 3ar Sx, I - [ 4,4] t A piot is shown m th* ri^ht. 

’ Jw^auEe § is eoniinuoya on 3, g has an absolute maximum value and 
k abichltf 1 - minimum value on 1. 

p = 3i s + ft* - 9 = Hx 1 + 2* - 3] = 3(* + &)(* - 1) 

j f exists everywhttCr g'I-c j - 0 wbw sr = -JU * = 1■ 

Tl* critical number of on i are —3 and 1. 

Wr cvaiuAK^ / : Lb* critical number acid at eacL endpoint ot T- 

*MJ = ^ = ST, (5(1) = -A S<4) = 76 

iThr absolute minimum vaiue is -—5, t3i^ absolute rnaxittinm value is 76. 



- . - 2 h*L^ n j —^rr.^xj. /(M - s(t If tjin 

j : exists everywhere on I nnd f f {$) ~ li- The critical number of j on T i 1 : U r 

r 4 t ; = 2 «*{'4o = |vi. M = \ fip ) = 1 «« Jw = a 

fbe absolute minimum value in 2; the absolute maximum vftlij* is 2</2. 


£, fit) - 3 cn* *1; I = [^*,%tr]\ f'[t) = 6 sin '& 

/ ii = n if 2f = nw, that is, if t - Jftv, wfo«* tl is any integer. The only critical number Ot / in I is 

= 3 coax = -3 /(Jr) =3o»j» - j /{|x}= 5oo*|x = P Therefore* the abwltf? maximum value of / on 
■ ? | which occurs at and t::e 4h&oiut0 minimum value of/ is -5 which 

L /..> = (r- !)* /J + 4J = [0:3j, />> = - 1 r m 

- 3) is not defined and / r (x) is never ft. The critical number of / on l js 1. 

ft0J = *,/W*^/(2) = S 

■ The absolute minimum value is rhe absolute maximum value 5. 


';)=£rtU = (M 


A*) = 


Jj- 3 1 1 

lfSa-3)-2<x+I) 

(2x - ft)" 


t> A pfot is shown at 1 Ijc right- 


(^-3 J* 


&rvji-j^E / is continuous on E, / hos an value and an 

i.:»oiute minimum v^Iub on I, I^CCfUIS.e exists everywhere -on I and 

rl is nev'd 0, / hM no ei-i£icas numbers. 

/(0) = 4. /(i) = -2 

* The absolute minimum '■.’aiuc is 2^ the aU'^lut-c.' nlixim ! irii v^lne is 




uvdsefi 56 1 (a) Ehctch the gjaph on the dosed titter vat 1- (b) netermLne the absolute extrema ou I 
:m_/(x'l ~ ]jm_|x| = 2; lim /(x) — Utti {4-^) _ 2 

-2 *“*S z-^2 + r—■2^' \ 3 f 

rfause / is contiuuous on I, / hws wt jtE» 9 aSutE mwjmurn vai-.nr and au abijuiule \ 2f yX 

rnianum vaJut on I- BwauM ^id / J [2) do not esis: ar.d /^(x) is nevtr U. 


The abfvduir minimum vnlur i.s li; th« aiiHulut^ mayimuTri value is 3 


h.cijfife) - lim_(2x — 1} = -3 f Urn /(*)-= Jim, (I -t 2 } = -3 

*-2 '“■* r-n2 + *^a* 

j is continuous on I n / hM Mi Absolute maximum value and an aU&oJuU 1 
-dntmum value on L B&CftUSO f*(2) dons not exist and f { {z) is never 0, 

: is the critical numbers of /. 

f -1>= 2(-l>- 7 = -S>, /£ 2) = 2(2) ? - -3, fit) = \ -4* - -15 

The absolute jriMfmim vafue is —lb; ihe absoiutt maximum v#Lu.* is -ft. 




]09 BEHAVIOR OF PINCTTONS AND THEIR CRAWS, EXTREME FUNCTION VAI.1WS. AND APPROXIMATIONS 

i[; s s s ,ss , '- [ - , ' 3|iP ' ( ' , -& in 


' -3 < x < 1 


liin_ ft*} = tiraL {3i *= -1; lim F(*) = lim (s 2 - 1) = -1. 

r^t 2!-*vj 

TKllb 7 is continuous at 1- BacaLise F is ct^nl iiaiairiiir, cm 1. F Iia=, 
an absolute maximum valu* n:.u an absolute mirmn-sfl value cm 1. 

F J {*) is- neves 0 and F'(j:j e:riid:a except peril ap:? &t h F # ^1) = 3 and 
F J . (1) = 2- ihmW F r (l i dnea not exist; thus L is a critical number of I', 
F{-3) -18, F(l) = —I, F(i)=T 

■ The nbsolur* minimum value is -13: the absolute m^Lmum value is 7. 
if -6 < * < 



66, 


r 4 -(* + 5} 3 
c(*) = { ; U 

ho _ r- -l i V 


; I = {-0, D} 



12 -(* + \y if-4ci<0 

** if-4 < ar < 0 

EflCWSf 1;';-$) - o and G'(-I) = G. Ltivii -5 And -1 are critiriil numbers of G 

Furthermore, 

0 *_(— 1 4) = Lim _G J I±} lim 2( x ■+■ 5 i = — ‘2 

and *— 4 T ^~* 

C ^(-4) = Sim J 1 '(*) ~ Sim -3 {* + 1} = ■ fi 

Therefore, ft p (-4] is nOC defined! and £0 -■! sh a eritjcal nuiflbe* uf ti. We evaluate G at each 
and at each critical number of G. 

G(-fl) - 3 G(-5) = 4 GH) = 3 G{-1) = 12 G(0) = 11 

The absolute maximum v*| H k of ft on J is 12 vrhtch weura at -1. and the absolute mutuiuUim >*lu* oi G on 
3 which occurs- a I Htni.h —6 and —4, The graph is shown a" liic rij^bt. 

67. If lim /(at) = L < tl then IhCJC is an an open interval i containing c w-b Lhat /(i j c ll for every t ^ c in 3. 

t Choose f = --^L j n the definition of :imit. The therr n 6 > tJ such that If 0 <:! r - e I < £ llltn 
| /(jr) J.j < —4-L jL < /( r .. ! — L -=. ^1- => <1 jh 

Hence f(x) < D If i £ S - U - t.c 4 find ^ ^ r. 

SS-. If i-he fujiction / has a relative- ioasimum value at c then —f has a relative- minim um, value at t 
By thfc first part of the proof, —-6; hesLcc /^(c) — 0. 

&y, If / la diffcjentiabW ^eiywhcro and f f (c) = can we conclude chat / has a lorjd extremum at c7 
o No. If f{x) - x a Ihcn/V) - 3-r 2 ind /'(&) = 0 bni / does no: have * Lut^l eitremum at 0- 

60. Tf lIih function / has a Eoc?s.l eitrimum at a numhci c : can wc we conclude that /'(c) ~ <17 
& Nl>. /'(□) may not exist. If /[«) = : zl, then tl tg a Lot#! minimum of / 1>IH /‘‘(Oj doei. not csimI. 

3.‘-S APPLICATIONS INVOL^TNG AN ABSOLUTE EXTREMUM ON A CLOSED INTERVAL 


The piocedul* for S^lvinR the Ex-eixiscs in section is as fn';lDWfl. 

1. Identify th^? vvi_-iabk lor which you v/;ijj4 t£> fmd an absC-JiiU: extramc valuv- Thin Is the dupendii 
variable. 

2. E^rrr™ tlit dependent variable M fi function *f som* olheF variable. 

^ Vrr:fy r.hai the function fyuud in step 2 ha5 * elided interval I far i^ domain and that the fonciioE « 
continuous on that closed intecval. 

-1 Foltnw the tlepS given in Serivn 3.1 ft*r finding the absolute Nixircma of a function on a cJowerJ iriUuv^ 

Often it is helpful t& first th« d^pfindent vaxlahlc a fundlor, ol l.wo olIllt variable, Iri th 

case, you must find another cquarit>H involving those Iv/q variables and th«n uw liic equation to eliminate« 
of the VS-tiftblW- Somctinvcs a Fsft^rs is helpful, auid someiimcs the fonssulas from geoiEBCtry jfiven in See 1^3 
2.10 ^rC. helpful- 


3.2 APPLICATIONS INVOLVING AN ABSOLUTE EXTREMUM ON A CLOSED INTERVAL W 


* numb" in 1 — [ 3 , 2 J such that (be sum of the 


C hum two and Ui reciprocal is ( 0 ) minimum: (b] rm.jdnjum. 


* * ** numh " r - We “ ek ltle “*™ rf / W =:* + b n*) = 1 - V / « otinw HKt /'!>) exists 

W 0- n*J - 0 when 1 = I : , s2 = 1 , z = ± !, bm flrilj . c=lis J 


v ™ Wi ™ 11 u - f W ^ u « = £:, *‘ = 1, * = ±1, but on!, K = 1 Ls m I. 

- J T a —Tj /Cl} -1 + 1 = 2, /(i) = 2 + J = (a) * = 1 njtBijuiues the<4ut> (b) x - £ maximir,r* 

£l lLs -umber in I = [-14] «k]i Hutc the Dunbar minus iu square is (a) Tmuqm»m: (b) luinjmwiu 

»T;=Yi? ^^s^KSfiSg & ss 

-K- _ | .. r L 4 - 7- /',1] - D M r. =i ma^maes iJw 

JtVI * — -I mjniniiisti l lit difference. J 

iue to wHv c the indirjitrd txtrcwsof Ksaif cites ].S. 

13. A ntlrf d: lebstb * Mb is eadosed with ZAO «, offence lie width i»4D-S>}= 12*,, m m(I ft* 

-?&Z***'*S J50- ffr* =1J0^^ = 0 *&!! = CO. m =t Sm “in 

1201 " D ’ ihe wlicu I - CD Sftfl f.hf field L. bO in X lift rn. ' 

’ *f * ft is fitted with 100 in of Ien«. Its width is '{100 - 2 t) = WJ - T ft and it. 

<*=* W-«£ 


W = 0, The «*,«*«* whs* * the ft..' W * 

id A Seld of Jenetli * m parallel to a river it MKfcwd with V4D m offence. Its width ii&MO-il m and 
,lV> >- ™ 0 ' <* Ai> ) - ft. I'll.: area t; guati&t when f - ia) *,„] the field E< 120 mx CD ,m. 


M> ~ ‘ ,, J - al - 0l " - 11 Thr ta RfiKest wnen if . fttl and the gaislea is 0ft ft x 2S ft. 


-■ I - IS* - + ISO m 4(3**- S3 t + 30) = 4f3z - »)(* - 6). V'( T ) ^ 0 when s%= fe I md * « 6 * f. 

V<#) = “• V <S>= 1 8 11 ’ V(4) = 0 . The maximum volume is SH'»tD.74 Id 3 when | in. square, are cut oft 

°i 3 13 r ,r SqUa,C il ' 11 tL * -« *WB«I H* the 
.^ T w 'ns m? i' 7 iwh W ^ + 144*, 0s^6. 

= ft V(21 -m VfO) -fl^The^' 1 ' l2l( fV'ff) = D when t =Se l ojad * = 6 *I. 

1 , H2J - 138. V(6) - ft. The maxmmm volume it 138 tnj « when 2 cm » u *ma are cat off each cum*. 

Whi?ji j tn. hVjn^r-cs aie cut Fromi r.h r- l, u .l... i 


*oijm€ 

I't »3 


E?r J ^10er 
e i. vrai - 


f.ic. “Ji?. WL^ j in. syuarrei ^rr cut from Liie o 


5ji wJicjs 


■ |]. sqii.ir^: arr cut 


M 25. A ho* uf teDglh itiiE. will, squajre crow snetioa has I Oft in, as the sum of its lencth and eirth Itu 
VU> l " - THC " 5dth " f ^ ^ » K'«- in. V(r) = ^*(,00-*> P a. ^5*SM5Si0 
^<^<105 (length.> width), V'(.) S5 ^_ J , 0 0.4 l «, (j - m) . V ' W e ( when 

* - f -e I nd * = inn fc 1 V(») = airao, v(ifj = f M 0239, v(ioo) ^ 0. 

i hc JflTigcfll. Knx is dl^ui hy ]T b y 17 iu. 
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Ex. 26. The growth rfde / bsict, n?ri a/min z colony jo'.Hity pros?oitiDb:d iu thi! number * uf LMicUei-jj .me 
the number ] .ftflO.flUft -/: or capacity. /(a-) = fa(],0DD<UDa -i) - Jtp.UOU hQOOx - * 3 ], 0 < x < I J QOO n OD&, \\t 
do not netd Lu determine k. / j (e) =■ if 1,000,000 - 2-r/ / J (jcJ — 0- *|ush x = &ftO,ftO0 ■£ I- /(ft) 0 

/(5&D.050) - 5D0 1 000 | ^jt. /(inO^OnOOO) — 0. Th* gr^wLli raLe ii ppealest rtLtu there are aDb.OftO bacteria. 

Es, 27. The growth raLc / infect* d/tUy of frj- ispiderrii-L is jointly proportional Lo the number r of irifr-rtrrf r.rK 
th* number 5-.G00 , -’¥ of capacLtv. /i>) Jha;(a,^LilJ - rj ■: .t(500D.r - e"). ft < ■* < 5-.000- W? du Ewji ueed to 
decemun* k. /'(aJ=i(S0O0-Sr). /» - 0 when t - 2500 <£ I. /(U) - ft : /{SfSDO) = HaOO 1 *, /(SftOft)-b 
Tiie gjowlh rale is grea&e*[ ^hen 2,0ftD a™ Lti reeled. 

Ex. 2Sr The bai^e of a pyramidal bent Is 2:r m square and j. triangular ath- iia-^ heigh" '■' ■", -- - rr. BcnLiLst '.I:* 
slant height of the t*nt is 2-5 — ^;. the htigliL & saLisfiirs h 3 + jc 3 m f2.5 — x} 3 >. h = ^ft.25 —hi. TSw volume is 
V(xJ m 3 „ where Vfj) = - 5* = j® 3 (6-2S — Sr} 1 ^ ft < i < 1.25- W* ffijudmi» /(*)-V{r} 2 J 

= /'W - f [4± 3 (1.2ft - *} + ®Vl}] ^ f^{5 - 5*). / x (x) = U when r^O E L 

± — 1 £ I. /(Q)— ft. /(i) “ Tph / £ 1 -25} — ft- TN volume La maximum when the ba^ is 2m 

in Exercise 2.2,37. i trip ui fo- up lu 23ft unsdents. l-'o: up to [^ft ^Ludcnl--. the nusd i.n Sl5 |w- sLudent and 
CScCJCASCS fry ?ft-ftb r*ir student for eueh student over 15b. If r (,r) dollars lbs ^rma iticuuta if i -ludents maii- 

, ,- , f( l flaa ifftc^<150 , _fio if -0 < jc < 150 

tb« tn P , th* B /<*)-| 2i5s _ 0Sx * lr l ^ < T <i W ~ 122,5 -.U. if m< i <25<r 

/ r ( 1 oft) might jioL exist acid / J (2£5) -0- /(ft) = 0, /(1*0) - 2250, f(225) = 2531/23, /(25ft) = 2oft0 
The grow ijiouj]]^ h gie r awhen there are 22a Bc.udtnth 

Ici ExjcirriSfc 2.£-35 p 0- ilio is fb“ up Lu 2gft s'lideols. For up to Luft MijdsnLs \l-.e eusl Ls ^>la pot scudcnc aac 
decreases by $0-07 per studcnl for eaeh StULd^tlt C-v^r 150- HoVr siiany atudenta yield ihr mrmip? 

Wc showed Ikzit if /(r) doJJaes is tJLt gross income if x studcals make the Lrip, tJu-n 


lx if D < t < lab 

i.at - L Q7r s if 35ft c t- < 25ft 


f r r ^_f 15 if ft < t < Lab 

f ■ x ~ \25,a - .Hi d' 150 ^ 250 


/'!'15b} migtiL not c.viit and /*{ 1-62-1) — 0- Hitiause l In- :iiuel i&t uf hlnduJits ls ±n iniegec we lesl 182 and 1^3 
/(ftJ = 0. /{150I - 2250, /{I8it - 2322.32. /(Ifi3) - 2522.27 /(350) = tOOft 
Tiie gross income is gcealest when Liicn; ait l£2 studetiti- 

Iq Exorcise 2.2.3&. each tree produces 600 t>rajiges. V Up t« '20 ptr acre. For each addition Ed tree 

acre, yj<dd per Uoe dittEfciUSCS by 15 oranges, [f /|x) uraijges a:e pruduced when rher^ arc number r rif ire^ 

tbeB _ | eeoi if e ^ x < so ,, _ ran if n < a < w 
fii \ goo® - ,5x ? if M < jt < so' ; ‘ J " i»n - a** ^ao < x < co 


:ft^x<20 r JftQn if0<^<2i 

: SO < jr < ftO' ^ l3fl “ tf 2ft < X C i 


/ J {2ft) miRhi not exist and / f f30) = ft. /(0j = 0, /(20) = 32,000, /{30‘. - 13.50ft. /10b} - ft 
The member of oranges is greatest wh*ii 30 rn^'K i^r ni-.m slcm ]?l:u:it^. 

In Exercise: 2,2-dO, a ciufs annua] duos i$ SlftO por ^5eftll>ei n ^0-jft fm tach niejjLhtr of bftU and pJcis SO. 
for eath member less thnn ftoo. Tf f{%) dollars is the c^jbs revenue when :J;crc are j meEnSjtra. th 
/(*) = 4ftPx -^n 2 , ft < e < SOft. /'( j) = iW-z = U v.-hen j - 400. /(0J - ft, /(40ft) = SftObft- /(SftO) - ft 
The revenue i& g-eaiesl when there ?j:e -100 meimbeis. 

Find iwp nsnuegalEve numbefS whos* sum is 12 such Lkac {a; ibeLr piodud. \± an absotur.p TiP^irnum; (h) : 
sniri C-f their squares is an absolute minimum. 

if x is the nmallor □ umber then 12 - * is Lhe larger, 0 < x < ft, fa) /l» = zflS - r] — I2r - 
f*{x) = 12 - 2x = 0 whfirt x = 6 € 1. /(ft) = 0, /(ft) = 30, The numbers are 0 and ft, (b) y(x) = jt + (12 — 
S f (^i = 2f t2 - x) = Ax — 24 = ft wh-en ^ - ft. g(ftj — E.44. gr(6 j — 72- The numbefs me and 6. 



' i ' 2 -applications iJvvor<mo an absolute extremum on a closed interval itj 

’ '' ,7 T * fO** 10fl,id , “* bcU,w 4 hnH “'^ »« *» by a «« ... rl,H- sUps of a y. If r he point* A 

a__ ii rirn. b .. apart, what is th« shortest fobs] knglh &f \y !rr thnc can hr Heed? 

=** lilt fi SU« fll Ihc Tight. ThewdibL Is ar. point ? and thft li.tr PH is peipeudic- 

‘ '■ |ADJ = 8 and [fd(= 10. Et^ftBsc tiiatieb ABC is A 

■Qscelfflj r.b|H!ii | Al) = DBJ - 4. Lei V— -l _® 

\~ 4 i V 7 

± = ihr. iLurabtr of fe^t Id f^D f \ i* y 7 

J = the (lumber of fear in the total length the wire 

We W4nft 10 ^ llf| tbc 4b ™ kl ^ mttlimmn vatu* oF j, We first express r a# n Funrtior. hkt 

k i. We ftote that 

i = |Ac|+|ncJ+jFc/ a) 1p 

awanac bMngkc ADC <m\ EDO are right triangfo*. we b*ve .‘SCI - v^ ! 4 :S ouid | >ic; : = /r* + ia, Ar.d 
F(_- IQ — i, from [['] •xc have 


:aus« |Pf.|> U. is defined and continuous on Lkr- cloyed Inteiv^E iijjflj. 


A i' note that 


V-V+16 ' 

W - '(*) “L iJic critical imoibci ^ and M the el idj.uiijt B 0 and 10- 

*<*) = n-i) + w «is. = * v f + in■-jv 5 = in +1i/f*iw, 

"he shoElest totaJ length nf wipp that can hr 3 *i-ti is (10 H 4^5) ft. 

h v.-ijuiaii on an island ar- A . 4 l;m from the Ucarcsl pflitn f. 
izr - down -he bead: from J-i Sht /f WK ^ 5 km/ hr to poi nt. T 
S>! z 1 km be thu 1 distance fruji] H io P. Them y/i-“ 4 IB km 
^ |l frOTT1 Jr ™ C. Tlse time of the l/in «qnah the .. 


on a beach, wishes to ^cj in the least time to C, fi 
between El djid C, then ivalts ar 3 km/ht C. 

the disiaAce from P ty A iwid (6 - x) hm is tiLe 
u f l.he pa?L hy Wit?r plus the Esme of the f» r t by 


/ is continuous Oel JO, G]_ Therefore / h^s an rtUi;oJLi.s muiiniETn veji 

/'(a) 


fi-1^ - 25 4 40(1: Mr* _ 4(11): x 2 - ± = ± J! 

the onlv lti rL.:aJ of / m_p n Cj. 

1-37, /(tij = ^Vi3^ ! _ -44 

20/v^5- Tor the fastest poute s F is km {i#m B. 

jioin!. P on ^ Ijti^ch, Trishas ia go in Lhe l*-rid to C > S 

LecmL F bttween R And C. clien wvilks ai t Jun/hr to C. 
h 1 ^ hen Es die didaneo fmr:: P to A and (3- *) km is the 
'ho lEmn of J .hc narl by w;it,oT plim tho time oF ll £ e part by 


j if eontmuoiw rm [D, _ TJsercfore / lm on absoluti: minim uni vaJi»! od -O.^f. 

S*t f’tz) =L 0; ^-^_-| = 0; 6x = bV^Tie: 64i* = 25^+409; S9* 3 - 400; T “ = ^ x = ± 
A'*) «*!=“< «*c*ywher« ftttd 20/v^ « 3.80, llieie is tio cridcal mm.berrjf / in 10,31. 

_ v , /(O)-Sf-i-ira, /(s) = i 

ThH ^ [aic “IQunutn ynlt.c nf / i, 1 when i = S, Hanw, for the faflfost wule thr pcint H *bouH be C 


2fi 




11'2 BEHAVIOR Of FUWCrtONS AND TH1iJJt GRAPHS. EXTREME PLTNCTIQN VALUES, AND APPROXIMATIONS 


23. Find Lhe ditncbiidhj u.T the right circular cylinder of gfeatet lateral surface area that lau he indetibfld In a 
uphtre ’with a radius of h Lei. 

t- Whro r in- is Lhc r*Hinn of l.br cylinder, ki h IP- be \tx height and A|'jp in^ its lateral nurLtoe area. StC tbfl 

finite for Fit. 24. Hy the Pythagorean Theorem r 2 -h dli^ /i = 2 y3E — t 2 . 

B.rntF A(x) - twik - irr'/jK - f 2 = 4* V’W - r\ D<t <6 


2%/36r 1 - r 4 t/ 36 - r 3 

A'(-3v^j _ 0 and A'(3 v/ 2) - 0, and A'(i) exist* OEJ (Oj.ft). SO 3^5 Ijs the tril.ica! number. 4(0) - 
A(3^/2) - T2 t. .4(6) -ft, Hence .4 an absolute maximum value when >■ - 3^/2 and 

A = 2v% - r* = 2%/^ -18 = 20fl = 0V* 5 

« The riRhi«csTcula: cylinder of Rreateat lateral suifacc area Iras a radius or $\/**. in. and ™ hei^hL of f>\/2 in. 

24- FId-cI the dimensions of trie right circular cylinder of grealeiii volume fchsa v;m he nutc-ribed jib ,t sphere with 
radius of 6 in. 

£ £k the figure at the right- L^t .. 

r iffleh-us he- tht r^diatR of the cylinder ^*V 

ij Laches be the altitude of lEie cylinder \ 

V cubic inches be the volume of the cylinder / \ 

Vr't want to determine r and h so that V has an absolute maximum value. j 

The volume of a circular cylinder is given by | j 

V=*r 1 h (1) \ kp \a j 

To uxp“(^S V fcfl terms of one variable, we find another equation involving v and h- \ -n^\. / 

Because the center of the sphere bisccls the altitude of the Cylinder find the altitude \|f -r-pw 

of the cylinder Is perpendicular LO the base, we have from, the Pythagorean theorem ^==^j^ 3 = = ^ 


Substituting from Eq. (2) mro Fq. (1) we have 
V(Jk) = Th(m - |A J ) = T(m -i* S ) 

Because A cannot exceed the diameter of the sphere. 


We evaluate V at the critical number 4\/3 and at the endpoints ft and ^2- 

V(0) = ft V(4^/3) = 4 v^t - £4 = %t^ V(12) = 0 

Thorfrire ^he greatest jm^ible volume is SHSt^/ 5 in\ Furthermore. from Fq. (&) n if = 43*, Then = 
so r ^ 2y/fl. Hr/nci* for The cylinder oF greatest volume tho altitude ia 4-/S in., mid the mdius is 2 /£ in 

7Jp. Th«: «f the distance from the polnl (c.y) nn the circle i-t/ a = il to "4,h) is 

(x - + (ft - hi 5 = x 2 - 8c 4 IfHV - l«y + ji* + 41) ■ IU^f = hft - Sx - 

If rj > ft, rj _ y^rr?, Tf is I h« square of tbs disiancs fr<mi (4,5) when ^ > ft. then 

s^j) = M - fij; - IO 1/4 - Z*, -3 < jl3;Sj r (j)--aT- y 10 * ,. 

f -M V ^ _ 

If ^ < 0 9 p — —V$ — x ■ If 5^{x) i 1 - The tKpifiri* of Tbs diatanec from (4 r h) when y 1 d. then 

y,(x) = 50 - Sx + in </9 - J- 2 , -a S i < a; 5j'(x) = -a - 

Both St and aec continnoua oei f-3,3’. "Iherefcre the extT^me-value theorem applit,'*. 

Set V(i) = n; . 10;t .1 = fl ^ z > 0; Si ^4\/9-r ! ; 2Si l = 16(9 - r*); J \ix i = L<M, x = 4L_ 



3-2 APPLICATIONS INVOLVING AN ABSOLUTE EXTREMUM OS' A CLOSED INTERVAL 173 
“ - s ‘ V / B-i ]£ = 0. Thus 5,1-3} -= KZ-3) = i>0~N< 31 = 74. S,«] - SJT, - 3(1-3131 = 2ft. 


'Thus 


mr ^ - 3U - VTfir ju '^r= 

J: • -.boabsolute minimum distant \x ^50 - B-y/41 = •J4 1 -2-.3i/4i _ 7/4 J -ft 

i_ : the absolute rrl-immum distance is ’i fl +fi ^/TT _ ^jj + J.. 

■ft^fTLAtively,, let /{£) be the distance , AP wbetL l!l-k measure nf n.ngk FOA is 'J.hen IOAi a — 4 3 ■■ 5 2 — -11 
Ip- OP P = 9. fi-j thr low of cosines, 

F - = i OP P +|OAp-2j OF|QA kos fl = 9 - 41 - 2 - 3V*4k<* fl = 30 - B^un 3 

■fee- /(£) — - (i y ^Tkire, O’ < 9 < n. Because -1 < cos fl < ], 

m ^ ^50 - fiy'Th; ] j =■ ^/5T - 3 = a on [0 n jtJ wid /(&) ■= a, a is the Absolute minimum value. 

BM /i.^! i y ^0 - 6\/4T(-l) = *i/T\ + I* = ft r>n Jy,rj *nd /(- ; ■ 6. b L* th* ^hs^Jute minimum value. 

(be S-T^ei of the IflTges-t rcetan^k tfiLh two vt-rut r^ n?i 1 he- i-axta and two on th<j patibol* y = U - 
pa^sc =:hc parabola is avinmitric with -respect to Lbe i/axis, if one vtck'x is at (j\£)}, U < x £ 3, another 19 frt 
fc-z-:. Tim i.vL-n nn the parabola at* (± =,9 - .e 3 }, We wish id maximize ch*; area A(e) = 2 x(S - a; 2 ) 
Wi^-2* 3 : A J {±) — Id - 0^- A'{*}-(J when fc 2 = J0, i- 3 - 3. jt - C I nnd i = - y/t £ 8. 

A(0) = 0 ? A(vS) - 2vSffl - *) = : 2yS : a{ 3) = ft 

T:- largest reel angle has araft lsj^/3 ft; 20.7S. 

/ - = jf “(* *) = U* 3 - i*®, 0 £ * < t; /'(*} = Jti - = jefJfr 

i* c-ontiniioufl osi [fl F t] 4517 / hos an absolulie eiik.je i jjj am value L?n [0-,^], 

JT■ = 0? / ; (^) — 0 and /'[#) exEula on [0 ,.t;. Hence ^ id the osily mlje^l iiiirtibex. 

m - o, /(|tj = /w = 0 

7- Ji / has rus 4^olu^ Esaxlmam value ?_i ^.t. 

gjicaLcst decrease in bl^pff pjcMurc occurs when nf the dri:?; taken. 

I V(r} esil/ste is the velocity of air dining a c-ougLn whpn r cc:: i-^ the radius of the irachtn, th<;^ 
V * — kr^{Tl — r) when: ft. k the noimal Tad:zs, i iri a positive con^taiLt, and r i?= in [jR.Rl. Determine the 
melius of thfi trachea which tELaxiiiiisH^ l.hs velocity. 

Hr) = fc(Kr 2 - r 3 ). V f (r) _i t(2Rr - 3r 2 ) - tf(3R Sr) 

\ :? roptimwiis on fjR. ft! so / 2 i;ljs shdoluie maximum vnEut on ^R, Rj. 

«0, — W : / — 0 Mid exb-Ls on [”R, Rj r Hence iR the only rril i<-al number^ 

V(£R} = *(R■ -§J#) = V(|R} = t(R^|lt 2 -^H s ) ttV(R) = u 

fiecausc V hna an atvioiyle maximum vtlut si |R. 

Th« verity oociiTR. Trhen the mdiuM ■* ^ the normal radija. 


:*-! S(s) be tht Ktrtjvjfth^nf t_h<Lbe am when its bfeadr.h is j cm. Because adiagoJlftl of Ihe beam is a diameter 

tF -hr log, it* depth id y 144 1 - 1* 1:111, hjleI for some positive consent 

*■) = M144 2 - P) - k[tU 2 x - z- 1 ), 0 < f < 14-1; SVx) - t(144= 3 jj 3 ) = 3b(3 ■ 4ft 1 ' - x 2 ) 

~ -- 1 ^"nittj.3i U4H[^ on [i!l H 1-14]. Therefore & ];Ss an absolute maximum valur rm [0,144]. 

' =^0 when t = ±4-E yZ and S J (x) exists on [0, i-M', so ^ 1 hr critical jiueelI^t. 


S(0} 0, 5(43^3) = fifiS r 552V^ k, S(144) = 0 

Thup S ha, 1 ! an absolute mdximurri value wbrn z = 4&V5 a:Ld v''I'i-1 3 — a- 2 = 48 y^i, 
ILe dimensions of Lhe sLron^ L tw-rim are 4Sy/S 03-iJ CftL by A.S *? 117.5Acm. 


Lz: 5(z) be the dtSlTtnih^ of tli< to when its breadth is ^esr,. Botatcic a diagonat of the beam in n Eianm^tpr 
:f the iog, it* depth is y 4a 2 - x 2 cm. and for some positive conatan: k, 5(c) = Jrir(4ra :i - 0 < x < ?cj; 

5 'lx) - *C(4a 3 - t 1 ) 3 ^ + \z(4<? -i = 4fev f 4?'-'ifV - * S > 
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S i? MncinuoiM fin Thar*: fore s has absolute- m;txitr:"iin value t>p [0,?o]. 

H^(i) ^ D when r = —a and S f (x) exists on [LL2 q] h an a is the mticnl numhe?. 

S(0) = A. Sfc) - ia(.1o 2 ) 3/3 = ?{2o) = 0 


Thus S Ji ?is an absolute maximum value when i = 2o and y-1cr 
Th« dim^naievns of ib« ?aHW, lwam a™ 2a by 2 . 


- - y^n. 


Jl. Let t Tl hr the tength of th« pqpc^ of wire bent min th^ bhAfV: «f ft ci^cEe of radius x/2t. Then (10 — if} ft is th 

U?ngth flf -tie pkt.e of wsie Lrt-nt Lm c-o the shape oi a square of side length JflO —x}ft. Leu A{r) ft 2 'h 

combined area of the two figure*. 

AW - A,ii) l (’V *)*, « < x < III; A r (x) = Wi * -|'. ]< » - -) 

A ie cord inurm* on ill, ill] kti A Inn.’-, ms kbralutr Airtil libscd'iite minimum vnEuo. 

Sci A»=0:^*-i+|x = 0: ■tx + BI =in fliK5? ^ 

A r f“^) - 0 end A'(*j mIsls on [0.1(1] *u the unly ujtieaf tiumher of A La 


A<0>=f =**.4^} = ^ 


s3.i: A(]p) - ^fcS.a 


Thus A Eiam no afcwoluie minimum value when x =; ^ J '.. and an absolute maximum when £ = ID, 

{.■l) J hr? c l: rn b:-i n-;:[L -urea ls arna3JraL when * - . that i^. who. t-hr radius of the circle ■* —~ ft *nd Ik 

in x + 4 tt -=- "i 

Jengih eF a HLtk uf the square j- ^ ^ ft 

(b) Tht eflmhsiied aiL'ta Li largest whtfU IT = 10; that is, wb*.'M ihr Tridinx nf ihp r.inr.le i-; ^ r. tsjilI l-herrt ift m 
square. 

32, A piece of wire 1U it long is cul intc Ewy pieces, One jArcr is 1 *:ll inlu Uit ftJaa.frt uL'-im «quiUi^etaJ triangle arje 
Oia fltbjfij piece beftL into the shape of a square, How should the H'iic be cut so that (a) the combined sVtti rf 
the :iro figures is as small as pcssibk; (b) the cflrnE^inetl are^L of the Iwn f:gnr«s l±* lar^e as possible'^ 
e> If vstt;]! sid^ of th^ r.riien^:^ is j: fl lo3i|^, Lhen (3^—^ 2 r; Ti lb- kit for the square. Hence each side fi 

Lh,e fryinn Jias kagth — St) ft. The number of square feet iu the aiea uf the equilateial triangle ■ 
and the number ul square feet in the area of the squaie 1 is [^(.10 - H« L r.i--i«, iT A ft 2 tha ct>rcibij 

iimaO t (Sio triangle smrf i hs: &v r .t±n\ i Eieti 

A{x) = \tJIz 1 + Tg(10 - itr)' 1 

Rftca-u-ie i-> ^ and I 0 - 3* > 0-, we find the absolute maximum aj^d minimum values of A on the closet 
intcivai [0, . Different rat mg. we hivt 

a j {*} - ^/s * 4 i(io - a*x-s> 

Wc tioM; that ii dchrLOd fur ^J! *■ If A r (-r) — 0. we 
0 = §v6s-fti0-3*X-3) 

o = iv^i + (io-s*X-s> 

0 = Iv^i-SO + 9 t 

30 = (4V^ + 9Jr 

1 = a 'IT A' a fz5 = ^T=l^ = i^ 9 - ~ 


\V'c evaluate A at the erit-Lcal number l.AS and at the odpoEhCS G and 1 ^- 

A((l) = ^ = 6.25 Afl.SS] s 1:72 A(^) = f ^ * 4.S1 

The absolute minimum and maximal of A nn: 2-72 fi_25 reepscLlvelv. Thus the combined aiea of the J . 

figtiri 1 * i.s a=; small possible if the side of the triangle is -exactly ^'9 -d\/^) ft long- Henoe, the wire shoe 
be cut so that the piece that is bent lift 0 on equLSitersJ trtspgle is -j^9 ^ 5.CJ5 fi iong. And io ma 

the combined area a s large as possibly all of the wire should be used for the sq.uare. 


3.3 APPLICATIONS INVOLVING AN ABSOLUTE EXTREMUM ON A CLOSED INTERVAL J75 


j where k is a constant caLted the coefficient of Rlttiop and 0 < t < ]. If 0 < P < Jff n 


Ah , 

- ——--■ ft < ^ <^jt, Cl < <. if. Tin' rihyoluU. 1 maximum value of r .he sine function on. [ft,*] is 3 when 

IwImH variable is ^c. Thus tbs abwtul* maximum valu& of R(0) is -y- when P = ~t_ 

• Wi of weight W pQUJLtls Ls dragged along a horizontal floor at a conslaiLt VakJeifiy by means of a force of 
tude F pounds amc directed at an angle of 0 radians with ib plane or r.hh floor t then F is- given by lb 

ion l 1 = -j -^—- where £ is a constant catted the coefficient of ftlctiou and 0 < Jt < 1. If Q < P < Itr. 

Jc asn P -j- cos- ir “ — * 

cos- tf when P is Loast. 

■ 0 ■£ 0 < ]rr. h«tSi jfin P and 9 jlti- positive, Fur litem lot e, k and W arc- positive. Therefore F is least 
jr[^] - J; sin 0 + mm 0 is greatest. 

/(P) ^ tees 0-dfa P 

*>:e that y'(fl) fc defined for fl.ll j. If $*(&} — 0, then 

£ P _ -sta 0; k £ etfs 2 0 _ stu 2 ^ k 2 cos 2 0 ~ 1 - cos 3 P; (£ 3 ■+ 1 )csm 2 P = 1 

MS* 9 = 75^—r; 009 $ ~ ~M— 

* J +1 'A^+l , _.,. 

The only critical number of F occujr. w3u>n hk fr = (.t i .) ■'. We evaluate $(P) at the CjidprujjlS of the 

piervsJ and at uhe critical number, 

j(QJ — k sin ft + oos tl = 1 

fl(isrl - k dn ^ir -J-coe. |x k 

Ijetause sin 0 k co& P al the critical: Dumber, then 

= Jr si.a 0 -4- cos tf - Jb(£ cos P) + cos 0 = (i a — I Jens P — ^ - -i/k? +1 

/“T— — . v4" 1 

Because \f k ' - 1 greater than both Jj and ]. wo conclude that Lb.c maximum, vaiuo of g and the minimum 

¥iioe! of V □erut wheii co a 9 =z (k* + r? -s ^ 2 . 

C dt>lb.:-s is the crust, wln-n x rnaithiiLi^- ate used pxoduev A wsd v mucJLLttt* air. 1 i^sccl to product E. wh-ftM 
C - +"l L ^y. If Lrj machines are wortinj;, how .-uun should h^: used to produce each product f^r xhi- c^r. to 

| be lead? 

EecauA^ y = 15 — t, C(a-) = 3 j; 4 + 42{io — j) n D ^ j < 15, C # {jtJ — — -li - 0 when ^ = 7 E f. O(ft) = 630. 

Z 7) - C{15) - ft75. I he cost Ls leas-t -when 7 machines produce A and £ produce R. 

«ai In Example 1, C(t) = 13,50^^^ -r- x 2 + lft : DQft[J: — i). 'where ft > & and C r [jf) = 0 wli^ft z =? ± 4* For what 
i.^Luw «f t will l.he atanluic mi him , urn u^.I u e of C occur at a number Id the open interval 
:■■ More iientfrall^, LeL f{x'\ = ^V? -I- + t-(fr - xj n ? ^ [ft.fr], y. > y > ft. [f the absoJutc minimum vajpc of / 

jci'-iz at- a number m ihe open iMerval (ft, fr). Ehow Lhat at 1 - r-. 

d-! ir Ujc f-bsolutv utiuLiuuEi: vyluc of C ocoure i:i iiie interval (ft. then ^hc critical number A must he in that 
kflterval, that la Jt > 1. 

h'< To locate the critical number, we find the derivacivc, set it to sero and srilve for ir. 

* J fr) - —y y* 1 “ ft when — ? ' T — hj- hi - l-V? + -t' 2 ; + ir 2 }_ -A 2 = +i. £ a: 3 ; 

V^ + Jr 2 

flV — = il 3 !!- 1 : (■El r — -U 1 ;E ? — U 3 i- 2 : T 3 = '•' ; X ~ -± — F --S=- 

V? ^ 

[f the abbolule jninimum value of / occurs in ihe InLecvaJ I = (Q.fi} Lheti the critical nnmhej m.-.isr. be in T, that 
_t. tiic |K^iLpvc root iriu^L Ik- IhatL fr. 

_ l| v ckw c Vu a - 

%/ rj . 2 — v J 

ROLLED -1'BEOREM AND T EE MEAN-VALUE THEOREM 


,, lX - v; HX - L'V'fl 3 + it 1 ; u 2 !? = ii 2 (e 2 + 1^ 3 ± 2 = (J 3 !; 3 + i/i: 3 : 


3.3-1 Ridlfds L^t / be a- function yorh tha: 

Thcorciu 

£>) it. is? continuous on the dosefi interval [ci,fr| 

(Lm iL is [Liff^renLiabUr mil the upim IntjrrvaE ft - . 

(lll) /(□) - ft ajjd f(b) - ft 

Then thec 4 ; ls a Jiumber c in lb upt-n jjiterv^l (u.fi] sucJ: Ltiat J f (c) ~ 0 . 



]76 BEISAVtOll OF FUNCTJW3 AN[> TatElfl GRAFEJS. EXTREME FUNCTION VMLUJjE. A.NU A mtOXlM ATKINS 


3-3-2 Moan- Lot / be a function such that 
Value Tbwma 

(i) ii \x conTinucm* rui the rlmmi inlrrvuL [«,4] 

(ii) it jfr m the upfcB interval (n,£) 

Then there is a number c in tk Open interval fit) such that 

The condusion of Rolled theorem states I hat on thr graph of /, between tbe point* 
“where t — a and X — £, fhere is a point at which the Line tangent 10 the CUrvo 5& hottHjfttai 
The conclusion of the mean-value theorem states that on the graph nf /. between the point* 
where r - n and k — there bs a point at which the lin? tangent to ihe cum is parallel to tbc 
line joining these poin&s, Note p .hal SIdUc'e theorem h actualty 4 special case of the nteaJi-vali* 
theorem.. The mean-value theorem is among the SiiOSt important theorems of the calculat 
beeAUM Lt is used eil the proof of many theorems. In purlie u Ur: 

3.S.& Thcunufl U / is it fiJiir.tLtm UmL f*(x) = Q fur all values of x in wu interval I, theft / is constant on I 

Also, taking the EimiL as b approaches G. and GO £ approaches a, wo have 

3 .3,4 Theorem If / Ls cptlttn^ops at a and lim f{x) wdsu, then f*{a) -waists and 15 in f f (x) - /'(a)- 

j—'a i —"j 

Theorem 3-3.4 also appUtsi r .o udi^-iLtiect limits as stated tn Section Summary 2.2- 

Ezerctses $-$ 


In Exercises I 4, verify that conditions (i). (ii). and (in) of the hypothesis of Rolled theorem satisfied by 
function ou the indicated interval. Then find a suitable value fur e that satisfies the ronchisiun of Hulled theory 
Support your dioipe oF r by plotting th* graph uf / and like horiaontaJ tangent line *1 (c./(c)) T 

1. /(*) = t 1 - U + 3, [1,3]; /'(*} = 3 *-4 . 

(i) Because / is a polynomial function; it is continuous everywhere. ThtoS f is continuous on [1.3]. 

(ii) / lb differentiable everywhere. Thus / is dilferenLiable tin (1,3). 

(in) /(l) = 1-4 + 3 - 0, and /{3) = 3-12 + 3=0, 

By Rolled theorem there wcisc-a a number c in (1,3) such that / J {e) = 0- 

/ r (c) = 2 c — 4. Set f{n} = 0: 2c 4 = 0; c = 2. Because 2 £ (L3), £ qu&lifUM as c_ 

2. /(*) = - 2x* -14 2, [1.2]: /'(*) = S* 3 - it - 1 

(i) titottUBt / is a polyJioriiial fumijoti, iL is ^ontipiiiri.iK ..v^rywii..™. Thus / is tautinuo-iis on fl,2[. 

(ii) f is differentiable everywhrre. Thus / b rliffer«SLtiifc.blc yn (1,2). 

(iu) /(!) = J-2^1+2 = 0, 4fl<l /(2)^3~b-2 + 2=0 

By Rolled theo-resn tbcee exists a nuirnber c in (1,3) such that /'(e) = D. 

Se; /■"[<:) - 0: 3t J - Ac - I - 0; c - c L = j(4 - ’i/7) st 0.45 and c - c 7 -^4+^/7)^ 2.21. 
flecautfr c. G (1,2), C. fluidifies ai e. 


f[x) — SLn lx, [v^x]; / \x) — 1 cos zz 

(i) ButAusc the gsiie function is COftttftUO^S every whore : then / is continuous everywhere. Therefore f 
cojitinuOfl?. on [O^t]- 

(ii) / is dirTf'J'Kiitiiibtif t'verywliri-ir. Thus / in dfflvreiiikable ult (1),^)- 

(iir) /(0) = sLn 0 = 0, ?ind = *in * = ft 

By Roiled ihoorem tjicm wftstfl a nnmher c in {0>isr) such chat / J {c) - 0. 

/'(c) =. 5 cos 2c, $et / J (c) = 0: 2 cos 2c = 0; 2c = |x; t = 

Becatise ^-x E (D,^x) H fluaLLIjes as c. 

/(t)=jM» 3 a;[|T,|rl ... f i3 

Beciwi^ the cosine function is vonttnuous for all r, then / is continuous on the etosed in-rer-val 

tondltipn (i) Of the hypothesis of RpJJc’s theorem is sat tufted., DlfTwcnli^tijiK / Wf have _ ( 

/ J (x) = —C cos x sin x 

Rnc-AJkEMe botJs tike slti-e and cosine function are defined ev*Tywhere, then 3 T - " 

f f (x) rVfi rn?ti in the open interval (^r h ^x) nnd conditEoii (ii) of she / \ 


3.3 ROUE'S THEOREM AND THE MEAN VALUE THEOREM 17J 


w so ucrtaditiftn (iii) i? sAli-Sfiicd, To find A suitable value for e, 
a? set. / J (e) — 0 aud £Ct 

0 — —ft cos e sin c 
to* c ±= Cf oi sin l — 0 

r.*Lc, m i5z sin r — 0 gnd. t ?s in ihr upm interval *■? La.ke r — - 



uses i>-10 h (y) Plot the graph of the Function on ih* indicated LciLeivid: (bl lest Use three conditions (ij, 
(iii) of the hypothesis of Rolled Lheoicin, and del cm Line which condi Lions n-w sul.isfitfi anet, which > if ^ny, 
satisfied;; v-at) (c) if iite three conditions Ln part (h) ,'3ie satisfied, determine s point at which there is g 
qiAl tangent line, 

/■ *-.. - x^.lx 1 '*, tO,3], / ; (i) = §**/*-x’ 2 '* 

(bi ! J j / is continuous every where. Thus / Is cent LEI uOus U2I [ft. 15 ). 

iii f b differentiable ai everv number but 0. so / is differentiable on (0,3) 

(»i) m ^Oand /(3) = 0. 

: By Roiled r.htorem there i» & number c ia JO. 3) such that /'(c) - Ul that is 
‘ .:.•*_<r ^ 3 = 0 ; 4 c -3 = Oi t = 2 

Tins there U a horir^niel ^ngiai( line fil, tim point {jj ( * ^/f}. 

/W = >< - U'*\ [0,43; ft,) = |.-V* - 

«P> / h cantinumiK flvirrywbnrc., ‘Thus / ifi ronlinumsK on [CM]. 

fu) / is siiJTer^titi able di every number but 0, so f i&. differentiable cm (thJ-j, 

(ill) /(0) = 0 and /(4) = 2^/l - 2-^ = 0, 

: By Rolled theorem theft; is a jLiiELitKi e Lu 1U.-1) such than / r (c 1 d; l.iat Ls 




= 0i 3^-2=0;^=| C! 


Thus Uieic ia a horiEcnia] tangent hue ill the point (£, 


#M = 




j~12 

;-v p 


L . lirx iMiHr: T(,3) dor.H not / is not continuous >un [-3 n 4j. 

12; us condition ( 3 ) of Rolled theorem Is not satisfied 


:M = i-=*t l-i^U 

a- A plot of the giaph of / on [—I h l] is shown at the right, 
b Bi'c:- !--n: f hi clUi l! r. iinits i r) [ — 1 n 1 ]+ eoudLtinjt i'i) of cIlc hypoclit^iis of 
-oJle’a theorem is A-a.\. isfied . Because the absolute-va’Lic fuisction it not 
::;:crcntLoblc at I?,. / it not difTcreii ,iiiblo Ou, ( 1,1), and -.his cojlClUujl (i:) 
* ml ftAtiafii^d. Rt'.rAUM. /(I) = fi and /(- 1) = 0, mnditior (iii) Is saiiffTicn. 
(i Because one of S^io f.nnditions o: ili^ hypoth«iia of Htolk'? th^or^m t? not 
kj5,3;fs-ifld, we canned cryudodr that [here in a point ;-l’ -^hi^h there is h. 
5 uri irjjital tanjent, Inde-ed, ad the figtiL*- ittuitrabet, there it no such point, 



J* 3 -4 if at < 1 _2±.- fU x \-l^ if * < l 

* — (ii — IS ifl<r^ if 1 < x 

a) lini. /(k) = lira, (r ! — 4) = -S; lira fix] — lira (Sa? — S-) = - 

*—1 *-f> *-L+ i—l + 

iitcit.iji; [i»]_ f(x) = Ism /(»), tiicn lim /(*) = — 3 — /(!}- 

j-* 1 j-i 

Thus f :k h onl miicMjs h! t and Sii J itconr.iu3afti3fi.-nn -2,”]. 

/'(l)f. ■». M-{W = 1L„ e - 4 -T»- Mtili ^——y — 

f - X f X—1 ” ““1 x-3“ X -1 st —,]“ E — 1 T--»I JT-1 r—• L - * 

km= Um mzM= | im 5E=S- lb. Ibn 3 = S 

" T ' .,,..1^ *-1 ,’.3 + *-,+ 1-1 -T-1+ X_l T-I + 

Ahernative coinpuiation fur I (t; ajad r_( L): 

f_(l) = iim_ f*lk) = lim_ 2x = f^(l) = lian / r (s) = iiiu 5- = b 

x—d X-+l + o 

Ber-iuisr /1(L) ^ / then /*( 1} does uoL exit!- Thojeforc / it nut dafTvrcutlihfe dsi(—2.|)- Tims -condiUou 
ii) of Hollos theorem it nut satisfied. Howtvei. f f \Q] — d- 
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(b) J]jcl_/(x) — Llees_[3z -+- 6] = & add lien /(x) - Jim i 1 x — 4) = —3 

"i 1 T—L"*" J—1 + 

Because / is not continuous at 1. then / is not continuous on |-2 j4]. 

Thus condition (3) of Hollos theorem :s not satisfied. 

Lr. P'jTAMjflfiH II ?0, verify that th* hypothesis of th* mean-vajne. theorem Is satisfied idT the function on the 
iTiffifAteri interval;. TJirn fmd a suitah!c value for t that sntssfk? the eonclusion oF the mean-value theorem. Cheek 
by plotting the graph of f on [a, fr] a the tangent line at (e n /(o)). and the secant Line through (et,/( a)) and 
and noting that Lhe lines arc parallel. 

i> On your tfrapllks calculator, use TauJm<**pjr^joii : v;due) v.nd lio^Kh^ytafkxend.yettd), respectively. 

It. /(*) -■ j 2 + 2t — 1, [0,1]; /'[*} = 'lx + 1 

(!) lke<±ura / is rt polynomial function, it is ooalinuous everywhere, Thus / it continuous on [0, ]]. 

(ii) / ls difTeTeEitLabJt every where. Hence / h differentiable on {Chi). 

By the mean-value theorem, there exists a number c in (&, J) such that 

. ., a-t-n.-- 


i-2.il 

f f {x) - Sx 1 + — 1 

(i) Bec-ausr.- / is a polynomial function, it i- CLintinunij*, e-v^Tywh^rp, 
■Thus / b continuous on ]]. 

fei) / is diffcrent^S-blc everywhere- H^nte / is difFcrcntiable on (-2, Z). 
Bv the mean-value theorem. there exists a number c in (D. i > such tha: 

T -1 - i-2) _ 


13. /[*) - **' 3 . [ft, I); f’W = §*"' 

(i) / is continuous everywhere, and so continuous on j&, ]], 

(ii) / Is differentiable everywhere except at Q. Thus / is dLffe?entiAb5e on /Q. I ). 
By the mean-v-a^ue theorem. there exists a number c in "0- lj such that 


qualifies a* e. 


liteauae 


ft) / is continuous at every number but 7. and bo con ti n nous on 

(it) / is diffcromiabEc everywhere except at 7- Thus / is differentiable on 

By the mean-value diecuem, there exists a numbei c in (2, (J) such. Lhfii 

, /(«) - m. -- 2 ~ Mr-V8. + li/S. . 77 72. 7 


c = 7f vo and r ■=■ 7 - V5. Because 7 — £ (2,. ft), 7 - t/* qualifies as r- 

/£■> = %/TT7^7 : e w = r-av 

ll * V J "1 1 rws T- 

fi) L - eo« a; > t) on [—Thus / Is. umtilKltiW on [-■^r,^. 

(H) / J (r) exists for all jf in [—Thus / is dUffcrenti oihle on (- s*’^- 

By \]ie in+-:Ln-v?iUie theOFerfi, ther^ exists :i number c. iiL (—.V^ c 3 ') SLJ ^h Lhrtt 


1 u (-p) ’ V^I 

Lii.'Cijum 0 f I y, jTT i. U ijiiijli fscii ii ' 


2 

, . 


j 2 
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k> / 1.^ UOl defined at "J- 

Thus / is ■dist^nti duolie on 


i> / is ntf defined at J. 

Thus / is discontinuous on [],2[, 


Therefore, / U n*L differentiae :it L 
so / is noti differentiable Ott (—15). 


/ (■=) - iF % > 3 

By Theorem 13,4, /'.fS) = 2 fj3) = ~^ Tbtte f[3) dees out ^Isl 
knd go / is ntd differentiable rvr. the open interval (-1,5)- Hence. cOrtdjhon 
{]]) odT t h-C hypothesis of th* muaii-value them™ is n^t ?atisfE«]. The gT-aph of 
/ors *-1,5] is shown .it right. Nni* Lbai. there is no poim nn the graph r>r 
/ at which the tangent iinc 10 th* &raph is parallel id L r the line through the 
«ndpoints of the graph. 


i] FuriefiLon, / is coiiC-tm-ioue dad dLCTerMiiliiiliSfe 
s on [U, l], Htnco, there is kjeelc number c e {t>. 
- ^nation hr 2 < 4* - I =fl in the ope:i ii 


2)6, ;{*) = + 2x -f *: /'(=) = 3* 2 + 2 

Beeauac / k ;l polynomial funetka, / is continuous and riifFe rent Sable everywhere. Suppose /(*) - U az: 
/{£} = Thus Koik^e Ihwrem holds osi [n..k\ Iferiir, there ^ seme member c £ (MJ *t> ch that f[c) - l>, 

5ft, 3c 3 +2 = 6, Because this is irapoSanbk. / cannot have iv.it rial mozs. 

27. /(■) = 4r 5 +3* i + 3*-2; ^ + 9i 3 + 3 _ ^ ,. 

= _2 imd /[L) — 8. Because / s$ con ti n hour on [O h I] and 0 is between -7 arid S, /■£]< ■ U fo. sore 

number x 1 between n and 1- Hunce s x is a root of tin; conation jmppofte that ibe i^ti has anoflu 

pant; caJI this root t. Then /(r) = 0. If i < x v consider (hr Interval [r.rj and if r > * v consider the inter vj 
[ f !], In cither *as* f{r) - f(i0 = & and ftoLLe-s IhcOttm holdtu Therefor* ihttt ta a namber t betTFeen r an 
i-, .suczl that f f (c) — \). Rnt / r (i) is ai^vAys greater ttian nr eHUii Lu 3. Hence niiEr af^umption to 

contradiction- Th^refut-e, the ecajiticfft cannot have Mother root. 




■LS RQLLE’5 THEOREM AND THE ME AN-VALUE THEOREM 1*1 


JTt-rAJr- Vill Ur I hrnrrrU t« 

f r : ■?= eoa s — (l — ^r). Thr 

*-vainr '-hror-em Jr n-IHs. nn h 


pTL>vr ihjit if x > U, then cos £ > 1 

■n / r (i) = j-. Rrejausc / b cpntiniifiiu and differentiable everywhere, 

1 1 r ], (irnff 1 - there is a n urn lift e€ (D,.r) suc]l Lba.t. 


€ > 0. then sin c < c aud, - veil c) > U- Therefore 

cos i- — i' 1 — Ijc- 2 } > 0 


Hiust W? x — (J - Jt) i* 3LJI ^v^fi fiJn^iicKHi, tfotf aSwive i-ElCqU-llily ^ afc$d tr«l^ if X < 0- 

T : - VI.!.’ ujk:s.i: vjiIij 4! Lh*fHr£gii Lu |h-hjv« LIj:iL ,T j > 0, i]u i n win x > lt--I xT 

Lr; /'{jc} = giji s — (x — i*’’ 5 )* Then !*[£> — cos x. — (] -). HeeaiUfi / is continuous arid differentJablti 
fcrrv where, Lhe mean-value -.hetiFem holds on jO,*].. fierce there ss a number c £ ( 0 . it) such thaL 

/{*)-/m = (i-o)/ j f C j 

>in jct - {* -1^)3 - 0 - ff{cG* ^ — (1 - Jo*}] 

s^caus* r> 0. by Emtls* 25 n coa c- (1 - > 0- -c > Q r 

5!IL I — (ff - -a 5 ) > G 

sEn x > a; - 

ein i - (i IsS 5 ) Ls an odd function* the above inequality is reversed it x < 0 . 

I'- the mean-value theorem to Drove Bernoulli's inequality; if x > ft and r > 3. where r is rational, then 

\1 - i) r >l + rz. 

rfi fix) - (1 + x) T - (1 -*- rz). Then fix) = r£ ! + -r) r 1 - r = r[[ \ +x) r 1 - J]_ Bwvk / Ls continue^ *md 
B&ientiabte if x > l h the mean-value theorem holds on [d.jl. Elcnct there is a number e £ (0, e} such that 

/(,)-/(0] = (,-D)r(r) 


Bkjilim r > U j 111 Kn J + it > J: E>*k:b.ism: t > L Lhen r — 1 > IJ. 'E'hpTffcKrp [! T rj r > I Mr-Hep 
(I + c) r - (J + rx) > U 

(l + -) r > I + rx 

— j < X < 0, then — L < C < 0. G < 1 + C < 1 rtisd {1 + r) r ” 1 < L kcj that 7r;[] +n)^ — ]) > 0 AEifl the almr« 
^e’.’.UAl i ty ^ stilE true I hr inequality remains true if r < G. The inequality b r^vtiied iff) r <1. 

Tie the m^^n-vr.iye tiLeorem to prove- thac if a C fr, the arithmetic m^iti ^i n + b) Li lii lIl* u|jeci 3 jl1ki-vh 1 (i-t)- 
/{xj - 3C 2 TEicll jf" T [x) — 2x. Hcc.-iiirpr f i:- oonilnuyus and ■dirfererjti.abjc everywhort. the mean-value 
p^ctfem holds oji [tt.fr]. Henee tJjer^ Lh a uutnbpt r £ (a,A) sueh IIiaL 

/w-jw=(*-■)/!«) 

i s - ii S ^ (i - a] ■ it- 

j(i> + o] = c 

Tbil j*, i) is in ' r :ie uvgi \ interval (u, 6). 

Use the m^nb-v&iufr l.h'SOy^m tfl Lf 0 < a < the geometric moan of a and fr i& in the opeji 

SiJirvaJ (n.fl). 

le: . r (jc] ~ l/j?- TLcji / ! l>} = -1/s 2 . Becaityc / b continuous and differcntlahle for x ^ ft. the mean-value 
ii^,ireiTi Eioids on Heucii thftte is a number cC ¥UCh <lia1 

S{b)-f(a) = (b-B)r{c) 


B in ihc opsn interval (a, fr). 
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Tht mean-value Lbeorrm nays that. ;■-- mm* puiftt of an inleiv*: th 
rtvmtagt velocity, {See Exercise $ 9 -} Ei^crii i*r the ^iv<-rng« velocity it 3 -: 

^os 70 mph- 

/(i) - sSn^Jf + cofl 2 z; /'(□:) = ^ tin jf cos t + ^ ca* ±(-sin t)e 0 in a 

constant in J. Gccause /(D] - l f tlreo f{±) - 1 lci I 

f is cofitinuo-us on [ti.y anfl /'{*) ~ 1 Ihr .ill r jn {n.hj, hr'. he in 
llhr jnc-Bii-'vcduc th^r^iTi Lb satisfied by / on n,x Hence, the 
/(tj - /(a) = (j; - But f f {c} - 1 h+.traum a C f < -T. Tlmrdi 

/(r] = t - a + /(a). The ]&®L equation is also YAiid if -r i.: \±. T}*n<x feu 

The rmivrr.-** of Rule's thw?em is art it mm. Make up ^ example of 
conduBtiuii of Rolled ttawrem is tin* and for which 
(a) condition j'i) sk not satisfied but conditions (») and (isi) * 7 * k^li 
( b; coEidltlnr. ill) is not satisfied but conditions (il and (iiil 
(*) L-Dudition (iii) is not satisfied hut condition* (i) W (li) arr Misttf'>■ 

Sketch the graph shoeing r.ht horizontal wnflmt line for each case. 

We wihiI ten define / so thftt f is disc continuous on the rloKnJ iftiervil [o.fr]; / 
is difT^entifthle opi the. open interval — j [^) aisrL " n 1 h** there 

]hi bOEne nurnlter c in the ■Opftn interval (h ,1 for uhich /',cissD. il / is 
diffiermtiaUE in the open Interval {«,&}. then / i> ecmi^uous in 'hr opfin 
;«^p,r n l /rt M. T5ni3»i F mmst hr fi th er dibcoiLthuiOUS from t i^ht At. n nr 


jnleNval 1. By Theorem tf.&.-li. / 


Jj; and lines there 
Moreover* / ic 
the open inteTv.il 




* 


3 

1 

Z 1 

[j 

T . . , 


] 2 3 



3-3 ROLLED THEOREM AND THE MEAN VALUE THEOREM L33 

1 r *5t R^JJcb ehewtEn to prove. thaL if retry polynomial function of the seeond cfeprc* baa ;ll meet two real 
““■ eil ™ pcfriicijjjial nf the third dc&rec has fit mo.sl -.hr w real reuis. 

tw:mif /<*) ifi P^ynornjal with four r«l noo^, ± pr x 3 , T3 . L * and *. < jv < * < x d . H*r.n, w 

degree &r / is 3, the deg™ of / i& a. B*cau« / is x polynomial, / is Mintinuoub ajul differentiable 
Because /(j^) — /(^ ? ) - Q n by EtaESe's thtwrem there i* h numhw C) in { j,, e 2 ) such rlsnl 
/ e,/ = 0. BBLaow /{js 3 J - /(*,) = Cl, there is number c a Li such (bat /Vr t ) = fl, Ifa-ram 

-.! -<h them i^: & number r, in (^ Jl 7 1 ! *ulIj LbftT /-‘{cj = 0. We hftvr nmnben i B c v and c 3 > 

r l c 2 ^-2 fi4ir ^ r - l h&-t / ll "i) “ — 0- Hi^ricc / r is a polyrmmi.i: nf degree Li! whLr.h has three ten I 

_ j;i ™ni*»dicts the hypothesis [bat a second-degree polynomial has at meesl two- real roots. HOB-tc our 
^ ■■iiiL'tiijiL is faJse L TFietfforr a thirdi-ciegrrr polynoifiisBl ha?, most three roots* 

V» mathematical: induction Lu pinvr. that a polynomial of the till: drgrre fom at moat n t ^ i^l tooIh. 
k ’ M * Polynomial I real root and a eiuadratfc polynomial h M *t mosL 2 nul rwls. Suppose tltc result is 
™* for a P^Jvf'vmLaE of degree r.. Assure /fc) is a polynomial of decree t f ] with ±-j-2 T e;d mufe: x Tl 
"*42 and *1 < < ^^+i- the degree of / is fr + :. the degree of / is Jfr. Spewm* / j 6 d pulyjLuuL.d. 

r w want-iTiuoufl a^id differnsnLtaWe every wbtTt. l.or- j L-je an mlttfirr Emu L to Jfr + 1. B^ciyjK 
/?--..: - /{■* j-hl) = &1 lj y Roll's theorem there i* jl hum her p- us (y . l ] ^ucn th.^t /'(O = D, We iiave 
5^™ *1 < ‘--< r fc + ; fluth Hut: /'(^ = ... = /'(t^, j = D He tier /' in pl polynomial of 

r^rre k fe hich ha* k 4 l fooLe. This eomridklE tho hypor.hi^i^ \htt a polynomial of degree t- J:;is. id mi ^i 
i real root*. Ik.u:? unr assumpLiem 1* trim. Theawforp ji polynomia] t 1 has at moat Jt +1 mota. 

,flfe hav * flhowTl result is tree wjfefc n = 1 and if it ia true when n = k, then ft is true for ?t = i + 1, 
.i follows flam tht principle of malljtfin^l.icaJ iudueiion Hu; Ihe rrsult is true, for rvery poslLiv« Ldr^r-r ft. 

^sp-panr ie an equatfou of the motion of a paitid* moving In a stiajght line. Show Lltut rhs 

Tordusjou of ihe ma&n-ViLluo thceuem ^nr-s rh^t duLfoyi aj^y time interval where / satisfies Iht hypothesis i>f 
Lz.e mean-valuft hheorrm there will I* 5mne inutajst when the instantafieoij^ vr-loaty will the avetaec; 

«focity diuing thiii-. time intervaS- 

S~~?pa%e f #&Ilb(i*£ the ?iyjiOta«;]a of She m™-value theuiEm on (be ume iijtervd T^Ej'. TEn refoTC --he T e is 


% **j / W ]S tt-e JnEtantaTreoij^ vdnrity at (he Instant when £ = .■; atid As/Ai is r,h« average yeluLiLy e^P r.be 
T*r.ii:h! d'inrig the time mtrrvjil fijLvi 2 ]. Therefore, there is wm? instant during the Lim* Ld^v-gl when the 
-■JijinL.inftniifl wittily e^miLs the average velocity during rfo-ir time itit^e vjiI. 

p niB A StW G AND DECREASING FUNCTIONS A Ml THE FI &5T- DERIVATIVE TEST 

S.^1 DeGuilfon A function / d dined on an iulerval ie said to he merert?ijn£ on l>,ai interval if and only Ef 

/■.^i J < f[x j) whenever 4? L <" where x. r\nr| ,p 4 ^ a: iy numbeiH in Lhe interval. 


I.4J DdTimtjdEL A func-tion / deftnrd on an inim-^l id s^Ld he fccrc-as?jLj On ihat intMivnl if ,irnL only if 
/( E r) > wfieuevtr xj whertt and z 2 are any immhets bi the interval. 

11 a iuucLfoii is eiibcr increasing nn an interval cu ^ecreadJEg on an interval then it r said to 
be m&rtatomc on the Interval, 


1J.J Theorem J^t fhe funeefon / he continuous on the cfoned Interval 'si.6’ jujB differentiable on the open 
interval 

(i) if HJ) > Cl for All i in (u ( i^j, then, f is Lncrcs^ing on [- 3,^1 

fli} if t) < U Lo: all S IF. then / is d^rrr-^.^iiig on 

Note tlLat the hypocheeis of Theorem 34.3 may be sntUfted even when anrf 

/'(i) - D or wlit-n / te uc«! differentiable at a or i_ By letting points where / l '|>} it aenj or 
undefined b« f-ndpoints of suLiiiiteivats, we havi-.: 

W > 0 ^t fill but finitely to;tn>- poinTs of au Interval I, than / is Increa^ng on I 

(ii) if / (i) < fl al all but finitely many poin&a of &p Interval I, shen / ^ dr-rreastng on 1 




or FUNCTIONS AND TirEITt GRAFHS. bXTKOU-. FUNCTION V AT.l7RE3, APPROXIMATIONS 


3.14 FLrat Let tilt function / be continuous vi -Lil ptilttls oF the opvn Ltiterva? r^nraring the- number 
Derivative Test fw €t s^pbO^ thAt- /'axiaLe at nil point* uf \ v. b) except puttlbly at c: 
fielative Extrema 

(i> if / r (r} >« for all values of c in some bptn interval having e s* its right endpoint am 
if / f (i] <0 Flu .ill vaJibea (J j; in fiomf open inserva] ft&ving c as im left endpoint, lJi«l 
/ h. r ui a relative maximum -value at c 

fiij lf f f (x) < 0 for rill Values of JT in =omc open interval having c as its r-phi epcipninl, P-H 
if /'[■=:) >tt for all value? of £■ in same open interval ■ aving c a>- :is l*Ft endpoint, fhn 
/ ha* a relative mlnfminn value at c 

The Itiliowhjg ale pa make use of lav. first dr-rivotive teat to sketch the gl&ph uf a function /. 

1. Find each number a! which /'Si] is etcher zero or undefined, often by footing f f (z% 
Arrange Ihr numb era in moreming order- 
2- Use theae numbers to partition the number line inlo tiptB intervals. 

\L far each Interval (number) determine whether fix) is positive nr illative (arc -r 
undefined). /'(e) will tw pvaitive oil an interval iF ihr number of negative Factor* * 
even, and ftegativ* if the number of illative factors if ™4^- 
■t. F«r each interval stele whether / is increasing ox deeding. 

S. Foe ^ach number, state whether / bns a maximum, a minimum uj neither- aai 
evaluate /[*}. JMetmine if the graph of / ho? * horipontaE 01 vertical Uoge.nl line, i 
cornet - , at rt vertical asymptote 

In step 0 vtf may need to use Definition 3-M(u) which alatcE Um x - -- i^s a vertical tangm 
co the graph «f / al P = [c,/(t)l if both / # _(c) and /' t (c) are infinite- 1:. in some of** 
EfLLer^aJ cotiLaining c-, th* curve lir.s on one side of the normal Jipe jll F, then the graph is “M 
lo have ;± lii.vji at P_ figures 3.4-24 ead 3-12$ illustrate vertical tangents; in the latter iiiesr 


Exercises Sr4 


done l usion 


/ is dremns-ng uj! (-so, 2] 

J has a relative mini mum vain. 
/ is increasing on (2 n +K) 


3a a - Hi+ 2; J*(x) = 6t-3 
e) z_ ft and obtain ch& critic si number 
I ffar> / J (xJ 


CundunLen 


/ it decTeaiJtLig ^tl (—flo, J 
/ hasi a teleclve minimurtt vftliw 
/ is increasing un [x -j-sei) 






inaxj^nTtm 


m i m m ijtti 


z < 0 

<.x< 
- - 1 
< T < 
T ^2 
■■<T 




COOCL-KLnn 


3.-1 INCREASING AND PECREASJA'G FUNCTIONS AND THE FIRST DERIVATIVE TEfiT lga 


/ is decreasing on { oc. ]j 
f h-M a mlat-iv* rri i n imu m vvlEiil' 
/ La rnenMming tin [— +ce?) 


/ te incKuiraf on (—oo fc - 5 ) 

/ has a ttftotLv* maximum value 
/ is decreasing on j- 5 . 1 ] 

/ has a rclaiLve mini rn uttj v^Iik; 
/ is increasing on [L -K?o) 


jix ) = ^ — x 2 - r\ / J fx) — Tlx 2 — 2 e - l 

Sri /'fsr) = 0; (3 t + J)(* - 1 } = 0; x = -| r * = I 

| /(l) f x (*) | ConeJifejoii 


/fr} = i 3 -9* 2 + 35jf-i -^ 

A ploL of / is shown ac the right. We find lb* derivative of / and factor it. : / 

/» - s* s - ie* +15 = 3 (t- 1 )(* - s) -1 fT\ i i 

BeeausE /^(i) = 0 when e = 1 or * - 3. t!i r criiicaJ tiumbcf* oF / are 1 J: A / 

4 ad 5. Wfl consider the ihTM intervals z < 1, 1 < z < 5 h and x > 5 I bat 7 : \ / 

ut fttt*rmined by the critical numbers; Lhcvo 315 sbo^rt in the firat toiv L : \ / 

sf the table. The factor e ! Is 0 for 2 ^ = 1, negative foi smaller vdaet j ': \, / 

gf x, Afirj |njaiLSvt: for larger values of e; this is. shown in [he second row f JQ - 

.-I the table. The thiid row shows the sign? of the focw J - &■ In the 
1 rth rnw, th** sign yf /'(*') is the product of the aliens in rows 2 and 3. The conclusion for the tncervais is 
Vjcid using Theorem 3.4.3 and flic conclusion for rhe rtirie&l numbers is found :sing Theorem AAA, /(e) is 
fYaJ.uated Jit thf eT^ir*! number a And it one point *f each infsTiirr branch, 


\ t! 

\ * 

\ t 

r” 7 

z£__ 1 _ 1 _ f 

\ 3 

1 S 

- J 

-j 

-G 

-a 

t 1 2 

- 

_ 


f his a 
relative 


/ u 

Lritfr^Li-g 

on [a. -eo) 


/ is 

increasing 


/ has a 

relative 


decreasing 

OSl [1,5] 
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% /M = 4 5J!, * 6 |-?T, 2 fl 5 ; /'(b) = 2 MLA ii __ 

Bronze the sine function Las psjiixJ 2r, / lin* pm-iorf J T . T _ 

S'* f{* ) = fr 2 CM U — 0; ir = -ir or £* = i?r: t. - -r, a- - r. 3 - /\ 


d*cr«iaiahg on f ’in^-ir] 
a relative rri i cllcilllit^ vqIi]C 
inn casing on [-z 1 ,*] 
n relative maximum value 
on [sr< 2 t] 


t<z<2* I | _ 

/(*} = 3 «6 [- 2 *, 2 ttJj /'fj) = - 

S^t- /'(e) = Q: 6 sin 3i = G; 3? - D or :5 
Eccwuk t-he cosine Function has pciiod 2 
Thus Wf jul-rl where k any inicRer. 


detr^sing on : L ^ -h 
a relative minimum v&i \±y. 
hrcreaELU^ on [Jjt + + t* T ] 

ft hl'latlve- liLiiiLLLLiJ"L V&l U£ 


ttfcuqra; on 


\yC7i^ ~ + 


M = ym. 

Set /'(*) =0: r - -1- THt domain of / ts (0 k +oo) and /%) exists 
fi&r uEI r iii domain of /. -i noL lip the domain $o then; arc 
no cHtitJii numbers and Tift refftl.ii-ir extrema. 


10 . #^^= 1 - 3 ^/^) = ^ 

/ wid /' aie not defined aL 2. 

B<K*us; f { [%) >0 *- every number In ^domain 
/ i& increjKing ori (-oc,-2] aurl (2.+oo), 

There ,in: no relative ejar+m-v 


CoiidusLoii 


f ii ittcrauJiig ojj [— i. 
■in relative at 


/ ha* a Ttluiut maximum value 

/ ifi d*crtw*iii£ ojl |^. 1 ] 

/ hd.i d tL-Jatjv<: mininL'ltti value 
/ Lb incjfifiHiiij [1,45c) 



\m 

fU) 

C 'u-iirl riisiozi 

ft < s 


+ 

/ sh incieaain^ ois (0,+CO) 



3.4 INCREASING AK£> DECREASING FUNCTIONS AND '['IIK VI EiST DERIVATIVE TFST L37 



A p]ol of the graoh 3a shown at the c-lrJiC _ 

/'(*) = 3(* + 2K* - If 4 2(s 4 $&»- 1) 
= 3(* + 2X*-i> + [(i-l)4[ E 42)j 

*= 2(3: + 2)0- IK2I4 1) 

The crit.iral numbers a™ - H > ? —| and S. 

] !■ •* r- is filled in ouo rrn&- ,ir ,i i imc. 


f-i ott 

/is 

d&citt&nng 
on [—:c> -2] 

/ has a 
iftlacivt 
minimum 

/ is 

m£*K#u*m£ 

™ Mi4) 

/ Ifcas a 
tda&iv* 

maximum 

/ is 

dfrrr^ing 
on ]] 

f has a 

re-1 alive 
minimum 

/ ia 

jprrry^in^ 
on [1, 4 no) 

IM 

1 

CO 

II 

& 

/C-1) -4 

fi-5.062& 

m - i 

0 

/{»>=» 


/(*) = r-3* 1 / 3 ; / V) = | r* J/s Srt /» aO:» 3/3 = I; (T 1 ' 3 - 1; x ! 1; I ■ £1 



lOL-fc j'iuL fJtiHl Wh«n J- = ti. J'lie r:rLC.crjil iliLccihtrn a. 


f[r.)=ix- / J (r} - -1 - 

and /'(i) docs- nos cxrst when ar = 
Th* to b * tliSp i he- origin 


tf ^ tjve H^rr^ing 
fioxuttum mm] mum 


kncieatiuig 



|M 

I/'W 

Cundii&uuL 

±<-l 


+ 

/ is inc?fi&yi.[Ln on (-00,-1] 

j - -1 

4 

0 

/ relative uiAXizz.-.ltf. value 

<o 


f dcifls not 

f / is decreaiinfi on f—1„ lj 


\ CXLEf. 

\na relative eflxemum at ft 

E st ] 

-2 

ft 

/ ha* n roL&livc minimum vatuo 

1 <! T- 


+ 

/ is increasing 















l#e BEHAVIOR OF FErWCTlO^S AMD Tni^H GRAPHS, EXTREME EUttftTTflK VAl-UES, ft NO APPROXIMATIONS 



l*. /(*) - s 2 ' lJ - I Jr 

6* A plot is shown At th« / \£ COiltiftUOLi* Tor ill J. 


ate 0, and 1- Bwwise /'_(G) = and /' + (Q} = +oa, the graph of / 
0. ErtauS*: the x. a\:i id ihc n«r?;:nJ line if. j; =■ U and the outvc. lies or. one : 
ias a cusp at the origin. The L*We i* filled in by raw*. 


1^ 

L J 

4J-3 

ftj t J.i 

' 



i < n j = o 

D < i < | 

-1 

i<i<i 

I = 1 

T > L 

«*-l) 

- 

- 

- 

~ 

0 

4 

4* - I 

- 


ft 

+ 

+ 

4- 

hJ 

'Z 

i— 

•J 

— dowm T l exi&t 

4 

4 

+ 

+ 

4 

rr-> 

- docsn'l exist 

4 

ft 


ft 

+ 

j" i^/ltaa a 

decreasing; restive 

merc-asiiu; 

pel alive 

dEcreasing 

relative 

increasing 


9 B (-®, D] minimum 

on [D.j] 

LLLaximum 

on [J,lj 

minimum 

cm [ 1,4^) 

/(*) 

ft 


!)/2 l4fl sa ,22 


0 

/(1.5J SB ,32 


17. f(x) re^+lOsc 1 ^ 

/'(*} = |ar 1 ^ + ^^ 4 

The domain oJ / lk [tl/jj). f f {x J > 0 if * >ft- 

/ LH increasing eh: [0> af ] - 


IS. = /'(*) - p 1 ? 3 -fx -1 ' 3 =^" ,/3 (i - 1) 

/ r (4) = t> and /'(ft) dote not exist. Tim gJAph has a cusp nl the: origin. 


K ,/3 

- 

doesn't rxisr. 

4 4 

4 

x -*-4 

- 

- 

ft 

4 

/%) 

4 

dfK’KT 'l f 

ft 

4 

/ ji/hAi A 

Inert asing 

relative 

maximum 

Crating ^ lL :* 

^ nun i mum 

ttpneasang 

/£*) 


ft 


15-1 



In Exorcise? i J-32> compute (a) the relative cxtTcma of /, [b] the values of z at whKfi the relative extreme, 
(o) the; intervals oil which f i-s incsteasLng. and {d) E.hc intcrYALR-on which / is decreasing,. Check t>y plotting. 
10. f(x) ~ SsT 1 - ftjt: 1 4 2; /'(r) - 6 jT - Lftx 


Set / r l» = D: tix(x - 3) = 0; * = D, i = * 


■” - ■ -■ ■. ■■ 

/M /'(*) 

f Conclusion 

j < 0 

4 

/ is increasing on (— 

f = ft 

a ft 

f bas & relative maximum vaim 

ft < i < 3 


f is decreasing nn [0,3] 

a = 3 

-25 0 

/ ha* n relative minimum vain* 

3 < t 

■ + 

f i£ LEicTcrwMug un [3,4oc) 
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K>WJl At 


„ „ ..... ie Owivaiive of/and factor EL 

6sr - s = % + 1H± - 3) Jf.p 1 <— 

iT1 1 — - J or * “ 3. thrt afticd! qomb*K uf / ire I / 5 "\ 

ri^t^h 1 ^ a b^ < ^i i _ l<J<3iajl[:ir> 3 1/ M- \ 

■‘ L * r ' zcl ti£al numbers; these aj* $hr&wu in the fij*L / .jd - \ 

;jgn oftoch fsinlnr inshow in the nm tvro jow*_ ] n F -25 - 

n of /V?) Ls the picket of the in lows 2 a31 d -5fl " 

h* int*fV4[ E is fc U „d ual^Tbeqwm 3,4.3 *T.d lL e wmIiiiim fa, mti, 
1' ' - ,J) 1& PVAIh|aEMl ^ ^ ttLtisal nqmbeii .Ltd 4L one point rfudi in 


On (-oc, r 


relative 

maximum 


decre^ir 
on [],5 


IncrtaiuiR 


manitnum 


Cooeiutaara 

/ is incTtaiJn^ tJu (—■?" 
/ Has a rpJitiv 


r t maximum value 
/ hs decreasiBg an [-■>, _ ]j 
/ :im a relative minimurn valti<j 
/ is Encrr-agmft vu _'-],][■ 

/ ha? a relative m axi mum value 
f w cieti-oydns on [].2l 
/ ha* a lelrtiEVK minttnum valqr 
/ is iucieaL'Ting on [2, - 00 ) 


- 35x J -2rt - 5(* + J)(* 
> «. "ht critical number* 


LJl m>n TOTV at * tlrrwt. 


+ 

& 

" 

0 

— 

+ 

UJCteasiog 

on i-:o,-2] 

icEattve; 
masitrui m 

Jetre-MLDg 
UM [-2,5] 

[■dative 
mi eh mum 

i Ei^rt^injF 

oa 

/{ 2.7) * ^7 

46 


-GO 

"*1 

to 

a 

1 

1 —■ 
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/{*) = f + Jj - s= + A*) = l - M - r W - u - ‘ 

The th>mx\xvi / to H * * ttj, mJ /'<*>» i] * m ita dom * i,L 
Tie cnty critical numbm is ^'2 a 1.2G 


ii BOt- drflfiffli- 


1 Hid J Th* tiblr is HILfcd in oM row &l * lime. 


The critical :i umbcis 


detTfiaEjng; 

OPi (A.l] 


incEcasiutt trIsj:syc dccieatLifa, 
m [—-*£j,- it maximum on t —1,0) 


) CgncUiMLon _ 

/ i* me reaping {—o&y 2] 

/ has n rcUtivt maximum 
( t& drachms oti ;2;'3l 

> 0 if [ X | < v^! Ilw domain of / » | 


/{*) = xi/5 - ,E 3 . Uec*a&e 5 - 

/'(x) ^ (i - x s ) l/I {L) + *($H* 

Uic- */|. The critical numbtaa at- 
bQwa -li mid -1 arc cm £■ sided limits. 


VaSutes a p . (lie ptidpoint* 


vritkaL 


relalivt; deC-r^aslnj 

EEL^iaaaUHn lVTj [c, y ^ 


dotreafling lelaiivc 


ssit r^asirig 


YBjfctC*i 

tangent 


i J 

3 

2 

i 

■_i_-<r 

-2 -i -I 

^3 

1 2 



/(*} 

m 

OoncIwBitm 

T<(\ 


+ 

/ is LHCfea 5 La|e mi (-rc>0} 

* = 0 

0 < x < 

nt?L defined 

viA defined 

vertical asymptote 
/ is dMHaEmg l>u (D.v^] 

j 

1^/1 a ] .di) 

fl 

+ 

/ :i rektrve minimum valw 

/ it ijicteasing on 1^/2* i&c) 


:m mavMsnm and decreasing functions ahdiw n itsr .derivative tr 

® — ■i'j ' ; / I./) —-4) 1 ■ \ ^ for ;niv value of x, 

■ •:: d<ks not a rise. u>4 4 U in the doninirj of /. TtWore 4 critical number, 


ST 



1 /(*} 

/'(*) 

ConrJubEon 

r 

r = d 

1 C -p 

2 

1 

+ 

dCreasL’t cju&i 

- 

/ k jnmcMin^ on d] 

/ has ^ rr. : nl i \t maxinji.-- value 
/ is d^rnpAsa^g ou [4 -,+qc] 


f{*i =K-(w- l} 1 /3 

/ -h continu^ n aLL k*| numbers. 

^ ttau3e < A if -r # lj we iL.:>riL-l i]dr^ ilLat / k dtci&astDg on i. 
does not have n rdaLivi- rxtTCJUuui. Bccau^ 

Nm f\x) = 

r —«■! 

V" linC *°n 'V *"** ° f/ 5 " yrrMeaJ il 1Ire Other HU* on tJ- *r*ph nr. (0,3) » K | ft 

n piut OJ me graph is shown ai tht: right. 

■ 7" ? [ 2 7 ‘-'j r J^ J I - £ SCO Iff [Ah 4 T1 4) = Nrr ^j- 

/ (s} = it: Lru-. J-c _- 0; Hqr - 0 QJ 4v = t; s = ft, x = Itt. 

9*““ Lb« iocant function haa juried Bit, / ha. [«tiod|r. Thus ™ M i*r, where Sr in -] m- 0. 




/(f) 

/'(*) 

CoTjrjLlJ.d^ll 

X = 

3 

it 

j Juts ^ jetaisvc minimum vaIsip 



+ 

/ ir inqwEiif 

X = gT + |jfcjr 

CIO'j defin-rd 

not defined 


•- 4^frr < * < Jr +jItt 


+- 

/ Lk iiicDcasin^ 

* = + S*T 

4 

U 

!/ :i reSotive tri.uinrum v.iJiac 



1 - 

/ is dOur^Asi n y 

X = + ^Jbir 

jluI defied 

not dc^hrd 


j T 4 jtsr < x < 


- 

/ Ls d^reftsinfl 

J ;X) — 5 t&C Ax. j—X, n 1 ; jf (i) — -eiiC !i!z- | 2x = — ft 

«W “jf 

/*(*) = £1: = 0; 

2x = ir or 2s = 

IE 

h 

n 

■fcr- 

H 

x =|r. 

B*™« the wsetfcin Ismction hoi period 

Period t. Thus wf add x~ n wiicjo t i.K ; 


/m 

/?*) 

■C^onclosjojE 

if — jtlT 

not defined 

not definfld 

/ has a vecticAl js.t.vm ptote 

< a < + kr 


- 

/ is deehcaKiT:,g 

x — + frtr 

3 

0 

/ ^ 4 rektEvs mininium v;dur 

j- + tr < X <rijr -i. kr 


+ 

/ is iMTMftEflg 

x ^ tr 

not ficfLiied 

not d«rirje , d. 

/ has \l vHcrticft] Asymptote 

Jr 4 ^tt < i < ^ + .tir 


4 

/ s iiiebeajijr.p 

x - | T + Jts* 

3 

ft 

/ h«f a refatsv^ mjuimum vuliie 

jT + ijir c*< ^ +frjr 


- 

/ 33 dasortaflinj; 
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ls not defined. 


doesn't exial 

vertical 

asymptote 


4 doesn't exist 4 
iiic rrasins ™*™{ iiKmuing 


T«]aLLve decreasing 
maximum 


- \* 1 r^{x - - 2) + <* + I)] - f* + })-'**(* ~ 2J 

Set /'(.e) = □; j = lr /'( — 1) and /'[2) do not exist n)id —1 and 2 arc 
In the domain of /. The critical numbers of / arc -1,1. -Hid 2- 
l/fjtl f'fa) Odt^dwiibn 


/ b ijicrMtnf* on (—oc,—1| 

{ / has a relative [uaxtttuj" v«Jui 
graph h mm a cusp 
f h- decreasing on |— 1,3] 

/ ha? a relative mini mum value 


f h L-Ler^mfl oil [1.4coll 
no relative at 5i 


dots not 
exist 


cxlrfcrmi lk:c:.t 

-(d) (in siceLehJ 


- -4. Thu* /'(-2) dtrt uLit exist. 
■2 and 0 are critical numbers of / 

! I Coodumon 


doesn't tsjbL 


/ has a relative indium value 
/ b decreasing, QYl [—2,0] 
f hw a relative minimum value 

/ is mcrwsins OEl [^+o*) 


3 h the r.rlticft] number. 


aftltifre 

minimum 


increasing 
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-1 and / (3Z) do not exist, and . 

rririfjJ miiblttH *r / ait L. 0 


Conclusion 


r - I 4 / Is tnereafimE *n (-oo, -1] 

_ -1 2 [lnt'ttfi 1 L lias fl. Tftlitl i vr rniisinnirn vulur 

- / is decreasing on. [-i h 0] 

- H 1 IE / haa a relative minimu m value: 

£ < £ 4- /is Increasing on [0,2] 

-2 5 d-otah't tXiGt / Jlm 3 rdalive mirtufluin value 

' x - / ia decreasing on [2.+c*) 

{ 12- (i±5f if*< $ 

S-s 1 

y1TU0-rx-7)2 if -L <* < 17 

function / is defined on (-oo, 17]. fteeauss 

fJ-2) - 12 - £ J - 9 and = 5 + 3 = B 

/ IS con.tinncn:a at -3- Because 

5 +1 =6 «vd / + (-l)= </lO 0 - 8 , =* 

f is continuous at ■ I. Wc conclude that / ia continuous on f xJ7]. Now 

-a(*+s) iix <-2 

m=l-i 

L -*+ 7 :J , „ . ^ it 


i, y'l» — 0 if * ~ -5 n x = 7- Furthermore, by Theorem 4.3,4, i . r. ..i ,t 

/'_(-*) = ** /'+(-3)=-i f -: 5 10 15 

w /'(—9) dots; uur, ^yisL iind l-h? £r;i|iii a corner at x - 3, Similarly. bccau&c 

-!) = -! and /' + { r 1} = ft/ i/lOO - 3 3 = 4/3 

/ J (-l} dflCS JiOt CjUeI and Liic ^rapEL hoa a coinei n" s — ]. The tabic :& filled in one tow at a time, 
: tba-t x _ — 3 and j _ —l we -compart Values iitlmz Dlasl ieluIIIj.iSv MgiJh ['Em iiiTumiatiLirj ill l.he lnnr 
row& is used to sJoetcb the giapb sb-own at the 


doesn't esifit 


dftv.arrt evifli 


/ ;i / \s hi- / |j,-u5 4 / is do- / bo* jL 
relative crcjtsin^ relative creasing vertical 
3333ZI i 1111 e i [ l [ L,r] fnaJtlttlUjjj [7,17] l^nurTil- 


f js in- J Jl;ln a. ] m 

cicasing relative dcoeasing on [ i, I; 

(—CC-,-a j ili zs>E i I fi irEa 3IU rd-tit-i \ e At tKizui U3 


/(*} 


1 12 8 6 1 




6 

A- 

iy 

. / . 


-1 / -] j 

- L 2 J 

/ “3 




* ~*j 
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f&\ = j-^26-f*+$F if -7 < 31 < 0 ; /'<*> 

[{*-2) s -7 if 0 < Sf U* 

/ r (—7) and /'(0) do not cxiist. Also, /'(-V) - C, / J {-4) 
Thi critical numbers of / are -£, -7, -A. fl, and 2. 

fit) f f l*\ I t^nclusiciji 


it- de-creatiug uu |"-cx- t —0] 


f has a rclativr mini mum value 
/ 5e increasing cm -7] 

/ lias a relative maximum value 
/ i* deereMing on [-7.-3] 

/ a relative minimum value 
/ is increasing On [-4,0] 

/ lias a r^L&tive maximum value 
/ is dec reading on [U,2] 

/ has a relative minimum value 
/ is increasmg cm 


lilmeUe :?? 


/ r (^d) does not exist, Also 
The critical numbers of / are - 


Exercise 


ff=-5 -5 < i < 


- -t < ± <: — l i s —I 


-2(s+l) B + 0 

-i- □ — doesn't exist 4- fl 


/ is/has a increasing 


relative 


decreasing 


decreasing 



In ^cerctHen 44. the figure shows the graph of the derivative of ft Function / continuous cm R, Detenu] 
{&) the critical numbers of f t the intervals ftfl v.-hbth / i* (hj intreuviti.g, [c) decreasing and (d) any relative rxtrem 


(*.) /'(*) = 0 At -3, ], 3 /'(a) = C at -4i -2, t>. 3 D (/' doean'i exist.). 7 (/' = 0) 

(t>) /'(*) > 0 on (-», -41 [3,3] /'(a) > <S on [-4,-2), [0,31 A 1 ) > n l», (-»,*], [2, +oo) 

(r) /'(4 < o on [-3,1 ], [3, +W) /' < II an (-no, -4 j. | 2,0], [3,+ k} /'{*) < 0 on [0,2] 

(d) relative maxima At 3, 3 relative maxima, at —2. 3 relative in&srimum at G 

relative minimum at J festive minima at -A ? 0 relative minimum at 2 
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/■■(e) < O’ Qfi [—0O,0j t [], -hoc) 
rsLative mn*imipm at 1 

rrtatire minlmiiEn. it 0 
-I ta an inflection r^int) 


+ 1 . 



1 (f f dom't trial)* 2 ,fl, 2 (/ J = fi) g r/ # dotijj'i «x 
/*(*}> n cm J ^UUl.+fc.) 

/' < 0 OH f—oo, -a J, [0,1] 

relative maximum at U 


/ I.r) < V no f-OCi-a], 
rotative j3iajcimum fe 


relative minima ai —2, 1 


ielaiive minimum ftt 2 


l>! « jui in.tlrci:o:i Mint.l {fl: inflexion point. vertical 



Qkvta iliat / i* conlLfiuoufi. ait R. /(0)-o t /(4) - 2, /[&) 
I-Li'lilh A g'RLph of/ under thr followjng; addiLiotJil hypothesis 
■" ^ ^KHitanuous al 4 (t) /'(*) = i- if r < 4, 


(c) Jim./'(*]= 1, 
/W / f*(b) if a 


Given that / La mrU muons on R 
fojkiwing 1 udditin-nnl hypothesis: 
ia coutjnu*u3 3 


(c) lim + /'fr] 


/{*) = = + h bL /Vjc} = vLr* 4 2ax 

/ ^ia a relative Kctreimtmi al (2,3} and /V3) 4 !xi^L.s thm 
nV = (1 i I U2) = D; 4a — -12; * _ —3 


Because (2-,-lj on thf graph or / 

/(SJ “ 3; i 3 +a(2) s + * = 3; 8 * (-3)4 +fr = 3; * - 7 
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and o such Lhal ibe function de-dcietl by /(x) - :■ 4 f will have a relative maximum value ■>: 

nd tJic graph of 3/ = /(z) uHl go through the poim {2 : ,-2)- 

2„x + i f ia defined for all i. Therefore, * wSalive oxt renin in of / mu at ocnii at a point where 
0* Because we Ait given that a relative maximum valut occurs at i = L-, thrn 


a + 6 + e = 7 

Bc-couKf Lhe ^iruph of tf — /■''-t 1 contains the pol^- (- 

/(S) = -2 

4fl 4 Si 4 C 2 

SubtfM-t.lTiR Fq L (2) Irenfr ¥/+ (3) we oht^in 

IS o 4 t = 9 

*md jobtracting Eq. (J) from Kq. (4) we get o s - 
c = 2. Theitftate /(*) = -flu 2 + LEs-2 and / J {x) 

< □ if r > 1. I fo--: / has a relative at ^ 

f(t} = ax 3 4- tra 2 4 cz +d; /^(e) - .5 ct3t z + 2hi - c 
B&cauee / h*& Mivttve extiefn* ai (I n 2) and (2, 3) and . 

/'(!)=■ a f f m=* 

St-I 2 fr«b-l+a=D Si-J^ab-S-^ = 0 a-! 

3ft 4 2b+ c = 0 l^a + 4h + e - 0 

Solving tikfflK four equations simultaneously, w* □BLdiiL 

/(*] = i p [} - *)*, where ft and q art passive integers- 


0, SiinstitUting m Eq. (1} wsd Eq. -,2) we gel 6 IS 
— Ibr 4 3^ — iRtL-ff). Because /'(*}> G if * ^ I 


eitiat. 


Ef p Lb -even, 0 is n critical number Mtd p — 1 
Also,, for ^ --■.LfTicLH-iiLly near 0-, M — .-■ 0 and p 

r — 0- Hence by tbwt nisl-iJ^rivaLive test, / h** * ret 

(h) if q Lb even, 1 Is & crick li number i«id q- 1 js 
s > i Further, for * sufficiently near I, > 0 
" -i- 71 at x ■— I. Hence by iht. fi rat-d cri ivc Lest. / 

P - 

(c) Because p nnd q are pos-itiv^ ^ JS a critJ 
(1 - positive. For -t < 774-3^ f “ (? + g)z 


“ p +Y 

51. If /'(x) <0 for Air X in (a.b) then D[-/(*)j > U for all 
increasing ub [n.i'i so that / is deerwuung on fo.JiJr 

5^, Prove Theorem j ,4.4(3) 

e- If /'tc) ■:: 0 then -/V) > 0; if ;'(x) > (1 then / J ;x) < 0 

HchC4 — / has a relative njjijtijjjom at r and so / has 

53- f{x) = s^s where- JE- an odd positive inLe^r;. /'(■] = k 7 K 
nrvrr 2 u>gfctivt_ Because / r (l) ne^-ei change ^i^n. / ha,H no 

54- P reive Usat if / is inerting on [a ,*], ft is incxeadin^ on [/(■ 
> Let g < tj < x 2 < fr. Ekcause / is i tier eating vn fo,*] Lhen 

OP [fW,m\ lh?n <irC/W) < jr(/W) 
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4- Fur aSly s 1 and et s in L yuth rbat x 3 < x 7 c-hcn J(x } ) < fi,x 2 ) brcair.vr / b increasing. Hut /> 1 ) <fin z } b 
equivalent to > — I(* 2 } wluLh sliklr.n Lhal j(x fc ) > ; 7 l.| fen in 1. 1'iius p is decreasing Ois I. 

■V For au.y ■£ i and s.^ iu I auci that < jr in then f(x 2 ) < /(x^)- Beams* /|V) is pnaitiv* on T we may divide 
hv /(^[ ) ■ /{tj) and preserve the direction of the- inequality. (This it* dsu Imp if /(x) i_s nqt&hive i>n lj. Thu* 

M) , /for) 


- --v -tt— r t". —7" which is *qyivdfcnl b> - v- -, ’■- ■:.. - h 

f "i) ■ /(**) _ AJ|J' /(*?) /fr*) /(*y) 

m-kkb. slat« lii *5 A(^ 2 ) < iwi] < in 1, Thus h it decreasing un ]. 

Tue LnlcrmcdLaie-valuc theorem for dertVfttives, The ftUftt!]on / b differentiable r%t each number in the closed 
:c Lirrv&l [a, fi]. Pruve I hat iT / J {a) - f\b) < tl, there is a number c in the open Inter vaJ (tz,fc) such that /'(e) - 0. 
Secant / b differ® a liable at each number in [a, fr], then f is continuums e>n [a ? b] ^cl by Theorem 3.1r7 n / h03 
if: absolute maximum Yfllut Anri an absolute minimum value cm |ra,frh El flith^r otf tlnrsr- .pKeolutr- ^jct.r^Tna 
xcuws it buccl* number e with a <. c ^ A, then lay Thw-rju 3-1-3-, /Yc} - U, which is the deaiied result- 
OlWwjie, hyth of the absolute extrema occur at the endpoints of [u.fi], We show that, thin is impossible. We 
ceiijitdei two- eases. 

Cdi*- A The absolute maximum value of / is at a and tfcc ateylous mini mow v*]uc of / b at A- Recluse / is 
! tfffisrsntiahSe at a, then the d«iv*tive from the right of / at a exis-ts. Ttirthertiiore, since the absolute 
ztaxhniirn vjtlue ai n, 1 1;r-n /(*r) > f[x) for dJ £ in [o^]. and :hus 

n*)-m 

' * - a 


J 


J 


- < fl if fi < t. < i\ 


!£-:i] a: 


r—‘fr " 

Because we ?i[^ that I^a) r f f [b) < 0, then / J (a) ^ H. and thus (I) impliia that 

/'W<0 


(J) 


(2) 


Because / b differealiahle at i. the derivative from the left of / at t exists. Since the ahaciutc minimum value 
^ f IS Al. b.. lEi-fir. j[b) <. fCx) for dl x in ’ra. fr], and r,hu5 


- < 0 if a < e < b 


^cnce, 


±—‘& X ^ v 


(*) 


because /Vo) - /'(frj <; 0 r ih*n f x {b) ^ 0, aud tlius (3) implies 

Hu; f2) and (4) coELtradJcc- the hypothesis thai f f (a'y f f {b) < 0. Tlieicfore, the Case ] assumption is false. We 
roasidci the remaining fWtep-ihilit}-. 

The atwyluLe mwdcnuni vdue of / m at b. and the absolute minimum valnn yf / i.-= ^e «. Ttw?i 
jivqualiti=te (1), (S), f3). and (l. 1 of Case ] are rcver&tft, atHl w i-u'.ain r:nntrjuHict the hypoth^is i.Fuii 
J^fa) ■ f T {&) < 0- Therefore both Cux* 1 jind J -f icn py^sjbto-, and we have rjrov*d that fHc) =■ 13 Jdr nome 
: in (it. tj. 

f f {x) <tose.s at all bombers in *m cptu jjLt-eivjil wntjiiruuj? -t aad /'(e) - 0, we may uot c-o^-cJudc ihal / has 
a t dative extremiim at t. Cmi^irler f(r) — f f [z) = 0 hut / is increasing on R. 
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3.5 OONCJLVFT¥ h rOlMTS OF fNFIECTlON, AND THE SECON13 DISlUV ATIVE TEST 

3.5.1 Definition The graph of ft function / L* ^id tu ^ cm cane upward at r.hf point (^/(e)} If f{c) ox.k\\ 

and if hhr-r^: k flu open interval T enntJiining c su-cJl U^y-E. Tur all val.ij.es nE j ^ c in 1 t.lse point 
{zj{x)) on ihe. fcraph it above the tundent lime to the graph ar, 

3.5.2 Defnhlion The graph of a fn notion / is said to be cetic<u , R dcuphuio-rd at thf p™i (e,/(c)) if /'(c) «i*M 

an-J if ih™ La au ojttn interval [ containing c Midi that foi ali values eif x # l L:l L the p*wm 
(*,/(z)) on the graph is below the tangent- line to tsi^ graph ar- (e>/(c)}. 

3.15.3 Theorem Let / be a function tiw4 T* diffrron liable on £>mfi open interval cgitUimoc e. Then 

(L> if /*(cj > 0, the graph uf / jfl euswm lipw^Td at ( = . 

(LL> if / ,v (t) <0, the graph nf / in cental downward at 

The following Theorem may be used if / rt l>) k Eero nr does not esiri, 
ind 1 ib an open Interval containing c- 

> rj fur aJJ values of i f t in I, tbr gjaph of / ra cODWt upwud it (e,/(c)). J 
valuta- oF z^c s:l I, Ui« graph of / k Umaem downward V 


3.5.3 r Theorem S'sippete / J (c) s-xikls 
< l) Tf / T l» 

(ii) If /'Wen for 

3JJ.4 Definition TLo puLul (c,/(cj) is a jeifif fff iitfecfwn oF tt» graph of the foSftm / « toe firW naa 
tangent line there, and ii there -a.ri open interval I containing <; swell that. jf j\ is in 

LhcP. cither 

(IJ f%%) <i>'dr.<€ and f*(z) > (1 IF x > c, o: 

til) f*(x) > U if * < c arid /VK 0 if x > r. 

r |']mt is, if f T {&) or L// J (t) has a relative miutijuism in minimum *d r. The mJl*t titan 
tangent r.niHxtxt the curve r MtH 5s very close lo it. 

3.5.5 Th«w«m If r.lu: function / is differentiable on wwte upt?jL Interval containing e, and if («,/(?)) k 
potnl. uf inflection of t-h^ graph of /, then If / J (c) existSh = 0- 

Howcver, if / n (f) = 0. rve cannot- l omr.luJu cLiat the gr^ph of / has a point of influrtion at i 
The foUom’sng thi»mena a?e useful in aket-chififl. a graph. 

Theorem If /(z) is concave upward im tin; in larval l>, &) n Ihuji on thr graph of / iies belov^ tl 
ebord jnLnin^ (o./(a)} and [b, 

[f /(zj is couce-vt: dawuward on th^ Lnlarval then ofi the graph of / Jie.-s 

thr. chord joining [a, /(d)) *cr-d (fr, /(^)). 

Theorem The graph ofa-euLLc polynomial Ls symmetric with respen to ata point of inflection. 

TEic first of there rbrajh-ms sicggesU; i:iat ■v: lighLl; draw the straight line connecting i f 
poiiLis of e eurve ^nd Uien use eoncavity 1o dotermilW whether tic mrve Lk*wh uukT or on 
the cbord- 

TSto fnltnvmjfl xLe.pa ma}« be used 10 Ittt&to the pointt of jjifli^Lbuii of the graph of Jr 
1, Find / r (r) and f v {*Y 

i , 'in<i ^tll Hnmbers c for which /'(c) = i> or /'(c) k u^L dcs^ned. 

3. If (:lo graph of / has a tangent line* pnasibJy vertical, v\ Lht point where = " c ar.d 
/ ff (z) changes sigu aa x increase !.Ht«ijr,]l iSlk value c, then tSn: graph o: / h^ :l pun 
uf inflection n\ the point where r = c, 

34.1 Second- Let c be a tritieal number of a function / at which ) = D, and J - ' fOiifiL for all vaJuwj 
rivative Ttat for r i-p f^m-r cipEti inlorval corttaiuloft f. Then if f tf ( f- 1 exists -and 
idative Estir-ma 

fi) if f a {c) < Lt I Leu f lLas a relative nv^imum value at. c; 

(ii) > 0. then / &ias a relative minimum value m 

Suppose /'(c) -0. If toe nnn^iTn derivative at- r i^ of odd order. ih«ti t k a pomt 

3fC tin. Hi -51 :L r -inv.+-?ri d^rivativE rA is of f’Ven ordfiT, then f lsn_s l. Ivlat. 



3 .& CONCAVJTY, POi^TS or TNFE.ErTTCJN, AND THE SECOND DERIVATIVE TEST 194 


■] < j C 4 - graph is cou 

* = 4 - 255 —Q paint of knfl 

4 < e ■+ graph Ii tcwi 

/ xf = x* -2x^; /'l>j = -tie 3 - &* a ; /'{r) _ 12* 2 - itx - l'lli* - J). 
The critic EiUfiiti&rK iui J r <±r* fl ind 1. A plot is shown jOh ri n;h t. 


p<«jal oF cww-jiy* puinl. uf cvpeave 
inflccLjon dow&Wiid iflOKtion upward 


*y" lJ v concave 
has a upward 


:- » -?[*“+ S)- 1 ; F'fr) =, -1^1* + J)- a 

F*(x) = -4(c s + rr 2 - 8x(s 2 - 3)"*(3:c) = -1{i 3 4 + 3) 4 4 t 3 ] 

= 4l> 3 4 a) -3 !?* 3 - 3) = 12(x 2 4 S) -3 ^ 41)(x — 1} 

it: F'(*) = 0- ± = -l -2 = 1 

F(*J F^ft) F # (s} CoddfliticuL 

r < —1 + tTuph it- concave upward 

jf = — 1 ■; i 0 fjojjli of iuXlrcLlOLi 

-1 < x < 1 graph is toiieavs downward 

r = i J —1 Q point of inflection 

S <r z + graph is concave upwiu-d 














cOnnjive 

dowji^ani 


200 BEHAVICK OF FUNCTION AMD THE TFL f:RL^.p11!-. ES'fHBME PUM’TIOU VAL.V6S, AND APPROXJM ATIONS 


o. y(*>=- T^+dr 1 ; G'(i)=if-iKi*+dr 1! (a*)+i:* J +4r I a)=(» 3 +^)- 2 (i ■ 


G ’w = &+ 4rV3*>+4r*n - **i 

: 21^ + + 4 X-1)- 2(4 -1*)] - 2jffi " I2> - 3 j(j + 2vA)(«-3>/3) 


.(^4 4^ 

Th* critical amniliKM for G* ant ± ± 3r5. 


* 4j J 


G'W 

ft 

4 

D - ft 

4 

graph is/ 
has a 

■concave point of 

downward inflection 

CubcuVe 

ypWinxI 

poinL of <iJ[i-LrLve |pueelL of 

iEtflttLion downward inflection 

tojiCJiVe 

upward 

G{*);G'W 

_ 4v / 5: -jfe 


D ’ T bfi' “S3 



7- /(if = 2 sin 3*, it t /'(*] = fi ™3in — —33 sin 2* 

Set / S {x) ^ ft: sin <jx = (]. Jtx £ 


3* := -it, ft, t; t — 0, 


-Jtr <x < -^-t 


* = % A 
in < x < ; 


UoflcS'j^ioa 

fTniph is concave downward 
jKitcil of Infleciion 
|!*aph La concave itpwaTd 
poiat of iufiralfcm 
fi^ifapL b to be a.Vr duW u w-ard 
point of inflection 
j^faph is toasave upwwd 


6. fix) = ,4 -COS 2st, S E [—ir,7r]; /'(x) = -fi sin 2^ - I!? COS 2? 

Brcausfi 1 Lite graph is Ejrmmdiic; with ieap«i to the ^sxii. we consider [Q,irj. 


Baalist /*(z} = fl tf 2x — 

i<1» 

Of jT. Lhe etitirnl mrrniiemiif 

T = It !» < I < x = 

/' , = -12toa 2x 

0 

4 

0 

graph is/ concave 

poLat of 

concave 

point, of 

has a downward 

inlleetion 

upward 

Motion. 

/(»)p / J (*) 

4>; -5 


0: h 


Jn F.if.Tc.\t*x £-16, plot the graph and otii:itia*e the point oF inflMlkia and where the graph \a toMa-vr uj>w?ud , 
downward, Confirm by calculus 
S. /{*) = + 0*1 /'(*) + 9; /'(*} = Ox 

Set /^(z) — 0: fix = D; at = D 

_ | /(jt) I /'(.r) I / J (x) I Conclusion 


graph Ls eotieave dowawAird 
|H>inl bf inflection 
graph Ls f^rifAVA upward 


z 4 


t-: u/i 


L/(z J 4 4) J 4 






CA VITY. POINTS OF INFLECTION AND THE SECOND DERIVATIVE TEST ill I 
fe 4 ; = 12a. Set ]2i-S: a - 0 


concave point of coiicai™ 
duwj-wiird LDfLcctioD U pW0td 
*F G'(*> = 3{*-I} , ; g *{a)-6<*- 


graph it concave dowciwv 
poiltr. of in.fUd.iAia 

>1 JS CUll-Lr-L'rT upward 


SflT) = (x + 2) 3 

\ pioi ii shown At the right, F J {i) 
7i^ c.l-itifAl mimbfr for F # is -2. 


poihl of 
inflection 


conraye 


concave 

upward 


fH - ^x+ar“ /3 ; /'<*) - -§(* A a)-V* 

,V (—-2) rfoci not exist but jf :h rain Li munis. ai - 
+nc. there i&a v^rt IljJ Lirj^ctil. Liue a\ z = 


Conclusion 


+ griipG l £ COQCAVft 

0 doesn't exist doesn't carat point or mflvcl inn 

graph is concave downward 

: t /(X) = g"{x) = -l(s - l)- 5/i 

do® not exist but g its can bi minus at 1 
+(» so theic is- a. vertical iaiigesit Jisin at x « 1. 


Conclusion 


!:■■ ton got 


upward 
pninL of inflection 
ftr-ipF is con cavt dowHUiucI 


doesn't exist 


C(>nrl i i:r nj- 


V r^-|>Jt JS OJjlC.j.H.i: ifowEwsid 
poi^L &f infUrl iyn 
frraph is oorcavj- upward 


t 

ixZJ 

-J 

■ 

_ 




202 BtJLIAVEQR OF FONCTTfO^ AND THEIR GHAMLS, EXTREME VlJKBTlON V AE.UES, AN'U APP&OXIMATJONS 



In Ea«f rises 17 2% End an* point of inflectS** and determine when, the fljapb i» ^nc™ upward **d t«u 
downw-nrH. 'rkKtch th-r graph. 

^ if i C2, m !Tt< 2 Hu. ^. = p 


it never 0- /'( 2) do« not mini so there it fio tangent him Lh^re. 


1 £ ■+ r w r i 1 . xf/*% ^ J ** « x *. i J “ “ 

U 4-* 1 ffi. < y /W -U.iN<-' J fa?) - 1 -a * 

Is never 0; f r [i) <-Qes not exist so tberi is no tM-gftnt iint Uicn 


, , J* 1 ii‘*£n ,,, D* **£«. * w _'2 

W. iio < x" “1-2= if 0 < *' & ( 1 l- 3 

» nevn 0; g*(0) dors □*>!; racist bul there is it langcn 


... r-3* a ifiCQ * r , .M* Lf *<a 

= i 3 *= iro < J s{x3_ l 5r Ef0<ff 

Prom ThcorEtn 4.3.4 vrr have ^_(fl} - -3(0 a ) = 0 and / + (01 = : 
so j'(D) = 0- Similarly, /_(0) - 0 and /,(«)= 0 and. ro /'(O) 
/(x) >0 if x v/h: fundude Ulb; the graph of ,-j is osm-^ 
every [hjlu'L l iiji. I iidii'i d; th« point where # ™ lh.UE there- in 
inflection. Btsouise $'(r)<D if x < 0 . then 3 L* EtK^Marang an 
t—MUjOl- Because j-'(f) > 0 if x > 0, ibe y Is intrcikaLns on 
[O n +Qc). Thu* j{0) -- U is fi relative rniitlrtium vaiur uf 3 , 
^^(D) — ft K the- gjaph of 3 - hiA s- Ijodaoni-al line at the pdi 



/w 


/*(*> 

Graph i:;/hw= a 

X c 3 



+ 

cuacave Upward 

■e = 2 

2 < r 

3 

|du*j:sn*t exist. 

Hadn't cxL?t 

not a paint of inflection 
conrflv? downward 



/(*) 

/'(*) 

jv* 

Graph i^/has a 

x < 1 
x = 1 

1<Z 

3 

doesn’t <?xi^l 

+ 

doesn't oxi-si 

concave: it|>4» ,i:d 

not a point of Inflection 

euii^.iv*; do^-QTV-nrd 






(j raph isyhai a 

T < 0 



+ 

naricfLvc upward 


0 

ft 

docaii't ftjcint 

pUiELl tit infliction 
con-caVc downwaH 




OONOAVJTY, POIKTS OP’ JNTU:<7r3Cm\ AND THE SECOND DERIVATIVE TEST 2X\$ 


■ docs jlu L vxl±\ bul G*u) dtfut jLu-r da&jjgc sign at D : 
41 camAvt upward on R, 


ttJS 3ft, sketch. -EL portion nf i he. ftiapii n-f l,hr cnnLinuou^ funcLiuu JT thrOu.irh th^ penu^ "where x — c if (hr 
ions Am sftiiRfiw!. 

) > (I if jr < r.z / r [x) > Ei if x < t; 2-1 fa) f(x) > if r < c; < b) J\x) < 0 if z < c; 

3 if z > /'(*) < 0 if x > c; f{x) > 0 if x > <n /'(jc} > 0 if * > cj 

ft if s < ts / u {j) > 0 if 1 c c; > ft [f ± < £; /*(») > ft if 2 < c; 

ft if x > c ) :> D if f > f f v (r) < 0 if r. > <- < ft if s ^ 


r 1 < ft if * < e; 

r > ft if x > c 



20-1 BETI AVIOft £>tf FUNCTIONS aK3 TfiHLrL GRAPHS. £>!TRE-ME FUNCTIOV VALUES, A APPROXEKATCOh'S 


Ld Ex<w*«< 31-3& find the itlalLre fxirema uiiiifl the second derivative! tat And sketch. Chock Lp*.v piquing. 

SI. /(z) = -4z J + S*‘ 1 + 18*; Jf''<*) = - 12*’ + 6* +1* = -5(2*- - S)(* +1): „ 

/■<*> = -24* + « = -I24(i -}}. 5*1 /'(±) = 0: i =$, * = -1. \ »E A 


33!. g(z) = 12i 3 - S® ! +■ *7 
b ff r (*} “ Ss ! “ 13-r = — 3) 

I hfi ■critical Au±rtb*T3 of £ ATC O' 3- 
/(*) = 12± - IS 12(x-|) 

Rkausc = 0 $^(0) = — Id <0, Ly List stfcuEjd-deiivalivr 'ml piT?) 

Is A relative maxim^Lm valut. 

Br™ii>e £'(3) - ft and /(3] - IS Q, by the SMoncLrkhvaT.ivc test ^3) = 
w ,i Trial i vft fciinvmibm value. 

The giapt O'! g is shown at iht tight 

33, $(*) = j 4 - I*! 3 - ff r (a) = 4^ - * a - 3* - *(4* 4 3)(* - )); 

/(z) = tfz’ - 2x - 3- Set ff r (*) - 0- x - 0, * = -4 j- = 1 


lolativf; maximum va.Lui 


Set belcur 


relative mlaimum v:itu« 


■4 ■? D so ti ii an ifitlctticm point. 


ii Bin - 3 j; 


rdative maximi 3 m value 


illative minimum value 



/M 


/'(*) 

/ has a 

X = -1 

- 11 

ft 

+ 

fcIaHvc minimum value 

11 

*1 

¥ 

0 

- 

Telaliv^ D]aS3r!Lum vaJ uk 



ff(*) 

!)'(*) 

/w 

M- hi? a 

I = “* 

S 3 

0 

+ 

relative minimum v E 

* =0 

0 

ft 

- 

leJative maximum v 

J 5 = .1 

3 

~E 

ft 

4 - 

Ti x lative minimum V E 






ft.A CONCAVITY, POINTS UP INFLECTION, AND THE SECOND DERIVATIVE TEST 20o 


r = ? sin j: £ [&, J-frJ 

y'fjj) — B cos -Ijj' = —-T 2 sin 4x 

Vf „- - 0, then ; _ ^ oi r - Jr. We apply the second-derivative lest. 

‘ =-■J2 < 0, then s(^r) = 2 is ;> relative maximum vahiK of $_ 

■ — 52 > tf, then jrf'|\r) - -2 is 5 . telat-ive minimum value of j. 

j graph appeals at the right. 

».-) = 4* 1 ' 5 + A J (») = 2x-'-> 2 2s~ 3fl 

= D. V(D) does not exist but is not in the domain of 4, 
i 6 n (l)= 2 > 0. then A(l) = ij Is a relative minimum value of h. 


P *1 = * y'^+S; /'(x) =■ (« + 3)^ 3 + Jx(j + 3 )- 1/a = [* 4 - 3 ) _1/s (^ + 5 } 
r = -|fc* + 3}-^ ! (^ + 3)-M* + 3)- 1,,! (|) = (* - ar V3 (|* + 3) 
t /'[<) — 0- * = —5. 

■ / D {-2) ^ j. then /(-2) - -2 i* a, relative minimum value of / 

:h the gjapii cd a function / for wrtneb /(?), / h (j), and / A (r) exist and aic 


positive for ail x 
el'k: /(x) > D n the g.rimpli lira above Ihe x axis, 
use /‘(x) > 0, the function is aLw*ys increasing., 
aase / tf (z)> f!. ihe graph is concave upward. 

: eiapb ana a horizontal asymptote. 



(b) negative for all j*. 

R nr raise /{x) <11, I be- giapii bra bei-nw tlip x axis. 
Because f f {x) < U. the function is always decreasing. 
Because /*(%) ■-- fi. the graph is eon caw downward. 

The i!.r;tuh lira it horizontal ray nip tote. 




?FlC cosine ilLnetior. find ^a) thtf relative exttettla by the Sei:Uftd-deriVaLive test; j'b) Lbe ]Mjinls of iziflection; 
|ej the slopes of the inflectional tangents, {ri) On 3li liltett'aJ ef Length 2^ and containing the point of 
nti living the smjillrar positive nhsrjw*, plot fhc rodne and th* 1 inflectional tangent., 
f\z) = ens x.. (a) f*ix} - -sin x m , /'(s) = -cos jp, /'[i*} = d what k ip any 
integer. If k is ml oven integer then /*(Jfc-r) = -1, so / has a relative 
—ixLrmiin VSitie. ff t is an odd intent then /'{iir) = I. m? / hra a relative 
".nirriuEn. vf'.I'j k. 

b ■ ^)x) — ^ where- t is any integei Dacn such r giws a point of 

^flection because / ? {t) changes sigr.. 

r Tile LnflectionaJ tasigeni bad slope / r [(jt+ + ^r>) wkick is 

- * if ir iH even ?uid -H if t is odd. 









JJjTJlj 




2DB REI3AVJOJI OF FUNcTtMS AN'O T HR Eft CStAPTtS. EXTHEME FUNCTlOIS VALUES, AND APPROXIMATIONS 

41r /(i)=ltMI 

& (a) /'[x) = arx?i = ian a i + 1, /*(£) = 2 t$E i &rc^x -^Ud xftan'^ 4 I) 

/*( tir] n where * b any infceg«; ewrh such x &ivhir a point oF infection because /"(*) changes tig! 
/(At) =0. (b) Iiic slope uF the LnfLeciional langrnt is f\kr) = 3. 

42 - /(x) =• cot x; /'(r} = / j (t) = 2 t^ 3 J rot t 

(bl) SftL /*(sj = (i: -col t — 0^ x x- \t + Ax : rfb*re A it> ah} integer. I^h mth ± gives a point of InCkctiH 
bccau^ /■"(*) s«KJt_ /(£r 4>r) = 0 

(L) Tb^ sjnpft -nl thr !uif!rc:ti-M[iftL 1 ajtg.iM'il it f\ ^T ■+ At) ~ —CSC. Z (-jT 4 Air) — — 1. 

-13. /(x) = rat-. x; n*) — -esc i cot r: f M (j] — lsc £(2 esc'x — I) 

/ J (lr 4 Ax) - II where A La any integer. 

TF f it an even integer AfitJ * = -jtr-!- A* then /*{*} = ] ™ / hai- t nelaavr minimum vajii*. 

Tf J: is -ini lkJlL inwg.tr and x - ^ 4 £x Shon / A '(x) = -1 so / has 3. relative maximum vaJue. 

41. Find the relative- cjclrtma of the secant function by applying the accond-derivulivs twt- 
t- Lei/(r) = sec e Then 

Z^x) = sec x Imi x 

If /‘(jt) = 0 n thftn Lim r = D, bo x = Jr, where t is *u:y mteger. 
f*{x) — srr.‘ Z x -t Uin 1 ;.? fl£C X 
= sec x(2 iau 2 x 4 J.) 

SuhM.iii.iti-ng x — Jtff. vre have 

. rt ,. , . f 1 if A b an even inl^r 

/ I. w ) — wc 77 |_i if A b an odd int^r 

Ry the swond-deiivative Lest, roiidiiriis that if k is au add integer ikmi tbs y?Ldj r* function / Iuls h i-elatr 
maximum vnlue a*. t — tor of "I find if JE- is nn '■>□■, inlegCT then the 4^0-ni function / has a r^laii 
minirnmn vaJcc 3! x = At nf L 

3u KiertLses -1i bO, sketxli thr ^rripli I"Hk cotitinuoue function / through (c,/(c)), c < rf < e, 

the giv^r conditiotift a.e Kalisfied. At each i^iiit, dr?.w Lbs tangens Jine if b (jci^. 

45. W f'(r) = ft- f\d) = 1: 46, (a) /'(«) = 0; / J «f) = -1; 47. (a) /'[() - 0; /'<«) = D; 

; n (d) - 0 ; /'(s) = 0 i f (rf) = 0 ; f[r) = fl; j‘(d) = - 1 ; /'( d) - 9 ; f{t) - t 

/■'(a;) > 0 if i < d; /"(i) < ft if r < d; /*(»} > 0 W u C <r; /'(b ) < fl if 


/ n (x) > 0 if r < d\ 

/ n (x) C U if x :> □' 


/ ? ( x) < 0 if r < d m , 
/^(x} > 0 if ± > i 


C < < d: /'(x) >0 if a >d 


n>)rw = ^m= -i; 
A<0 =0; rw=0; 

/*(*) < 0 ff E < d: 

/ ff (x) > ft if r > d 


[h) f'(e) = ft, fXd] = 1 ; 

m-o; /'m=^ 

/"'(ij < 0 

if d < x < C; / v (x) > ft if f > C 


(fa) /'('-) = B; - +«4| 

Lim + /'(c) = 4-oc^ /'(*) = Oi 

f ^x) > 0 if t < di 
r\x) < lj if j > d 


CONCAVITY, POINTS OF IN FLECTION, AND THE SECOND DERIVATIVE; TEST SQ7 






l _- ■ - 4 br 1 ; /■‘{a 1 } = 3 az^ 4 2 bs; /*(r) = ftaz 4 lb 

Sbu- J / i« A jjuiynrNninl, / J fx) utirf /*fx; visiat L'VCty wtlrK. JT / IlllS 4 point &f Ltlfl-CCtlOQ a: (1,2) Then /{] j = 2 
t T / # (L] =0, CinL is ji | i-— 2 .met fi;j ■ 25 — 0- Solving llii.^: Lwo <■£[ij^iL^luik siciinlutrietuiL-lV- we j'rL if = —1 

=. E. 

■ /(^) — 03^4 Gat 2 4 cr, determine a*, G, and c. LbaL Uhf graph of / wfll bve a point of inflection at (J h 2) 
■sd w that the slope of the istflKtkmal tedgetit ttet w33l be -2, Support your answer fEtpIricdly. 

|*(x) — 3ox” 4 2Gx + ci / ff (x) — ftex - ifl, 

rt/bi polvnomiaJ, /'(e) and f a {x) e.'o&t every wbeie. 
iu.ee (1,2) is a point on the graph, then /(I) = 2 and ao2=a + &4^ (1) 

a use (3 n 2) is mi iufl-ecL lucj luinL, Lhen / ff (l) — ll Jtnd hu I) — I!>lz 4 2t (2) 

iwauKe th u the litigeul at (J,2) k 3, Ihva /’(I) = 3 and w 

-B = 3a + 2fr+c f3) 

'■• •. iiijs. (l) s {2) and (j) ^jJLillaliei-i-Lisjy., we find l. ■], i- — 12. c - lft. 

Because /*(*) d)&ag<£ sign it t then the graph o! / hits n puini of 
n£!«ttoii whtn. x = \ A plot of y — 3x 3 - L2x^ —■ ]0r if shown ax the right, 

/ r- '- - &?* 4 Sw* + W - <J; /» = vte a 4 2br 4 c; /*((■.) = 4 2b 

«. polynnrnifl-l ; f '\ T ) flD d /"(*) exifil everywhe-re. 14 Timur / Jinn n r^lAtlVc ixin'rmlrtt. At (0,2-), 
;l:n 1 /'■£>) = U- Ha'nce d — 3 aanl r — 0 - HtsmiiHr the graph of / has a poin’. inllecliun nL (],— 1 ), 
and Therefore a - b43 = l) and 6n - 2£-ft. Solving these oqu&tiujLS ^imdlspuiuusSy 

it = —G h c = 0 . ti = 3 . 

! : /(I) = «x 4 - Gx 3 4 cx~ ■ dx + e. determine tin? values of *j, fc, £ s d, mtd * -.U Lilt prapli or / wiiS b^ve ^ point 
ni .aiflectjon at {l f -t}, have the origb on it, and be nyntcrtctik -with t^ thr ^ 

£^*--L3e the graph tontain^ the origin, then /(d) ft. Tlur*. c 0, ond 
/(j)-*tr 4 45^4^4^ 


tl = 0; 
>ftif 
£ > J 


■IS 


(a) _r(e;i doesn't eiiEt^ oft. fa) / f (e) = ftt /'(rf) = -1; 


m=-1; rt rf )=fl5 /»=o^ 

/^)>N if-x<r; / ff (7)<ll 

LL'tf < z- < J: / fr fa?) > D 3f i > d 


[ n \d’\ = ft- f\£) dcmsrj’t ^vicL; 

/ fl {x)<0 \(T<d-, A*)> o ir 
d < x < e; /^(r) < ft if x > c 


(b) /^(c) - ft; /'(o r ) dwsti'l 

fi*) = Di rie) = 0;/ fl W< 0 

if x < / J x < U if ^ ^ 
/^(t) > ft if e > c 


(b) /'( C )=d- rfc^n- m 

doesn'v exist: /'(e) = 0: J*{z) < 0 

if x < c: / D {x) > 0 if c < x < d: 

/"{*)> 0 ll*>d 


m=D? ^lu.Az)^-^ 

= -Wi /'(?) = 0; 

if j < dz 
if J > ^ 


_£C graph ^ynnmetTir with Tespert L<s tlriH j' nxix nnrl hh /fr]j — /(—x l. Thus, 
ax 4 4- 4 ez s 4 dx = ux A - frx' 1 4 vx 3 - -rfo; V^x- 1 t- 2dx - l) 
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TIlls K *n identity for <dl / if ind only i f i - ft and 4 = 0 . Thl23 ? 

/(z) = oi 4 + 1 I s ' /'{a) = 4 ai 3 + 2 cx; / ff ( x .) =s L W* + 

B*r.n.u&* the [paph contains th* ptitnt (E,-E), (hen /(l) = l. Tfouh, 

s + C ^ —1 

Because / is a polynomial, /^{r)s=1l ai carfli poiia( of Inflection. We are given that (l r -L) la a, pn-mi. 
LclQwlI^li, Thus, /*(!) = 0, and 
12w + 2c = (I 1 

Subtracting twi™ (]) from Bq. (2) we gjet 30a = 2, a - J and sulwLLtiJljang. inln Kq. (1) pv** e=- 
Tberefoie. 

/{«)=$*<-$* /^)=^-¥=^ ! -d 

fiecaure /'(*) change* sign at a - I, then the graph of / has a poin.^ of ihEleetLoci when k 
&&. The numbera jv^ and ■ Jh/3 am critical numbers of / ar.d /*(e) = rjV + 11 
t Hecaure +1 > 1, [|* 2 + L] > 1 3nd /*!» haa the Huiut sign as x- 
4 lx- —j^u/5. /*fa) < (> and / haa a relative maximum va]at. 

At x s= ^i/2, /'(-l > I) / has a rei^iivE miuLmiim value. 

56. Px&ve part(ii) of the stnrxHid-derivative: test for relative cxtTema. 

► Wt must prove (hat jf / J (c) - 0 and / ff (e) > □, then /bn relative minimum valu*; at e. 

Ikoaursc — /'(r)=Cl and -/'(e) < & n it follows from part (i) (hut —/ has a retalivr maximum value at 
Therefore / ha? a relative minimum value hi >■■ 

fiV. The graph of a function / has a point of inflr^tfon al (c,/(c)). B«mlbt we recite a tangent line, (hflU / m 
bw continuous at e. The tangent may tie vertical, su / f aud /" A*ed not exist Jit ^ sand hence need not 
continuous at e. 

53. /'(c) exists foT al] values of as in J> and at 3 mmibtt 0 in 1, / n fo) = (J and /*(c) and ia not U- Br> 

/'(c) eviaLb, then. / J {c) cjiin^ s*> (he griiph has a tangent lEftf ax- t- 


Supper / w {c) < Cl- Theft 

A«0=i«m ^:f (c) <P 

lienee foi some open interval L eooiainlng c 

/V).. 

i — e ■ 7 . — ht 

If j is in Ij and n < -n thch / ff (f)) > f- 
|f x is Lti \ l iftd is > e then < H- 

Tliits by I^'flnitirui d fi i i s 

(e,/fe)) is a point of mJWTims. 


Suppose f m {r\ > ft. Then 

n4 . ta nf^!w >i 

' r _i. c r — r 

Hmu^i forsoiELd open intervnl 1 2 eantaining c 

II z [ti 1 2 and x < c then /'(i) < U- 
rf ^ Is Ln 1^ ARd X > c then /“'(e) > 0- 
Thae by Lklinition ^-o .4(i), 

{t h /(c)) ia i point of inflection. 


HA. Jf f((i lepresents ths total uniU of warL duae after i hosLrs. tHp-n / ; (t) is Ihc rate of doing work in uuiis/ 
hour, Jind this is maximum when J°{t) = r.lial is, at a pole: of inflect!un. (b) A woiher ean paint >- frar 
x hours oftas starting, v;urk aX S a.m. and 

y(c) = + 5x s - b 3 , 0 < x < 4; y^» = ^ - lfl - 3s 1 ; y'W = 16 - S«t y'(r) = 0: x = ^ 


0<rc| 
. _fl 

i-j 
4 < j: nC >1 


yll 


1 Conclusion 


is LDcrcasjitg and Lhe wuivet is painting ^ Jin mermwirag tale 
Th« walker is pxodiicing mnd fffsciently 
If 1 15 ih:r reading aftd (he worker w pjiintinR nt i dccieaslng Tflic 


When i =| tbc Linie ia H J hours «id 4U minuter afr^ii- ft A.M. 
The wo-rkci is producing most effitiently aL A M. 


M H 


3.6 SKETCHING GRAPHS OF FUNCTIONS AND THEIR DERIVATIVES 2W 
JN-G GRAFHS 0¥ FUNCTIONS AND T&EIK DERIVATIVES 

awily fruciL f* The graph of :,i fuiKtiflri / Is <Smv ji ward whisre its derivative / r ih decrtauaiLg, and 

concave upward wiicie where /' is increasing. 

i 


«.lw? J-18, dfttTTTnipe from \hr fsgure n the gmph pf tho derivative rtf 4 
q Information and incorporate at into a I able: I hr intervals oil which / i* 
Stltcpvals of concave upward and downward and abtickeas of pftinle of 
zero* are thns^ staled. Thf functions of E^eiciHro ] 6 at* Hzl. 3afflC as in 

3-4.33. Korea of / are -4, — ], ?. and 4. 

f f (x) / J (x) / ia/luts a graph ia/haa a 

r=5 — - 


function / continuous an R, the 
Lnereasmp, dccitoaniE its rdativc 
iBllCtttrtO- y ketch a ftf-apJ: ud' / if 
the Indicated Exorcise of |3.1. 


3 


0 

+ 

+ 

+ 

0 


+ 

0 


uacrtaemg 
relative mafimu m 

dei: 7 Maying 

dtcre-flfdjtg 
deciraafidnjj 
relative ipipimum 
increasing 

inrreruiiig 
increasing 
i-dative maximum 

decipaunp; 


fjs 3,4.40. Zeros of / are 1, 2. and 4. 


i.:ijjH:ai,'e duwiiwfl.nl 
concave downward 
cusicave duWiawacd 
point of iriAerl irtij 
concave upward 
concave upward 
concave upward 
poml of inflect ia>ij 
concave downward 
concave downward 

OQJLtJlVe dQl.VIJ-i.Vifd 



r<*> 

/'(*) 

/ ia/haa a 

graph is/has a 

4< -4 

— 

-t- 

dac>ea.<i ng 

concave upward 

x = -4 

0 

+ 

relative minimum 

concave upward 

-4 £ r < -Jt 

+ 

+ 

increiLsiiir 

concave upward 

# =-3 

+ 


in creating 

point of Ltillcdion 

-2 

_L 

- 

iner^fching 

concave downward 

7-1 

1 

i 

* 


- 

relative maximum 

concave downward 

-*<*< -1 

- 

- 

decreasing 

concave downward 


- 

0 

d«:71!M^jjLg 

I jyi .Li uf LciJIecLiou 

-3 < Sr < 0 

- 

+ 

decreasing 

concave upwaitl 

jr=Q 

0 

t 

relative midnnum 

concave upward 

i < * < i.rt 

+ 

- 

increasing 

CuiLCaVe upward 

* = 1.0 

+ 

0 

m creating 

point of inflection 

13 < x < 3 

+ 

— 

increasing 

concave downward 

: - S 

& 

- 

relative muiinucn 

concave downward 

* > 3 

- 

- 

HilTHjr+aiKJl'Lg 

<:t ijiCjivc hiow awftid 



/>s /\ 


/ for Excrciw 1 



/ frtr Exertiee 2 
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3l Ex. S.4.4L ZcfW oF /aw D and 4. 

m / J ( z) Jiftykn 


graph jt/has a 


j? < 0 

+ 

+ 

LtltJMSlTip 

concave upward 

* = LI 

d. n,r 

d.n.e 

relative maxi, mu in 

vertical langeni 

0 < 3: C 2 

— 

4 

d Meaning 

•COTjGftYfi; IJJlWiTd 

* = 2 

0 

+ 

iclativ* miiLL[CLUi]i 

concave upward 

e > 2 

+ 

+ 

jnfiiMsing 

concave upward 

Ex- ZAA2 

Zcpoe of / 

WO 1 -LTI-J L 



ru) 

/'(*) 

/ js/hjw a 

graph 3&/lui£ a 

x < -1 

- 

+ 

decreasing 

eoncavc upward 

jr--] 

0 

ft 

Stationary 

point uf inflection 

-1 <j: < 0 

— 

— 

decreeing 

concave downward 

X = ft 

d-K-iX 

d.n.e, 

relative minim urn 

vertical sangent 

0 < * < 1 

4- 

- 

merging 

concave downward 

J7 =r t 

0 

— 

rela-ijva majcimuccL 

concave downward 

X > ] 

- 

- 

decreasing 

concave downward 

llx. 3.4,43- 

Zero uf / i 

is 1- 




./Jfel 


/ is/hae a 

RJTJtph L-s/hai a 

r< -2 


+ 

dKt*MSn.g 

concave upward 

# =■ -2 

0 

+ 

iclfltiv-r minijnuTTi 

concave upland 

-2<zC“l 4 

+ 

increasing 

concy-ve upward 

■r =■ — I 

_t. 

0 

inCT*iUSLng 

point of inflection 

1 < z- < 0 

+ 

- 

in creasing 

□oucave downward 

* -0 


- 

relative maximum 

concave downward 

0 ^ Jf ^ 1 

- 

— 

riccTt a a*i-i u|2 

concave downward 

s = 1 

d_iL.fi. 

d.n-c. 

relative Jiilniimirn 

vertical Latigtnt 

i <t<‘i 

+ 

- 

i ti creasing 

eoncAve dowraward 

* =3 

0 

0 

?b*tW&Ary 

point of tntlectioP 

* > 3 

4 

+ 

increasing 

concave upward 

Eh. a,4,41- 

£otlk* gf / Jt™ -3 iiLiJ U. 



/'(rt 

/» 

/ is/hiflfi a 

grft|?h k/hay; a 

^ < -2 

- 

+ 

3fcc wasing 

coneavc upward 

* = -a 

0 

4 

relative minimum 

conc-ni'a upward 

-2<r^C 

+ 

4 

iiirr easing 

conca-vc upward 

E — & 

d-n.e. 

d.n.t. 

YCTtLCd-l tangent 

pbitoX of inflection 

Q < ,r < 3 

+ 

- 

increasing 

c-u[ it- tv^ duwjEivard 

r=S 

ft 

_ 

rcl&Uvr inrun iliiU r 11 

concave downwirdi 

3 < j; < A 

_ 

— 

dacrcssrng 

concave downward! 


- 

ft 

lW inns ill p£ 

point of iciflfictioj; 

4 <*<S 

- 

+ 

decjiBtutiiSg 

conoftve upward 

j = A 

fl 

+ 

tolt-tm mi mini mt 

eonez-vc upward 



/' for Excrci^ 3 



f for Ejccreace -3 



/ r For KeerciEe o 



/' for F-xerciK 6 


j > & 


+ 


tcic iPoai ftg 


conc-i^t Upward 
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/ for Ex™L«: 7 
Zero of / is 0. 

_m 


concave downwarc 
l^lint of iiifl^rlLnsn 
con^-avc upward 


jiKicawuig 

.n.c. stationary 

iiicTmjfintf 


Fonravc Lipw^rrf 

pome of inftecLiou 

I’C-TUZfiVij downward 


deriiTMing 

■n-e. sstatioEiary 
decreasing. 


/ r for Exercise 8 


dixrwii^ 


tuncave upward 
VOElCa-v? upwyjd 

concave upward 

not i uu-ij. j of kirireLioLi 

concsvt downward 
concave do^^w*ici ■ 
concave downward 


leiative minimum 

iiitinwLflg 

nn tjing*nt. Line 

intieasing 

relative tmtmum 

ducreadsig 


for Exercise l# 


/%£)/ia/Laj it 


eooesye iJuYmwH.nl 
cGiwavc doinward 
concave downward 
not a point of inficccioii’ 
conoave upward 


mcrcasuLg 

relative jjja_vi.ru uml 
dftciejLsIn^ 

tan^rur. Vu\* 

inrr+tsjiiaig 
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/ for Escrdse 1.3 


jCtJirmC 


j f fuT Esettiae 12 


de erft&flJ ng 
relative minimum 
intCTOHIlg 
relative maximum 
decreasing 
relative RjjjiLECLi-im 
increasing 


concave down ward 
vertical tangent 
concave downwaid 
concave downward 
concave downwind 
vertical tangent 
cooeave downward 


* <G 

+ 

+ 

mcreastnu 

concave upward 


eLn.e. 

d.n.c. 

vertical Uitgcht 

point of inflection 

0 < * < 2 

+ 

- 

increiunig 

ccmrAvt downward 


& 

- 

relative maximum 

concavt dom- Ei vvaid 

H 

V 

H 

— 

— 

dowWilnj 

concave downward . 

Eeios of / are 

-4, “2, 

1 anti 



/ r (*j 

/■(») 

/ k/ha* n 

uiirijjti lb/ has a 


+ 

+ 

LQCrCWHlt^ 

concave u.p-ward 

x — 

d.n.o. 

d.me 

relative maximum 

vertical tangent 

-i < j < -i 

- 

+ 

decreasing 

concave sipvTiird 

* = -i 

ft 

+ 

relative mjaimum 

concave upward 

-l < -p < i 

+ 

+ 

increasing. 

f^nrAVE upward 

X = 1 

+ 


SncftAsii^ 

point of inflecticm 

A 

h 

A 

v> 

+ 

- 

incrcAsing 

concave downward 

* = 3 

0 

— 

reLalive nuurimum 

CODCSVir dn-wnwArd 

x >A 

- 

+ 

decreasing 

concave downward 

3cro& of / are 

-3* -1, 

and 1. 




rw 

A*) 

/ ts/hAs a 

graph isi/hav a 

x C -2 

+ 

+ 

inerrjuing; 

concave upward 

if = —2 

d.n.e. 

d.n.e. 

relative mAiimiun 

vkt LiL-itl tangent 

-2<jr<ft 

- 

+ 

dee reading 

concave upward 

x — U 

0 

+ 

r<;ULLVE iELCCUJJllUCLI. 

concave upward 

fl < x 2 

+ 

+ 

increaiiLQg 

concave npveard 

T = 2 

d.n.e. 

d.n.e. 

vertical tangent 

point of inflection 

x >2 

+ 


Increasing 

concave ritwrm^ard 

Ee-ma of / are Q and 3. 





J[M_ 

A*) 

/ ia/haa a 

(£ra.pli is/has rv 


h 

4 

j 2 

y r 

i ■ it 

y -i! ” 

r 2 * 



-4 

- 









concave downward 
point of Lufltctiuji 
rttOCSVe Upward 
vertical fjingfnt 
concave upward 
point of iuflcttkm 
concave downward 


|r|crt?5iyLflg 


k>r hxernw L-a 

of / arc -2 find ! 


r for Exercise 16 


/ for Exeie Lsc 1 ■ 
jyyr&pii. is/Ilto a 


f for Exercise IS 


2 

a 

if 


r C - 


mcrcrtsmg 
stiff onarv 


» = 


■ ; -v 
r^1> 
Kr 


mcj-eaai.DE 


d.rl.e, d.n.H!. Tflljitivc maximum 


decreasing 

stationary 

decreasing 


> 2 


*+r:s* ui / art L and ■> 


F for Exercise 15 


I'M 


ca 

+ 

D 


/ is/hns D, 
decie-aslnc 


gynph is 


/□SS ft 
upward 
iiiffectiun 
downward 

laJLgtJll 

downward 
infkc turn 
upward 


HKMIlt of 


Km ary 
dsn-easing 
rdative minimum 


i < s< 5 

i = 2 

x = 3 
= >$ 


r |>T1 C-V.C 


d-n-e, 

+ 

+ 

+ 


d.u.e 


VFJLIia! 


increasing 


rnnraw 


point of 


incrPA^nrr 


concave 


Swt« of / are 


ft and 2 


/" for Exercise 16 


/ is/has a 

liter touttni* 

rdathc minimum 
iiKitusuig 
relative maximum 
(f-g creating 
relative minimum 
mciauing 


i|!,ra±|J,:! ih/JlK.-. .1 
concave upward 
not a point of inflection 
concave downward 
concave down ward 
concave downward ~+ 
not a point of iufbwtlOB"* 
concave upward 


*< -1 

-1 <x<0 
* = & 

# < * < I 
|=1 
x >1 


s.e sketching graphs of functions and their derivatives au 


fnr Exercise 1ft 


Ififos of / are -3* 0 aud 3, 


/ J Foi Exercise 17 


/ is/ lias a _ 

increasing 
reJativ* niMdmiim 
deceasing 
relative mininium 
LDCKJSitlg 
relative maximum 
decreasing 


grapib is/bas a 
concave upward 
not j.l point of inflection 
concave downward 

rtrLicjil lajigejii 
concave downward . 
not a point of inflection 
concave upwwd 
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La Eserc-Sti 19-26, the sr^ph *f / and aesniente of tbs 3ilft«Lioiud iangejiiK appear m the fi:Riarc. a table 

ih the previous ^MJcj&eE and sketch pcaaibic c^apha of / J n-w*. /*, 


19- 


r — -1 

0 

_ 

idalivt muixmun 

r^nf jivu dour^ard 

-1 <T a < 0 

_ 

_ 

decreasing 

concave dowuwud 

M = fl 


0 

dec c easing 

point of Inflation 

ti < f < 3 

_. 

+ 

decreasing 

ffioncave upward 


i> 

_L 

TeJatrve minimum 

cont&ve ut>^a?d 

x > 2 

+ 

+ 

Increasing 

eo ncavc upward 


HD / Sa/has a 

tntieaflinj5 


graph iK./l>nut a 
ConrAve downward 



for Ex-PTcira 19 



/' for ESMTcist 19 



f" for EJttttbw Vj 



/' for Exercise 



/ f Cx> 

/"(*> 

/ is^hM n 

IJTILpIl ib-,1 1 hdfc--tN ■ 

9C < —2 

- 

+ 

dccienslng 

concave upward 

? 

ii 

H 

6 

+ 

relative mini m am 

concave npiv'jird 

-2< k < -1 

+ 

+ 

increasing 

concave upward 

X — —1 

+2 


□icrm^-iug 

point of inflection 

-1 < f < 0 

+ 

- 

increasing 

conoavft downward 

K = 0 

a 

_ 

ralutLve maximum 

MHtcave dow]]w*fd 

* > 0 

- 

- 

d*xz&&ui%. 

oguca-ve downward 


21- /'(a) /*(*) Jifi/hM* _ gaph ip/hafi A _ 

^ ■<; —i ■+ decreasing. clwlljiy'*: u^&rd 

x = 0 + relative Tninimum conoid upward 

—3<r<—1 + + increasing. concave upward 

x = -1 +2 0 intj&osing poi at of in fleet ion 

—1 < x < 0 + — iiLcrR^in^ conCttvg donnwaid 

7 - [1 0 0 sl^liyvary point nf inflation 

U < X < 1 + + UKHBUlmg COCl^avc upward 

if = 1 0 lucrc-aaing point of inflect] oa 

] < t . < n + — Lncrewing ™^. , i , . , t; downward 

x±±% 0 - reSativc rn^mitm conoovo downward 



/ for Exercise 2l 


r. > 3 


deciMalDfi 


cLwicAve downward 
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concave 


+ — ntcrwuaing 

D — relative masimum 

— — [Icrr-taKisi^ 

drCi.Gr d-n-*- relative jojiaimum 
+ — inc-Tsasing 

Q — relative maximum 

— — deerEafling 


concave downward 
cuncave du^ jnv-a.nJ 

(LmviiWArd 
cnnfr.vf downward 
concave downward 


/ for Exercise 2S 


concave downward 


decreasing 

EAtlgfnt 

relative minimum 
indexing 
verticil tangent 
in clearing 
relative maximum 
d«r*BBTag: 


point of inflation 

cuiitave up-.Vmz'J 

concave Upward 
concave upward 
point of Inflection 
COfKAV* downward 
nnl a pninL of inflection 
concave upward 


TC3BC 


4 mcieasiivg 
dm.e. relative maximum 
-+■ decreaiirig 

4 relative minimum 
+ increasing 
d.n-e- relative maximum 
— decreasing 


nnjtutv-e upwaiv. 

noi a point of inflecLl&ja 
concave upward 
cojtcave upward 
concave upward 
not a puijLE. of itifleetiftB 
concave down,wurd 


+ 4 increasing 

d-n^e, d.n-rt, relative maximum 

— + ebucieasLDE 

0 fl stationary 

— — iJerrftHJfinfi 

-1 fl decreasing 

— 4 decreasing 

0 + relative minimum 

4 4 increasing 


concave upw?ird 
vortical ta^gedt 
concave upward 
point of inflection 
concave downward 
puinl of inflection 
concave upwaid 

cojicAvt upward 

uHie&vc upward 


V 


\ 

J / | 

-1 p 

■ ] i 

L I / 3 

-2 ■ 

' "fAp -!> 








f{M) 


/ is/krw sl 

grnph h/hiLl a 

st < —5.6 

+ 

- 

ioc. reading 

concave downwArd 

x = -2.5 

0 

- 

relative TnaxiTTium 

COftfave downward 

- 2.5 < jt < ; 

1 - 

r- 

decreasing 

cocnirAvr- diHMTi vtcaird 

X = -1 

-2 

0 

dccieasiug 

polut ot iufiectiur 

“1 < ar < 0 

— 

+ 

dcc:i^i^Ens 

rjinmvf! upward 


0 

0 

Eiationwy 

point «f inflecC-tOEL 

0 < x < 2 

_ 

— 

drccr^^ing 

ooQcave downward 

3f = 3 


Q 

decreasing 

point of inflation 

2 < x < t 

- 

+ 

decreaeing 

coneave upward 

rT — ^ 

0 

+ 

rflntive minimum 

cculC&v^ upward 

f < T < 5 

+ 

4 

mcreaeing 

concave upwnjd 

if — o 

+2 

0 

i nc resumg 

ftoinL of iELRec-Uon 

i > 5 

4 

- 

bcr™.iivg 

rcmcjtvtf downward 


T tV-fi 

/ for ExiCTm £fi 


. . _ -g . f £ 2 ^ — .jr* c: 2x S if r < B jjy v_ f^x If T <T D jt#/ l _ J'l Lt £ < 0 

27. -h*fa?I — ^-L- = 4* a Lfa>Q’^ * "V* 4 if a? > 0'^ \3 if r >0 

H*taus* /*_(0) - 4 *nd / # + (0) = 6 t f r { 0) dot 1 * not exist. Becaut* /*{*) > Q if r ^ 0 *nt1 /‘‘(Q) = D exists d 

gr&pb of / is COQCavc upwArd everywhere by Th^ninti S. _ 

20. tjivr.n /(x) =; s p - rz ■ A, r is a ra&ioitaL number, prove tha* (a) if 0 < r < L ? / has a icliitive maxima 

value at S; (b) if t* < O ra r > 3 , / tikJi a ralaitve minimum value 1. 

o /'{jf) = - r 

We note that /'(l) = r - t P_1 - f = D for all f, 

/'(*} = r(r — !)»*—*! /"fit = rfr - 1) ■ I'" 3 = f(f - 1) 
fa) If 0<r< 1, &h«n r(r-l)<0. Brwusr /^L) - □ and /"(t)<0. by ihc sntfud'deiivative Lest / La 
relative maximum va|u« at 1. J 

(b) If r < 0 Of r > 1, Ubea t(t - 1) >0- B^ause /'fl) _ 0 and /"(I) > D, by Use SeCOmf derivative test / ha 
relative minimum value nr. L 

29. f(,z)~ i J + 3ri+5; f'[x) = 3s 3 I Si; /'(*} = 8* 

ia,) / J (x) = §t' 2 ■* ,lt > 0 for all z if r > 0. Thetfefore / Eh UKiewbig on (—*o,+eo) and hn* no relative extreira, 

(til If r < 0, /'C^l = 0aiw3 O-O. 

At x = ^/ r « A*] - ^ > ^ implies that / ha^ a relative minimum value. 

At it = -v^r, f*{z) = <0 which implies Mini / hat a relative maximum value, 

3CL /(i) = JC ? + t*“ l ; / j (s) = 2x - rsr -5 = ^(Sx* - r); / ff (i) = 2 4 2r* " 3 - 

=°“<*/tvR -■j_|.^ r .| — 6>D. Thus / has a * elective minimum value. 

Because / lias oo othej critical number, / ha-, fio other relative cxtmrtLit. 

Jl, Slieich Lhe ^aplL of Lh« aslu^d y 3 ^ = 1. the tn the futi ctu^J^iit is tLe giaph of a Atncm 

Obt&m this portion and thoo complete Lhfc g^ph by gymm^tiy pnjprrtiea. 
t> Tli* jgraph. ih ^inmetHc: wiLh raapeet to the z and ^ fVK.c-3 and tG the Line = x_ 

We irtllve for jf when x > 0 and ah A 

/\ 

Thus v in ekfrjwt fbr 0 < x < 1. Difl&cntintiTiS with [Ket tonn; obbMii V, j 

3/ = f(l - = -* l/1 (l - *W) U2 (J) 1 

Thus y f is negative and bo the gr^Fi decreases from ihf point (0 n I) to the point \f 

(1,0). Furthcrmorc h j/ flLpproRxhes -oo z appco^lud 0 fiom the right and so 
the £l&ptl has a vertical UnR^nt at {0,1)^ symmetry, it has a horiaoalai Unpent 
at (1,0). Dincrcutiatiag. Eq. (1) with rcsp«t t^ x we get 

x-^(iXi - * a,4 )' l/2 {'ir ,y *) * K^C* -' s/3 )+ iI/3 l 

¥ w It podiiivc if 0 < x < 1, the gT*ph bi roneave upward in lhe Jirtl quadrant. 
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i-7 LIMITS A I' INFINITY Sl7 


TTS AT IWFIPfny 

Definition Utf oe * fiaci-ctioii that » d«Frn«d at every nun her in * m <! irjferr*! The Aiutt */ 

/L*), u-- : j mentis twiAffttf i* L, written 

)im /£*} = L 

■*■—•■+■» 

| : f /°. r * ny c > h * w ™ r tJ*™ 4 fc: *wt3 e miKitxr ,\ > 0 such that If x > N, thun 

’ DEfiuiLiori hcl / b« a function i.hrd is defined at every number is mme interval (-oo.al. The Jicqit of 
A c Ji rt?1 t Atcr-a u« wiffaut taontd, is L n bitten 

J . L 

if fur ,iny c >0, EiOweveT SIHolT, (hen; Exists a number JS < ft such that if i < than 

l/W-M 

13 If r 33 -any pnyjiivt ifLLegfcff, thtn 

(SJ Jim \ = 0 

j-i-i-k j 

(is) lim = 0 

i — 1 —OO T 

r.ifiu! T h^nrcrcia 2, i , a, fl, 7 , 8, U, ,md 10, given >il her. l.j, and Limit Theorems 11 and 22, 

3 lv?fl m sc. 1 . 7 , remem Vii .1 id when "x — <? is tepl^cd by “x — +50^ ot _ m », 

Tft ft will use tilt following theorem whose proof is aiuiLW 10 that of Limit Theorem r>, 
laeorarn 8 be: a hr any Tf-ai number 01 e-ocioj - 00 and L any real number 

(i) If lim jj(aO > 0 and Jim /(*) _ -f-t*: Lbenlkn /(t)jrfa-) = ±0* 

(3i) Ifjim s (x) > 0 and Uto /(*) - _o* then jim" = ~oo 

(iLi) If ihri s(x) < 0 andj™ /(x) = +00 then lim /(x)y(» = -00 

(hr] snim sfr) < 0 and Jictt /(e) =e -«j then Jim /(x)f(i) = +«) 

( v ) flf*) = L ""d lim f(s) = J-oo t hied Jim f/(x) + 9 (x)i - ^co 

(vi) If Jhn jfc) = L and Jim /(i) = -« then dm |/(*) + j(x)] = -30 

( v “) ^ ;!f n /(xi — +ce then Jim ,//fi) = -1-. 

Sup^se t-hat / ]& (L function defined bv 

**>=$. 

when- j(p> and A(#J are polynomials. To dud lha limit «f / a* x — +00 o f *s r _« fi Tsl 

divide both j(») and 4(ir) by (he higl,«t p«w.r of X tluu oppean in tin- dencmiiuior. Then 
yon may ass Unit Theorem IS toother with the other limit Ihrorema Lo find the limit of /. 
cftri r.Mj sh&T^-n rhn.t if ^ aluJ .‘i are both pdynami*l fimeiiona, then 
(a) If ;hc <if ^ is less than ih* degree of A, then 

Lim = [ini =0 

I jj) 3f the deg/**! f? anrf k ^ ^ach «ju3j n> a M 1 he oosflkicnt :ri gf x v ^nd l« Is 

ihc coefficient of r n i:i theo 

li-eti j|--r=ljm fl"-T=r 

j:—■-J-dc- n(-T) -m fi!,;: | i> 

(aii) If the dugt™ of ? ib than th*- negr« cf A, t)Leo 

Lim ?^l=ij m ^ 2 ^=± w 
x —^oc- A[±j J-—at Afir) 


PM 0>: ExacBa J5? in <3 16 illustrate pin fH)f *ad F^rdse 2-i 

illusLcnL^ part fill) <>f the Bborr rdi?cusskidL. 
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Asi'-ii-iptolw* A Liu* is an ssjjfwpi<rt?' rtf a c.uTve Lf the illsttip.ee between the line and a pfti'nt F on the cun 
aiiiirnurhefi w *o aa th* distance of P from the origin apprc^aelies LnflDity. 

Lei /(ii) - be a r.ihonaJ rujiLlioii. The graph of / h?w a vertical nfiymplou? x = 

for Mn:h ntninW a such that A(cj - 0 Add j(*) ^ 0- IF the degree vi $ is I™* tiian Die dc^ 
or /j llmi y = 0 (the x jtjibi) is n horiiontaE asymptote of [he gtnph of /> eorrapmicftFig b' ^ 
(i) above, If the degree of.fr and h is eque-l w, u ts the coeFfcrirnl ctf * k in and 4- ;f li 
coeffieWl c-f x rt in then jr = a/fr is a horUoiilall asymptote,. cor^jitniciiijg to case 0 
above. If the decree uf ■? is one moi^ lIiati Ibft deg™* of h and long dividnn gives a quotient i 
nx ■+ 3. then y = tnx | £■ ta an oblique asymptote- 

$. 7.4 JCbjBuiLiait Till? ti.:i* p = !1 ii said hf o horizontal u.* pm pi ate of the graph of the function / if al 
one of bbe following statements ii true; 

(i) fins /(;?] — &■, and for saiati; number .V,, If «E > N tJlri^fi /(sr) ^ t 

j-— 

(u) lim f{x) - If- and for some numVf if x < .N then /(-c) ^ 4 

3 . 7.5 Definition Th^ line p - tnx + ^ Is said to be *» irtprinjufate ctf 'bo graph of the function / ifi 

Jeaet one of the failpwing stiiLementa truer 

(\) ILm [/fs) - {rq* 4-3 j) = 0. and fox *ome number N, if r > N then /(*} # hit + * 

t—*+» 

(Li) LLm [/(x)—(mz + 3)] —0. nnd For seunc numbe? N, if x < N then /(i) ^ fnx + d 


£>n*weos J. 7 


In Eicni-daes [- 1U„ do the following: Use a calculator to tabiiJnie tlic values uf f(x) -for the specified values rfi 
Whm does /{i) appear to be pippmurhing a? x inpreflars without bouJKl? (h) What doit /(-s) , R 

approaching SS s dftcrensaa TrL(hcut boundV (e) Ch^rk hy |jlu".tLciy.. d) Find 1^^ /'»- ( ft ) Find J^iT 1 ^ /(a?J. 


L /(*) ■ 


3- fl*>=^E 


3: 

1 

2 

4 fi 

B 

10 

100 

IflDQ 

J” 

J 

4 

1 

TFTT 

-QG"JL| 

.thluu 

.0004 

.ijiXiaw 

X 

-1 

-2 

-4 

=a.... 

-10 

-100 

—1*00 

/ 

4 

1 

,2S JIM 

.«s 

.iJ-tuO 

.0004 

.000004 


_L 

3 

4 6 

d 

UJ 

um 

1000 

/ 

X 


.l&7n 

.0117 .0023 

-0007 

-0003 

s x nr 

^ ixTor^ 

-1 


1 

l 

a-. 

-8 

-10 

-inn 

- IDtlfl 

/ 


.1675 

.0117 -0023 

■0007 

.00(1-1 

3xt 6" 

,f ’77iu T1T 

X 

1 

3 

4 G 


_10__ 

100 

HWO 

/ 

1 

-ISCtfl 

.015* .0040 

.(Klftflf 

,0010 

i0 -6 

jsr 9 


-1 

-3 

-4 -0 


ft 

-lfl- 

-inn — khm> 

_U _-a- 


/ -1 --laso -.&156 —.UlMe -JD030 -.CIO 10 —JO -iCl 

4. fix) = -X is E, H >, 1, G, d, m, LOU, LOUU JinJ x ir -l s ~'I : -1 : —ft, -S. -iO, -100, -1000. 
n- (a) 1'jihle A ?i. y(x) h|>|k-^ik to fc* appronebing 0 as j '‘vithou^ bonctd, 

Tahiti 4a 


Wft(d} lin^ — I 

(t>> o (*) jy^A= 


(a) I) {J) I in i 4: 

x—4 lk. j* 

(b) 0 (c - ) I in i 4- 

j—►—to jn* 


( a ) I] (d) 

(b) fl(fj Jhr^^ 


E 

1 

2 4 

0 

a 

10 

10* 

JUCJO 


-2 

-0.25 -0.0313 

-U-0003 

-0-0030 

-u.a™ 

-2x10^ 

-2x10^ 

(b) Sec Tabit 4b. 

/(x) ap]>eats 

no be appiriacliinK 0 

as j: dr^ertfrties '•vitbo'isr. bound, 



Table -lb 








T 

Vi 

-2 —4 

-0 

-a 

-10 

-too 

-IDflt) 

fix) = -?/* 4 

3 

0-23 0.0313 

0.0003 

0-0030 

0,0020 

2xJ0^ 

2x30 -9 
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plat "l* given the light. 

£j.g LliniL Theorem 13(i) it Is r = :'p ’.m havr 


h Csag Limit Theciern I3(ii) with r - 3 wc have 


.yyy? -5r,9sflw 




* is 2 r 6 . ID. ion, 10Q0 n EO-OOft, EOO.OOH ar<d * is -3. -fl, -10, — 100, -Jffl : LU.UUU. 

*. See Tikblit fti. /ijcj appears lo be appreui-cJunj, 0-5 as j iiier&TseR wjtbdir. hound. 

Table 3 a 


M -«« Tahir 8b. /(jc) n-ppears to he ap[jfrjnuJi.iiift 0.5 ay j 1 tiecreases without boLind.. 

Table Hb 


i,cl A pkst is giveii &i the right. 

^d) Tft tifti: l.isnrt Thcoxcm 13. divide nuiHcc-uror and denominator by x\ 


>e} Limit Theorem 1-3 gives the same result For j- 



_2 

-6 

-10 

—100 

-IfJW 

-10:000 

-100^00 

ITW^feV 

0.6*421 

(i.swss; 

U.fi353b 

0-503*0 

0-30035 


0.50000 
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* 10 m l ooo 10,000 immjw 


]Ti Exertfa* 11-30, find tht limit tupport jmar answer erotically 


* To apply Limit Theorem 13 we divide the numerator iuid denamiftfrtM by i. 

lim 6- llm 4- Urn f &_4(n) 

I-. r- .-1 O T r _. T— I — J •■ - » ‘ 


kim :i V L£ 

%Ve divide Lhe mimefAtor and dratamisurtoF by $ 

, * , , 4 + 4 Lim 4+ llm 3 

thn £™=fi* = " r^.. 


Dividing lb« jLumertttoF and tLetujmin^tar by J?" 
r.h« IkiRfi^t po^r of -r which apiH*sit*. we havr 


1 1 r r i 

~h 1J -i—1—1—^ 

-J -4 -3- —2 -*L[ 
-1 
-5| 

-5 

/i a 3 4 i 

Is 

/ 4 


--£ 

< i i i—i_i 

‘ -5 ^ -j "2 -C7 
-2 

Lj 

_ J 3 3 4 i 

i _ 
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B^r;ii:sL r dw biahjet*HJt bay the lumber decree, we Jirfii remove;; F^wrtor of ji 
the Tuimorator. Then *ve divide the nti m?rjimr denominato-i by j : 


(Theorem H[ii)) 


We divide the numea-ad-ur ninl d*im:n 
BrtiLiLSe i —► -oo, (lujji jc < 0 and, i/i 


■liavjiji <?f ^ by plaiting *jk 1 then compute the limit, 


iisrtAust both Lt-jjsjs hrtve in InnLe JimiEa, v*# ratimiajiH, 


US 

^-r7 ~i~ ■ ■ ^ 

_-lt_-L -£■ ^L-Z.j. 

zu 

_2_ i _i_ a. m_ 

_ji| 
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4 ^ATijc-a-l Asyjjjptotcp jii 


In 1^-cTci^fl 


;3 it 3- vrrlLcjnl MynnjptPte. 


2 ifr & h&ii&HinljiL asympltft^. 


Because: li n i —r r = 

a—+oo * ^ r- 

Th* >!.rapli ifr symmetric wi 


the graph is rtmtfjUrk «illi rtspccl tt* ths y a^i«- We ekftlch the groiili Tor ar > 0 
■tic ili e akotch. Because 


p? Be£A*i£c A(—?:J = Jt(*h 
■js#r jymmetiy In new up! 


I :e a hyri^onUL Mymplute. Because 


puEi-.ibk: vcrlical Myrnplotc. tiocn-usa J?' 
;*ppj9*du3 1 as * approar.h*H tl, then 


jmlJ £* ^ 0 if T = ft, w* Ltat 1 
uusairi'e number* a* ? appryfc 

if _ :i... - A 


's ufle the ;i.L™-vk 3in j 3is to ak^tch the ftiapb 
hr- .sketch. stiyw below, 


■iinJ we cofLcJ^tli^ that the line x — U "u- *■ vertical 
sr > i) arcd umo aymmeuy with ruapect in- ih^ y axi 


hljorrciHi 


F’serc 


Ijxcrcbyi: 3fi 


Emecjk on 


& Becanre 


I is a hffTiTnzital a&ymplu-ie. 


Because 

The gz*ph 5a symmetric with raped bo the point W,l)- 


1 is a vertical osy m pltftti 


■3 IS H horizontal asympto^. 


The STnT-ph h aymniatrit with i&phl to thr pm At (-1 



■ j - Domain: {t: | x| > 2). HocaiL&r: lim /(x) a -j-TC,-? — 2 is ■& vcfticftl asymptote, 

Vl-4 *-2 + 

}j* MJhr tim_ /(if} = +£3Cn.r = —2 Jm a vertical axyuiptoLe. 

_ T -+ 

Lim f\z) - 0 or ILm fix) = 0, y = 0 h a horizon tat asymptote. 

a-*-4tO X—■—3G 

fcciUM /(a) ia io even fusn-ctio-n^ tJit graph is symmetric with Lo ihe y axta. 

.£ 

P } %~^ 

iMoiiL.se j(-t) = the graph of p is symmeeru: with respect to the $ aids. We sketch the giaph Edi j > ft 
Hi us* symmoci-v to com pick- the sk'ti;h- 


lim p(x) = Lleel ——* = hm -- 

r-^-l-^; ‘ iL-^+o-' 4 — ^ _i. _ 1 

X 3 


ii._l ^ “1 if x > 2 , w+i cun ill ude that the line f , 1 — £ ir; ft horiznaLfd ; j _sy mplaic. zkutme t — z L -fl Lf 

: = ±2, wt tost the J;ne x = 2 as a poeatbk vertical asymptotu. (And by aymrncErj- i - -2-) Since i — t 2 
e^pTc-acties 0 through negative numbers as r —* 2 + 7 then 

'i 

lint g(x) - Jiln 2 — tv 

s^z 4- x^i - 4 - x 

It ooocEude that the line t - "J: is- a vertical asymptote. and the curve approaches the- asymptote From the 
m:: in the downward direction. $izit* -I ■ x t approaches G ihrough positive number* -i* r — J - , then 
2 

lim fffe) = Hm 4 . i = H-co 
x-*2” x-r2 - 4 — 

i* rcmdisde LhAt 1 1;m curve gpp to aches r,he asymptote iiam the left, in the upward direction. Becniafw j(0> — ft, 
kffCarvf contains the origin- We u*e the rufy^plote? the origin, and symmetry in draw the jfketrJi below. 

( y i i iJ • f i tv 1 1 t v 

t kii /: *f :V «e 


i" : 

Esercbe 39 

- _ 4x 2 _ *x 2 


Escrcisc 10 


Exercise 'll 


Excicisc 113 


lim = -l-oo or lim_ G(x) = -&>,x = 3 is a vertical aiymptott. 

E—^ X—k"5 

Si-Ciiuse Etm “Q(Ji) — -oo or Wm = ■+■:■», * = -£ if : ; n vertical -lisynirptOH"- 

E^-a' ? r—*—;t — 

=a^:au.te Lim G[x) - LLtn --—— = 4 ut lim Q(j) - 'i H jn- - 1 La a Lioriiontal aayttLpL:jte. 

^^4,^ r--+» 1 - » 

^ranstr ts ^0 flven run^iLon,. thr J^rnph is ^ymETHttik with Tesperi in r.he jy 

Fr .. _ —3x 

■ - J - —r-5-- 


3*k:.3sjs4; Jjjii Fix) — lieu —-, - 1 —-=-r — —3. u s — £ is jl Jmr:xoni.'t: ^Lsvniptobc. 

, —^ 7vT* 


Bexaus^- Lim l 7 (x) - lint 




- 3. ^ - J is i horizontal asymptote, 


Sttrause Ffx) :k An nrld fi.inci.ion, lh« .krnpl: in syrrirnHiir with rr^jirc.1, in l.he ruif.in. 
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TJlIJHt 


Bff.nhisc 


fl is a horizon Lai Mjnnploli 


A(j). th* graph yf fc hj iymmel-ic with to Ihc Otigiua. 

h La \ — cc,.— 3) U (3j i"CO)- 


^ Because *) • 
then r -hfl domain 


.■■mL: x"' ^ 1 li J > S. 

hcmiositaL asyfriptotc- 
[Afld by symmetry Jf 


DniTL^itl 


is ji v^rLitttl AsvmptQ&fl- 
,/2 Ls 3 vertical asymploic. 


Beca«S r - 


Bwausi' 


4 a- -in «bli^uc asyfliptoi 


■ ^1-lMl + yl-lM 

Ls aviomelric riI n.m: tilt y a^ss. Hence y = 

—■ .,- domain: {—00,-3) U [— 2,-+QQ) 

a -V j ) 

-3 is s ttiTilcai asymptote. 

ia a vertical aaymptoh;- 

/(sr'l = 0. y - tJ !K a horizoiiUl aflymplCite. 


#r i-s riK:> ;=ajl obJique asymptote 


Bskmulm 




B^LAuae 

The graph La symmetric whh r&p«: 
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c-ms 47 0-1, find '.he aajmptoti'n rsf t5ir graph of /, Cluck by plotting the graph and Uir ajvmptotti. 

=^ = * + 1+™T=.*+1-F-jW 

aiisfi Jim /(x) = +oo qt btcuu^ lim /«» = j-iisa vertical 
x-yJ ^ t— i L 

7L!itts Ssrri — & or bet&u&c _ Jim j(r) = f], j — x + ] ia a.u oblique asymptote. 


aisc Jim /(*)=+«■ and Jim /(i)-^, 

J—■—J + x—4" 

:ic^L vxy rjjpLole. Becanfic £1^ degree of the iuirn. 
r?e of [be CGOommu'.nr, t"h ^-r^- is an ubLique n*-yt 


■ 7 is an -oblique asymptote. ['he curve li^ abovt tJic asym- 
^) > V, i-h^t is if x i> -4| ajfifl IwiInTY the asymptote if x < - 

1 ■+ 3 +• ^ ,. = x + 3 + 


-■to. x - i hi a verticil! aiyntptoLe. 
# = x + 3 is an oblique aqynjazini*. 


r-ause 


-Q£, x — 1 is a vertkaJ a&ysnpboto. 
•J =x | j! is an flbiLqije asymptote. 


+rjt, <>r because lim 


, r = -^ is a vertical asymptote 
$ is an oblique <isymptotc. 


/(jsJ — *\-rx) and Jim^/(ar) = +c» 1 tbe line z = l ha vertLizaJ L -* 1 i ^ 

■*— 1™ 11 _ j. ^ “ 

™ And the curve appiuaelicy Ljie asymptote In tbe upward dirw-tim; 1 

3*b lh? right and From the left. Because . - ^ t T 

t{ T \ _ x^+Sx^ + Sx . rj _ i i d N iii B i i 

/()_ * s -al+i r1 ! J ; 

■1 the degree rif the numerstnjr is one more than ihe degree of (he dwwminator h we divide and obtain 


+W mr because lim 


U or beta us* li 


;ue Mym pi-rstc 


2 = Cl i> n vwtiir.nj asymptote, 
i- is a□ oblique asymptote. 


so 

.rr 

15 

i ^ 

L&. 



S- J ' 

_ > i 

^-TJ J 1 a 

i 

_l_1_1_L - i 1 ' , 


1 ] 4 6 3 
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In EHttitiQU ud 5ft, evaluate each Limit fimn ihc grftph of the function / in the fiksCeh 


to lim /(*) - 1 

——w 


to 'I™ /to = 1 

T_Jj _ 

(?) Lira /(ij = $ 

X-U* 


(*) liwj/to - 1 


(bi 

(d'i Jim_/(?] — oo 

j -i 

{*) = +” 
(to lim /(*)=- 2 

X—■-'"W 


l> 1 a ) _hfTi^/[x) = +C5C 

(c) Jim -2 

x—*—1 + 

t*) |pxn/(x) = -SO 

is) lira /(i) - 5 


(b) linn_/{*) = +oc 

W ]im /(■>=! 

(f)^/(*)=a 

ib) lim — 3 

- " U —“+SC 



■buae domain ie Jt- 


ln Exercises 57 ,-inci 5H skrtlrh the graph of a funcLJon / s&lisfying the given pmueTisrs nniJ 

57. /(—4) - 0, /(-2> = 0; /(0) = 3;, /{ 2 )/(♦}=«; t *, j 




60. W{*) = f737- 
at N < 0 such tha-i 


ah X >0 such that 


If x > N then x > * - l 
Tju- Khave. holds if wt take ft — ; 1-1 


The above bolds if we take N 


61. (a) lim /(a?) = w- given any Lumber N < U l here ia * number M > 0 such that if it S- M then /(*} < K- 
fb) r lim f(s ) - -*-■»: given w Bomber N' > 0 there i& a number M C Cl such ihal if t C M Lbeu /(at) > N 

2—H-OO 

(e.] lim /{j;) = -sc: given any number JS < 0 there ia -u. number M < 0 snch that. ^ s< M then /(#) < N- 

J—■—3C- 

(jive^i &p ■£ > 0 "J^e seek mi JS < 0 such Lha.t if & < & i , hf-o — fl | < f then 11 1 ’ > 7 - BeeauEe e >| 

Lf jc < N tJien | x| > (i)^. This holds sf wr r,aJ<e N = —jj-Y^. 
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rztyva l hoi Hm 4} - voby showing [.hat 

X — i-i-OOi 

fat any N > U there exists iisL M !> Q iHidi. lliiit if X > M lJlkil x 3 — \ > ft. (I) 

&l?U!aunl (1) is equivalent lu 
if f >M then x 3 > A + N 
B^duse M > 0 then ar > D Ajid_ we have 
if x > M then jt > /TTn 
T his holds if we loke M - \/4 + N. 

Prove that lint (fi — z - r 2 } = -go. 

I—I+OO 

L sing 61 (-t-Jl piv^n «t nuTnhL'T M < 0 wc shJc an M > 0 su^h ib.nl 
If s > it then t — e - x s < N 
■= If z > M then fi - x <T N 

■=■ |f x > M t.hen x > G — hi 

The above bolds if we hike M = 6 X, 

SUMMARY Ol 1 SKETCHING UlLAFlIS OF FUNCTIONS 

_?hiin ii i^lrh nf ihf giriph of n. finer ion j\ jimr^c! rr- f-nllm,v.-: 

1. Determine the domain of /. 

2 Find any x and rj intenetpts. Yejil may nerd to apprGtfimatr- the root* of fyr.) = 0 on your calculator, 

Test for symmetry. The graph is Kyjnjsietrsr. ivjIIl icspra"- ui lIk; ^ n s is i: / ]■. -m hy+ul fujintlo . d with 

respect to the origin if / is an odd function. The graph of rt cubic puiynamaal is symmetric with respect to 
Its point uF inflection. 

■5. Choci sot asymptotes. If fix) — jjzJ/Afj’): 

a. i = a is a vertical asymptote LF A(a) - aud 0 ( 0 ) ^ 0. 

b- y = rs a horizontal ^yniptot* If Itm /(x) - & or Lim /(x) - £ r 

r—*■—rr- £■--*xec 

r- y = iTix -+ -6 is an oblique asymptote if g and ft are polynomials, the degree of £ is one more than the 
degree of ft, and Jong division gives a quotient of jttc + b. 

a. Cu-jjjpUte /Tx) Acid /*[rj. FictEJiiEiy is usually helpful. 

5. DcterJnilie the critical numbers of /. These are the values of x :n Lhe domain of / lor which either f f (x) 
does not e.iist or /V)=0' 

7. Us* the numhefA of Slip G, ns\ u'<;IE ts number? al whjcti / is not defined, and Ulc firsl derivative to locale 
jutrYvnl^ whrrr / increaring (/ r (x) > UJ ^rid decreasing (/'(x) < O' and icIntiTe maxima (wbete / 
ebar^rs fynm increasing r .o decreasing) and minima (where / changes from decreasing to increasing^ A 
table may bo helpful. Include I-aided limits at ir = it which difTcj from /(a), ben IS, 

?. 0eL«r[ELiri4i Ibn LnLi^nS ruirnltsra e d thai |s n the vjiIucs x lr jf w3 li^ll /*£*} do^ not i L JfiSt nr x ij. 

9. Slac the numbcTS of step ft. a^ wdl m numbers at wliich / is aot defined, and the firannd dcrsvAtive to Ineatc 
intervals- where the jTrspb is crHirave upward > CJ) and down wibteI (/ U ^x) <; 0) and |KkinLs <jf inflecLlchia 

(whoJe MucivUy chauges-, provided tbc graph hM a Litngcr.t lino iberc}- A lablc may be helpful. 

1C- ^v.ihiatr /(jt) at each number determined in s-teps 6 and 6 and at one number iu each interval where thr 
graph Jt unbounded. Join eonaeeutlve points where it is possible to do so without leaving the domain of / 
Bow teiqrvf? ||ye. chord i tt Tilt inOtfVftl Whtrt th* graph w upward, and ahk>ve the chord 

wher^ r- is concave downward- 



1r Exercises 1 24, f sketch the Eiapn of f ny first finding iLi r* following: thy rchuciv^ Hixlr^rriiL <?f /; l h« pulriLs 

LnftMtlrtn rtf th* graph rtf Zi the inl^rvjds or, which f is incrM?-mg AT.d Jhnse on which / i* dftcrpjwing; wh<?m! 
graph is rcmcavn upward: wlwtf it is roncr.ve downward- the sJope cd any inflectional tangent; and the horiaon 
vertical! and obliqu-E asymptotes. if there are any Incorporate E-tus in format ion into a table. 

I. /(x) =x 4 ~ 3 x* + 3 x 2 +l; /'(r> = 4 i A - 9 x 2 + 6 x; /*(xl - I 2 x 2 - tSx +G ■ fi( 2 *~ l){x - 1 ) 


/!» 


f Ls/h^ n graph is/haa a 

dwtWiins f^nt::iVR upward 

relative minimum concave upward 


ir ^ U 
X — Ij 


tULJ<_iV£ irpVrdKd 

point of inflection 

oonfAVR dciwjvwn'nj 

point oE inflection 
concave upward 


increaaaiLjf, 

increasing 

increasing 

increasing 


i Here an t ci e 


ficc = Sici-a) 


1M. 

-=-L 

0 

4 ,i—r 

it 

++=+ 

+ 

+ 


graph is/ha* n 
c.omiave upwaref 
point of infliction 

COnrnvR rL-uwjLWJird 

point -of inflection 
concave upward 


rw 

a 


/ W^r-an 

i ccTCP^h r 


J <D 

if -= 0 

U <* <3 
i = S 
3ci<S 
i = 3 

x > :h 


itaitonan 


^ecrcrifiiitg 

tii'crrattiug 

rereading 


relative minimum cOUtave upward 
ijLLreasLoj! concave upward 


U- /(sr) = ^x 1 - ^x 3 - x 3 + 3 ; / (a) = z 


/ J (j) - De x = C, -l n 2, Set / ff [±J = 0: x ^ r t = -—^ -U-55, x - x 3 = 1 + ^ 


/ itfhax * graph is/hitH a 

decica*ln£ c.onrn'VH! i:pwn.-d 

restive minimum concave -upward 

increasing concave upward 

incressjng pu::ll uf colkctioo 

increasing cotter downward 

relative maximum co nr a-vc dnwnw&t-rl 
dtfCJCfr$in£ ocmcavc downward 

decTca^ing point of inflection 

dsCZea^Log (Toncave upward 

ralj-tivn'! minim urn concave upward 

Lncreflfnnjp Hiiineave upward 


£< - 1 
X — —I 
-1< r <± 

S — SCj 

z. < x < D 


[!..>■ 


0,78 


r = u 


-0.1 


— L .67 


4. /(x) x x - If -+ L6sc 

* J'(£) =4r S -113r S + 16 - 4(x 3 -^x : + 4) 

because /l -1') =0, then by the facioi thwrtns ±-r 1 is a factor of /'(x) nnd 


^=[*+1)^-2) 


Thr ci-itical ni£mbt:s of / are — L and 2. bee labLc a 
/^x) = I 2 ar a - S 4 s = l£x[r - 2 ) 

The critLcaJ mimbera --jf f f are Q and 2. Sc^ ErtcaiLte / it -a prjJynojnia] 

Junction, there are art ^yrtipiotes. There i* svxnmriTy. A sketch is at thn: right 
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SUMMARY OF SKETCHING CFLAHiS Of FUNCTIONS- 2ifl 


djccrcaa: 


7'dA.tiw 


dcercasiHg. 


c&nc.avt upward 
hiLaiivs minimum concave upv^crd 
iftLJCftsmg e&ncjive npw.-ird 

irareasmft: uu\ a. paint, td inflection 
sncr&asi xr concave upward 


+ ^ + f|>) = 2^ + 12* a + 12» = ^rj* 3 ( * h 1) 

5k.h.uj*5 s'"* + Z ->- 1 i= (jt + jj 3 j ^ > ft, ^ = 0 ig the cm!y rritLcaJ aL2:ibtfI of f. 

L' T < ■& then f*(x) <r ft Mid if X > 0 then /'(sr) > o, Thus / is dec.u^ing on 
(-co>ff], Lncreaaki# an [0 h +«0 and / has a rdsiivc minimum vjtlne at D of—4. 

A*) = Sfil 1 + 2Hx +12 - S6(a a -+ |i + i) = 3«[(* + j;. 2 +|j > 0 

Thti= the graph of f is contave upward everywhere arid haa no point of inflection 
Time ?ie no -asymptotes or symmetry. f{ — ] j — J and /( 1'j _ 9. 

hjIb /*' 3 if*< 0 , F r f _i fSa; if* < 0 . ,, /4rl if ^ c 0 

> \2* ifO<* if I) < 1 

/(*) = Q: * = -0- /*(0] does not exist bwausc /*_f0) = 2 w*d /\ (0) ^ 4. 



-JW 

/’(«> i 

J3iU 

/ ia/bas a giaph ta/hfls a 

0 


- 

4* 

decreasing coucave u p'wftrd 

■7 = 1? 

0 

0 

d.u.e. 

rHnhivr minimum tc-ncare upward 

0<as 


+ 

+ 

]ii<feaaJjj^ concave upward 










SeL f*{x) — fls J: = fl. SdL /*[x) = 0; x = 



/(*'> /'W 

E < 

- 

j — fn 

D 0 

:. 

Y 

o 

+ 


t-0 0 

0 < 3T 


d*e*fc&iiitg ft.TjCftve upward 

relsliv* iiiinimvEA poL&L cf LuDects&n 
mewapiag cftnewu upward 





















SUMMARY OF SKETCHING 


GRAPHS OP FU 


'CTIOH; 


*z ^Sa^+Sar 1 

Secausc / ia an rvtrl function, tV- graph of / is symmetric with respect £o tb? 
tr £-i TJwrc arc no asymptotes. 

/'(*) ^ l^B* -I- Ef)! 2 = lOJ■ i (j 1 + ] | 
j*(r} = + 30x = + L) 

W ;'. x) — 0, then jj = ft, and. thus U js Lbe only critical niLEdbcr ol / Because iYt 

JP x> ft if s 0, then / is increasing fln (- 00 , 4oo) end so / Juta no relative / 

*r.rem,a. FiieLdusi /^(xj < 0 IT x < D juid jf" r (x) > D if x > 13 then Lite irrupli uf / in f 

dtFWl'i.wwd if * 0^ OGftcsi^ upward jf X > o, 5ULL) (0,0) is a [M\nl of / 

ItLKtion- The tangent line at that point Is the z axis because /'(G) - 0. * 

i = (b -l ] ) :i (x - 2) 2 

■p) = 4 l) a (* - 2}* + 2(s - 2) (* + l) 3 = (* + 1 ) a (i - 2) [3(a -J) + 2 (t t I )] = {1 4 1 ) 2 ( 

/*:*)= 2(x + J ){*x 3 - 14* - S) + {± + J )*( Mr - 14) = 2(x - L)[[.*!* - 14* 4 fl) 4 fox - 7)(x ■ 

8wa Jj s . ■ 

Sfs / r £t) = D: 1 = -l f p 2. ket /*>(*) =ft:x = -J, c = x 3 s -—^^ fi.GGf> ? x = =r-p 


x 2 (x 4 l] a F /-'(x) - ;,rx[x + 4) J 4 3r J (i: 44V 
= 4(x 4 4)(5s 3 4 His -I- S). Set /'{j ) =■ 0: x ^ 


Jf(5x + 6J 



/w 

m 

n*> 

/ ii;/lias a 

graph b/has a 

f < -1 


4 

“ 

ijicjeasin^ 

OOBWiVe dov.'ii'r.-n.n] 

X = -1 

D 

0 

0 

aciiionit-jj 

|.>::• i 11 1 *.■[ irtnnnlLDn 

- I < X < x 1 


+ 

+ 


cojitavc up^ar-d 

X = X| 

4,32 

My 

0 

mcrcasang 

point of ijinection 

1 


+ 

- 

tncreaflliig 

concave downward 

II 

i 

MQ 

0 

- 

relative msYimim 

COJpCAvr: dc.Wii 'Ifiwrt 

| < X < X 2 


- 

- 

4]ftTTML , =idp 

conravc d^wn^ard 

J - Xj 

a.52 

-11.0 

0 

ilecraasjjig 

point of Lnlleclion 

i- < i < 2 


“ 

4 

ducreafljjig 

ftCtflJtAVe llTJWrlTLL 


0 

0 

+ 

iel ali ye rpii ri ijjj'j m 

coneivc npwaid 



+ 

-r 

intioasLDg 

concave npverd 


11 

1: *=2. - 
/(*) 

a»j » 
prk 

ncvci 0. f 

1 r(xj 

(2} does n*t emt. 

/ is/h^.1 rt 

i^raph is/ha* a 

r <2 




4 

decreasing 

concave upward 

r = 2 

0 

0 



aTationajy 

point of i^nr-d-ion 

J <x 


- 


- 


cuiicdve dui.Tni.'r-ard 


S* /'(*} = H: at = -4. x = r 3 - -jj{4 ^ y'fi) K —2_.=iS, i 


= -|(4 - V^) * -0.62 



I M 



/ >H/haa a 

graph is/hns a 

r< -4 

4 

“■ 

Lti creating 

COntaVfc [Ih3t. ji warrE 

r = -4 0 

D 

0 

statlormry 

point of irifl^cLLmi 

-4 < x < x 1 

+ 

4 

Lacfcaaing 

t«l»ve npivard 

ij 

II 

jO 

+ 

0 

incr^wirg 

poin; of inflection 


+ 

“ 

incraflitg 

concave do^TiVL-did 

i = -1 


- 

relative mavimiim 

co^raw. downward 

I c j-j 

- 

— 

drrrrvtsmp 

*-nnri?LV-r drninwnTrl 

j - j s 14-9 

- 

0 

decreasing 

point of inflection 

I,CI<0 

- 

+ 

decreasing 

concave upward 

x = 0 0 

0 

+ 

relative cnimnjuiTL 

caiLCdve npwvirt: 


, 4r 

+ 

incxewing 

concave npwMtjj 



TYZ BEHAVIOR OF FUNCTIONS A':-"D TEJEIEL GRAPHS, EXTREME FUWCTLON VALUES. AND A P PR OX IMATI ON S 


tt < t < fr y— — |-iOif jir ^ ^ T 

J ajid iim /iVl — 0, / is dfficoatinumis al 


Hra:mzsrt LLttt 


\z} is never 4 j. 


increasing concave oowjiwar a 

jump of -1 break 

idative mm i mum no point uf inflection 
i rici-aefliiLg raja cave downward 


f —t < t < 0 

f 0 < j: < T 
.Kcemtmuous at 0- 


f J {ft) does not Kilst. /*(—jt) = 0 And /*( 


mcieasfcflg concave iipwaTo 

Lncjeasing point o£ inflation 

increasing wIicavs downward 

relative ma^raum no point of inflection 
jump — 1 break 

mcreaang concave upward 

jjlc teasing [point, of inflection 

increasing concave downward 


+ I+JM: /'(*) = ! 


Set /■'>;. - 0 : r - I). j T'li-re i- i.f -..lice 01 Z kc , .v'-ik::i f'V ' 
lim + /fs} — 4on h jf = 1 is a vertical asymptote. Because ^lim 

i4 1 is wi oblique asymptote, The graph ss symmetric w 



/!» 

m 

/V) 

/ is/has * graph is/W 1 * a 

T -C. 0 


4 

— 

intytafling concave downward 

■e — 0 

LI 

ft 

— 

relative maximum concave downward 

u c z- < 1 


_ 

- 

decreasing concave downv/Atd 

I - 1 

d.mc. 

<U.e. 

d.it.c. 

vertical asymptole 

1 < I < 2 


_ 

4 

decreasing concave li [PM-ard 

x-2 

4 

0 

4 

A relative minim unsoncave upward 

2<z 


4 

4 

increasing concave upward 




3 . ft SUMMARY OF SKETCHiVCE GRAPHS OF FUNCTIONS 233 


s^t /'(x) = fit ± - a. There «c iw vaJus of x for nrh^ch / J - 0- Because 
lim fx) = 1. y — 1 ^ horizontal asymptote- Because hm f{z)= -oo ?u 

»-» r —C 

feyf ife) = —oo 7 x — —I and x — ] Art vtxiieftl iiympto!r?- 

Bfttaus* / i& even, the gr^ph itf syoma etrie with ihsh to -he y sixes. 

I [(t\ ft i) ! / is/ha* a spapti b/has a 


3jt COiacaVe L prtfffttd 

vettkil aaymptotr 

rr-nr-avr 4 Sow. i vVdxd 
vm±jOHif££ eoccii-e dovrawanrl 
Ejj concave duwiL'ivai’d 

vetEkai a^mptole 
HE toraife upw*rti 


> Because x t 


£—+oo ' x-t-Hw- ! — 4fx 2 

the x axis ijs a horizontal asymptote. By the. quotient fife 


:2;erv 


of tafleetton aj^l Lh« sLupe of the 
, shown abo-^e. is symmetric. wlih 



/{*) /'W 

A>.) 

/ h/ha£ a 

graph is/tias a 

X <■ z 1 

+ 

- 


concave downward 

JP = II 

-0.32 D 

— 

relative isaiimum 

CCEK-^V* downward 

A 

c-; 

- 

- 

decreasing 

Wiv£ downward: 

J = 0 

d.n.e. d.o.c. 

d-E-e- 


vertical .x^-tnpLote 

3 < x < ss 3 

- 

+ 

GecresslRg 

eoueave upw&jd 


J2.3-2 D 

+ 

rtLaiive minimum 

CfflTCJltfK upw aid 

jfj < X 

+ 

+ 

incifwitg 

concave upward 



BEHAVIOR OP FUNCTIONS AND TF3EIR CtRAPHS, EXTREME H S’CTION VAL1 FIS, ASO APPROXIMATIONS 


dwiiu't tXHt 


didn't i-;i 


J-L-L": LI' L tXLSt 


IVTlifJlJ 


^ouca\-c 


i r.l Iti'-feVM 


L'CMi-CfLVr 


ilffljp._UJHI&ld 


iajjtc'Jcui _dd>myj 


&4 /'(*> s. fc * = 4 !. Set /*£*) — (Fj j t- U, * i/3. 

Because fan /f-r) = 0 or behOftW LI rn /(±) = Q r jf = 0 ts i horizontal asymptote, 

t“—-SC 

/{t ; is ?sn lk!c funcLLOtj, the £faph is symmetric ^ilh respect to the origin- 


£*4 f*{f) = C: r " 0, 1 /5- ^ rL /( r ) “ P : " “ 0- Ei-m +&£ and 3aift /[*) 

i*—«—i ^ X—rl * 

and t - i are vertical anymptoUs. BOca-iiFe lim, — 0 oi fatausr lim ■ := 3). y =. 
asymptote, Because / is aa odd fume; ion, ? .hc gf^ta :5 symmetric wqih jcspwt L> lW onpjrj- 



/(*) 

/*w 

ru) 

/ in/h^-s : L - 

j?,rjipii u/I&mAa 

I c -/J 


4 

— 

ine teaming 

tuiitavc downward 

x -/i 

-3/3 

0 

- 

rdaiive mwnriHim 

cnLfrii-e drrwnT- arti 

-/5c=< i 


- 

- 

decreasing 

cuteavt coiviawaif: 

£ = -I 

-1 <r<0 


d-n-c- 

r!. ra.p-. 

4- 

decreasing 

vi'rlkn] uympitebf 
coauve upward 

oi- 

ll 

*■ 

P 

0 

Cf 

nIaUpdii^ 

point nrinfUexion 

Q<.Jr< 1 


- 

- 

decreasing 

foncavc 

f = 1 

1 < £ < 


d-.n^ 

d.ni.* 

+ 

deowans 

vcftkd aiymptofr 
edrjeavs upward 

* = ^ 

i/s 

0 

+ 

relative? miHLrs,um 

eMWAV* -Jiw^prl 

VS < JT 

+ 

+ 

iiieiuni^ 

concave upward 


1 /fr) 

riA 

r» 

/ is/has a 

graph kfaLs-t 

r < 



dwrettisiisg 

ijoeKAv^ sLdwhwhpJ 

T ~ ~ V 3- "TV 

i 

4 ' 

D 

decreasing 

of Luflccuon 

/3<*< I 


4 

derreuwLag 

Ti)[)e3.vf upT^ojd 

a: = -1 - 1 

fl 

4 

relative minimum 

concave -ipivAjd 

-1 C r < U 

4 

4 

inncAidaft 

Lssrjc^.v4i upward 

fl 

2 

n 

increasing 

poiat d" inflexion 

ti< J5 C 1 

+ 

- 


EOisirave dowae, r ard 

I — I 1 

0 

- 

relative 

co™;4v-r iJ^wirMfahd 


- 

- 


tor;cav£ dowaward 

*-/3 |/3 

4 


dp^rt^sinfl 

ps^iml nf i’nfLre-liici-hi 

V5 < t 


4 

[IilcthAsiji^ 

eojitive downward 





1,5 SUMMARY OF SKETCHING GRAPHS OF FUNCTIONS 231 


n *j - if*+1) - v^+k*+v V3 i* - *r 2/3 

n *}=->+irffe - rr)K irwfr -*r i/s f*-ij+r*+») 

= -4(= + ! r d 1 ■ V - i}“ '■ J [(* - 2)(* - I;+ 2[x -I-:)(x - 1} - 3(1+ ]X* -2}j - -2(x - I )' ■' iy V- 2)- s/3 

Srt /'(*} - 0 : x _ 1 . Hxj it ntvei 0 , /'(-I). /'':-]), /"(2) d» r,ol Ticist. 

To fiJww iJiat y - T is ±Ln asyniprolft. w-h uw« I lie sij hfcE.i Lulifiri u — 1 x Llit defitiLtLoft. «f derivative. 

- *1 ” * r " *ttl + l/*> a/a t I - 2/*) 11/1 -1 ] - 15*1 

X- 1r TOC T — CC 1 •-* 


= [§tl I ’jr t/s {] 2 w)^* + {l+v) i/S - 3 (- 2 J(l- 2 ™) _S/S ] tii 


1 m m 

m 

/ R/b« ni 

pjnpli is/h;-Li a 

E < + 

4- 


enuvt upward 

i--l 0 d.n.e. 

d.n.o. 

irialivv cnajramrm 

vor'irnl LpTrip^ni 

-1 c J 

+ 

deCJtlilaiElj]; 

cotfbt&vt upward 

I _ ] -4 ]/ * 0 

+ 

Tfia'ivc minimum 

TCJJicjLvr upward 

fe-* 

A 

H 

A 

4 

+ 

j Sit rtaiL lift 

couovc upward 

j = s 0 a.fl.c-. 

d-H-r. 

vf-ftirrad Ijm^ntii 

fKwfll flrisiff-retifm 

+ 

- 

iifcctoaaHi£ 

eoueave downward 


s' 

1 

1 

] 

17 j* 

/ f 

J f 

[f ij i,,. t . * 

; 1 ; 2 ^ 

j* -j 

. J J 3 4 5 

/ -4 

r 


Itecaus* x' — fl - D if j: - ±3.. the Lines t — 3 and t — -II are vcilki; 
asymptote*. Thr line^ - ; U* horisonul s^ymptou bctuu*e 
I - \/tP 

Jim /(x) - Urn -——5 a 3 

X—t-T'IO X-H-iKJ I — |?/x 

J la hji fvt-n fiLticE it»n, ibi^ gjapla ia Hy mmtlxic with Fir-prcl to lltf y aKafl. 

m - v^w 

Th* OffcLy trlritAl Eiujitli«r IS 0- TaLIt I-. \nw 

Tahir a 


/'(r)s-tQl(* , -V)- !r 

= -WJ*( *)(*» «.-“(*•; I (r 5 •«)-*]= i*(x» »)-*| I- 3 - ^ - 3)] 


= JOOr*-SrV , + 3>=; 


30(-- 2 ■ 3) 


Thus f qfstixal ouraljfiTn so rhere are eo points (jf itifieeiio".. Se* PabLe b Ibe j?raph as ai the m^h' 


-3 -ki^O 


't fjtisl 


rLiimn'I. rt r. 1 


J iDtreiSLn.c 
■j_ i->c h -S, 


duon'l -ejc ini- 
does sot 


/w /{--(j=¥ 


lDOvaps^ 

-.■n-n -j—-0J -_i 
/{-2) = 0 


dctieasing toes ooi d&rrcssjii^ 

tan [Cl. 3)_trial_on (3. +« )_ 

/(2)-0 /W-" 





236 HEHAVtffft W POKCTtQJfiS tlUOK GKAJ'liS. txt(?E.MLl HjNCJD&H VALUES, A>^ AJWGJUMAlWIS 


Tibk fa 



JC < - 3 

J- -3 

-3 < T < 3 

^3 

*;>3 

S0{* ? | *} 

+ 

4 

4 

4 

4 

l/(x4 3J? 

- 

ftoflffl'i txLit 

4 

4 

4 

l/(—9f 

- 

- 

- 

dcKSIl't MJKl 

4 

/'!» 

+ 

doan'l t\isl 


dPCsn*L 

+ 

rtrafhK i*/ 

«BW* 

■vertical 

eoftcMV* 

v«tk*l 

C0*vCiV* 


1 c Exercises 35 33. •■&) plot iV graphs of /, /^, iuwl /' and esuiLiau the MlowLiag: she retail ve esJrem^ £nf /; Utt 
print* of inflection rtf thr graph of /; tbe interval* on which / v incranfdng jutd those mi winch / is deerewiu^i 
wfebtit the graph is-concave upwwd; v.-b-^r^ ?*■ in ojAtH-Ve downward. >;b) tjoQiirE. analytically and incorporate- 
inftsmittiann i mI^i- 4 i 3,?Ek. T1w!n nkiM_c.h the nr*ph rtf /- 

SS. /(r) - jr* + 2 x a - 13 r*~ i 4 i*+ 2 <: f(x) = 4x : * + 6* 1 — J 6 r - M - 2 ( 2 * + 1 )(I s 4 - z - i"Ji 

f r (t) - 12X 1 + I2x - 26- Set f'(x) = ft: t = -|, x -*, = ~ym -|ss -2-19, i=z 3 = ft 5.19 

Set f{x) -Q-, x-x s = -g(v^ + 4 )** — 10 S. i =r 4 =-^(■h/Et — 3 }ft 1 .G&.Ttregrajib ftppwts to be 
symmetric wii]i rvaprci la [be luse ± — —Substituting r — ■' J »n get j (-■ — u -1 — ^-zi^ 4^4 which is even, 



: /(*) rw 

/V; 

/ iH/h.V A 

Kr*pii ih/b»4 

* < *t 

- 

4 

decwasjng 

coicai'c upward 

I=I ] 

—25 o 

+ 

jclaLJvc cniaimuiB ^ooeiivd upward 

2 B < X < SFj 

i 

| 4 

iftefeaaing 

concave upward 


u 

= 6 

IncEABfling 

poSnl uf (nflecdiEH! 

*5 < * < "J 

I + 

i - 

Ijittfa-infl 

concave covrawoin 

T _ 1 • 

x “5 

til 

"ig" IJ 

— 

leJativt raiiELniuraccinrAVK do-wnwand 

"j< r < ?i 


— 

dMKUU^ 

concave ^ovniwriid 

±-I 4 

3*i 

: 6 

dKieasin^ 

poflrt uf cn n«cLuai 

*4 < * < t j 

“ 

! 4 

dwuHiKg 

concave upward 

ar=ar 2 

-35 0 

4 

niaiivK mini mum odek^vp iLpwnnJ 

*1< f 

4 

1 4 

Inert'ii^iriK 

concave npftffl 


W. /(*} 2 *’ - l^ + SSx 1 - 12 i - lfc f{x) - Sr® - 45 r* - Mi - 12 = (* - 2 }( 6 z 3 - 29 x +ft) 

fix) = 24 ** - 90i 4 64, Set /'(i) =r.O: * ~ J, i = r L = ^2S - Jw) « 0-22^ = x 3 - &29 4 i/ii9} ~ 2,4ft 
Sm /’(*) - ft: i - *3 - jf{4S - VS5j « 0-55- *-»<-^(« + \Z4BS) » 2 SO 



/f*> 


rw 

/ is/has a 

graph ia/ho# 

1 


- 

4 

ekruiitig 

concave vpw-srd 

x = ri 

-9.17 

0 

4 

rdalsve miEdmuns concave upward 

= i< T 


4 

4 

iHCHaturtg 

coneavt! upward 

1 ■= r 3 

-5-W3 

4 

U 

inawg 

posn H , of infl<wtio:i 

< j 1 < 3 


4 

- 

inirf a&mg 

COEKAVC dowTt-Vir^jd 

i rrj 

D 

0 

— 

relative mMdm^mconravft itownwwd 

a < r < 4 c 4 


- 

- 

d«?frHAinjj; 

eOBtfcS'e dnwnwrttd 

I! 

+4 

-9.76 


0 

dfOTWsairg 

jjn4i rtf LnfletLton 

r t C f < * a 


— 

4 

cLrCJfitt^EI^ 

cDteavc upward 

r =*a 

-17,35 

0 

4 

iela J % ive mip-imiacn cnncnvR upW-itd 

Tj ^-F 


4 

4 

iJ.4.r4Jo=LL^ 

coaeave upward 






3-S SUMMARY OF SKETCHING GfLAFRS fir FtN'CTEONS W 


/■» _ 2b - - A I — J -1 if 5 < e < 3 ; /"*(*} = i -2 t if -5 <, -z 

Lat^ — ^5 if x > 5 Ijjf if x > 5 

f(0) - 0 . /'f— 5 ), / P f^H / r ( 5 ), and /'( 5 ) do not t 
Because / is even, 6he graph is symmetric wilt respccl lo ita y -mis, 


The doniaia of / is [—m.- j-ao). Because / is ao odd fuhcJiEcin Lhn grapjt i.-i 
iymmrtjie wEtfa rcsp^t lo the origin- Tfcfc a?* no wyrtptoWi. 


The critical numtai? f^r / jh? -I, 0, -mu! L S*w the iJiJita. 


' w 5* 

Ili-p critical number for f is (?• Hseauic f*{x) > 0 if s < Q. J*{x) < fl if x < O 
and the graph of / has a vertical jll * — ft, then the .graph of / is 

««*¥* ifc|twnrd if X < 0. toctfavc dowiiwwd :f X > tj. nad th* aright in 4 point of 
inflection, 'J'he graph is a& the right. 


Lntfe&SLi^ ^nnTiive upward 

rrJnti vi* mini mu m cowav^ upward 

increasing eoat&ve upward 

urKtCJd In.np’nl pnint of mflrECmn 

LDCZtasillg Mncavfi downwsird 

increasing point of inflexion 

id « easing concave upwaxd 




/'M 

m 

/ is/Kas ?* 

grapfci ls/Km i 

i<-b 


- 

4 

decreasing 

concave- upwaid 

X =. -ft 

D 

d_a.e. 

d.a.e. 

Motive minimum 

no RlELwIboh 

-5 < * < 0 


+ 

— 

increasing 

concave downward 

r = 0 

25 

B 

— 

tcL&ljve maximum 

Cone aw dowsiwjLnt 

9 < i < !? 


- 

* 

dprnrxci ng 

™r.nw rlriwqwrinrjt 

r = 5 

0 

d.n.t. 

d-iLt. 

[dative minim urn 

:i li inflection 

5 <: 


4 

4 

\xtmmn§ 

CODUVC uptfafd 


*<-i 

£ = -1 

-l<a:<0 X - o 

0 < T < 1 

X = I 

X>1 

l +,M* 

0 

4 4 

4 

4 

4 

l-*VS 4- 

4 

4 4 

4 

n 

- 

I/.** + 

+ 

4 4» 

4 

4 

4 

m 

0 

4 400 

4 

0 

- 

/ ta/ [irerpj^saag 

rdiAivr 

jticre-iaLBg on [-3, 

” 

tt\UWn 

doer casing 

ha* a on f—i] 

minimum 

vertical l*ngmt it x 


raisimiitn 

On |1 ,+oq) 

fa) \ - o 

-2 

0 


a 

f&i/S)-* 


1 

P 

\ /"^l 

t\ j 

\ /» 

[ \ / 


1 - \ / 

V . . 5 | 

r. V, 

-* -4 -Z 

2 4 ^ 




aiiirAVJftft functions Tns:m tiitAj-Hs:, esthEmc function vau:fw. and ^h^AXIMatiow 


30- /(£) - x^y/A - x. Fts domain of / i* (-**>*]- 

/'(t) = 2r(*1 *) ]/i - ji J (4 - -*) - * J S - jif'l - *)“’ /a ( W* - ®x J ) 

/'(x) **r l/, (w-m*) 

= ^- 5* J +2(4 - iKIO-W*) i = }<4-*r"*(15«*- 96x +12*} 


s*t/'(x) = 0 : * = n.a.a 

«i - ? Jb 

Sei / (xj = 0; x = x, - - ~^5 - 


« 1,M; i, 


i- T — iLtily - a: *.S ii not, tsi i!ic tkioiain of t. 


15 



/(*! 

/w 

/'(*) 

/ 5i/hai a 

ftjaph in/J im a 

3" < 0 



4 

decreasing. 

□wmw upward 

JP — I'l 

0 

0 

+ 

F^|jttL« miiunumt 

teocuw uijiw-at-d 

Cl < p <■ & L 


+ 

4 

increasing 

coficaw -up^jird 

’ - I, 

5.2ti 

+ 

0 

iBicreaiLng 

point af iufkcLien 

* 1 

-, ^ £ < 3,2 


+ 

** 

1 iiprr™irijl 

cancaiie downward 

1 

T - ,1.2 

C l Is 

0 

_ 

relative ma^iruitm cmlw** downward 

^.S<3-<4 



- 

dqCrrw-lug 

GOttCavr [InWriffAra 

x = 4 

0 







31- /(e) = 5)11.1+ toir, z- [-».*|j /'W = “I'® ^ i“(fi “ -»ln *-™nr 
Sflt j'{i) x 0: * — 4r, Jt. S*t /'(l) = 0: X — —V T 


32- 

> 



/£*) - 3 rin 2* - A e<* iF ? f6 ! 

/ ]* jM:#3Qdk irfiiSt i^ri-pd t aaid Amplitude 
/'{r} = ( iiia 2 e 4 lO*is 2a: 

5*1 /'(*) « Qi 
6ewf^+305in- x -G 

3 


tan. "ir ^ 


(*{x) = -12 sin I** St ** 2s 

5ri /*(*) = 0: 

-12 sin 2i +W cob Sx - 0 

Iojs — | 


-«" i i 


2 x - — t-dJ-l “' f, 2 t - * 

-J twi" 1 £ os -flrSS 

3 T -r r 7 = ^TT - \ t*n _L l te S -30 


Septan [ {p, 2x =4 mi _i j-ff 

X = X;j = £ tin -1 j M 1 -05 
x = ^ UaA 1 C-5S 



m 

f'W 

1 

/ m/has n 

gT&ph ln_/l3as 3 

j ^ , 




djcciew^n^ 

do^PW-anL 

j — ■" *3 

* — J« 

0 

_ 

0 

dfe^Aflins 

pwr.? <?F iTsFl^c^cn 

J 

Gn. < 3f <’ J. 



+ 

dec K3£mg 

conrAi'a ypw^rd 

''J ■*■ t 

r = i, 



+ 

nflativr isiijBsmutti 

fo^eav'’ upward 

i 

r , < j < jr . 


+ 

4 

mcre-wjji^ 

Concave upv/Jiril 

3 4 

X — X* 

0 

+ 

0 

inf.reiiSjne 

poLcil =>r i=4]«liflh 

4 

r J < S < Jn 


+ 

_ 

Locre**mfi 

c-ottcavc dowiiwasd 

■i J 

v'Si 

0 


[ tk liiL-'C' mePti-tnu-EQ wiK4vf dflwnw*.Td 

- =x j 

J'v < J5 < ir 


- 

| ■-ir-rnf-a.^ir^E 

concavs d^j^nis-ard 
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J ADDt'LlO-NAL AtfPUCATIQNfl OP AllSOUJTI: EXTEtEilA 

LI I Theorem I t* 1 Hth fuffwlwn / br cud^inuoup on the rntrevaJ S conttwninfi ^ nl - J1T,lwir e. If /(c) if -i relative 
extremum of / ua I and c is tin- wtiy nu^r in I for which / li*& a icfcativ* estnemum, then /fr) 
In AJfc al^EyT? CKtRPHED frf / 6fl i, Fwttiwiivtaw, 

(1) if /[c) is a i^ative masdinnrm ™durt of / on I, then /(p) b an absolute maximum value of / on I: 

fuj if /(*} in a Motive eel! rti?■ i uiel value tiS / on I, then /fr) i* an idwlutf IlltakwOTl *nlnt* of / tfU I. 

If / in ^ifferefttiatS' 4 ' nin I wr may Apply Hi* toDowing n^alts If fttr all r C I. 

{1} f(r) > & if x < t. and f(x) < 0 if r > e then /(c) is an absolute maximum value aJ / an I; 

(ilj. /■■{_-1 < 0 if j: < c AELd /*(*) > 0 if t > e thm /(c) la frfl abniluir minimum vdue of / «n I. 

fem'ijc* J.J _ _ _ __ _.__ —- 

I ~x:e - r 5 ,n s 1 4 use calculi to oweS im the- rwuEt of part (c) of Lhc iindicated exercise of Bxeieisra 1-3- 
jHEit -21) r Ld. a the radios, 60 /tt- lei- Ls Lhe height, Itt/r ift S i* the area, *«■' in J b the each. i/m 

Mid S2Jt/in a tp I.|pr co*t of shn iktafl and niriv The nn4 W*t is C(r) Jr-;l20/r !• 4?f J h p > o. o'(r) ~ 
i(-120r^ + 8irf) — “■ 13 /t}. Becan^f? C%1 < 0 if 0 < r < \/lV tt = r 6 And r/(r) > 0 if t ? ej then 

C bn SB flMotc minimum value ^hm r = r r 

L He tost is least wb*ia Lbe base radam b ^15 /t in. ftf in. and the foraght is GD/{/22 Sf in-» A--T3 in. 

1 (fl 2 .:. 2E) r in- h the radius-, gO/tt-t 2 iu. is the height-, IW/V ir. 2 if the I a Lend area, t r“ In" b tie tud, ^/iu n^=d- 

S2fr/In 4 b Lht cost of the »&« an4 rad. The talal 3 k C.(p) - t(|2^/r + E^p 3 }, j 1 ^ 0. f. (r) _ 

Jt( 120r _2 + ^rr) = 4Jtsfr'' '*fp a — 30/w i. Eefause r'frK $ if 0 < r < ^5^ - t t and C J [r) > 0 if r > r t then 
C 1 1 ah an sdjspkiir minimuin i-alur whefl f 1 — p-,. 

■ The owt b least when th^ cadi us is ^/30 /tt b. fc 2.12 in. and the height is 60/^/900* ^ 4.14 lp- 

L ;Ek. 23) A page with niAi^Sns ol l.a in- ai the i&p and wyiium and L in. at -fi« »daa b t.> eontiun 2^ in J of 

urLai. H» kaWth of the pianwd mslon is ^ m. Th* iura in A h a Hffc«e A(,r> - ^ + 3 ) “ 

30 H lr + 3£, t > 0 r A'(^) - 3-48x“ J - - I«]>, ftoaui* A-(t) <Oif0<Br<4Afld A j (t) > 0 if r > -L 

r ' J - 1 24 

thm A lias an aWl^ite TuiuiiauTin value frhm jf-1 f+2=a-^2 — fi,—+3 = -^- + 3 — 0. 

■ Th^ smallest pagP b ^ in_ wide and 9 in. 

4 (Ex 24.) A Lo r - wiLb waftways 2S ft wide at the front and and la Ji the sides js eo ecrnUun a 14,200 ft 

building- 'I'lkt Jeuph sf tl» liulktluft is ill 0 ?, ft. Th* uw » A ft* *fce« A(*}~ (* + W)( 1 ^® + 4< )“ 
HS»+4** + 3*WW/»!. ^=^0- A'farJ = 44 - 39UW0*' 1 = - 9090)- lirriuac A'(*)<0 ir 

| <l<l v ^q,n>i> nmi A'!*) > n if g > VWa than A hw ™ aif®iilutt Tninimurn vjilur wfi«n z - * 94.ST, 

n The milkst lot area 22.86^.4 R 2 - The field t& l‘dW,ST i" by 1SS.1-E ft. 
t S meters Is tli= kjifith of thf fteJJ; tbs ^dtb k m f’{-j d^larc ra tl« cost. 

I efr) = Sx(J 6) + 2(^)J6) - *(S4) = «i 4- J8fi9S. £ > flr C - W „ M - BMOOx’* - *r*V 205®' 
c’(i) < D il r- < Lfi «*d t. '( e) > 0 if j > +5, alseit li*. w. rhini mufti v^ut »fhen r - 43. 

. Tfit diruif nsicHa. u: ik {jrl H ™ -15 i:l by -£ ~ 50 m. 

i * mft^rji ii Ihjc width nf tint iM.eicd J rr. Is liv- C(^) ilollirs is. tht wst. 

[ q*) - 34* a + 4(li^ -^ = 34* 1 * > (I- C'(*) = tk-MWJi- 1 = 4*^(4*- 125) 

Smbuu C'(j-) C'(i) >B iff *4. tl*m C bw m *b*Sute fpinrrumt vulue «4i«n * * B. 

. The dimensioas (rf ih* bo* ntsm square by W = 3 ni iii^i. 


240 DBUVWA Of roscnoss AW™ OTATOi. FUNCTION V.vL^b, *l> " 5 *" H "^ ^ ^ 

- ^ jrjs^iss ::r — 

UwaL (b) Cft-fiw y** r^T-WEw ufilus bo*, .. to& <*** ^ - teto - ”* lu! 

T. th( l« ■* **i ^ ^ ** of ** ^ r . . * xbortcfn + 2 xfc*l 4 ?*** 

,. .jflJ \.o/ 3l .||t»€ I 3+^*>0.M , W- lttj7681 71(r * 

’“■ . . ' , 

, - „ _ ., ^ >-i/> Llltt \l hi^ 4 fi minimum vdt* wh*n M - AKf ■ 

<oifr<^-*»<*>> ; S 77 [n ; b ;,, M »^* m&r** 2 * ia - 

■ The &**!«** of th* be* a« 4 ^ - i tr , U C(») tffc» * ** <*| 

* [f , ftm/te I. tk **• »"*■ * tftot la**"* _ t 6](W} . Became C'(.) * 0 

PH «**», *- et* - *+ih*+* 1 ■*■>'*■ c <*> = »*' =v*g^ _ *. 
r < 99 W <**> > * if ; > *J ^ * M ^ 

- ’The opcratmt eott (*r bn b*fl -, i ’ « 1 hr If CM &>V*n is tic wt*l operAiinft mUt 

14.1? tcots u tit ^ .t *. «* ^ t, K fmm ™ im < * 

per ^ tto* Of) = '"^^**lrA £/?," fjJ dm«» 3 »WK«jj*** 

* < iSPO** 9 - 04 3 v£22*£ S»s* wl*A tie speed » *b«* BJH brtts. 

■ Tta ftP«-tN ™* 1*1 ** *“ “ ** ■ „ . ^ Ir&v , Jed tf, fi tht ax h*a tf^W ^Dl 

U. H . — *-»* «2 -j — 

S,ui the distance betweeft item >» => -'• v , , ^ ■ j 1 m *«!<« niimmum, l^t - - - • m • 

£L value of I -til t« the «m™ - a0f)r-30> - »U0r-TWO-W'L« 

40= l Art ?S J i > i! ‘ 1- ^ lue w, “ 1 * 1 

. The t**k Aod IV at, L«4 -fi*. , ti<m Qf ptatt B i, -u«l^ 

12. urpUr.es A and B “ W“*SSSfiSS^tle’^ct of A- If pSanc A b W•» 
pta» A 2(1 ^“°?rSrf£ B*b due Jian.il el % tiU«rL^r, ]M! r Tnteaie. >> lb t.^ ton 

. Her* ,o LI* fi r . W CJ*J3. S f££: Xr U* f« 

-c - r - 5 ^ 

s bn be the directed <W»k ^ I ? l " t B 

b^j p A *asss?ss --r-i iM - - 

Became £SC» ta —k <* ^ ^ “* - ^ ^ 

fecam? U^.gl* ABC is * LruM.gJe 


DCCdU^ H-iwtr"-'-' - '- V^. : 

—. / ^ #- ■ a as— —*• *“ ■’ '• - ’" Ev * 

i{t) - litf+t 1 ® T ^ 

Dffibtntl*tifi g *itt ^ oblALn 

y (t ) ^ itw - 1«0(-19)+11W = *H»‘ ■ Si> 


1 fiCt 
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p. jf = 


P vrair.N cs the power vrbcrc F(R — 


s it- Wbttn r nlim* juwd ft ohm? Mt the EateiZlli SDCL iTttmal CR, 

«*»(!►+ K) -a . a. K,*[(P + «■)“*- JH|p + R)-*J = EV + R)“^<i- *a)-2«: w eV+») *£r -ft) 
Hecfiuw P'(H) > 0 ifQ < R < r and ?*(()< 0 if R > n, i has a .1 abwlutt Jliaaiiftu ni vAi;n wlwn R - r. 


Hnraii^r j'(|) < «if *<ft Acd j F (i) > 0 if t ■> Lbrii x arid ? have an abaoJucfi BUnjsr.unL vaIij^ when J =■ 

■ (bJ The airplanes are tirasi after gj min- Substituting 1 -uU Fx|«atrans (3> amd (2), w C obtain a: ^ 3.2 
M t it y = 2,1, Thus, pLaat A la k™. caul of point C aad plane IS La 2.4 km mirth □ i (: vhtvr. Lhry 

closest. SubnFtitilling fat j: and ^ itiLm Rq. (3). wc obtain : J - i6. z — ■«, ansi ™ (J>) th« cfosrat diFtancc in A ism, 

+ ii: m{r} = $/(af) ^ 3*^ —$r + 5, x £ {-w,4-oo} L Mfe wish to- find the value <?f j thai msths 
m-fj) abwlutt minimum. m'{x\ - hr (j ^ d|> - 1). ni^x) ^ when x < 1 and rt/(*) 5* 0 if x > 1, 

m nats an absolute nun tttturn vain* when jt = I and m(l) = 2, Therefore, the- least slop* for a tangaat Line to 
the given curve it 2 when the point of tangeruy ja (1,3). 

An equation of the tangent Etna is y - 3 - £( x — I)- 2x ■ ^ r \ =. ft. 


x niarulis after tbsstwa of an epidemcn 3 J percent og the popriiatioE is infectad, where 


n*)= 


mr 3 


tt+z 1 ? 


P'W = 


gQa(l -k *Y - ^ ■ ifi * oijffi - j a i 


(i + ^T" 


(i + *T 


Et«aUK P J {i) >0 if (1 < J < i JUltl P’iJi) <0 iFx> 1, LhNi I' ha& an ab»Luie maaimum VaJuu w':rrj r— I, 

1 In i rnonth :he rnewt people will be isieeledt and 7.5% of th-e pt3F?ulaLi*n will ht- LnsVlrd. 

A eabdboard poseur gw^aiaing 32 in* of pjlntoa iegucm is to have a neat-gin of 2 in. at ikm top and boitotn and 

* .il thr '-sclrr-. Find the of tiif pmnlkrkt pir^p of t.m4ba&tA thnl r.an be =jh^ U> cri^-c Lbc p^q-Luf, 

Refe/ to the tlgate. We lei th« p-Ent^l aira l»ve -width j Ln, and height yin. Eetause- tin: isirax^n is ^ in. al 

* h r ■urir^, l-hr f'attl b^jMitd hia width far *■ J) ip. Eticaun: the m-fcfgm 2 ill. at ?hr I up and boitdm.. the height *f 

ihe cardboard is {y + 4) iart. Rfe-juis* eV of the printed ippor. is 32 in. 2 , ihan _ 

(i) 1 r 


,_ M 


- 32; 5 = T- 

If A in. 7 tu I ]:-r Li. [ ■“ _1 of 'he urdlu^d. Eheu 

A t«) = {* + & ^ ~ (* + |Br + -i) - »+-f* + f 

Alf) i? detloed to: c >0. Diffrreatialsbj, ohE^in 


1 


If V(. 


A'(x)=-|^ + -I 
;) = & tkn 


fll 

I j I 


-* g 
“ 3 1 




flie*uyr A r (f} 0 if ft < * < ^s/3 Jtsrf > 0 if t 

valne. Substatnlinf r— into Bq r (1} wit find y - 4v^- 


Lhea a h ad Absolute niuDuun 


■ Tit dlmenHionji: of ihc sma^Leat piece of twdbowd t>ic w 7.J ij:. by 4(3 - v'^l) in. .i L0-? in- 

[ 7101* that the eardbuitid «id the prinled region are sitnilar fettan^lra. 

L R;x) doilats Es the total isvenur whrn x units aee soLg: TUr) — 2Q^± 

Ci,r) ^IwllflEfr h I her total tail, of p-LK^-jcLn^ - unit* p^- duvL 0{fji - 2r J -i- -lUx - HdQ 
?;r] dultara b tEwi prufiL f»r j: ynits 8Kd; F{x) — R(j) — C(i) - —2x 2 -j- I60j: - I^OC', x > 0 

Ftz)- -4£ + im^4.{*ft^ z). vXx}>ft if *<Aft Jmd P f [x} * 0 IT r > 40. ib|ue>(T bai Kjt AtK«Jar^ 
□sijeimiiin vaiu* If r - 40. ^ TIl^ firm should produce 40 units daiEv. 

L R=zl doi-ais is the tcitai raven iic when x c nrLt at it Kf-r) — 4U0 j 

C{xJ doSturh la I]k loud Cut? -of p?oduc::ri£ 5- UJiiU per di>: Ofx; - + 80^ + GSHJ® 

?=>! dollars is the profft for x nnits soLd: P; x) — Rf- - C->) = -ir 1 + J2Ur - 6000. x > ft 

P'(t) = -It 4 im = 4(JSC - *). P r [x}>ft if asd ^ H.-nce ?f r ) Ilm an atKoluLe 

Hianinii-m value if r — 30. ■ The company should produce 30 desks daily, 

. K x) dnlians as ihe revenue when ^ units are sold: R(t) — px — (14fl — rjr — U()x - 
C^z] doIJa™ h th^ toial of pE^ujin^ r nniLi |>c* dfty: 0(r) = j 3 \< 20i +- JOD 

r 'xj dollars is the profit for x uni is soid; P u) — lt(^s - Cfs) — -2x^ + 12tlx - 3.6ft. x > I) 

P^if) — ™4ar + 120 - -1(30-x). >(\ if ;? < 30 Mid PX?) <0 if r >3U- Itrnce F{x) ha^ an jbaoltite 

^ftXitUUtfi value i! x = 30 and Pf3Q) = -2i30) 3 -R 120(':S0) - 300 — 150fl. i The maximum prwfit e- SlnfiQ. 
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M- Find the shori«t distant* fioiib ill* ]*)*■( P(2,0) t« *■ f*Los on the reeve y 7 - 1 1 = 1, iwsd fii«3 Lhc JMjiet < 
tfcw 'Curve eloeest to Pk 

C A dialanw is Lwst when its squ^ is least and t'n* squaie of ^.h* dL-itianee &om poinL B(2,D) c* Uih i 
q( j\ y) mi llifl curve ^ l ip mvi’n hy 

* = (x~a) ! + 5l* 

Hucjiom Q In on thr turn. I ten ** a I . x . SutrtftitUtiafJ into K* (1) m H.wf 

40 _ lx - if + (1 + z-' = ^ -4z + S 

Vl*} = +s-4 = 4(*-— 1) . . , . 

Cecaw 0 ]f x < 1 r.nd /fr) >0 tf i > l (ten j<|! = 3 «■» nbaolul* W*mm»iia ^w- Als ^ « 

x = 1 iten >j* = 8, v = ± v^. 

■ The shortest dfftan™ is ^od tb* powate on the cupfe that aj ' e closest C. *. ^ V }■ 

21, ; be the ^ustra of ibe aum b*> of units in rba distance fn*m the origan to the P«^ L t x .v) 0CL ^ 

^d; + 9 “ 0; M = ft - 1*. Then M 

I = J 5 + ^=r* 4.(6-3rp=ltk a -3fcr-l-». i£ (hkM ^28* - M - 2%-y) 

fettun : J (j> <. 0 if x < J and > b if * >{ th=A Hf) “ f *■ « ffliflimiiin. 

A value of if that rnak«s * an absolute minimum malc^s the diisto™ an afesolo:* minim iim, 

Whtii a — y — G - 3* ■= 'J, th* closest. pwnt 10 the origjn 1* HjhJ} ftt * downed of SVP' 
line baa ibpt T!w line join ins: P tu the origin 'm ^ &lopo Mtooe 

W Fmd the sheM^tt distance fraeft the ptsint A(2,^) to a poiol cm the paj:^^?o3a S'■= find the point D 

tSw pipii3>oLiL c3rMwi. to A. Then ihow Ll^t A Lirs oei the norirml liftr the t ! - 

?!- A dinner Sk lej^t when its s^aie is i^r. asd the sqc^TK uf tbc distort ffom pwr.i A to point './:,iv^ on i 

Parabola b given hr # - (* +fe-J)“ "(*" Z) 3 +1* " ^ +J jT, * <*> = f " V " T ) 

Bcww < 0 if j < S and ^{r) > 0 if Jr > I. tbea *{x) has an ^nmnn value wben x - 1- 

s = I and Lhc short^t distance is 0ei lte pw^ la ^ ld ¥fb ' 7fj ^ ™ * Lhc a ^ ],e 111 ' ! ' l bc 1 

of Kvntut (l h l) (%\) w <5 - l)/P - 1) = -j- Thua A Iwk o* the normal lift* of the porahoSa at B. 

In EicrciMS 2^ and 24. ^ Xcuman window ctinslsra of a im.-ifSt £nrmc?i:niw3 i jy aamkireJt lf !hc prnm«i«4 
Nurmam window u m b« 33 ft, what niioaLU be the wliui of the -rinicirck and lh+ 3i«nht ^ 

7 M!ansde so that ihe windb# wiJJ admit th* vnoA iLgh^. 
iJ. E>:t Fft be the rudiua of the ^tniciriLe so lhaL 2f ft J3 the width af the rwi#nal*. 1’hrji Ihr h^ftM of I 
TVCto^le ^ ^<32 - =r - 2r). The ’arindow mil admit Ihr moat ligit "rta aiea is grnaMet. If A(r) ft r 
E*taJ area of the window then f +c t - _, . 

A(r) p^xe 1 + 3r . j{J8 -irr-ij = l?r - +2>\ t C [%j^J“ i- A'( r ) = 32 “t*+01 A ( r 5 r ■4*9 


- = _^_ ^ the od]j- criciTJtl smenber Thr radius of peniiditk is —^ ft 


: h». Srn^r A 1 


•fJO 

U ■ 4/ 


< 0, thrfri dimensiofi^ Ktvc a 
is a c^c 


24. 


5*t A'(r) - Qx 32: = f* +4)ij r - 
the height of ili« nclangk is ^ 32 - r v | = *'4 ^ ^ 

relative nwdumum area, and by Theorem 3.9.1 shay give tHo Ah.Ld^se rnv&atm ^ 

Eatcrval, liw OKtremr vaIi.c ileotesi aSw np^tiof- 

Aftsumo tiwl tbe neffiiciTelc tru«3»ibi only half ns much Sight pw fwt of .v™ ah the roct^^r. 

Let r ft lie the radius of (hr AemtciicLe «id let h ft be the height of the recto-jilt. 

Sw! iV r^ufr. Tlw width of ih^ t^ ijiusLc is 'If fl Tl ira 
pcHmet-er of window - perimeter of MsnitireLe— perimetec of rectangle i«srt 
32 s t r ¥ ph - tf ) 
k ■=■ IS - ixr— r 

If L anil* i* iJw amjeuni of light admitted, we Save 

L = arra. ut rectangle + ^atta of semkirdej 

= (Sx-)fc+l(JiiT^ - irh +^rT 7 
.‘jiihiiitutiiie frrmi (1) iDio I'A- (“)- 

Ll>) =. 2x(16 - r - ^ri*l A-^x S = 33x -ir’ J - Jr“ 

Eiiffrrenviatinfi. wt? gft 

LV1 = 3£~ j iF-fnv -®- 


(1) 


{21 


f|X’ 


(4 J" |x)t 






ftucsiiw 1 /[t J > 0 if r < —53— - —&L 
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64 


W 


J 


: iff = ZT^* iUl (-» <« 

lWr J, hAri *41 .hljMSLutff CtlJlEilTHJFn VMltdC when 

, M 64 
f - r+Sr 

Subsisting from; Ki\. (3) into t£q_ (J) w* abn^h 

^ lfi -< 1+ H^ = TOT 

* A window cl psimMer £2 ft wiU admit tiy: meat light if tit jadlu* irf sb* woticiEtk is._, f L ^ ^ 

iltLEudr of the rectangle la ft r 

P- end of tlK 27-ft If::dcr ‘ouch th# earner mud fcbr Opposite w^J3 of the 5- 

fl P“^w*y- £w the fiffOM- ^ 0 i? the entasme of the moptr ojigte between 
tb? giHer ah.cS thr (WL^aedway, then Sw ?a of ihe fcitder in in t"n.- 
faiSAi^way ® 27 - E esc is in the corridor ai right anpjts ix> the passageway. 

Lc! aft be ibe of I he alitet uiid of ihc gftdei from the mdr of He 

4$rrld*r. TfVp want to find tit n;^4i]:i'p nnaximum value of s. Then 
i\ff) — {27 - » c»r 0)cos £ _ 27 cos 0 - M LLhi it. sin 0 € r^, 1| 

I t f [&] ts -37 sto P -r S c*4 a fl - lzz2L =3idg 

tin.? 

Srt **{$) - {Si 37 flin n tf = P; «n a P - ^ dn 0 - j « Uial «m J s eat I - 

■flffcfra/ir - »«|, = 3^V^J - «1 VS) 3 A *M 1^ J-, = * 

pff’ - ^5 COntlLLOizs UII a dosH interval Stf Ibe mbjohtC maXLmilin Valrif of i= ;<= 

« The FhfL-jysgtwaj. 1 caitsL be ai Iaue :j y'^ r= 1L2 fi wldt. 

i- Us cbe girder of length j ft much s.?it- eunidf and iwa opposite walk, x ft fiuan 

lIip enmer of tbt 15 fi i?>rridor and jf ft from ihr corner of the ]fl ft corridor. 

^ tiLf Jjgiarp. We frKfe the riiLsoliale liiLmsELum vdue uf j. Tioeh simile hJ^il 
| ftwoglos wc bav C gr/10 = 15/i^ r - laOaf" 1 . M&g the Jaipoumw, got 

I ^X> = A 1 + 22S + v r 22^>W) J r _J i 100, i'( r j =-£—_ 225Bto^ 


L 



2250Qjf J 

1+ji* 




A 2 + 22S ^100(245 v^Tisn 


\/x J 4-225 

^x 3 — 2250) 


AISMj:” 1 4 WO 


/w < o if j < Air* - s^is^wtd f'(x) > o if ± > s^ta. it»~ * itto 

mn mhsohte miJitMsiLirtTa voine whtr. x = ~i v' 1 jig. 

Tb-t Ij^to may have leEgcb ^50^18 - 1M 4- ■/rsyTa 4 T15 & ~ S5 r l ft P 

1*1 V c«the. I^iii.7 be Live njirdilc volume af the e-Aifif, Ut r ubels Lk tfeic radius of the rh h mist* be ihe 

hrigiit., and A e^uane unite be He flex tar of the cone. U r n w-onJ to find the y A L uc of h/r wiicn A hm;: mn 
absolute mLniremnfs v±d.ue. 

V — ^r J h; h - 3.Vx- l r~ ? . A -= htv^T T? - "Z^ + ^^V = firV - SV 2 i-- a ) I > !i , r t - 
= J(x 2 r“ l + 9V i r r - 3 )" 1/a £4^-ISV'V' 3 ) = + 9VN" V 1 

Because- DtA < fi if r < "V 2 ) lf J — r & and I) r A > 0 if r > r^ A Jl^a mi iibKolotc minimum ^sJai! when 

=V2- 


r ^ r^j,. ‘I'beo ^ 


3 V 
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?8. A righi-Ci'tulnr cane ju lo be loflepjbcd :n a sphere a I ndim. Find Lhe 
Tar.iu flf the rt3r i L =: riT' 'ci the li.is 11 lYuims; nf ths ncmr nf po^rbln vntume. 

► fbefti tcp the figmt. Let, 

s' unitft be tbr t&diuj of -.;ik eon* 
h unsts be the aJlhude of the cone 
V ru ble unit* the volume of the eon* 

We ^anc- to fiEd ft/p wbeE V has in absoJuw maximum value, \\ e Slavic 

v=K ft 

If Lhe tidiiifl of the Aphei* Is c nmis, Lheo. by the Pythagorean theorem 
(A ■ a] i* + r ? — a* 


Substituting fen- r 3 into Lq. (!}, obtain V as a Eduction of h ; 

VfA) - A?rf~ft s + 2ftii) 

W* DOGfe ifcat V is eoutijiLOUL on (0. 2a). Differentiae Log. vre get 
V'{A) _ ^r(-J^ + 4aA: - -iati(,h - Jb) 

l)fT«ii 1 i- V'[h.) > 0 if U < h < Jfl Mid v’i h j <0 if t,i: < h < Ju dwti V 1ijl» an iL**ln[r inaiijiSum Vijut *1 
A = jff. Jiubatitutini; into Kq. i'i) we find 

„■* - r - A. fi„- * - _£_ - , A 


■ For toe cone of largest volume, lhe ra-lioof altitude to rjidlus Lk V2- 

29. [.*L p. gnib I'K: ike ntrUuh- uf L:i.n £.r, *ri Sphere, iuc a. is a COCfcSLaaE. Lee E units 
he the radium of the base of the And h vnHs bc the height of -hr ^nr, S^r 
lb* figure for a r.rtjew hftctiuii uf Lhe cOrefi i.-d inscribed. a p here. Because right 
IriatigjJe A lie iiaimilrtf 1c right l.riaiigir GTCi I hm 


r “ V* 3 -M M-2oA 

if V[h} cubic unttu h Uu- volum-t uf the eone, then 
nh} ^ j*** - fcr. h e (Ja, 


an aWlute miniintiiD v^ue when A = 


30- Let / be the sqitaje <?f ihe distance from lhe posnt (^. of line At r By -b C = 0- DjJdecei;tilling implit 
*fth teas^ct us z: A + Eij/ 1 0, s' —A/S, 'JVn /(i) - (i - j:, f w (jt — S)i) a - 

/'(*>-+ Vi )(-A/B) = 0 when y * Vj - j& e ). Writing the e^tuLiion of the line as 

A( £ - Jt ) + — j,) -(A* s + 31^j -i- C) -itf. Aod substlEutlng: A— i-,) — f B 3 /A - j- 3 - 

Ad ^ m i«L # £A J + , 1hk 

*-*,=■ — a a and »h -j, = —a——> r. rbus f — V^w-*—K- — — *= — v J be rrneimum dipi^nrj! l$ 

1 P+F P+b- (a* + b*7 A^U 5 


. ,| J -^ —;--—-. f*(z) — 2 + 2i'-A/B)(—A/B) — 2 > ft bo the critical point is a Ideal 

i/A" + B a v ; A s + B- 

eubIieuie and bente ar sfcsoEote m-iirm im. 

31. The r.?oes section cf a trough h?m she: Nftape of an iqv*r[*d :rt4iKce:& uia^Le. 1: iht JeBg.iSis of fcbe oquil sio 


ape 15 inehes. find the sire of ihe vertex angle that will give the maximum r.iparity f a - i,hr 
j> If A aqujij-r MniE.v i:i Lin- ;i uf the cru*i, fteeiinn, then !!.l-. thpftdiy b i maximum ivhen A is a maximum a: 

A 3,ofr sin 0 where o ?nd 6 w Ih-p Tn«a.nu«w nf (ho Senyl h* of Ewn '■ki^Ew. uf the Irl^ugk and 5 Sfr (0- ^1 B " 

in«a^iirH of the angie z.h*Jx iidts. BeeaList siu r . , i3s an ahsoLule rnaximum value wn«i A — |v, Eli^r 

h-i* *n absolute mudffltttn va3ac when S - Jfr- Tbui Lhe Ycn*x ugle ^ouLd have radiau Tn^asure 
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S.10 Af’PROXTMATlONS BY NEWTON'S METHOD, THE TANCHIT LINE, AND DJEVEFLENTIA15 

Neman's Method When using N'enriim's method to soil? an equation of the Form /(i) — 0, do the foUemns: 

l. Make a jnui fiuesa fur tin- [irsi .ip[ircoum»Uon i,, A jo-ugh sketch of the graph of / will help to 
obtain 4 ET-w*twill* eboice- 


2. With tfli 1 value OF St, in fennel* {1| RCt a second apj?FOKLm*titHI Th-rli nHr r 2 in I) Id grl 
3 rbird. approximation and so oa until — x n la- \ht required degree of aetaraey. ]f 
rsL-iti in iLh o-prti ibtefval E eCifctair-ing tta root and /‘‘(t) iH IHUt ?rfL ? ™i | {-cf, T&ctt'w GO) 
then the number oi eon-eer digjt* is ^pproximatdy doubled at each i-stt-atlon. Ttiua. if ± n dud 
jf n+i se I* tour digits, ibep j h+1 is etnr™i tn *Lght (Elgin. 


*«■! = J n 


/(j„ : 

TO 


<l> 


Fif nrr* to switch into lidiar. mode if a problem Envolves, tri-uciourfiric function*. The maIhf- uf 
J should be stored, in memory i4h a Y.triji:>le) at the beginning of Lhr- p 7 ob*cm. and ^ben 

the new v/Jne of s is sq tae dismay at ihe cud oF each iteration. Karh Lime you ji^E x_ just 
press the ictall button. "I hits thi- keyntrokM for mcJi iteration, are the sojtif, ItaRumb+r to use 
the miih.ipEiraiWD key J>W implied nsnkipilicatjODS. Always iCrtK piLTHnlh^Jifti ar-nund the 
numerator and denominator n and end iwli i r-^?AL-i<yn with STO" as in the SoJutittfli- 

\ijte thal the num^ratn- sW«s the fdiicUoQ values and shouJd progieas-toward 0. 


Difftfaatiai jf the (khrtiiHi / in drfinnd hy p — /(x) then Ihr Ji/ferenfwf 0 / p, denoted by dp, is fpven by 




And the d’lT/frfJifm! e/ r, depicted by dir. ;» Bivrii by 
dx — jix 


where ± is la the domain of /' nnd A* is an arbitrary mcrement oi i 1 . 

When dx is orall th™ d'gr is a good ap proximal sou Go Ap„ whew 
Ay — /(if + Ain) - /{xl. Thai r- 

rfj, ft /(* + £*.:-/(.} nr /"(xjdjp af /(* f A-r) —/(f) OT (fft-f ftltHT a^mttitdhV^ 

/(*■> - /teaHrfrqX*- T i;d 

lfy= /(-a), then. wh£- / # (i) cxis-ts. 
dp - f*{*)d± 

wlwtbef of ?vot a- jj rwi independent vae'uiblr. 

Hence, tiie rr-iio dp/dy the derivative of ^ with f-eapeet ms x. Thai, is. If s — /(jf), then 

Wanting: the avmboi d !2 y/J- ? for the wood deelvalivf of p l» n.d( the quotient of two 
diSTM-ertGia.IV 


E*th of the fotmuthw from Sectloc 2.-^ for ;be derivatives of algebraic hirtctiaiH is n»w 
Hinted in i he Lcsbtni nolitk-h iio^p with the f.orrrtjwtiding Tormula fot the difTeicirtUAL 1^ 
these foj-:ja4jla* u anti r rue dlffcrculiaWc fuactioos 0 ? x and els a MHtsLant. 


«s- 

V d( r) _ 0 

ai 

n r d(x n ) = nx— 1 rfz 

m d(£t£> _ c rfs, 

(fj 

nr rf(cu) - cdii 

rf(u + r) _ J K Ji, 

JV “J^' = 3J + K 

IV" d{n -t-) =d*+dr 

v- 3r" l H + °^ 

Y* d{i£t) — r dij—ti ic 



iufi UEiuvrn ■ tirNenoras and thk;ik js^i-heme t rNnifiN valui:*, ANfc awmosjua™^ 


Ttw diCt’i'rsiMii] r^H-nmJju: nrr (.K^tijCH.^Tiv Uttfrt ■*h^irj doinp 
ei*s ttj&od r.M d.i^:l.i ti k; u 1 ^=li the lAdcpcaidk^t viable from t-h* 


0 h*^ -i HJt?c 1 *nwl 5; 3-a-ke - 


2 4.12$ Q. 326961 1 -3-11797 

3 4.11797 O-OOW 17.lT.HKi 4.11734 

2. -G* 5 4 9* ■ S — ft. ]>t /(fl = $r a -i- 9^4- i. /'(rj = 1 Sj- x + 9 

must /(-1} = —14 and /(0) = 1, /(s0 'OlwMotit bctmsn - 

r, - =. .1302 k> fktur decimal pilots. 

W* X„ ' - i fix./kfo,,- ).. v il fc.'-l, ^ sr v 

i 0 I 0 -.11111 

3 .111J1 -.0*123 0.222H .1102? 

3 —.1 to22 -ijokjo - * aiittT -.nffiM 

3. x 3 - x +■ 1 = 0- l*t /(*) =■ (' * 4 i? I T (f) -te* - \ 

Sines /(-?) - -20 nn« /. —L ? - 1- !U ) = (Him i ro.ii Mtw'Ori 

r- _f. — j t~- -1 _ 3 firs i* four d^wunirtl pti£ca. 

r X. - 4- CBlJ-lV i= sro 


1.16754 

L-1675B 

■1.1671(1 


l.l7S4fMlJ]*mU 
H6754- &mm 
I.I67M1 


N 

- {*j 

+ I ri“ll * 

(^+1)- 

KTO 

1 

0-5 

-fl.44*75 

14125 

0.85714 

2 

0-flS"14 

O.SSttSO 


(1.77UCS 

:s 

O.TW* 

0.04256 

2.7G3S7 

0.7552S 

■t 


0-0*100 

2.62358 

0-7.>lSii 

5 

OiWSB 

EMXHEIU 

2.62358 

0-T54&S 



3.10 APPROXIMATIONS BY NEWTON’S METHOD, TH K I'ANtiKN 1 LINK AND 1311 I'biJC^.N' L1A I.S *47 

j l - 4x - 3 =■ &; (he pMilivt poet. Lri /(n) = x' 1 - U - &\. f f {x} - £c 7 - i 

Since- /(2) = -8 and /(3) — /(j) - 0 has a posit-]^ kiol 2 and 3: taJefc x-, — 3. 



2 2.09.565 0.30546 17.7996 2.65040 

3 2.65040 O.U3&46 17.07313 2.64944 

4 2.04944 0 I7.0H$ 244944 


t* —2* + 7 = Oj the negative root. Let, /(*■) -— 2* 4- 7: /'(i) — 3i^ - 2 

StEct /(“3) = -14 wut i(-2} — 3, /(e) W «. negative iwt. Iwit^wi --S mm 3 -I 1 ?; ulte - -2. 

^ _ x_ _ “2.2533 to four decimal places 

r> x„ - (r. J -fr. + 7) t -JfJO 

1 -i i W -34 

2 -24 -.5? t3S7 -245912 

^ -2.2J913 -.{Sll lJ.il OST -245S15 

A 2.25S2S -50k ID’ 3 IA29920 -2.25026 

5-2.25625 -.97 x 10 11 14.2992® -2.25B36 

x* - 10* + & * 0. Lot /(s) - i” - 10* + 5; /'(*) = -i* 3 - 10 

£:fits /(ft} - 5 and /(E) = —4 t f[x) — 0 has a positive jooc bc^ces i] and I. lake r, — ‘J. 
ij = x 4 = x = 0,5066 to four -deci/ruj] place*. 



1 fl 5 “10 0.5 

2 0,5 «623 -9.3 0-M6579 

3 0,fifflS67flO.ODM6 -9.48 0.506589 


x 4 - 10 -t -1-5—0: the largest. postiye roo“ 

Let 

/{r} = e 4 - lOi 4 aii / J {x) — 4X 3 — 1 

&?cau^ /(] — — *., And /■ ;r) > 0 if x > 9 th«n / ha* A S*fp bil^weEi t julJ 2 ind Ls p^ltiv* :f £ ^ 2. 

We tafce X) = 1.5 The cakulalwns are shown in the table ’irhcre the Tturnlwrs arc mounded to five di?ii L:: 
T^ rxiftl is 1.0152, lf&i:r:El6d LO th* ':. 


"■ 

n 



(^ rt J -!0) 

- STO 

1 

1.0 

-0.9fi8 

17,436 

1,1649 

2 

3.9555 

Q.DG7S 

19.991 

3.9S2] 

3 

fi.952E 

O-O0CN 

19l7?5 

1.952] 


Iz 4 | z? ■+ ic - -t = U; the negative nrot, Let /far) — 2x 4 - 25 t 5 + x 7 + 3e - 4; /V — ikr* - 8 jc* ■- £e - 3 
/(-2) “ 43 anrf /(-l) = -2, /(x) - 0 ha* a Mwrtflvfl rwt brEw(yn -2 and - l. 

I ike x E = L Then r 4 = x - = 7 = -L1282 Us foui dKLrrsal places- 



E -3 -3 -13 -MVUS 

2 -1.15335 0.407238 -10.^33 -L1339T 

» -U2S97 0.0146] 9 -13-4109 -1.15817 

1 -1.12617 0.000013 -1843603 -1.13417 


246 sF-irAvirta at FtrweTians and thkir EXHieMei row chon vau:f.s. asp astpoxjmattons 


10. r 4 | e" 1 He'* - r— -I — 0; ihe pofbLin r«w4. /(jr) - J 4 + f 1 JE a -r ~ 'i /^-0 - ^ * U* B G* “ I 

S5ikc /(l) — -6 and /{2) - ft. /(x) - 0 ias a posiiivr lwt^«ai 1 and £ Tw - 3 - 3-5- 
j P = r. = x = J .7(1(13 to foui decunik pfrc**. 

" J„ - ff M 4 - 3J. 1 - *« ± < 3j . Z - te . - 0 - S,rQ 


] 1.3 -3-8 10,25 UTI9& 

5 l.»|M 2,45 S4.5I96T 1,77 IBS 

3 J .77184 ,225 20.0,7761 1.76041 

4 1.76044 .002274 iUjiSftM 1.76050 

5 1.76050 4.09* I0" J 19,51)1250 1.76050 


In liccrciw? 11-El, 5 is*i Xt:^tnn. y s. method tp find ilta value ef ike ca-rlir:Ll in five decimal pW». 
t | r * — ^ bff solving ih t wfualtafi £ J - 'Z - U Lei /{*} — -Z\ /'(*) - 

Stncr /(l) — -2 and /(2) — 1, /(i) — ft baa a posaitv-c xwl bK'woitn ] and take = S. 
I t = ij - X - t.733B5 iff fivr decimal ptaee*, 
n 4- (ltoj = STQ 


1 

i 

1 

4 

1.75 

* 

1-75 

ftjftGfl 

3-6 

1.73314 

3 

1.71214 

0.000339 

3.454 

3.™ 

4 

i.73205 

0 

3.4ft4 

3,73203 

^/iU bJ fHil 

^irig. tlir- #qiiaii*P - 

- ift = 0. 


Wa tdke j,: nr. 4 si'-Aftlog, Tidur Anri fnlcuLiilc ux nhoWh in ill* ubk, W$ Cff^clud* that h/ 1P =3 IftSIlS* * uf?l 

io five d-etima] places 


R 

- 


(2i n ) =5TO 

1 

3-3 

-0.39 

t2 3.162903 

2 

3.]ft29ft3 

0 4W3WA 

3.262776 

3 

S-l$25tTft 

O.ftDOftOO 

3. 


13. j = v'fl solving tbe equation t 2 3 — 6 = 0- Let /{ij = i 3 -ft; 'J^ji) ^3ss^ 

Since /(l) = -5 and /(2) “ 2. /(ffjl = ft ln^ -i real Ntwnnn 3 and ft lake x s - 2. 
^ — x H — x — 1.81712 io Fivr ifcedwiaf ptaeee 
A g, - = 5T 0 

12 2 12 1.63333 

2 2 .*3333 0-162039 10.0S3 U1726 

3 |jm» D.W141? 9,907 3 r Si7l2 

4 1.61712 U 9.906 LSI 7 


14 . 


x. - $7 bj solving. ih& equation x 1 - 7 =r ft. £*i /(*) “ f{*} ~ -U 7 - 

Sihtit /(l) - -ft and /{2; _ 1 4 f(s'- - 0 lias a incri hrlvrnen [ and 2; take 4r s - 2. 


- jf. - ^ — !-ft 3 293 ts fLve deeim^l pk^s. 

O tap - STO 


12 1 12 1.916*7 


2 1.91667 0.0411 E 1.020.1 1.&120I 

3 ],91S«H 7.99xlO -5 10.9750 1.91293 

•I 1.91293 3.04 JC IO -10 EO-9779 1.012M 




10 A r PRO X I MATTOXES BY NEWTON'S METHOD, THE TANGENT T.TNE, AND DIFFERENTIALS 2-19 


IE unc itLrlhod i*i Hhii to t pinion !l?r j- (MwrdiBAUi^f ll-r (tutaErnm 

; ^ — s\ 5 ’ — cw x, At t3ie paint &f iELieistctiori x-eosx-Ci. Lee /(al — j - co; jl /'(x) — I +san x, £i 
/(0) — <J and = ],*■ lbi* Jthsr--^ ^if ibr | wiin 1 a[ jjni*n*clMHt if*, hfiiviwn 0 and Mkr Tj — 0- 

:, — ± s — £ = 0,7391 1*four decimal places, 
a x rt (a -rax) - (I 4*iti XJ = STO 


to -I 

2 I 

J 0.75036 I),01 £923 
I 0.7391 L 0.COO047 


I.M147 

IM&I 

E.S7B63 


y - y - s;o x 

The gtaph> rsT tltr iwo r*jiMtioiL« af*: »lu?wn In the plot, Lcl 
_F{t) - Jx - sin x / J {x) = i ■ ^ x 

‘hr j" rarfllml-K uf !l^ Tj rs.1 d|uadr:i.ri , L ppi.pl lpI Lp f .u jpx-c Lioii df Hu: gcjph?. :i l he Xvti* iif / Uml In Mw4-r:. 0 .md 

-. Because the root appears U> be j^r^il^r ilijuq - ^ 1-5". ws Luke x-| ■ 1.9, pi*; out taJeuLato? into radiaii 
mock, and ealculM* M4awc in she LiLJcl ■ "I" / ; 

Wp conclude that ibe x coordinate is 149;?a, correct eo fcwir decimal places. ij- 


1 , 30*19 

■5U-. ;:■ 


1.9 U.MJ3T 

149&&1 Q.0QQ01 

149 W9 O.OOOOa 


0.S2J2& 

O.fliSCH 

0.31002 


mz. At tbit point of tnt«sw(ion n i** ™ sin x ~ 0- IAA /(#) — i 1 —sin t; 
0902 ami /^it) - 3 M14, /(x) 0 3 lu & ictfi Ulwm Jr and Jr: take i, 

- 04767 to four decimal pjaces- 

|x J -BLDf„) * {2*-,, — MS xj 1 STO 


1 OJiH -O.OHfthh IhOTT 

: Q4G9fi99 0-014912 1-350$ 

3 MftSBS □.nncNHA 1,1144 

i D.=&7672e 0 1.IL3A 


IKHHOtf 
0-8?69M 
047*126 
o.8767?g 


2x -sin x. Based 


■_ — r'; ; y = rj(w X. At I !:t |kueiL pf inltirSuCLiOA. x' 
on * sketch of the fan-client i/f t*fc* i ( = 1. 
jl — ± B — x- — 0-5^41 t& font dreima] plates. 


i i 

3 .53*21* 
3 .$34342 
1 J24132 


IS 2.84 E 47 ,838218 

333b 2-41980 424242 

300263 2,38252 424332 

.SI x I0 -R S.3S222 ^24!3i 

for lire gi'i'tn / {a) find Lhr 3in«ir t. aL x 

at D-9. 0,99. 1. 1.0l L and 1.1. 

S x 0.9 9.99 1 


7 l.#B»T S 2.9099S 

I *1-9 3 -.01=1.99 V 3 4-011 


/(=)=* T 

041 

0.11401 

1 

xjmx 

E.23 


3 3 s-.? = .s 

1 -_ffiS = .9B 

1 

1 +,02 =. 1.02 

i + .i = i.s 

ap 

o.y 

!}.09 

1 

1,01 

i.i 

/c*i=^ 

0.729 

0.0703 

1 

u>m 

E-333 

L(x)- - 1 4 3(x - 

3) E — .3 — .7 

1 - .03 - .97 

1 

1 4 .03 = 1.03 

1 + -3-I-3 

X 

0.9 

0.09 


1.01 

L.l 




•jt fin pf.iuvigu av functions axd 7frF.nl chafes, f:stflk.mi-: FuMrritJ-S valuj^s. amj aj-trokimations 


= -■1 2.463 2.M06 2 

Lfi) ^ 2 - 4(ar- L) 5 + -I — 2.1 2 +.M = 2.M 2 2 - J4 

<1.5-30^1*1 ft*} - -sift r, /'{!}= -0.31147. L(*j[ = O-ErtOSfl - Ml K*fe 
0.99 1 UAL_y 


&.540M 


0,63 l-ht- 


bMim 


.5403 + .QS1I 54030 i -00H4E Q£4Q20 . H»40-W - .G084E .54 03-.0541 

= a.A244 = a.54S7L =*Mm =a.456i 

Bill *. /(I) =0.4114rj /'{ij cfti x, / r (lJ -O.Mfldft- l,M - 0..e4J i7^[SJS4020{r 3) 

0.9 0.3^ ] 1.0* LI __ 


Tkwibs 


0.5414' 


Lf j-) .f 43 j *- .0340 -S4147 - .QQ&40 ikB4H7 .64147 + MOM JKli + .0340 

- ELTSlo - OJWW - G.-64&&7 = 0-*055 

In EiftfftM 25 26 r&’i find dj i=d _ly foi iht value* ctf r *ml Ax. □;■ S^ith th* gj&ph indwntin?: rfy *swi Aji 
2S, y — x 3 , t — 2, Ax -= DA b /{=:)- a*, dy - y''(3) Ax = 2(*H**> - ?• Ay - ^ ■ ■■ 3* - 2-25 

S*. V = X 4 , x = 2, As = OA ■> ?'(*) - lx*. rfj = = «a)^Q.5) = 6- Ay = S-5 3 - 2 4 = 7.625] 

27. f =JiiiliAi= I 

° d tf =^(8)A*=§4(i)=&s -083 Ay = ^ S=.«30 

y “ j 4. A* — * jt.jjefl 


Ay - y(S) -*4) S t/ 5 - VI * 0.3Sft ' n jl> 

In iht PgtLt^ TA £f- the tangfnt at (4-.2J- TC 1« partial to the j axi* ii=? koftili Li A± - 1. CA is p?T*J 
the jf QTin; ilu IniplEi h rfi- 0,25 The kngih gf CB L* Ay - 

In F,kh:i tizr.n 2U--34.. find (a) Aj>" (b) dyi ( r : A^-rff 
SSL jr = a* - 3z| i = 2: Ax - Q.0S. Let /(x) = x 3 - 3*. 

(•) Ay - fix + Ail - /fr) = f\%m fl2) - (f3.DS) : - 3C3.US5T 6l = - I.WS +2 - 0.0309 
(b) rfv = /'(ry* = (£e - 3) Ax = (4 - SHU.m) = O.Ot (n) Ay - dy = D.03B9 -0.03 = 0J009 

341. jr = i 51 - 3k r -■ -1; Ar = 0.02. Let /(x) = x’ J 3*. If x ~ -1 And Ax - 0,02 tllCft 

W Ay - /(x :3r f(- .M)-/(-]) - [f- '■> r J( 68 - ' -1 ’ J — :?■ -: V ».|V 04 - £ = 

(b) dy = J \ x )Ax = C2x- 3)Ax - pf-l)- 3](0.«) - -0.1- (c) Ay-dy - (0.0988) - (-0.1) = 0.0001 

*1. - 2 ; Ax - -0.1, Lei /(x) = i. 

(ft) Ay - fix 4- as) - j(x) - /(—2-i) “ /(-s) - «‘W38 

(b) Wf - /'(sWx = -^Ax - = ^ = O0« (c? Ay - dy = i-i= -gij - 

32. y=^x-i;Ax - -0.2. Let /(t) -1 

W Ay - /<«+A*) - A*> - /(Ml - m * gj(+i» i ■* °'® 3S 

(h) d S = /'(x)dx ^-Xax =. JlJSO-OH it) = = o-ooie 

A3- y — r^+l‘x = l: Ajj — —11.3. Let f[~‘ ~ ** "r 1- 

(*) Ay - /(x - Ar) - /{x) - /(DA) -/(!>» l(O.S) :; + Ij - 2 w MS* - 3 - 0.STS 
(1.) Jr, - - 3x s Az = 3(lJ*(-0-S> - -1-5 (£) Ay -rfy = -0-875 - (-IA) - 0-02S 

,34. y _ x s +1; x — — It Ax - 0.1. Let /(i - x*+1, If r — 1 »jm 1 ii - fl.l [heti 

(i) Ay - /{x + Ax) - Hi) =i /( -0.1) - /{-1) a f (-H.S) 3 - l ] - [(~1)* +1J * 0,371 — 0 - A271 

(b) dy - = 3i?Ax = -0 3 (c) Ay - iy = 0A71 -0.1 = -0 029 


0-UOI2 



3jh WKOXIMATJGNS nv nkwtos's method. the tajjgeni link, and diwerentiaes 26i 

LixeeLws 35 ■!?, find. <£y. 
v - 2? + l) J : dy ~ J(ij* - 2.' - | 

„ - Tc 


Ju = <r*+2>rf(3x)-3rtf(j a -l-2) _ {z I + 2){3dx)-? f ti^4 r) 3(2-.c J } rfir 

(*’ 4 W ” {x a ■+ 2j* “ ’(i= + 2)* 

V - J 1 v'2» + 3 

jff - {2s(2r + 3} ,/S +* 1 JJ(2s + 3)- 1/3 (2»fdx = x\ii + 3)- |/! IS[Jjf + » + j]di - 

'_ J (at+ayf* 

I - /l x ! . 

t fCn r j. _ -ita *(3-*in Tt f «*r)(2+«l*r) , 

-* 

_ j-:i -T -r - 2 CCG £ - co:-"^ _. I - L~ nil, c -j- 2 cu:: £_- 

{12-iiu r} 3 {3 - mjj. r?" ’ CX 

J> = X* Sift ~ - T COS i 

- |tlQ ^ T> t (^) ■ -" Uj, 5i.fi f-j-ros { X 1) J CQS^jdfx 

- «2r silt | 4 j 1 r c R "| l -^;-^?4 j« n^{-^i?^- h *n j, - 2 cw ± sin.^x 

* - *“** “e 2 * ^=[(2 to J Kc a r>*t\ 4 lan s jj;2 Btt^rrr l^«n *)JJj _■ 2 tan x tail 1 *)** 

V — Coi 2,r tst 2 j 

Bf® -2 *tt*3r "M 2£4 cat 2rf-2eri Sr «k 3*] = -2 osAb - 2 «t*kt iipt Sir = -4 cac^j 4 * ej« 3x 

(a) LeA jt &n be t h«' i>ri.eth of aa of tft* And V cm J the v^rutrre of ihe cub*. 

Th “ v - - r ; dV =3x a dr. If * - 15 end dz - i h^n AY sy dV =fi.75. 

ih:r ;tpprci*imjil^ ^rr«V in «fnpDt 3 H K thf vditrfir j.. B.Trjcur 1 
i_bl Lei A ljei 2 1-n- the area of a fhep of itic tube. 

■Hiin A - * 3 ; *U 3* dr. tf w - U *od dr, s Jug * £l,fH. lhnt A A to dA qi£)<ft*fll . - OA, 

■ liif appiMQfi^ crro: In eonjputing ^Jic aic-a of a fore cm 3 . 

A metal boi m ihn form o: a t-Li- .:• ■□ haix an iiL!«ricr volume o= IDOij ^e- 3 . Tbe six sidt^ ;u:r- tc rnace of 

' '"’I" : <-rr: ll:n -^ - ■ :| - : 11 '■ IN 1 *■■'■- '" ■-" l- r- - l ! =-° '^ri "I r ill. I.! i.-.- -JiJJ'S,!2I L iiJjS Hi i' iljr 

.-ippr-oxsmate ec^E of iit raeial m> tw nf=ftd an ihe aiar^Lfjir'.rire -of the Ijos. 

E.fl X rati lir Lhr ^npth of r^h iimdc ^ of ii.n rnk Lee V iri,^ :.r tflr tE|Lfiiiij vliEma^ n- the tub* 

V - T' 5 

I xad wt^ g|vt!ll f hUL t'u- Lfltfriop volume Lt IfKln rfafc'^ [ Jifti 
1M0 ^ r^i x - Jfl 

I tkeauid ehe Uiith^eaa uf iha ni«-UiI ts ii.iecw, them each ijuuidr' of Ihc £uLe L om larger snaji MtH:.h 
I inikl^ Tk^iiforv, volumt of ih^ m^tal Is AVcm^ -ndth e - 10 -n-.H , r -^ i& 

I aaprcotimamp Thus 

JY - J^(Ar) - 3(lfl^)i = 3WQ 

me voiuaftt uT the mctaJ hi a^pruxioiad^r mcjjj 3 . Bwause :hc nutal rc^ias 80 a0 pet ciai*ir rentLmctci. aud 

U.SnfSfW) =eg, ;hr to^E of Lhe meul it ^s^rnsimnt-rJy r^V l; 3 - rO a -- 1 S 3 And rhe xuiiial t:o™.r ih 
I *^.saD(33l)-S(i6.2U.} 

i, 1c- i Eutcra bo iSm! redim aad V m 3 be iJie volume of tN ryJindriral taei. The allkttule of ihe tM&k * (0 nt. 

[ Then V - dV ^ 20w rfn If r = 6 and de - Ar = tJarn AV ^ dV a 20tT^}4 - tft. 

* lie approstimaL-H Ainnaml of c&msei^ ftLMi>i-ioJ l? ai J . 


f T ' n F bt ?Adjl - k wid V ni 3 - be the vatu me of ihe cvdadncaj >^m. ! he heL.ght *L' ifae si«n » 2 cm. 

1 hrn V - 2 ht*; dV - *Tr rfr. If r A and dr = is- _ .]_ rh^n AV ^ dV - 4sf.df. I) - . ]fi r 
■ Tlv ajiproximate beteaa« h vdutEit j, Jfir ccn 2 . 



2fi2 ULUAViOii Uf I-'yjJCimNB AND J ILL;[K riHAIMES. EXTKEMfc FU NATION VALUE*. AND APPKOJJMAI1UNS 


■t9- 


so. 


47. A rm ! is (he area of the circular hum when (he radius ^ r ^m, 

Then A = Tr 3 ; HA - 2 tt d'-r If r = 1 and dr = -0.2, then AA « dA - - -Q.4e. 

■ Tlic approximate decrease m the -irea of l.be Utra b 0-4^ cm*. 

4B. A osrUiiH bacierinl call b Riplmricat in *urJi Llini if r rTiicromsLa-jM u iti ra^Ju* tod V cubit mteiMtw 
Is it* volume. then V - I* 1 * 3 * L'k the dLfterenDaJ to fmd :bc approKEfnet? increase in Tie volimre of ^ae i 
^h c - the radiiii Lticreasej from 2.2 ,uin tu 7.3 pm- 
t Wp find ^ti-H Mi\im -uF diY when r -22 and An _ 0.1, Thus, 

V-Jrr 5 

rfV - -Ixr* Ar - 4*f2,2ftlU) - s.ns 

* The mervue hi volume ;*• jippmxsinAl^ly fi p m -1 . 

V em 3 is , .':n j vri:-1 1 j 13 e k of ih« spherica] Lnmot when the radius is r cm. 

Th m V - jffr 3 ? dv - 4rrVi-. If t . i .0 -Thin df - 0,1 thru AV =s dV -1*0 ,5) 3 (0J) - 0.3fr, 

Th« n|?pTox.i mrtte iocrejw: in cht; vtihi me o: ihe tumor is O.SFjt cra^, 

t jHtctmtb is the of a pendulum 17 :hen the kngth Ls C feet. Then — jA fEiridsBS the dJfieremiaJ 

,1 _^ 4x^1 ,2jidd df b _ i Jf- JL -JL 

**“ s’"**' w * P' T 1 ~ 2 I ” 2 ■ ft Ijl) - 1 rfe - 144 Sm 

* The peti^gJurr. ahwIH he lengthen*! ,ijft ~ |!jji 13- 

51. Lot R Iw the unwin: i*F the eEeetricai rciustajtre of a wire. jc be lire mrsisiinr uf its dimrt*;1et, aftd L he : 
measure of its Leng;h. L b constant. Fnc wjmf; coresUou i.. 

ff|&| =|^|-3%- 0^, t3wn|^|>t|^j-2(0.fl 

- &.Q4 - \%. SInnce, the hpptaxiivuiLt* rttut hi Hie r&trtanc* if 

A eoatraetoT agrees to paint on both sides of 10QQ circular djnF eaci u( r.-idhis 3 m. II pan retaiving the sjg 
it is discovered that the radios of ^ach iigj: b 1 too lar^r. Uit djITercntlaJs to find the -approidmate | 
Encmap^ oF paint that vr\R be needed. 

Let r melois be the r-udiys nf wu-Ir .>:ij^ni ,4 KqEuirt' jn rierr; iJ:« ttitiiL ajLi tJ:iL must be painted, 

RfFAUHe !hepr ^?n- 3 Dfin I’.’icb tn tv prXiiitrH or: Imfh ■=.:d€'s, by Ih*’ fcuntulri ibr 1';^ ntT-.ii of A d»Ee we hi A 

A = iOOOvrr 1 

Tti'^Li.M.' AA if tin: ieicruiUB in the ptdm c^dffrd In dn the job. <h»?n 

lWAA^ 


52. 


53, 


M. 


55. 


Es the patTiftnl ijitraas* in pa]nr needed. By (I« we Stave 
dA =2[2fHHS)sr An 

,JA _ StSaWn,- ii^- _ J_Ar 

A SOOttirr 2 

When r = 3 iiftil Ax = fci'i I, l lust = P-OI m, 

^ _ ^(0-01) = 0 Mfi7 QJJJ9J 

siecaase A A =sdA. we condiide 0.$7*& is '.be approximate pcrces; iocxeaso td" p*ini ?;L«dedk Tlie resuSc is 1 
iamft for «sv noinber oF ^ignd- 

If v rt 9 is Ihr voJumf of i fioa, icwi ^ [hffr 7 n the pt-Tisuhc oF --r - htw that Fpr I 

constant PdP = — -^dV; V a = jj, dV. To r-nH ihp Km^iir^-i posiihSc V wr tale d.F — ^t).® 
ThrawUlidV= ±0.1. V s - ■ ± 0.i ) ■= 100: V ^ 10. 

I'hfl srrNillfEt raji triiorr has n vOl'Lst'nti uf I ft ft 3 . 

TEi£ ad iiiLi^iic iaw ia PV lji — C: T — CV" 1 1 Divide ihe differentJal pv the (jive:L -toge! 

Bo vie'a kw w F fc V — ij\ F- = CV" L .. Uw diffuiEusid by tht givtn to fttt ^ v * " 




APPROXIMATIONS HY NEWTON^ METHOD, THE TANGENT LINL, AMD DIKFEI1ENTIA13 2&5 


A tightly-wound ItMobte tape of lengt h L feci,, EMt-teed at the Lop af nn Incline that inakts *ui Angle -w il li the 
hurmjntal, is allu-^wd to m.wliuj rifftt il tii* imdlueL TfT KHxi-iiifa Ik Eli* Iliti-t- fi>- r.h#' tap** to tompljebdjf ijfturici-d. 


Taking the tfifTcteniial on mcei *ide, w %ri 
2TJT - -%etc 8t#L8d$ 


Dividing equation (li) by equation. {!) pvrs 
2T jfT _ ~ (J i9 rfJ 
T- (Ii7 j>Bt <f 

fvmpEElyiaig rJWlL fiLdr 4 y^L thr NHj-lireri r^ult, 

fcsrrrli^ 57 ami 58, wiicalioriK uf the fotra tan x+tfx - fl in Jsuit conduction problems- The positive Torrts 
(Ik tquaELoji in increasing order arc a-,. cr 2 . a it __.. 

L !f a - !, find a, and g. 2 to ftiur d^amal pteces. 

t ten j -*■ x - 0 let /(r) — tin x + xi /'{*) — stx?x + 1 = tarfz + 2 (iho «ouU function te 3 m* available). It is 
rlriir from n a ketch of Lb* graph* of u — Un * and ^ — -si thin i *? C (ij*. i' T ) ■ ’ ■- 

£ (fit - iq-.TiT + v-r'i and iha; the roots are gelling closer to iho tell endpoint- T« find n^, tak^ 

tj —. nr ^ tfaritaV method will fail if^b ufceii much further fnora m — 

To find iij n tike J L x - ^ i fa ( = J ELiihKt bci < Hled z 4 — x 3 — n x - £4!4ft. 

To find a-p like X t - 2tf - Jr 4 d- 4.&rio (r ^ tnwt he £ 5.1). Then jc 4 = s 5 = a ? = 0132. 


2 1,90130 0-^d« 

3 2-OS&20 -&.01515 
*1 2-92*75 o.www 


2 d.SHHHI -0,23777 

3 -1.912^ -n.OflSTl 
A 0131^ 0 


If a — -2, find 0 | ?md o 3 lo four decimal places, 

V'V wLlh. to fiStd ihe fir*l; 5W0 pdA|E.Lve rm>Ek id X - 2r - 0- ff wr iknH-ch I Sirt grL'Llili?. of — ljut x ia;i <2 ij — 'Is 
the same a^r?, wc see that there ^tc points of intc:s£ction with jwsitive x coordmaSes sLiphtSy less than 
1-^7 jjllJ ^s* ec-i.TL. HW«r h bwtoe the- tangent functLOEi is unbotinded near these rmsLi, vrdues <sf xj 
^::i i-low iji I hr do an H - lr.^d ;o th^ io*t und thoK which do lead to the root reqairo many itcrasionp- 

Berjiufie Ltii ± = fien x/nta x, wr mdliply Ihc pven cqualion h^ cos x to gd the oquivslciil equation 
■h 'Jf cofs r ■ It 

7r::h rxinhinimijs fnnrlin-T* ajiH Hrrivalivc- Let 

/(l) — xlu x - 2x ra" r 
/^(i) — 2x sn x — cuk x 

Wc put gu? ealtulalof inso i&dLan mod t. To Lied w« Jet. Jt 1 - 1.-] *nd coneJiidt- from Tahic a lHm 
O g — to four dfrtEmAi plAtes. To fi™3 o^, mvr lei x t — d.7 and from Table b that a 7 = 4.fMM2 to fan: 

iiscLiinil plaoiTd. 

TahW* 


£ 


- ’ix rt ccm t ra ^ -=- 

(2^ iin i: m — ccs 1 

-STQ 

* 3 

:.i 

O^OQMll 

MBK'a 

L200S1S 

2 

L2Q3SI2 

U.D6S-12Q 

I.PS63I 


* 


n.ooa-m 

1.75318 

LlfiS&Gwl 

A 

UfliiiHl 

[i.nunnoa 

E.74Siil 

t4e^ei 
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T^ibte b 


~*T~ 

** ■ {«*" * n 


(2*n An 

»$T0 


r 

47 

-0.ABUT0 

-9,3aGHU 

1.S05RS3 


2: 

4_605m 

-0.4)15075 

-9 053236 

4.604^17 


3 

4,e<H2l7 

-O.0WO05 

-9.(Mfi65 

4-.6Mai7 

_ 


Lii E-Mf+T-ciaet f.Oi and &0 < ipfiTn&taUtC " fivn plum) liy uiin^ S*wlon"n RtttfrttJ L* sulv* tlae Kpitltotl- 
59. t*Ti jf - 9, Lrt /(*) “ tin sr: /{fl) = ** 3 ^ Then ' - $in r ™ ■*■ 

Taitr =r 1 — 3 . Then t 3 , = - t - 3 . 141^9 to five decimal peaces. 

□ r A i^mij - 5 TQ_ 

t 3 0,133700 3.13971 

2 3.13071 -O.0G1S65 3.14159 

3 i 14159 0 3441M 

GO. ccs i + I = 0- l*i /(*) = ™ r t I; / J (r) - -sin x, 

Wi -ike 1,1 a* n rifLTling rind calculate iE sbffwp iA table i JjrrniEKK /ft abo HO* * '■ - 

conyergmcE ia very slow .ind !l w-LL like- very ma-n-y ii-eiationiS'. Wi- ;- J -ari a^aiIi ^il3i = aa r > f { £ — 

and emulate as alb*w in table b, We. taneLude that r - 3 1415925^ corset te eifrht d«im*L p\w&. 
Tables 


n 

x n + 

(eod !;„+ 1) 

-f fiin J n 

= STO 

1 

3 

iM x !0~ J 

,H413fl 

3,070935 

2 

1-070915 

2.50 sit) -3 

-070019 

3,10626? 

a 

3-E0fi2i3ii 

6.24 * 10 - * 

.035117 

3,323937 

4 

3rl23932 

1.36 x 10 ^ 

.017059 

3.132763 


Tabk b 


** - 

sin r n -ir ceps r w — STO 

i a 

S.-UAin" 6 -.9S39S3 

:!. 14254K4 

2 3.1d?5W 


J1415W6& 

3 3,14159265 

1_J--- 

2.S9* ia _ELJ -1JWMH00 

3. >4159255 


^xtreiaa fiyr Uh sp ter V ____ 

it BMrcia*s > ■ 10, for ihc pven inteivaJ I. a) sietcii i ke graph and £b) find wiy * 1*^1 uie cKirenia- 


3- /(ri = y/3 ■+ *L J £ [ &.+r^3; /'(*} - ~ ■ ■> 

-iy3 I T 

‘I'Isch: Ape no eriLk,i] numbers of /* /^t) > 0 for *l'l t m (-3,+*a). 

Ttfref^rr / lr* luertasiug on j-5--*G)- Because /( -5 ) — fl- 
lEw! absolute minimum value oF / is D occurring when if - -5, 

Tbere is no absolute rnajiLmtm i r slu.f- 

2. /(!■) = ;rG{-4,2)i/'(*) 

Set ?*(% — r — 0- The critical duhiI^t *>f / is 0. 

Because f f [z) > fl k" t c 0 and f{*) < ft k t > 0, /(<?) — 1 
ts an ^Wlnie masimuin valu*. 

I ]s t- closed interval and / dcits i»t An ibsalute minimiun value on I, 









MGiCELLANHWS XXKKClSKS FOR CM \ | in :»m 


A, /(xi -1» - t s . H ' S.4J = I: fix) - sgnfS - * x ■£ 1 :S 

m - a, .iijl! /'( Just! /'(fl.) iJip r.al rifthL. rhf rjjlmit 

numbers / *rr W and 3, / is cuntinnouF on 1 sc abwltitt- 

e-xLn-njJi Mtuj a.1 HJL *iud puLmt 4>r * cnliciiJ ibue*;: i#e-r. 

/(-S).. 5. /fO) - 9, /(3) =■ 0. /M) : 

Tht absolute value is fO) — 0 -and 

the abaOJutd rrcucintum v ;lLu4- \.< — ft. 

i /£*) =19 -#1 x e [-1,5] = J; /'(x) = 1 1 J-3 

/^O] = 0. -and /^(—A) nnd / J (3^ du uoL Hi^Sbi. TJlc trilicaJ 
p^imbr^K a: / »rr [I s^irl ft, / w r-n-' rn iioijp rcn \ wibwhir 
fiXlrettin. 6tlh':ur;tL ati ki.iJ pfrftl ur c ■:: r i 1: l; j. I is umber. 

/(-n - s. m - *. m - * m -» 

The atneMs juLqimum v*Uir i: /(ft) ft ftfid 
the aibsoluK- maxiEautn vaJut ia /(5) - It). 

*- w-^i ro.-ti 

Because km . fit) — +>:■=:>, 

■r-*p a 

/ dt** no! tiweaa araaliilr maximum value on J. 

lin-u/(jF) — -«p 

r—'Ll 

/ dws nc'. have an absoJut* minamism -value on J 


5i '4‘ ; J Ji 


E Z J 4 J 


aetiUSe .]iiu_/fxl - +ul\ 

/ dots no; hav* an abacxhtEc maMmtnh value ou I. 

Bw-iu^r / f (t) >ft /(*) is incieaiiit^ &t J. TL.ua i!:c alrioJitte 

minimum vnint occurs n? i3ie [rR c-tidpeiftt? /([) - *i. 

f[x ) -= 2 sin Sx t jp € ’-^v. £xj E, Sr q ’-tr,-?]; f r {x) ~ 6 +■□* ftr 

Stl / f (j) = 0; cos — ft !■; c = —|jt. Ths cHtkal 

□umh^rs zir^ —pT Md ’ “r / is cont.:nuo^ on E sc absoJute 
E5<tt<Ewa at ^?vd po^nt 4 critical huiuI^f. 

/H 1 ) -» /(4^) - ~3. /(^) - 2, /(Jr] = o 

”bo ftbfloiut* ntifjjmuji'i m\ur. is />;—-^ — — :■ and 
^jh- iUssLu?^ miXLmum a /(J^J — — 

, f(x) ^ ^ eoAit x f [O.J*] = T. /{x) =5(1 - am to), Ox C (<Uff- 

} - —g- sin -If. Set j*i £) - Gj 4 i- - ft -t, 1st, a- - ft, J-. -J-. J n-. 

/ cibi'iljmicMEs □□ ,| .w ^hfloLutc occnT at tad points ot a critical number. 

m - 4p /(Jir) - 0, /(|r) = 4 ? /(Jr) * 0 

i-H 1 ^bmluiLp m.ui.Lmirm vnJiK iM / (Cl) — /{i,-’ — 4 Jin^- 
■h^ aWlnEfl rnmirrurm value’ t« /f^vl - /(Jr'i - V 


■. J 

h.. 

- 1 i 

= 

r 

u 
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. (it+3 if-3<j-<] , „ jtr ._/2 ir-S<fCl 

**Hfc*M m**<*- Ah *& m ** if , 

lim_(2i+A) = 5; lim /£*) = - 5 T / 


may nn; ckisI. 


und so / is cor.-in Ltous on I. / (x‘ is nt 

/(-a)-r2(-?)+3^ 1./P1-4, /CS 

Th* AbfOtut« EftibimuiJi viU-ik i- r - /(-2) 
-tit absniiitfc maximum vflIi:* is /;2) - 


and so / is continuous on I / (O' — 0 and ,, (3 may not rctst- / 

/(- 3) - 9 - (-3J* = U. /(O) = 9 - o - 9, JT(3) = £ /(&) = 5(5) - ^ - 10 / 

The absolute 11 nrinicn nm value is /(— 3) = /f-3) — y w j l / 

the jiljttdiUe mflOTmum vnlut in /(5) - Ik — I -•■■ I 

Tni 11-14, fold japhicaib- ®|St af^jtfeJJr the *b*cifaiG extrema of the fiuK-tton an 1 

11. /(r) =^-I2 i*-36; /'(t) -4^ 2-1* = -6). Srt Q: t * 4, - - + V*>. 

f is corcfinuoiH 00 any E so almohititi extrema occur ii ^ poeni **r a. critical niiinbw- 
(i) I zz [-2.3]. The critical nombti is \fft r /(—3) “ /(v^) = 0 n ./(3) = ® 

The abtdutc rtfoimum value h /(v®> ^ n and the absent* maximum value e jflp) = 9- 

(b) L - —4. 2]_ The critical uunibef is - \?fy- /{Hi) - LDO. /( i/§) ~ 4, /(2) - 4 

The qbuluir mmlfflitm v.ilw i- /<v®) " 0 the obefdu-tr maximum Taint in f(*4} - 

12. f (*) m#- fe* + Bj f(i) = 5* 1 - W* « - 3-^ S& /'(*) = G: * - D ; * t-53 

r ■ nuiitLuutiu* OE any T ku absolute nttrenio occur aL an end noiiu or a critical i^Etibt:. 

(a) f — (-t h 2 ]r TJk crrtKftl ntflSftOber b ^■■'' 3 ^- /(-J ) “ — f(y$r$) ~ 5 - 6 . 4 ( 3 . 6 ) fe — i 

T1i« absolute miniruui■; ii ' i .h. ^ -".^ aid U-- max.!:.!.-, v.tl-..- f\ 

(b) I - l“2,1], Then w no etil-lfftl number- /("■?} ~ -63. /(I) = -3 

Thu abssLnte mbimuin value ts /(-i) zr and tbe ab»]ui* mad mum u /(l) - 

13- JF(*J = st it 3- +■ BA x; 1 -1 -1, l]- Z\x, • tot j-sin *. />[ - ^ twi -= - l a j - ^ « 

/ ii <■! isi tl ilvjouh on I ™ .ibtK.4u.te extiems nrrur at an cn-d puani **r a mlkaj number. 
/{-1> = 5b(- L)+ * -m /(i*) ^ V 5 +V 5 - v/2 ^ L41, /(1) - ShL 1 + « 

The ; L g»ulnt« mimnium v ft ] u <- in /( ft .301 and the maximunn value ^ /{jir 

14. /{*) «b ?+**] / J (x) ^ 1 - 1£ sin £. Set / r (r) - 0: sin * = x z= ^r. ^ : 

/ ts coiitiLiuuUS on iso ?ib^slme extrema kcui at Ji:- end p^Lm or * f:rL::^4l numbe? 

/(-]) - 2 ™(-l i - 1 w Ml, /tflj = +^*> S-256, f(%r) = - » Wlffl 

Tht ab*olnti minimum i.-. /(-!:■ ^,0^2 L h -* absolute m^imuJB salue a ;(£*) 


lo EMretMa IS and 16, verify ibc 3 hypoihe*^ of RiLle'i thew^rn; Gnd a t for the Check by trfMiinK. 

15. /(x) ^ r" - r* - 4x 4U£ LI: f{z) ^ 3x ; -2x-4 

) = (ir-(if-4fl)+4=0 _ 

Hct 4 W» / is- a pdynomioi it is continuous smd dtEfe-entiabie evetywSitit so the byp^lieflaE oMSwIe s Lhoote 
j* ssiLislifid. Thus, then* ocista aetn( -2,1 \ f« whkb /'^) 3t 7 & 4 ^ 0; t -rfl ± V 1 *) 

Bkbv J(1 - Vi3) » “0-5$ is- in (-TVJ). j( t - Vl3> qualifiw ^ t. 


I6r /W = 2 S5jl [OiM / J (‘> “ 6 ^ ^ 

/(0'j. _ 2 sin 0 - 0; /(|»] - ^ h-.?: n U 

/ is oontiunmiK :tnd diff«tniE:tbl« ei'cry^ilirre. 
the b-^TJothM-:: *sf HxjUc's tbisyre::: i-i satisfied- 
'rhu^. there exUts a c: in (Orjir) for whieh / J (ej — 0: 

§ ees if — ik c - ^■ 

Bfcnw ^ h ih quilif"" 1 ** f- 





MJSCKl-t.AJSEOCS EXERCISES JrOR t;iiAFTER 3 'J- 


/ is continuous on (—^c.il] and differentiable or. (— sj,3'i. Thu* / is tn-limiting nn [ 6- ]] anc diflcrcntiAbLo 

□i: :-C,-L^. ihm lLvjwsi.he-h'::i m=f thi- -r^nn-value theoiem is satisfied. litcu ihetu e^Esis a c lei (-G,-]! foi 

Wft«h /(c) - =H^ = -si - -ji l3-4c = 35:*=-!£ 

^ ts in * -ft, — [). —-£ qualilki* a£ c. 

;w = rl*ei j,i]i/ r f*) = a**, 

/ U * JwlynismifJ fMnri :uM, it is And iitffe-rB-rj I ft>r n!! f. Is pwvrlk-ulaF h / ti coDtinuiHui 

on (-2,2] and (Efftrenliabk on (-2,2 . Thus, the hypothesis o i the mean-value theroem is satisfied. Hl-;lcc 

thete taists a £ in (—2.2) for which /'(r) — f— — 4: = 4, t 3 — J h c — ± ^i/u 

Both vilti^ <4 r rim ci.dCttbK 

/{jtJ - 4 — —4 ¥in j. 

/ is cmriiniwuH and different LabSr for aJj ^ Ttus h / is continuous mi and differentiable on 

I'hud, Uva hypothesis vd th« seusmji valw. LJminuri ir, j^lL i^flrtr. Fl-rntt* iwjr ^xisJl* A r ?i “ ■?, tor which 

f f [c) - ‘ •' - ^ ' ! ~~i ~ ~ —^ —4 *ns r — —j *371 1 -^ te -Pfih, r ^ -..EGSI- t - l,2&£ ^ 1 -*TA 


Bij-!l vj'-iih* of c am suitiL^k. 

*- /(*)- Silu|i, *4 [M] 

* f is- coiaimuDUii ;l-H differmtiabic fp~ n.|| r. Thus. / is continuous on fl, x 1 and differentiable: on (H, r'i. "1‘hun. 
the hypothesis of the ma ait* vain* iheotei™. is satisfied. Eer-ce there rt in (0 n r) for which 


^asO.Sftl- o = 1.76l 
Because l.Tftl is in 3-761 qn^jfk* asc- 

Tlir fhlerf rth (hr iiphl shows ch-ai she lanjjcnt line to the cnrvaat this ""* ' x 1 

vs>us of c is piind^L Uu eIsh I i riff th^i toniains the endpoints. _ 

(a) If / Lj ,1 jjuJ_v.n.Li”LiaJ !'uEicLiun>, Ll iri <:ur.tin«ous and diltcjentLabLe everywhere, in pa?ti.ealAE u:l [u,t] and 

{a,lp). Farljitnr, /' h a polyTtoitilal function for which the above m also itue, Prtausff f(n) — /(b) _ ltollc ' , 5 
thrtfttn i.uids, and ilierr ;> a jiussdkir r in rad>) such thst /'(e)—ft. Then /'(a: ■■=/ J fe) T5 and 

f J (c) — /'(b: ■ 0- Jlcncc, b^' iheortm, lli^Pf ^ st icimU-r (i |:i fikr) -ir=r| :i nurnljrr r in (t.Vi ssach Ih.rl. 

rm = Dsnd /- T |>1 - a. 

(b‘! TF f [?} - (s s ■ 4) a . / J (x) = xTx 3 — 4). and / p ^) I - [ft. Rtiwn 

/C-2) ±= jT(2'j ^ /'(—2J = /'(!) - 0. AJsa, / J {0) = 0 and jpfe&/5> - /5^> = 0. 
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i vaJujcs of e Jil which \t 
iT-'t-d, locate tli-c points 


In Exercises 25 33. (&) plot the [?Mipb: detenHtnt {b) -;hc rtLasi 
occur, thr* interval* on wkurh / in |d« incieMirg nad (e) de - 
inflection and whe^ Lheftrapii. La eoEoe-v^ upward and downwun 

& /'(r) = 3^ + OZ = — 2):/*{€ — 5r+S— 8il+ I] 


inr-jf^ing cujllav* dowriwAres 

TrlativT irtiximum oonrjivc downward 

decreasing concave downward 

dccfcMipft pgin I ol" inflection 

deewasing concave upward 

Kjaljyp tmuilmlin Upward 

^ric:rHJi_riLEiJ* concave apwn.Tr! 


ejdlt, 


> There *rc- no asymptote*, IV K*apJi i* symm**.** atom Lb* line -r 

/’[*} *$C* h /’(*) - |C* + 2) _I/1 
BecMtic /'(i) < 0 if a < —2 and /Vi > 0 if r > 5 Llwii / ia drcr-: 

(^, -2]. iacicasiEg o^ . -2,-oo-. and he* a relative man I mum or 
ft! * = U.'HtT-n=i-H. if = / “2 h -he K*aph a CurtCJlvc lipwarf 

^nrl LVre me &o paste of lufettuu. IV plat appears ai iV ri^a. 


irt /'(*) = 0 : f fl. i 

1 M 1 

r= -S. 

LO£i 

5 (i ri*; 

,1 /V) 

|aKls-i 

/ 'mfhtt a 

Kr-aph La/hay ^ 

F < --5 

4 


iikiwmag 

tajteav^ doivniw.ird 

*=-2 0 

0 

- 

rrhitivri tuaxhoAilll 

oaneaiie downwjurL 

^ 1 <±< -1 

— 

- 

dtfCCciiiug 

C*Jl«lVI' iUaWnWiVEd 

■H 

l| 

1 

t 

K> 

~3 

0 

deereaatDg 

poml of Lnn^titfjt 

-icico 


4 

decreeing, 

conc-H-^ upward 

see -d 

fl 

“* 

peLaiivc nnaima-m 

concave upwurd 


+ 

H- 

inc rcasLDi^ 

concav+f: upward 


IM /'(=0 

rwi 


K,rnph irt/lias n 

T < 3 + 


in: creasing 

concave downward 

i-j \ 0 

d,ft^r 

*tJilit>si iir^a 

point of fcfleciwn 

3 < 2f + 

4- 

j Lnehtasing 

concave upward 


7S aiid 41,1 /(e) 2 r '-i r ) 

* (tauiztf Ism f(x\ = Md lint /V) “ -»* Hne 

j-—j— f/i_" 

*re vertical asvmpiabes- Because / ix ue odd function, sV paph ie symmetric 


* 5 th KHprci lo the orl^Lfi. 

f%x) - 1 srr 2 * - ~taa ? x; / V) - -2 swT x 3ao i 

Because /'(x} < 0 if * € C i r -^ - lj d £ ^ u - thwi ^ 13 decreeing i-jr. V 

and (here are so prUiive *Ktxeiit&r E^uae / D {x^ > & if —<T r < 0 *Bd 
/*(r) < 0 jf 0 < ^ ^ £a\ then Kh* fr&ph is cnncair upward if ~h <£ < 
copeiiva downward lf 0 < £ < Jn-, and 0. O') is 0 pninl of aaflcci-wn- 
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X jikI Vi. f(s) - jin ?.j !■(,=. 2*. I i. /-gir.j*], 2r € Ma.i*| 

/' j) - 'J. cm 2* J- 2?in 2*: /"(a) - -4 2* v i cos 2* 


s« /'(*) - fe a '« -X - -™# 5i-r; lan '2l - -]; 2.f - -ir, iff; x - -jb-, i, 

S'* f(z) - Or SSD 2* - CM 2x: Un It — I; 2r — J-, Jff; T ■- -2i-. iff 



m 

rw 

/'w 

/ fe$/ha:t n 

gTaph is/hat a 

*-+ 
!*<*< i* 

0 

_ 

+ 


i:Lmr.iv(! upward 

* - > 

\-i/i 

n 

+ 

tclatlvc mitiJHUHs 

Cuaicuvc upward 

-i* <*<!*■ 


+ 

+■ 

ibcnwin^ 

rv-.rn.YZ «pw*rd 

i = ji 

0 


0 

EHCTtaSHg 

ptiilQl oF inflrCLinp 

S* < z < jj* 


-f~ 

- 

inrTW^flg 

coacavt dowawfu^l 

r = l r 

/a 

0 

- 

rc-IffiLi v^ KLaxnmun cotrtcavt dowiivird 

4* < * < 8* 


- 

w 


^Ti^iWf do-w award 


0 






I: an. I 43. /(») S((f t} ,/S (r H) 1 

/'(») -|y +1) _1/3 (* -rr-^ 4 (* \ 

- §<* “ l)^r-3)ft- 3 + 3(x + I}] = §fc. + 

/'(*} = -§C* + -3a) +^* + ] r 1/3 (2 t - 3 ) 

= &* + + St + if* + - 3)1 -§(r + 

S*t /'fa) -0: a - a, a 9 J, Set /"{t) = 0: ff = a ; =. -$/s * -L.310, * - = j!/> » J .346. 

I f T {~ I) /*( Ij <3 l-> r^t f^iFt ssid -! in the dcxmaisr of /, 



/IfL 

/'(a) 

/"w 

/ is/has a. 

iTTnph i*j- hsA a 

r < Xj 


- 

+ 

dnru^af 

('roii. is ooncAvr- upvr%rG 

fSI i 

!?-2t 

-22-2 

D 

dixr^tKi n u; 

[Wfint nf infiKtio-n 

T 1 C T < “1 


- 

- 

^KTuaitg 

C(MK4.V^ dryuTiwarff 

J = -1 

fl 

(I.hrfj 

d.n,e. 

id*tL-vf minirniim 

VrNi-rnl i^jifjrnl 



+ 

- 

eticreHJiinig 

ccuiiAve (khwaward 

x=0 

s 

(1 

— 

fdative fflifrbltmi 

f;-uncftvr. dp^hwpjd 

0 <L j: < 3T^ 


- 

- 

d«f.E^^ng, 

c ddlelv? (kiwn'v^d 

x»Sr 2 

4J5 

-4 A 

ft 

detfcaaLUf' 

j>rjhi of inileftloh 

< i: < 3 


- 

+ 

dpsr&t^in^ 

gj.jph; it ton cava upwaid 


0 

0 

+ 

rrULj-YC EEL U_3 l j EC 1 liJ2: 

ir, fasneave upward 

3 < x 

UUl 44. /(ir) = 

x V«! ? - 

_!_ 

7 

_l_ 


g: apJi it ton cayo jpwaH 


fW--wr‘«r 25 t fl > 0 if It i < 5, tht domain of / is |~S ? .u), /(>) ;r{25 * :J ) S ^ 

/*(*) - (25 - +■ i^jK 25-* 3, )- |/4 [-*») - (25 - * J r I/ 2 [{3.i - r 1 ) - a 1 ] = (a* 2s*) 

/'(*) = -j£» - -3*)( J i5-2x i )+(25 — a 2 ) -1 ^H*) = *(2S ~ -2ir )- 4(25 - a 1 )) 

-if25-i } r' 1yJ (2^-?n) 

Sffl i’i.T) - 0: T - ±|v/2. S«t /■(£) - ft: x -=- 0 



BEHAVIOR 01- FUNCTIONS A Nil Td LF_Idl CHAIMS, SKTAftLIG tTMCTJGN VALUES, A^D AFPI*fl3Ultf*rU>K* 



/W 

f'M 

nw 

/ ifl/hai it 

graph !s/has & 

___ 

c _ 

x = -4 

0 

— . 

d.n i’- 

d. n.r. 

ei?il maximum 

vi'TP.u:aJ tangent 

12 

9 

- /^\ 

V 

s V V- 
| i 

V 
£ 


- 

Hr 

decreasing 

... . - 

concave upward 

f> 

3 

1 1 

/ i 


ii* 

0 

4 

itlatdvf rrunimJim earaav* up warn 

" 1 -i -J -2 -1/ 

E ] 3 j 1 5 



+ 

4 

Increasing 

eoMave upuird 

\ X 

| 

* = G 

Q 

+ 

0 

Lacfi™ng 

pnitU. erf mfl«.Ei£ii 

- ? ± 

i 

0 < JT < 


4 

- 

tnereaMitg 

mamiave downwind 


f ,=. 

¥ 

0 

- 

relative miguEtiuio concave dnwnwis^iJ 


!y£ < r < 5 


- 


decrra-Hng 

c^DCive <Scj-vi muwafd 


j = 5 

G 


| d.n.e. 

tttd n i :ii i n i nSfr 

vertical ■‘.ivjijit rj L 



In A's se, find (a) lI» rebilve «tu™^ 1>) tfec va j at wtwh LbBty 'x^r. th-e ut«rv4h cm w-b^h J 

if (-c) UL-CIfKL'lHl ^ asid -rf) decreasing- (e) .Sliet^a 

/fil -— ix — 4) s (j 4 

/(.) - S{*- 4)<* + l? 4 + = <* -***rf*K* + *)+»(* - 4)]-<*“<X* + Wfife - 8> 

/'(jt'i = (x - 4(-ib -&)+&[>- 4)f* 4 2)(*x - St) - if* ■•<!)(--2 J 

- (r + 2){S* ! + 3x 16 HO* 3 - 56 - 64 4 &x J - lib -10) »(* + SJC3&X 3 - M* * *) 

S«1 f r (r ) =0:i = 4,r--2|* = ; = 1-6 

Sh f‘(x) - 0:1 = -2, £ =■ £(0 - 3 VI) = f, «?0.130, I - *(S + Vfy = ~ '30™ 



/(*) 

rw 

rc*; 

/ wfhtt A 

graph Lft/Jaa* ^ 

x <. -2 



- 

intrcBFing 

i:untave downward 

r = -5 

0 

0 

0 

£.1al.!«™:trv 

p«nL of 

-2 < x < i| 


+ 

4 

i-Twcrfliuing 

rrmeftvr upward 

J 

144.7 

139.1 

0 

iMT-caEing 

pednt of inf^LjQ 2 L 

Xi < r < l-S 


+ 



rjb-tTilftVf d*WRWi1 nl 

r j? 

r—1 

1 

- Of 

2G&.T 

i « 

- 

relative mLairnuA-i 

eon-LdVir dfl*nivAjd. 

3 J < E < 


- 

- 

4k^r^n=S 

C4i[n-^V4- UiJT* nwlLfd 

E = 

Jl2.fi 

-3p&-7 

0 

decreasing 

point erf inE«:liora 

Xj < t < 4 



4 


r :jM i'. l\ I s lLpWVLrdi 

z = rf 

0 

ft 

+ 

rdativr maximUEtl 

cfflcan u?pmiti 

4 <r x 


+ 

4 


nooff'jL-t'c ifpwacd 



* f(x) - (* - 1)^(1) +{* - 1) -V.X- l) J {3r -5) 

f\x) w 4(* - 1)(> 41 v ?U - t}*(2} - 12(« - I ){* - 2) 

The eiiti-caJ numbers nf / axrt \ and Tire critical v. ieumts erf f f ar-G l ur.. 2. 



/W 1 


nA m 

/ Sm/Lajl a 

^:^.|jjl la/h&s- a 

1 <1 

'— 1 

j *+ 

4. 

dtrieoiilLg 

ewe^vr tipwaid 

X = 1 

ft 

ft 

0 

iiatLosaiy 

point erf i nilef i.iiwi 

1 < x < 2 


— . 

— 

d-ftreailna 

rnpiirav* do’^D'vr^ 

x=* 

-1 

— 

0 

decreasing, 

point erf irifldiLlon 

?< 


- 

1 ' h 

drt^rfi.wing 

wnca^ -upw-inl 

r = f 

27 
—fg 

ft 

4 

icLui . - rnjmjnum 

concJtve upward 

1<* 


4 

1 + 

sntTMaqng. 

concave iipwahl 




MlSCKlUMKGlS KM HR Cist'S KOK (‘HAfl'KK 3 2C1 


f(i -*) 1 if x< l 
|(r — 1iT 1 C r 

(SU-rf if*<l 
1^-D S ifl<x” 
c) — d; z — 1, S«t i*{x) 

i im [ m i 


iHH^LaVtr Upward 


ntaltvf rniramutit ilu [x>im iinfinniem 
increasing concave upward. 


/ h continuous at 2, /'(2) wid f y (2': eta a q\ wist, 

Stt A*) = ft t = i 1- ±i* /'{*) = 0: * = 0. 


rerri^ 37 44 atc famine with EiraciHS 2s 12. 

ElWtiM* 4.3 iuitl 4fl n ^1 («ejlK |sutrL of iJiji- graph of th* continuous foBCiLAB. / near x — c MiMying ib* coadltta.-Li. 

. (a.! /'(x) > 0 if 7 < c; /'(z ' < 0 if x > c: AaO < 0 if x < ti f r ', j) < 0 if > -. 

(bjHtKfttf *<*; Ax)>0»f /■£!}< Dir* >f. 

(*) /'(f) > 0 if J < ri f f (x) < o if T. > f- /*(*) < & if J < CL /"’■ Jj) >0 if J 

(d) Ac) = 0: He) - 0; fix) <, 0 if Jr < c- /» < 0 if * > /*(* > 0 if x < c; / # (^ < U if * > c 


Es&rrisK 45(a) Exrnriw: 40(h) ExcrrLsc 43fc) 

(i) A*J - -2; /-(f) - 0- /'(j) < 0 Lf r < ct fflx) > Cl if £ > e. 

(b) Ac) docs r.oi ndst: /*(*■) > 0 if r c Dl /*(x) .> ft Lf r c. 

(c) / # (rj <0 irj:<i:; /'(tJ > 0 if r > r t f(x) > 0 if E < c; /'(*) < U if X > 

(4) Irm /'i» = 1: lim , fix) - -*-oc: / # (r) > 0 iff <, r; /*(;■) < 0 iF i- > r . 


F>njxcLst 4ti(d) 


j L—/ 

m 

' !'<» 

\j 

/ zi/haarb, 

graph ii/ha* a 

* < "I 


+ 

— 

Lf;rn^?Lr,i:L|jr 

■::nrr;tvc cLnvnvi'^d 

j = L 

2 

: 0 


‘plaLlVT Ccp^iLVc dflWftWM4 

-1 < *< (1 


- 

' - 

rlarn^inR 

WBWVf dc»iwajJ 

x fs- Q 

D 



JecMaMksR 

JjljIiL 1 ! i 14JT ■. H“ L i ■..■!: 

V 

h 

V 
*5- 


i _ 

+ 

dnrrflaji n p 

nop-raw u proud 

r = 1 

-a 




toi«;avc u p v. j.-.i 

1 < x< 2 


+ 

+ 

IncreaaEig. 

rxjncnvr !J|ivta7lL 



d,n.t, 

d.CL.C. 

it!ati-vc EELajdmurEi 

q* ini]«.[ieni pOLflt 

2< x 


\ - 

— 


rtwicavf ■dovr-'P.-.Tj-d 





C&ShCW- 


CHjiLXUVt 
naiiiiL of 


concave 


caiL'f'AVi. 1 

concave 


BJfliAVWft ftP FUNCTIONS AND THittfi Cft-APHSf, £.VIHEMEFW-c:tiuS VaMJFA ASflJ A *"FltQ XI HATTONS 

In Exercise* 47 and -id, *k+ndh pait erf the gr^h <rf the eonlniLiuM fimctdM / ou «t interv*3 «m 
ri < -b < r < if nn,lijiFyli;fi the ■con^rtfon^. A\x> -draw r i ^rnmtt uf the vanccni !ijut -fit each pencil if iSi-Hi’ft i& out., 

47 . i» /'(a) - fc /'(*} - -1; /'(e) does not /'(fi! ' - 0; /*(*) < if J < *! A') >0 If *<*<«! ■/ 'W < 

(b) /'(*) = ft />) = ft Z'(fc> = Is /» = ft i J (C) - ft i\d) *l«* Octet; /» <* if i < * fit) >t 
a <: <ft f'i'XQ *»<*«* J'W >***«# 


Emritt 47{*> tJtercK* 47(h) £*.««* 43<Jf) frJxcttia* 4S|» 

tft W /'(«) - 0: /'{*) - - L; /*(*) - 0; fit ) - 0: fit) = 0= fW - < fl if * < 4; > 

if*< t< c;/V) < 0 if *<*<«*; /*(*)>0 if* > J - 

(fc) /'(«) d°m ns! exhft fib) - I); fit) - 2s J'W = ft /'(d) - 0- / < <1 If f < «- / M > « rf a < * < 

/'{*) *f 0 i(r>r. 

In Exadac* 49-Si, determine from the Ggun. the grip! mf itio derivation of & faneiiou / odnUnuoui on !i~ 
foiiowioB information and iiwotponu it into a ar in j3.6; tie intarvafe on whitb / if imrewmg, 
it* reJaiivt tiUima; iptm-ata of (ment u|josi_-(i and downward and absrcisaa *t point* «f utflaclusD. iktul 
u: jph erf / if the dftly zrfryi ftr#* thc»M fltAtcil. 


/ fnr Ewkiw 4!? 
Tarot of /we -inudU. 


-2 < x C -I 
ff=“l 

-1 < X < 0 

x >fl 


/ fur Ksejctw 5U 


/ Ls/li*g -T- _ 

iriZTSrLfi 

reUtiv* rnnrfifcLJum 

deejc3£iii'Liir 

KtAtiHJfinJ}* 


/ for Emetic 5-1 


£7vi.p':i is/1 i:lt- a 

do>-i| -r. i'lchJ 

co^i-^vp downward 
awieiie dtfwn^wcl 
p^in’- of infln-ellon 
ciMscoa^a upwait; 
pQitiX of mVk?t40?i 
wpeava dowjiwnrd 


/ for E*t 


50- of / we 3 juid i- 

__ /^x ) /VL 

1 + 

t - -2 0 + 

+ + 

e = -w6 + 0 

+ 

m~l 0 

i < ± < 2.5 - 

X * 3^ - G 


/ ; fol fwiep 43 


/ Jg/lig^ a __ 

3*eSatng 
rc]^ljvp minimum 
iutbeasLog 
iEwrtwstng. 
iiL-rif^iE'ig 
rrljitive ninKimiini 
dfKTt^LOg 
da’ezTAilEEig 


pruph tif 


ptfiiil of 


upward 

itpwatd 

mpwnrii 

itiflecffoTi 

d'lW'is-v.-ird 

■do^TS^'^rrl 

HowrH'iaj'd 

iirteetwii 


f foi E>wT!riM; 5D 





MISCELLANEOUS EXERCISES EOR CHAPTER S 26; 


■detnutsi rj£ 

rtLativi mf 
lEKYCbning 


upward 
■COPtf-ii**’ lajjfcv jl|-.c3 
coQM.^t iLfm'rVQ 


nHKfiVt iipwftjQ 
jwijit ef Jitflcctirjii 
cnncaye downward 
PO J*iifl4 tongas 
rancav* sif^ard 


wrt i*aJ taogont Li i: h 

UaurHJL-iiJvg 

rdativt inAjcmum 
d*cifi*Ean,E 


iuniffli| 
rtlat-Kr i;nn'mnrn 
dw-rrik-in^ 

TtS ain't miiui]Qy.rji 
LpcrriuJij; 
rtlatihis irinjcimufl-i 
d« I iris 


H|iw,ircj 

□a jsn:n H . Of iuflwrtioD 
vtrliml tangenr. Sine 

Hrtttave 1 duu/HKajd 

dow^w-ard 

■[ C'Cl.' i'i r tliiWBUFArtt 


gr^P?i ii/ha^ * 

tcwicave dowjiwarel" 
\VpLVl.Vr rkirivq-WJtriE 

wrrcavt downward 
E>»jnl of liill-rcLi-nii 
^gncave upward 
*&p£*v r Upwjuii 
concave ujiwapd 
E*dm. of ioJWhion 
COOC&W d'QwnitfAJnl 
mrjrAvit do w award 
i raiTave dtfWjfWfexti 


LOCItiUjing 

d.€icffejucjng 

djKRtting 

detrssjsing 

jda^ve mintmuj]} 

EueztMmtg 

inr?&&aJjig 

ilrtn^ng 

FCl&lLvc rnaxilttllPfc 

dttlhftn.smp 


/ J for Es*rr;*c .1-1 


/jp/Jiafl a 


[□cftasrpg 

Stationary 

bcnujnt 

iortma^ 

inftmuiing 

r^laiivt mdniiira 

J^HNUtLOJ 


e^nrAvr dohvtlw^jd 

point or in: fleet Eon 
eoti^vt- jpwarf 
pot^l pf UsflOtt'iLklj 
tonuve downirAfd 
contAve downward 
ronrave downward 


W Ji J 

F 

E 

/X Ij 


/ V 




/ 1 -3 ; 

rt 11 



lft-3 HKJH A Viott CJF K(JSdT»NS HEFJEt HR A-PKP. F,XTRF,MF FVN-nnON V aL.I JES. AXfl APPROXIMATION* 


flS- 




rv> 

/ ti/hi-S .i 

gnipEi a 



X < -1 

- 

+ 

decreasing 

concave upward 

1 


I -1 

0 

+ 

minimum 

ccmc-avit upward 

1 


-K?Cl 

+ 

+ 

incrcasang 

concave upward 

1 -l 


1 — i 

d,n,-e. 

d. 

relative Eiummiiiii 

□ol an iiLfiextinQ point 

_A 1 u 

1 ‘ ,J | 4 ^ 

1<*U& 

- 

+ 

decreasing 

tfl-tKiV? upward 

\ 

/l 

s-I-5 

0 

4 

relative minimum 

eantavr upward 

v> 

_i \ / 

* > 3.3 

+ 

+ 

hrtfPiirine 

IMEKAve 

i-1. -7> 

V / 






. 4 - 



^ fw Ejwrfilto* US 




/' tVn K^iibf 56 


< x <2 
x=Z 

2 <x <3 
1=3 

3 < x < H 

X = 'I 


+ 

d.n.e, 

+ 

0 

d.jLCi 

+ 


+ 

<2,11.t- 


■d.n.t 


LnciMBiiS 

veftlryil InisjJticii bfrt 
iKTiAAqnR 
relative mMiaLuj^ 
dnjwui-ng 
iehti^ mjaimuin 

itrtF4Ui.Bg 


lUDC&Vt UpWftFtl 

paint of iiiftaliOti 
rcKirtav* domt^ird 
CMKavt downward 
cwrtdvif dtswpwjud 
not- an inflection jataint 

nfiifcPJi.Viff il^wcrw-ard 


Ip 37 GO. find the limit and wpimrl >-i?ur mi*™ grtphLrallj.", 

ST- ilia 



3j*+a»-5 ■_ Bm 3 + y *- a 


f-l. -OS | 

/ few 56 


M. ILft 


te- 3 
"Li 


Mm- 


1 H -S/f 2 

■t/j - ?, fz' _ n _ 

5j^ - x + 1 »**-** 5- l/r+l/se^ ' S 

X s + S * + Vff _ 

2x - A “ JiS»2-4/t ” 


= 0 


69- ELm 
Bfl. 


-( 1 ™ 

+^7;r + 3f J +ir 

_/ Lrns LLUfl^j 

- fi'i 3 - 

" w ” 35 


limit «r 

(ilv i iJjj: c by the power Lb the QUBlcrMr 

lira 


£= a 


Ip Exercises 61 and G^„ (3.) pl«t mid tucyeciuie: the beh avior h - L - 

til- E&m (v i ■+ i - \fx) - lim 


LUrtifflCtUIC the beh avior ^ x ==« 
1 /- r 1 y ,|l J-ii v |l r ^ 1 4 i/x 

v^t -I- 1+7* 


]:!C.E£&Sf£ wjtho-0< ImiujuJ; (b) tOIiipitSr ]im J{l% 

— X - 


Hit 1 


T — + rm \/x - J. "f v x 


-^0 




M35Gtr.U\IK»i;$ FXKROSES FOk UHAFTER 3 2ft5 
' a HHV^ ar -fr* + \/g a *<> ., (x J +rl-f* 3 4^t 


FxcpcEfiew land Uif aisympMcc of tl> p;apk of ih* Whan. by pjgtl^s;- 

(ktausc \im ;(jj_-oour lim /(r) 
j-«J ' a* 

Hn.-cuse hm f[z)--x:vr lim 


+60, z — 2 le a TOttiral JiL^yrcpcoi?. 
e) = -OQ..-G ~ -2 iS i vertical * 3 yrnpt 


3.^ - [1 i_s a FoiiEont-ai ^yinpLotc. 


^ vertical asymptote, 
0 ia a. ^rttcal 
■ ft « bftaMW 


Brejneae lim /(ir) +ljv lim _//*} 1 - 
5 1 E r—>—] 1 j 

rajmptotc, Kecausd lim fix) = lltti * 

■ r—'-?■■» r _ J / z 

Mm /{*) j=. Oj y ■= 0 i* 4 borirontaJ uympi^, 


" " 1jI ljf because 36 +OO f 1 ±z 3 is a YEfticnl asymptote, 

Be ™ 34 /(*) - j +3 + _L^ = x + 3 + j(±) mmI = <>,£=*+3 13^ cbliqiat asym plnit. 

frVh - j3 + g 


* FWus* Llirt /(:?)=+DC-ot btjcwise L 

JE—D 4 J" 

fjr*-*uw? /f£) - * + yj ^ £ + i(jr) *rwd 


J_J r (^) " » r - ft is ;l vertical asyjiLpLrtu. 

- Jf - ^ utaJltju# osympiaLr 

b.- i£J, (+. |'i-lot the gtaphd of /, f\ iii-d f K ' in separate window* and catimj-.Eie 
which / h iBereasing cad those on which / \a H:-ce™ln £ . ^hrm 1*,, j.^-.h 
d<JWEiaad. wy points ©f urifetljutu fb) confirm analytically, mjikr 


lSrL = 0; * = -»,*- r , = ,C((J - v^T) = -0.918, 1 = t, _ Xf9 4 ,/5Sij ^ j.iHJ 

Sci/'W-0;*=f 4 fc -itv^3T+S)»-3,t1iU:T_ j4 -^v/jir-aJajMftS. 


-,_L£f£> 

1 £M. 

1 rw 

] / it; li ft* ft 

BT^pJl is/hrk-s £] 

JC < -3 

1 — 

+ 

d*;:.— ,u"- L : 

ccjnc^ve u&w&iii 

x --3 ft 

ft 

+ 

rrlativc mini^iilti 

conrave 


+ 

+ 

incKasiag 

ClH'wlavf: i:pw^ijd. 

21,0 

+ 

ft 

incnwtnp 

pthint ©f ijfcflerlioei 

*3 < X <. X|, 

+ 

1 ” 

inmasing 

C0tl<m.vh Hnwnw^jd 

*=*i ■ts-l 

6 

- 

F^lftliVi: fcazimmu 

CODCa^u downward 

JC T < if < i g 

- 

- 

■decKa.si np, 

concave Tcar-d 

*“*4 -£ 1»5 

- 

0 

dc^recai 1^ 

point of irdflnc^inn 

< 1 < i ? 

- 

+ 

d«Hni npr 

cojicftv^ ijpTrajd 

r- ?J -Tfi.t 

0 

+ 

rd^ltve mjjLijJdym 

rnneave upw^d 

r>Tj 

+ l 

+ 

uncncasi ng. 

wncavr; upward 





RS. - S** - 6*3 + J** _ a 

* /'(*) = 1 Zf* + -Hi 1 + dr - a±(2J 4 ;.- + I) ; f B (z] 3for*4«*+6 

Nrt f{s) - D: i. = 0, r = r, = 1 * -Ut r t * 2 fr/*- I « -#.W 

Srt /*(>) =0! *s- -Jtn/tO ► l.llt. r = r, = J(v/I5 - *)*= -0.H 

1 I / H M I | J r^b*B o jpayh isftas a 


XST. | 

afj < Ji < *3 

^3 < * < *2 
t = f J 


- r->ft 0 
+ 
+■ 
+ 

-IjW 0 


CLMirn-vc upward 
rr|iit:vc minimum roncave upward 


jftcreasi&£ 

ihcif^inj 

cuOT^ciLvr upWanl ■ 1 

P'lhint nf jnflrvtinn 

* ] -E , 

inc:eas'r^ 

■concave cownwiiQ 

/ -4 

rtlAtivir mwdfltum 

ToncA'-'c- i'LiwniwrMcl 

dca^osing 

concave downward 

1 / -jf- 

dccTt'aiurg 

fji i-liil of .! 1 11-E-i'S.i-ijri 

1 / 1 

decreasing 
ridaE.ive mieihiLum 
increasing 

roncave upward 

ojnr.i'HV 1 £ p i> Vh;-r £ i 

concave upward 

V ’f- 


Gft- flx) - S^x - x; /'iVf — ix ■ 1; /'{*) - £x /ix| is graph ^-mnwlirkal about origin. 

S« /-(I) - 9: **'» - 5; I - 1 a- 1 ” - ± a ± a^3- /*{*) h iw*tt *w- «ud /'(<>} H= H°* <*!«- 

/(V) I f'M I /'(*> / is/tiw -i urapii is/tas a 


2&6 i tt 11 a vauEt y^ set iu s^ AN3? th kch Gtu n i rf?. twtrrhf n ■ vction v*i. lib*. am» ai-e 1 i ia% m ArtQNS 


x < 4 decreasing concave upward 

—4^5 Q + itLaiive rtiifijfflitHi ctHit4.vrt upwmd 

-2V?<t< 0 f 4 iurrr^snR ennriivc upward 

f = 0 U d.n.a. d_fl.e, vertlfial langpftt point of iu!L*«bon 

0 < i < 2^/5 + ^ii-friming cr lir.ivp cjovrnTrajd 

z— 2\/2 4 •ifl 0 - rd^Lve enasimuiii eofltfivs iluuuTtffcid 

r > 2ijl - | - Hcifrajjqit <flflC*Vp dqWhirnid 


m fir) “ 2r ,/5 + ? 4 ^i /'!*) - §jf^ 3 4 yt* „ 4 /); /'far) „ -J, n/s +Jr ^ - I) 

Sol f\x) — U- x — 5*1 jTW - 0^-3 /'(*) ?l x t d jr'(0> do not Otis* 

_|/W_L /'fil I /is/baia Ertph is/hai .I. \ jt / 


-i®s * 


Jfj) / [rl / a/haa a _ ^raph ja/b^v; a \ j H / 

x < —^ + iWff'JLKing rfjnc»-vti «pw*H \ - / 

x - —J —0 + relative minmitEn concave upward \ 7 / 

—! C x < G + + ^oocavef lipw^ifl _■ \_ ■ ■_^ 

s —ft Q 4-n-^ d-n.?. vertitaL laogac, point of InElw.tioii ^ ^VJ- * s 

0<x<l + — iiiireifibg concave dffvrnwajd 

it— I 3 + ft sncjcisLaK point of inflcnton . A¥ 

X > 1 + -T sftcMiisLrag cnnriVf upwajid j- 

71. /(L-. — A bJJ3 Lx + H ^:0^ LjC. !j:1 & bv e!lu LciClLmi'Uiq of the ' i- joining “i^ n.-Lgisi I n tbc [WLlIt ■ ,V^ t 1 ! 

Th*?fl /( r] s V'A 2 -k P^slfl kx - ■—£—^ 4<W Ifcaf ■ /-A - v/a^ — H a (hip itx oost + ™ kj fin 0} 

/ ■- s r V VA a -i-B^ YA a +B w 

' vA l - 14 sm(fex | f>j. fl«ai;pr iSi-r absninbr ma>;ufiUjn valw o4 ?brflinr fuTtcilWi i ■: ]. tJir Jihsnln^ 
masiimifn value of /(=< — V A a 4- T? 2 . 

7^. If /ix) — ex 3- -!- frx". eexfimiae o and l- so -.bac ii;e ^apii of / wELI have n poini uf iitftaclion at (2. tij). Plot. 

► f(x) = Jax" 3 + 2 &xl jT't*J=Bax + 2* -^- !__-_ 

Eocaust Sbc s?aph oF / baa a point of inversion at lh* point wls^tc r — 2. thoji \ ^ 

m=0s e^4^ = u (i) \»: / \ 

ESwau^e the graph contains she point (2, ]6), then V L / \ 

fit) rn IS; Su 4-^ 15 (5) \ -y \ 

Solving Eqs. ■ L) an-d C2'i sim-jltancoufiy. we obtain o - : and i - r >, Thits —-— . — J —J—— 

. «,: V 

Bccauae /*(x) changes sign il f = 2, iben (J, IS) ts a point d" Er,flcction. - \ 



i/\] 

-ift 

j 4 -i, 


-I - 






Miso:t,urtKO(js FpSkrcisks for tmi-itk is 


73. /(tf) ■■■ ax 3 4 - hr 1 4 tip\ J*{x) “ 3if 3 + 2b.fr 4 C /'(x) " P^X +■ Eh 

TJir graph / is io haw a point oF inflection at (1>-1). lime. /{1) = - I and f r (l) = 0; 

■ 4 b-M -=■ — I (t J 

5*4 2b -0 (ij 

Becauw the slape ul ibr ipf]«rtiyn£j tangent at- ()„ - i ) _s —3 T thru / r (l) - — :k 
3*4 2fc+fs-3 £S} 

Solving e^ujLUi^TS {1J- and (3) stmultanMnishv wti obtain n - 2 ? i — —(, anti r — 3. 

74r IF /{*) — prove li-iL the graph Eif / had -IL poLtLa- of inflection cltfti trr -mlEiEifttr. Ch^ck by [spiLl.jjtg. 


L * (V3~3)-(-V3-S} 2tf3 4 ' I-(v^-a) 3 -v^ 11 

Becaurf tbfc slopes of the segment art equal, \iin ihr#*. jx>iri1.- iif inflection are rj^liiieoc- 
-:, -/ ^ L f-t± if * <0_ J-H, x f-2 ifx^O 

ifJ>0 ^ l ^-U if.xr^w i* ir*>o 

/( 0 ) - 0 b*n#m OM = t) iii /i(«> - «■ If i < U, /'(*} < 0 j «acl ir I > 0 , /'(*) >• 0 . 

FltJClOC, by DefinLtL-OB it. 5.-1, the *f / lira-A jtfpinl gf iTifl cr.tiim at 5be oripll, 

75- Let f[i) - x rj . wh«* n b a posits w iiric^f. (aj Pfrove tbai iJiv graph of / has a pom! of Inflection. at the 
origin Lf and. only if ex is odt| m\ti n> l- fb) Sfeow Ibftt if n iu-vm, / k*A a roJailva taJimoufit v*Jue at A- 

•> = "1*“^ A*) = «{" - 3 l*" - " 

Suppoie that n a an odd jflteg^r sjft4i|*rr than i. Then r*- 1 > 0 . find lIjili /‘inj whit*. Heno* ilir- gi&jih; of / 

» tangent [ine at £ — 0. Fti £; iiftiriciore*. li«t;ar^p n > tlif’ri n!ri -],]>□ liecauEv n — 2 is a^ao aji odd. 

tE:to| 5 ei! , : , then < 0 if x <“ 01 ,. ■Xboe^Foic: /*{&) < 0 i.F x < 1 ? and > Ql if x > 0 :«ni i-bi"- g.r?ipb ol / has 
m [Hvni hjF iiinM-tjon at tit origin. 

iNow. feiipposne liiai n ty an cv«i integer. Baeauid n La. iAhIivc, Kbai / h cootiBuoue ai s? = U. 
Fui-Llim-morr, n > £ and so w(fx - I) > 0. Bkauv n— I if an odd mtcficr, chon < 0 3f r < (J. Tlwrefow 

A 1 ) G Sf < 0 A 1 ) > 0- cf t > l b and so / has a j-alaiivg unutimiffn va ]tsc at x = Ur 

If pc — 3, tJn’ii /fj) “ x *!h5 th-n graph of / Ls a itTiifiht 3inr P Thrs^fm. thr ^raph af f u |-Kiizn uf 
intl-BiEit>n nL t*ir- origin if and only i£" n b odd and n > E, / has 0 relatlw minimum value at U ii n Is- evsii. 

t tJceEcisea 77 and 7ft cmLfirEKi !>y rjik-u^is r h i 1 - v^Lue obtaiiLod liz (d) ^>f MLycRlliuLmLits E^^-iri^s for Chapter L 
■7- (*) IQ3- If x in- iquirct ire cu! frwik tht ttphucrc? ipf n IS in ■* iy -m r-h<-<:\ r-ind ifc-r :-idf^ tymed up the- 

volume is V(x) in^ whew V tb (14 — = 4a! 3 —Maf+2i53^ 0 <x<7. V^x} ^ L2x^- 32ix #2S2 

-4(3* !f -32x-«3). Sri V'(*J - 0; x ^ ± On(> J(W s/St) miJGMB € [0.7] 
lf(0) — A? J s; 2^92.t). V(7) — 0^ Ihe -oIijush Ijji^ n^i nEk^hlirt^ n^iniiim vgJojp when 1 ** 2-6 in. 

!b) Ijl^cfriDc ](H. Ait often bo* MviinjJ ii ’pcli j-^Sw- bvj? r in. L "o liav4! a. viiJiiiJai- uT ‘llirift jiL’ 1 . TEi*' 

c .1 1 ^ . jj Cf h 2 l&MP ^ atf y !6j(W0 ^(P-fWJOO) 

anrea of Ihp bon w m*, whfTT hftj X* 4 » \ 4 > Ol S (x) = 2*--w—- -H-i. 

X* X* 

Becw^ S r (x) < 0 if A < x < L!0 and b r fx| > 6 if x > 20, tfien 5 h» an absointo ut;nLrr«um. value when x - 20- 



UPKAYlOft Or FL'SCTIOSS TITF-m Cl* tHK P.XTRF.MF. FlWTtON Vjil.ll]?? ASM AI^'HPSLViATIPM 


7ft, ( 4 ) Kawkisp JOft, A Nip with Eruugim 4 m Jrt itw tap *iu3 hoUtutt utd l£ m ub Ihc rddrH b to eMiLtyfi 40 m 1 

of print. The total area of the sign, is A(ff) m 3 when the width of th t pr]j L ted t^gioiu is x in, *h*re 

A(r‘i - 02 + ■+■ 22A, 1 . > ft. A J fx) ? - ^S3 — ^ . v Oecatisc A J {j ) < ft if 0 < r < 5 and A/m) > ft 

T j - sr 

x >5, ?h<-n A has an Absolut minimum value when x — j, The soulha-l sign h 3 ns wi-dr *td 1ft iri long, 

(b} Exercise 3 US. The growth rale / fish/week ij jointly proportional to the number 1 oF fbh and the numbw 
lft,Oftft j- of capaeily / (jc 1 = Ift^Oftft ■ n) = £{lft.ULiftx a?* |, ft < n < lft.ftftft, / J (x) = ICkQUu ■ iff- Bccusc 
/'(jtJ ,> 0 if x < xitHJO and / r fff} < 0 if 1 > -^Od then / ha* an absolute maximum Value when x — 5£HW 

7ft- Profit on an liem :s 8204J if not more ibon iOU arc produced ear n work wd drcxtJHare S0-20 pr- il-rm fnr wu-fc 
itwn nv^- 800- When x item? ar? sold the profit h /fr) dolT^rs, when /(x) ■=■ _ 'f ? ® 1 ~ _ 

/'W - { 3 $ _ 4t irsoo <x <!SOO- B -“““ > 0 ’ J ° ^ < m /**> < 0 if * > 900 [Ain / tai 

sh AbaoJuU! jntxfcnUffl Viiue whit £ UftU- 


SO- Find the dimcosioFS of *n Open beet, huvhft a *qu4rc- b.-iw: afid -i voi-jmr nf k itr thuL e*u I n* uoartriielxl with 
thr Feaal aiiiumii of tmastlol. 

t> Lm jc in. tk< the l^n^th of 4 i-iett nf ihr taut? no il? nmn in *- T 1n a _ Tlien l3ir height oF the ho* in A jn. H 
A(t) in' ia the anuont oF miteTial notded to construct the box. x 

A(j'i — -4- ■ -t — n 5 -i- ti < x: A J {x> = iff - = — ^ r} - 


Uccause A J (x} < a If 0 < z < ^/5E and A r (z) > 0 if z > tden A has an absolute minim uni v$iu* vthxR 
x “ ^/2k, Tb*fftfore h ihr. dimomienn of thf roquirod bout hxt J/Sk In. by &3k is. by ^^/?k in, 

LfX C ht thr jwint on the bank neared A. Sec the figure. ]f f(x’ km is ^ . 

the amount of piping ttHmi ibr jHunpiiig statuid is x krn frnrn ihpn ^ /v '2Chjt 

J(x) = |A?!+jFlt* \/a*+ IS*+ i/ifK) - sf + J0 ! , I £ j^M] =r t / \ 


{x -h-ncl i- Air pofiiL]¥^): ZW ]3x = [DX; = T*r- t - ]? LLc CfLEical autnbr?. 

/ ih COnliiDUOili On I SO sbeotate OcCiir a; rin pr;i djrai rjl Or A criLtiJd siunsbov. 

/(ft) - Li + Ifty/b «y 37,36, /(12] - 4 \/T^ - 3v^i + - -J v^T ^ f\2i.\) - 34 

The Least amount of piping b requited the puriiputp; stubioit is L? km From f-. 

SZ. If C{ff) is the ^otal cost of z ctiaiis.. then C{z) — [36ft — (x - 300 m -]x — ffttD - z)i — ^SOx - r > 3U0. 

0^*) “ CSO -?*, C p (i) > 0 If *030 Md CVx} > 0 iTx >330 1h*n C(330) - Jftft.SOft in th* Afcidtile 

mmciTT^im v^uf of T 1'Lic posstbie iransae r ,Los is SlftB.Mft, 

S3, x units are dkmiwled wtien jj dnillji^ i? thr pnej? prr ti nit arud t." j- p — 33Q- L-!0x itoEkff? is ihr. cli^L of 

producinjs t TiJsitP. The profii b Pi.jp) (ksElur^ wheTe P: r) - xp - 2ft? - — x" 2 ) - = 300i - x"-. x > U, 

P^) = 3)ftft-3i 3 = S<lM-V), Beauwe ?'(*)>» 5fff<l0 and F(t)> 0 ifx>|0 thnn P(I0) = Sftftft ia i&p 
almoLute munnum value of F. 

84- A cfcvcd tin oan h^vidj 4 volume of 2? in- s b to bo in the form of a Ti^hi-riinchtr rylinrkr. If the cirohlar Enp 
and bottom are eui firnni square pioccs of tin, fssd the radios and height o; the can if the Least amount, of tk 
w tq bo o«d m its mwvafiKture^ Include the tin Elmt is ■wjic^ abL-ninih^ the Eop and bottom, 

iv Let r in. and h in. be the radius and height of the car. Heeause the ^Jurue of the cau Is 37 in.^ then 


J'lir aqU.iMH Iw’Cdtxl In Hiukr Lhr 4rj;> ^Ulfl bo4bniti of tlm r.in ii-c !;i 
atfta of bubh squarei bs The lateral area of the tan is 2nrh in*. 



MISCELLAMIOU.S EXfcfcriSES FOJ* CHAPTER :i 2GD 


£ =. far* 4 2xr5 f!2) 

Substiiuisng [:ora Eq. i) ii*c<o ijq. f?’i. wt o-btauL 

S-(r .« — Sr 2 -i- 2-?r pf — ir s + 54^“ 3 

r* 

BowUfflC s r (rl < D if 0 < r c ^/ir— 2 rin ^ %*( ri if r> J, then S Ji*-7 <m Ahwilnl^ minimalm V&htr wlii-11 

f = |. By s^bsliUilsng t =| into Eq- (1) wti obtain h = ~^j~rn — ”■ Tb«f«fw?, i*b« khIIip i* ^ iiu aod % 

- - IS i 1 ■ - 3 

ji|1 3r.i j> i l■= ii in- ir Lb<? le^L bjhpuiiE of malarial is u^d Eu cciiisL mr.l liir r.-m, 

JS- ^A’h^Ji p i1-Ci[Li;Ep. in lln£ pTiLfl pci lu::E, LfHhi: moils *rr dtujimdrd jmui z' — j.- 2 V^IWp -- -s‘ ■ 

R(r> - < E0d*)p - - r 3 . r « ;0>fii 1. ft'f*) lilO - r 2 - lOD* ■ ' r 

. /x; v 36 — * J v36-r 2 

Set R'(j) = 0: 3fiOD - 200 j* - 0; x a _ 1*: r - 3\^t 

ft h conLinpaux. nr. [ sn itbrtrtdsj Fj« r-xErrsna. urrur aL An ejidpoLfll Or A ciii:. til RUfkLbct. 

RfO) = 0, 380a FL^Gl = 9 

Thus R h.ti am atoalule mulioBna value when t-3^. The mAxiiauni tdl-al revenue IsSlfcOO. 
tt- H» growth rale / Id joJflliy j»a$of1ianai to the number f of UiT«Sevos wvd lht< rnimbor I L n 000 —t of 

= U Kep1iblM5 /(*) = I s 11,MO. /’(*) ■* IMIW-S*- Because 

If r < iS4J0 a^d f r (i) < R tf z > 5SDU then / has an absoLute maxim mu value when e - a5QG. 

J7. Tb* growth sale f ia jeintJ- propAfljenai J .e the nujuber f of mhjJbttMU ub d the- amount J,0DQ - t of room; 
/(*}- i*(3,W0- *) - ^OOOx-^i. 0 < x < 3.0M. /'(*>-».•(»-2*. HtOUr /'{r)>« If r <1500 *k2 
< 0 LL' i p 1500 liien / has in abaoJutt niaxlmum value w ^oji z - liliu 

■t Find the whoftnd rliatance flora tlw jioml F(0,4) Lo * on the tuxve j 3 -j/ a = 10, and Hud the penal on 
the curve lhai Ls CiOees; to F. 

> Thr diMAnfr: jn | r.^t Ur, «qi3Ll|W r. l«eMsit, the JKJN^Ce df the ^111 E!t* ftflijnE. F(.0/-) itl LTlS |KK 2|.L 

on the curve z~ - - 16 is given by 

+ (I) 

Decaux Q 3F on the curve. Then 7 5 - 10 4 y J . Substilutinc iuio £q. ‘1), gei 
a{ 3 ) - 15 + s,* + (a, - 5y ;i - ^ +,Vf 

4jp ■$ = -HV-2') 

KtCAUfle i x {p) < 0 if ^ < "1 tuuJ tf r (3fl_> I) if y > 12. li^ri .^i^j —2-3 L» ;Ul ^j^LhEu rj:L:iinsurU vftjueu A Lea, wbatl 
y = 2, = 1$ + 3? - "i! r J,T * Her^. ihr shorte-pi- di^Unce is h/‘IA — 2^/ fi A nd pwntp on tfi r run-T 

r.hai Are dffeteit r.-:> P nrit f ± 

S?- P[x'i du..jjh li LIir pr(>f:L w.h'rii t :j.-:L!ij& nrr hliIe! w:n , j-i j 

P{*> - - (z 1 * 4 257+ 100) = + bOi: -100. jc > 0; F'(*l - -2* + iO = 2(25 - 

P J (rJ > 0 if x <, 25; P'lx} < 0 if x > 25- HaiLCe p^xj Jl h± Absolute ULHJcijiLUMi Vali.-r ]f x — 25- 

J& iA(!tb!c shcmld 5e produced daily- P(25J — -(25)^ + 50(25) 100 = 525- Tjyr profit Ls ?535« 

ft. AR*? t sec iha patLitlts am M ^,0) and (OnSf): whuti r — t 1 — Si And ^ — E i -2 ? aud ]« F(fj cm be ihe 
dtvEaisM- hi-iween them, 

F(I) + (l = - 2} 7 , t >0. fW “ ■ -SE 1 4 *)“ 1J9 (SI J E2r x ) = i-d>“ l/3 (J 

6«ku« F'^'f) < 0 if n < t-C j and F^l) > ft if t >| 1 F has an absolute rninimura valiie when 

( —Oecaitbc D'e — 2t - 2and. — 'it, when t — > the vdodty of the hom-onlo. pwikle h 2(^> 2 = l r^n^ 

the v^]Mity &f thr ^rlk^l pacticir if. 2^) 3. Htnct- the iPslftF.^e l>ctw(s. :■ the pailictw '» k4st flJ'-er ^ rcc. and 

the vetorsty of the horiiont-^ fWriicle L-- 1 cm/sec -lhc: rhe v^l^ity nf tlm v^rlLcitl pnxtide is J crn/Wrt:. 

r:- See t^Kiie 92 wilH A-^aud^-SzL-(i?/p 3 4 - (j + 4) w = (^ a - ^m. 



•m ULJiAviott tJF fT.v£rn&x-, md thkjk tiium, sXTittMF, wsc-tigm valtfs ,ra approximation 


92. A ladcW Lr! la retcb over & fen** A fMtcya iiigjb in ik wilLL u MirVrfh brfhPF'4 the 
frAta. Kind the kn^Lli uf the shwtesl ladder that may bt- *i*tfil 
f- Le 1 , L nw^^rs lit! ifct length of £h« Ladder. Se*- fhe LJie lifiht- 

FHHfi tJJbei i |ji_e Eriiutglcs we g*t. y * - ”'J f ^ ■ T&AB 
t.[*) ^ + “ y'(^ - w]P + (* + A} 1 , * > 0 

- fJ- + A) (i + A)^l ■■ f-p-J 


- - 


L(*> 


«-(*) 



Srt L'(*J - 0: (j- - i>{\ -^) - Oi —A. t = A , ^V /S * 'lie only r.riiita] uuniW is A 1 'V /3 „ 

B«aiiPO l/{f) < 0 if 0 < ; < ft i/J u) !/5 and L'(r) > I) if Jr > V'V 75 , L has an al^lult minim an. value 
S When J - the nuBJIiiturtL Iffsvgth il 


L^V'*) - ^-h£—+Jf + (k>!W*+h? - ^V A + «?*y + W + 

_{ft“/ 4 + ^Y yi 

93. Ui Thf radius of ihr cylmdtr 1 * r in. and :« heigM A m; V ta J is (hr valuwc, From .iniilar tight lfi*nj!k», 
S_jL _ * _ J. h _ a _ 3r , V - ,v* ■ *t*t» - «r) - - Sr 3 ). «<r<d. V\r) = *Cl«r - Sr 3 ) « 6 ft(^ - r) 

Bccaurr V r (r) >0 if 0 <sr<| and V'trJ^t if r>i l 1 '™ V<§) =’ r W -2 l> = ^' A thl? * t> * 6lu '' 
majtLfculiCll value of V_ 

W_ A itiil 5 a ts bt Jfi th* sluip* * nape. Find the tAtlfl *t tV FFrabf* cf thts ndittl to th* mesutert of UtiM 
ajistode for a teal of given volum* 1-n- require the least material, 
t \\'e WMl nttiurnlEi r„hc l^rruJ uuJiact KW at tht iOJK. Lf 5 r ujilLb lx lO&tV* ai ‘.he- h UDbCJ br -if 
oiliitu^ of xhr ccnr. A square units be the Latrral arta of ibe We have lEi* frtrmuJa 

A « JrVr 1 + A r 

Let i » A 2 . Thru _ 

z = :r*rV + ^) _ . W ] 

lifV.AitM' A Li n tpitumiiro ^hwa r is a mlunnum, wn vrrwit Lo Hnd p/A wh^n ; o minEctiuicc. T£ \ cubLt umii 
is the vgS^ime uf ^he eoELe-, itw:g 

V=|*T*te 

Substituting ham E4 (t) Lntfi ^L- (1>, ^P*f« i ^ ^ fonetsOft of Jj- 5Vl A5 _ 6V’j 

r(A) = + ***) - iV K^ _I+ *) = 3V <=^^ +T ) “ 

jf*) < 0 jf Q< h < y&v/r and /(At > 0 if h > thea * aad A have an absolute rnj»iini.m 

v'alae vben A — ^ ri\ r /x F^om Fji- (2) wa iave 

• 5=V% 

Al the minimum, h 1 ~ fiV/w sn 

r _ } :jv ’ _ s 

fi-V^TO-^ 2 J , iy? 

- The tent i^quir^ the teas! mai«LaL if the latw of the tfidLu& to fire almude k s V-- 
9 S. Let It rezi Ek flit f-sdliis and !T tm be the ^li.iiuJe of the Tsgh^LreuJai tone- t rom si?njJar lri«ngjtts - ||"^li 

to i-.hai It - J l|r L . If V{t 51 ita 3 13 th^ volme ef the eone. lIjeei . 

. , i= . . ,3H a {H-b) 2 -2H J {B-b) , ,H S (H-3A) 

V(H) = H»*> J (fi) = ^-Hinyf-*»* r m-A) 1 

TS«anr. V(H) < 0 if h < H <3h and V'(h)>a if II > Jh, vV*t an ateuHirt* sninimum valur when H - M- 

TTT T> UT _ ■’Wi” _ 



MTSf’KTXASmrs GXERjftSlS FCfi CHAPTER 3 ?7L 


K- Om :br afiLtp aiiRjf.-i of .1 tri.irjglp lily* -nnwmfr r /■ 'ini l hr ..j^unLtb *in\u‘ i-w Ic.aglh H» si. Pi*ve Thftl lh* 
Sj-rra p< wiien ihc tri-diiftje ii L^Osziltjti. 

> I.iil ll nxd tf be the IttbU-ira of tlsr Other L vt# Jiujcfl- |l y this LaW -if COiLne*. 

a 3 + t~ - IS? — 2nfl eas - IGD - \fiab (I) 

F> afferent tat htnphLdtlr TFLth iespect to a on hash :-.-drr, uf J we rc! 

Zn *«' ~ - VS[* + «*")f tat+ h/5* +l*)i t' = W 

Wc wish io m-ixirnisir iSie m«auic of secai nr him' 

A (a) = -idli sin gT = Jci 

IhiVm'niEtiliTif (3;i with hwjkc 4 to -a ajid mil tint l From {%) n fit ft*t 

ShiLd'diat A^a) 5> 0 if a JL"-d A r (a) > U sf fl > A Lhen A Juu. .»:■ .iIi^jIuI- uuuimjunt v id lie when a — &l that 
the :k gtratesfl when the Wangle is Lwficlrse-. 

NUMtJ- .i , — ItfflftJcifc. iin 0) 

1»- |t ,,,«...,^ 

s« F'(ff) = 0: t tot 8 — -s« 6; 1«i 8 — ± sn that jkn # — j ^ ■ . ms 8 — -, ? 


Jr- F(tfJ - 


J_ ' ' f {kxmB+t<#6f 

Etn 0; Ian & — t sa ih&i am i — j y —i . nnj- 

l/V+l 


VFTi 


F Is continuous on 1 so absoluteflrtran*occur an mi tndpodji-. or a rruic.ii nmnliri-. 

F(Q> ~ lOflflk. F(S)L„ M =-^Pt=, F(^) = tORO 
' v +■ ] 

0 < 1l < 1, F is few! wIls:i Lim & k . 


*§_ Lei f i ri- he the fejiglh of ;wa cp-p**Jier liden ihn 

(ii] The iies is SI in^. The :he k:i£Lli e?r the orher ade^ l?. S I /t- Tf P Lei. in ll.* (Kriraekf of the jef.Un^Lt, 
thru P(xJ - - + 6l/i ; x > 0. F J (i) = J Sir 7 = r s (r* - KL, 

Hacsusr P'fssl <Oif0<r<9 And P'l/jj > 0 if r < 9 thc-n A hw on oliwilut* minimum -,-aluc whon r — 6- 
(b) Tbe (mrimeL*' li J6. ’Idiuit tiro lingtli of thu oihnr mu silks is (i^-r':in. Ji AlV) in* i.-. Hie arrA oi slir 
r«iAn S l<-, thon Af*l = f Ifi - *)* - 18* - r 1 , D < i < IB; A\i> - 16 - 2* 

A f (. 2? > (] Lf £ < 9 and A J (x} > 0 if z > $ dwn A !:iB ml absolute ctiMiecm m vxlur-. wIlsei x 9. 


ff 1 jH t a? cm he she Jengih. af one picc^ of wire, 1'JLrii .’20 -- rjetti i hi^ i-njtihi (nf other u? wire. If 



A(t) tm 1 is the combined -area of the two squanr*, thm 

Af*) =■ (^f t- [i(30 *)]* - -§* + 2i a £ A < 20: A't*J -\* 3 - iu - 10; 

Bwaiim A^t) < 0 if £<10 send x'x)>0 if x > n, A haa an ^hsoJute iruaamum vrslue when j — 1th 
Therefor*- l-V UU?d ^r*a Luf tlin twu *qiiA:tib wiEL be "L-aat if tarn pier^ <>f wire bu Lujigth Id cm; Lhat i.s. l h^ 
wire should W cut in half. 

. A fiiece uf wjp? EG cm Song is bent Fojtti ;l mtan^le. Find tise- dimensions of fh* re^i nr-jpjo- liint sre-> 
a£ tatgc -vi po^Eble- 

Let item be ttie Jen^th of *r,d y tm >- the ’.^idth os t.nr -rL-tn-Kfe. rf Actn* b; the a:e-\ oF 

reciansJe. then. A - ar.J wri to fi=d j and y so Him. ihe vrIwi- uf A u, mi stsboLate msutiriiaEiki R^Lsde 
Ihrff is BG cm of wtre, -hen 

2j-+2# = Sti; *--4G-± U} 

Subatituling From Eq, irthn A =■ we ««t A w « fujEcticQ of j, Thms 
A(i) = p( 4 - *j = 40x A r (f) = -S0-2a: = 2(20 - r) 

jl<-< .vi,- M - A"-;j| > Ci Lf JT -v 2U ;e:k' A'ri--1 ' x > 0, t:.,i. A.^H) »■ -iQU i:- -%ri KUXtettUrtl ■ •'!"■• IT 

c = 20, then j =20- If Iht area of tbe rectangk is «s a-t possible, it is a square 20 em by 20 ceel 


272 hehavirh qf n xcTSL-jxK- a>[> itw.m kxtreuf fc^ctt^n valiif*, ani* affroutmatewss 

|fll s Mvijif* tile 4*m*nd eqqjitiatft fw p, iiid rep3«4np( p by P^). »'r m1*L^.1 1^ 

P(tJ 77 lfr 3 !-’ - 2 - IS- 10~\ -6 - l<T f i. * > 100 

14 *) - »1*(*) - 10* - U 4 IS ■ 19"*^ - t • 10“V and <X*) rQ(r\ ’0 -w“ s * l -*ii + n- m? 

If ^|r) dolliH l.:-; ihfc wmsIeW pTCilk. fbnn 

&(*> k - o(*i - iu s + fit i ui" 9 * 1 b ■ llT V 

s'(x) — 2 tt- i ■ Ur'**- is-i<r V = (i - \ o -\)(n i- is j ifl-**} = ir*(iwo- xj(» + j#- io^*> 

Rfeeai^e 5*(r) > 0 af LllQ <. i < IQCjfl aiid < ft if r > IDfflK H k±= aJi absolute maximum value 

r = ]ftW. fdftW’l x= IE 300ft qnil--= arr produced M £13 r.ic'n 

102- ^- 3t 3 + 2t-S = 0- Ut /(*) = 4 t 4 -+■ 2x - &; /'(r) - Ifa 9 -fe 2 + 2. 

fUscuLii /(l) -2 a:. J f('i) — dft. /(e) — Q Lsii a positive I&K bctFMB 1 take - | i, 

- * = Lifts Ifl thm decimal pSrKes. 
d ±* - {^-s^+s^-sj -f (ie* m *-ft^ a +2) = sto 
rr----5— -' i.ri-j-jz- 

2 1.22222 Q.B93154 17.76B 1,17 lftft 

1 M71W 0.OG0723 I $Jm 1,16301 

4 1.163ft S 0J»G3« 15.217 L 1670ft 

103 . 3 e h Or /(x)=S**~ 4 iH»x*+ 2 r-& ft*}- L 2 * a - ISxVT **-!-2 

EWauk />» ip ctiaitiibtivta, /I - I I 33 AJld /{Cl —3, then / has a atro Iv-^'^nTi ] rind ft. We d 
j x — —0,5. .Fiona the cone hide liat iht root Ls -C-4&* Ly ihr^ dfldjeial pS&ees. 


ft 

* n -(ixS-4z n - 

+ ^ + k-!) 

4 (1 ImJ-VuJ* 

73^ + Tt-STO 

1 

-0,5 

0.6R75 

-3S.5 

■0.48234 

2 

- 0.48214 

o.ftmr 

-5t64S 

-4S.4SI74 

3 

-Cr-iS-17-5 

ft.OOMft 

-26.S32 

—0.4SE74 


101. j? ^ dn x, jr = 2x — 3- At ib* p^liit of iniei^ecuori dii x — ?x — 3 — 0. I-et /(jc) — sin x — ‘2x — 3; 

/'l>) ElrrciuSi /(|r) - 6.SSS4 and /(r - /(f) - 0 bad a :ool belnttn t,r ar.il t: l* 

i s - L37GS. Sw to S^lwliou of EsMTise 4.1043. 

i- 4 - x 5 — x — ].ft522 10 foul d«LmaJ pJases. 

n =r h (s?n f i) ■:■ (™ - 7> “ 5TO 

r^T37l^-fcSS^--E1CT5IHF-MT 

2 2.00000 O.ftftftrft -VAm LW?« 

3 1.95246 -0.00954 -2.3G17 1.95^39 

4 E. 95219 0 -SMU 3.95239 

105. £ - ■£ in (yir.-^r), VV ^ uvead the djewrati uulty qZ lajk f and solve tbe oquivakut ^q^stvion sh £ — 5 cos jt- 

Lflt /(jf) - t cos j- - slu x: - cos z - x si.E x coss x - -s yin -r. riwose - 4.5. — x 3 - 4.403-i 

four d^j-maJ pi Acts. 

n x^ - afcgj l»-smxj - STO 

l 4.5 4-19889 L 40 J 42 

i 4.49342 4-lft x Eft" A 4.J6612 4.4534i 

In Fjcf-Jxc'SR; I 0$ .ind LOT, for ^iv™ / (ji) fimt l.be linear apprrtx.l/rtlaliuu L 4t f = 3^ (b) cheek iby p.i: r ii. 

(e) etiaLLt*iiiff / aiiti L aL j.S, 7.99, 6. S.DS, ifid S.L 

m. Z(x) - ^I,/{1B) = 3 X_70_TJg_ S S.OI _ S.l 

fix) = ir -2 ^, }’{*•> = -jij f{s)^%fz 1.J916J l.?3l>l«jj ‘l 2.00829 

M*) = a + ^*-3} =i-|4i 3-tAis * i+ n'fla * ■ m 

= 1.93147 _1,!WU>57 =4.«pq«333 =S.nOS33 

107. f[i) - gin ^T. /(a) = 1 *_ 13 _T;9®_ 8 8-0 i _ 8-1 

f{x) - tea iira. / '(SJ - a f-ac U-WDe «Dft« l i>.-JW998 0.999S 

t. -1 1 I t 1 1 
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If if m - 3 r (a) find And Ap for e =. 2 and Ar — ft.S- (1>) SkrtdL ihe 

j^fJiph, ajicE indicate the line SEgEBEntS wliOSE lengths ATt Jjf And Ajp, E /^ 

{*) [jfii /(a:) — r 2i 3 — 3, liKAUiit r = 2 and Ax ~ D.5. have ar / 

*=ftl|4r = 1*4r-'iWi]H , it / 

ip = ;(x+A±j -/(>] - m J) -/(2) = WS.Sf -3] - [2[2) J - 3] *£ /r J c 

= 9.5-5-^ >[; / 

fb) A sketch of the graph is showit at she right. The line segnwnl TA » / * 

tamgf*Jii to lb* ftr^h At the jwSai (2.5) JUid the j* nf the poiai A c* I m yT 5 *■ 

2Jt. Lipr segrrttfdi TV is parallel to the x aje!*, and its I^tij^lIl L-= Air-=11^ 

Line segment CA ti fttfnJkl to Eire if aaih jul«J b kfiftit ia dy i -1. Pflinl fl b 
^ he inleraBTlEco of lint OA and the graph of /. and lFie length of segment CB is - 4-5- 

51 = gftp - H ^ 4 dy = (W -35xV^ 

At = [m(*+A*> - f S ! rtijr-Afei* l6(Ar 7 ). Ayrfy r. -EC{^) 2 

(a) If A* = 04, Ay - Jj = -16(04)* - -4545 fbj If Ajf = -0l2, Ay-d$ = -lfif-O-Sr = -0-W 

X"' + y 1 - 3x^ 4 1 - 0. 3j 3 ^£ - - S^tix - — -0, 1 ;ty 2 = (3y' 

,3_-I 

- K, - Jj. At (UJ.rfffsfl 
JT“2*y 

L The vojurc'ic of material. is the volume of it r.phrTir.tl sIi-l'I i whjcb Lr- itu ULCJCimeriit uf l-h-rt voluiete *f A Sphere. 
Le; r in- be the rail ins oF the sphere. let V in? be iJie volume of Ihe sphere, and Jet AV m 3 be :hs wlume oF 

Lirr sp^rleal sbcll. 

V = 1 IV -iirr^ifr.- Ia-K r - 2 and dr - |. Then AV ^ dA' - 4r(2) a - 2 t. 

Tbu volume of the mattrLal is appitwiaztftieEy i^ J - 

'1 he lime for one coEnpSr-ir- af t --.iuipJe peodnlum of LeagLJi - Tt !-■ t ***- Thin 
4 f 3 £ - 32.2^: - fid.4( df; d( =* df 

Let (Is - At ^ 0.01, Then At*f LiUf^ 03} = Wm 

The eJ-w in iho time for one -coEnplcie of tbe prnctirluTn r.s appposamateliv fis, 

. V = V s * = = irA», dV - yixi^ ^ = :# < 3% if $ < 1 %. 


Tie onof in ilio e^Lilude nmy nut 

It J*{*) /{i) sft 1 th*a. (/-?yW 0 in f. and ^>. by Tln'o^m 3,:!s,a /«fl * eonMmtE. in T- Heispe 

The funetjasia; / and gAre difFtreiiii*ble ar every niimbo^ in the dosed! m 1 i.twlI [u.t]. 

Let Afj-I ■■ fir) - j(f). Thru h u rnhtLhiiniin nn :'«/•' 41 id' <33JTVrniljaK|f oci (a,h). 

A(a) = /(*) -jW = fl a^d fl^b) = /fb)-s<b) =0 

'3'aeccfatfi:-. RolV« thooregn htdrK f^r the funet-l^it h And «li-H interval (A,b) bo thcEr It. a number a in ^-such 
that / J fr) - - fl, -.hAJt is ? /V) - 4 j H- 

Ue n < A Ik emiatouiivE leTns *F f T {x). Suppose i* Aud if .".“e jx-u*. u-f /|xj with a < e < d <fir By Rolled 
thwTem there i* -v ront (d /*{*:} t^rlwuHn r Anti ii, co'iitradkliafz; the ^"pothesis sh^-l & ^-nd aj-e coasccutLTi'e. 
Ue.IM.-j« lEl+iTK 1= al 2EbUh5 LUHf COOE- Of f[X). 

Skeieh the graph eF a Function / on ihe interval 3. 

(a) I is 1 0,2; and / Es eontiniioiis on I. Al 1. / has a relative mnsiitiurti value but f'(l) dots not e^tsE- 

(b) E is {0 ? 2J. / hiii a xeLjwlEve minimum v»tud al ], but tK^ ali^oLuie minimum v&lum *4 / U -n 0. 

(t) I is 10,2) t aad f f JiiS ft "eIaeIve minimum value at 1. 



I'M MHlAYlOfL OP UNCTIONS ANU> THEClK G ft* PBS. littiLlfcMfc t'UflCTCOM v^llfS, AND APPftGUMA HONS 


it«.jf(±)^C I s +iV;TW=ap«(* J ^>V"* , , , . 

j r [ -c) 2p( J 2 4 a^) p_ 1 -4- 4p(p - l)xl - •• 4 * 2 )p - - 2p(f J 4 

= 2p(*’-5-aV~V - (t -Sis)! 3 ) 


* 3 4 2x 3 . :f s-lH 


If p > J. theft £1 - 2p) < & Kid f w {ti) > 0. Thu* by Heft nil ion 4,5.4 the / bas pmn^ nf inlift cLion. 

Sap E ™ e p<^Srt/*(*) = D !a J =(t-2p)i i ;i 5 = 1 X E pJ^ir,^-^ T -z^^ * = 



L/'k) 

CrmdiPuuD 

* <*I 

: 4 

llic RrapiL 11 <^nt»irc Up 

7 - Jl 

0 

ibc grnplL lias, i- point of inf.«li^ 

JF | T ■<! f y 

-» 

iji* b e*ne*Mt? dowti 

* = I 3 

0 

tiif gj-nplt has a point of inftrcr.Han 

=2 < £ 

+ 

, ih* i* eoncaw^ iap 


Tfaua Jhe py?ph uf / bis poan.tr- inflection. 

(;" + * 

U4.(a)/(x)-3lr|-4*-l - 


if x < 0 
df J- — Cl 

If0-^£<1 :/'( r) 
if r= 1 
ifx> 1 


-e 


—7 

] 


if f < G 

il 0 < x c l 
H x > 1 


Bocause / ss conLvu.uuii5 ou (0. 

nn (Q, ]| ih Iht MluHcT of /(Q) 
is decreasing o^i i. -w ? 0]- Ele&ee fix) > }(}}) 


F 

1 i ? l[ and Lhere air- n* ceJijcaj number* in [0, l], tL^ jbsdlulo nunissiiiSH v'ilu* *f / 
-■1 and /(l) - 3, BfnCe /(*) > 3 for ati r in [0, ()- If r < ft. Th.cn f{i.r <$**! 


EntMnfrnft OH [],—>?). Ikn« /(x} >/(l) —3 £or .ill t in I l^4 Xf), 

minimum vdyt 

’-7x4 3 if*<0 

3 i f £ rr 0 
a- 4 J if 0 < x < 1 t /'(*) i 

4 if £ = ] 

7* - 2 if x > 1 


: *t > T for dJj X in {^□^0)- If £ > I* ihtto / J {*j >0 ® / 
Thus /O'- > 3 for- ill x, so £ h fcnr 


(b) /(xJ=<£H-31j II- 


-7 

1 


E 


if t < 4i 
if 0 < x < 2 
if j :> 1 


Rrrj^JSLM- j as continuous 03 
Gdi [0,1[ is lb* smaller d| j(0) 


i_l,' i |k- : .- ,\i-: *o :" 111 ,- r “ t :--I! i-HT-- ' i '.I : he abso rte f ’ ■ IB ■ eviiT. valnE'C| : 

;j iid /(lj =L 4 . hVni!fi s (r) > :5 for ill x in % il If * < 0, then $ r {*) < ft ™ s 


if dffl-wasiiLK fin -OC.0], fknnr ff (- > Jf(fl) - 3 for all i in ( •<».»), Tf i > 1, iiitn g' r.) > 0 sfi >j Is intifasing 
ms [l.+ 30 > iicETe = all * is [U+«s)- Tim jfa) for nil t, u> 3 ii Lbr jlImdIue* 

luinl value. 

ifx<6 


(0 [(*} = £* i Hx-U- 




—nr — & r -S- b 

b 

x -j-J& 
it 

as+fri-fr 


£ -n-fr 
-* 
4* 


if x < r J 
if [] < it < 1 
if x > i 


ifx -ft 

if O < X < J :rtt): 
if x — 1 
if x > i 

BK^htM b il 4:uT.Eany*LiJ oa (0, J. Aiul arf ad crLtie*! nutnfcwn In [0, 11. ihi thifttEnum cf b 

on [0. IJ is ih* of A(D) = b amd h(l) = a- Call ihts numbtr mu H*u^ > m for all * in [0 n Sj- Hi 

x < 0, then A^r- < U so b -■ <3n rr.;u:JL^ dd f— it, il]. lltttce ^r) > ^j(fl) h for all x in ( - Lf £ > l | 

Uicn A r {x) >0 ^ It is jncKMinj; on [L+•-*). H?inoe ft(x) > A: 1) — o > m far &]] r in -1,—oo). ‘fbus A(jt^ >ir 
fDI ill £ d& a is she abwlnti! niinijaiuiat '. aj liL. 


I*, if /(Tj=ir r* i# 

v Jue M" O ‘&/(a 4 ff) 1 


1 P srtwre 


4 ud h arc positive raiinnnl putnben. prov. Ilifti / hn» a rrl.sivr mjucimujr 


/( r] 


■f 






If x <0 
■f0^x< 1 
£*(£ If if X > L 

If r < 0 then i-'x'F and (] - xf arc both i^r.ivR jmiJ decTeaBta®. and w /fxj b decreasing and cx^nut ba\* 
jhav ertetima. ^LC^Sarlj', if x > 0 Lli<«i / 'is jiLtseassaj and umiwt htve aiy extremA, If m < s < 1, then 
/ , (*) = or fl V -x)-bx] 

= S-H* - “(» + «*1=<■ +*k I - 1 d - r TT6- r j 

Wow o/k 4 < l- /'(i) > 0 if 0 < ! < fl/k4 i 1 -) and i'W) < 0 tf o/(n +*) < r < 1. tlsen / b«, | 
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THE DEFIMITE INTEGRAL AND INTEGRATION 


■1.1 ANTmiFFRiy^NTTATION 

4.1_1 Definition A function l' L= cahed an a ntidcn mftte of a function / on as interval L if - f{z) 
every value of r in t. IF / lh dwcwilsnuou*, *•* r^t'iir^ Mi** d^rivutivM of V to*q 

the osio-sidcd limits, of /. Uoc Eierciae 36. 

4.1.3 TheoKiD EF K is a particular anlidtnvatEvc of / on mb Lni^rvnl !■ Uku e.v^r y anlpcIiiriv^iJVK of / «ai I 
divert liy F{*) +T. wli*-on fT ,u: Arbitrary ©BnniwU. -wl Alt iUttlltCfivMiViCi pf / ran 
obtained froiR -3- C by areisninG particular values Xo C- 

TKr 1 :• '.>ol f lk:mLi- Ml* j^?| | sif hJi-Li.| i rtrensiLiaikFlL. TW- ih 


f FW -[rflF(*))^h» T < 


£q, ■ lj ii&ifr- Ljif-J wl;f-n w-e p.aBid.LfleTmtLs.Lc lh* deeivas.ivi; of & function, we obtain [ 
function pLu& an arbitrary coEatai:;. Irifc hare the folfo^inr; formula for naatsdinrrrn:i;LLioqi. 


iAA llSrMsrrrfl 


Ji^i + C 


4. 1A TIkiWj] ci/fz-Sidx - l: fix’; Jx. '.vhert a id a utisuAt. 
tatetanl Multiple J J 

4.1.6 Theorem if /, and are deiiaec: on the same Lnicrvai. then 

SumRufc 1 2 

j [/](*)+/s(*» J* - j fA 1 ) <** + J fA c ) 

4.1.7 Ttt'jrtjii 3f fy / 2 , ... , f n art defined on the same interval and t- [l t 2 , ... r e rt are constants- 

| [ £ l/l M ) + 1£ jW*) + "■'■ + 1dat = 4 1 | /i (* W* f «a | /if') 4* + - + ^ J /«(*}■ 

When applying Theorems 4,LG and 4.3.7, we nit* only one arbitrary constant, 

To Hod the an i ^derivative of a product or quotient we may replace the given funedoas 
by nn rqutvftlent m;iti ruirf Ilvn?i u*r Tli^irrhs 4.3.7, ,r% liititf r tUwl in Tarnriw S3. Pd towing arm 
some antbdiflf rentiation toriuiiLaa. 

4-1 .£ Thrrmrnt If n ^ « a ratiorwL number. I r™ dr - -— r + C 

Power Rule _ J TJ + 1 

^ J ol4- LhaL dividing by a fntclMin L llu- -ulm ie? ,l-. by ili fM'sprncAj. 


4.1 r fl TKcorcjn - )j?fl -F 4t — F ™ C 


4_t-l I TlLeorem atvz £ x dz — tsn x — C 


4.1 ..tj Th™rnm :;i^c x t?tn x rfx — £f*r i4C 


4,],]0 'IliraeuRi tP? F dt - An K + (T 


4.J.12 Tkaxr.u 


: Jr = —CftL x + C !' 


4.3.14 TEiinOrrm tftt £ COB ds — — CSC 2 f 4 


tTrapfeie Support AaaEfiu a valut -o ^e eonstiDt C and pio - , ita mimei-icaJ derivativt m the same window the 
urigLiud fucictwra u*-r.v irthe-y n(»p<w ithtiUml. 

frleriMti i.j 


k I'jcercises 3 30, perfonn ;be aatidiffciratiatioii,. In E^rrises 1-6 snd 26-23, rh^-lt by Sliding cht deiEvaiive c ; 
your anaw^r- In Estrelsws 3 12- J h$ and 30, fuppn-: yooi: nOawer K :apJ::caLLy. 

1. J Jj4<T* -A- Jr , + C^f* i +C ‘l. \ = 2+C = C 
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a- Wii Apj]l v ThnurrtrEi ■i.SJi ;miJ ThwOrarn -I..L.S rt'iih tj 


V*{t) Ik tlsr z\vm function. -wt have that F(*i Ik ajs antiderivative of ;be gi^cn Gtodion 


rfjr- - 2 ►lf a; ' 3 + C 


Wn: appJy tlwoniffl 4.1 .-band Theorem 4.J-S wJlIj r. 

I ~= d'j :i | ’j dy — 3-— l + C — ^ 


* c) - +c) - ISJi 

6*Vtdf = A=6* :V a '" + c = f* 


We inuJtspjy and then opp-ly Tbenm^ui ■1.1.7 *itd 4J.S-. 

| * H (S - x z )fc ~ | {5t 4 - 3?)d* = 5 - |i s - k 7 -3- C = i s - i® 7 -*- ( 

I'Jii 1 flgiiie ibciwa i plot oF £■ - ^(5 - x 1 \ -and y — KDEKi tt 1 It' ), 

I (Ki 4 + 4 je ? - Iti 1 - - jl* + -S* 11 - fc* 3 + fjj t C 


We lepl&et radicals *jib frutcJlnnid «jcponftni±: hjuJ Llu^: sippiv Theorem -d.l.fil 
f (Jt - -L>r = f '*&-**»& -fr 1 '* -4**'*+ C 


(2*'’ 1 *3:r' * + fj)di - -x' 


£ — "—^ j—h C — ■? ^ + C. 

!t ^ IfV*+< ■ 3^ 1 fe ,/a - c - i ±*^ + ^ - SI 1 + C 
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J JH 

o w'l Ir(»liu-J- rndfcalk , ,Ll. liatiUkti! cXpoUClK L|iri: ilivi.Li' lied .tpply 'I'kcowm 4 I 

“ \^ +2 ^ 2 - V ^ = l^ /S rl2^-2*' n -C 

m J$r E,| ' i i 1*/*^ *' C- j - 3 — y aficl I + 1 “ 

2Z, 132 ^7* rfl =■ |(2VI 4 -1}(“ 1/S |(271^-r 1 /!l i ^ If ‘27i ! ^ ^-i S/J + c = fil”^+C 

?S, J (i fib \ - 2 OH Offt — —3 aa t — 2 Bin f + C 

24 J(r. «« .r - 4 *la 

► We Apply Theorem 4 . 1,7 Anrf Ihf-n Theorems 4-1 -Q ai-ieS K. 3 . 3 D. 

[ (5 TO¥- j: - I sib x'ltfit — 5 f(RiT^ 4 J" sin x rj'x :1 tin i + 4 ™ T +■ C 

2S - j^f 

26 , j ^"V" rfx = f - J— d r - I cot I GK X- [Jx — -£&£ f — C 

J im*x }**" * "» ft * J 

27 , |(1 esc x col x 4 2 - --a c*c t. + 2 (jui a- + r 

28 . f (3 esc^l — rj £ knit i}df 

e* We Apply Theorem 4 l. 7 -.-ind tium Theorems 4 .I -12 mm 3 4 -l-’ 3 - 

|"(i cfc^t- jKfJt t-ui l)dt — a | c sc^t dr - 5 sk t Ujyn i df - -3 £06 J - 5 s« 1 ! d ( 4 - C 

29. j{2 €04^ - 3 tVtfJdf? - p(ee*0 — I) — l(sc<*0 - Ijjrf? - | (2 e*c 2 S - 3 aA 4 l)<tf 


- dl - | ffll J ^ z ^ “ ~^SC f — C 


- crt>L f — 3 0 -f-£4- C 


: a ttf - I ttt - A taa: :■ Si*f - dtf - I ua fl d& ~ 3 Stt 0 - 4 aiu # I C 


JO- « = a J**£- _ -I mUL tan f s,f iMtf - I . us I? 3 a« fl-4am * i C 

Eel t&eerctaf 31 3S. <h^ gr^pl! fmncslcMi / i* .SM«h nMltdrri^tlvf V t ywhccr, 

eJk va] ines- 

Jl- W / F£fl)-A £b) 


r(0.) - ^ 




35. (A) / 


FfO) - 3 


m-v 

\ tJ 1 



4.1 A NT1UJ 3-f bREES'Tl A'JL'lOfl 'It'J 


- 11 ia - 3>drE a - / -^+ C. thibiiL Luting (tj) - 3,2: givts 2 = fa) 2 - 3(3) 4 L'; CJ 
Thu* mi Mipitiin of th* eurv* i* jj t .r 2 - 3* + 2. 

^ jj = J5 ■ Jr 3ji2 — G - 2i 3 -' ? - C. SulfetltutinR (t, y) - (9,4) gjivw 

4 = 2- £ 3 ' 3 i C = b4 A C, C = -5ft. Thi*? mi «iTJ3ti-DfD of ihe tarv* ie ^ — 2 j 3 '' — sD. 


ija = a» =! = 2*-2fc a +C]i If - |^ff-2x' i + t:,)rff: ^ ^-i^^Cjr+C, 

Suiwtiivifng (t,j) - (U.2) gi™ 2 = ft 4 Cj' G a — 2. so p = r 3 — |^ 3 — C,£■ 4- 2. Substituting (r, y) w f—1,3) 
giv^ $ = (-1)* ”|("1} 3 + C^-lJ +^s C z — ^ Thus, an equation of the curve j& ^ ^ i 3 - ^ + |r4-2. 

Aci equal ton -nf the icqpol Fine lo * curvir at ih* pomt (3.3) is ^ — r 4 -■ If m any point (s. y) on the curve, 
d^/dx 3 — fir. Jind an equation of the curve. 

[f d^/tir — 3/. then d^y/dlx 2 — Therefore, vffi ace. given Ln.it 

37 

Apli^ifCc intuiting, wr have 

/= |«rir = ^+C ft) 

Btr-ause; $ — x + 2 i? .in ■“ c 113 rt r. i h :■ n nf I hr; tangent I i nr P.n '.hr <r::-v« r.r. I lie fKMFil ;L 3 ), iheri Lb* il.O[';f of lb* 
in^if/in I. Lint; al (1,3)^ Ln 3. ‘['bei^ncuc, vif cium- ii'L jr' — i :llis' z — i Lti }!■[. (t). IhizH, 

1 = 3 4 C 



24 U ru & 1 1KFIKITE ]N'TEtiHAL ASt> LVltXlItATION 


C^-3 

Snb«itutiiig —3 tot < in Eq. (I), *( 

!)' - 3i 3 - i 

,j ~ | (3* 1 - 3) ds — r* - 3i + K 

Because the Ml** roiiLauui He point (1.3), «r may k r — i and 37 « 3 *0 E<|. ■ 

3 - t - 2 + K 
K-4 

Substituting K - i into Eq (2) in equation of the curv* 
t | ^ ^ | (i _ ^ t- * - +■ C x - At f 1.1) r the 'lope of At unseat U*»S* " 1 - 

Sotting^- -1 *h«t *= l P vlS _1 = §+$]? c i = T5lU£ if “' r- ^ S_ ^ S ~ 
s — —SoSutilniiHE t*nV) ~{U) F*** 3 - -| + C *S <: i® ?■ 

■ An equal inn of the turn* in y ■ ^i 4 - 5 # ' * 

12 , = it; jr* t ' 2 <fi - Jr + C, Hetaiar 0,3) is a pais 1 : «f inflection]. v’( 1: - tl - 3 + C], tJ, — 

if = 2*-2. = Cj = - 1 .p'-* 3 - 2 *'■- 


end C(0)-t. C(*) ~ |(3r* ■+ %* +*)& = ** + +** + K 

•:_i, TJmicfoit at) - =* + 1 +■ ** ■“■ s ■ ' 


Uctaus* C(0;. — 6, 


44. A €*mpfc 3 i } - hn ^?rt,‘rn«ned lluri the n»r ft i*ftl mi finwllun for the Tirciuiitwn of =l P&rtrcuUr ^mmod’Ly w 

p™ tJTc'M ~ 13 * + ife wbcH: doltM * ia tbc ^ ™* ° r S* 0 ***"* 1 ™ ls tht 

IFti# rtv^rhtsd eurt in $23*. wlmt i* thff cr*n ujf producing nniCfl? 
t> Tbe eo&i FicnclabD Is the ^ntidsrL^tivr *f ihe maigi^!: th*n ik 

fr{i)_ jt:!5+ 1131+1^)^- 12 ^ + 5x J +^**+K (i) 

The:™t j*i=(0h wc kt J 4 - 0 ia J^q. a). Tl+m. 

2ZQ = K 

^■ub=T 2 lr l : :l|j( x — li -anc ^ i-iUs [!■)? h-^-r 

q is) s m(ii) + Mis} 12 + ™ = 33rr& 

p Th?-rfhil qj ppriadng. U UfiUfl if 

C(i> - ffct — j fir dp = 3 j?+ K. Braitttfc C(2) - 20. thc3i 20 = 3{2 ) b +Kl K -. S, 

(a) C(i) - ;Jz J -i- s. (t>) U(0] = -f>. Thus the a^'etbei^ on^-t ii ^0C*. 

4G. R^x) = |2 —3cr. [ [12 --fojek “ tt({J} U Q. » = R(*) =■ -a;w! 

4 'f. R'(r) =15-4*. R(*l = j(15-*»J*t= 15* -73? i K- Beeun« RW = 0 . 0 = K. 

(a) ft^} =15*-** (b> Because R(*) — p*- then px = 15r- 2i? so that p = 15 - 2i. 

48 Hus nflULencv of a fetor; wurtw is expr«s«t as a pntnpt- for iorfap^ if the worker’s enw-nej m a 
tim* is given M 70 petonot. iha tte uswtat b P^iwiPC *t TO percent of her full pe4«^y 
ftupuOM that E purser.; is a faeuicy woiJwr'a t^iicnry > i-.wrr aSMr IwgtiMunj l |^ ret* « L 

3. ibangtns it (3» Or:pemnt per hoar, if the waito’F effirmioy is 6i pnrtent after wiirVmfi ., hi. find her 

cfliczttocy alur wtirkisfig (*) s hi tnd [b; ^ hr. 
v- We ha'vr 

E(l)= j(15-61) |H= S5t-4t*4C (1 ):| 

B - Si wh*n I = a. th^n 


■1. E ANTIDIfI'TntMlA r!fj> 26 ] 


tl ^3S{3)-4{3*] +C 


Subs:i»uai fw C to Fc. 1). *c hinre 
EJfJsJSl-WlS 

Tims. 

t!(4} ^ 3S(4) - ^ 12 ^ KK 

E(i) - JS(S? - i(8=J - 12 - 36 

The efficiency is (a) hH- percent after4 hr and is) 3 A percent afser & ht. 

Tlic volume of *-aLer ih a tank ii V when (he depth *1 the water h mewta. 
^-f.t c.2 l iol j. *i. u _ f_. ii,- i ion. l cii,:i.. u *i.t i r u 


= xt-tA 2 h m f ft)- v = j Ti -i^i-= + \n + suihi v =■ + 6^ + H) i C. Rnr.njw? v = o ^ei-i h = d, 

tJltn C = 0, Jtci- V — -?■ + 9^V- Writn h — 3 n V — I I 7~. ku iFie YuliEcn? eh I S7?r in' 1 . 

. 51*^+ 15* + 58; V = |(Sr^4- IOC + 5fl)rft = 2t^ ! +St s +aQ£ +C. V(0) - 1<H» = C: 

V = 2?'*+ 51 2 - 5Df + 1W. V(4) - 2 -4? jl + 5 -4 3 + 50 ■ 4 -+ 10M - 1344. The Mintig is worth 61344. 

/<*> = S*L f(*)-|j' ![ 1 *l = lierawe V '(Clj = = 0 »ri 

— Lim — IF (hen F'(G) — U- Eknre F e wi antiderivative of / on. ( -oo n - J oc). 

Let [J(j) — J^ ^ Sbo^ that U docs not have an antiderivative cn ( oc. *oo), 

- o and U(L) - L J'-r-d ^ hdLwtw-: 0 an<l l- bfiL U Ho** iakrt llj* v^::e | on (-L, ?)- The: Irner^iKdifLDe- 
Va|yu theoicm fo7 derivatives (EKcfcik - 4.56) implies :hn,s became l do^ not satisfy the Lntermcdia:i>v*L&c 
properly, thrsn iL i» nO- r.he dEriviti v* tif \i^y furwikn. I-K^lL Lh. U h- nol jip. antiderivative. 

/(*) *= 1 foe ill r hi H, S). naeDm /'(*) = 0 for All -r 1 a (~1,1 > jsC.=I “ { ^ *7 U - 

yT-c) - if j lh MJ f-].,l) sVTid j / 0, ducx puL ricJ>iL j; ix d-HLOiJllngoud D. Henri ^ U nfit 

diflsrrntinbkyn " MV wtd Tbeor-nni i-]-? Jw? ne>t appSy- 

\1 11 X > tf 

3re^iiEi> FT"*) /■ /(j) fui 5 sill z, F in r%-=>r ilti Lnrliiri ■*-ativr **[ f 

50MK TECHNIQUES £3F ANT1 DI¥TEREfTIATTON 

^.2.1 T'hrtiM-m Let $ be a diJTefentlahFe funetteB, aod Let th* ria^p pf ^ bi &a jiLttroaJ i. S-upfitiKd that / is 

,5^™ a fitneliom defined, an I and tEiat F sji smtiderSvjiib? <rf / on I. Tbea 

A at: ddie t cd£la t to □ 


l of Sabetitution To apply Tlieor- ;;i 1.2.1 mnj ki m— -• r) Tl Fti)h?wfi iFiai- ifu - ^(r) dsr *0 

f *] - f n «) - r(«>+c - r(#!z)j - o 


where F b any mi tidwivotive of / . In easy es&s. the vi-^k may he shortened to 

| /{jWMff'Cxj ~ 17(>y«(>] - rw-»+^ 

I .LEicar Arj'UEiicuL In [ULrlieulAr, If g(sr) ™ e*z +- ft, l!m!:i du — c dz iiid jso 


| - lFM iffw -I- tj + C 


An inipDrLajLL H]»cin.l c;l^p eh v-Vci /f^) — 

4 . 2 ^ TiieoKm If g ta a diifeicetitiahli futit[!;on aiid ti = — t is a rational umber, 




Noto 1 liti use of brace* to si final an LmplLcit ?u basltutban. 



apt THE DEFINITE INTEGRAL AND INTEGRATION 




la FatK:fi« 1-44* HiMj thr ULtidfcmrttvc L Cbr*k you* w*rir of M^irl ss Rjf^huUy 

1, | ^/r=3y4* - H |U- -||ti ■if^l+C--^(l-4if)f I ^+<: 

2, f^/sTT* j* = ' f(3, 4J l ' a frcM-H(3*-«}' /3 +<'' ~{(3* ^) l/3 + f 


4, j i!(5Ei ! +i)*rf* 

& \W apply Ttu*fl«ffi -1.2.2 «Uh n - 5. <f(2* : 


03j- : +l )*( ■!* rfil 


Thtu 


J ^+1 

b* Lit tj -■ - 3 -?' +■ ]. TIh'e du — tl* ds\ * 


2) u ^4C 


!ir. Lm n — z 4- 2- Then — dj\ ^i-d £ - u 


& Lei u t +3. Tlii:tl rfu - Jd, ifid t - v 2, Th IU- 


ts idj: 


■1.V 30M1-; TKULNigiUb 01- A*TiLJ]m:E?K\‘nVHO.v 2B3 


k. | - 2* a! 3 Ul U ™ 3 - £x. The* ? }-(3 - u) JL!:lI rfjr - J^N- TKuK 

[ V^S x 3 di: - U 1/J -j{3- n 1/3 £9 - flu 4 H*)du - 3 [ (W /z Krft* i u*f*}iv 

= -K# u wa_^ l M# + y A )+c: = +c 

L [(^+3) l/ ^dx 

■ (a 1 +$J S ^ 4 I J da — (x 3 4- rfx), wf |«t x* + & " x' 1 — bj - 5- .3^* d* - du Thsa 

J (r 3 + iff* ** it = | (*»+ d») - J *'% - iKi ^ -1 j « S/4 *□- [ a 1 '" do 

- 1(^5 - ^ + C - ^ 4 3)^ - 8* a 4 #** + C 
- J sv* dtf ^ | ™ 40(4 J0) - £ *in ■ItffO 
L | thin 5? d* — 3 | --ii ra |x(:gdx) - 3( —cna jx) 4 C - -3 cm jx — C 
L | G± a am ± 3 d* - 1 j sin ±^3x J di) = -2 cm t* + C 


i. |^t*B 4 J^ 4 i 

■ l.r.L u — TJkji dii — dt a mi t dt = |rdu. ancS 

| i doi 4t S (( it) - ^ r ** r A (i diy) ~ l S 6 coal u iiu - ^ uii u t V ^ L : 6 mH AV \ (' 

. it ^ | J wff 7 lfrr(5 in) s | un &r + C 

L ^at^ 20 dff - ^ [ es* 3 dfl ^ - ~ cm M 4 C 

% y Lzc 3 y 2 to* 3 j* ^ j tic 3 y 2 cGL d]/} - -jrtftc Sir 3 4 {.' 

^ [ r * ifc£ a r 3 dr 

Lit u — r 1 . The* du — 3r^ Jr, mu dr £ du, iind 

| flit 3 f 5 (r 2 d^ = [| Itf 1 \i du - i Un n + 0 - £ U* V J + f: 

r CM f(2 # ain f ) B d*. Lei u ^ -i- *La x p du - cck% z ds, 

co^i if{2 + ssn *)*da- — | u B du = + {: = ‘1 + ^ + C 

I f n i* ^ ^fa =—■* ff 1 +ce»*r i l-9Mi* = ^f-(l +am)^] + ci r- , ^ tC 
(1 4 cos x)* J * - 1 - t*fr X 

■ I Ltc « - 1 +^^ = " 3 > dt: $■' " 3 rfT " 

-2u 3/2 ^C —2^1 

■ JVr^F 

Let v = j 1 , Th^n d« = dl. *n-d | ^/"J" 1 ^ - , ^f-dv} - -|sj +,iT +■ f' - I j 

r | S eiq ^ Jl+fW X di, L ?1 It l + x; d?a = —lift 5 d*- 

| 3 Bin at(| + <e* x) 3 ^d? - -2 * i f 3 ^rfte r* + C - --£{1 fc« Jr) 4 ^ 4 C 

. [ alH 2 xn/ 2 «ir, 2^ 4* ^ * f (? ai« ifrf ^ 1 Jflr 4 C." = |(2 tef* 2 4 C 


2W THK L.vr>:«KAS. AND INTEGRATION 


3U |"bin I ifli LrL ir rr itrti ii dii S -SIB 4 iff, "ill I dt = - J-Jv 3 + C - - + C 

52. | mn 3 0 tea & d& 

> 1^4 if Pin fl, Th^a (f« - Cw ^ cfff. W5d Jim 1 fraw fl d£ | ti 3 rfti = + C = J win 4 ff + 0 

33. | {Uii a? ■=■ $0* ite ) 2 dx j (4 1 t- = j [(^3* - 0 - 2 + fr*C*£* - L >]Jx 

_ | - | Lftii 2z £M + c 

34. | dt> Let u — 3 \fi r Thco dt nnd ^ - g rfic. Thun, 

| J J - Jatfi 2 ™ {| dti} — =|uno4C — |Uu 3%/S 4 C 

3ft. [ . let Q-f^ + S^-M^wa {3^4 

J V-* x 3* -I- 3 

i vV f +3? r +] 3 J 

3ft- J xi; r 2 + L dx, Let it = 4 - Jz* - z 1 . Hkii rf ft - (-Ax - 4* a )c*x =r -*<** +1 )dw. Thus 

| v'-l —2x 2 - 4 i)il] = - jJ u^^dti — C ^ — f{4 - '/x 2 - x*f^ 4 C 

3?l f ^ ‘ Let sr — A — y, Tbcn jyr = 3 — n„ *nrf 4>y - -du. 

J<3-srP J 


[r*jj^_ r^-v-:-^)_ r^ /a - 

J f3-srr r J ^ J 

ja. | v ft'+*^ + L) 2 * =■ [3H iff2« Jm-I - 2 jrifn^-a^udtt-A jJ{m*-4it*+4ii j ) <iu 
- 2(^d" - ill 5 + j}.?) 4 C - $(3 4 *} r/? - |(i + 9 f /2 4 ®{3 4 ffi*+,C 

35L (ifer 1 ^ + £i;*i = |r-^k J *^0^ - 3|n 4 Jii = |tf* + C = 

»jhif'V" 

Lrt t? - l 4 ^ dv ■*■ ^ dt — ^ ^ ^ di 

Tlwir 

f(-+a"" i Tf i «-1 .-'■ v.=^ .c, k. tif +c 


-l\(v = 11 (u J /* - 4« _i /*)dii - ^2ti l/a 4 Bu- S ^) tCr[^4# J +4(j a 4 4)" I/S + C 

42. | ^ ^ - 1 1 1 - £^ i ) -,£ ^ 2 x 2 {r di-r). E^i n - t - 2£ 2 . 2 ben x i — ^{1 ^ »), and du - —4ae dr. I = 

| ^-1/3 . ^ ^ | - V |tE 3/ * - J - 3tJ l/2 + C = ^(t- Sx^ 2 - 1 - 

13, j nil x Kiiifccw- x)ifx. l#t n ^tofl jfi du - -fid x <fci 

| i\a x x)rfr - - j *in w (#u = «w v + C - t| 4 [' 



£1-2 



*■2 SOME TECTEMQUKS OH AMT* W KliKENTfA'ItOW Ztt 


W- Jf Wl % 2jdj 

;» Ld if = mc r. Then _ «c jt tin x dr. » 

f sec 2 t 1m jc cw(sk J5) rfc — j cos ? j dv — sin u + t- - surfsee x) + C 

p. t -'l>3 — Sf5:r H I]” 1 ^ and C[0) = HI, Hence 0[r) = 3 J {*r + 4} -] ^dx ss |(5r4- 4 K. 

IW.in^ C(&) = ] IK 10 = f(JJ + K; K = f. TW C(t) = JVoSTT 4 f- 

It C'H - -V^M and C(0) - 0- STanceCW-S ■ f (St ^-Sl 1 ^ = J-J-=(Jr + ■!)*/*■(-*■= + -if' 3 + * 

Bfttaiifle e(0J = 0, then & =? 4 3 ^ 4 K as K - -8 xnd the total ™t fdftctisii ts C(i) = (Jr + if* 2 - £, 
r, = 4 +1*(± -r «}"*- 'fh*MfeM m*J - [4 * L 0(* + 5)" “]i* S- -I* - 4- c. 

JJ^ciiuw S(0) n O,0 = 0-^+C:C^ 2. 8«J» fU» - fa - jiJ^-2. 

If j unit* a pc demanded when p dollar* iH the pdoc pc: uni-. H^n si: - R(j). Thu* 

pr = 4r - ^ +■2; pr(z + 5} = 4 20* -30+ 2ss + 10: p*{r + $} = 4*? + 22ti p(r 4 d) — 4s 4 22 

! |_ The -margin.;ii roMU« funrlicm for n jWLrl.icn I ; j _- a r Licit* is jcivfJi hy — ni^x + £)“ 2 - r. t" i net [-il) ih a Urtnl 

| xcvcbur function R abd ifb) ao equation involving p and j ; Lhc demand equation) n'hctc x umU «.ro demanded 
wbtfL p tkdlara is iii« price per unit. 

» la) R(±) = |[oi(r+ 4-r 1 - c>fi = -fi)” 1 -£x-M. Rotaas* R(0) - 0> Ifcrn 0 = t- him! k. 

i^ a, Jltjscf ibf Kwut function is It;i) — a ——— e* - —. — ■»z. 

x + Jj a -+ 6 

I fbi) Hnnutwi R{tJ = thffi t? = t«id m p — . -1 . 

I" ■ | Auqlpaiiha U lIik 4tJir|pt iir d^tririi.y ft-. i pind 3 = ^ = b >i\\\ 60?. *] — J ^ sin SOI = ■■ t- C. 

r 0 when t |fl-« th^n 0 e<^ 3f>r - - - r.i r -s- Thu* 

q - <:oe 4^ < ^ 4 yj - Hence ?be greatest chats* » ^ ftoifiomsA;. 

L q ooiftomlii ii tke charge cd elcdtridlry at t sec and z — — 4 on* q - 14 cos I d£ — ^ sja 12-Dt -I- G- 

SiMause q = 0 when £ — 0, then 0 — C_ This l| — ^ k:t. < jj. JJ-caw -h* Ereatcst charge is ^ coiiiojnbs, 

|_ V duH&rs id ihe value of the mneknety aJW? ^ ycjiis, nj;d — -50C\f -r t) " 

V s | -40Q(f + 1)^1 = fjttdfx + J)" 1 + o. Bciiitir V - T8D i|m ( e- 0, tli>-n 700 - BOD + Ci C = JOO, 

Him V(f) — 5W(I+ l}" 1 +m and VfJ) = iCDf^-' +»» = J2B. 

Hecce airei !5 ye^: the v^Jlih of the waiehl iserv i>- $32j>- 

BL The volume of water in a iar.k ts V cubic tnewi:3 wbeis the depL]L of ih* :h k rn^trr.f, If ij.e c^ie «f 

change of V with respect to ^1 'a given by - ~{2h -*- Ji 2 , fr.H lH^ volume ™tei m lIw s-ftolf ’ffhen the 

I depth is3 rn- 

» sjj a w(J/* + 9)*! V(AJ = J ?{2h + 3j s dh 

ikcau&c 4{2h 4 1) - 2 dh. then 

Vfft) = |rJ (Hit 4 Jfts tit) - lx{2A +3) J +C 
S«caufl* V — fl w b*n A — 0, I "ne:i 

0 = ^<3f+C 

and »C: ?x, and Lhus 

V(fi) = “*(2^+3f-^i V'UJsixfD 1 ) *e = It7r 

* Tlir vohiini: Of walor in tile SanV ^ht-n ii.r dr|ilh i* 3 m in 11 W m' ! , 




S3. If v ftiff* is !.fcp Vidu Pi it- uf the cell f 4 l*yn Jdur D«CTT-r«rr ‘ :::tL ^y 1 l * - - r ~ 

V - [ f!2 - f) a Jc OjS I)" 1 -f C-, Bcouw v - ,1 whtn ■! - ?. th(fn 3 = 10 ] 4- C C - 
Thu* V - <12- 0 _1 + M- On 3,2 = ?> V = 5" 1 4 ^9 = 3-1^ ib* 

54- Tf V cm 5 is Hi* voLiiir.e of ti:e fraJJtKm 2 sccomU. i h*n ^ - V'^ -i-f*- V - J i(2 + I 
-|(;+ i ft* +lj a +- C- ftctzmsc V - J 3 ^hcsi t - 3 . thed 3 li ~ J-* 1 ^ ■+ Ijfl 2 * f -'i- a 

( a ) V^| T t)*' J +■ ^ J + £W v ( e ? S-^+. 3 '^ + y = w - Tht ** r,J ™ bs4 

ml [ran fcsx + iftfa^ + ^ + + c 


IE WVHtf* (D (itj aJUS (b) API' Ll»c «*»£ with Cl 


J ia -I I) din 


T - 1, LhtJi ci'-'i — ds sriii - - U + U J* 




1 aed — -c, £* 


sir. jc x 


■»(-<&■) 


(5) If i = r*c ? then rfLr “ -d*C f €Ql F dr so 

(c) Thr dif&i™= twl^ctia ihr ^liaiionp i* \{ 
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4J DIFFERENTIAL EQUATIONS AND ItECTlLiNKAK MOTION 

A difFfirmiiai r^u*ht?h in thr i™ variable? * ^ ii an equation jnvoEv^ft ;?. and d^/rfr. A 

■aiuliors of this diFfeieDliiL equation Is A fblLCtiOE] df r which ^IhIIi i,ud:ttLilutttd far sr in Lin- drff«rrn1.j?il equation 
y irUh Ari iifr-hlpCy, T : ||+ falfawinpi - I »-|-»!« ifr* i i p j-i I fa find a Mil f fan <>f a fifpt-Otfrkf diffafffttjal eqUAlfan if V, *- rah 
« parale the variables. 

Ir JffflFfftc ifft variables* Thai is. tvijk the differential equation, in the fen™ 

*(3f) = /W & 

2. Afttadrffcreitinh; on bm5i xjd« of Die diflbMntid iquAtsefi. Th i?*- m ah i*q=i4tfan oFlhn form 

0{p) = V{rJ 4 C 

where C":^) - $(]/}. 3'"'\ r 1 — f(x - and e is an arbiErary constant i'bat equation is called the rvmpirlr 

.litfaittm. Mf |Jk dtidfi-Tr-|.il:.li rtJil.iljLISi. 

3, [f mrEEsf C 0 tsdjfti?a.s arc given [thai is, replacements for e and y arc given), substitute the given values into 

the COJnpfat^ rei-l I. L falli rnjl Vfi fuP C HilHil Ml tthli L llle L||.U Vis..'.IT ftkT f7 jJ: I I ie! <:iJ’li , .i ittlrf! rr!3CU LdEMt. Til !=! FtLIuJILz. itii 

the pQ-rlKufor sflfufre-ri of the diffcrenlwE cqaatbn. 

E-feasible, -he eqw^lwn should be So'ved far y- If ifee djffarentfal equation fere ifce dunple Co/m dy/dr — /(r), step 
J Li doc. netesiary. I he iiepa far fiieLLng Else eoHr.p.ete -soLuilen are jJSdslraicd In Kmreiia d And S, and the lhc 
Heps far finding the particular solution hi* ilJuslrHicd in ExtEcfae 16, 

A jrrccreJ' c-rdcr tfiJ^erETiEzal du-iif pb^-m in s and p ih- asi CquaXlur. involving j:, y. ■i/.-tfir, .lemJ E'hc 

j S*liy type Tvr roriFidnr is nf liir \urm 

is a fiissHordei dlf^eientiaS ecauasiui: Ln z and y 1 wEusc snluiLon may hf. found by i.-.n ps '1 and A abcive. rhe 

Htun 11 U equatHSn of thr refill ^ ~ r.>). Wt urilidirTiTmlinir k> n'’ 1 iV: * function nf j-. Thnrr M-ill hr tWc 

•rbLtrary constants Le the coizipietc solution of a secceLd-o:cci diEfaentLil egnasio^. The steps for fiiLdmg the 
■Kipkt* HuLmloai jlfw illHhEmtril in KxertI?, and Iht iHe[» for findatig the juitieultEr wliilion. asr illuitralcd in 
Eiemw 2U- 

If 11 parljcJp* triifcVfai in n tauj^IiL Inn: mrl if dip^-irt: cii^L^rtfr" frAli'. Ili^ origin h iinil - ^- of diySAnr^ At i 
iz.'s nf lime, ifern ibe ynits of velocity v and lhc un;ts of -acceleration e aic glvea bv 


-9-fc w 

Wv 5i?r F^r'".nl?nn> (]) and (L p ) -WfhrTi wr nrt gLVcrt thr accE-k^lion kt.4 wiih to find the lame, distAJlW* Alld 
lily, as illustrated in K.ietctses 2-1 ;aud 2f>. We UMi F^. (3) rt hrn we hl>I v, J .r-re^Lrd ;n tinne, re [LLoslia'iH jh 
32- Tf i nil ini vd(M?i;y ih t 0 , w r ^ol*f F^. (2) in Fisu-icisc -IK to fihd LhAt 

2a-f ki p a - 

If the 0 (DS>' force actir.g on a partick- is tile furcti uf gravity, tliPii the uro^leinVjon k: rxmskixil , 1 -nrl is 
OlirTiALrly ft/iW^. 


KT^nriscs I- M. find the rnmpktn solution o^ the difteienluf eqiiattoa. 
’ 73 - dz- — ■&: if - | {dx - o)d'j: — - oj: - C 

^=e- 3 i?:ir= J (e- 3 ^Vt- 6 T-r s + C 

^=3r J '+®i-7: ji ^ ^3r* +?i-T)J; ^ i J + 1 1 - 7i+ C 


- 1)4: ^i' 1 +r i -7 J -+r 



S8* THE MU'l KITE INTEGRAL ANU INTER RATION 


4_ j t = ^ 

b. Fir»t, Vtfe Icpu&tC ih? 




NfiE, ¥-t anlldificirni-laKe ob bo^i sld«- 

i$-i** 

2^/* = il+C 

,/ Note iVi any value of ^ to. (1) yield* 

^-a^f£|-5^£) = 5v^ 

Thus Eq. {1) is thp complete solution of tin? differential ^nation. 

5. ^ Jjr* a i “? = 3r dx; [ »“^lr = a j * ”j = + v ~ iiPTf’ 

fi . g - - y)dy ^ (^4 f (9 l/a "»)* = f t* V! + **« y “ ^ 5/J +7® 3 * C 

J* _ Wl*7. nrfa - .... _ [(J + IfWfet rf«J =3 [ * dvj {1 H 

35 - ™ ' </] * ii tt ' J J 

2i/i 4 u 1 - So 1 + C 

B. w- Wiping hlir vntiafcLfiP «id ilifffl nm i»th 

-- A''* 1 * -3 d* 
f Aif - ■ ■ 3 dx 

Beeavtt - 3) ~ Iff 3 lira 

fr m \\{*>-*?/*{& 4*) - i(^y - tf'*+ c, 

Rcplorius 3Cj V C- iiorr C Ls any omstanl, we fiavt 

3f = {|(^-3) 1/s +C] i; - t 
whath in Lhe £«irfr:j aointion- 

g. £» _ sssis. taoV rfy :- «c*x Jt; [ (** ! ir- IMS - [ w*^ **\ 1» ff - » = *" 1 * + C 

^ taiTp J 1 

10 4>_ rci»fc. gjn 3a d„ ^ ow Svj"sdfl 3u Jk- Jc(B3* rfK-^«*3u-i!«ft- B + f - 
l dt JFiti 3«’ J J 

u , jfc* +1; d»< = (5^ 41**i jV = {- 1 )*« V = J -1* 3 +*+ G i- 

jd v -1 + *+ Ct)dtt v-fc* +^+Cj» + Cj 
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a. ^±-3 

> Le*- ^ = dsf/^afi Iheh — dy'fdz 4&d have 

|c f = j" y^r - 3 

Bffauw: - 3) - 3 ilirn 

= I j (Sr - 3^ S (2 di) = 1 -1(?± - 3 f /2 - C, 

We ftniidLffcentiiws again m get 

§r s £ J (Sfti - 3J^ 3 dr 4 C T | dr 

As bcfoKj, ^£i 3) = 2 dr, atid in 

¥ = ! - £ [ p* - 3) 5 ' S {2 drl+cj*^- - * f 5/E - C 3 r 4 C* - i{ 2* - $$* 4 C, £ - Cfr 

jli. ^-dit 31 +u« J°L; dV ^ (*in 3i4cen Seed'd; | d/ - |(am Af 4 «■ 3f^* 

^ _ —* mu 3 f 4 ^ t\it 34 4 C : l d* = {■ j cm li + ^ tin Jf -< 

J da — | (—j cos 3 1 ^ sin 34 ^ C L )dt; a — -^ sin 3l - g cos 3( 4 C J 4 0 2 

L_ = ^ = Ian ^ scfV; u H = J twi v(hc s p dp] = ^ lan *v + O = i aec 4 p + C, wbcue C x = C - J-, 

tJ = | (® KC 3 ! 1 C 1 )df.' = .J, L-T-D V - C^T I Cj 

KEtacrcbe* 1S~20, find the-p?iTtLed*r ^cktiyH pf ibe d]JTeren*i4 «qij^iieri determined by iSh-? mtlul cgiidjiiuatsi. 
LL ^ - s 2 - - * i J dy J (jf 3 - 3* - -ijdr; y w Jjj 3 - ^ 2 - 4s- 4 C 

Uccau$c y ™ -S when * = 3. —G = 8 — S —12 4 C; C — 6. TJicrrfoie. y - ^r 3 - r" -4s 4 6, 

► jyj: ” ( T + 1 X* + 2 X y - when t - -3 

fr J = j 43*4 2) dr -^fit 3 4^ 4 Sx +C 

We eitbsistyie r .he Rjv*et: repiaoenriertle for - mid -j ln:<> V,r\. (]). 

-^_K^iJS+^-3) J +2<-a}-C; c = o 

HepiacLag C by D in Eq. (1 ). obtain iht. pardeuia: snLueLnn 

I, ^ Jr^Jx^+fcr 

L I"' 11 Jw)" At dn 3r + Cr Befliuiw ^=Jr wtuiii r = 

; i'lw = | n'm Jx +C; = §(”l) 4 Ci C = | L ^ ^ eoa 2jr = j an 3r 4 cc* 2y = sin 3 j - ^ 

1. et ™ Jt; f — Jwb |l di = 2 sir + C. Because * e 3 when l = then 3 = 2sanjT4C = i4C| C = 2- 

! Tl^i^fpf* ^ - 2 a"ua ^l! — 2, 

I j 5 = ^{1 + ^v) -2 ; « = l Md ^ = 2 when v = -I, 

= if 1 ¥ iff ^4(^ + ^+n^ = -jJ(9/f^ + l>d«= 4f3ti 3 + St* 4 *) 4 C, 

BnriUtliW; u T B —2 wH^ti t — — t, — 2 ^ +(—1) 4 Cr^i Cj — 2- ThemfiM 1 ^ 

S£i- a 4 la^'+^y-F-S; a - |(12*?4 l^ 3 44 t 42>dtr= 3^ 4 42y S 42v - C 3 . 

^Ruwg = -1 vbcai l f —1 = J—4 + 2-24C^; C} = 1. Tberdoie, « = ip*4 4^+2r*+2v- 


( 1 ) 


20 
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j - | djt<i || -r -1 wlwn j- ■ 1 
t> v r - Jyf<tx> (Juki ifjfVir - « h* v - 

/ 3- | —3r"* d* - *“ 3, + C| 

{ii-i -elIjiL 1 ^ = -1 WfciH / =-- 1, tbc* 

= 1+G, 

Tks t| — -2 aud 

#*= =-‘ 3 -2 

ii 3 Jfx-*-sM a - -h“ s " fa+c * 

lire a u at wheq, i “ L. shnh 


^4;]- 1 )-2(f)-o a 

Thus '"j = 3 auH 


3 == 

1 B *«&» 41-33 u parikla Is aMk oa * m « < **™l* * fc* * It* «w*Wl **•»« , thf flFi ^' * 

il. *»&= *«+£*=lfdih+c- 

U^suse s = D ife* 1 = 0, 0 = i£4)^ J +C; C = -|. Therefor^ * = “I 

^ _ d± _ 4 . i; a = f (4 - ()dl 55 4f - !(* 4 C. IWiUM 5 = 0 I = 3, 0 = 4 ■ 2 - j ■ '•" + r =S + ^ { '* 

Theref*!* # = if-Jr-fl 


22 . 


rt -T B - Si? V a a and s - 0 £3 i 1 * 0. 

^ £ = 5 - 1 !l;dii=( 5 - 2 t)<i(To = J (5 — Jljd< ^ St - 1 1 4 C, - Tteciusc 0 = 2 wt*n I := B, 2 = C- 

TbsreSurt, V _: || — &« — ** + 2; ^ - |(5t - f-4 2)d« t = ^-Jj 3 +» + C f 

Bfrnnst £ - 0 whtD I = 0, wrt obiair. C* - 0, TVrtforc, t ~ 3* 4 
2*- K - J J’ v = ft fe*d 5 = 0 w^Q J - o. Express ?; and j Ld i*rms oi i- 
e. Jictalafrr 4 - iJt'/dJ* iAr ftj* iiVrlk 

af=V 

II =_ ^Iildf 1 =Ili + C-J 

Bkausb u •= 0 when I = 0. lli^n c, - 0, and thus 
»= 17l 

)in:rLILSC t? - d»/4i, iVll 

|}« m 

r = J" 171^=^40, 

Betaiiw 5=0 when t = 0. tbtn Cj — 0, aawi 

*-'4? 

Ja Equation (1} and tf), i Hfid s *f? **prrji*-d in brnH of I. 
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IT = I 1 . 1 - 2 l\ a — ■ will'll i — M pi!ill S — wllfirt [ - 2 . 

^ - X* + Sl; » + ^-^ + 1 *+^; M- [jd a + (*+ C 1 jrfi - ^ 1 * + -p C 4 H- C r 

Iktiyse t L r 0, 0 3 i. JiwwfK t - -3 *b|pp < =■ 2. -3 - j +J+-SC 3 -Ms C[ “ 
TbtftfoH, 5 - +-J^ - 4t -§■1 And p = Jf 3 + £ 3 - i 


a — 3^ — l : i> = ~ and j — 1 wh^n 1 = 1- 
Jr 

ft 


= £t - i 7 -. u =■ | {&( - ( a Jdl ^ + CV » — | w btn s = l n £="^-| + Cj, Cj = t 

w ?= ~ = jj 1 - * — | (|." s - = jf 1 + Gj- BeiwHwti * - | wbcH i -" J, S t - rr + C^; — 3 ^ 

FT. a - -4y^£ ** — 2 utd s - ] when If ■ 0. 

^ - -4y^ nw[B i “ - 2 /i ; m( 2 t -Ijt )[2 ft) - 2^2 $in[ 2 i .',-) + C| 

Bet-nme v = 2 wiren i = 0 , Z = -i^ aiu(-^w) 4 2 = -EV^(—+ C|i *£j = B- 

Th*criofs, " = 2 j= -Sv$ siD ( Jl -i/§ Ja«i( 2 t -£*)(2 41} = i/S «af 2 l - Jr) + C* 

SiMC * = 1 w] L <m I =. «S I = v>?.!,.«{■)-f' t i J + <%; C* - fl. Ttmi i ^w(lt —Jr), 

p. a= P — - 0- find .* — 4 ^Isf-m : - ft. Fin prep* * *nd * in 'wms of 1 

> Brrsiiiwi -!i — Ji.'/Jfi Vi'c ;t£-i; filv^L 

-13 sia3l 

v = 18 *in 3* — -6 -cos 3/ +Cj 

BkoIk 1 . =r -6 wh^n f s ft, Lhtri 
-ft —ft (QQft 0 +Cj 

e t = n. F md ^ sp c-icpr^fiwd tcrm-5 d" f hff" 
p = -ft ■3W 3i 
BMaiiM x. 1 - dsfdt, 1 J 1 e 31 

a - | -4 «Af 3U = -1 «n If + C 3 

Btulusp whim ( — HI. dun Cj - 4. Thus * ii cuprcHu! in '.emit ci '- bv 
s - -1 GiQ Si + 4 

5. a- m\ ^ ^ - 300: |V dv-m dt;^ 2 -m B+t^ Hecfiu^ t - 20 wlbm f - I, 

3,(4Cftj - -506 + C; C - -600- Therefore = 9 ftOa - 600: liiftta - i - 3 + S 200 . 

L s - 5ft0; ^ “ 3 ^ ^ v ^ - SDa: | 1 rftr — Stitt j ^a; ^ S0a^ +■ C. i- = 10 w>^ri ^ = 5 n 

^ 2ftW 4 D: i- =. 2-150. L hprefori’ Lr.. 2 “ !i0fj- S-'iO: r Z - Jllfjft, ■IfrtH'l. 

L o 2 + Hi ^ ^7 v^ = 5 o+£; | v ^ | (i&s + 1 -!- is + jG; — os* 4 4 s + G 

Becftu^E w — 4 when ji = 2, lft = 20-r-S+Ci G — —12.. ThtreJ<ift H ir' — m* +4s — l2r 

£. a - 2 ± -i- 1 ; i’ - 2 whit s — 1 . Find in equation involving y ^^4 
*• Dec.TnF? a ~ dv/dl .ihd v — dfi/dt, th#-Tp 

_ _ dy _ dp rfs 4v . 
dt du 'dt ~ di 

W* anhetitule a ±± 2 ^ -S -1 in tJq. (I) and wpaiare l}vr v«tAlct 


( 1 ) 


Jf . _ _ 


r. = 2--i + 3 


K' 

F J& "■ {^fl t t) 
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t v du = J{2i 4 1) ds 

' j.* —i ^2 _ i j ■* 

jv -f T I T v 

Because » — 2 when j 1. thru 


-2 s = l a + I 4 C 


Henc* C = -U and 


l:i FcercLuv. 5.5 43. itifi oely farce eonuidered K lhat i|im Mj the ctfifftviij-. wHifih w* t*kr m.-- 33 ft/ 

be 9.S m/«c 2 in she downwaitd direction. See J2.7 for react values £>f ih« sjr.^ rmil cumhc. 

JJ. ■■ -— g sin JtI- 19aEn3iridl = —|cosfori +.G, Bec-wise .i — 0 wha* t — Q ? 0 — -3.-i -Ci C = £. LS«m 

*„ |(1 ~toj JrtJ, (a) i(0j6) = |(1 - 0K$ri = ^3 - V5) (b) *(8.9) =|(l- era^r) = § *s O-ASS* 

(r) ,(4.x) - |fl -n»{M* + Jrjj = JL[t- v'S) »M5W; fd) #(7.5) - ;[1 -<9»{K# -1»)]* a[H.8) 

34, i c^jai cos fr(; c ; I 9 r.«s Ijf I J: ■ ^ili: +0. Ifccauw S = Q w'lKS# t — ft, ft - f’. H«ltf S = 4 sin } T - 

{») #{0-6) = i sin &T - ^'1 + /S) *f 1-0301 (b) *(2.5) = £ sin Jr - « -0.9003 

(«J *(4.8) -1 sil(2s +fw} = i^lO + JV^* 1-2109 (d) *(:.2) =|ahi(4jr- |x) = -1^19 + 2^ * -l-fOS 

35. At t «c. let s fl ?k th* djT^r^td dijiEauou nf liie bail if (Mil the ground, and Ini m ft/«w b* in* 

vtdodtjr. The positive director is upwm-iJ. W« have » table of boundary conditions where f sw ^ ^ 

,ind ri ft/sec nr* rim LirtL* and velocity when the ball strikes ihe gracing ;md T flfie and 3 ft 

■lU^ ISITlf 1 and dlM-ann?- when s-lEnae reH.ehe>- its hij;hi:Kv poiR^. T ile ^CCfLcJiJlEOP nf Lbr bnll ^ ^ 

ii that due (o gravi.Lv. c - — S2. TIues 

^ _= -3-4, | dr.- — -33 v — -33i + f..',. lietause t» - 20 when f = 0- we: obtain Cj e- 2(1. Hc-jicr 
p - -32* +20 

g-* ^32f + 20: j* = 31i + 20)^r ; « s - 3fif 3 -I- 201 4 C r Since a - n whn; I = 0, Cj = 0 TKw 

^^-l«i 2 + 30s 

Pctsm (1) wiEh r — Q and t — T, we hive 0 ■= “33T 4 T = |-- {a) Tb« bad! will be polEig upward fc: y sec. 

From ( 2 ) with j - | and s - S. we oblain S = • 16 ■ ^-r30 ■} --= 7 - {hj The ball wilt reaea a height of ^ £l. 

Ff*na {?) with a - D and f = J, we luve - l&r 4 20* — O'; — 4* (-J : -3) - □; ( - J. 

{<) Thertfere Lt will tai(e J see for the baii to striie the scound- 

From (I; with ^ | aiwS t? - e 1 wo bo^T u = -12^1 ^ SO - 2fll. 

(o) "Itiexifare the bali wdl strike lltc-grcnind weth 5 s[k:h-! n:' 2 fl Cl/'mhl. 

f r< 

At ? s^c, iici s ft be iJbe dsfer-lfMl tSijiEjusrjf: uf i.'Ue bsiJl fruiJL the ground, cjlJ let v il/sec be ]1s 

^docily. The ]wsltjve dirrctiOit is upwwd- Wo have ^ l.»blc of Iwuhdnij-eondlLiwa whfire f sec ‘ ^ ^ 

and and v ft/see ine the i icrw juid vtloeliv whan tb& ball st:Aes the ground and I see and S ft j ^ 

*?e the time aisd ditUtwc when the lio^e fwiclii?.i: its higiient p^int. The ac-frSeTfttion of the ball 
Is ch^s. due to gjaviiv. Therefore □ - —32. Thus 

^ — -32, j dt — —32 ■ rfi~. n = -32* f C^- Hw^uisr v — 3 when i — fl, we u-btaLn — j. lienee 
v s -32* 4 3 

-32( +5l \ dit ~ \ HMil+JiJdiS ^ - -ie* J + 5i+C a . Since j = 0 ’vhea ( - 0, C 2 -0. Thun 
-1 fi£ 3 4 5i 

From ( 1 ) with 0 and I = T„ wo have 0 - -32T 45c T -~. ( 4 ) The ball will be going upward far ^ ^ 
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tlOJIL (2 I WLlli ^ iiRtl .V - .St ** frill aim S - - Ifi - - ^1) ~ 

\b) The hall will a \wi%ht frf fc. 

Fnwu (2) with * - 0 ami I X, wft have - Jfif^ - Ht — D; -iflSi - Vi jj (fc i 
(c) ThniTft?rt it will take «c fci the ball to strike she gr^v-^i^- 
Frano (1} -?ritb J — and v - ? w* have: r — -32(~J -3-5 — -->. 
i c j Tacieforc ?h« IwiLl wiEL strike c!ll ground with a speed of 5 ft/scc. 

FT. At r rfw, ]ftt & ft ebr db*cud diauLnec of the t»LL frosn lihr lop of ih** W^liingum 

n,nd kt v ft/aw be its- velocity. 'TH^ potili-vr direct juts r.-; npwrird. We have a Table of boundary ?■ 5 r 

condition* wz^ra V .sit mH i.‘ It face die time and velocity when l be b$T' stnkrr. :r=r giatind. (I 0 0 

The acceleration rtf the ball is th?i dui Lh> gravity _ Tlaus a - -SS.Thcicfoie T -555 v 

^--32r Jdc = -»J*ii --sar-C, 

tic(iiute e — C wlieti i - 0 then C, — O Renee 

0 = -&£l; ^ j dff = 32 j c, * - - HSJ* 4 C, 

» s? tl when £ = D tlwn n 3 = ft. ThMcfOtt 1 * - -1 il ¥ . Wilt * — --SAEj at*d f = i ■"■? h*vti 
> 67 J = gS5; 7* - f = ±^S5 * 5.9 

i>) It wi'il r.aAs ^^55 5.9 &cc for the ball to resell ibc ground. In r - -H 2 t. irit 

i = |^S5 and v — £. We obtain v - ” -8-^55 « —3G®-5- 

(b) The bill will strike the ground will: a. speed of c 1 ft/sec. 


i_ At E see, the Wl ia * ft nbrtv* the ground o*d ii fillip. n& i- ft/«c. 

-■- -32t + u n - -32*- $4. -J6£* + T? 0 t+-16 * e - 541 + SH)l j ^0 when 

u = let? 1 +41 S] = l«(l +5K« - tjr ^ s. r^I) ^ -%. 

p Thf ball taka-(a) ! second io reseh the Fjm'rnd ,itiH (b) I hr- ground xl n M|wt:il uff flfi rt/see. 


ft 


Ai ? sec, tel, s ft W Cnr rfinricsl dbLtnce uf biriu-cubftfH from ibe |i;our.c. and let y It/sec ^ S c 

hir iia v rJuti Ly. The puitiivo dlTccitoEi. it up^^fd. We hiv P ^ tibk rtf bound ary coniShtlonA vthri* n into ]D 

i sec and n ft^sec. tii* ti int and velaeitv whizi the bEnocuiars strike the groyne. The ■' 0 c 

rt^cdtiEaLliJL d" the bJiiM-ila^- is that due to gsaYity. lienee 

dfe ™ -23 [ rft" v - -J2£ + C s . Eb-eaii« « =■ I [5 wfcksfi ; -* 0 h C| “ ]0 r Therefore 




p=-J2l+t» (I) 

-32C+ JO; jits - j(-3St4 ID)JI: s= -1« ! + 101 + Cj. Ikcaosc s= 1M »Jkii t =0, Cj = 154- 
Th^i s — -lfit 3 4 lfl( 4 ISO- With *=4 nsut l-i*t have - IS; J — IDi ■+■ ISO — It: £ — ^{1 ■+ v^) ® 1-4. 

(a) E( will take&! + vl?) ?t 3.4 a«c far nht hSaoiiiJata to jetlke [he sirtiiBd. 
t (1) trt t W j|(l 4 v/sr> icd V - 0. Wp b*ve tr - -10(1 4 v^fj} + 10 ~ - lOv^T w -0>.5. 


i t) Thus the ‘peed of the UiKiihr! mi irnp,i*-t it IOt/OT 9-S. S fft/ser. 

ft A Stone i* ihr-i-wn vp-rl.ically itp-kvard rraju llwi tup frF el Eioijs« ft- alifrve 5be Abound v/jih an vr nc-'j 

1ft fL/nffl:. [*} Muw lunA will iL lake she stone U> .'eaea its |re^ l-ri^hi, :md (b) «■■ ah n.- Ekil^LT." 

(c) Now long win it Like tEie ^lr>iLe tu p.eis the top u-f Che bouse on its way down, and ;J) T^liat is Its velocity 
.ll dmt SiiitiJiL?' (e) Jong will it Lake the stone to strike ibe gfound, und (C with w\mi does Ec 

I ririfce tbrt jjEOand? 

* i scecEid?. a.fr^e di* stcnie was thrown, let 

s feel be the distance of the stoae Lh* gr^mri 

v f-Ef?r per jiKond be the velocity of ;he stone 

because the pwitivr d;riTLiini Lx rEjctaen a* upward, ik-u aecrJeraj:on due ;o gr-ivlty js -3 - *-52, 

•: = du/dl, Lben 
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is = 7 “ 

*= 32Jl = ~S»i+C, 

BcraiL'M* i; — JO when r 0, then e s - 40 Mid 

tr =-3£f + 40 {I 

Because v — ds/dt. then 

£=-32t+4<1 

Eeea^iie ihe th* tiiMJKj- if* 6ft Il dbovu [hu ground, then. s -“ 60 when i — A- I'^-ls "-. — LjO -and 

i= lOf* + «1|5r * (W ., 4 60 + 23-lfl(( — $)* + 8 !j t* 

Thrtefot* tile *tant tiki* f Kt If reif.li its gl+fttfSt Jwinbt- and (b) it? RTBiitiSt. hrifiM vt B5 ft. 

{&) The stoat passw iKe top of tie bo wsc on its w^y down when .* — ftfj. Thea 

fl 0 ’=~J*t* + 40i-E-flO 

t(2f— 5)» 0 

Tbt ouEy poritivT soluiH>n } * i !: " fri* eujiclud* 1 that ii take? the slune £ set to pass ?he top of the hoo!5c or 

its way down. 

(d) FnpWing i by J i.n 6iq. ■ L), Iw? 

, = -45^ + 40= ~1C 

Thu*, the velocity of ihe EtOEK iF 40 ft./srr ;V! iSi-ft iraL&ak it MSSCS the- bop of ihr houst* CHI its way down, IfLr 

ape*d ii tie urn# as w htn H wju thrown. 

(e) The awste strikes the ground when 5=2. Fmrn Ti[. (2) we obtain 

H = -15^+4^ +lifl 
4f* - I0t — 65 — Cl 

The- only p<w(iVfl rcait is_ 

. iQ + Vai'a *4 7®. ,~ 

f . ■ . . . .. - - 5 — * i.ao 

I3eaice Lie stone takes- about j oo sn: io.sr.ri>e Hi-; ground.. From Eq, (3), 

i - -33^^)+401 - -8 ~ -73 J 

(£) The velocity of the Atone Ls about -73.6 Ft/scc when Jl sr.riLins great nek 
dt. At i kik the buuldtr it ; it jibove youf head .’Mid :-■ 5.::.'i^ .j. , ft/Net- 

v b -JS2f + r a - -Si, f - + %“ -3C( J -!-200. - W a -200 - Cl: i 1 ^ % T -! |v^- 

— "80\/5- Toil bve sboo? 3.54 secoodfi t* art or fb) IV- ba-uid*r strLkea at about 113.14 
42. At I s«. kt ^ ft be ibn datecied dlst-ance of tie baifc Horn si.Trti^ poL^t. and Let v fi/scc f fl 

be its ■■■rioc-ji.y. The poajtlvc dlreciion 3 upw»iH. Wf hnvr t i^thk of bouadiTy condition^ 0 A 1 

16 D 

wheit f fs/ise ia tie vrioeityof i Ti-h h^r| winici Lt k 3G H above the gt-ourjd (or. MigivjJraiily, 
lft It aLciVr the ulnrLihg |nunt). The .vcdclcJatiop gf th^ twdt in that due t* Rf^vity, Ht-nrr 
n = 3?; v = -SSi J r di - -32 Jd* - -12s 4(;,. 

•(^i) ftaL'Jta&e :■ — 4 B whea > - 0 , we Ci " 300. f hereto re i - ' - 6 ts ■+ :AO 0 . 

I^et £ — 16 aod t- — 0-, tie bail ia rising, v > 0- W« hnye ii 3 = —&4(16) 4- 16LW - ^7^ t — 24. Tbeiefoat,, 

(b) ibt velocity gftiL* balE ii 24 fl/s« w'nrr, it ia-36 ft fiuan liut grouad ud N*ing. 
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43. r = -9_S1 + - —9-Si + 150 {a\ * = -4.9 f' +%* + <«= -4 91 ! + ]50i + 1 [b l| sfg) = ‘iMA. The missile is 

m< ft high,' 4 .91 1 + 1501 +g - 599; 4,91 s — 3 SOI+499 = ft; i, - ^<731! - ■Iv'Ts^). 

fj = 3^(759 — A n/i 9905). (*) ll will be 599 fi vp after "bruit J.T9 sec pntug up and 2SJ5S set coming down- 

44. (i) <■ - 35T +1* = »i; *39} i- 39(39) - <199 taf** (b) * - lit 3 + vj 4- s D - lit 1 -. *30) = 11 (90 J 1 - 9600 m 

IZ*. Aftrf t PWC thr «Sl Ul 11* dim ha ** V yd/itC, as w yd tuffh and llw of 

pf Ibc dish is 0. u = ^ = 10; r — j Ift dt = ICt + Cj, Ow-atra v — ft whin A 

f = 0. 0 -C v r- ID 1. s = Jptf* = J!0l dt■= 5i z +Cg- Because *=^0 when W 

f = Q, ft = 0 3 , t m bt*r 9 - t209 tAits fl T 

o - ^ = 1-200 sw B # ^ = UMfUn 3 * + <)^|- Wh«t i = #, * _ sft. 3 - J4D. / t 

“ d tin fl s jSjJg “ Thun H) = I2I)Q[(£) 3 * ] )jf= 37 - OT ^ 

m -13QO jpl- 

■ Tlii- dish » revolving-at *2»ut ftrftGEf rid/tnA 3-*r drgyW^ 

Im _ d? _ „-f J- _ _j-+ 1 /- + , _ ™ f — A t= *7 ■_- ™ ^ = — tit-L Wl: 


*. a - Sfi - r- J -e dr - -6£+C]- Because t< = 20 when I = ft, 3ft = C,; f= -ftl-5-2th 

* r= jf-0l +. 20)<if = 3f* + 29f + C t . Rcrvuiw s = 0 when f = 0. 0 - C 2 s f - 3 f 1 + SOL The imJi stops when 

O =. lei - 20,1 = ?JL Then 5 = -3j“)*+ 20(^) - ^ The ball will roll if feet- 
e,-, k\i- _ e > kit. luuftm Uit__ICO ji infl km _ 9An kvn SOOCjm. ]hr _ a.w tn 

^ 4(1 hF = W" Tm " 3BQfl«e ITT - JW "ET TSm - JSSEtt t ^ 

C^nsid^F lii« hiLauljaj; [mluL al C]l& ptiHttioJt O-J thv AlitOSiloblk ivhrrfl Lfe vclwity i-S ^ no/s«. 

At < Ms 5 W its diftuTprr rTXMm llw- ^fAjriinjj; iKhint r and Let v ru/i« be its vd«ily F D y 

L*t sli« pttii.iv^- HJiiecLinjri be the dif^tJiiJL iji which tit aaiHSKobLie ls iravshg. We Havk 2 » 

uhk of ^cundajy cftnditioiw- L^i- A m V" br ll^ wn^taisl ac^tkfaitwn. 

Tbeai A-v^; A[rfi= [vdv; A* = |t J +C. 

Because p = ^ when s - 0, have 10 = £■ + C: C - - n ™- TTpemfore A& = ^i' — 

Because ^ = rgf ^Ike s = wp ba^vc ^ftOA = - ^ iU - A - ^ s: L .-li- 

* The autcDiDlaile Bhemld mwjnlnJii a ^eiu*-ujit wsiwkrALjim ui L.<I2 m 

What crtmtunL ia^ativF accd^ratjcifi wiH frwblf a driver dwriaw th-? spr«l frwn 32ft km/h? 1*> ftfttm/hr 
'a 1 1 j If traveling, a distance of 10fl cncttrs? 

■ Lri (hr dfiv^t hr llavuftig jf hl^l^rS-* Lkl <hr (Si^ln-11^ f^A of lh« I braking brgiin, 

nnd l«t t. 1 bt the vtLocity it ibis-im-e. f d rfJz&: h bis stating vtlodly and ^ Tn/Kw 3 \% iJwi ccpstajic 

atcckrttbtns As Lu Excrebe Ji, wr h*yc 

o 

TW, 

a dt — V dl 1 
J CP ds JZ 1 1" dv 

Ikca^^sc■ fO^Ftanl. Lit 1 thrive Equiv?d5|iL Id 


Bf-C4U4*r !> - V a whrn j ft p 

ft = ^ 0 a 4C 


Fi™u^ 33H 


^.■i: - V 2 — f a a 
5ll lien i2U icwi 






-m THE DEFINITE INTEGRAL a_\D INTEGRATION 

Haeausf 60 km/hr — “ m/s«. wr art gi wi Llim o = y whta s — 100- Tbe/ttfort, 

■ “Hr 

* The *cwkfiifcwfi is -2jt ih/sfc'. 

4B. Consist the starting point she fwsaGion of the mt when ite rdochy ^ Eon "j^r - ^ * 5 * 

(ict fcufritt 47). At i see, lei * meters be the distitn™ of the car from the starling point, ^ ^ “ 

iLhd Lei v m/Wc In? lift vdwitv Let Ih* po*itsVT diinfLicir- In< Hi* direction In the car - n B 

i.s traveling, In Ih* table of bouirfgjy i see is Use Ume **d e nsetcn. i* lIi* distasLc* ^ 

of [he vir from the alarting. (mliLt wfcirq List *ar enm™ tu *. atop. Tk ncwkrfirtloil ™ ^ ks/m-l *. 

5Jtn*e^- -6; [da =-R Jdl; * = -#< + C r Bkuh v =^wh*n I *0. Uku C, TiKi'fm*, 

, ISO (H 

r — —OT + t|- 

^i = + f 4#j^ |{-it b - —41 s + ^JC +Tj. Knot f = 0 w]mn t - 0, Gj - 0- Tims 

f= _^ + ^t ■ 

Id (1) ki i? — 0 aid l = f, W* hive Q = -S7 H 1 = ^ * 3>iT. 

(ftj Th«#fom it wilt Ufcc 3.-I7 PHV for chr' r*r Ir* «>Nlf to 4 atop. 

In f2) M and i«i. Thru * =+ W ^ 

{b) H^nee the car will irAvd dfi.22 m before sCrtptnnij- 

a = ^+1^1 + ^- -^ 3 +** - -$.** ~ 3* + {§f] + | = 5" The ball rt«s ^ ft (in ^ «0- 

51. From to = * 3 - we bar? 11-8J2S ^ fl ? - = 4W, ^ r 20. Ikcou«: 

t£c ” 2 n ^ 1 2Sj^3£E - _^I3- - 7? tbc ^ruu^i ii ^C1 m/w- vt, *<iU3V*Jctitly. 72 lim/br, 

.S2, A hUrt* Q* sic* filad-ra do-w-n 4 ehuE* u-j-.h i.tiipf, ^rremralton of 3 m/sw‘. Tbe chote i^= m loti^ and it U-;- I 
4 sec for tiw iw to teaeb ibe boitocn. (.a) U r tiai La lie [ostial velodty of the kv‘? l.h) W*hM is Uk *af Ek 

ace .%fter it hn? traveled 12 phT (i i Hnw Sojifid^ ii '-ilir ifie 1« to jo ih 11 12 
ij- Afkcr i! we, \rX v ns lie the Osfancc r.'-^, li!<w:k silrfes doviU the diLiie ajod Let l rti/?^- In 1 the ve-looty of the tu 
Bt^aJUHT tbe aecrtcfrtlinfi ;h 3 [«/i^i; J r tJsqn 
rfr - _^ 

Jr ” 3 r 

r — ,4 df — j-I + Cj 

t=»+ <3 » 

J - + Cj j( T=|i s +Cil + Cj 

S™Lne 3—0 when i = 0, then G. - 0. FvrthmiNf#, *hftl J - 4 h then ^ « 3B. SuljatUntiDK v*ly» iai4 

£q, {2). we get 

— 24 + 4fJj ■ ^ = 3 

If wo r*plae« the vaJuw of C| wwl C 2 iel K^uations (1) nod ^2}, we Jiave 


f-l^+W 

fa) Bottn&e t =■ ,1 when ( = 0, the Initial vdocKy i? 3 m/^ee. 

^r.) To find ihe time it mk^ for the ice to travel I? icl, wc Itt ^ - 12 in i4) and ApIve for t. Ihua, 

12 =^+3( 

0 ssf r'+st-e =(f + 4) 

Tb* onl? pwetive mo€ is % so il IsJtrt the Lee ? sec to go 12 m. 

(b) SuhKtitutijig r - :; Ln h^ r {3- r iv^ : - D. ?k? Ehr- ip«d *f thr ic* ir- ju/^c *fter it Si** tru^rk.l 12 m. 
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c. IIiEi-eadta ,ji3 and 34, find She oHAiyonfiJ ir-ii^e^rj of Ui* family u^^ea, that ls another !"ami3y of cun-** nw(i 
.- ,ii -uiy pwini (x.y; '.hr?* is rii cutvt of c«fc family thranupj; ii -.i-iH rhc lii* tAft*e«l ’law to the tw curm at 
ftw point Are perpendicular., 

i3, Tbe family of parabola* b 2 - 4ay- 1 b — in -T; ^ ^ | ~ Jr — y ■ Ii™* 1 at any {**«*■ I" - (~.y) Jtat °h 

ail axil, tJvc ikfpt of the t**$cnl ]ihr lo EFi t pftTnboJ* $f iflC jjivrn fiuiufcy Sbrmrtfh P y Mi tll;U th* slope of 
I the tasigrat Line to the curve of the family ^ sock through l J mud 3w —Tima 

-njx 2 4 0; x^-i- 2^ — 0, a family of cllip^- 
TTence at any paint on the orthogonal I rajeailury ^ 


The family tT - ij' 


t- C; v - z — C&£. a family of hyporbnl. 


I AREA 

L^-l Dtfimtkm If in and n s-jr inters wish tT3 < n and t is a function dnfiimd fur ;±JJ Lb 

vCTrii Notalinn n_ 

22 F{i) ■= + F(rn + 1) 4 F(m+ 2) -r’ ■ - + p(n — 3) + tVft} 

i=m 

The RfarTai propetLin gi^si by k\w. MlowiriE thoWfffli $hobld be *nrnirf?riKed. 

m 

4 .4.2 Hirurcm ^her* 4 is any conESant 


a 1,3 Theorem 


■i AA Itwlrin 


ii5 RcdKltL 


(Formula l) 


(Formula 2) 


{FnrmuLn 3) 


Suppose that ih* fn-tLioi] / Ls cantmoous on. she closed interval _i..uj. with /(_- > fl byt ail b in 
[a ? i]. And that R If she region boimdcr! by ihr r vjvr - - _f;x), the x am . and i-hr Imr- j- - 4 
and t - &- Divide the interval "a.fr] into n subinler-.r-ilr:. ryu-h cflniaglh Ax - (b — *}fn, arid Jc-i ■:, 
he a siumber sa the :Lb subiutervA! [x |; _ 1 ..x c . Then tb- rTu&sufe of 1h<- area of the refi-nn IV i> 
given by 

A - lino £/{j ( -JAi 


*» THl DEJlSTTF IN ZEuRju and iVT tJ.R ation 

EwftHfi 4,4 _ 

In FwrtM I 20. find Ijr ruin. I nf '|Wn» 4. when apptoprlalr, 

1. EfJI 2) = 3^|i- £ 2 = 3 ^-$-2 = «3- li s 51 

* a l i.m\ |=| ^ 

2 . + 5^4 _s-32^J - 2 d - 4 — mo 

l-I E“ I i=l £ 

a- t^ + l)= £**+ £ 1 — ~~~s——+ 7 -! = H7 


«* E(’+U i 

> W* rrp[a« i siK<SBSi^c]y *itii L 2. 5BJ1 7 and *id. Thu? 

i^ + iJ^a + ^+ta+i^+ta+i^+f-i + i^ + ts f ])»+,;( + 1 >* + (7+ if 


- 4 -T- * + + 4U + 64 = 3W 


6. £<1 - 1 f- £ I 1 — (It £ 

1=1 l-D .=!> * 4 


r r -■■ ^ -■ 1 -i 1 □_.5 

S^T J T‘ f, 3 + !) + .i-if 


1 £ 


6 Vrt^ieylact j uwiessivtly with 3, I. 5, S and add. Thus 

£ I(J - ^ ” 3(3^ t \ + 4(4 - 2) + 5^12) + flXS-’SfJ^ 

9. £ l*-2 • a -rJ' , T/+2 1 +2*4 2 s -J+i + l + 2 + 1-$ = ^ 

*±r-2 1 J * 

311 f- J _ I I I _|_ 1 y I _ 9 
li v ^' -i 1,1 I - 7 

J1 - i + 3 L-li 

I5L l£ S *+3 

* }+^ jL rlu = “ 2 “i +fl+ i + I + H - iS 

| 3 . £ W-i) = a£ ,<-ag 

14. faff + 2) — = 3^i 3 + 6£ = ^^I) 1 + 6 = [33,a6D 

■ Ml fr* 3 i‘«t 1 ,..- ■■ - y 4 

is. E (3* - 2*" ] ) - 2 ft - 2° = T-l, using 1 TWem -M.6 with F(k) - 2*. 

rz 

lfc l.'{]0 i+ ' - SO 1 ) 

> Wr npply Theorem A4.6 *itb F(ij — ]# i + l , TfaiJw. 

E(i0' 41 - m‘>= iO" +l • id 

■■li 

l7 ‘ £ji _ rhj ■ "jUf+t " i]" Hiir4]' B " ,,il(ft Th,:n ' rRl •••« witk - rH 
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bt £ 2f(l 4 £*) = £(3i + 2i*) = !i£i + 3 ^ + 3- " *”/ ^ a j»{n 4- l){3 * "t» * D] 

J=] 1 —] l'--=l P=£ 

«. £«* I.-V). txf *>-« £<■-« v,.,,±j!a-».*»!j»a 

n*\ *=1 «*L * 

^ jn{n 4 1 ){3flfn 4 I) U »n + 1)) ±= )nf n 4 I}(ItR a - - J) - n 1 - ^t 3 - 3* 2 Jil 

W £ Hi"* - 3*) 1 - (3* l -Z~ k+i ) 2 \ 

» Brcas,we (3 _ * — S*) 1 — (3* — S - *}*. rttay apply Theorem 4,4-6 witfe F(tJ = (1* - J - *) 1 - 

£ [(3"* - a 4 ) 2 -ti k - L -3-*+'?] = (Z* - 3 _fl ] 2 - (3°- S*} 3 = (3" - 3" n ) 2 

Exposes 21-30, us± rhe metJwd of rhi* ^r-tion lu find iSit arra, A m^tiare nnits. <??' lb* re$uui: ieac iQsalbd o? 
icrib^d fceiicislr* EnH»r^]. Fop ™h pspffiw * Fi^in* Ll-^ region -ind l-for ith nALMigle. Tn 

_as aa JG, take /(>«,: as the iraSor^ of th* altitude of Ibc itb Wtangle, where =^_ l + * 1 ) ^ tiK 

poi.nl of the kh Mill;illi-r^-Ll, 

Ixvidsr* 2l a 22 and 34. the region h bowtsded by j - a^, the x aria, rod tfae Line i =.2. 

*1. inscribed rectangle*, Let f{j\ - a*. The cloiod Enteral [0.3] !* divided ink* «. MifuiUapvajl* euth of len^Di 
A* =3 The .tb siiEmmival is [x,_ M xl, wb*t* t = 1.2,3^,*. B^li^ / it utcrtactug m (1,2], ihe absolute 
■rfldnuHn v&he of / on [■*, _ jr-Sfj is /t*£-i)- 

/{*._,>==[(» w={i- n a (i»)* - 
a =,§! * iSsk i§ t f * - ■* 1 ) 

j * Tiir JllVH iHf TCfricB 1.1 j 5<3i??iTt quit*. 

■I dtcuR^cjibtd iKiauglflv L^l /£*} ^ i 3 . The elasod iateiv^l [D..1?] is JEvitkd imo n ■5ubinl«-va^ tatb oTkn£th 
Aj — 3^. Tht ith. fubloieiva] 'a l T ,_ii- E p[i- i k m LSecMtse J is iiw:TMJiiin& on [0, 2], ihe 4 i**olMiE 

mwrimiim ynk-*: of / oo ^ f(^)- 

a *)-w ■=«*»>’=(WJf A ,£, *&k = = 

■ Thr qn^L oF fcht rtpion if | fquare uniif- 

34, midpoiK;. Let /(j) = x*. The d^wwd Lousrval £0.3:] sa di^Tdwt into n. snblpi^r^ato of length Aj = 2/n- 

I A — lirni ^ /(™-)Ar = lim ~ M =■= lim iZ f ! - 4j +-^{ S1 

1=E ^ n- I It.- f—l'" n f Ft 3 !* I la' c=l 


=,fiai i+ a s+ 9-! 


A si(n4lX3n4 1) p ^+3) 




: J- i -S + D + D Et| 
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l.i ‘h^x.^r-r:23, ■!-! :n:ii 3^. Use rt£jusi Ls ai>Ovt (be r Jixii and 10- Liiti rj^ht of "in- j — ] Uui. ..dee!. by 1 Jl>_ s 
the- tint x = II and the titnre p = 1 - 

f L« /rVl = 1 . :j* Thtdncd inl^vai [1,5] is i3Evlc!ttiJ inlu fi iiibh'iterviib. of ifiifJ.tL I 

A s- - ic'i The illi wbinttrvii eh [x,_ ( vrhvn x- =. 3 + iAx>. j = L£, 3,., ,k^ /I ^ > 

inscribed FCCiangle*- BtWfm--* / Lr; d^rtmiJEift un [1.2], Lbe ab&jlutt minsLsum value / A 

of/ on *j»/(*()' 2 2 / 1- S 

/f'i) - /a + >**)= /(l+sl = < "fl + ;;) -3 -1-5 ■ / . ft ■ 


* Tii* 4«A oi* tne «gion is ^ square uni 

34. dreumreTibed Tectangies, Lrt /(*} = 
/ flfl [r^rj in 


2\ ’Jl-c absolute niaxumim vr^y^ 


Tbtfeffifw the aiea of Ibe region, it square units. 

^.)-feCl + «A*) + {l + (--l)Ax)]=l[2+(4=-]ji] 


jllidjluLut. TTJj 


is Exeicise*. 26, 26 n Mid 3£, rbe n^tm is kbci\e tbs t axis asd to the- left cd the bor r 
tti-r [i-nr r e 1| und ths curve p = 4 j- 2 , 

r.iTEairn^rilnal rprEauf^cS. Let /{it} - -1 - x'. We vish to find the rt?r«i-nf lhe rt-i 
y - f{x), i3w X :tibi luad llic liiic £ — I. Rp^iiM" / i* liLfitMiig On [-3 r fl] Mid dett 
r.fi iks+i czmtrruicnl*d rccLau^as «s consider the t* o sepaiate intervals |-2 r 0j and ■ 
tbe flj-ci *f the reg-iou bulafidod by Iht ^ ” /(x), X AKLM and ifcft ^ atii, ! 

divided nun tj _s Lib intervals taci of length it — i m . Tfie iili sub Inters a] is- [± T _ 
riKiau&t f is ia-CTtaaing ml :-S,0i] .itjsalui^ iWAitlftiuna vaitie of / on r- m s r,j - 

n*i)= /(-i+ ia *)=* -(-* *10 *»a j - 4 
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— A z = y — £- Thus, th* required area b 0 square qi n i Ls_ 

H TM-tari^l^ Bceaitie /(f* — 4 —x a b not rnwiutunw: ufi the Interval [—4,1|, we divide the H-giori into 
^.. A L Mill rue mu l* the H .lir at™ gf th^ re^on Ej tg Hin Ml *F tile * aoe boondorl by Hm- m* h thf 
wri 11 if- The dreed Inteiva] [-2,0^ is divided ini* rt subtarervafe, starting fmrr: tbcortekEL Thus 

~A^2 — t. a 3 L4 k ±= _ _tAj, Ikc-ause / is iberdialog am [-2!,u] 5 the absolute mininaum value of J oik 

) It /(#■) while /(*,■> s= J - t*,) a = 1 -t-p A*)* =4 -( |T = 4 * ■$ 


rhr jy fljcifi h-skI the Hue 3 ” — 1, 
- ;_ix. BMaitw / im dwfPVL-uer^ 


E,*? A 2 vjiciite unites be the «ea of tho region bounded by r.be cupvr. the r mbs 
T he dosed interval 10. Ij is divided ini* n iiibLnietvals. 'thus Ar = l/u *nd ,z 3 ■ 
oji [0, L]. the absolute minimal **lue of / iti ^|] j" K x i) 


* The number of square unit* in lib* n.™ uf ihe ns, sion ts A 3 — A z - 4 T = 0- 

L coidpoani- Lrf /(i)=4 — t?. The dosed interval [-2,11 h divided Luto w uubLnterval&r wli of l™j£tJi 
f Ai - 3/n. Tfe« iih subiftwrvid i» «K-^t^ a ■= ',."J. H. ...*■ I.t:. Ilir ' i■ -"h- oF tlw ith rocUnglt bo 

/f«0 Thtre ph ( - = if - jAz = -2 + £ i - 

sUi-i.i*- fi v+U+P&i-X? 

— Pi - ■& + \* + *R i p' 

sr axis and. to she iefi of the Sine t - 1 bounded by the z 


+V) = M 3+ £J +[*+ 

if A square units is th* 1 erf the n^Lem ibov* Lh 

43ds> ih^ 11 lie- _E TT S r Maid Lhe eiLtve y - /( t] s llLcS 


Theietore,. th* n?^ of i!us ref:Lcn ^ 3 oquare urns*. 
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, ,; c[iiajr liti i ts- be lb* area of the region toondcit by 
mud interval fi-2] i* divided vnio jl sutwn^rv^.-. t.hlI 

i = r. 2,rs_., _, H. Tlw filfietlflU / IP rnrrrisiUfl on O.’i; 

) asito althiwSft ^ s txh r«-iJLri.-:is. 

+ l)|f 


A — + Aj = ! + ■:- =^. Tboa r.b* rtqwTcd area if? -f *qw unit*, 

3ft. dreumscritod rttcLaj^Lts. 

to l^i /f K ) ^T 3 . S«J ihtf fi^UTe. iMy-nu:i- /i» LH OODpo^ilivr an f-1 
licsc intm'sJs .sepajalclv, Ln A-, =quajc unii* he; the aiea d“ !b^ « 
line j -1. vrA l hr % ajcin, The cWiJ iisteivaJ [-l.il>; is divided ir 
Thus Ai-l/a ajbd *,-= -iAx. / Ls UKwatfing [-1,113 wu* il1 

lake f ir, : rn. ■ Sh- altitude of IS1* rtl= recuse, ■^r* 1 


At=- litn ifctft i- ■*■*=■ h" 1 - 

Het A-j Hjnilr br Lhr nr*& <d the region toll714’ 

The cUkcc mter-nJ [{ 1 , 2 ) sh dividrct imu ri subioftervals. 
Add in o?dep id h&Yr el™ mrartbed reefcitf^h^ wc take /( 

/( r J “ (*.0 3 — (' 

*»=JSiL ^" .5p»£ S'• l6A 

Tbito, the cumber squire units: iti ih-r required area is 

Tn Erctdses 25 and JO, iho iegion i* bounded by y = + -- 

■Jfl. iire^JStMfrjcwid hMCUmgte* In /(*) - 3Vc*d*c /■ - 

aud ic-oneEaian [0.1] wc wilder ‘..he t^o separaLt it 
See ilm liftisre. Lei A x uaLes be Ito wv* evf the i*g 

^ rho line; i- - -I ihu £ axis The rlowd ins. 

tnio n ^ubialeivals *adj of Sta^gtb A* ^ 5- Th* ith Hubtr 
r m 1,7,3, . . lT j. The func;iyb / is Uiciw-ITIK no --10]. a 
drcumaejribed icttaD&h^ wc lake /{^ 3 _i) the almu 

- it*:.,) - -/{■-3 + ('■ ' )*■» “ -(-?+(■' “ 





■U AH.*:A 3D3 


-A^-i)»*-. 6 *j, ( 5 1 (» fci jr^+ 1 M= 9 -| _ 

■ 4 sJ 3 ,?, (■• ■‘ > -o’*;i ,£ <»* l -n)- .»”,($,j, <* * £, 0 

- J&0- jtd<'+$+<'*8- ♦— 

|>C square pnits tk ama of the legion bounded by line cutv* p — /(^) r the line x — 1 wid the i 
The rkMi'd iaLtcftfaJ 'D ? l) bs divided into n EubintJtvalx e*ds uflaiflLh Az — The nh iaibanterv?*] *-■ *. \,x-_ 
whrrr im Till* rumiLwB / j* mcscAsiniB on [0,1] And ia Older to have dKicmscribed iH-Lnog.Irrt w 

■ate Lbs Altitude of the Elia rctlanglc, 

A- — llln 5T /(*,).&* = Bill 51 f^ + i)’ri ' lj ™ (ji ^ ^ + ~i X,*} 

- J?J( l *i) *K> > 3-1*1-3 

A = Aj + Aj — 6 + J- Thus Lhe requited we-*. i^. ^ iqUJiJe ujitct. 

inscribed ttfLangJo. Let = # J t A Bhmk; /{-r' 1 U r-oqpor.: live 'm, [—3„Pj And nopsieffativo «fi [b. !] we 
ooEiscfar tbs lwp sejiaral* interval [-2,0] whJ [0.1]- 'Sse tfce ftgEPe above, Let Aj units be stif anca-of 

*Jlv cr^ioa houatted by ihf fi=rvs; rj /(.r], [he .:ic -■ I and the j ju?U. The eloped intFrvaP [•■ -.ft] b 
divided ini-u w so bintetrals each o! knr.'ii Ajt-~. The j'th suhrin tergal is wh*i* J = 1,2,3._ _ w. Tb* 

fustcikso f u iocreaMrig aei [-2.11], and :el o'dn » have inwribe-iL w« Luke /(^) u-- the -dMudr of 

(let iih nc&jQl^ft, 

- /(*,-) *-f<-2+iA*) = -(-^if-(-*+£)- If+<1 - i} f ^i^ir) 

A i-J&£, 

=JSfeJp («-n) - ? - " 3 ) + S (,?, 5 - fl ) 

Let Aj sgcaje uiiiiLfi b^ the a'ca of ihe region hum rH n- by ih« curw y= /Ij:)- the bne 7 — J and ih« - ay:?. 
The ebeaed. interval (0 h 1] ts divided into n KubintcrvaJh- e^tih ol' Jievgth Ax -= J,, The rth *ruhmi-revnl La [x B _ L , t , 
^herr i — 1,2,3_,fi- The funetion / inerr^in^ ni? ' i, :' ;Lnd in ?mJ«r so have iffieribed i«tangles lAke 

as the aJtiiude of the nh reetan^e- /(^,_|) - lip + (i - — L)Ar - j — 

*» - .hj. ,5. = 4b., ,5, ?^ + “t 1 ) - .S-(X?. ‘‘ ■ " ! J* X?i 

A - Aj + Aj - S f J. Thm the requited afea b ^ --qira^ uni^. 

Find th?e aien of a tiaprswidi Tfinpr 1 hn^rfi kvi rriw&nres- tj ajLd and wJww altittidt ha.i mnas-ut'C h. 

The and Lh« aLJ l bizcrlbed JOitangE^ are sbwn in lt\* fjRiire. We divnle r .ht 

in&FTval fO.A] lulu n Kuhdnter^iib uf lel iff>h Ar ■-/ n *nd 5T a = rAr. i JiTiyihl 

she «tll Fetlanfde is 6 f — )“ 

A =iSh■ = aM ^¥* _i?) l . !\ 

«m ^lAsy. 6l - L ^ 1 


v 3 . ^ i '1 ~ jj V 1 - 1 i- J" ^1 ■'2 r, TZ ~r - S 

- hm H -■ L X --L J - 4 q ■ n 7 ' * -5- 

n-hnf. t n t“l n 1 = 1 J *-■+« L *> 

= litn 4»| ■ *4' -4f - «*1 - ¥*i - ‘*>1 M 
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32. The pf y — J fljsd tin? 7 axis from £--4 id j — l EO-nrt the ^ LiJlulkJe. IJse L-he mrLhnd of 1 

seci :ph to find the area of this trL&asgJe. 
t A s^eirh pf ihe legion is sho^n at tzi-c right. We utLLbt symiu*trc. 

Lift A ; square uni-ts b* lb*- art* oF the |wirl e>F the regies to ihe 3rft of (hr j- pxfc. 

Thti ctusml inter*-*) 1 4,(1] is divided into n. subintcrvaSs of length Az — 4/n 

■tan Lip; from B »ti ihst |r h | - tz/o, Tin 1 hi L lp.3it ol tho rtli merited rr-rL.T.ngL' in 

4-|* f |=4-Ji 1 

Ai — [tm 5^(4= lirn £[4-£]£.= 1™ —t£f] 

1 •—^..1 1 “ i—t* pjSJ n\ml i 

Let A^ square unixs be the area of the paz~. «F the Tegifln to the right of the st axis. The dosed Interval [0,4 

i::vi<!ed ir.’:o ?i ^oiplftrvJiia ai l-srig! t ii - 4-it slAfti.nj fmm f| w, l.fiJ!- agf-iR jJ. “ Wn. The ii«ighl of L:ie 
rnnr riln’H t0OU|k h 4 - |*y ■= 4 -■ ^ n^d so Aj - Aj - B, Therefore A — Aj + Aj = S 

EL Lei /(.r) — j: 2 - Tl:r rktst'tl inter vaa [0,3] is divided arlna ji siabi nlmals. eprir <>r E-^ngih j^j — The , 
sublaUtvil ib ji;_., r ej where a ^ 1,5,1,..., kl Ll-l the idtlsude oT the tUl jrcuuLgJc /(mj wh 
m, =iCr| + ±,„ t ). 

/( m ii - ’ji T ,+- i{rt 5 + ^ : - 1 ) - J " - 7^‘i 2 --li + i] 

If A square units is ihe area of the region bounded by ibe curve y - /;>), the z axis, and the Jin* x - 'L tin 


A = lirn J] /(mlA*= lirn 
K—!-cv. |‘ = 1 T1—■ —n 


Z -V'^ ^ +1)- = Jjgi Z ? 7 

. 3 1,1 . . i 


27 


Z i + ^ 

3 4ti L1 


V 

X i 

L _ 1 * 


= ^ 

R-^+DCXq-J 


■ftfni- i>|‘ 2 -ji + J) 27 f^n + 1 ) ^7 


\*r 


■)-jiEiK-^^)-B(>+»+5)-» 


« „> i 

9 Tbo -Mea of the tepoo is 9 square unite. 

fn Ejceicises 37-42. a fisacftiou / and numbers n. o. and 6 are given. AppsoKiJSsate iSiv. aa-ea, A £#qu*rfi unit*, of 
lefi’Qp ^po?pid^ eupvr =,■ ■ /(x), tl^ t ,-l!Uv TtncS r.Eir 3inr-. » ~ t nnd - = & bv dr n n E tEie foJltrtiHtaei Ibvicti’ 

iitttnral _e,i] irfto n suhsjiteri'edE of equal length Az ^ulls and -ise a c&Letlator to eom|jat« :u four dncEcrinJ tda 

Lhe tuEcL of Llie afcA* oj' n Uiac-JhL'd a? i-j?L-.uaa^rilw<l indEei+tr*l) frt :.-ik£;c^ r-i<h ha^iijg ,1 HidlJi ir lifijlLi. 

37. /(=:)=!. Thr ititamd [1,1] i% divided into 10 Ribintervab of Length ^ W* nrwh lo w inRcrib 

Fh™i[Ke J is decreasing in [1.3] ? the absolute minintunt vnhte of 4 ^ [sf,_ .-xj “. 

A > \fi 1-2) + /£ E A) 4 /{t.6) + /(1 *} 4 /(2-0) 4 /(2-2) + /(i4) + /(2 jA) + /(2L3) + /{3}]0l2 


= CtI 5 + l!s: + l^ + rs + Slt- r ^ T ^4 ■ 




-3fi./fz-} — .j it — 1 1 t — £. 11 — 12, cecumscribed feeLa.af'ies. The -LJo^d inlen-jtl ! n ?] [■■: dhidod in-Ed 

1 

buLLsiiexvitLai uf Irngili ^ T HiTJii.-ii*. / j/4 dfCFcastng on |3 P 2] ? Lie absolute ntanintuM v^iue of / an [j- b _ m xJ m 


/(ij -/(1 +% 1 )=(n'ii) 

*<{'+&+$*$+$<$><$*&*$tf+ig+0+0h 

= 12 fe + TF + T4 1+ I? + lt I ’T? T TF + it 5 ^ 2 ^ ' T ^ ^ "- iT " 3 





■3 a auk a :m 


3S-4!i!! n pul your cakuLator into radian mode. 

/(s) — sin £. Theinterval [^Ti|,r] b divide into 3 mjIhii torviils «>r Im^lb ■l- Wf WwEl Id LINT 

QHLunn£crtbtd rectangles. In sanz b increasing so- its dbuliite maximum v^ltu is At the ritfht end oT a 

sobtateival; ld sis x if decreasing so its absolute maximum. value bat the left end of a subiutcrval. 

A < *-;n j'nT T- K»n 7V|T + K|fi - Sjh T^r -i-jiin yy* *- sin jjr -t Sin ~ir ■- nhi a? 1-35W 

f{?) cou, □ - a, t> - ^T, ft = 6, bribed fcct&n^es, The elated interval il divided ltits G 

F^ininviila rtf kiKffUi ^s - . Bwanw / 1?= drc-rMinn on f 1 - 1 . [*}. rhe aljml-LU 1 ftssfiinmln vgj-u-c of / mi |x i j,*;,] in 


^ J -r; = sin x. Tbe interva] [gT.is divided intti * subimed-vab of Jesi^tb — f^r. We ttcsJi to use 

Lr-=i^!ib*d In sJn. r is ir-eraMlng so its absolute u’i&lntu.m value b at the 3efi -end of m 

nitpnsefi.'al: in j^]. >iti t is doCi™viibg. no itn nbwliite m in i rti ir tr, Vfthtf ip -tI tin- right I'lid of A MlfcHllftCTVal. 

I A > fno + iin ill + sjd At + sin —A 4 «n itr -(- si r + sin $=k 4 sin ^Str^Ar a: 1 .5912 


<D, /(r) = epu f', ti =■ 0, n ™ 6, rirciitEirrriljird Tiifi eltend interval "Q h £v~ i* divided into 6 

mhEntervais of length yy ? - BecausW! / is liecreaaLnjf on [G.yir]. the abso!ube maximum value of / on r,] ;i 
n*i_i )=hw *,-.i ■- 

A ■: [c<J* 0 4 COS .L T - cot - cos , L W 4 cos Ax + cos ;'!"-. t - LI £52 


^ [Pto - Gtol = tm * G(l)l + IFM + GPS1 + IP{3} + Gtaj] + -Hr [F{it}+G{n)J 

< =■ 1 

By apply Log tht acfcotbtive and CMnmuiAfciv* :llwi of addltluG Lo she =-lde uf Lhc ab^n-e equaLkua we gst 

£ IF( 0 + <3 (■)! a (T( 1J + F(« + «3) + -.. * f (n» +10(1 K G{3) 4 Cf3) + ■ ■ - + Cf h)] 

1 - 1 

E lf(0 + Q(0)i- S *W+ t CCO 


Prove Itunreiu 
Rj- Drllnilkin ?.l! 


:e tbrnnem 


AddUij; the ^bpvif j'Liit^LkirA, w* ohuin 

n 

2 S ^ — (n + 1) 4- (n 4 1) 4 - ■ ■ 4 (jt — t) 4 (n 4 t} 



3EW$ T3T FI Dgf J -V tTE ] .VI tc; EL AI. A \ 15 I \ TEC! HA' ['JOa 


Because (: 
with Ffi) 


£i l S-heit 1 — j; — i- i}‘] - I Usin^ Theorem 4..Tfi {itilrarrjpLflg 5U 
IE and Formula I <>ti Uk H»H(t lr?sti wn have 

+ 1 " * .^Ti 1 - ^ + 1 4 *("+ 1 ) - 2 ] 

:Pr(n E J J[2fn — I) -»- 3] — , fc _n(n 4 I){2ta 4- I) 


l)+S(n-i-t)] 


17r We wish Iei prove 


llWEcm 


- "^F 1 + (n -r j : 4 I} 4,]) — L] — ^nin* 4 jTo 2 + n' f - ^i 2 (n ■+ 1 I" 

n 

<1Sl We wish to prove £ j' 1 - ^n{n 4 Ij(6ii s 4 9n* 4. n - i; L 

11li-j.il.sl‘ >1 • l) B a i s -5i J + 10? - lOt* 4 ii - 1 thrn i J = |s j - ,;f _ i) 4 j -i. 5( H . 2t } + j —i 

UiIpe Tfcw>r4iri 1.1.6 with K(j) - i* on Lhcfitil trim, *ii<J Formula* i. Hit *! i on luwmiing t*rena wt h^t 


= ^n i +l4i , ( n 4 lJ?-a4j(fl4 l)(£q4-l)4-£*<*4-i)-$ 

= H"*-15+$!&»* l) S lM2n 4 IJ 4|p [** 1) 

- Jfl'K 31 + IJW'* -l)(n* + 1K 15 o(ti 4 I) — !n^2o4 l| 415] 

= S?(“+ 4 9n* + n — L) — ^i|et 1 }f2n 4 E)(3n 2 4 3a -l) 

1.5 THE DEFINITE INTRBIUL 

A Utevtii-n **m for lh. fanrl^iJI j (in ihe tiusml uiU-rvul "d.i] is aj:v »«ra 0? tbe form 

£/wv 


ft = I 0 <Ij < — <£„ = 5 

U any ,'imnhcr -fc the dur^J ini^rvfii (f. 


Lne set A - .“ n } i-' 1 a j trw lJi# interval [a ,b . The largest of tlj 

numbr/n A.r. A,, zi tailed lliir *mrm *4 r! .■ parti Li-ML . 41 ^ ]n rentes* Liy j A|^ Z| 

the sdbimerva]* havr eqiral \mgih r the parlsSion I 5 rt/ntar. Thr sum -.hat appears ld Lfc!LDkr*j 
AJ&J* « RJrciiaiia f<ir ^ rrgal&r pirLiLio-i, flieriiiiiti sumum aiipmimate beitfit the e 

rh-wes to he ih* mwpoiuss raSfeHr Utun ihe left ot TiglLt ifnHpe-inls of ihe intet .nL 

Lh:t / hr- n functioD w(me do-maLD JjKltiiJ® Lhe desed iaw^val !«.£]. I hen / is said m J 
a^r f raM f flr , r^ L ^j if L hc?c J* 4 rwmhrf L r-ilisIyiiiR lE(^ lhat. (ue r > y p 

jl ^ > U shat fur every partition A for whjtb. j|A||-^^, nnrl Cor -any tj | lq iltr. cErv^ei.! 
interv*J i = l, 2, w, ihm\ 

I £/(*,)*,■“ L << 

j . I 

h en- sneh a ^ir.yatLen wt ^irit^ 

iumi 1 i'i /((f()i| -' “ - 
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4.5-2 TieJiTi illM If / In- .1 funcliojL defined. On C.h* clQAod i iLi-etVfkJ ci. t . I him JrfjfzajlV rftEtfjflt iT of / (LmegEand 1 

ftbm O (Lowe; Limit) ip (upper LimUj. w by 

if" the Jtmit rjont*. If the pjfdtiop in Tr^pqW, Wr h^vr 


I /(rH^- JLm 

J 41 n--™.: 1= I 

4,Jl4 'I'lwinaiL If ii function u. CMiEjftUOiLi oft. tbe eLobttl LnlrfVJil lUrn it « inU^Pfttde ou [n,ij. 

The feJh?wiBj reiLcnsicm of ThrOhtffi -1.5,3 ii useFul: 

4.54* TUrofTm Tf & Funeiion Is ddinec aud Txjuaded ca the dosed imeiv.&J [c^f-V, :'t!en it lx im^rabk o- [a, 4 if 
ftbd only if ii in- Mifitinuoitu txtrpi For * *et of poinBi which. im ntijr t > 0. in eonl^iird in 
a union of nut rv ala tli-c sum of (be rueasuirs of wh^se IimielIi ils:u: -r. 

4,^,1 Tbeorom Lei. the function / tw continuous on [^4] and f{.r)> II fur ; j JJ i in [a.fr!, Let Et be [be region 
iKHjaklcdi hy Mir curve ^ - /"t"**}, ihe j -tod the r = n .md /- — U TUrti liir A 

of the area of she region ft bs given by 

A- I::.. i/{i£,)A^ O A - [V^rf* 

|| A%-*0 ieI J ft 

If ih* eonditwm f{x) > 0 is not nrii$fi^ h w* r*p3aj^ /(z) *ith /(ac). 

Ddimtioti If a > b, sben J /■» cb =■ - ^ /-i) dr, EF ^ /(x) dx tJdfltfi. 


4^ 


r- 

4_SdB DcfiBitEOD if /(n) rsisis, ih«:i | /*,x) rf.r — Cl- 
4.&.U Thri>rrm Tf k lx jlt y ccmMtzinE, E.hei c cf± ~ .t(5— U I 

-L 5 . 1 D TTiKHcm If the function / i* SftLisgrahk on th* tli&a d trsteiva] [i.bl and if k Is any constant, Saec 

J‘y(i]ii-t V (*)di 

4.5-If Theofftmlf the [uiiciscil^ / and im^gpibk «n /+j inie^^aULe cm fu.i" and 

J & [/(*> + sM] 4* - Jr 4 j^#( r) Jr 

1.5JS TTiramn rf / h* ]n-r15rflJ5LL‘ un a dot:eJ EElt-^E\"Etl twvtnJBing eUp .'nrpn n^irnUpin 17, b, afihI r. in -nty uulrr, 

j /{j-> oUt - J /{l)Jzr 4 i /fr)cfx 

Thecnm C (Emiclsc 56 ) If f "& EntegraVfc on a .h? rUv™! ’Tii>rvtt: -r. r', thm 
(*) if / i* even function, | /(ij Jj: - 2 /(ij Jac 

(b) if / "_-. an [dd fuiLr.liim. ^ /(r) d -r = 0 

Jrcrvwej 4„$ _ 


li. EixefeiKr^- -L 3 1 fmd th^ ELftin^Fm missel for ih^ Cucice.l&p cm the interval, Llir fwirtition \ irid iIm 

TEiues oF ti' r . Sikeieh its gT^ph and pUnw iU;- TPc-Lrin^Ki, lU>« manure hjF v ! -:lijki j arefsi- &tu she tecrvii of the sum. 

|l /f*) = **, 0 < s £ a, f: /{*jS V = 7(™j)A,i++ /(WAa* + /K)A<* 




p^l 


- /(.15M-5 - 0} + /(I H : -25 - -5 + /(l-5)(2.25 -1.25) - /( 2 .5 ; J - 2,2s 

- ."JA 2 x .S 4 l*x .7S + t.& ? k 1 + 2,6 a tc r7& - 7,7ESS 

3 f{z) - r*, o < a: < 3. 2 - /(-U-I i x J + f /fao 4 )A t r I /(^-'V 

■ ■1 

= .4?x{.Ti-0)*l J *(i.M- .73) -T 1,7li J * (2- l r 35)+2.SS s H{V.75 *1 -4.73. - 8.6719 

St /[*)-=. I £ f < 3. i; /f» i )A i r = /{ttf])4 1 a; + /(*j l )Aj* + /(i?i l )A a Jf+/(to J( )A 4 i 

=- K (1. S7 - 1) + i k (2.4a -1.67) + 5 | j x {J.67 - J.2-5)+ ^ x {3 - 3.57} - 1.1M 



Xii* THE DEHNITf INTEC5BAL APfD IN TMSJtAltlON 


4. fix) - —Us -l<r<3;n,^ i- *| = -0-2&. Jf s - d. ^ 0-5, * 4 - 1-24, (, = X *F. - *■*. i t ~ *.76. 

E T 4 

* _ 3- Wj - -fcJS, ^ - fl. N- a = fl,2rsp w 4 - L UA, - L.6. 2, - S-G, 3 

* £ /wa* 

'= l /(ir l )A,f 4 /Ifd'jlijr + + fttvJA 4 z 4-/(v^sr + ^leigiic* + /(’ r 7) A 7 £ + /t“1s) a j I 

==o^T 5 x <-°' 25+1 > + F^T xC0+ *- 2 w + vdTi x ' -' ai+ rh* (1W ~ os) * *' l -~ 

*I+3 x ^ 125- ^ + 5XT2 x(Sir5-:? '^ + 3+^ ! ' (J " 2 ‘ 75 > = L ' 6i ’ 1 

a /(t) = *in*, 0£x < T. £ /(u^iA.-x + /(v } )A t x+/(ijr ;t }A J x 4- /(m4/(w.sK^ 1 


= HT3g«3({Jir-Oj+sjo Jax{|;r-Jr)-l-HSi x $r - J*-)+*n *»* (f r -J !r )+ ain I 1 K f r ~ H -2.174S 

9. fix) =■ 3 cosir.-r<iS». Y. /C*JA,r = /KJAj* + f^ 2 ) A,* , /(«vJA**+ /K)^ 1 -r/(«•»>&** 

=S[«s{-^r) x (-;TT + *)+ocs(-^)* (-jT + jx) 4 w* 0 >: (i T + S T ) + 5* * (h* - 1 T : ' + r “ a® *f m 

-13.6293 

In Exercises 7-1 U. «ppr«»iflMlt the **li* of the itefinit* ii^ni two wtyn: .» «ic « «h-.UiU*.r to com put* 5o ! 
ri'rijTiiil pint*-- ihu corrc?jmrtril^« Rjemrinn with ii ICgoW partition n SnihlTlil-rvds. and rj- s a* tbe LnQLT - 

point of tach sublet aval; ->} v* NINT capability of your ^tulaLOf. 

7. /(r) W a - 3p u -7 i* the ri^bi endpoint - l- 

<») + h /!' i )+/lf: + /i'>^ 

ffi * fi+*► A+*+** *+fc 4 AS * >■««: w ^ 3Wfl 

B- 1 i rfje, « s- 10, iu, » tilt lift Midpoint, 

► <*) Ar-l^ = 0,l 

fb) LYifig MKT. Wr find :hn v*i-ni iu be 

a. (a) n = 3 n BI-. ji Ibi Jeft endpoint. ij - * 

|s«(- j^) x 4 4 Nffli :<■* ^1T -rSrf .^!T 4 Nri; ^ ^ ?.^72:j (fe) J 2-B33S 

U “ ir 

10. /(a?) - I ;lii x Jx: a 1 — S, l-W rjjP^t CUdjHJLttt-. (a I « 1 g 3^= 

J iJis[cu + HG ^4*ac^r+«c^r+ca^^-e«= (1.7325 (!j) ft-TflTT 

[n EmkiK^ U ?$: th« vidiLc d^eioJui 5nl«rd by iJitrTpitLh^ it mcimirt theiai 

of a. plane regwra, C'^k ilfiLor N3KT- 

11. f 3 ( j - L )dx - aMa{lrlangflr (I F fl) ? (3 r 0)^ [3,2)) = |(2)2 = 2 

(r 4 2}rfa: 

t T3i.fr ccgioa. show in the f^oic ol rij^bt. ii * triiogl*- r.t" li^ifr 3 - (■ ) - S 
And h#igbl 5. ThereJdfc 


3l£, 


J^r + 2)d*.^3}5if 
13, = Amjrinrt quid™t P?^l fiF ™1G «stcn4 a* (0,0] of ridivs 2) - ^sf2)^ = $ 

IJ. | 4 */lfi - ? dx — WFJi(i*pptT b^Ji of firefc -centered ill (0,0 i of rid Los 4) ~ -‘-tKlf 2 — ^n- 





X ,i* - (0,0*, (4,0). {4,4} -aM^tiiaDgie (0,0) r (-2.0). ( 


I [1-xidx 

Let /(jc) = S- x. Then /(0) -.% jT{3) = ft aod /(4) = -1. ttera the valw of 

the iRtiTEfnJ Li the mvMmir at Lh,r .aft* nf I hr I n.-mj>Je I'M U'i, (Xfl) nitfJVr 

the 3? axis mime; lli* msuH-utE tyT che fctei of the ti jangle {3.0), :LU)_ (4. - L) 

tKlhilH (H*! J Wh TfemfCM 

j^(5-?r>rfi - (- UQ), (-1.7), (2, EJ.(2,0>J » §(7 + l)[2 -(-1)| = 14 

j 3 pj4S)(f# = *«a(ifapM«i(i (-I 1 0).( -1,SU2 1 #M2,CI|) = ^5+S)t2 (-»)] - 15* 
j:|ifT - tffA([f!Aiigir (0.0), ( 2,0). (-J,5))4*rr^tri*ng|< (0,0). (4,0). (4,4)) •• 


Ul /(*) =1! - i L Thru /{-3) - 4, /(l) Q «nc f{3) - 2. ffrutr I Hr vilun of tin- 
ml^TaJ Li the measmeoF the acta of triangle (l n G).. -3, &’•- (—3,4) J*!us the 
EM+'iiUTE uf Lhe atxji thf iciaiigtr (1, 0), (3,0), {3,2^, T-hcttf-Wt 


an-ftfltiAilE' 1 ' (2.1), (5,(1), (.>,5)) rhurir> (2.0). ■:#, (5). (0,-2)) - i{3)3 — ^(2)2 = j 

t/(j0=i*-2|-3. Then/{-l) = 3-3 = fc/(2) =0-3 =-3,/£5) =3-3 = 0, /(?) = &-J 
’ *rca(trij)jigJf (5,0), (7_0>, (7,2)>-a»a(tria[isl* (5,0;, (2,-3). (-!.«» 

*(2](2)-|(6)3 = -7 

t/(*) = 6-U-2l.Th«h/W = «-2=.4 ) na)=fl-O = 6,/(8) = 6-6 = 0. 

\«-|r-2i;ix - u^trapciadd (0,0). (0.4), (2,61. 4 «w(lrijw*2r (J.Jl), 2,0). («,»}) 



H. 



+^6)6^36 

[^3+U+4fcfe 

L«/(*) 3 + | x + A |. /{-&) -3 + 1-4. /t—S) =» 3+0-3, /(0) = J + 4 = 7. 

FSfiOCC the V-a-Llie of the Lntr-grx.1 I "hr mr^uTf nf 1 Em: ranin df IrnfhnBOkl (—0). 
(--5,4), ("4,3-j, (—4,(1) pin* Che uic!iu-iiru the (LM4 ol (’ApeioJd -4,1*1, ( 4,3). 
(D,7). (0.0). Thenfinn 

|j3+| I+ 4Ddx = ^ + SKl) + |(3 + 7H = ^ 

Betaitae * a = 2* - ^ - U + 1) - 1 - (x - l) a - (± - l) f + - J r then 


' 

J 

• 


-:■ 

/ 

-J 



-4 

rj 

r3 



hi 

i L 1 

-* - 

i -J -i -1 | 

| E 


| l/Sx X'.J p — Afc:HJ^?:riliciEde C«CI 1 1 :titl iE (IjU) of Sad-LlZb 1) - ; j J 


■. Ermine * a - £ + 4f - * 2 _ « - (x 7 - 4r+-j) - 9 - (x - 2)^ (x - 2) a - y A - 2, 

| V'S -- 4j rfi: - nn'.i{wn:kire]e e^iLttrtd it (2.D) ladiicp 3) - Jn(3) 2 — .‘t 
■. [ eoa x dx = 0 Ikt.iijw I'nrh mjittn hulow the t pVcw is Mftgritmt lo otw 


p E;«wim! ^rnrh r^iun the £ axis it conpuect to one teLo^”. the in.legL^il i* 0- 











330 THE niTIMTE INTEGRAL ANl> IS . ! ’RA IION 


in 4ind 30. apply 'YhtQTtm. 4A.D Lp Atf.irm.iat tb* c*at: vaJi :t of sJil*- Lftw^rA.. 

--3U 


S9. (a) 3) s 


EH 


j: 


(bl TcTrsT(< -{-?)) = « 


(<} 


J -] 
. -5 


dr =, 


aid. (n) J \ ds = C(-S - h) - -3ff i» |' {- *)] = 5 {*) J dx = E(3 a) s 1> 

Ex. E;t excises 31-42. n&r tlse ?*»□](£ be&c^ Ut to find *he valu* erf tlte integral. Oti-ccl: t>y MIST. 

| dr =. 3- |' r dz =■ Em dr = 2, cog £ dr — 0: | FiD J dr = Jr 

3L | ‘ (2**-4r + 5}ifc=«j * ***-■l - ' rtf*-raj* if*-2gj)p-4{|) + S[2-(—1)1 = 6-64-15- 13 

32. P t*-* 5 )^* 

* J t (&-x»)rf*=| [8 + (-**)}rf* 

= | Srfr^J (-r J ) d* 


-s[ 2 -{-!)]-a 

= ai 


(Tiicorwn ■\ 
(Th*0Kfin 4 
i’heorcffi 4.i.0 and civt*. i 


| 3 (J w ♦ £**)*. =2J* Jr I |J S ^ = 3i?-{-lH-5{^ + ^3)-6-¥+f=0 

J a (3**-4* **.**- «J* r Jr- [* Jr r 3*3) - «f(g>- I [? - (-1 )\ = 0 - S - 3 » I) 


is. 

3* 

35. |~ l <Jr+l) 4 *fs^p,(V + ^* + J>ir=--lj 5 j^rfr-4| S *jfB“ | 3 J* 

= -4(8) -4lS) “ l- (3 - (-W = “«-fl—3 —*l 

M. (J>r T t- ■ |) J* 

fr J (oj! 1 +■ J* - |)i d* 

-sf^d.+SjSrfr-J^i 

-Sf2)+i@ - iW 
= 1-1 

37. |* (r-l)(4r+3)rfx - j 1 fii S -^x-3)Jj = 2| i i*rf± + | * xdx-Z^ dl 

= 8(3) +!-Sp -(-l)] = G+f-9- -! 

38. = -|s J^i*- 12 | M * J*j = -J3(3)-12(|)1 - 3 

{2 ain x + 3 co& r + l)dx ■= 2 \ ain x dx -S- 3 f «ss z dr+ f dz = 2(2) + S>(0] 4 1 - Jx - fl[ = 4 + 5 
o Jo Js Jo 

* 

3 coe*x dx 

a- t r « i 

1 cos ! * du — 3 |"^ cos J j da = ,'l J"^ (1 - Fin " t j dz - j| | ^ - j ^^tn 3 ar d^|— ^?[t - Jt] ™ 

t* r 11 f sr _ *■ 

11. {tosx+4)^dj— (coi 3 r +S ns r + iW-r - (L + 6 ccrf x+ 3fi^rfx 

Jo Jo Ja 

= IT |" ds - J ncl 3 x dr + 31 tm x da- s 17 ■ (s' - 0," bt +1 ■ P — 


(TKueorcfD 4. 

Tbumm A. 
ii^Yta values and j 


30. 

10 . 


■w. THE nKFI Vl ] K rNTIIGKAL UN 


t j fill! J: - = - (ntft -^m + *}dx —| | <fl - -1 Kin t dr + | -1 ifr 

i 43-4 ® : ubs* Theorem 4.5,12 to prove f(x]dz — fii]dx- | (11) for the $i vfl) 


5 < a < c. Frodii Theft run 4^.12 

j */(*>*!- 

Applying DdfailitiEi. 4.5.5 i-w.c^ 

- = - JVfjijrf*+1 V(*)*r 

which i« «q,i]pv*le&l to [11). 
l£_ <<a. From Theorem U.12 

j - ■) /<*)** + [) m** 

AppC^jxi.e; Ddinirioft 4,5,1 th»o Itimr. 

-j* /t*y* -1* /m**- J a /f*j* 

which is equrtuleirt to «: E l). 


44- f ^ From Theorem 4.3.12 

|V(?H*= | /^Jir + JV(r)*; 

A ppitying fWmetwwi 4.S.S., 

J £ jfC»V* - - | o 

■wluch is eqoivalent to (11). 

■16- r<t< e. From Theorem 4-5-12 

[" /[*)*« - 1 /■; *K' + J l 


Applying Urflnillen 4.4.1 twice 

/(*>*.= J) /£#>*» 

which j* B^uivnlertF. to \ I I J. 
b 


j: 


i> 




17. i — b < c- From IJdimtsoit 1.5,5. occausc j — b. j f;’.r)d> — - " f(x)dx ar.-d fcoiy. DtfuuKioD 4.5 L fc becau£e 

ft fA f* d ft "" 

j = h. I /(jrJrfje = 0. Thus f(x) dx - f( r)rfr4- /('i'd'r 

Er n < j: — B 

* Rfec^-nse- i> — then | /(±]| <dx — i JT£tJ Ji 

mu! J /(x) tit _ j ' /{x} Jx = 0 

This, Jx 3 |V(xjrfx+ [)/(*)* 

m For fact positive Lcsesit a, »QBH§er the rsgulfr? pArmfon gf [D.2J for winch A* = Let ^ ^ fm 1 < i < n, 

Ef / i;* thr tone Lion for ^hiefa /(Jfi = x\ thc£ Lh* WFrtSpMHttafl Hieir-snn *um i* 

E/f«i)4± = £ l = £ K iw Jim £ = ;' :1 x*rf s , 

i^j i=i n* n ici n ._s ia Jo 

m. For each pewalive iQte^ei- n. d>niiil«- i.lw reguS^j padiitgn tif' 1."J" for which Let * 1 -f n 1 for 

1 < i < B P If / is the fogetjoii ftu ■•■. hicb /{x- — !/x, lIuiei tbi: L'jjn:hj.Hj:: 1 1 1 i.y R.-r-rrutnn uvin 1 . is 

, S /(w-}ir - K r^T 1 ‘i - S lim ™ 1 rfx 

i=i ,=in + i IJ H=i n ^ E + * J| r 

t’ For each }.ius!.Ejv.c Int4!j7e.' n, cnEiiiifUT L].e ,-r^:i|nr |he.rlilLon of [! % 2j for vf Licit Ac - rj . Lc? -lj — L +i „ 3 L 77 fax 

: < j < it. If / k I,hp f^ir^rlboT foj which /(x _i l 1 ' , j* H ttwTi ?bc correspcH^diTiLr Riem^a stir, i jf 

' - ■*■ |J 

1 fi +■ np ^ £ fi" + 


Ef n 

som i£ 

rhet-efore Jiit. SI —-—— - [ 4r dr. 
i (j Jl iwe + n)* ^ i=j (i+(1)^ 

p, 5b*w tbAt if / iK i^tboous ora ]-l n 2j, tb™ ( f[x dx± j f(x) dr-=- J f(x} dr-=- j 


Lf(*J±r r- E 


#■ BetauM / is; ccj:iLiii'jous op |— I, £ J, then / is iiiti-gr^bic ob [-1,^ Thus, 

* /(*J d* + f U /(ff) J* + f _ /(») tfx + " 3 /(x) dEx 

- J * /(rj dx - ^ f[±) d* + 1 /(±) dx 

= j 3 y(*H*+ J ' '/(^)nfx 


J: 


fU} (is 


-a 


(Theorem 4,5-11) 
{Th™™ 4-5-11) 

: Fheurem 4.5.11) 
(Definition 4.5.6) 



112 TUB DfcNSTI'E INTEGRA!. AND INTEGRATION 


Si litCMtw / it cu;i[Jiiuuuii Oil lbtn fnMB ThcOWtft -t.5.3. / >► LdtffliabV on [-3.41- A Pi ,L > ill S Ttl «' rt, | 

l.$A\ and then DeflnidiKD 4.0.5 w* 

[V{*V* T * Vcjf)* + j\/W Bfr + f_ 3 /W rfjr “i. J* j t /w**) 1 (J a /(x)d *+ 

A it * ^ ii ■ *" H- H 


= /(i)ife + /?*)<**- = 0 

54. From TtajlW 5.4.3. '£ V/KJ-V - i E /{»;)*,■*■ 'I**™*** 

t ^ u E £ Wv^n^E 


55 if fi by tuition -1.5-6- tris - ^ - t(£-a). 

11 r 5 f * 

if q > by Definition ■[,!}.& and Thnotam 4,5,ft, J * “ “ J 4 1 ix ~ “W* l fi “ ^ 


£4. Peuv* Tb™jw CL r f j-* ^ . ... 

By Theorem 1.5.15, j /(*J& - j /(*** + Jg0W*W«W* I* *-gjfW)V * ^ " 

for J. TJira S- rrt-w,-)4,x ^ * llteawm aum 1 * nri j H*V*. = Jj&fi* Ji?« T = J1 *2^P + ' I t 

(a) Suppiwr f is an even function. Tt™ S — £/(iP,-)Aj* “ T and so I + J - = 21. 


Ih! zxi y Rjcrnaan ■ 


(bj SuniKJM* / i* an edd fraction 


Th™ S - E-Zt^dJ^i 1 - -T and S" I + J - U™ f~ T+ " r > - °' 

a -. r H —+ W- 


iJS THE MEAN-VALUE THEOREM FOR INTEGRALS ., ., . , J 

l.fkl TheoiexD If Lbt: function:! / t!.d § art iategjibJe on 1 ^InwenJ isem™ [^t] and. if - u - ■*- 

jf iii [a,&) v then 

! f(z) d* > J^jW ** 

If. tfl addition. f -and g am cantinucus and eipI- identical or. [a. Ii. Ihtn 

JV») <f* > 

■t.6.2 TtooEon^yjipofls UiH th* fruciioii / id toni.iftLia.-ut th* ^ ■LiHL’d LbLtr^4d /i, *^ m <***- M ^ 
pc^rii\Rly, the aiwdutfl rtiiTilrmim ^jthH mwimwin fusocrLcc vrJ::i^ i>f / on \r..z 

dtiii j/i < f\x) < M for b £ e < & i.lvn 

fti(b - a) < [ f{t) df £ - fl) 

TriMfltt 1 nrqimlil-J (KMrtfc EQ'J If fit) 2 1 OTt T*.*] t^n (*) |/(l) |« i^abk Oil I®.*] W"3 H>) 

j 

i(.e.a M^n VAjftG If lb? futfcctiMi / 1 ^ rrniEiftiJuits oa the dajwd interval [p, 4 - r.herc thtTt ™ihEs a niimbtr c : 
Thasrem for Inie^RLl* ( n ,tj si^ti 4hjn 

| 6 /(*} d* _y(e)^--a) 

n^piiiu ti rmwlioft / w ifit«s?j&k OH 111? iae«rv*| [d,t]> then tb? fiirwagc *r/B 

f-a^l i& 

iW-Uffl* 

SHHd tfruuj-VJat (EiPFiyM 52} ir / J ife 1*0 runtt^a.'f CtttUmuaLift 

Theoetm J«r IiLtef^ab ,j( x ) > C) for all * in the opeA LmeivaL thf* tbe:^ t'.yL'itfi a number r m n\c.h ins. 






1.6 1 li ■ Ml!AN VALUE I KOUtAl POH INTW-H VLS HEU 


JT? r rctj<j 


Is bKCTCLflC* E 4, apply Tlieeieni 4„G. L k? which of the ^iiilutl? >®r < <-lireib] or iiEprrLrd in 11 m 1 hlnnh 

*_ make the foLLowing inequality correct. Check using .N 3NT. 

L Ueeauw 2x J 4 > x 7 6 for All s, it fallow^ From Theorem 4.6.1 that | (2z 3 - 4)d* > J (j a - 

L Lei 4S he the required symbol. 1 r_.t following inequalities arc equivalent’ i/ti * 1 \/r~- -■ fr * ;■ 15. 

S ©■ ftr, ‘ @ r ift+H-nizsr -1 < x rni Fhn intonm] [4.5], llifin © < a.ri<? Wn rOitcludil rr?;sl \/^ — *" ^/x — 2 OG 

■^*■5”. TEprir*, by Thrtflrern 4-fi.l,. \ff] — x Jx ^ I" \/x — 2 cfx 

,, * . 1 4+ J + S fiar/t ■* 

L [f x im jjt then^n x <.ea± M x. Therefor^ from Theorem -5.6,1 j sin i dx < t cos 'x o- T 

J 5-C-/4 .! ^-e-/4 

|. If x ta in (Q, jx] thee cm .c > sin e. Ttotfort. from Theorem 4,6.1 | '' cos x dx > | ' sin x dx 

l- rlxticiscs 5 2D. apply Theorem 4 6-2 Lo ibid an interval GOQtaidng tlh* 1 v*i-w <?f rh$ im^ra!. Char.k b_\ KENT. 

■ J. If x u ifl 0 < r < fl.o then Cl < < 0.^ — 0.25. Thus from Theorem 4.6.2 

J d.i * ro.5 

s*Js£p>25(0.5-ti): 0< j r*<fe<4.r2ff 

o JO 

IF -0,4 < a < 1 then (-0.5)' — i>,12a < x J < 1- 1 3 lof li™ Thrcusm 4-6-2 

-O.lSifl - (-(VS)] < [ 1 r»dT < 1[ 1 - (-04))]: -0-lS7.j < [' < LA 

J -Q.S J --DLi 

7. IF - I < x < ; thuoi t/2 - J — ) <■ -5- * < i/5 — h/-+ J - Thu* ^ IJL Thaw™ 4.6.2 

i[i - H)J < | ‘ v'S+J s ^ < l 1 ( v/^i * < 3v^i 

J>*>^ 1 




I.di /(i) = (ir+ ] r- /H . Bwiuiii j'■>) —1(± + L) ihe uaJy cittitai numbcc of f a —I. Uctanac- 

/H)=* ju}-2 w tt-Z )=i 

LJic~: the aU^otLjlp mtniatiLmi and mriiccnliSii V*Jlcri -isf / i«n ihn r i l?>'w’rl int«rva.[ _7,i] - [ 2^tJ ftt* 1 ttl 0 Met 
M — 2*^. Because t— n — 3. by Theorem 4.fi.2 wt conclude lhai 

0< j' (« + l)*'"- 1 £fi < 3‘2 a/1 

#. [F x is in [^x. ^v], Liicn < sin x < \^/i- Thus irom Theorem 4.6.2 

[ 4 *s- M S \l]l 5in **S jVStji* i r ): it’ 2 \ *» rtv'Sir 

Lnl ) - Cm ti J}. FtrtCJiUMi / r {x) “ *’pir: ui:ly p^ilkpj] . - iijjiifcirr nf / in [ \ -^=. ^*1 ft. N'pw 

^ /(D) = c« 0 - 1 f$*) = cos 

Tt^, m - —^ arid M - ' ar^ iJi* ab^li^e mtCtimum Jind maximum v^tucs of / vn the intenul | 

7 i r fJ'/l 

-=j- - t. Ly Theorem 4.6.2 we have —x < J x dx < - 

Jl. Jf x 1ft in J .6-3] i :h«n ft < |x — 2 J < L. Hsnne fiiini Tlipor-raji 4.0-2, 

0(3- 1-5) < ! 1 |x-2iJx < l(» — 3.5): 0 S |' Etf-2&fi<l-6 

J 3 v± J +~rj dx 


Let f(x) — ^z 3 +5. ftreuiGC /'{j} — i/v^r 1 4- 5 the only critical number of / in [" L2j b 0- Now 

/(-J) = v^ /to)-# /(a) = v^=3 

Thij^, hn — and M - 3 are Hk abFoiule minimun^ and maximum vaJvjc? of / th? internal ' U2J- 
Hee^usc 2 — (—1) - 3, by "llicorcjn 4.6,2 wp ha^ 3-^S < | V~^~t & rfi < 3 -3 - 9 






3U TUB OBFCdTE I NTEGRAL Mitt INTEGRATION 

a Ui rut feV-x’+r* Beciupr ;'[l) 4 i 3 - J* ! - ISi - *(r- n<r i), the critical tmntbcrs m* I? and , 
/f-j)=ir/W = 0- /(I) = J- /<j) = h- TllQ * **•= 5 “*d JA - are the oWJuie minimum and maarnm 

Because 1.5 —( 0-5) = 2, by Theorem 4.6.2.0-r2-fl< ___.■.j I ' L - *' * ** ^ 2, £ - S? 

1 *. Let /fx) = * - S*^ 3 - Because /’'(*} — 1 - tbr only criMAl numhei of / in j(, 1 j 5] la l. Now 

/(C) ^0 /(t) — -2 -L93 

Tbits, in — -2 and M — 5 arc the absolute rn’in'in'ium and majdrmun values at f on the Interval [ 0 , . j... 

Secans* Ui — 0 = 1-5, by Theorem 4.6,2 we Have 3 = l-S-t - -J — | 0 (^-3**^)!* < 

15 Let fM =x*f5- **) = 5r 1 - * 4 - Jtafwe / J (*} - lit* - 6# = 4x(2.G -x*J the ortly cnlieeJ immbrt or /1 

■ uJl te. jfc>^4,/(v^5>= « s . m - *■ *** * =5 ^ r 1 l ^ msm "" 

and maximum valtt«-of /on the inrtrval [1,5]- 4 ^1 — 1. by eoretti . we »» 

2 Jt [ "Wi - x T dJr ■ y//(x)dx £S.5 

16. 

* &J* jfc _ - 3* 1 -X 3 BnihW jPfrJ = to - 3^ = >*<* -A U» <™t/ eiRUal nnnther of / 

El.S,i5l ia 1.Vow /(l.o) = 3-375, /(2)=-t, f{W) =3-155. Tfcius, 3-125 *edM=4 

wL «N>«f / «t Uw interval [1.5.2.5]. R«*« 3*-«*!.* »“ wc 1 

JjAK, < J™*v^ tfx = J^i/TR ** S ^ = 2 

17. Jf /(x) - g * a , /'(*> w 3 j 3 - Rrtaue* f (*) > D ft)r an X * -a. / - inrlr^n* on [-1,1). Hcree if x is «j 

1 - 1 , 11 , lbw -1 <, /fa) <&. Because t - (- 1 } = 4. by Theorem 4A.2 f 2( - 1 J --2 < J ^ 77 ^ *r < 2 ■« 

1 $. Ijut 7(*] - - l * / ie decteasieg on [», 1|. ih*“ tn - /f I) “ -3 am; M = /■°) = “5 “• 

the >Muk miiimnn «d m«mwm values of / «a [B.I]. Brciuee l-D~l.br Th«tcm 4.6.2 w« barn 


«CPI 


dr < — ^ 


SB. a /(*) ^ 4 cos 5 *--9 eoo x» then /'{*) - -12 cm 2 * sin*; + 9anx=i2ainx(5 - cos 3 *) > 0 on [^r,f»]- Hearn- 
m — }I±t' — 1 itriti M - /{|h - B arc die ahMlule mniiimiai and [naadmuni v®lu«.i ot / on [^*,7^ Uerai.v 

is- -It = 1*, by ‘I'heorcjii 4-6-2 we have ^(-t) - -** < |j^(4 «» *)>l* < 0 


If ff/fl . I 


L J dr. 


fr «it -r i-" 1 


add funtiion anti th* interval [-^.^1 i» •ymmevkal, fctse Value of the inlqttJil » 0 ! 

Theuftm 4.3.C- 

In Estsrc™ ‘SI—3G- fmol to th« ?ieaj«; p?ie-Kmjcr«itli else value ^ c satiadyins, the mtM vhJue mcorfm 
jutegraiye IV NLNT to apfjpwtlmJU* th^ ^aJik thr- Lr.cj E til disLU 

31 * | * r" J (fp -i 3 . Ry nw.in-valufl tbcorrsn iot iiLtrpriil^ tH^re; eri ^5 5 aambfr r *n [ 0 . 2 ] soch that 

f 1 Afo = f z (2h | - ^ J to |V5« 3 >fcD4T* 1 -15 «in M 

Jo 

22 _ ” -|r By the ctitith vjJljh? lIhkid for Snt^ral^ tlwfe I’*™** a f «a [2,4] ^rh that 

£» ^ i ' 2ii fl " ± Iv® * 3,^5 ^ 3.06 il 1ft [S,4 

By the rnwfl-T»!uff ibwwm Fop isU^ritk lImjc okjsu a fiuttjlwr r io [1.2] mh that 




r xSrfx = e 5 (l); e 3 = 9 - » e = ^ - 1-55-1 » >■ 


jA 
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4. J # V-.) 




» Wf ha*nj /(r) ^ - I and ■=. [0,a| Wt trvtl 1* find a number e with 4 < r < *qcb that 

£tf-i}d*=.f{fX3) to 

Beca-upc the value of the definite integral in Eq, (I) ts Eq. (1) ts equivalent to 

c J - t = 

5. J {i* + lr — 5Ji; — 56. By tbe mean-value theorem fo: iotetnak there tjtisls a Dumber c in [1,-1: such Lhat 
| f i 3 + 4i - 5)rfr — i.e* + 4c + 5j(A)t bfc — (<■' -l- 4c - 51(3}; c i + 4c - 17 — U 

<■ = j( - 4± yie ■ EK) = 3iv^: •2 + i/5i' s »2-6* i ™ [M- 

L J V ti- 6}-/i = £ Ry the rnftan vstlne l.heurem for : ■•''i*gra’s lErn* + j ii. L ;L'; a number: r in ^fi.,4] *inJi iFiAT. 


J V -p4i +5J*r s* (t 3 4 t-fi)(4>r e 3 +c - 5 - 1; c = ^-3 _l v^J y. Sf-3 + v^3) « 2-254 * in (0,4]- 

W. [ (je J *■ l'ldi = 4- By the mean-value iheorc— for rntejisdn l^tr exists a number e in |- "2.2J site]] that 

j^f* 1 * + l)d* = (e 3 +1 Xlfr* sa + 1X4); t* s ft; e = 0 

* r 

J-* n 

w RlRcnusp tbr Vulfcle of (Ire tfriKii Uit«|i;rd is y. We wl*<Ii; lei- fl ili I a ci umber r wilb -2 < r < ] 1 srtidl that 
,1. 






Since 1.22 is not in. the interval (-2,1), the only suiub.c value of t Is —1.22 


i m - 1.22 


4 I i t 

to L).-Sy^7- Liy '-hr mwsn-Wut theorem {or sale^r-iis Lherc rsdst-s a nmsibti c lzl 2,yJ such (bar, 

2 

4 -J— di = e* - s - jr&m e 3 - 7-06M; e - ±2,667; 2.667 i* in 12.4]- 

2 X — 3 C 3 E r - " iy2j 

^ Uo ?(trs fl-£Q2i- By tbe raewi- ur^r tbwnem for inlrf ? raJs ibero rxisis ^ mjTnWf c in ikuil 

V_.j__, 

12 1 


f/6 

s-/fl 


X*a (^?Ln cW^-i -*o r — — 0.7?4; 0-S6 


tOL lt ilr 


k j- 

I. 

•It. 

* K«iiuso the veJu-c: of -.hr Riv^n intcgril is -W.3-3lKi. -.-e vcLs-ii io fiiid j ^.ujnb^r ^ wnb < t: < th^i 

-0.&193 = g cot f; LAQf = ^,-j^ S 5."LS; 14D“ J ( -j.71&} + IT - 1.744 =Sr i.7=fl 

|| FS-dCLflUs 33—'Urn? r.he trif.Ul vft]nir |l -p, ippjri ftrt \o [>ruVt’ iiiirr|irnri-ii B V'. 

ft s i 

K By ibr 2 -^f*>-i_n-V ftlLie iJie^ors* foi- int-4fF7:Lh ihrre p^isl^ a nimabrr r. in [0, 21 MCi Lb^i V 1 , ^ = rth®. 

J ci s. 4 -4 e 4-1 

—-— < J- b«*yM. t is in [0.2' Tiiit-efyfe —"— if x C j ■ 2 - l, 

I c J + 4 " 4 1 J Jo j; 2 4- 4 " 4 J 

By tti-f nwan-vAlm*- thror^m Fo: integrals (taTr tkihI-. i n:,a;3>ff r ia [0,2. 'Jucs thru 

J->i^ 16 -c^ + o 

B«l 'Tf-® — < l Ijotaijm- <•* > fl . Tlifintfari! '. J it < l. 
e 5 +6 J^li' +-6 

By E-Fie fEuuui 1 L 1 jlI up r.hri»rrim fur inLii^ralH- tlieie niMl-w :% uumtwr c in ^r,^r’ aisrh LJl?iT 

j |co« i^di — (tan c*)Sfr. Bat tu e* < 1. Tterefotu J * ^ ear x 3 dt < ^x. 
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lltotincvm «L lh, M [&4 by tb* mwn value :Wm fur in**-* the« 

a that Q < c < and 


Q^aLLS* -.in ( £ 1 f*t all I, ih*D rilft ■■/' <■ J • TlwefcWi 
| Hiii ^/t dr < * 

37 , By Lhrttjem for fata** ** ™* 4 nu " lbcl r ln " 

Bui tt< S? l- - 4 if * * M. -M** V <\* gfe* S 5 

3B. hi- ih* in*«j-v*to« theorem fur integral* there ■ * wmt** e in M **•> lh»L 

b« o < •»ir * t fa m> «***« £j£j** : * 

39. B v the muLvaiW lb»*« for tier* «B** - "<™b« C in M «A 1 

[ 3 aLti V.x iz = (Bin MP). Blit 13 < *» i™ < 1 if * ii in %?l- " 5 


0 < . ' /m cos -rx tii ^ 1 

■ M/ 1 . .. 

Bw.au&£ cos tz it. ecmSiuuoiH ur ■ !■ 

nvnibcr ^ In ( tsl ^ 

f n* if x «)fc 

UccaiLit tc w In lb.-? interval (—l 77 ! 


l.ljwwcTij fw skcic 


i>- rn^nr;- 


< S. Th^rtfari- 


i vnti fteeurs ai x 


I. tlift vaiofl uf £ ^ L" 1 ^' ™ 


4Il Givtifl 


1 acid octtiH ™.l J 


t= 2, the avex-nis* value *1 * 3 «• [—1 ? 2j U ij j j 
n r .Ax^2. tf« averse rain* of tbt silt (isnttion U3 - 


42. Giv*u 


ij* in^iVAl [0^1 siiven 
:Ktuj&. D*tf*rLbr the 



* w 
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if rhe dirwttoa b dawnu.trd. 


Observe- from th* figure that 
tho ?,Fiaii^Lc. I W t d? _ 


[ is ihc 4Ka od" the region edcJo^I by 


The graph rtf / ;s ibt pari in the fii^t quadras 1 


■f the err-cJe of TadLus 7 r^ni^n'd at O. 
— Jj’i’T}' 3 — -^Ti th-c mesjiun- of its aiea of the quArUr-cixcIc. 
s of / 10.7] i* -4y|i '/-Iff At. ss J- - £r. 

graph uf / ia the upper «mkiixb of rjuji.m 4 and «rt«r b,t Uw ori^iii, Ikitce 
ts ch* nriwiirr of th^ *™n itf [,hp semiciitk. Therefore |"* \/b5 -j- 2 dr = b 7 4*) - 
“ ^ ™Jut fll / on PM] « r-4—^ f 4 /iG-T 3 rfj 4>b » it. 


Thciefure 


t rf i is in [0,1] thra r > jA 
IhcSTfiTf frpm Th™tctn I 


If at is in , 2] I hen r < x. 
TlictafiiH! fntu\ ‘I he tuta -t.fr. L 


I, Wr njn- ffiiiTEI lhAl /f*Kx - 0, B^cav^r f i* (-jjqlj^uqMr. 4li [q.^] foLbflrWJ from ill, 

I l«^ 

frr rnt^raJs that t.Wr is a number i-. in [a, Jj a nth thai /{a-JJ* i *b ft - 

t Pnnv-r the sccocd m*an-vilue therein for Lultgrab. 

tr If f i* /x cfUi.ilAra, qhf MHfuJi h Lrftul; iviuijw/ n Bftt Atunaiwn, IktjcjSe / iu WJl t ju 

Mipabm t_ and £ m in G,fr] such ifrac 

H*tJ 

MuJi Laying by j(f}> a obtain 

_ , £/(*]**}< 

Ttw’i^nr. by Theorem 4.E.2 

^ < j ^ /(*M* < /(r v ) j #i T - 

Dividing by > 0 yidiU 

By the ihfepmeiliM^ vflJue theorem. there i* a in f<s,fr) Mich that 

/&)- [ i 


IMCJ.IJ- vaLuc ih-^rf^is 


Thrr^fore. 




if re 1, Lbc oqu*ekui of E*. bv b*fl«nn« j /(*;.£r - /(e . j Jj, rkt fj 
ThftrtfotH 1 if / is coalimaous tm [q.^] thew i^ a niaicihcx c rti (a^) tliftt 
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iis E»rtij*a M &6, ilm lluj W«uwl mean. VillH- thefirrin in |H(|w lit* lB6qo*Uty, 

54. Let /(*) s V— Mlt ft*) *■ Thrw in * aumbor t in (9.1) net that J 0 1 dz - 

& l ■>■ |- _j r | 

BtcME-wihcft "tt 1 —r < I. Thmfcmi, ”r^"< x ■** 

,u fl ij. 1 rl 3 

M L«t /(p) - -7-1-* and J?l>1 - * d - Tb#* 5* a nijm ^ CT c ^ I) ^ L, ^ E J 3 V-i + ^ ^/ r - +*J -i * ^ 

V* +* f i a ri 

R*^aisc -JT~^ < 1 if c Jfi m ^" lr ^ ! _] ^—1 * J _i 1 4Tr 


&U. I a sin ? H? < J jt rf- 


J& Jo 

& Ld / find jr tl* fuEclioiiS: defined L* 

— ^iri j And sM=* 

Then / ant) 9 art canlfruout on (0. *] and **) > Q for idl * in (0, -)- Ttm* there I* a »“«b« e in (0.1) 
ib** 

f j: SLD J 1 dJ 1 = sin i-\ Z^ir 

o Jo 

Eecau^ t ts in (tLx), then F?n ^ < 1, ^tceI iSiei’tfore 

[ j sin x t£jf < I i e/± 

0 JU 

ST. Let /(*) - na ! n and *(*) - eos ira, Than (here is a number c fating) «« ««* 


ALrt^rf cep to; d* 


■ a \'S 2 

= mn * f J-i/s 


m TP Jr 


Bui ain'^c < l fur all e, Therefore sin 1 vr «i« * ¥ it < «" ** *- 

Sft, Let /(r) - tuiad j{t- - *. TJuu* theft odst* * number c an -U. ]) ^ 

Ew-JftE** ., r , 

Btr*ii*e eiiiD (<U), Iteri «™ e < l, and therefore < tr TbU * | u *lff ^ < L 

4.1 THE FUN D AMUNTAL THEOREMS OF TUB CAMJU LUS 

4.7.1 Find Lrt the rantiieti / he iptppnblr on lhe tW(i intm.tl [a, 6’ md let f he ™>y number it 

FiradamcntaJ'rhwnrrn [f f h lIlp funciton (iidsa^d by 

nfU« CaJeulUh ’ f*r 

F(x)^ 

then F(j=J Is emit.. on [*M- If / * eontinu^ »t a, then 1 u difTewmiahle «t a nod 

F'(ie) = /(*J 

(If J - n, the derivative La (1) mnjr be a derivative from the right, and if * = 6, tl» 
df-n v^f Li e Lu {1) ntjky be -a ckri vbe i vt from ih-s kft.; ^ 5 i> e*K 1^ wrrSticci ^ 

Initial Conditjuii If g-/(r) and *p) * £,**», then *t)-* 0>+ ^&W. d Mbc. », 

T.^Somoil L<1 the fuMllou i he ewtinuOW *b the cJoned inlerval >,t] nnd let jr be a ruaelton «i<4 

FyiKLamcntaJ'l^wrern ilb^t 

Of ike f ■-ihkblTiJ /■ 

rt*WM i 


fr>I AjJ j 111 I*..*], ’l'beji 

r /(I) d( -a(t) -S<a) 

(if le n, tlw deri vnlive in (21 mav be a derivative from the ligin. and if x = fr. tl 
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dcdvativt tn ('}) rcay be a dt. p :vaiEve; Ji-otn itt tfit,} 

LJwt j be fljiy farKtign that 5 f an antl^nivA^vfi of /, |J«u«J3^ w* cbirtu 

ihu aMbdtj-ivailvg ufhflsc r<?rir-L;Ltil tr'rrn .:; v^rn>. Wft Ll^r^n 

- jfc)] by i(±) * 

FUJ1 lift Li 2 Ci'“r ! if c .irid J aftf cou^l ill Lfi n tJuiA 

[c /(«> * d ri*)1 = <\m ■ /(*]|4 4sr(« !7(»)] 

No-'.if Ili« di'Linrli-Dn ’K-1 il:r iTidc/iTzife zaiegrai, f/(—) Jx n wharh ir- drfihiid t& 

b^ a fLSiitiotj £ suit LiiiL /(if'} f [±[, and Lbe iitfrjraJ, /-r) di. wt-cb is a 

TiznaArr d^rin«i Ihi 3b* 1 I fw limEl - <T ,t. Tli^"i^-n ruitn. T’h*’ ^n-nml funrln.m?ini nl rhp^nprn uf tll-C 
taJoiiLua stacks tkzi wc znzy uac liue mdtfLniw: in:e£[a: c,o <aicuiaK ibc numbe: rtaresesU^d 
by tlif firlqJifct-n in|j-j?r.nl IT rhflSi^ V.iNfllplr^ i=: n ib’filhtr inl^ftMl. vf* (nu*i -il^p chMlftT 

the timila. Thes. if ufr) — il j(-a) ^ A and B. then /{ij di — sfo asd 


-2-reties 


!- Excieim 1-34* ayiIu ale t fir definite inifgrn:- In t^rr^rr. j -r$ xiua SS-Jt-i, vump .:f.aw« whii NS NT. 


I. Pf3i s -i3!-i-iWff - + j (2r-IS+-3)-0 12 

Jo !o 

*■ f o V -*■ + *)*=K JV> + ={M - §+0 «= T 

J. f V* - 2*}dr „ L J - > 3 H „ (7* - 36: - ■■!) - U ‘l 36 

f? I* 

t j 3 (Ji*+5f_ i)*e 

r ' (3i*+5*~ l>rfi = ^-r^ 3 -*^ =[** —(-’J)*]+{[3*-H )*]+[*-(-!)]= 28 +30-4 =+l 

F Ii ^T' dx = = *~K = {t ^- |l - 1 ) = ? 

[ *J»* ~ 4|rW» = I? 1 - iff 5 1 ( = H5 1 - H 1 1 - 2(5 S - 3?) - i !M 

r lo^ + iy^ +ir3p " rfi) = s -< -2 ^ L = o 1 !^ 

i. [ \/^(2 + c) fi 

> J* <J~i{2 + «) ^ = |* (2r^ 3 + ^ - J +h > ' > ^ - ff4 S/ * - - I 1 ' 1 ) 

»j 0 lB * -iJ.’V - *i-i- ^ -1]^" - -»} - ij* 

jy* (vP+t df = i |At* +1 id = 4 . j[t *+1 ?< 3 ]f - Ke 1 ' 3 - 1 ) 

| J 1 '.'v’^ - iu 3 dip — (4 - 2w dir) = -(4 u! 1 ) 1 / 3 ' ^ -3 

J-i (sf 4 a? J 


t s^? 1 - II ( ’ • s >-*‘*' !!L ^ 1 F-, - -»- - i-i - 

| sinSz-dz—^ ' sic 2x(2 dx) — —^ cos- 2s: j ” ~ — 4 — (—i) - 1 

J" cos dx = 2 |" roz ],t( j = 2 = ^(1 - 0) = 2 
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is, [* t'V ?77 * ♦««?:=$* 

I*, n j dx 

16 Ji (3?^? 

„ T rt. * = 3** - l Tb*n Jn = fe Je. WhtB * = I, U*& « = ^«h« i = 3, llusn k-«■ T btref «' 1 

(Y . ^jv+s^+ q-’W i&wi-vsf»*+v +<^5 = _ ( .t_^)-2-^ 

J* r I* _ J \v - ui-fyw - £iu a + «?"'£ = j{1& - ■*! + (J " £> - V 

1®. Let j = (1 +w^ 4 . The® u? = x' 1 '' 1 -1; rfw When w-0,i~ l: when W = 14. ' -9- 


f * » .*■ _ r» (* 4jra - = * r rt t ,vH. ,-«») ds - ip--/* ^■ 

Jo{i+»y* /4 J> 1 - 1 


i'i 3- 1) ~^~3; 


20- J — A Jx 

t L „ = ^A. TIkk it* =l * * * ^u l +i-, dx = 2« Jil When * - *, t. = *; wh« * = S, * = 1. The«forr 

p e 2^^4rf* =. („ 3 +4)V!« <M = 2 J* {u* -S* 4 - 16* 3 ) J- - ^ t ‘ T +|« s + 

=4+§+¥)=Mr 

21. j V-3MX-- |’ a (S-*^r* f‘(—«)*«[*•-f**E,+[l» a - to I 

= It* -1) - (-6-2}] +1#- 14) - (1 - 9)1 = f 

& p «£& -«5*+J^-ajffr«=-sa - #£+** - *?l —*• - w*** - ®> -» 

Ki [* ***1=3* = £,^*FS*+jj > £ V* 77 *** 

- * }/ dz = -^-*)* rt I 1 ~ 

21. J 1 v^l*~!^ 

o Bran™ -|7i i? Ml even runmioti. then 


n/3 +ir! ds: = ? | ^ - 


2|*V5TI^- 2 S 3 +^I = S 


.j/a _ 


= ^[6/6 - 3 V^S]=4[2 - V^l 

2ft, Let B - t/TTi'. Tbeax = **-!{*=&*, Wftji ± - 0, u= 1; when * w 3, u = 2, 

jV+wm * = [V-i in 4 * **) =2JV -*■ “V «=y * fc 1 ]! - + ^ <s - i> - ? * £ *■ 

2* l! ■ = ^71,. = <£il**&* £>* >}^*= £j*-*H**0 -*J> 4 -^* 

= ^ - p{ = 2(i<32 -1) - Its - o] = 

f 1 iltidrzi r *1 

J q x4B Jfl. ^+ J jfl 
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■i.7 Tflt; (■ f-rtpA MfVTAT. THEOREMS or THE CAEOt’UiS 32) 


2b. 


C' 

JC 


11- I TTr TZ 

7 

t/$ 

Id 


tSL J* [ v 'V--^- + jtyt - |“(i 1/5 -1-^*+ t ll3 )dt -+1^1* 

- (*f±- 10T 1«)-g- 2 +3> - Tr 

JO- La U - i* /! , dll - %t' n <lx. 

| fl j/^/’ ^ T V~ ^ ^ Jt + ».) J ^ ' jO » uj 3 ^ = 1 / 

* =Jtsin = - 0) = 0 

(sin 2^ * cos 3^} rfT 

{si zi 2jc ^cos 3^) {f-r - -J cw 2 j 4 j sira ,1** r ' u _ -Jjfcw - c« 0) — - sin 0) 

J££ 3^^=-^*];2=^o-im 

ll. J ' ru+t 1 (fljg df =■ ” J '" Inn Jri(HN 7 ^ \ 1-1M Z Jt.' | ' ^ s= jYJ ^ 

'— r^Kfliciae* ■tl, compute th* diplvrstivt Th™^:; 1.7 I. 

*£j; '■ 4 + ? - 

* ^j> , tt7t ^ 

&■ Borings Theorem -1-7,1 re-quirco i he integral to have: a constant iow^f limit, vt firsi use DefiBiEton -1.5-5- Thus 

^y!R? i «--if'yT+?a--yT«' 

"■ ^ -\/sia L [ V«in ! di J - ■■ V*'\n - 

llifi 1 

»- 




r d t _d f r° 

* f T ^t\~A r 

-d^ + d r d( 


s - i a J o STT 5 / K J 

D 3+? dr J03 + f 1 

iW ,.j 

[ J Jt ; j i 


£ Jd5 + (-i) a + ^ r - 

fo3+i 3 F+i* 3+P 

"3 + ^ 

[ -G»(j a * i)if* 

j ., T 




! ► Boraupp ‘CQB(t 3 + 1) is an ^ ? ii fruri* Ei^n. 

^ | cos(f J 4- l)tft — | cofl^f 3 4- t'ldt = 2 to^ir 7 - I : 

Lnl. v = ^ ['V* 2 i 1 rff = dl* ■ ^ - ^ 1 ^+ Ifar 2 } - 3 i s ^i*- : 


Ln\ u — t* :iruf unr J .li n rh-im rnk Hing, 


Lfl 1 fcj — Vil .‘l i. 


d f 1 

dx J 2 


1-rl 1 


: - ib j; 


d f’ ._ 

vFTT" *■ 


, ^-4*- 

t ] + f 


tff — 
1 


\Zn* -1 


- 2i - 


Je 


a/e 4 + 1 


^ _,,_._aiJL- —*T£-*— - I 




m THE DEFINITE INTEGRAL AN1> 1NTK3BATttSS 


Let ij — sm t mid mo Lbe chain rul*- TIlu^, 

-1 [*'| i= J W*««^=:*** 

<Eij 3 (- c 3 3yJ 3 i „f a « i-u 1 1 

In fcmn--hw ir»— ifc, find the wengu value of / on iln- inEre-v-al, Sji Egefewa 4S *hd -Jti* find tho vatur or £, 

4b. Th- i«(tns t vtht< t - 1 ‘ 1 «t [M I* £ (!* “ * =■ j[S' “ ^ ^ - & 1* “ °3 * 6 

■ind 9 — jt s - C: r ? = 3 when t -- i/5 £ [ft- S-- 


-If. Th* average value oF &£ — r i on [Uv 
and when j ? -fc + li 

47. Tbs Average value of Jivi* — t6 o: 


-f^s 7 2 , )+Hr-r)+«^-y , )j=n5F 

2 sin 2 Tt ' find 1.1™ square root nr the average v *ae ^ E' 
IB-J-B f^i sin 11 ^? =i[ (1 -cOs|rt}df= {|( 


Take the ^Miiiv* direction downwind. Then - 32: j c!" 3- j dv r v = 3-2* + C* Because t - U * bt 

then C = 0- Therefore t - 32t, The avi^e value of * &W11 f <= 0 t* I = jT U ^™ by 
V _ f r,, J .V2L dl =■ 2 1S(V ^ ST. The tvenp iAM of v ffemn j = |T Is? I — T 3* fiiv-en by 


24T. llinrefono V 


V = = ” T. |T/¥' 

5^. i\ ncone is ibzo-'wn dowa-ward with hVU 
that if t- per second t c llif ^dacil 
average velocity duciug ih* first I4J4> ft < 
the pw&livr* direction.) 
p (a) Fn^m Exercise 4:2,46 with d - £ we 

(hO With f lL1 - Fd> and j - ^ we have e 

A .V, = T *- s 3G00 +«4*) 1 ' r V 

Tbr AVMp-ijjr velocity b :£ ^ ft/ffPC- 

. r p3. Appb'i 1! tf ■ suction l rib 


foer. iwr MOlwd, .\i^$i-nrL nir rL^btJLCKC. !») FTLs 
failing jf frr-i r llmi t — -*- 5^- (b) find ; 

i -1 00 ft/dee, (Take g - 35 add dowm-wc 


rWi 


■rli;, revere limits, l-ben change the dummy to r. 


Adding; the foul, mtejCrat to ili-c Hml. we rc^ L 2l 


THE FUNDAMENTAL THEOREMS OF THE CALCULUS MZ 


bk F£r) = [' —* rfi+ f L/ *—*—dt. Lhu-- 1 Thu 

Jo I +r Jo 3 + r * 

F*M --£ [ 1 a Jt + ^: f ^ 1 5 j 3 (-jr) - 0 and so F is eomf&ul. 

"Jol + i a 1 + r « i+;r 3 j- ft/V) 2 '- ^ 

Sfi, Find 4 function / a^eh that foi any hci! number f, f /{l)i|| - rna ^ ■ - ].. 

Jo J + I 

*.** . - , , . . j- l . L , i'-sifi je)( I + T a ] - ew E)?2i) 

> LimeientLat3r.fi on both iideiof the equuuOEi w* /(x) -- _ ^--— 

57- L£t a = 1 — sf„ du — —d±. rrtvtrtfc the limits, itmn eba-n^ iV dummy fow* to u- *1,441; — 

I 1 *"(] ■ upda = f * (1 - - [ ^/"(l - ufdii - [ V l (l -±™* -- h,i - v! v , by p4da 

Ji:=n J ii= i Jo Jfl + ^ + 

£§. The sSopeof the tangent Lldc to the graph of y — /{*) at the pount .; x, f (±;j is /'(x:. Bsscaust: /' bs cunlinuoua 
ini u.i], tHell 1 tie- idufi* is ui tf-Vr-abli- inn iDl^]. I.-C-H A. V". be III# 1 nVrriijJ/r value i-ir rdnjw’ «n • r? 4 |. jh^n 

i _ m-m 




Thus. the average value of tha slope of the taiLfi*ftL line uf the ^napli :■'/ cm ^qrialsi nr: pLofw* nF iJie 

see-inl line through ihi? poltiLa (a,/fa)) aad (4, /(& ■;. 


9 j^P, _ - jAsn/T- 




SO. fa} Given /Fit) - X 4n J, HOL the graph* *F / XPUK [xTXT;/■('|), Q,#),,*) in Hie WtqdaW nlid ifclO^ 

Lbat ihr. appear Lhr ttitJn K- ^_ 

(h) rtepeai: pin (a) if /(*] - v^i ■+ \ /X 2 ' / V j.'r- y 

ft) Wh#t iheojitm 4a pufl4 (o) snppwt? /,\!l/ , \ , j \ y^ 

^ The graphs foe (a] and (b) appeat it Olc L _i 4 A 'X J } 'if' N. ^ y^ 

(e) Tbt ^aph¥ ??opf»ort the Jim 1 / 4 \ / 

fiftudamer.sal tbrtresn of ifie eakuliis. ( i / "i- i / 


-+ -J -? 1 E 2 1 -1 


Lg ARKA OF A PLANK ItlXJION 



Figurr ;-i) 


1 _ 


ky 

LI] 

r. 

1 


r 

r-i*0 

>■ -■ 



Fsruto (b) 


Jjtil R Iw n rtiRsnpi in tW zy p!n.Rr. ft Lg boandcd or. the kR by the line r it and 
hounded on the j.gbl by Lhr Line x — 4 if alkL onJy if i -mtjv ; ■ ■- <sf '.h?- Term j • with 
o < «] <6 iut«rN«ts ihi- rf-jcion K ir one or mein* ptitkiv^, sud no other vertical [Toe 
SELtCfSectS It. iee Fi^. (4). FuJllstrmerc, It Ji Ixtji:c!i-l! abcn;« hy L\if- cnr\+* y = /{*) < L od 
bounded bcLow by the eurv* - ^fx - if nnH rally if t-wry nctftflmpty interw^tjoit of Ft 
ojid a vfjtioai Jire js a segqunl riiai has Jsa upjjrir ti^ipniui cm i.hs enr^-^ v— /fa) n.r?d 
it-p Jowe: enripffliit os tln^ rurvr y - P (x}, an4 ihua /(*) > &'i» For alJ j in fa,!-'. The 
:in*st yf pny M;4-h neginn is A square units where 

* = £[/(*> “ftdi*! (ij 

tF IT iKj^iriilerl i>rU>w by i]:e j *^i-j, ihen yT) ^ U iu Formtils 

\W may Interchange the mJea of x and ^ in the above dl-rcijreign- Fig-j rr (b; 

jJliziErata a H. chut :-. I ... Iw-hi* ls> the Mnr y n . and t^cidcd above b> 

the Eitt* y - 3 . Every line gf the form p — intcTsscts Tt if v < y.| < .7 and iio otJtef 
horizontal JJne iaiei&HES K. FurthifltlObe,, H bounded, ua l3u± r!K1 Isy th« curs* 
J- — A(rj 'i and bo*:ifid<rfl i>r ll^p 1^-fi hy '.lir- nrrvr- x _ g(y) !' and only if every nonempty 
intetsectEon of It and a horizoF.-^aJ. Line b i Lint: ae^siaai ihai hoi i’„s right *ndjii>:ni oci 
eurv-e af — A(jr^ Situ] rtr«- ]nfl i-iaHpnin 1 ! nn thr curv-r x = $(y). and 'hu? A^y’f > injy) for 

aJ] y in The area of aoy such region b A f^uarr uuiii. wliare 

A= ('1) 

IF ft region \hm cunditiota For 3>iilh of th **r thru w r m;Ly n*r ^stlwr 

Formula (L) or .Formula (£) to find its area, whichever is easier. 

ftrtrausi* iti4‘ jr*.s \ uf a Tftgimji won HeSncwl to 3^ th*- limit a( Hifliisiinn ^uini for v^rtkii! 





n\ I Ml:. DEFINITE INTEGRAL ANlHN CECJ RATION 


r^saD^iiLir demrsils of area, wf rriusi p;uie tliat llut sain* number A is obLajitcd whca 
wip Elu 1 1 m il I nf Klmi.Tini *mri.- Ibr hflnjrcni^J trc-langiilAr rlipnifnlH df area. IV* 

Ktnic n:,;d ptOVff rbia rtiult foi i spwrriil ras*: lh« L^nerA. rtiuJt fallows by <ut£LOg [5t 

icfi-.&h aiitu JfcvMii w-lur.1t fi'HrinUlc |b^ tpw.-i. 4 l <a«- [Wtf to Fl£. (e). 

Theorem LH /(rl lit; a toniinuoua function vrbi-di itccHsA^a on [0,-al Tro-Tn = n to f{a) 

and let the cmve y - /(f) i^u lw dcieritwci by x - «p( u >. whm tf(A) — a and -pi a) - ■ 
If /*( *) & oanlmunuJ eci [^l f then 

[ f(M) dx- \ 4(r)rfp 
Jo Jo 

_ FEtOOF: We evaluate itie socotid integral ^iih she nitaitauai y - /;*}■ Then #3f) - j 
and dy - /'(r) tf*. Wbn y - 0, f - ^ wb*n y = a, r - Thu*. 

f tfQriAr? f ?f £ (x)J* 

JO la 

v tWiLftr 4 k /(*!? - /(*) + f rW- '*>*" * /'M - jgt 1 /( £ 3:- /<*)■ 11,14,1 


CxeKku!) 1 3», find ibt Arm uf tLc region tx*red*d l>y (hf f#m». In wb «*rciK do Ifcr following; 
(a} Draw a figure Knowing the rcgwfl and. a rectE-ngnter eicm-mt area. 

(li) Expr^ti tie area of ihe i^n-t jj tiw of a HicmjaR Hum. 

It) Find tin* limit in £>art (b) by ti&e second fundacnaatal theorem of .he caLcu.lv*- 
.<■ L.H.iiir*. iiiirA is. rhr jLrri of the T«i on bounded by u ■]—*-£ wus. 


2. A square Emits \s tic a™ nf ih* region bounded by jj 
i Jh. t ftflilSOD of tint ilsUlJVii [-2. 1] 4K1 ihc £■ 4X:$- 

n f 1 * 

A = rim i^fUF, 3 - 2«v + 3)d<« = {■* - 

|* ||—Q t=l l-I 

3. A aquaPr .1 nil* is Lbc arc* of ibe tagiftft bournM by y 
A is 4 partitiim of ihs interval [1,3^ »n tbt j axis- 


f ) The ?pgicKi H n nlMP^N m ihv Eia«» bdfiV. R ^ 5»'iis.i->d by ibe 
by the - Meet If /(ff: = 0. Ihtsz i-3*i-2. Thus R i» boondra ca 
. i-'ir ri^bi by x s £ r TIm; flf ai^a *ff v«rtk*l oF 

uanc uiiiE? is the aata of R, sHen t ^ 


aquut UflEt-H. 


Xlsf: iptii of ibt n-jtiop 




4.6 ARK A OY A PLANE REGION m 


A squart imitt the acta of the region bounded by y 
A 'is a partition rtf Die interval [fl,B] of tbe x ajde. 

dz - |(t 4 


Jil |l. rrt i-Hl 

S. A square units is the area of the region bounded by jj — -j 
A is a partition of the Lnlerv-a] [2. 3} of thf z axis- B«*o$c 


1 -i I— Qimfi * Vt?* h ‘ * 

7. A square units is the area bounded by z* +■ z - Th ; 
A is a pm ti^ioa. of Lhe LnUfv.nl [ 4, X cd tlsr- x ax-L*. 


y = f l fir }■ &s i Axm 

Lat /(x) = x i — fix+ 5 — (x — l)fr — &). The region R is shown in the figure hdow. R is bounded above by the 
i iX.ii djjd bounded below by l-hr cutvi- j t- /(xy. If /|’x) (I, iSbth i - 1 M f - -b. The cleiftcEltB of are* 

rttikal reetangl« of width. A^z and height, The area of R i* A square units. ivhere 

A= .ir * T 


= - I) + 5(26 -1) -i(4 - 1] = $ 

« The area of K is ™ square units- 

9. A square nails it the area yf Ihs regius Loondud by y - sin x. l 1 asiai z. — Jt: 

x - ?*. A is a jiirEiiitn of tit snrejviJ ]^_t , of ihc r ixiv 

jV LLm ^ P-i n ii- A r - j ' 4n: *fx - -fo* x '"V J “ i - -i i - I 

|£|pk£i ' r J*/* I*/ 3 3 3 

ID. A Hqif,ire unit* i* the urea of ifcf region Wnmlud by jr = c^hjPL x wdtq y iuxi*; j- 
A ia a partition of ibe interval [D.^r] of the i ask, 

A ^ Jim y\ cob ic- A-x — [ cos x dx =si.n x\"^ = i - 0 = i 

Jo |q - 

1L A square unite is the area of the region bounded by ^ — sce 1 -^ z a^b; y asbq z 
A In- 4 partition of the inUrvid [0, Jr" of Ihf - jufbt.. 

A — linn ^ s*c a ti\ A r soe a ^ df - tan s|" ' - 1 - 0 - 1 

II A I t • \m I.-. 


f> The region it as sitown ir Lhr ilg^Tr- bd«w. If /(xb= nsr 2 x. rhtin L-it- rl^rtiiints of 
*reft we veriieftl iMitingl™ of width A,s and hdtht ACr 

gfren thal- R is bounded on thr lrf* hy x — Jx and an tht right by x = Trr. Tbits 

A - irns fe/f^JA^px - [ i CS£. 3 X dz — —cot £ l-' - 


tilb-OT^l 


■ The area of R is -I- 1 square units- 

1A A square unito ia the nre,i lientnicU^d Hy x“ ~ -jn if — f. The u 

iyEtimetrie with respect to the y axis. A is a partition of the. ir Larval [C1.2J «n 
the x axiK 

+ 45 * «i-y * 4 *’- a(-g +1 


- 1 - V .! 



m i sit: »mMTK tf'r&csHU AM) tSTEUftATiON 


A rilj!_i.LI <■ ILIjJlr. LS lJi« JLTt'Jl iMbUEldwl JlV — T' X — ~ 

A is a partition of tho interval [—4 r —2] on the £ ur.i*u 


The region ia iymm*ttLc_ 


A ' i *:% = 2 J ^ =^-^^=^*-5^*) =|£ 

L5- rV uaits is the arc* bounded by *" 4- y + 4 — D: v — -b. The region is. symmetric 

A U k patLLtion of ihf interval f-A, - *lj on l be y Jwtis, 


" ~jf.G "i' j “ 

Iff. s* + y + ■? a* ft: j t± “G 

& THo region H is shown in (-he figure below K is bounded above by the curve P + y+ 4 ±± Q. Solving for y ^ 

ubl-!ii4 |H - /{/■ - -1. Ti is ..ilid ItfiitlY by r; — 0(ji - Hi. T!«’ -T-rfrU-i Li AM 1 Vt-rMl"*! reUAngk* 

of width A-r jmd hrighi [/(tFj} f(^]l- Because +y T 

f{*)-§(*) - - -(*-!)(*+*J ^ H 1 i"i"7j * 

then R is boubried on. the left by r = -2 and on the rijbl bqr ^ = 2 . 

If the t of R b A aq>*M* nans, than 

SiWjJlAjfs P [/(*)-#*)]<<* >^V 1 1 


ia:h<> 

= | ! { i* + «J rfi s J * 1 1 1r£ = ■ |(S + If] > 4(2 ♦• it) ^ 
■ The area of TegiuN R w y mijuh unitA. 

In. Exorcise i7 and Ifi, the j-tyion ia bou nded by ± 3 — v + — fi: ar — >' + ] 

17, A is a paisiliofi of the interval ; 0 , 1 _ on the z axis. Reciuse r 2 < x on 

A ”, i L ™_ £((“.- i) - i)]A,* - f 1 £(*+1) - (x J + t)]i* = 


1H. A ibi.T ^rui]i]cv> of e fir 1, inirryiiJ [1,2] Em I he y tfjtt*, Bbckjs*? y = ] ^ v y - * &a II'^li 

A “ilT’Ci - 1 - («■*- iJi-ijsr■ J t lO — i) iya — (v—1}|^) - |£r— if**- 

W- A aqujw 11 ? mtlu m iJsc ^r« boundod b>- / — Sj 5 ; £ 0; :■ - 

in the fourth q^tlnuit- Sw i-hifr figure- 
A -a j, pAftLtl-ea of lie interval f-3 F d] oo the y jlx:-. 


= t^S[a - (-af'i*? ^ 3 ^ 3/S2} = | = ^ T^— 

20 . |^^ 4 t ;£ = fi |>^-2 

t It is bounded above by the curve y 5 _ --j£_ Solving feu y ohlain y— (lx ,, '\ R L> L^undraS hr.bw t>v 
V V(jf) “-2. Tlir rlrrririild'i (rf iir«:n. vrfttt.iF Erf!-u gins of vfirith A fc jr .ifld hrEpjliC "/(^) T 

tgure shows verticil and hoiizon^aJ Tcctangles. ^ubefttittaig y ——2 into ^ = 4±, we get —6 = 4st; £=—3^ 
Th-Ui K ia twiipib’d on th* Itft hy z — -2 And on the righf Sy thr givni lift*- j 0. 


= ^0-i«H«[0+3>=t T _. 

The atea of region R ia 1 sqti&ie umsc. “ 

aLTLuNa ] V. SOLUTION: Iteeaus* Ih* iiuerseetloEi of R wLih Any iioiaMiiwjJ Ime « Ein^ ^gmeat <hAi h\\n it* 
light endpoint on the fine x = D ind it* left endpoint on the oune p s — 4 r. then R is bounded on the right hj 



- V At , -T 

I 

-i 

/-fl 
/ 4 

/ " 7 

—/ -1! 

1 ' tJ 
i r 

l 1 1 

4 1 

1 1 






4.S AREA OK h Pt.AKK HHjlOS 33' 


x — My) — O and botindted on ths itft by x — dfy) - ^. E< is funded bel^w by y — - Mul a|l W fry y - Cl. 

The elements oT area aie horisantat rectangles of Im^b A(u- b >] Mid heighl A^ as illustrated m D>r 

uguie. Urns 

A= . It „ £nto) ■■ ^ ui i)K? ™ f. ~V* <tv - -hj’' 1 F, - - »(& “ jfi ) = i 


BA|M.,“i‘ ’ . ‘ J-j • J-* ™ 

21. A sijLiArri nniifi L-> i.L* jinna. of the region bounded by y -- 2 - ,J ;. y — —-r. ij^L 1 — 

0 _ x 2 — ? - 2 = [z 2J(x + ; y The curves lutusedt at tic prints*, • 1,1 ■ .im 
A is- 4 [ilLrl. : L :l!-Ij of ihrt LllL^rVfti [ — 1,2] OD t Jill" 2* £305. 

J± ,. f 2 „ ra ^ 


1^. |i— d- J-i i-i 

- -3 J( 3 + l* 3 a 3 '^ T |* 1 ("i+2 + 4 i’Cs + i ” J ) " ? 

S. A nqitiirr unit* » thr k»h bounded byy^ x ff : y = **, TV r^lon ih igffiuiicufc# 

A is a partition of 1 V insrrvsi >[(}, 1 ] on ihe j 1 asis. 

A - 2 lim £ («,,* - O A,x = 2 (V -y 1 ) 2. - =V - yl = 2Cj-4> - T. 

II ii 4-*4> i=l fO K ** 

S, A unit* es the aiwa bounded bp if* — x - 1: t - 3- TV region is- symmetric. 

A Lk * partition of ibt Lnlervfcl [l,a] on tlve x axi*-, 

a = j ,s« L ■J^~ zr i Aj* = 2 f * v^i ** = i- 1 (* - 1 ~ |B^=y 


pt The region It 3 ? sHo^ei in the figure Muw- R Lf bounded above by the curve p ~ 
*hfr CWfl j? - $(j) ■= W 1 . Thi tkflittt* of aKa fcCe v^ftio&l Rtt*g|}qt «r width 3 
Because /(x) - j(x) = 18 - = 2(^ -1 2 ) = ^(3 + t)[3 — ^ tbxn FL is bounded 

til* tijtbl ti) 1 Z =■ 3, TIi+! WfMi- R- i?L A Wp|JfXr :lljil>, 

A -.IT. S[/(“.)-rt“,)3A,j 
r aim 1 **i 

= 18p + 2) 3(27 + ZT) - 72 

The -Lre-.L of Tt "es 72 sc|iiPtr^ uiitli 

3. A squajifi jsnstfi- is the nrra. !jli u :liJ*i! by y — -^/r and Hl£e1jsg a 1 aJtd( i, 1 )■ 

A is m pmrtiiqtm of (h* anErrml [DJ] cKrt Sh^ j- ,isa^. 


A = d^ 

3. A square vnit$ i* r.he ,-jjtca b^nedi-d by a- - A - y 2 : jf - 4 - -iy. Jiet H - ^ _ + - 
^ - 4^ — 0? ff = D, 4. A is a partUum of the LatervaE [CJ_ 4] oa the y ^ib. 

A =s lim £ |C4 - Uj 5 ) - t4 - iwM&p - [ (M~ = S3 - § 

Da | 1 —u l- t Jo 

rr. A square nnn> f.ht-jirwi IhhmuIkI le, .- J -1 Sy-4. Whtu tliey Lctcisect. 

J ? - (Sjr- 4 ) 11 ; 0 - K 3 -Sd* 4 2 V -16 = iv - 16 ) = (?- IMir- 4 j?-i 

'The twrj curves nn.sw jiI. ■;-!, I ) itrid n™ iLa^tiit at (&. 1 

Sw- the fipyrcu A Is a partHloa of Ifce i hi-ctvjiJ [-1,SJ ou rhp r fixi* 

A+4)-™. 3/3 lV = ^V 

=j-i, _ a^# = i& j.u-m - ii.i +ii=s - f-iii =u 



m THE EEtflKlXE ISTKURAL AND INTEGRATION 


2ft_ A eqwtft unlit it. ih* ^L-a wuiMSud »> x — It ~ -■ s 
2y* -= y- r^ 2 - At y _ ±5. The fcwc. ciitvrc intenweL a 
in.tjf[VAi |0,2] on ibe y axb. 

A = 2 lira E K S - 3 J|A^ * \ * l <6 

>3 ifr-D i=i 

m A i^imre «niu si ih* *p*h b*1in4«i by * = $ I't * 
Sfp 3 - y) _i ft ^ - 0, 1. A is a partsti™ uf ihs into™! 

4 = 2 Li.m tfif-^]^= -fis 

!| if—o p=l Ja 

3L Ut- /(i) = - Si 2 - 9x *ad ${*) = ^ -^ S - 1 

Is fcotiii^^-Ljvc Lb the inwivil f-^ifl 1 ] n«i3]MHltivc 
of the rqgjuMii CMHindeif b^ the iwu curves. whr-i 
number fl^uuc iwjt* Lq L|w n^fred «** u „ 

A i + A * = llfco 1 [/K>- rf-iW^+B E 

m f ° .(i 3 - r* - 6i)di + Pf-i 3 +*' J + &*)<** = [|* 


'(9-atf*K» = i«n Si 


-^+9+iTi-D] = ^-“- %7 

— 4jc* — Hi +3U i 

R is sh'^'-n Ww. Sfllv;n|j the nnalion 3jJ - r - ?r - 
: 5 4 t 2 -31 t + An ^Lejftcnl, of is- a v. 


= W-(*+!-”)] + [(- 

l. 3y = X a - - Sb*! ^ = 

*. A *.keir^i <?r till- TGKWP 

jr = /(ij ^ ji 3 “1^-5x, Let J<S£> = r 

4;* Kid hstglii |/(w ( ) “ ((w-j) I- Beet™* 

/<*)-**)=cy-F- 

= -§[z*(i-5)-S{=r-S)] 
then — s^*) < 0 «o [-3.3] slid /(*) 
A - „ U|B E|/i>j) - |£.# 


[4±* t ■■ Ar - 30] rfj 

+ §« 4 + '3l ,3 -™*|i 

JK») + 90(4-i-3)|+[-Jt«2S S5)+^12i 


fir "r 30 ifr +■ 


Ttw art* of legion R t& 126J square *ld;>is. 



l_i_ 

3- 

2 

p 

0? 



jt 

_ -3 

"’N 



/ S' 


1 ii 


J 211 


/ 13 

■ \ « 

/ 1 l<> 

\ i 

J- - 1 

V i V ; L Jh 


\ "\ yy 

-t«3 




$ □ 



33- Let /(e) — -I- 3j s + 2i aud e^ e ) = * 4s ■ Then /(-r) g(,r) = ** ^ x' 1 £* - 4 2)(jt - l) a nmi 

n^^dvf i:i thu- im^rrva.1 (-2,0] and nonpopitive In the interval f0_ ] 1. Let. A ( and A^ square linsts ne tb»~ 
of the regions c-ouaded by S-he two curves when -r is in thi* ini*rv*k • '*Jl\ htm. 3 [h, IJ n^[h«tLv«Lv. Tlrfti lLl- 

puml-M-T p!" Allurin' iijyils in llif r™qkj 1 f emt! afi^i hi H| 

A i + A = =,^ E WO~ + „ b™, h b(<4-/friBV 

- j*y + ^~^+ j\-*w+feii. - 

= [fl-(4-*-4)J + J(4-J + l)-d]=| + ^ = ?i 

2-1_ A squire Einiu b the arc* bovodod by y -1 ? - i 1+ 3s y P; * — - IS; * — 4, 'fiw tefti^n i-. rtyifunolri*. 

A i& a parsicioo of The interval T,4] on the - wtk 

i)+a]<f* 


" "|a]Mi.TI H, ■ , li^ '"■ .C h_ 

Ji. A square m-mIlt; ir, ih+. uf ibe below y _ eos j and abot¥ # : --Tp r. 

* 

A i* a iwlsGhnn of lh« iisUrvaJ •tl.lrfl on the 4 uxb. A - ]im I] (to* ir, — 

. \ t _ft :—i 


$ =■ M £1 y - 1 -Mtn *1 Jf -ft; t - 2^ 

The figure sho^s the jegin-n. R. l^t Ft- be the [sari of R in the first quoorji.ni 
symmetry, the £l‘ Hin^ tLtfir- the un-.M of R L . E.--1 /{r} = tin -■ -md tfl» 
£iemrnt? of ;ltwi nrr vrrLkjil r-fcoiiAElrcs of width A e ;- and height [/(tf j gf 
Hfltau^n R, is hounded o*i the Left by x ^ 0 Jtnd on thr right by jt - ;- s lLh;i 


■ The ifea s>f rc^on. R is ■■ square UJt'rtR. 

37. A square units- is the -area of she :egEon bounded by y= jt;/ 


— J (-e 3 - r 4 Hdff + ^ t . + ! -1 -^-jt 

- [1) _ (|--J ™ 1}]-*-[(—] +-J+ l)-0] +g=| 

35. A squire iLCiits b the SEea of The region hounded b-y y 
A- Jim i j{uP i -H| + |ir' 1 -J)ii f r^ [ 


= ?-i*-sJ ^4 l*I+j*' + »r=2 + l+ll = lS 

FAeftLseu- J 9 -dh. approxiniite isfrjt, A mj ■:nir.%., uf thr itvim-i. huiLuthid hy U« priph*. of the 5 * 1^11 eqoiLje-iu 
ir>in l 1 . inv fuEiuwisi^: •» Plot ihe graphs Ln a convenient anc find the u t^ordi^iw * *- - -!i ^ af the 

IKiiuts of Lneci-secLiofL to o signldcanL digits by using tb^ imc:rsrtLuir! or u.lla iiid soojis-isi^ (b) eipteu the areitof 
■.hfl n:E * cl11 ** tbf limit of a Rie-maiin turn; {t} ap^TOKuna'i e the limit i n p^rt (h 10 t n.d. by uilo^ NT NT. 

3S. v = x* -2: y - 1 2 . a, t - ± ^ fa ± 1-JHi. The- raginn is symeftetHea]. A is a partition of 1 he interval 
: th v/Sl on thtf 7 ojti^- A = t lint £ (ti- J - v/* - 2)'=A-z — i I ^fr' * 2)dz — 'Jcv/i ->.2797 


± I .M«2. 


fa) A pJot is whown Use HkHl, U*jnp la^iudu, (ibd a, l 
The region is ;ym met lira]. 

(b) A Lk a parlEtiou *f the inctivaJ fO,^J on the r 

fr) Uanift NIA'T, we find the area «o be *-4 jT 2 □■net*. 


/V 

H 

r 1 

1 ^ J 




J ttHHNiTE INTEGRAL AND INTEGRATION 


41. p = ** - Ij: v — a, & = ± t.4'>449. Ihe 'egiaa. is ayms&eLricaJ. Aba pajiition af E.*ir iniw-rvjl [0 n bl tin El* 


I ilh 'r - i 2 + : yx 3- 3(3333 


|-| i 1 - | t Q. 

mh5h. A - g Sim (n^ 2 iiLn*r - i 3 ® + 1)dt 3.30333 

| A I!—0 i=l Jo 

1£- y T"? y l^x, a. b - ±0_H3'133, 'lltr rdghm in aynuneitwal. A an * panition of ihe tcu-c-rviE [u,6] *n (h^ 


f AKSF-, A 2 fcilll 
IliM 


JL - f 0-53413 

S' (*« W 4 “ 1i-/)i,J - 2 -i-rnh d- - r 2 ]rlr - I 

i=j J D 


43. ^ = ** ; ty “ 1 


j a i the ^ 4si^- a ■ A ■ 1,31460. A in ,i |-i,wt i I-1 mi of tin- ifttrevjii [0,1-J tm the j n*iv 
A “ £ J,4SD <* - J! 1 -JiV* = 


AA , if — ^i y = d - ? a : ihr jr «tls 

pt (a) A plot is shown -if- iV rj^hu U> wiha'- '*t nred two intcrvsls, 1(1, £j 
and j*. 31. U^iop; sworn-in, we fiftd 6 — 1,3146ft. 

(b) A is a partiiion of tm lntef^l or I "hr * asis- 

A m Sum + Hm £ (1 -* w?) A-t 

AikM “ i||-0irt " 


= I + [ (4 - i ¥ }dj; fi ~ x / \ 3 

Jo JlJHW -*- 1 -1- 

ic} Using AIN'T. w« find thfl ama eo be 0.74665 -J-0-63JI2 ~ t-5"fl0 ftc ltiiLl^. 

45. p =. # = tan 1 * -3; Q < ff a ^ ll r A> = L12739. A Sh a partition of the Interval on du t axb. 


A" lint ZI^-IijuiV 3)M.-n = | L j ' 7M 'j e 3 uinvt I = ia.SU 
la|Mi=J ' J o 


46, j “ 2 - z*i p sec'-e, o, i - z 0.7I04&. The rcgjoti is sytELoaeLiic*], A Li a partition ihc tnLnval |D,i] ou cite 
* - , , r^Ti-sec _ . 

r «tia- A - 3 j;«L E K>: - [2- PL 4 ) A.J - 2 - 3 + j 4 Wt « t. 0-1*78 

|Ii||—*0 !=■] Jo 

]n Pn^i^riW -7 arid 4S, find ky iht#^cw(ian Ihfl *:eAoF a ijincigk Lading. I'ne^iv'cEi vet Lite*. 

AT- (^,1), (1,1), and (-1, -i) t £w the fLj;uie. Y . 

Ajl «quaiJo.iL th« itciri E. s ihmtgli (!? h 1) 4Hd (3,1} is- a = I(jt - L] +3. J ' L 

* 3 fc " L ji. 

An rogation gf th^ lion through (-3,-3) and (-1,1J a y =“ i(r t J) - 2 


An wjgaiioci of the Ime throuRn f-3. - 3) and |1,3) lit fj — Jf'jr - 3) + 3. i / 

A | 5ii]0art: onll.s ]a i.W anejj. of Eb« f^foh bounded ab<jv^ by Lj and btiow by in ■ J . --' . 

Lhc Lukn-vJ [-1,1] nod A^ s<jg!ire ^jniti i* the*™ of tlw hrjport bgtihtlrH^ fthttve l / _ 1 5 

by L, aod beJo^- by L-j sn Ihr. Lni.ft.nral [l,oJ- 

TTtr hum her of n^oafir units in the (E>tid awa of the tTJ*jqflk tn A 5 + A ? f-l.-2? " 

=, Sf^ £[<|(W. - I) + 3)-+1) - S11V ■ ( Jjrn^ t f( 3)- (Jfif *If-QjAjf 

= - 1 > + n - (Jlc 4 I) - iPf + IH- 3) - fi<* - 1) - 2)]* 

= JNa* +■ aM» + [ V* + 5)c£» = ^ -n s^j 1 j 4 f ^ - s*J = [3 ( l]] i ff 4 + s = n 

4&, (3,4J. (3,0}, rwrf (Q.l). 
o A rdmr.h of r.hf trtwigJc is shown ns the right. 

Alt pqUaLiofl of E.hft liOft Uhab cnelLUliu (D. i) and (A r 4} b ^ 1-1 /i|t) — t — L r ^j. j, 

An pqaabiwE tff the iJial wwitioc (3,1) wd ("2.0} ts — pt *) = 4 k -1, 4 " /f 

Aei cH[L.il i:j:l u-f E.hft lint; tiiaL fjnn \m i'L-: Cd p [) ajsd (“^,0) by— A(xJ — —+ J. j L r t 

p the jvirb gf bhn- tri^TORfe to riROt of r = ^ and Ft ; ihr part to the EdV k I 

Lh Eiouiidts] abovr. ]jy Ertft lint; ?f — /(x), La-iutv by C.he lin^ y — ^(37)- £>n I lift 1ft'!: ^ , jT / 

by £ ^ 2. iod oa the tl^ht by ■£ — 2 . I( A a utdEa ia the ajea of R L . then ■ / 


? | ‘A! ‘ 

= [f» +1) - (4r - «)] rfr = -3 J^ ti - 3J di c 3 - 8r| = -3^ - *> - S(3 -1)] = 
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Rj !<. h<vn.ne|+*i otam fey tlui Line! ^ - /(*), beLow by ihc Iiiir'- y = o?i 4]|+ j N:fi by ^ £l, And on Lhc ragM 

by t - 3. Jp A.J IJJlitfi ip ihr: *rr.a <*f R^ r ihmn 

A, “n h ?* £[/(**)= P B* + l) -(-3 1 + 1)] * = { " ft - Fl* = 5 

■! il—t? +*1 Jo Jo m 

A — A | 4 A, ^ + 3 = |. The s.ti'4 of the criangic ir j wiiiA.-r units. 

Wt verify ibis T«aLt by utiiiga formijJa from ^cudyUc v^iiieiry. If li-i. 1 vcilucsof a polygon uravetaed 
Lb the cwuatcnttMlcwlit dir^lMb Me (fvVih *J- l}: * n the arra K'MrtJi by 

A “ jit'tfs-'aSi' 1 (^3 ' *j»il + —+ !*» 6 It-* 1 * 1 ,)] 

Ln tit IS CTcr-nse t hr: wrl jcrs ^nkeis «™nteMbckvnse ivr<- (0, I ■■ (2.0). (S.'e). lJlCTCfcre. 

A = ^0-[)-i-a) + (5^-i).3) + (i-i:-J-fl)]-^-2-rS + 3> = i 
Jh firaiciMii -l§ A7, find the tXjML aiTJ* of the Mgtao. ^ 

«, Solve for ?-- z 3 - r* - 22y - 0: ff } - '-try t- x ! - x 3 r (?j - x) ! = **l y -x = ± r m ; v ~ = ± * 3/3 

A square urtiU is tit ttta of the rrgson Ms* — j + x a '* ai:d about y - - ■ x '• -. 

A !ia pMtitSoa of the LR^^r’vaJ [[L-l] ui: the jmu. TJwn 

A - lim £ |K + «’, 3/a )- ( w * - tn, sfi )}^ = H ((* - * S ^) “ (* -J^ ;s );dx - 3 f 
„ ■.. l**/a | 4 - f. 4 s/a - Fje 


A square Sibils in ihs jtrea of the region bounded by Xhr ihrrr. curves 
y - /(jt) - t ! , y j(r) h t 3 . ^ind y - £.- r ) ly - lli. See 1 he Hr^fr 
(6 - *•) — x : — A - 2* 2 = 2(4 - i& uonnr^iiv^ to [-2,2]. 

(4? + 121 - (* - ff z ) = j! 1 + 4r + 4 = ^31' 1* tKWibf£iLive ici [-2, + «i) r«ul 

'.be- fTriifilfca am- at i -2^1)- A, Kiiwn* iro^ls & ll;« Aim of the ZC^LCQ 

below pj=4i+l2 iuid *lwve y =■ ift 1^2 h 2!» (4x+l2)-^ — 

-(j: 2 - ■la:— H) - -(x-6Xi+3) ii iwnTts^csv? in [—2 t ^ flquie units is 
ihe area of the region below y — ix+ 32 and above y in [lfc.fi]. Then 

h ■= A j + Ar, 

= Ijro 2 |(4tp | + L21 — (d — V. ,"l|.i l -r ■ lim X< [('lu - , + 12) — Ifl^-AfT 
ijali—O isi 1-^1^ i 1 


‘ L{-l* + L2) *Vr - (i 1 + 4 jp 4 1)^? + , {-x 2 4 4? 4 

E J -2 11 

+ ia^ - [<f+*+*>- (-§+* - an(-«+«+»)- (-S < * i«)) 



m TEW Uj£Hh-l-J-K]S-m;kAl. ANIl rsTiXJitATiDis 


£2. find iAWjumtuip lJlij- tti^n of Lb* tnL|jrjihjd having vniiecj at (-1,-1), (2,]£). and {7.-*). 
fr T£-n r^inn R. h shown in the figure below. Because some upper endpoints of line* mating R. lie in lie 3rR dot 

uf Lhd If! i a|rtJ(Djd l siidiirt ill Lli* lup, .tnd rJiinr i;i die right &icR, vhtle all horilOQUaJ lines meeting II ire able. ** 

1 afe« fturiivntJ rcctongks as dements of area-, An equation of the lane containing the point* [- 1 ,- 1 } uffl 

| 2 . 2 ) is J -■ e{gj_) • y arid an eq^aEjO-ij *F Ll>£ LlI-jis oonLuirihiy; (i 5 , 2 ) and Iji is jt — i(yj = ^ l R a 

bounded below by $r = »1 iibd obove by jf = 2- Thy* | , 

*=»•*'{“ f K-i*+$i-*<Mi t 

[ i Ih-0 **\ J -I n 

-£t++fl*-V+*£, .‘ /7=7^ , 

-/ :? i -i S o- y 

— — II -r-’g"{2 : + ]) a IS ^ 

The area of the uapeiojd cs ]$ s^uar^ unit*, The r«uh b* verified .u; in J^s- 4Ji. *J - 

■i * 

43- A square units ";* the area of the region below y — l and above y = sin -r. 

_1 is a panltiun of -.se inurval [D,^j] ou the x axis. 

A ^ ^ lim 2 (* - s3a A a -r — J ' 2 (1 - sin t=■ r +■ cm ± ’ Z (^a- + 0) - (0 ■+ I) - - l 

M. ulq j = coa. x when tan. * = l\ * — Jw. is a paxlJtion of the interval on ise j axis. 

A= lim y^{Kin w. - to# itfAA.i: = [ ‘ i'-m-r f Hj 5 eon j iin f- = 2\/2 

IIM-oS * 1 J W* W* 


■'■'■ ■ r« J-x-'r- ..:• ■.:. .-. 11. r .xi r.* ..' I:.:- !<■:.■. :-..- 1 . :■,-:! !... IJLI / m ir iliLiirv.u ['!.! l .l\. 


fwer* - 11 dr — t-wr a- - r\ 


56. Find ihe BieA Of the TejJioa Rhove tjiq p*?ii>oU x* - wid liwld# the tr^iiftlr lorriMd hy thr ^ iiKis *q 5 d th- 
riiLtfS ^ - x -r &P JLf|d y — -x + ^p. vrhr.-r- p > 0- 

> The Ce^Lofi Ft » Hhov.-u jJt the .fi^uJ e brJo-rt. L*L 31, lie the ;url uF It iq flrtrt quAdrjml. liy syjn;iM!try r Lh r 
jiihsa -if R. Ls t^ L-ct; liie .ipki uf fi.,. H, is- barindni rLhcKV* 1 Siy I "h^ linf y — f\T — - - (■ fcp ienri Iv’in^ hy I hft CFin''- 
$ x 7 /^f- The elenietils of area ire vcru*aJ xtetaa^irs oJ ^'idth _i L i- and heifjht f/fr^J - J). R, 

bounded on the feft by * - ft. FUil-aumi 


/( x)-a(i} = {-I+9p) - ^ = + -1 px - SSp 1 ) - -^<T+3*H> - +f) 

Iheu K l is bounded ce the iigbi! by z — Ap. Thus 

A _ “ *“V>1V - 2 t" J + s . e - Ij-l J * 


/U ? 4 SjKF ■ 


i^l, -T 




The ajea of R is p 2 square units, 

57. A square units is the area of ite legion bounded by y 1 — -'par auri t s — tpy. 

Sfllviiij fat y, ■wie find ^ e 1 - r^ a ) is positive in ]U.4pS. 


£^l P 3p*? 


A — lira r*’’ ( 2 pl/V/»--LAj r ^*p! 

iajm£Ti v - c ■ j 4 v ^ 4p j 


1 V IJd 


. M.J l*„J j*„i 

- T? “TP -T!' 


56. rrom Es. A - -^-p s . Tbc TMe of change of A with rea£>tet to p at p - | L 13^A| — 

5ft. From ExeicEse 57. A — Tlie xa^e o: change of A with xespcci to p ^hes p - J is D^A _ — — 32 


AREA OF A FLA HE tttttittft 'm 


Dtiaxn’iLDC m so that ihe region *bdve the Ini* ij —■ ajwi below ;he paraboLa, y - ?-x *■' tum An area 3d 

*'|i:nrr uEnt^. 

> R it. bounded above by tho curve y - /(x) — 2x — z J and btLow t^y the Lln^ ?,< = - j^r. The tfLumimn of 

ajM,-?yrp ‘v-eriLeal re*; tansies of width i^zr hrr,p;hl |/ , {w | t , 1 - *(“'»)]- 

/(i) — j(x) — (2x -1 3 ) rnx — - th - x) 

thjta R. is boiiocws on one svdk by x — fl and oil tbs other side by z — 2 - rn. 

If m < 2, nn 4iowsi o(i ihr w'tfhi udc of the figum then thr ,^rr^ B i* fcb'tfj b>' 


*=■ I'if. 

i A }—'0 i — l 

T 2-m 


-I 


2-m 

fl 


(l) 


_(?r - x 3 i - TrtiJ <isf 

r 2-rri r 2—m "i-m .*12- 

= (S-m)j a xir-J fl -kj; 

- }(2 - 31.KS - - ™ f = ^(2 - nt) 3 

Rwiuee «k groin tbat A — 3$, from Eq. (2) we have 

6* -{3 - TTvf- G-3 -m; m --4 

If rpj > 5. jLri ahowu un tb* left side of the li^», ii«o lit Limit* in Le- (I 
mitA be reveled *nri so A - ^(tn - 2 : 3 . Eq. (1) becomes 

3G = km - SJT*; 6 = jt* - 2; m = 8 


{*} 


(3J 



CL Because r > G atfd m > li. m - m ? 1 — m[l x 2 ■ i* pertitive in jD_ i"]_ 

)i^= j (m — fflx 2 )rfr - mx—^mr^ =m - |m = |in, Rene* m - jK. 


£(»■ 


K - hm „ 

Hi Ms a= L 

. 

Retau&c m > 0, * 3 - x 1 — Tn ^ - 




as posLuve on 


i *4 




IS. See the Sgurr. The exposed wstwd area is the area between the circles of 
radii r And A mini** the Area beta* Lht line isfc which i* ^muieukfrJ- J, 
is a partition of oe the x iLxis. Feom. ihe Pytha^oreaik theorem, on L 1 -. r 


A = srr 2 


’Th*—! lim S*/r 1 —ui?&p — xr 1 -rfc 1 -Z[ 
lall-fli-i* Ja 


r 


s 2 d* 


— TTr 2 — ift 3 +3 | 

tf-siuK th* fits i fundamental ibeoiem. of ciiodns aj'id riiiua^liiLig the numcialor. 


■ 


x 


14 

^— 




Because A~(A) > D if A c 
QQIximum vjh[iip of A. 


VV 2 - A 2 + rh \/* ii — -+ t h 

auii A r (A)<TQ if A>A 1 , then A =■ Aj gj^ tbe absolute 


VM 


t? VOLUMES OF SOLIDS fJY SLICING, J>1?KS, ANT> WASHFRS 

-i.l.l IMsiiituMi Let 3 b^ ii r-olid audi that if bes between pinD« drawn pe T |itn.di£iiLat to the r axis at c anc\ b. 
UrUwn! offtliciRff If th>- inea*^rt of tbc area of llic plin* Miio:. of S diawn petprnd:ru3ar m thr x axb at j Ls 
gsven by A(x) ? where A is coDtinuo'is on [o n ^!, Lhe jsjeasurt of the vosume of S i.-. p**n 

V= iim EA(n)i,:i= f^Afi)^ 

1;a||— o*aj .la 

We call A{«-JA,x Lhr voliatne of a like when n.ppb'i rip . l^fitrltion to find the vobzi^;^ 
a solid. Id Exticistt 4-d vre ahnwid Lhai she m^asuie of the ar^a nf a ju^iori Lu a plane i* tb-t* 
med r Tor th? method* of vertiwL ?v--d hatr*&nul r«:tanKi«. if the bcnipdin^ cun^ is smooth- 
StmilaiLy^ tbe measure of vfljum* of a solid is the saiuff bir utict* p*rp*Ddictdar to ait_v if 
the boundary of chr w4i^ h d??jfloth. 
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4,81,2 IWit Let the fonctiP* / be mnUtiurui* mi the doetduilenral a-J-) : and Lhn fW > 0 («■ 

Mn-Uiod vf Rida - Ln [■,*]. If S ii ih<- «j»mI of revolution outlined by rovoMn* ahoat the * the legm 
bounded hy r.he tray*' y - /[jr) r L|« * auis. and tb= line* i=oamJx-6 1 iUKlifV euhic 
b thfl VLjitimc of S t I li-rtl 

v = pl^ ~ - \[ VMf * 

\\ F .^!t wf/fw.jfi,* the toIuith- i:*f m; rlrracniwj dial when applying 'I'hwKiF! -l£-2 La firi 
the vo l, JJIK *f 'a solid. If tb* axes of rcvriiirimv is art a boundary of the Kpnn, we have the 

4.9,3 Let the funttfcOES f and j 3 k mntinwws an the dosed interval a h b : . -tno ^s'jjlc ,□*. 

’Mrtteu! trf WaflJicen jffj) > jj|> > U Fill- *LI T ML In, &\ If V cubit niad-. ic the v^luinfi nF Hie solid oF r^valwtKffl 
generaM by involving *Wut the j sows th* region buonded by lb* eorv** S — /fc) otri 
^ — g{x). and Lf>^ line* x - a and s ™ t, then 

v = lim £ i{[/f^i>] = - - * i 6 {[/f*)F - W*)! 5 ! * 

liA||—-0 i=J ^ 

Fn apply ThcpfritL 1-3,3 we pate Ihai /(» nad £{*) reprcKht tbr di*Uncci ftf Ike «id 

nearer bo and ary fioc-j ilie yxi* of revolution and vre are wuxiisift that Lhr itvi* of revolution 
d.M-s jiul ti*E* the 1»uud *iy We cidl XO] 3 }^ 1 'hr volume of ah rkment«i 

dish, If l nr axis of revolniiori b an axis of symmetry. -mr R-volve only one *id* □! the axis- 

Lr ercx TriT __ __ _ ___ 

En these E*eteiste r V cubic units is the r^iuited volume arid A ia a paxlttion t>f the specified Sn ! Hf<vaL _ _ 

I. Th* Koilid ii 4 sphere of reentere d at the origin. An ckmrol of volume b * circular disk x y nils ripit of 

- e [— r, r], ff MiLim \/r 1 ' - v? anil area x(r J - a ' 1 )- 

V - lira £ ^ -w^SfX = w f (r 3 - - ’f'- 1 * -a' 1 ']!, = l" 3 

Pilh-u I ..] J~ r 

I'fpr .^o^id hi any rrFi-■■ '.Ir c^ifee u-lltMdi 1 iif riuJiUn jz ia pii. r pt , iudLeo!"-n.r In LJ^r- ~ £ix.z3. j'lr: eleJIiheJifl 1 | > l " vcdurOff rS A 

eireulai dish X uorts rrghl of center, r fc fO.Afh of radius And area. 

V = itm £' ifVi x _ r ^ ^ 

tar-0,nilF J? fl‘ SA J jy J 

Z. Tbe pc^on is bounded by y = the r axis. ?r — 1 end -r - 2- An element of vedsime is ^ cierulax disk 

^■HErtPI'd «F| I hr- J fliKJEln X C : I , 2 K riilillH U. f \ 

V - Sim X fl'(w < ' ll 3 5 A p i 1 r f r 4 '$x ~ -tj'' 3 rltff 

II £1-4 S 1 1 Ji b 

■t. [■’’Ipd the VolunTc of the qo-hd of F^'oSsijon jfeperaied wtie-p the- res:<*!i bounded by tIce curve J/ - i' 1, Lhc x 
wdtf, &pd the Etaw r - 2 ?vod - — 3 b r«volv^d jl£h>ul th^ x jiiis. 
t Let /(- — x T + 1. The fsRUse flli*wa the region iad i plane aetiEop of tJic solid of 1 ^ / 

rewlvili^n- Ab dement of volume fs a eir^olaj 4 \wh oflKerH *n> th^ x suiis. x e '^ T ^:. | 

of radius /(u J. Jf V eobie noKa ts iht volume of the aoJid, by thtoserti 4.U.2. "V 

V = lim 51 s rr I (j 1 t ll 3 (fjsr' | 2^ H IJ tix _ ^_* 

]a!•—■□ S ’ ” i?. Jr -J_-t-? 5 

H- "if ■' 

— + jg 3 ■+ — 32) + |(27 — ff) + ^3 - 2)[ — -r;.^ v^ 

■ The volume of the Eolid is cubic nmts, ~ ia r 

lo Exercises 5 12. Eiad tbe volume of th^ solid of resolution ^ h.kji th« ^veo i^ic-a of ^ ^ 

Cbe ftgare is revo^d aiboat the indicated axis. An equation of the curve is u" = x 3 s r 7 

&, IV Tefiion is brH.k.qded by y a ~ x 3 ? the ± uds arid sr — 4. An dement of volume is j' / 

a (ueyjil disk centered on Ihr r mw, r f ((,4], »r mdiun w,^ J . •’ ” 

V = lI 5 SLo S = *f 0 ^ ^ - / 
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£.. The ?C£:QE beninded by Jf 2 — X*, th^ f. amU ;in<E j: t= ■*. A is «|*m*nL erf ^uJiLLitt h 
n cirniLir r: : -i"k rtrrtt£r«3 Oti r — -I. tj £ [ft. k oF ridiliS' '\ — li | ^' i . 

V - Km t = , f 1 %- - A 

I £ lb-0 ■*■ t J iY J -I? *■ w 

= *(lG.» y.-Si+l-iiS}-. iglir 

i, Tbe r*^li:in Is liuimrted bv / - i i . ite r axis and i — 4. Ari dement etf vfliufnc b a tucsilai ung cmiH'tkI on 
the line y r. 0, * e (P.4[> df twJii a nntl 6 - ir/^. 

linn £ K6)' 5 -ir{8-iF, S/! }V.*= T P [« = if P (I - r 5 }* 

I AQ—>0 ml H -'ll 


ft, OAO JibO^L t hr Sf ftXif- 

> Btfn^irar l.bi- ^ aaSa is Lhc axis os revcrlutwit-. iht* f^rth^r bmmdary is i — 4. and ko , f vv) — 11 n r ^ h - warn 

baunctaty i* Lbr e\n\r ty = — ^ .SdvSntf fct X- Un? LaV* £ '.'(Jr} “ •/ \ drfflSfli dF va]iL!n^ a 

rral«ml mu Lhti jr »k5s. y t ftf.B". of radii /(w,) ^od Uy Theorem -5.SJ.3. 

v l™ Z«i/(“’iO J “#l fl 'i) T J A iJ - * [ [ 4_: -(/'V^S 

II F— 1 > «;=-] Jo 

— tr (]6 — <Jy — T^l6-j ' — T ff 

a The VftluniT of "he so;j|<3 of etyi>! :r.i nr. is —.~1\ liublC -LUlS, 


$. The region :s b^riowl bv y 2 - x\ ihe y axis and y - t, An r-^rn^L of v-tii-sm* Es a circular disk c-mr-eraE on 

2/3 


thr- & * £ [P-K], i?f rS^EMi 11',' 

V - Jim S sfaj/^ 2 — “ [ 

I All—P Hi p it 


0 0 


Ifl-. The regL-on is boondH by y 2 — * J . the y asls and > — & An r i^rnnit vuSuEitt b. a tkculaj rftst eentecred on 

|y - 6, ^ -e [0,4j. of r*4Lu* $ ■ 

V = , Kin - u/'^V - r f ^R-a^Vx = if f \«1 - ISs 3 ^ + -^x 5 ’^ +ii 4 ]* 

l|^B-fij»“t h JH 1 V 

* tt(S4-4 - 61) = S ^V 

II. 'liir; r^i«n ;h liunrdwj b\ y 2 Jr S , t&t ^ ajCLE arid ^ - £■ An d^m^: nF vt>]ume ia a tLPeuiar ring centered iiei 
lI.e lil«S £-i, ^ £- [O.SJ, 't Jtn.il ■( - u.p/ J 

V- Urn t i*(4} ! -tH - V^-i.SF = - I S ;*6 ' 1 - T I * (Sjr 3/:i -j^’Wjr 

|| i |-rlj 1=1 Jfl -J 0 

= *[a. - y/S] - ^. jj „ 2.138} » *g3r 

12- OBC about the r mxm. 

> Beeatis# the x asns is ihc an is of r^oliL'iui:., iza far p .hfi:_ Muudarj - :s y —/(r) — & und ntarei bouEdasy ls 
lY,* f urore jr' ^ J 1 . S<dvlng fnj if, we havr y j[irj j S4i . Ais i-lf volume il 4 iflrnjhnl- ir-’n!^^ Ofl th^ 

r axis, j ^"Ondjutif radii /(^7 a ) suleI ji'ei;. i and Lcj^bi JJy T'be^rern 

V = tim ^ -3(«i;} 1 |‘V - * i l jV y x * rt ?\ d - 

II bh 3—i=] J o- 

- sr #* = itjMx -Ji'jj = *{ 84 ( 4 ) - J( 456 )i = WS* 

■ Hb vo][jjnf nf il ik auEid of fevoJ ution is "ffjir ■n.ibic: unite- 
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[jl Exercises 13-16, find the volume of the solid of involution ^n«rnirti by tevaivJng 
.-inmnd the iridiculed line the rc^gn boundrd hy th* curve y m Uae *■**jF,-ind i=l 
6 - A figure fra these cjkt™* is shown at the right. Set j = 4- jr - “ -- 

IS, An element of volume if ^ -rasmiU t r dink e^itn^rfi on IV Jiae j - t. Ji' i '0, ?,.. 


of i ndiut 4 “ w,- . _ _ 

V= Jim rH {i-lffdy- * f * {IS-Sy’+nV# 

14. An dement uf volume isaeireuUr disl entered «b thr i* juti:-, - J i [M]i uf tmIum ■ 

V ■= Iirp £fl(*Aiy)> a Ajr “ t I * dr - j** 3 j* - B* 

'aIM]x=i J* Jo .... ^ 

lJi L An dement gF vnhmie i*= a circular rins rmii?rad un i-lw ^ asiE, $ c- jO-2], r*rfis 4 and o, 

V = lira £ H4 ) 1 “ - 1 f (IS - fVj - "i^E “ * 1 ~~ t! “ “jr 7 

ifi|h*j Mb] Jtt 

t&. the line p^X 

^ Because shn Axbs of revolution is ib* line y — 2. the farili*r twuu<!_irj n the j .-.sts, ^nd fir) — 2 Tli- 
rafiKT boundary is llrt curve p — ^r, whpj* distance from ^ = - is jK-jO ~ 2 — -^/i- An dement oF volume is i 
w;Lsbtr cuAt^ed on - 2, x € [6,4j, of ladii f(w t i and 5 ( 1 ?, j- Bj Tkwn -1.9-3. 

V- Urn £»l/(nij) a - j£w*)*]4i* = *■ f 4 [4 -(* - V^l 

= * 1 1 $$-*}**?» = n*w -M = 3* 

» 5 JJN ^ , 

■ The volume of the solid or revolution is cuoic uniis- 

IT. Revolve fltxiul the jf th? fifiL qu*dranL Eegiots bjiLTidcd hy ihe eireSe # a + ^ and Mw eobidihaCn as«*. 

Thfl volume d* the sphere nil! he i wi« th€ v olume generaled. An element of ^bluinm a circular disk centered 
on the r ^ [fl, r], of radius 

V - 3 1 lift! S ^ 7r [ V* ■ t*)** ~ " ¥% - 

I A!i—a 1=1 vv y Jo 

36- ftevcilv s K ^houl the J- iivi r*-K,i<7ii Sjijm tided by' the 1 ilit x/h nild th* WONliEiJtLe fix?*. Ait dmirhl 'if 

T-olnmc of the ri^liL-dreuEar cone b * drpgJar tlisi trfiiwred on the ^ r G [Q,^ : - oF i-jwUup <t( I - 


V= li.m 

I A I —-0 


1 4^1-^fv=-’^( i-t+p^=■ m ^ x "% i 1 = k° ih 


ISl Tli-r. nr.ft&n is bounded by y = t-^=^e n ibe n ajds and r = h- Ail citmeat cf volume ?e ^ dreftlar disk 
cenLctad on the x axis, t t- of tadius t- 

v= tSU f*( fr -nr z ) dl = "t C = - J r-^ 

-Jrhf^+th + ^j 

SO. Find by slwii® t!if volume uf a ttt»ahedion hiving thiM* KiucuaUs pcrprndicul«x f»r^ aud muUially 

pc-T^pnr^i^tihLi- 4 'tlK^- v hose knglhs arr 3 iu t . 1 La., and T in 
> The Flgyie showy Ln.t*- irtntliwlroii and ^Jie ^ irhf^jL aloag ifce J : n. edg^ : ^hc: v rfX:^ ^-ong the ■ in- -Hd^f. A 
pjjuir -ju 1 . o< lIic tetrahed^h (Jr^wn pcTsw'nd;cnl,TT ‘" r-i" jr .-j k i* e units fpom iiif vattesr at l-h.C I r : p - 
iiot From the mipn, ^£[6,3], is a nghi Ln^iK,!= of Jes 3«igths & wad By similar triangjw n */ i - 
i/T = Thm the teg itngilw *h4 ^C^/3) atid lit* at** » 

■ j_v 1 lx _]4 ~i t 

AW-j'TT r f 

An eiemml of volume is a triangular cyllnsier of volume Ety DefiniSLon 

4.9-I. t if V euhie units is tlte- «<ilui:w the solid, then 

v = ttI l Clo ■* j„ ! V 1 * - 14 — 

■ F l'he v^lunin oF tike tetrahedron i* M euhlc inches. 
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31. The region is bounded by ^ see z< the j axi*. the ^ axis. and s - An elemral of voJume is & drrubr rli&k 
CrJitfired h'jei rhr- r *■ £ [ft,~*|, of radius B« fAij. 

V k ILtti 13 * (s*Au ■} A if — t f sec 3 c die - rr tan a 1 ' ' — t 

H A 1—4 tVl 1 ‘ J o * 


22. Thtt rr^.K?ri is |mulbd«J by y CSC i and the if axis. i c An cicmcnl of volume is 9 tlT^iUr disk, 

ctiitetcd on [he £ axis. of radius esc a:--, 

V “lljf L ^ I(C “ “> }Si < X = W [3e *“*“ -- fAil ']’Js ” t/*5 -- 3'/^ 

25. The region ts bounded by y == smx and I be t axis. -r (, _5,^L Ari af wniluiruf lx a dttuJa# ditk. tentered 

on C-b« ^ of r^riiiEs sin tw r . 

V — Jim 2 a trj 3 ^if = t f Bin* 1 dir — it [ 1 - rys ^ — J f j{j-i[ cue- Si tit ■= 

ii^H h Jb Jtt 2 z iis 

= ^^ v\n = |{(:i - Cl) - \(\ — 0)1 — 

34. Th« rti^iuji hutnsded by Hit y axis .and the curves y = sin ,7 sod y - oo* x for 0 < * <^ir is revolved about Uir 
j .ifrjH. Find the vdIuzeic of thr wN-d wf revolution j^nerAied, (tfin/.- L.'w the Lflenlity fm 2r - ei?* z tf - isn 4 *,} 
t Tim* figure shnws the i^gton and a plane section of the solid of Tpvoluticm. Beeause 

the a- axis b< the axis of ecvdlitUKh, 1 X 1 *. farther bibfidary 3 * ^ ™ /( 1 ) — eon- jt tj ta 

aTirf the nearer boundary i* y ~ jjfj- — ^in r. An eJeitteni of ^oliirac is a washer ^ 

cratered on the - jlxLs, z € (£1,^*1, of radii /(u,) arrd Ily Theorem 4.9.3, 

V — lim 13 — tf j '' {*<»?£■ — nirt a e-] ^ 1 f 

i| Al-rO r=l Jfl 7 rr, 1 * 

= tt I ' 11 ccd( 2r di — I* ajn lx. j Aj * - -^(sln ^rr — itn B) — Jt(1 “0) = ^ 

J □ Ja * ' " * . 1 J "" 

* Tbti voliicut of ibe mlid of revefeultat Is : - cubic amts. 

ss, Th<? T^fdotl U bound™ by- y = tors ^nd ;br r ax'w. - 1 IjM], p\I-I ■'b-fti'-JIt Of v*|nrrii' is A rir-ridar di^k, rcnlrrrd 

ion [he linft ji — 1, of radius J -ijJi it-. 


V lira. fif 1 - sin w^A:T - 

I4|kn M 1 


IJ 2 sin T I s\n J x; tiz — V [J - S s]ji X + ^ 1 ~ tAJx 2r)]dz 


~ tt [ f| - 2 k: - x - £ e:uk 2x^=: - - 2 fctei-| fiji. 2 jr * - d - 21 - 'J - ] - r ? " 2 - Itt 
If you sai*e.-t the areli Tfonn fff,2ir’ you £d V — -i* 2 . 

26. Py s>'i:;mft;y, lie voiuin-c of ihc dCi|kI g^srahnii ir 5hi - frgiusi or Fxp-r^iw 2d .-i revolved ahwt y [ » a|m 

27. The re^iDh b boohdfd by — eot i. if — J.t, and the x axsp. An eiement of volume is & caseutar dish crnsctcdi 
mi cb.c z axL=, ’ £ [gfr.-jTj. of radaus ecu n j. 


V = lira 
[JAMS 


E srfeot =■ * f { wt 1 ! — w [ [utc a r - rot Jf -fljf? 

i-i J*/ E * r f* 


= w( ’if 4 VS+^) = v/3r -'^T* 

23%. T.!m‘ Frf^LuiL J>uLi iilI^lI liy Lbe curve y — Laii x p lJli: Lliiu z ™ jir H uid (he r aH i^- is rr^oK'eni nhotll- llie X ^txih-. FkSld 
the Yd&UDC of fno solid ge=-n.ernT«J. 

Tic flguTt ih&wi tbi fccion and a plane tcettoa of tbe »Lid *f revolution- L-rt j 

/(t) — t.m x. Ala pl^sietit tff voliittie is a disk centered ozs the r axis, x C [0. h F T | ^ y 

of tadius By The&Tem 4.5.2, 

Vs Lfll ^ B/flUi^iAT = It j ’ r ' ,> tMi : ® ifr s E i " /J X 

HAj-^S ■ ' r J D Jo 


r !’ /JI i xftan ix - *x] = x{ H 


• Hi volume of Lkc scud, jf e[.,/3 — j*J cn-blc units. 
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aid ir - -4. (4 — - ■;— I) - -2( y 1 - .1 y — -I) — 

-E-'l]- An ^IfiTKinL of Vn!!i[[L-r i* n rircul.vr <flr«b tcnlctpj OP lb* line 

- 2fl^ 3 ) 4 4. 

ii f | (fli4 SGp 4 4|ft - 24jr 3 4 4sf 4 )^|r ^ sJ^ly 4 40jr + j^ 3 — Gy 1 4 
' “1 

- ^(64-4 + 4E ‘ 16+ ■ 25* + J- 1M4J-C-64 +4fi -|-« -|)1 = 

31k The legion is bounded by y — 2^/r And = i. An. e Orient- of ^Ipitw is n utoeLoj witfhr.r renter™! on the x 
win, re [EM], oF r^dii md ti n , 

V = ]ini SJ Tp x /w.}- = r f C-flJT - J' = ^33 ! ^) - ‘yT 


The region is bounded by i — -5 4 G ^ 
— 2£^ 4 I j(y - 4} us nonnefln:ltvr in 
t =. -4, [— 1,4] i of radius (4 4 5 w i 

V - lim ■ fin-.- 

i .1 I - t_. 


|$4 — y) ip Trtnnr|ti4jvT in [<P, 4]„ An rkm^nl nl 

' rind 4 - m,- 


33. Thn region. Is- bounded by y m — lx and 

volume is a circpJsu ling. centered on j- - 4, pe' Rtdii 4 


V - , iim 21 
I j |l—o f 1 


= # j 0 t W “ 2 * 4 fj “**+*» = “W^+StL 

= tt( 4 ■ 1ft - 64 4 “)=“tt 

32. Find ih*. xtthitr.r. *f sht‘ so:Ed pflerfilfcd by Kvolviag Abdul :hc c? aicU iht ttjrkiCL hhjanded by ibe line through 
(J h 3J «ftd £3, T)i a|l 4 tJtc- lutdi and x - U. 

&- Th* fiflisrfr shnvrs tbr ragkin And fi iiLane Aftrtaon nf lIu*- >o3]lI uf revoluiiun. An k . . . -I „ 

equality nf tb hue totiLJusiing the petals (1,3] and (3.T) is \ *hlfiP? 


! “ J(ic - 3) + t = hfs 1 - L). An #l*m<nL of vnluin* 1 li a duk mtflnd 
i; C [o-.71 1 of rwina /iw,-]. fiy Thoorera 4 

E; T/fir, ) 3 A,t, = 1 1 [i(v - I}] 2 = f [ -,J1 - V) 1 Jy 


Thuii r - /(y 
on the a 3T\ s, 


lijl-o- 


unsis_ 


33. The region is bounded by y — i* and y = 1 +1 — r. (1 + ± - I s ) - i* — —(2a; 3, — x — 1) — — (Jx 4 1 j(± — 1) h 
THPminCili^r in ( -J, tj. \n rErasaml nf vnLuzcir If a eitTnitof Hn^ ccniPie^ Oil lHt Line jr =-3. of rxw^iE 
l+Sl ; — tl/) -H ajid u/^a. 

v - „ ]j™ £ *{(4 + - Ui, 1 ) 1 - !^ 3 + - T 1 If 4 - J - s J )' ; - (l* + 

|| A 1 -"3 3=1 J -1 ir2 

- T J 1 ( J(x* - 2r J - Tj 1 + 3* +16) - ly" 1 + 8ff S - <r [' J.-tf*- la* 1 - S* + f]ix 

= + te* 4 = »[(4-#+4 


r >-(-sif+S+ 1 -j)] 


,?{x 2 4) is positive io : 2.0]. An element o: volume is a eixedar dislt ocutercd on the x aws. 

■^,0]. OF rJUlLLIK 

ra ** ■* 

lim 





., ■ v ■ jf 

\ J 


"-a 

-—/ 

2 

dial 

- - . 

-j -j -i -i J 

*] 7 J * 
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^ S --— ■■■. [A ptmlpve iii [—:s^ — 1] tkhd [E B 3|. \lrtrtr rb* ClttYT flf two Us&pft, f*dl 

bisected by t3iii?- a 1 eh«we ibe FMt in she fir^t qajKl™i. An *l+ni*nt of vtfhn&e ia a tifrulv disk centered 


on Lh^ x Jis;-v, j" f j 1,3], -wF rrtdiu* 


= 7T + E Dx -+- Ike ■ 1 J — +■ 30 t 3) — (■-§ + 10 + ''J) — ;J" Lr 

34f. An oil tAJik ill lb* a&ape *f h iphff* bw A diameter of Him modi oil -_ 

doc* the imk contain if tbc depth of the oj] Ik 25 ft* 
ty Wtf apply IMfiniiPfin 4,£,l- The figure tTue i-*nk. Because the? radii ik oF / 

tilt: Lank ip ft, by tb« Pjflha^jra&u lIlcoic^i. a horirmstjd [daiic section of / ^ - - - 5 ' ' - h 

the tank x feci Mm- its ttbu, £ [B,30j, it a ciF*k *f radlufl n/303 - j* ft £ ^ A 

F-n>l unyj f{9£HI — ffc^. Thus ^ 

V - e 1 } d* = ^SJOOx — 7^^*”^/ 

- iI9D^3& - 6) - §(57,000 - Vft) r _ = * «,3^ 

■ Tltfe amount of ell in the tank h appioxiznMriy 42,ad2 ft 3 rtr 318,^ gal (2^1 in 11 — — 1 eastftly) 

37. The region ix bounded by ^-cst;, ji = 2, j - §*, *fid r - §r. Ad dement of volume i* * dmnkr rSli G 

centered on tho r .>ip, x £ of radii 2 Mid e*r i^. 

V = lim 2*(4 - = * f 5 * J *(4 - es* z *)d* = 4 *x 4 col s £7^ - * ^ - v5} 

li All-41 4*1 J*V* 

— gff* - 2'/3-* 

38. Tbc jegion zs bounded by ^ nsec x. ibr £/ ubt, And $ ^ 2. An demeiH of volume is a ciicuiw ring 
on the ¥ isis. ^ t lO,^s-J. of rwfii 2 juilJ »« u:;. 

V - jiin^ - M^WgOAjl - F j ^ ^ V4 ^ 3 xjdr - flj*lj? - 13J3 J - t/3) 

39. Tlw region iq- bgund«J liy y- s/'STT^, ihr r raK *ji \* y ■*si*. ^ e. An ekrurnl rtf vnbime is s ciTnulw 

disk renljt'red ttfi tbfi x fliii. ^ [D h <j, of radius + J. 

V = iiai SZ 3(^11.-^ I- 4)A,-r: - a [ (2x-|- =)dx - t(r^ - 4 j-]q - ={*'* 

1A||,-4S i^rj JO 

Therefor »(c a + 4c) - ]3ari c 3 + fle -12 s 0; (e 4*)(c - 2) - 0. fbdAUPir c > 0, e = 2. 

4fl. Tbr t^girtD in (bf first ^oadrant iwnsodwl fay iht -caordiiiniSc rbp linr w — 1, and the carve ^ - co; x i» 
cevalved abo-ut tiio z axi?- Find the valtune of ihc solid gtriera-Lftnl. ^ 

► Tb* figurr d»o-wa thf ref^on and a plalio pnftrtlh rtf Llir wlid. Lot j 

A cf 0 < X < T* L |y|i^jY 


"tot z if S T ' ^ 5 * 

An eknwnl of voluns^ is a dj»iL cunScn'd. OU the K aJtl^ «f riid - i?- /! lj.", 


* The volume of ibe ™ 3 id of revoStixirtn if t eubre imic_N. 









Z4to THE WI1NITEISTKHHAI, AM) 1STKGUA\L[QS 


In Y.xr.rf'u'ii'u SJ -5D, uirf flfJKT bo fiild the VolLMbw, V cLibif Um\n H lo fr^iT rigliiffetiMlt tUpU, of Lhc general eel 

by revolving lhe rrgiun alhijut Ij:t :::11i•= ■ iL^d 

4 L The Eegjon funded by $ - ?/? t 4* ifa* ;? th* jr *si>, <=J>d r =. 2 ab*at Ihe x uti^. 

V - Jirn £ a <ir.)A. * r- \ - v V 4 ■l-i'j - 15.lift =e 1 $.i5 

|ii|-<hx=l Jt> 

4 Z» THf bauuefed by £ == 5 , idir *? ni(k, - — J J iiid r — 3 about ilir J- .tl% 1 p. 

V lim £ ®»V<)4|* - “- r ') 3/3 ^ - JW-«1 as SMB 


■“ ' 1 ■' 1 

43. Th«' f*.T 5 i«Ti bonded hy y — 4 1, lim Jr ssc™, and jf — 3 about the y *xtf. * = 

V= LLm = [ /-3r(^ -4)*^d v — 31LG9] h? 3^,63 

(AH^ 11 Jv 3 

11, The Teskn tKMEnde-fi by the graph of p - V? 1 - 5. the x was, I hr jr uid the 
lids v — 1 about the ^ axis. 

m Sm she f:gucc at lhc right. Ab element «f volume U a di?]t ^Dieted oo tlm Asia 

of TAdEiiS U'if = y : 4- 5, 0 f £ [1M]= 


■ The vdomr nf the solid of resolution ts 52.5!) eubtt unrts- 
45. 1'he regirm tmun-tl^d by y = tio a-\ r .hc ^ -axis, aad. jr — 1, : 

V * lint £rf[L 3 - ^fur-JjA^z =■ [ ^*75jifi - fsin **f] 

lill-Oi=i Jn 

Tin? rtf^OO. bounded by jf = Un r.-, ihr \j zlku i. ;mid Jf — L. 

V — lim ^ if I 3 — 1L 1 li i — I" " L — {LfilTi £ 3 


s ftvntt Sid J = 1, ff e [Qj v'x/"! aboui JP - 2. 

-iia^ - iJJi- = 6.9236 


47. i'be repo-iL boiind-eH by ir - =-.n t j . I 

v= lim Zt{(4-m< u ,)3 1 -J 1 }. 

| A I k=l 

4K- L'he F^Kiini iKwndod by lIli- grajili ol 
*■ t [0, Vt/ 2] atw?uS the line # — -1 
b- See tk figure at the right. An ekoifut of voflimie is * W*A*T cenwred. on ibe line ; _^_> r j. 

V — “I of tatfii 2 and 1 4- t*o ip s . I !■• ! *" 

n J jrj ^ , a i I I ^ 

V = lira E*{3? -(1 + to«I ^-(l + tan^^JC-e.^ 

t d II -a ■*! Jo r .1 yi r jt 

■ Tbt 1 volume ol the solid of rc^oJulion is (I.'lHH rabic vimt*- i ; 

1§. ‘i'h« region boiinded by the graph ol = tiin x 4 2, y - f-Hn j, wnl ik ir ftiLa about tli-e jt axis. 

n j j | jj| gJT 

V m (im £ rffjkfl W; + S} 3 - lan^uj^^x - I ■[(Hin i +7) 1 - (Aii j j]lIjs - 20.^4t & £(h£8 

|j -0 i=) Jo 

b0_ TIl^ rri^Luu Uj-^LiiJr-I by the gEapb of jr - tOb(r = -1-2^ mid MJfi ntwtiL :ht t im The c^gioci 

symmttrlooi Jir-d i - 1 \ > cua(j" + 2)j 

5r - 2 lim E ^I{' 

|! d n -4 n'«! 

51 l The b ag; of t he solid Lit ih* r^ion enelooed by the ellipse 3r 3 4 = fi-. 1*1 [(t — 

y m Vo-it p t WpB rt Wf iSw iotid if j; 1 m iis Ali element 

of volnrnp is n FLjjjht eyliiide;r of ahLtuck A-i unils and base area [2/i w -'J] 2 -^1- 

V = 2 lim L [3/(ptj] J Ajc = 8 [ ^ (6 - Si’Wi = sffa - 


OLMHi 






YOLCMKff OF SOUDS BY SuOEtfC,, 1>LSKS, AM) WAFERS Hi 


:.- Etferciw^ r ? S . a j M | £4, the Is tv* of a **A\d b thr nsgiswi. cn-ckwrd by live hyper bat* 2Sx 3 -4y 3 
,= - 4. Find, the volume of the solid if all plane sections perpendm]]?!! '-q the * axis aTK 
j 2, aquure* 

> Tit-e figure shows the base of the sohd £, Lei c be -iry plain 1 w^nisun nif 5 jjerpefl- 
dicular to she * ox» jil x. and Iel A(x) square utjia l*j the rw» of Wr 


i(M) jm4 Use- line 


(pven that & ia a square. Solving -hr C^nairnii nf thr Eijperlnia for ifc w* gtl p — 
± * 4- W'r kt /(it) — - -1. Htuaui* 2// ti 1 ■) L- the measure of the bast 

of tb^ square,, A[l) - p/(ic,)j*- If V cubic uniLr, i* Chi 1 vdmnr rhf tbr sulld, Uietl 

lim =. ( {&V x* - 4fd* = 25 [ (x 2 -4)Jx 

I'All-o up I Ji j t 


-2ip 


1 _3 


-fe^-2SjJ-S6-8I = ^ 



54_ equilateral Sriangles, Bowjpw 1h* ar^anf ao equsSaierai i dangle ot side 5 li" 1 ** tjieareauf a square of 

side J-, the volume of I he wild » ™ cubic isftitfl. 

53- Ttk« the ry plane in the base of the solid and t-hr origin at ihe center of the 
circular base. Therefore the ha.te L : ; Lhe region enclosed by the circle 
ir 2 4 y* = -■Ifl 1 . Let f(s) — p — t/iG ?, a* f [—7,?]- We gH- IhiIF Hi* hoA: if x 
is eel [0,7]- An Ekm^nt of vuiunse is a right cylinder of altitude A^x cm and 
who** ham* :■* an cqgiAtcjal tiEMsle of =-id* L 2/( e?,] cm. H-h'-t-l;?* 1 an equilateraL 
triangle of side s i.ihicm 1ih_-: njea. a 2 aqLarc "iiDLt5. then the foment of 
vtdyme ti4* are* ctn 3 . 




v - 3,]^ =*V5JJ {<9 ■■ ' = )^ - = fid 

■Sh. ltefer lo the aaliision oF J^jearrise M. Aji- elrni^nt iif \«Lujiu: ir. a rij'ht eyLader of aliiLndc A x 1 erti wliow i?- 
iin i™K3D«Li»; triaitElc of ijase 2/{try)cm and. height u 1 , cm. and hem^e nf ^re-L ; j : [f/fTc c )]xu l cm 1 . 

V = 2 liffi £ toJfwjjAj* = 2 [ ' lV'4!> - I 1 *=-"(«- r 1 ) ly J - -2x til) -§[« - z*) 3 ^! ’ 

Li!l -o is 1 Jr? Jo IQ 

^ -J-0+|‘H3 = ^ 


5d- The base of a solid b the- rejpon enclosed by a tittle with a radius of r units, wed aB planr f«tiwis 
pcipendicular to n ilxed diameicr o f the Kaj+c tsn*.“c3rr. ntfn Lri^_iL«E a Imviag ihr hypotenuse in. I he pianc of 
tbe h*£e. Find the y&JumeoF the solid. 

* Take lire fj plane in the hase cif the solid jltil! tSw* nnp^b .±1 lKj: u gntni- of iJm ciit-cuJaj- base. Thtitforc Lhe ba^e 
is the region enckwed by tin? cirek x ? +■ If* — Let /(?) = jr = vV 3 - r 2 } x e [—r f rj. W* ubtain h^lf the solid 
if x is in [O.f 1 ]. An h^heimie yf vedurrte us a ripjit cylindec Lif attitude Ay* uniti and whose base is an isof'wl^ 
ri*5ht iriaqglr huiuR one ««, pf knRih- 2/(w,} m\i% m ir ilsc xy ;daitr E3«*u«if ai> icofleekfl right ulnngk of 
hj-potenuse s units has arw square nnlts. then, the base of ;be dement of volume has aiea 
PCiiE«r unite. 

v- 2 1 HjTi^ t IfM? A.* = i{ V- 2> r -- 2[r*-±r*) = ^ 

w T'b# volume of the solid k ^ enbic lihll:- 

ST. Bboau^sr ih* of * aai leoecEltgi debt triangle with leg of length s is twk-e sTie roi:a of emec wi Lh by |iotenuse of 
kogtlL a, the vdiiEnc of the solid is 

fiHL The baae of a HoUd i» tlte region vAdoud hy * cirek hiving a ladlne of 4 Is., twid e«b planr* peEpEn- 

dicular to a fixed diamctei o* the baw Ls on Lwscei** trlangfe having an aJiitude of 10 in. and a chord of the 
circle a* a base, find *&w vo|nme of ihe solid. 

► The figure sIlowe a sretiem of the *olid, where the ntigin has been chosen al the center of tho ciidc and lhe x 
axis w the fijefld dlajuKter. A seetloa of she solid perpendicular 1 * tHr x axis- m z La tsiaogie of base & in. 
Beeausc the r&diiEs is 4 in-, by tbi- Pytbn^ocraih theorem we haie^— v 4 a ^ a - Bcrjiu.M! ll:« jtlciiud^ la 10 in., 
the measure of 1 hr iLr^L Lkf cLk saeilon Ls 



It« THE DEFINITE INTEGRAL AND INTEGRATION 


A(i) 

If V cubk incheR w- the volume of the *elid. then 

V * Jim. ^ I Ax. 

|| A I—'Ll l=. I J 

Al this -imp wr rnnnuL ir«- the filn&irTifntal theorem of the calculUE to evaluate this integ ral- b ecause mt. 
r^uinut JLi-d ao aiatiderivaiEve Joe tho integral. However- ibe graph of Jl se- fim ctioai /(£': — v 4 J - r* w'heu 1 is 
m M^E Uifl Vdf rf tV ciwk = 1* Beeaiiw J.% v4*-x*dx the mi *f llw 

bounded by this ^nd r.V x axis, by tha formula. Jot the area of a drctc h A = Trr*. 

| r* Jx - j*4 3 - Sit 

Thiu V = — £0* amd 50 the volume oF Ifi * nolid it* Sflg ir-A 

5ft The of (he pglpd p* thr frjncwi by t = V € ■*■+ jr =. tb amd jr ■= 9. An clement of volume 

is a righi e.ylmrlex uf AlLitittJo A,y units and whose base Is a square with diagmaal of lengsls [2 /if] - (-u ! j)i 
unitp, ji aqmrp with rJin-ftohnl ^f IrlLglb «E HUaM Iijp rttert id" ^4*?^ owi-T*. Ebc-n the? Emm of the -element 

oF vcltLTW hjts -irea ^[2 +■ it'j 1 KquAre unEtfi. 

V - ( Hj^ fi: ^V*+ “^ A i» = £fV+ f*i*f+V' i +^ = |**+Jii* , + |**[ 


, mw 


-^- sl +i- 3i+3i ) = -T« 

fft. T^o right-circular cylinders. each having a- radius -uf r ut : ;ik, have axes :hat inter-eect at ri^ht an.gl«i- Fm c: r.hc 
volume of <-hr mrtftd (groin) 00 m mon ta the two cylipdfoa, 
fr Lfft g bt a plane section of the soHd parallel to the o plajie .if- b^'vlit h, —-< ti< r, as Ehovra m itt small 

,r4^si' 


figure. llLe-n S it a squrar*' si<k ?■■■■ 5^ ibi- l J, yth^c^i i fiii tii«OEiiLT, 4 — r 3 , 

Thin ji = V.i-ud the afi'ftnFS s» A (A) - ■S(i jJ -J l l 2 }. JSy IJefinitwn 

4-9.1 vet have 

V = A bm 

| * | i-O i=j 

T TV vtJuni?! of tbn solid common 10 tlw- two tyliotiai ifi Cubie bliltfi. 

fij. Ta]g« Ih-i ary olitie Lt'i tfie base ox the cyLindei and ibe ongia at the center of 
tV ciriijjJo bnf?. Tiko tV pErmr. tha! foTttifi (hrougfa tV 

diameter along tbe ± axifi. The base of the iFedge is the region enclosed by 
fbe top half o f rbc rirolg + j a — f* atsd the £ aiJH for ^ in L -r N rj. Oi 
/{i) — y — v^t- 1 - -n"- We obtain bajf ihe -^edge EF r, is in '“0=, r]. An elomcnt oi 

vul-uEEie Is a rigbi ryliEbder having oltituV A,# nu and wl:.^ biu+r .in 

Esoecelos right triangle oF sick length /(tUj) cm. and hence are^ |[/(rr l )] J ern 1 . 




s,SS 


o 


/ 

T---I LTV l**n I d Pi 


Lnori«dVifi enilH 


V =2 1km = f ( rS ” = ?- u x - l r l — r 3 - 

l^ivoi^r Ja J □ 


! — A--* 

s r r 



fi2. Tbe volume of the eone is JJ^F5 ^ ^2U — The volume oi the h. ^ 

fi5. Tbe point (10.6) is -on the parabola y 1 — 4pr, Thus — 40p; ^p — An equaram of the parabola ib 
^ _ ^ 1 , Am rkm-ccit of volume U a a circuit d^k «nbrF^d an the x axki, of fidiiis « 


. m 
T 1 


square units. 


V - (| Jim ^ j tfz “ - Jtr( SJH3) “ 







■I.ld VOLU MFP OF SC 2.ID'S UV CYLINiiKIC'AL ? ■ \ F.T.LS £S :■ 


i in VOLOMI-S OF SOLIDS HY CYLINRIUOAL SHFL^S 

4.10.1 Theorem tot the fasten / I* conimnoafl on the dog*. I J i * A '^ 

ros > ft fer all j- Ln Ml. Tf H i* ttn> repair IwoikW f>> 'He ttirye v - /(-■'• “- T “ , 
tL lines x =■ a am) * - i. If S is the- «dH of revolution obtained by m**lvui* li »*"«»• th = V 


tfic lines x — a «uid x — i. if S .* the soim m b*« 
ub, u 4 if v tail* until, it the velum* of S. ilfn 


V = lint 

Wf must sbSnfet tile vohunc t the s«0* as that obtain*! by the diii meiW of Theorem 
-1.10.1. Wfi pwv* lIlk follow Aptr ini c.^?. 

'fWm L*< /(-! kw n dUiLtinuait* fuirftioii which ^ ^ _ If ^ 

ilmreeon * = ^ ^ ^ ^ ^^ y)> wHe « m ^ aan i «*> = •-*-/« *» 

fMantiHUfiMfi W (^i*ji 

2rr| * f{x) - !r|^ Pltf) 2 rfjf 

f KOOD": W> evaluate ihe 5«OI>d Lfilfg?:^ lh^ wbatiiufctftt £' “ /( f V r]L,,cv ^ x a,irl 
= fix) dr, When p = 0, * - *r wiien *■ = ^ * - fl- Tha&, 

a |u ^ rfy - f ” ** f>{ - r] dr 

Because “ + S )'<*), then t* fV» = -far Mi - ^M- TtlU -' 

a *(*)* cfn =t if j“^tf a /{tH dr -3 «T* 

= Cs +e* |“ */(rJ <f» = *fS. o - « s ■ ft] + 2r ^ *fi*l * 


= 2» j x /(^ifr 

If the region in on one aide ^ the axis of revolution, ** hove lire Mknvtw 
Theorem hoi the f-eii™ / m* 9 he « the closed m^vol Ml- 

Method of Sheik, for all a In [mi], if H i* the region bounded by lie eorve J = t{*b f ',^f > ,^t„ lr .. 5 
r = a and X = i, if 5 a the solid of revolution gained by revolvm S R about tbi hne x - J x 

where x t i* net in («,*). and If V cuh« unilu U the «hun* Of S. ^ 

Vts Urn r 2*1«i,-*LL/^i) Jl 

Si IMS ia! 

To apply the Method of Shells, w not* th.« /(>»,) rf™,» height of * 

SSrUlW to the u.h Of revolution. |^ -*jl *■** ™au Mg *£ 

Uk axis, Jirid 1-h.aL li\* ir^icin li&t cre™ ic rv*4^ Lhf l^^allcu. -nr ,/{ , | 

volume of a cylifMJTicai ^hrSS. 

E^rignciHjS' _ ___ _ — ■ 

b ! -12. solve Eseicisre 5 IS in Station 4.3 by the cylindfleal-shell metli.ul- _ 

„ In Kucreir^-. V coble units is the retired voioinv and A 15 a iuarOit;i^-n Oi th* =[*e.i.icd ,r ' L ' ' . .. 

mS» funded by x = ^ *a>b. L The ^ 

An dement ^vdtume k * **tisdriehJ -bell watered on I.1.F J- of mean tad«E m . ^ ;J " tlid ‘ ' 

||A|-«-0 i=l IO 

= 2a<m-965 = S4x 

JL fKx. 6) The rep™ bounded by the x axis, ,-l The r«l»ptbu- o^.eut, are I 0 ’«■ 

\' „f ... is .uuTWrical shell .-.■nlwed on r - 1. -r mean radius 4 - ■»< »«< all ‘tod rb, - 


An element of velwne a. a eylindrie*! Shell rented on ».4 t of im-q redius " i ' 

v- * t 

'J iEr-0 *=i JC 


- 


l-m) = 




ZM THE D i: IIN1TE i N TEGHA L A JfD IN T fcC RATION 


1, The /rt-t-supth: demtnl* afr Sii>rl7.opid. 
cm I,he 11 be y — & H of mean fradlliB S - rn^ -«ii 


[Ek. 7; The rr^LUL in bounded by ?-r' } ihs 
r; C [fcflja AlL (km*!* t of valum* is. i cylindrical 

AhUutfct 4 J T?!, 2 ^- 

V = IbEEL £ - ffldfl - - 25 

E A || — -0 i=S J 

S*[a2j+ ■ i*{32 - S 

1. {Yruizt JLxtrt'iw 3.) OAC about tin- y 
?> The Eigpre shorrs the re^ipn OAO. which ss be 
k | r ,r Ajsifi. and the Ime z — 4 t und ■« n«(t!ra ol 
ibe lertSwtffpJar tEenwn(s parallel 1o the y 

cqoitlion of the eifcrvr feu y Us gel y = /{ij - ^ 
<yELndrka3 ^heii centered on th* y axis of mean 
IT V cabt-c- litu Ls ii rbe volume of the v>hd, then 
h f 4 , 

V- Lleii y i ^TmJ(rn i )jL i s •= 2* *(*" 


i Tjiu veLumeofilw ttflld □* evolution is: cubic *niis. 

5, lEa- S) The remora baundad by ^ - x^, the p a*!*, ^ The rea^ular corner!w are veiiical. 
A ci ijemme of vnlume is a cyKadfkaL siutU_r^:i«l on ihe Jr **!*> of imm ra.liu, m a and fiLutuU* * 

V - ELeel £ 3frn,<l - V *2 t|S(«-^ V 1 J*F - 2* j * (8* - * 4/a )<» = HV 

I:A|M i=! jLl Jr3 

-2^4-16 .A ISA)- ^±ir , , 

fi. (Ex. 10) Tbt ligirni bounded by x = x W , the jrrais, 9. Tie iwi.m S ular *iwb air vtftna] 
An clement of xolustt is * r.ylijitlrjeal shcS et-mwed on Ln * 1 > - S r ti? mean tadim A - m-. utd a|liii. 

V = Mjti f)Zff(;8 - mJptW&y -2*1%- - 3* ["W' 3 - ** /3 H* 


it, The rrr'-’niffWi.H c^crn^rer.n A?* VCrllCW. 

i, nJ ii: ear. ladiits A — and altitude S - 


7a (Ek, U) 'llw hc^injn ijoosided by y - x 1 , lKc ^ asi^ l ^ 
An ckmrrit uf volume is * cylindrical shell r^nwred on x 


{Ffam Kxxxcwr il.) OHO about iW t udia 

Ttiv figure stio^s Ibr rt^an OBC Mid a f>huK pecijjou aT llw ftoiid R«]er3i«H. 
Because ik rrctanguiir elemenis arc paralJd sjh ilit- x ^1 V|J ;he 

njuatkiu; or the cnrvT fu 7 .- to set j ~ A _ t ,a ^ 3 An eh-smenl. df volume ^ .1 
eircdlaj ^ell mtr.nbfc oe the x nxi* : £ [0. S'_„ «f kl»i* radius ^ and J^igbt 
1 Tf V cubic udilH the vqIh* 1* of the >*'Li-d. '"nnn by T^moiem 4-aU.] 

V -! Ujp k - 2* ] n d if - 2r n ^ rf ? 

-= tM2S6'j -iS2r 

The volume nf sk, solid of revnlutluipj is cubic units. 

(El 13) Thf restoo bounded by y - x if2 . i-k x ai:j&. jj = ?- Thu rtctanguj&r ei 
Am rlcjiiiT^t *r vulmiir- ih 4 tyhEwIrkAS ri^LL floA«n4 line r — 4 k titnwan ?adhj 

V m hn-a £ 2ff(4 - mArtil^^r -z}z^ 2 4e = f (4r c< ^ x 511 " 


■J^mtEEl ore ve:rLic;‘.L s £ €z 
:■; -1 rN. and .altiliwta ^1, 




]0 , CEx- 14) The irgifn hounded by z - r/. the i raw. =■= -S. The iw*MRuiar ckaiwn ait honsooi^l y £ [L> t lJ 














i iti vouiMF.s of yoLiny BY CYLINDRICAL SHELLS 34* 


An e3rHfe«ll uf VtiflUEtic ™ * cylindrical *bf]I HHttfed an E-M #-Ufi*, imun ffldlliH Ptj *afl altitude 4- frt ( 

V = iim Jj 2*771^(4 - — 2tf f y(-l - |y 2 Wy = 2 t | — t irfv — s.2* >4 ~ 8 t 


1 L (£k. 15) ’['hi 1 regjoEi bounded by y ihc 5 wi*- = = 4, The itcUfl|ukr dmoii ut* vcnfcah j:£ [<J,dl 

An cSentenl of volume h a eyJilbdri.£a3 shell centered on the y a*:*, of tntvin radium TF1 1 and altitude t n^*. 

V = lim £ = Si f r ■ x^dx — 2r f F^dr = aiTlF^T! - 2 t(|- 32) =. ^ir 


12. (From FxeKisC 16 .) Find the Volume of L hi S^id £.f tftVfeUittofr ftxnczvlcd by rtWrivirtg fdtfml tfofc \\rir. y 
bmihrfrct by I hr <urvT jy = y?, the T ifflis.. Uh 9 tlw JsiVC -T - 4, 
t> The JigUCt S-tiOYiS the fbgiujL and a plane s«c:L:iui nf tSir sn-lid of T^oluE-loin. 

TW m-ian^ijin.T i-lnEEii’nln a# r parntl-rL bn p = 2 at a n if an diil-ancr of 2^-m^ * ; , -‘*- , - a ■ 

Solving ^ = yJ for i a find ;he -region bounded oji the left by jr = 5 ^ and 3 

on th< fight by y a height of 4 - y*. ^ g [0*2]. Thawftw** ^ ; 

V = 11 !%L ^ 2<2 - m ( )(4 - m?) -tr\ l?-?){*-?) dy 




I*- '[‘he Jf'ftiAn j* baumicd by J = ^ iad J - *j 2 . The FcCtangulir element ar*- huriruiLtaJ, if £ 
of volume is a cylindrical sfeell ceniEred on nh* r eai*, of :nean radios and aliiEudc y - 

v =I, “s 1 n 2 2 *w - ^i 3 ) a , 5= 2r f rff’ ^ f! - H*)^ =HV 


An el^ntmt 


16 . The legion bounded by the tarves y* — t and jj =^ 2 revolved aboni c-hc £ axis. Ttc Tcctansular demerits 
we- p*F|wndkular fco IJw wst of T^volotloa. 

Tho figure shoira the region ind a js^-do «cU.oai of the solid genejitod. 

Solving y 2 ^ ? fee jy, we find i-hc fturhd bfmndaiy k i /(*] tusd ilsr E " 

nearer bouitdaiy is # = ^(af) — ±'. Aa element of volume is 3 wasbei -ceateied 

the * ajfitf, i C [tt, IL of radii f(& 3 ) and jf{wA Tbw K f X? 


m Tht volume of the solid of revolution is y^r cubit units. 

IT- T&t region is bounded hy x — jF, the ^ ahii, and ^ - i. The f^tAnjjulu elemeiiLi am horiinatsJ B y ^ Jll, 
element of volume is a eyTmdrieaJ Rhell trnter«i n>n tEif line y - £, of ntwrj r-wSiTiis 2 - m, «id altitude m, 

V = „ Jim t= 2* f p-tjj^rfsr = 2* fW-lftfr = Enffer 1 -k 4 ? = S*d-i>- 


—^7 


h 1 T. 

K 4 7* 

h 1 — 'i 

'% ' 


-tj 

. +K 










"I'l.r yuJu-fise ut iW mo|id of id 


MS T F5 r. 11 K H NITE IN TEO JUL AN D IN TIC RA TSON 


IP- Tbr F^Riati Li btiund^d fey j, - Lhe y asii, 4^]. The F*CUii4Ul*ff cScmefi:* ate- vertical, [ft, L]. Aa 

dement of vplumfl i.y a. wjuiFip-r centred ue'i lh^ Lirri± y — 2, of radii. 2 — and l_ V — 

P1' M) ~ ~ 1 = * jflK 5 “ - Ijdaf =■ ir 0 (i - 4* 1 ' 1 4 x)di = h[ji - $i?£ + J* = $r 

14. The region is ^uindn] fey j: =b ^/y aswl ± = y 3 . The itetaai£u3aa dcsacnU aic vertical. jc f- [0- Jj. An of 

Vi i1.1i | |"|r: Lt II f!J tfcr|ddf!.>i illdi Cfin Lcfipd OQ the HipC J — 'J , til" IfHT-iifl fftifeu* ^j | +2 III id ftJlHudt m , 1 

V Iliac m 2, lA,* — 2* : (j- t- 2)(i^ J - 2 f (2i c ^ 2 + 2I 7 ■■ r 3 )^ 

|al-ei«i 1 io J* 

- 

SO. Find thf vohme nf l?if solid. c.^crated ]f the resiori be-Tided by ‘Fk ^irvr^ ?/" - - nnd F =^ is revohrri 

aboac the Line * - 2. Tiifce icetAJi^u1?i? ili-a-L are inuj^ndLcuUr io tht h.kl= of revolution, 

fr Thp ftR-in- Ihf! rtglon and a piano section of she solid generated. Th-p 

fiixLluM Ihju j^daiiv ii t,' - z 3 and :'.r5 di-st-Mce from j- = ■ is /(y) — v \- — ?- 

Tbe nenref bgp:rKjJti^ bs p^ ~ r. Mid its dinUuxe from ij I 

■= ^ -i- 2 — j; a -f 2. An dement of volume is * washer rentem! tyn *■ ~ — S, /y 

p e fo, l], ef radii /(w ; ) nnd ((wy)* T&i-Mftjw, _ ^ f 

v = iim Z^[/(^i) a - T f ^ 1 

|zl|r—Oi = t J® 


- * fj (.w * -r <« - i >* - 4y l - *) - «-^Jr T + ^ 


--(H-Hi =S- 


In 21-24. find the voS-jirre ten 1 sgiid gflrur^L^d by around the v 

indstsTed ]ino the region baiin^ by ibe curves x - y 2 -1 ir.c j - o - jr*. 4 - 

> The region b at ;he rij£hi- S^t ■ 2 - d - 2y 3 •“ §, y ^ Si ^ ^ 

SI- the r-a?:i.-:. Ths r^u:i Is. aynfiiEL^irk wiib respec; to the t ixisi itsr- the upoci half- 

3'hc ?«iabj*Li3ar tit Eft-eft n iLbr HorisohljiE. Ah c<l4 , nu<Nl '«f voluiiir ■-; eylindrieiil j 

shri; crnlrrra] on ihn j: ajiis, uF jfittUL KidiBi m- and ai'.Uudc - 2m-V 

V = Iim f) 2rm-(a — 2m-*)A F =: 2ir [ ^(S - =i 2x [ fS F - Sy^JiJy 

| A p-o i=l " ‘ Jo Jo ^^- 7 rr — 

= 2i[4s J -ip t ] 1 s -2r(l6-^5-16 j -*[■ 

23. the y buus. Tbe ieg:oo aymm'rTric: v. iih n^:w , ri io i^.r x -..n^ i:.r njtptiT h;__f ^lJ Ui>lIj1e. TIje tEtiansulai 
dements are horizontal At. dement of -.loluTne a ^-aahei centered on the jt ads, rr^;i 6 - ^V!- 2 snrl it- 2 - 2. 

V-. Jim 2Z tr[(6 - ( 7r p^ = 2-n-| [{^G I Sy 2 - y 4 } - y^ ^y 2 + 4)Jrfy 


i ? T 033 - J^ S KU ^ 2w|3a» " jlf’J - 3- ' 


23, the Hue / —2 The resion k ^ymm^rir vrith v^-pfri !n ili^ lirr j- - v- is:-^ Him rial-. - : Firtlf. 

MmIVkJ .. Till* r?r.;::iL-:. d^rrirMs ■..:■■ ^ ^ » = J.:. . A.. C-: '■■X.l.H: :■ ^ fy iiv r ^:: ‘ >'k- 4 ;m-.Lii 

radini — 2 snd aUiiydc 2 — m,. J,H v/i’J' - j 1 — v * *—fi -“ t |2 , d? “2v dv When z — 3. !■ — 2; wlvtq 

j: — v ~ 0- 

V - | Jim^ V 2 jt(- 2)2 v /fe = 4*J {r L r 'v^ — J l^ |" (4 - i^jv^vdvj 

Udkd 2. Tfae ftccMiguJar dements *~i- bud»jiUl P y<;:-2.2J. An ck-misut of voJunwi is a drculai disk 
eraiicfMtl on ill*; list! c± 2 of radius (fi - tty 1 } - 2. 

V - Jim - T [ 0 t f (te + = *f 1 Sjf — Hr 

HaMJi^e J-2 J —3 L 
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51. Ik' Ijj^ y = 2, 

> The figure snov/g th*- region K„ Boeaune we are given f as a function o: y. vt take reetangujar element? 
[walli-[I to »,■ = 3 ni a mwi d^Urw £ rry hoiuuM on Di* riffhi by - = h ijr 7 and on the lelt by 
t =* y 1 — 2 1 * spread of 


it-enwn-Li.it volume is a tyLmdik ni fLic! i ccnScrcd on ;.■ 

is 2— m, and hcasit S — 2m/. Therefore, 


meKi 


= ^r?;s(s ■ 2) 2(i--i)-^ s + 3)-r^!Vh-ifi)]- 

■ The Whame of ik* sohd of revolution k cubic unit?.. 


In Exercise* 5-5- and $6 p frod list volume (■encored if the region bounded by }/ ~ ly>^ and x-p [p>G] Ls 
revolved about the indicated aoris. 

55. i - p, The rettinguk* rkn;euu are vertical, r- £ [fljf], An fckanoai of volume b a cyi n.r|rk*l shell c^DiKn^ ou 
the Line s - p,. of m?M radios a ttt e r*:id HjliSad-r 2^/Wfi, — pu “ 'tn ( 


V= lbn - n? )(4p 1 ^rtE J ^)i if 2x I — S?-p 3 ^ f ifpr 1 ^ 1 ■ zc^'idx 

lAf-#'*) J<J Jr? 

-S^^K' 1 !■$] - -?V 

2$. the p a^is. T>ih t^ttwfular efementa are vertical, x -E .Vl,j-7 Ail element of volume i* * cylindrical .-shell 
ccatered on the y a&i*. of sncaa rasli*;'! ffi, and attic wk 5*/W^ p - Lrj 1 • r m z ' ■ 2 . 

V - . lie . [T(V / V^>r W /! [ Vfy* = 

[ AH—»0 i”! J CJ *0 -l r J 

27. The n?fro:i :i buiLhtlrel \>y u — 3x J' S . the y asm And r- r t. The fct Lingular Hensrpl-. nrr VrrLieA.1, J- C [0, t}. 
An element of volume ls a cylindrical shell centered on ^hr a&Ls of mr^n radius m i itr.rl altitude - 77i t ". 

V = iim IL = 2r f ^- j 3 )i:±t — Jr [ {3-x 2 — x^JcLc — 2tf[x 4 — = 2v • | = |r 

2S. l ? ind! the vohunit of She solid gfnerAted b y revotvinjc thr nuRiori batirKswl by Lh# grajdt of =y - ,lx —ihe z 
aeU, and Uk 'll in 1 x ■■• 1, abo^t the Line — 1. , 

^ The fiacre. the region. RtwiiiLLst; y is ilv^h i function oF t r tb . 2- 

nciuftllu cLcnwatt aip pAtalleL to x ™ J. rt [DJJ. os a iftrun d is La sice of 1 1 J \ \ 

1 — rfv t The depientje of vntuirte are eylirtobieij sheib cd rntfifl yadiits I — m ■ 1 : \ 

and height m^ Tltencfort, \ {[ ■_! \ s 


Vs lift) £ss(i ^(*14,' = 2flr f (I j-KXr -ji 3 )* 

|| A;| *0 1=1 ' iU 

= a* | ’ (*r - .tr 1 - ) Pta - 2s[^ J - J 3 - ^r H +]JJ 


■ 2 e{|- 1 - 7 + ^) = 2 ’f(^) 

» Tlic volume oF iLe solid of revolution is ciabit units. 

2S- The ft^on 33 bounded by y = $* - t 4 , Thu jf ulriH and ^ ■» 2 , The ffeCtKkfuIn c fa n wa ii at* vettieal 1 r f [ 0 , L] ■ 
An eJemcnt of volume Ls a cylindrical shell orcitc-v^l on i>e line x - l «f m«an ta^us I -txj b ;ind alinudo 
2-(Sm r ?**}, 

V — Ilin ^ 2 *(l mj (2 —^rrij +m p 4 )i j ,T — [ (3 e)(3 3e 4 ^)rJi 

||£'|—Ai=] Jo 

= ^ « 2r[-^f s + + 



34B THE DEftKITE INTEGRAL AN1> IHATtQN 


I ft SC aai<l 3L I Ik rtijfon bewickd by ^ = ■If J tfoe *md ; - 3 Li r^voJvc4 jtToui the £lv*h 

30, thu- [7 *k]f, rrct^nE^iaT dements arc vertical, j - C [U.?i- An flnncil nf wihimK is a cjiiindrBC&l sfrel! 

fjf'lalFrcfd OLI Lljr' y iilJr. -jl IILCLUL riidJllli 771 aud altitude 4m- — jj7?k/.. 


x 2. The T«t*iifluJaT dement f ate mtiro], -r ft [D.2|. Ar. cfcmenl «f voliiiflpfi is a cylindrical shell ccaiciwl on 
the JIl-c meaa ry-di^ijs 2 - m a aaid altitikle -‘hr.-. — 

V ~ n « ZLr, •“ ? '( S "“ rt m . 4 ) ,A ^ “ ** L < ? - J? i( 4ir “ S' 4 ) 4 '' 

Q £ p— i=i JO 


32. Find ihe valame geaerawc by revolving the ieg]QE bouE-dtd by L-Ti-p of y 

]3im: y w fi, aboul iStc Jiii* rf - £. 

& Thtt fifiiy* shov^ the region. Because ^ is given as a fuactioE of jt, we cEi<>rbH 

±*tt&Si£iitaf eitflwati ^Ltdld W I=J, cG>Q^Sj. *1 a Cii^m dtitiiatif if 

t — 7tz c . Tb? rejpon & hobfidftd above y — 6 and bc^cnr by y = -U Ja^ n a 
Spread of S - 4r + j^x*„ 'Y\vt eeT vallum jiw cyilQclriciij sriicLIti of tuc-AO 

tsu&h is 2 — trj, and height 0 - 4-m- +- ini/. Iharfore, 


-.fc[i3Ct)-7C4j+3fei+^(Sa)-4(MH = ajt(^r) 

'ItlC vw|«iw of t>W solid of p-voto l>ion is ^j|Sr cafctt unit! 


33. The Ff^in-r. rs hfEinrird hy £■ — Iz j/x 1 , Eh« y nxis and y — fi. The Ft?r:tiul|?ijJjJ dement aie v-ertkaJ C IOlS]. 

Ad ^ieu'jii uf vuluij]!:’ In a eySsiiKlrLeal dtelt ortiLrrrd; on Lhe ^ uiu «f retain ruEiim m x And altitude 

G - f4ni ( ; = ^>n* - «Ptjj s + g. 

V = ( H«rt^ - Irtt, + ttlAit = 2* | o J (^ - fi s + 6z)dz - 2i[^i® - gJ 1 ' ^' 2 ] = 

34. Tit regltin bounded by £ - y A nnd r — y~'"* w symrivlnnsd witb Uj ch* oeipiEL taks the rlfib-t half and 

dontd*'. Tin- rmclAnKuiar aj* JfcOTtzunL*s, ij £ (0,lL Ail dccqertl of VOiuJili is i tyliiidfECti] *beLI ceiifcfrd 

oa the ^ m.!?, of reiftw Taoi iiy m i and ajtisiide 

V D« - E - m ; a )i;Sf = 4* : - >*ys - -Sr [\s/* /3 - = 4i«V /4 “ 

|Ai|-fl i = i Jc Jn Ly W 


3S_ TIir Ttf^jou l>ftuiLd^d by x 3 - and y — 1. The tl-c uvular demenls are horizontal, yC. l^i t]. An ckmnrt 

nf volnmr i.n a <->!rndrM-nl ^FkI- epnl^nTi <jn ■Ei* 1 Tiiif .■/ — I, uf Hek-k:) railli? 1 - 1 — W, -Hnd alli-MtiJr 


3fi. Find the v*3um* nf ibe ioLLd geneja-ied by itvoMng tfcie r a*la 

Kpn-*\ bounded by tl&f: ± 2 ’' 3 + 

tr The CUrv<i I'alls-d Ml a^l-Tfi-id and ^inswn ni Llir ri^hl. In a^iniitulijr with 
n^fKtrl to the eo-nrdiiuiU! axes. Hecausc t'n^ y a^is i* ^he aw? of rev^hi r,i«n, 
Lhe rcjtcui utos! Iij- or one ^idt* oti tln^ :wi*- We tn-vr on|> i*we twirl nf lJlc 
rofynn in llic firM. E|EiiulFAIit arid double iJrf- TtMlItit>g voJume. 

If we Lafc* j^ciatigbLar clecnents peipendiouW \o Lkr y \tx'^. vie solve 

Ihr ccniaiiniL %*** + fr 2 Q 1 ** For ( H) pt f - f[jf) - {ff 2 ^ - Jj^P . 
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y £ [O', a]. TllUh 

V 2 Mm Eirf/lTt'iJ^A.y - 2^ [ [■;Oi 2 -^ 3 - S_3 tfy _ rfg 

||4S-JSr=l JO J ft 

= S» I" (u 2 - + V'V^-s 1 ) rfy = 2ir[a J y-j^V' 1 ' 3 + ^'V' 1 - i/J" 

= a*** 1 - l^/vfl+^wv/*-j.») - 

If w* titith- ,*rt Uujj;ulai eltiljtjLtit i.-.u-iilc! lu ib-G y iJtii, We ^oLve [he o^U-iiLO.L i“■'''^ — g.3/ 1 — a*' "* for ^ to 

«cl V - /'» - (a 3/i - f i/3 ) s/1 , x ( [ft ,c‘. Tfctt^ 

V = J hen As f" ifa 2 / 3 - ± 2 ^J V:J rfi = As f " t - 1 ^* di 

II & IMi i -1 /V J P- 

Lei r 3 ^ 3 = s —When r 55 o* “fl; when r m a, p «e 0. Ttwreftwe, 

V — ■>t - f^^] 2 5i-y _T ^ 3 d?j) - 4n j (u* y:i — 4- yfjPjp 1 /* 

= -It ; 1 (,VV/> - ?«*/V/5 + j 1 ) rfy - t^'V* - 

j fl L - r J 

- - So VJ,V J - §0*1 - g£ir 

■ Thus tb* volume of the solid of revolution is i%K cubit uniis. 

SUM 

37. The region 5a bounded, by — sin r 3 , the z ails, s — li/* and jf = The rw:ariv_:Li:L- e-!«rn«nlK at* vertkal, 
ft An (ilqmmt o4 vnJum* :-* * rjlindrtf*! f^hrfl cepi'iFM) on ibc' ^ a&Li-. of menu nudi-Li rre ; ilhrl 

altitude ein m ~. _ 

£ r v w , j v 1 ' - 

V = Jim ^ 2rtNjHin m- 2 JAj = it (sin r*){%x da’J = -t co&jiH = - nfoos * - ms Ju) 

Hi l-o ^3 JJ5F/I V«r/s 


= -if-i-^ = *(i + v% r 

34, The region Us bounded by p - sin j- - . i2s* r ar<£ j/ ik#u Th« mciunguiu- eLtmenu ai* venial. r 6 jci. i/W]- An 
element of vgJumo is a cylLndrkai shell. ceniGTcd on the y ax&i, of “.wm radiu? n, 4l(ivdt 005 mj ■ 

V m lim 5^ ^ f os }(£r cf^) = ^ hji **1 V^ 3 — tt(^sh - sin C) = ^r 

Rfl-11^3 J.jj lg 

33 . t he 1 n’pjon i?= in irr^ ■fiTTl 1 irianiHr r uir, HnimdnH hy r ~ me if", I rj nL^i- 1 -. ;mct r.Mr j- oxin. I'h? zw.l;iirKUlflJ 
demtuls ate bojSaoata5 ? lj -E [ti,y^. Ac demem of %ulujfi£ ii a i:\YtuCi.i*.-. tejicosed oa Lhe z aii&, wf 
n:rirLn TrvSiur? m ( nnd JtJiil Rid r -t-thc . 


V - Lire 

1*11-# 


^ — it J is ^(2jr dj) ~ ^j™ 11 ~ itaifci — aiti 0) = ff 


4Q. I'ind thr volume of the ao]5a ^eneratod by rtvolviii^ iboi^ the y axis the rrc;[ori bouu-ded by the graph off 
j = [t■- and the lines x = I, s = and 5 f = tL Take the FeetaaigulK demenls of area paiaJJd to axis uf 
fwotuthMi. p ( 

p- The HgiiTe shows the region. An element of i-olume is a cylLEdiicai shdt eent^reri yn 

ill., ei »v1l .-T —j...-i i.4iH1iu .... ...cl ilhii ..J-.. I b .. _ ah : I r . TK..rjifAkii V 1 


ih 1 *: t/aslK (rf tv,*'* e 3| rftrlli^ m a and altlti^ |r.-^ -3 [ t, f»" Thi riToi-. 

" rt 

V — Jim 2-rtn ■ m. - 3 I — J lv d x - 3 Ur 

B43-4 P.t 4 1 1 Ji 

Because j - '3 < 0 on [l,3j and jp - ^ ^ 0 or. "-3.o], we obtain 

V-S^|j jt(3 *~x)dx + -3)<Jjc| = £*| J ^ r 2 ).fr-y j 

■ Thus the vuEuuiE naf iha adid of tevultition is 24-r eublc units. 


v^r i s n 4 d 

i ■ i 





m THE DOTNITK IN’TKGFAL AXl) I vrEtTHAMGN 


Sil 41 SQ. use NlNT in find tfcie vutuust, V eubrt ujitN, 1o four ^igrfciflc^uic digits, of Hi* solid 

by revolving rsgjo'h about the indk.-sted *sif. 

41- Tin 1 it# Loe bounded bj 1 y — ■+ t, i.H* j- juuh, iti« y axis, and : ~ ? fcbfHet iEe y asis. 

V = LLrti 5] ™ ] 3 jt* V*' 1 - 2ft,3GSS W 2U-37 

jA||«0i=3 Jo 

42 * TJw region boaftd«d by y — ^r 4 - 5 h Use x nsi?* * "s 2 Aud f - 3 ilxml 13* y w<h- 

V ^ 3jm E12 iTTA'rfifcJAjE ^ f 3 SiP[r 4 - S) 1 = *1.317* * S! -92 

I a II -a i=i J 2 

4,1. The region Iwiuiscb'd. by y 4= ► u lb* 1 ! y Jvfci*, -*iJfcJ Jr --. 3 About the X uk. 

V ±± Y\m E 3wrn | r(TTi i 3'A r ^-s [ /Zpxjflv 4 “^) lj J d}t = G2-fl7t9 ** Sl.ffT 


V a lim -rfmJlV - I v Tft 2*4l - Jim - 2.AM3 £*2.03G 

|A |-0 l=L -14 

4f|„ Tbr K'Eion bOtttldfld by y — Un r a . tk y ass?, aunt j s 1, x e [0- \/^-3 aWift y — 
V- lim E- T!TI L - ttIj'n -lA x - f V*' 2 2tt^ 1 Lmi t* )dt — 1.37801 

IA l-o pCi " Jb 

47. The rtegti'n bMifidad by y = sjn x 1 *. tbr ? mein. Find y — L. j- £ [Cl, y/f/2 j - 

V = lira - ™,][] - = [ ^^2^2 -x)(I - sib **)*e = 1^7 

t A || H5 JO 

■I&. Tin- f^ton bounded by she graph «*f y ~~ task -t', tEit y axiE, and ’b* bn* y — 1. if 
* £ ]0, y^/‘2:] aiwjiit the Liim x ■ -l 

* thn fupirr: At iht richt. An demme of velum* ta a ^lindriwl sbelJ n-T>rod on 
tbo Jint sr = —1 yf nwjsua -ndiu^ m s + 1 ind aJtLtude ] ■ y(™ p J — t - tan tn^ 3 . 

!AB X Z )(fT 


V- Stpn Z^KtlJlidajifViil^ v 
EAi'-O «=i Ja 

- 5.3K3 se 

■ Tlja volume cf the sobd nf tm^ltniuu is fj.rlSt? ouo'c units. 

49. The repcMi liTHin^Ird by th* £r*pli of y = sin i + ^ y = L?U! tJw y aids atwu-t ih« y **j&- 

n f L .2^?r 

V = Nils E2Xpfi.- + 2 - Can fwJA.x m x + 2“t*u--E.TH^as ® 4> 

q-A t-o £=■ Jo 

rh#- n^iiMi boiiuded by &' - cosix' f 5) and ^ — r J - i ixii about x = L- Th* r.i-,ioy it> aynfunc 

« fO.W51 . 0 -5 

V 2 6itn E 2!T.; t - hi J[ew£rai * + 23 - - 1)]^ s -1^1 -xVjcCipfx + 2) - * + 

Hdi-oa=i jo 

JpI. TEi^ hok nci be by Tovolvints aboul H'« "vion bounded by l-be circk s 

axis, and - 2^^ Tbe scctaogtiUir fkmeiniK An? vOTiieai. xt |u .2 y'3]- alEfiien; of voider 

ali^LL ern^cTc-d on. the y rnrsn rjwtLui jt^d nJL’tti^ - ^, z . 

V - lim 1 3mW“- | »| 1 ) 4 ,j; = - 2 i [ J v^(It - r 1 ) 1 ^ J (-^ Ji) - -3 t. ^ 16 - ^) 3/! 
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52. A JuiLrt oi rjultur, 2 erri i* bur w\ Ehmu^li & spherieal shaped J&olid. Of fir 
diameif'rof tlw sphere. find the- volume of lilt part oF l2n Kulki lbs: re 
p T!i«* figure Sihiyvf* hr: jc jlx ■; ;ik L : i- :ik.m of lb: 1 huh 1 , will- : u 1 fi?=gje * r I 
perpendicular to the i axh auis a washer iff outer tlvdiui i/W - 1 1 r.i 

A{x) ~ 7r(V3e^] ? - *V* ! J - 77(32 - x-} 

We get half ihe volunse If 0 < x < y'JS;^- 1 By Dcfinitwci 0.1 

V — 2 iim ^ Atifr: - 2 f m(3S - x a } Jj = SirTj&E lx' 1 

lUHi^i 1 1 Jo I 3 


= Vr| 32(4 V?) = "r 17 ^ 

SuppcMve w* 1 cnibsiiLer she rtpheirp Les ta: i'.i 1 xnl'A ^mcrjiLciI St^ revnitvarift, ri 

nctfmrht ijf 4 circle 4boi*s 4 dfc^tmtef- Ef we u£(e fmjvflfUlK rktntnln 

iridicnht.- Ut lEie juei!*, wti the smii* iii^L’r.ii Ah iiJ>in\e. ]f w£ lIiexit^ 


PW^i 

rKEihg-iiit Clements pAEalld t* ihe iXia, ^ E cl 
V - 2t f h Jr\/3e - E I rfi - -2-r I V -- l ) 


i Tba volume of th* soitd that renuEns is ^x\/2 ern . 

S3. Tht region Is bonaded hy p — '^/z t Lhc £■ asis. and * - c. 1 he- rccLa_‘LE 5 "ji-ar ekmecHs aae vcitk-al. z f 'W,e ■ A" 
etrtiwsit«f volume i* a ti iid e icnl -iht-ll coiilered on tlw jj of rneftn r*4mi^ m, jJ^iiiilt- r^ 1 ^. 

V - 3»ti f) 2*r*i .(na'^lA.i - 2* I r^dr. - 2# -2r"“ 

lUTUS ^ * ' ' Jo Id 1 

Thc?dor* 12* - pc 7 -^ e 7/5 -* 14; e - v/TT 1 “ ^/EtTT. 

M. Find the volume oF the solid Ecncratcrf by Tevohring about the ^ axts the region hounded hy the curve y - x 
mid tlir Ijui^s g m 2ie - | find a = x + 2- + L . 

* fterauFc- (2 t “ V) = it s - 2j - [ — fr - 1 f ibe’ Jise j; - 2s - 1 f* loatECEa Jr / 

bu ih* curvi' si (| ? j). - >-. -r = x 1 - t 2 = (t f 1 )(x J >> the Lf 

Lm?- y—ir±2 mnU the <uivc ,u (-3,1} &\*i Hefisupe \ " 

2x— E - (xH-2J = x —3 the litits msej (3, !^). Only the region ll th^ned jti \ 

the fi^UJc Ls! b4U£dcd by ii!i three. NcLE.be: Ilu:.ji-uei l_d imjf ■. i■ j 1 :r..tJ! liiiL-j. adu-r'l \j/\ / 

R. so. jusl cme kind $f s^gmeni, but -wc ^re gjv«s p 55 a ftmctioa < 3 f x. ssd so y\' J 

we tir:jH vertiefil Ketsugulai deosents fit & mm dL^imtc ol r.-L t ir-atn :ilu y * l \ t/ : —i—r—!—'—- 

fiXLF. Let , 1 / 

1 ** Lfl<j<2 7l 


iF 2 < a- < 3 

R ie hounded fibi?v-t by y — f(x) acd beLotv by -.■ - 

V _ , I'M? 1 n ~ ~ &T 


[. Ei Liu: methtid eiTshdls. 


='Mifie- n-](s + 

¥ Tfpt volunw of tiw wild nf nrvrobihijji 


M ft Hanr. wilt 


■z'7-i:3.wj 


111 Liie jLDtLLLLffcrCJL'id.liuEi: lLj. ! . 


C“^r 


\ 

___ 



jyw I n>: n>:n:v[TK intkwkai. and intmcka'iiun 


3. UVV : '■ U* = - 1- 1)V+c - -1 f 1 + <: 

4- I +-c 5 }itr 

5 - 1st i — ^2* ” 3- Then tr 1 — 2s -r^i a = - 3); ds ^ v d^ 

6. [>rt> r ■= t 2 + 3, x 2 — v — 3, dir = 2i: dar. Th-ca | x^%/x' 4- Ucfo — |-C^(.? 2 tS: 1 ^ dx 

= |(, - 3}^-^* - i f (n^-3u l ^dt- - i{^ 3 - 2^) + C - |fx* + 3)V* _ t± > +3 ^ + O 

7 . : tao ? W - ’ (sre 2 3 fl - 1 )iff - ^ J Ftc 1 ^{3 d &)' - J d* - J ten 3 # - 5 + C 

& J f 2 h fl 

E> J I f 2 dl = I'f^ 2 ( 2 (2f Jl) a GOt J 2 + £ 

a. | r *-gg^Lrt J *•" E ^x — ft Jew j d* - 3 laa t hc r 4 z = 5 fh& * - 3 tec ± -"- C 

10. [ prt 2tf dtf = J [ HIB 2 ^ 014 2? dtf) t ■ ^**28 h-C - + C 

to Lxxicixi 11-14. drtwmiEi* U-r waf. vaJue of itae :£iiog:aJ by usicg Inscrttwd or cinrMm^TTPb^J wi:uts^Li*. I3mw 

a fjjrujlt showjag iht TCEIOH ^tlH l\hr z'l"h rrrlHJijrlr. CVrck ]>> USiiE.d; ifit Sfir*;td ifutd-acoentaE itt-COr^rn af ihr. rjilculiBSL 

11 . inscribed rtClantfLefi. Let /(*) X X 7 , Tht elwtd JILt^Ivii [ 2 r 4 l h dpvkl«rJ id N 1 Pi tiisbjiLttrvLiiil iracli o£ itURlli 
^t = J Th^ lih .^nbinl^rvdLl 1* [ff} *,xji wJrfT* r — L?,3 H ^rt, B6uuu / is inti caring wi [2.4|. (bo absolute 

eUjjiuemiI^l value oF / Cu b 

* (*i_ili* - «+<i-i)A*: s ^ [t+ti- ijj] a - tf i 

* - Jie..?, Js. t, 

"“. l :rJS ,+ ;4'-)^ i ’-“1 




■ Tht area of xht region i? | Liaits. 

12. : s’Vjt; 

20 * 

5 - l.i-t /(e) j- 3 . Tht ckwd Intend ]0.3] n Jivid^d inlci> fi rfiibiatrtvnli ^u-li of ItTipth ^ The itli 

sabiEtcrvaS is wh#c*T-^ 1,2,3^..., &. Bocauae / b mcreasi-Dg on [(k3], mtq?fmjm ^aLue nf 

/O, d m (*i )f = i(> 1 )= i 3 - 1 fi&*? = - 

* " *&&, ^ I} J§ t f -"') 


Hy the second hjiidarricnial Ihmriaii uf eIl^ -cd,-culiis. 
■ Th^ apea of the region b *- square units. 




UlSCLLLASKOm EKEHttSES t'OK 0UA]*Trtii4 3fi3 


£3. dreuiihwrEVfj Let /(>) six 1 1 I he etosed Jiiservij [1,2] La divided Lai* n au binifci-v aLj «a*h of 

IfitflJ'th A.T = TEie tth HUbilit^rval In ^J. w4i*rr j — 1.2,5.n. f re jn-nvyir-jcig «i jj.,5], thr 

absolute maximum v-aJur &J / on. Ji i>ln rJ S5 /fej. 

/(uj - - 1 - ■' * I i-i-e)^ - 1 - JtAe + S^fA*)* + i*( Ar f - 3jj f 3^ + 

A- lim fim (M. 1 ++ ^4 ^ 1 " f 4 ^ i+ 4 ^>* * -**£l»| 

*^+*>[Si n * ,=11? * ,=1? "j ™-k4h 4.J?;=1 rf^il SB I 


3 ft(n + I) , J 

—-n-r — 

kn4*t - ft 


j tjl?l + l)^2rt -i- L ;■ i rr(ji+)Ji J 

F 6 4 




~f+i +i = " 4th> | =j‘i5-i^y 

14- d^unwcjibed fetLfcnglfts, E.^L f{x) — z- J -2. Because / is Incrcasio^ -a* we move away from D. wc dm^r wdi 
i>f IIlc iiLiwvik I, - ii,l)| and L-, — [0,5] inn■:« it ■v.ihm^rv^?-, starting M ". in -i-r - S/tl, - -Ae/il juid 
in A j. Aj: — 5/ta, j: — 5j/rt. 

a, - i- i fi*'**- >i» [£(-£?*!+nm J^Ei’+fiEil 

^“+5*. .«] h—+^fllfc*i 4 i n / ml TJ J n—+oJfl < 1 '■ 


|’14 = Jim 




t \ il IV stl’|'«aj« 


la ExAftHM 15-25, evaluAt* tho definite ijitefral b.v the steouflid fundAAiencAl theorem of tAkulm. (Thfek by NEftT, 


AUe, | J (P + 2)efx sj^+jxj^xJ[8 - f-27)] +■ 3[3 -(-31) - f 
‘r. 15 25, *v,ilimr.p rln- define ait-p^rel by rt.r •iit<hmJ f ■iihi:-n-ri,il thr*rem of fAkulus. {^tcek by MM' 

b J, 3 =« [.V - I)- S (^ =^-(i v -!) _I J=«4-H »=i 

Id. P 2f ^ + 2 d* 

> 2T’t/x~ + 2 i* tua fuatllon, ifitu 2f ^y? 3 4 2 dx = U 

i7 ' IJ /S ^ -$ f; ^ ^ i 

lfi- € .^ j 3UI,!I ^ i* ~ ® '3**^* t^J*] = f? 

15L [rtsL u ■= -^/x ■+ 5r thrn i =r l'" 3 — 2 ftiwl tlx — J iv dv. lVh4in x — - L, r, — 1. ruid wheiri x. — 7, i' ~ 3- TIlms, 

f T -^l£-= f 3 [’(&«_ s^ + S^-^-l^+evf = !-M2-|-M + (i-2^^ 

J-l v>+2 Jl Jl J 3 !i 5 3 1£ 

Jl 

Ltt ft — - jy. T3 m£i ii 3 J & - y, jf — 5 - if 3 , And dp - ^2u du. When p - 1. u - 2: «kfl ^ ■- 2, ir - i/d. 

Ibiss. _ 

= ^- 6\/S 

21. | ^ (,wi s + sw 1 “ j"^ rj (wC J - ! + mjc* ■) J - J r '' 

■=■ [4 <an Jr—=4-J# 


Jfi-i) 


iUi THE OEU.MTL INTEORAt, AND INTEC RATION 


22- J" I - COS 0)C£t J fl it = | ^(ea>r J 0 — Bit f CO[ — - cut (f-M-Jictf (—jv/ 3 4 j(/3) • i~(/3+ 2 ) 

=f-^-2 

In Eicrntiaefn 23 26, Titid (he ntnipbn* =oIhi!ah af the Jiffrwnii.il equitimi. 

23. - l) a ; | -i{ ~ ^ “ J f_3 rfffi 2' ^ J " “ C 

V - ir l - +&***■ aj J +(: + 1 - + ! 

Jt4- ^-il2T 2 -3<k 

dr 

p BcfiUB* 4yffa - Lhrn dlr/d* - dyViiff. Ttnw ^ tiaV* 


^ = IZp* - 3D* 

^ s (12* 3 - 30*>lr = 4s?- I** 1 + Cj 
y- {4X 3 - S5* 5 = ** S^ + ^af + f^ 

25. ^ ^ = VS~; s' = $[ (2* - l>''*(« *J = H 2j " 1 ) W * +c i 

* = $ J(i* - ijfatt+Si j '**> J )*“*<v * c i=+V+P* 


-Jt6. 


rfa_ st/i - y 2 


JL 

ft s* 




if * 


+ J 


-dj: 


£ f{i - *) =J J i ?* 3 + 


..j - 2(1 - V yf 2 =± • 2(2/ - L) 1 ' 1 - C; {1 - 9 ») 1/2 - C I - ir ! = 1C - 4ft** + l) ,Va ] 2 

27 . ^ = 10 — 4 -fc; ff= f f 10 — 4 x)* = 101 - 2 ^ + 0 . ffctause y = -L wten r — 1 , -1 = 8 4 -C;C = — 9 . 

ThcttfoK an equation nf i.lit curve Lu y — !0r - 2x M - J, 


jiB. Ike marginal emit funclfeun for a pajtkda; tottimtidHy i» dive* by C'(f' = (*-!“, If ihr ™l (if prodociflg 2 
uiiiti ia S25 h fund the total fun-ctwro. 

* The cost function 1# lit* anisderivatiw cvf th* ««( Hy Uir ..<L run^uncELLtLi thuicm. ef eajqdu*, 

Cfx) - C'( 2 } + J”c'(ltfi ^25 + Jjfli - tr>A —254 [3i 2 - IT I £ - 354- (3s 2 - 17*) - {- 22 ) 

= 3/- IT*44' 

29. R/(r) = ^ - lOr 4 1 S{*) H(±) = j (ft’ - 10i +12)* - - 3i J + Tii + K- 

Rkaus* Kj( 0J = 0 tben G — K Ei( j) - .-r 1 — ^ -r I2x_ 

(b] R “s dp lipnpfl pi _ :-jgr 2 -k i£^ and ihc demand e^snl^on p - {r i ’.2. 


3 «. S( 2 ) s StOJ ■ j V{(>|f -S 4 J" * 2 {l - l) 3/3 de S+J-^l ij* 1 ^]’ -i A + s’l= JM fiiillioe iJoU«« 

31, {i) ^ - V*+i + V i- jt{E + i) 1/s 4 ^Irfil V = J i -r t )^ ! + ^ + C 

Bonn V_J3 wtea 1-3. 33 * j.& + ^9 + CjC =^> 8«ieeV = |{l4l) ,/a +|f* 4 -t- 
(b) When ( = &, V - |-27 4 ^ ^ I- 7 “ ao tb* volume of b*ILoou is &4 m s . 

32, The ccu^ilIrPiNML u a wrtam coM^« baa b*£Q ir.rrea.?bg. ?n r.he rale oi Um(i - I SLtident-y pw^ymESDQC 
19(5- If iKe eacdinient in IflBi wu 19.M9, (a) wbal was Lli^ «nn,iUfis«iE ifi LflGS and (b) IW « tbs 
anirniuiEttl ftiifotLmenl in 1»J if it it et^c^cd i« br b™afling at i hc swne 

=■ !i K{() ntndali tbe nirdlinein £ ye*fs ^dber lien 

e'(i)= 1.009(1+lr 1 ^* 

6(0 - f 1 .«##(< 4 ] r' fJ - 2M0(( + l) !/i 4-C 





MtfflfcLUSKOirS E:xt:E«-ESKs ¥t m rHAFTEft -i zte 


In 19££., t — 1 iiid dii; n:; rfrl Ijj^jlL wafl Ifr,dOfl. Th^neftirt 1 

Hi) = lO.OPO 

2,&&o(3 + i) i/-2 +c-:o,ooo 
AjMQ+f; = s 0,000 
c - fi 7 nioo 

■fHeie^PP. 

FXj) = 2MQ{l+\) V * + fi i m 

(a)- Gfiiu-- i 0 in iiflO. and EfO) — — 6,000 - H,fl00 tbc coioUnveDl was S,000 in litei. 

<b) lkcauu ( - * la 1993. ud Ep} = 2.000(4 ,ft > 4 6.904 - 17.004 

ibe enrollment wUJ br 12,000 1a 1993 if k to increase at the same rate. 

33- If V cfn J is tht volume uf eH^ Eiistto^ I days after July 1. then 

+ v -to f v=ra#f+ 6 ) J/I +ci 

tteoiiiM! V - 4.30 w3.tci 1 = 3, ? = 4U — 97+<3: C - 3. Ikficc V - * &} Vt < J], 

Oil July 31* £ - 30, «r V — ?-!;£ - ^ and th>^ vt-.rume- th* Uimnr ■-• \ ■+£; cm*. 

14. After **j>erim.cntMloft, * marry fvtur-cr d-M trimmed ifc. 4 t if x units of a cenaifl nriirl*’ af hn« r hand 1 bl¬ 

are produced per day. the maiginai cost is pvtu by r'(x) = 0-3r —11 where rfxj- dfrilant la ilte toiaJ coat of 
producing X unit*. Ef the ^'Jiing pri^ of the WtSifk Ln Ft%cg 4t $13 pet ntth .vr.d P.tlc 8 aVprito.ld ^wll n EltlO | H-r 
■day, find the muimiim daily profit that can bo obtained- 
& The pr«fli i* a maximum when 

marginal cost — marginal revenue 

0_J*-N*19 

tt.3fE^3Q 

x - 300 

The cost of producing LOQ unil* Lb 

ft® f LWJ r , P Ttoir 

t(l44} = c(0) + I *'(*)*= lflO-T I C<h3i-ll)(fj = 104+[«-lfc 2 -*!JrS 
- 104 +<116(14,404} - Et(!44) -600 

The taumhrt pf d.tiLI*rt ef fevenur from filing 10ti uni La aL 6l9 prr unit i ;j 33(109} s 3.900, Brenuac 
profit - venue - ceat — 3 - ">130 - ]4GD 

ihr inaxhiLiatn dully prefk i» $1+00. 


35. If x tv;-*s *r*- delrinhrfed wl:i-n p hs-li-Tf lr- 1 n- pricr ;ht i■ «y, 1 • ru 

JAJOQfl 

fT — | AXt 

■ P 

BeCAUM T, — I £W W+rPSI p — 30 . K 


j. f -ir^ tiT?n,T,nuTTj u-n-i p i 


- - i-K, 


•Jil n nr. 

im Hence - *+■ L200: p - 


,W.'10i> 


-i- i^wr 

If H{rj dolUrn M^- t^t*! r^vf-nti-f 1 from ^L' 1 oF x '.inl^, RCxj px - 


SU) Milan bclinw*l pmfil fjem, ih, M lc of 2- antU, Then S(=-j - H.;r) - <t + 

r > 0- Wf wish to find the v-nlur-of r :"rw wfekh 5 hjw nr .nhwlute m.-O::nilihl V;i]•«•■’. 

____',oaei.0oti 

!r+ IiUQ| f 


pJ , 30 j44Q(t 41S04) ^4,4(N>jr 36,000,(140 

5W “-(f+UMMl) 1 -- 


- - J 


I: SV) - - 


(x * 1 MW/ 


Set Sf(r) - 0: ^^ Q0 - 0Q0 _ 1; (j + 1200)' - HUmUUO; + 1200 = d: 6000; j- - t - T2(\i\ 

(*■+ ]2€0)i J 

x= 4WMI is Ifeur CMity critical numberr- Bwaysc S # (4Sfi0) < 0> S a rdaiivt paftiffcftfittt vaIuk “rthco ± — 4MHF 

aad p - ^ In *Uu u «h#oJiilc msudmum by TSWBttm (L]. 

■ The maTiuf*ttiiKr ? a i«ront will Iw a madmum whre flffll tt>v% wc sold at S? p^ir ?<?>'. 



In 36-30., a iiarl-ici* tx rFittvmg iui ;l i i rut. .\l t £ ft Lv '.ilC dLEcClcd dLitafiC*- of tltC paftklc freer 

the origin, i' ft/scc is its velocity atld ra ft/r^r 7 pp its ncnRlcralipn. 

36, ? = 3f + 4;w = 5 and js fl, when e — 0. Lxpittas ■. and s sr. terms of i, 

» n = *'(!). t(J) t<&) + - S 4 | W 4 «*I = M [S« ! +.*«■£ «$ii +« +s 

e - -*W + fV(-^ - 0+ + &lrf* = [$!(* ?« a +6«^»j^-3l*+Sf 

37. a “ S ton 31; vs 3 MVd t m 4 *h*i. i = J<r. 4 = ^ tt 6 rai Sft; v -3 Jf oh 3*(3 (ft); f - ^ *in 2* +C, 

BICUM v == 3 when i = ji, then C t = 3. HrtKr u = 3 dn 2l + 3. 

^ ^ j sin 2t{2 rff) + 3 J.4S — era 2? + 3-S ■+ C 3 - jt — 4 svbcD S — It. 

4 s —f(-l> + jk + C* C* = |[5 - Sir). Tharfuw a - c» 31 #3* + |(5- 3^ 

3tf, 11 - 37 ” jif '^7 — = 3^+4: ude - i,3s + 4)d*; J 1 ' — |" (3j + -3 Vn; Jt 2 — J-a 2 *■ 4* ■ O; 

C* - — n, llecan« v =■ 5 wb.cn » “ 1. then 2& — 1 ] -r <ft CJ - H- I'hr’P^few * 7 “ 3 a" 2 — Sjf + 14. 

W. S - £s ™ Sru du = |« n 2rft («) *(0-3) h 0.^1; (b^c) *{ft.&) = ft4««j (dj 

In Exercises 4(1-44 and 46, arcrlcratioii is due only to gravity <v 32 ft/™ 2 or 9.fi m/au? acting dixwiiwvid- 
40- A si«uit Li thrown vertically upward from Sr.r ^rnniruS with laLtia: velocity of 2s (a.) itaw Loeg, w:_. 

th^ r=tnnr- iwi pmnft u|j, (h) bow bjgh -ffiEL Ine Bione po. (r? Eiow fosi^ will tt take the so rrarh 1 V 
B ruu::ii7 ill) JnCQubbe llio moisou OCI your tropr.tr^ rjikuluor and support vour ^ww* hi |harLa (aj-=e). i> 
W i tb wh^it Np*^d will liiip slcraifl Hlfik.-t' I lit' Ero^lhfr? 

oAt l -‘ieobfidft, j ft is the height of the stone aitd v fl/scc U Ets v+ilodEr}-. s r (t)=.v{l) and braioj^ thr ptwetiinr 
dipotiren H /{0 — —32, 

t^r) = f a 4- | | 32 dn — 15 - 32 tj — 2ft — 32f 


(a) > 0 when > Ot I < yj- Thn styije & ri^inp; for ^s«e- 

(b) = 2h | - 16(g) 2 = Tl.e will *0 ziW 9.71 ft hjgt. 

(c) TEi« ^-to3ir vv LL| j««:h e I in gn^uj.d iu 2-g see — s? --3ti fec- 

(d) The stone rtritra the Eround at the same sperd at which i^ rtirown. that is 2o ft/v'.v- 

41_ N’eglKttng air ttsre^iDce. Lf an object is dropptx: fr^n-: i^i iirpLa^e. flying horLEonUUJy & a h^ighs nf SO-flfifi 

above: the ooean n l*J how Losg would Ie. raite the object to s-tiibe (he wau^e, and (b) with what &pt-rd will 

jtjihe ihe Vr-^terf 

e- AkbauKh the EuOLLon of thcobjoct bg iLOt in a^lfazghi line, w* r-ui ^.|j| i2y [!-(r ^ioeipka of rectilLtitar motion 
the vrrl.ifal ^mptumiL of Ihr vrti?riij-. t itclu-jhIs after the object vas dropped, irt if fswt be the distance 
i'jlI ! ■>. ii f\./xbe. Elat; dcvunict eomponeni of its velocity, o ft/«xr the downward tamponed ofiis aecoLeralJcc. 
Btojcie^ w hvrv. taken ihr downward diftctigei m pwntivc, thui a = 32. Thus 

^^32: v- jWi 132(4 0, 

Uccarao the plane h flying hurixtuiEdlly,, v = 0 wluen f — ft. Thus c ( =.ft and t — 32ft 4r “ 


| 321 dt~ Iftl 4 -C^ 

Setauso ^0 wh^n f - Q+ytt hi^-* i.j. — ft aod a* ^ - lft( 2 
^owi - 30,ftOft ^isca tLe object sirilt^s th? w^dpr. Thus, 

3U,000 - 162*; t 1 = 3S7,V ? t = -^@73 43.3 and = 3^71575 ft 13S5.64 

It tAics 43.3 soe obj^cL eo strike i.he wAter, ^spuhl iJSfi fE./iwc. (Ah resdstancr :j;n&:E> E.bt ^i>«d to 22S ft/fitc 

43l At 2 sm, iot s ft be iho directed dMP^nfii of the bullet ftom ljl-c scutisg polrii., v fi /Ve br iL» velocity and I m 
is the li«n’ is ukp* L>uLlst to reach the ocean. Tftc jwyitEve direction is upward- Wr Ii«vk 4°) = 
r(G) —2,>ljfl, lxjlJ i(f) - -3ft,ftft0. Tlie aJiceEeffiiLon of the huLLet Ls lhal. du* ii^ gravity. ThrE^fore : u ^ -32. 

TI-[|« _ -1J; e - -aa jrff S -32 4 C t . BtCUH t ^htt, I = fl, C, a -2S00, ThTHpre 


ssfi Tin-: tJtFiNfrf: ivhxjkai. amhvi-subawjs 


MKfCELLANLOcs KXKIHJ1SE$ IrtJIt CHAPTER. 4 3b 1 


" ^ |f-32* - ^0^ |(-32* - 25flfl)di — —dec' ■ jfaOQf -|- G*. 13 k in** ^ - tj when i = D, (b = 0. 

Hence # = —ia< 2 - 2&00i, Uctaw i - i wins* * ,= -aa.citiD. 

-30 : 00d = -Lfi3“ - SSOlJt; -iT 2 4 - 7M0 - 0; i - J( *25 - ^4s a ■■ I6(-7S0V>1 _ ^-625 4 S5*/5Ir]. 

Tiit time it takes the bulbt lu reach she wean is ^[25^17 - tith) set Rt 11.1 a*e_ Th« vnlocfty is 

-35" ■ J(25I 7 “ 62.ii, - 2-iiati ^ ft/Vr- [Air rcaistaaee will jhiw the bullet Lo 22fj ft/aot.} 

At t kc. _lrt * R fchi! I hr dteW dirtwire Shp ba2E Asm \h* Ereund. v H/hcr hr in. wfafty, The pw^ltiw 
dirfcti™ is upward. Wt lu.vi- .v[0) = fi.], * 0) _ 43. 

- f(0) + f o(ti)rfta = « - r j2 = 48 32^ 

Ja Jo 

K*} = *(«) + J%Cn5<*« = M + J *(« -32*)du - 64 4-4Si - Iflf* 

li-uc^kM: -IK !|£i > D afO < t < 3^ il tni« 1.5 see eo roach ili« ^ltssivtA iiiigJu nj 

,^1.5) - 6-14- 43(1-5) - lfi(l-6) 2 = lfrO fees. [t strike* ihr c?m:“d wforci 0 - *\ ■■ — 4 4&( \$i 2 : 

§ -: t -3* - 1 = (c -4)(t 4 1); ( _ 4 wjih velocity v-i) - -3-4 - 22(4^ = Ud fi/wc, 

44 A Ml k dr^ppttf from \l\t top af n baiL^‘ rtl ft above lie ground. .l) |Jqw long w " ■■ r.fiMi- r| H - bill [J Kirikc 
she ground, and fb) with what verity will it strike the ground: 

* Let the aright b* ai. ground level wfUi put Live Jiri-rL.on upward. ! sec aft** a|^ Imll k dropped. Jet * fi be ha 
directed di^twKe from the origin, t-fi/wc its velocity and ra rl/W z ifc* knlcAtin, liecause il ir arr^lrratiH^n ir, 
due to gravity, v, birh *cls in ike nesa^Lve dlnsrEion, *-r have j _ -3!i. Tjujs. 


^=-33f; v- 

I3«aufi* the kill ^ Hroppfd From n^t. f - -!> when J . fl. TEiuh r, - ij, *rsd 


[ —32f dt 


--l^ 7 4C. 


r.hc top of the boiair Is ^ A abovt the Rronnd, s - $1 Trhcu i-0. 'Hnu, - ffl, 3 nd 
*^-10^4 64 

Wbiai ihr ball striked th^ ^ra-icnd, s - U, Hence, 

0 ^ ^lif s +«4 ; ^' = 4; (-5 

Wien c — 2, from Eq. (I) «p e <4 >j= -34f!) - -fi4. Thu. thr Ml jrtril- ■ rli-wn'jatl fa) alter 2 mc (l,| «K1. n 
velocity of —f -1 ft/set, 

Ac d pee. Eel a A Ijt tin- <JifneLrd dltUiirc uf the- rwkct from li.r- gnmeiHl v ■ : ^r. -v^JocjLy, I hc positive 
dlrectLon is upwoid. We Slave jtffl - 0, 77 ( 11 ;. — — 2-T. 

v(0= t<Q) -r |^a del = 0 4 JJ 25 dt! = 251- p(60)= ^(6Q} = 15C0 m/s«. 

*(*) = sfo) 4- | o ™(“Kw =0*| ^25u ddi fer ^ 2 . 4&$) - ^(6Q ) 7 - 45JHW nt = 4.5 km 

4S. At f sw. 2et s Jl tli« tliewtcd distance of the projoircle &ojn the ground, v ft/sw bn Lti wJneliy. The 
positive dlrodinJi in up-^ird Wv havr- ±( 0 ) - 2 -a. u( 0 : 2 flfd. v - us. 


v(t) - ^0) 4 du - 200 - | Vs dv = 20fl - ^4L 

< c ) = 4 [^[tijrfti - 2-5 + f (2QP - - 2.h - mt A.9l K - 2.6 - 200(3) - 

*(i) ~ 2JS 4 280i - 4.S# 2 = SW; 4.$t 2 - 2O0e 4 602.5 = 0: £ zr vf 2aisl 


4.9(ar-^m.i «s 


The prpgeelih is 600 in above ^eund Jifr^r 3.2S sec going uj? ai«3 w go:ng down. 

47. i after the E mu?»I ™ :^l s ft be II* djr^fcrd distaste, . b/W 1 ^ ii.s waocnjr. 1 il;- - 0 ? --: 0) - 0, 

a - S- BeeiUit 00 mi/hr — !?fl ft/-^, p3m: dktrinre of the auto k S8{r + J). 


«f0 = 4 dtt = t> 4 dn - St. *(() =^f&} 4 ^ 04 dn « 4i\ 4^ = SS(t 4 3) when 

f* - 22t — 64J = 0; £ = 11 4 V1^^■ ^ takes ak?u1 src_ The dhtanee b 1(11+ i/i&T} 2 ^ 60S.S ft. 


158 THE DEFIKHK INTi'f iRAf. ANfl INTEGRA'! ION 


In KxitcIm!* -1R «u3 IS, filhj tllrr >.jjr[, 

46. 

1=1 -V 

■%-> z n(n+lM3H+lKS* +jf-I] - ™(n + l) 

p RrrAUftr L 1 a W 1 i - - 5 -, 

f ,.ioo-ii»i-»i-m- 8 .i°^M = 4408 .Mfi.M 8 

i^l i»l JU * 

49, LH /[O = ?/iiTH. Then /(* )) - ^ 1 - 1! + 2 - l. TJuretMO 

L -1 -?fitf+a)f- £[/(■-1 >-/<*)|-/(O) /('llj = ^5 

4 wr ^, s , . 

|jf ri- — 1, we have ^ f H = l' 1 — I and ( V] ] \ - ] ; - 1. 

4«J Wl ■' 

If n = 2, have £ ^ = l 3 + S 3 =. 9 and f j] sJ ^ (1 +if — £, 


If n = 3, we have £ i 3 = l 3 + 2 s + = 36 and 


(t'C- 

4*L ' 


(1^2+3)" ^ 55. 


5Ir We apply Theorem ■l.&.L 

(tj lf£ b in [^a, — l| p 1-3 <4 <0, s*~L ? >^. Thus |" 1 > f " 1 4?, 

(b) If i u in [l,?], x > 0 > * - 3, a> i > -L Thus J * & > | T -&g. 

(<0 If x is in [4,5], 0 C * - 3 < X, «. > ;■ Thus | * ^ > |* 

$2. ER]iHiK a* .l tlflliii i Lr snk^jfal and evafetc fbr dirfuii^ integral: hm 52 - 5 - 7 ^ 

«—+» 1=1 it 3 / 3 

«! JTztt(: Oftrmrkr Lli+t fi'iirJiun / ftn-vhirh /(ji = ^X, | 

► iKLiorisy; lJu» factor S, wu haw Jt fti^nuum -. 11 rri for t|hi* fundimi / Ol- ll-r lislrfv^tl JO.]] with 2>.T = l/n ULC 
ir, — i/n- TKt^ by DofmEt-L-on 4.5.2 


lim f] hiiE 

n—■*« i*i 




In 55 and 54 h Th™™ 'S.fi.? ki rnrl ;■; rli-K^I iai-rvui ■rm^nlnrnj Lh<“ v^lir* of ihe ddiiulf int^raJ.- 

53- If l 5*. in [—|r^T] n 0 <™L<],sqU£ v^STI <1. Hence frc.ru Ttu*M*tu -i.G.2 

Df^ir -(-Jx)f <. J A £ l[^T- (-$*)]: a ± rf( - * 

Thup the v*ltie *f ihi- plv^n i kFinii^ ;■> in ft.jr], 

54. Let fix) - I 1 - 2^ + 6 - •Ji-l) 1 4n. Ifx f [0.8; limn /(I : - 5 < /(xj < /(i) = 9- HWr fmm Thisurm 4.« ? 
ofi —&)< J ^-I-E^cfx < 0( J - (1). T|i¥ v«Jiw (Hr drJinltc irf-^rd k in ;[h,jfl;. 

Icl J^Kxekes 55 a Did 56, Ci'aLua&e the iLlie^ra] hy L :i-h smumk: fvi I i<i.Ametc«E jlI inwirem uf \:n\ cAlri:"i:^. Ch«r.lc by NIN1 

55. [ ,l jx - i fa*, s- [ ? | j - 3 f^jr 4 [' i — i P<fj - j" fa— *)V* * [ (*- ijPrfx 

= f0 + V)+<!-•> 4- % 

56. p jrf*-JW* 

lb irt X - ,5 <, if J < 3 t t||rn 

J jT*-3to | ^(3 - - | (13 x - = Jt 1 - ij*' 1 ' ^ 

fn KMH-iwa 57 flfl, compute the d^tivaliv-K. 

57. i j A [3t 2 -4f /2 dt - -£- - f (Jr - -f]r* / 2 a! 1 - 



HHCEltANEOUS EXKJUTCtiS t’OH CUAPTKH. ■: 359 


fil- T3w* age value of ihe eosme funcijjfcn on .[ 3 . 14 - 2*1 ts 

3 P"4i* J * li+if Nltfa + 

/_ „_■■ . = — ‘--- 


62. [ir_i*rpTrt i be mtau-viue thaoi-em far ijin^rsiljs in wrms of an average fiijwiiitin vahw. 

* Ip / ii CHttiattOOl on the Cloned inlervjil fa.t] f then by llir flirjft--MJiiu-p i^iroicm U' r W cxitflp -k MlFtHltar < r-lidi 
rt . f b #/-w* 

that n < r < fr, acd /(z) dx - /(c)(fi - a) or* cqc]valemtly H -- fir) t 

J -i « 

E«iiuw the m-u-: ion DQ :nt left sLdc of E^. (i i h by Definition 16.2 the Avenge vadw of / an fa h fr], then /| 
■* tJlr rtve,r *£« Vilsw? af / an ■ *.£]. That shn uumlir? f. I* |.br faftcLu&j&iL of the Airnih vnl-c I 

LuteEr-al* jft th« number at which tiie function vake oi / is the avctfemrikin value af / an d<*< 
inletviJ 

W. /{z) - f 1 V r * - 3. 1*1 f - Vra Then z ^ u 2 4 3 a&d rfx ■■■ £i Uv Wbrti z =, 7. - 2 find z - 

r. — 3. iJncTtfoTi! [he avnr^c val-ic of / oe ’7.12" is 

idi7 f ” V+j)M2vdv)=|f = 4 ®4?! 


G*. (*; Find the average vaJnt A r.he function / defined b; J(s 


't <el the inurv 


C-jj'^LdEf the starting soldi as tAu poim. from ivbic.i the body tJ;-:. 
t>*dy from the eUu-t-ing jjomt ?ufd v ft/soc its velocity., Take the pci 
the tlnaJ veftoclty-r 

S — jjy - ^ ” v icid so i - 1 — &t -+ C- v - D when x - 

V > Q, V - V'T^r. BcCdLUK L — Lr wk z = in Wt' hivc i- . y/\ 
[■•^c A.V. h^ Lie averse vajue af y for ^ Ln 0,s", 'Then 



m TTIF n F .FINITE INTEGRAL AND INTEGRATION 


Ifrfiinr Lbe bull ii dipped item mt. t- = if wMn j n. *. d, ^lM 


L*t 7f0, Sj] b« Ihr fcVrttAg* VaLue ijf / <nn [fl, *j]_ Tlv 
I '■ /(rldi = J- f‘ l 32(rft = i 


(ej Substituting from Eq, { t} into Lq, (2) L we ba-vr 

a*j = s T yr 


Since thes the average -of h is iarger than the average of /. 

Tn Exercises 67-76, £ldg (be area of the region bounded by ‘.iie hjiv* j-.rzd ih? lin^: (aj D:aw ?. f=gi:r^ qhowlf-g tnr 
tttfOh ntvd a tecL*b£ULr*r of Mc4; (In) *3ptm the rtlc*«;te bf the arc* if rjlc rc % t[U>=. Ai the lifTijt qf a 

Raemwin sum- it) Fiid Lire Jim.it. in part (b? by rvabjaiing a definite integral: ;□ Exereises 67-72. use ‘he wetorui 

iiLijiLaJEn-rnlil LhrO>£m oF calcuJiL* ajid ii> Lifrrrbeji 73 7fi ap^.-oX ijuaLr to -1 a-i^miU.m: di^in by £ooir_ and NlLVE‘. 

A Bquajr unite j* thr area of rbr n&xi bounded by 3F = 9 - 3^ t a*b; y asrK ^ = 2. 

<i ia a partiifMi of Ujc Lule.n'aJ [ll h £] u:l ihc z isb. i'luin 

A = „ 3 5 ™>_ fit*-^ ! > a,x = f\s-x 3 )^ = 9 *-wf * 1$- 3 = ® 


y = o Jn jc ixisi r - -.jr; “ ™ i" 

S^e region is shown aJs the lighs. 

An Yemeni of erea is a vertical reci-mtgSe «t w^dth and h*-i%k r - 3 eo> 

* , |W 2 l f*/a T n 

A =■ iirri 2- G ^ i,r = SefWjCir^H 


T- fi s.n jz j_; /2 = eiiVi - ^v-li = 

A r,L| lc:i! uiiiLh b lIk- u^l of IJle rnuitML buujLtl^: Ly y 

Let i be a partLSion of tbe mtervaS ]b, 17^ or- tbe * axis 


l| a l—n 1=1 v * 1 Ji 

Tift. A square usiilK- is tbs ,Tirt:a 4 if liif rif^,K 
Let A te a partition «f the criler vul 1 

A =? Mm E (-Slu. i -ip.)^i 1 ?- I 






MISCELLANEOUS F-XTRCIST'S TOR t’TSARTF'H -1 "t\] 



X? Ed Twnr r ^.-stiVf jh f-s^[, A S'^UiTij ■: UBtU ia '•&£ alt U irgb*, ^ 

3 j. Ereaust the region is jymmfUsr, 


L 9 - x Tjj: t was; t. = S. t i — ■} 

> "E'Eib- refjiCHt N t« r4u*wn 4t Ihe 7i[rhi. I.CL j\±) 
vtHkaJ TcelangLe m Tviriifc At and bright — 


,„E w 

lilt! region is -j square units. 

x* u tn [ fc.hj, 6 r* 1.59417. A Mqwirti tati i Lib 5*1 \ht at iSw weuxi Mew tj £1 

■ jj — in [-4,4], Fkrauutf iIl* nniii vn is symmetric. 


2 , 22677 . A squaic units w the im of xbc re£kui below ^ 

(16 - ipj? - tv . a iA , t - f *( lfi- / J - aPlfe a- 4M* 11 » 


7L (IS — * ? ) - r ia mui^iw U) 
and aW y ~ in flLfl- A — 


75. c<re"^”T 5 is nourcegatm ia [—6.^, b*» 0.71EUU05. A sqi?^ units is tb<: Area of rti^- region below y 
above y - £ 2 tft [-fr, ft], fletaiss* 5h<* re^Jn i* jyrfmirfek, 

A - 2 lim (wsVj - u / )A,t - 2 f 'cos 2 * - J ? :d3r s Or&ffTrtS ^ 0-^™? 


71 k »srt?a]U 4 V 1 fl£*£jar * . , 

& The etgjosi is shown al the right- 8WWI, fc'fi demimice that z J > ^ tarrx on 
Lbr inimni [“5 s frJ, b — ].]65i>6. Therefore. 

A = lim £ ( 

|l i 1.-0 !■: 

wlrii the help of jVINT. The aie& of the l^ion is abotiS 0.0915 square units. 


^D.55Mf: 


li. lixercise* 77 j| n fired thp bx&ti. ai-ea of ihe legion. 

7t, y ? —^ = V 3 {1 -s)>Q In % 1]■ A iwpinre miiu h\ tht titrA of the region to the left of * - p* wl ha lh= isjht 
ftf t = ^ A ■?, jl jMtrl.ii end uf tilt i:ut; val [D_ ] ] an. tht- y axis. 


lim ij (in, 3 - a„ J )A t y - I Lir 1 - y' idy - ,J.' 1 .Ji' 1 ’ “ j - j 

I a i-^n «=i J o- 


j_ 


78. A >t| i^ii’n uarisa. Lk shtf ar&a of eat Tc^ioa otJovt’ ^ - sic iir p, 1 - - :r. t ia [[i.^t). 


|]ni £ (ala 2iii ■ - sLa 
I A!-ci i=l 


JQ 


■^(din 2l "^in j:]^x t- cua 2r -r ct6 t 


I 

I 


79. A aqiiafi liiilis b :he aieaof tht re^jon below y = .sirs * urd v — c*h x 


A - lim £ (aift tu: 
I if-o S 


cos = 


f W* 

I ilj -x ^tfcl 


te [i*.jir], 


KD. Tht rc£i0!l bounded h^- thp l™iss ll^ curve y J — z^4 — i). 

■* Thr fivurr shows ^ iktlch of the cuivt, (Patojne'rjc m^.Nt'iuTis for ptotting die 
.r -dfi - t z i. ^ - 8(1 - &:..vii:g the f 5 Lvea touatiML Tor y. we ob-:-..= 

tj - ± t v ;, -1 - x, l,«t /‘.r) - By ■=> mjzipr.r>-. thf .ipt^ uF r.h- roj:on K 

bo-unded by the loop i? ivrice the jfenc-ii bou^dtd abowt by the curvr y 
b+lo-w by the s axis, on the left hy r - 0. Jtati <m the N«h; by r - 1 'C'h^ 
ciemcnc* of wa nrr vi^t-eai reei^Dglre. of width iy and bright /■;ul , c 1 If A 
fiqiwt tinki m the or™ nf R, Ibeti 

A = 2, )im E/K) A,* = 2 [’ Iy4 -X dx 
LiN'Oaal JO 



Let u = 4 - c d!w — -dr. When sr = (1, m = 4; when r ^ \ h u =» 0. IIuk. 





THE DEFINITE TNTKORAf. AND INTEGRA!LCtt 


A — i j (4 - - ?J_ (‘‘1 y’ J '" U’- 1 '' 1 ' 

■ The area nf t'nr iwp if ^ square uniii. 
fi]_ free 5 * — 2 ta n^x =- sec ? x - 2(scc-^z — 1 } ■=. 2 —sec 2 * u 

N'glOEI belOW J — WI^X ttCKL ilbQl'if ^ ™ 3 t»S1 LEI tJ 


A as linr V fl[ scfV^x . ' (2 - irf a irSdff - 2r - La* x f = k - J r 

||AJ-4ii=L lu In * 

fi£-At f huurr> af'-i.'r EfudwRbl thi' tfclirrriJbril Lr-iaNpcTAMH' l> flf) dcgEe^ wjieru f{t) - I [5 ;.iri A ifS t) r 

n<i<2L (tj At n mi a^eht. iziiaid i^^w.47^ frj At s jtit» t = a and f{i} _ so. 

(dl At J3 fiMa, 1 -- ]- J.nd /(S2j nn + R: ?:s.u (e) Al ^ IUU. r J S t *_nd /(M) -40' L5^t) - 75. 

(f) At 6 P-U-, ( “ IS M?£ /(IS) — 60 E5(j) — C7 Jj ( 5 } Tbr aVH&fte l^ccipe-.rnl.irre brtwM’Ji 6 A Hi -Mid 6 P.H. IS 

J-n f ! "[SD -15 sift - f) J* - ^ fi4i - “3 ODS iirfs - ()"'* 


= &«Q(16 - 8} - - 1)360 + ft Vi * 23 « TfcT 

P 1 Lel Exercises £3 9& V eobbc \itiU±- 1 requ.-.**3 volume one A is a ^ardiEon of the ipacL[i«d irjt«r*al. 

JH. Tlir retfiun bounded by y = x^ j - I, and tiw j uia. An efrmml or volume in n circular dlvlc centered ah 
- he 1 axis, 2 f- [0, 3".- cjT radi us 

V «■ Urn t j — t f s ifiz*? — k 

p^I L 1 ' 1 Jo E? jj - * p If 

S4„ Find tJb#- volume of the ootid generated. if cbe regia* 1 bounded hr yri^, j = j n \ " i 

and the r ax» La revolved about thv w WO*. \ 

* Tii* ir^imi is shown at the right. A rcc^angntax eJeiftejit i? jwrAi'e! 'o the a axe. \ jft.i 

An demisit of V*3dJQM il h f yliadrira] ih«]3 cefittfcd *a the y .uEx of ***** p^diun ^ 1 

tfj, Jtncl hni[5>it ic[U.l', 


■ The voSnme of the solid of revoJusion is ^ cubic u^LLi. 

S5. I he regiflMi li bounded by ^ — ^/r-^n x t.hes t axis. Mid x — [w, Au uJe -eli:j_ . '.-tjluni^ is a r.irrirfu disk centered 
on ibr t ,ieis, x ( [0, Jt;. of rAditF ^/elts u-. 

v = Jim 53 tt{^keei = - ' shi Z dz = fl—tdsxW 1 = t| 0 f i)] _: T7 

FI A| 4li| Is 

&6u The region is bounded hy Lbe rujvr * - ^/cos y. iIm iiiu p -«iH the ^ axis, whcie ^ < jt. b 

eevfllwed about the gj uxii. Aa ekaiwui uf valurnc ia a ciicular dai of ladEad ./c<x; Oi; unite, ^ t |i j 3 r,ix]r 

rt, f r/^ n. ■ V ■ * 

v “ i Mi = ■ L A »*■ v[L = stM ^*-*4*4*) - it(i -i) 


H-T. Ibc Jegior. U beuulrd ^ dte J, the x jjcih, 

disk r^ni'Pced oe the r axis, r £ of rad in: 

V= li in E ir(e?r 2 Tti | j}A^ = r _ '. <sc 2 x di ■ 


A p. element ei voJuiiih: Ls ^ circular 


33l find the volume thr L>f i^vnluncm generated wlseti th^ region boun^ffil 
ext*, aad ih* Line * — -S us xnvplvi^i about tl^ liisr /« 4 like eLcmenEi of 
revoEutioas. 

^ 1'ht figure shows lIh; arid it plaair w-i- 1 iu: 11 I iV «>lid os' revolHtSoa. A 

r^E.ang.viEar eEemwit t¥ jHtraHel ^0 (Elie Sine 2 — A. An dement of vdisme :< = a 
cyLLodilcaL shell eentened act r - 4 of mean radius 4 - in B aijd height 
. ,p rrj~.x ^ (ft, ■;' Tf V cri 1 h:r onjij j? the vclumc of the wild, ih«n 


The volume of th-t so;id -jf i^voiutSnsi i- 


cubic lenity, 




Ml^CELLANBOl'S EX EH CIS Eft 1-Oft CHAPTER 4 3*3 


m, Th* r^giaii id funded bjr x = ji J + 2 And a - jr + 8. (tf + 5) - ili* -4 2) - - o - ft) - -(if- S*3r + -) » 

ram negative SSI[ £, 3]- A][ JeLuent erf to9oivk is * rircutar ring of nidli ^ +i and u 1 ,- + 2- 

V =. lim £ > (ti;, + G} ! - = T f 3 Sjf* + I *Sf + I*) -* ijjjft 

] j il-^j isa t ■ ■r-'2 

= «, | - ^ + ISv +«>)«(#- p 4 - F*+ Bp® + WyJj 

s ;r[(-2j2 - 27 + 72 + ISO) - 1 8 - 32- 1551)1 - 2ofcr 

9fl. Tbc legion ii In i!m> Sial quadrant bounded by z = y 1 and t =**. An nbrntol of volume ►* circular ring of 

radii ti -lid &*> y £ [0, 

V a ^ jj|i^ £ tKilv 1 }* - (wjVJA,# “ * 

9!. The hw pf ll?r solid is ihr Tn£itw> in the bounded by j r - E* and %■=#- !-*’■ f{x) - ■-' = V^- 

x £ M]. An element bC is a rigbi eyttftd# ef altitude units wfcow fc*K 1* a of *W* lensLi 

unit* opd of area 32 nt ( . Mt|ii?iPn isruts 

V -Sim E (3fcp- :■ A V E = 32 [ ** di - i 6 x*F = 1 02 5 

litl—0 T*i la 

92, Ftnd ihr volume of the port win (^mecO of a ^pV-rh- of radi<jr : r nidus eut off by a pl*n« A units from n pole. 

0 W* apply DefiiutiPP -3.M- The figure sb^i she sphftr with the orlfiLii at ih*_ ^ _ 

eiT-ntpr tlw< *piie?e -md th^ -- aJiifi passiaK inm-i^jr Ihe pok. T: 0 < ^ 1 ,rl ~il> . 

tbrn by the Pj'iluvBo^aiL siLeozem a pia^ .section of tb^ ji pjWfe pt rpendjcubF | \ 

l* tW tf rjstb *\ r€[r - A**J w a tirrk- of \/r~ - t*. ftica / * V 

A(x) - *(f S — J 2 )- Tberefcit* j^r / 

V- hm ^A(^ a )A-T^T (r 2 -y ? ) rfy- - : |\ / 

||ihOt=l Jr-A \ / 

= B{r*ft - §[r J - fr - U = irlSr* A - $ f*A - f 

The vqIiiiiw ef Hid solid in tubk uaita, ib^l if ft - 2?\ the volimtf i* ® 

espcclfld- 

H, The Hg^ba is bouneied bff y -ix -21, the s Mis, ausd t — I iod * - 4- Aq element of vnluiiie 1* * cttculur dSsfc 
wntwed em tin- j jutia, s C [1 A' ^ r^iu* |t* h - '2 r 

v = is™. f; S rf iU ,' J -'ipA i x=*f < ( I -2) ! *=H j: - 2 )1!! = i I [ e -i" l )i =3,r 

j| A. |[^i 4 — j ^ s J pi U* ( ( 

94r The biziic. of the solid Ihe nesion In the -ry plant 1 :>ouaoled by ~~ -ry~ ~ As elemfliLi ei! volume -3 ? ri^hi 
cyJindfE 1 of a]1r(i-ih- uuilh vi, ht^r btvMr Ei 1 ) -H sqitijfff cf d i-i> Mi: itftJ knfltfl d = I l- .' r J» 1^n.l3cg und 


hrurr rtf riTtri. - 2(r uhJ sejuiet units, 
* i I -r 1 = 1 J -r 


i r {r 3 T-? 


%. Tlt*= ntrve EnteMocis ihe line ^ = sf-|-3 at the pulnis (—S,3) and W* 6 eurvo y - Q 

iubcMU lha Isufl 2ff ~ r +3 at the point* (1,^ pad <W. S>. Ut V t fitihie imiM tw the y#W tha afliid 
Spr^eated by revolving about the line i 1 - -1 Ibe iesi-on brlow tit line 3f = ^ + 3 ^ at fJJ Lhe 

^ ,^_^y ^ ^ g [«—- 3 ,tl]. Am rlriiit-riL uf voLuJnr iv _i ciTCtdal: Kflft wf riU^i !‘‘- t + <] I .‘iii '1 “^J 1 " l- 

V t - 5 fi|k t if - + ll S )*i* = -{° T {fc + f - M-*) 1 * + tf}* 

- r f 0 [B{* + S) s -3- -1 ]rfj - + 5 > 3 +^* + JC- 3, } ,/5 - £ L 


= {^-^+5 +1 )L"- 

Lol. V, c-iLUte units be Um volunii of llir «,!« «aerated b} rrvolvlus r.i.r I',m S) - -J *b" KKion Srlr ^ w 

the line V -4j-^ 2 3nc above the curve r = 2r"* ± e [13.1]. An «le,sient of volume is a dicubi nOR a« i*»i 
{^-r^-rloudl'it/^-rl. 




IB1 V 11 r DEF TN IT E IN TEG R A L A Ml 5 NTiJfi IT A' HON 


V ™ lim V, 2* r v d¥ - £r■ -J'' I “ *** " ~ S2* **Ml * ' =• H; c s h r ' 

||AM>is] 1 F ^ Jn 7 Jo " 

3u E^crri-.^ 99-tOG. rrpfrirodmaet to 4 dibits the v^Lgjn^ rrf tHr -Jistd ^finwAtcd by rtvcivtciR 'fusion a^u; M. 
inclicat^d axes. Take tl» itdangulif d^Jieni^ ^rpeudiiLiar qj parallel to lb.c *xss */ r^viibiiun a.h indicated, 

Sn fccrcm <tt-102 h the fegstm in l^uitd^d bv y 3V 7 ^ ^ x **« «i*1 BynMnrtrirfll *houl the * ™!v 
39. nlK>Nl Eh* x &Xl S: ^entente ptrpcitdicujM- 

v - 2 LLtu _ £ lyfu^AjJ 


Vx - M.tMiMM *& 44.96 


about the p atris: elements paralEd- 

TEu rigUtP ^hurt* r^Ris>n >'-..■! .i N*cl-:i Rida- e'ement IWn;iw til p *U( i^ *rf 
Pt^oJiihiou is ao axis of syTirmetry, w« rebuke ujlLv ibe part la the fourth 
flUfldTJMlt, Afl ^SrtmflTiE erf vfllgnpc iu i cylindrical shell frf IfifcMt HMlfcU* *fld 
h*i£hl — sKmti). VV'e are abfc fin^ the «*act volume. 

V - K m f f-T.^ ilA r = 7 * ( V^J-;‘T - j-WVr 


■ The volume of the solid is 31.55 cubic centimeter*. 
Ifli. about ibi: x dtEeeuts parallel, 

* v = \ J«« E3»PV«(piJAiV = [ . /J jy'/y 3 ^ 


> V - lim 5ZT*?u’i) 1 i,V ” t f TJdys: ^JSF* 1-7lfr .Lfj-*f-^-T +7 

II A | -O i=sO J -7 * 141 

UH, Tr< E^loa bamuted by y = co* f 2 , £ ^ x'\ p jum*: aJjuue Lb* y tknuiiit* p*i*Ud. 
■> to# n 1 > ou 10, £), £ ^ rj.S895fi 

V = lim fj^arm^ww in. 1 - hi, 3 )^ =2ir| j(«k x % - **}d£ ^ 1-3^G k 1 

| A || -Cl ra I ‘ JO 















mis™. i \\Ff>irs exkroises ron chapter -s us 


ltM. The legion by tfre g?aphH j?F *n4 y-T*. fiUwl ilir ^ Jiiiilj *boyt the x element 

pcipeiuGLtular 

t The 0BDJF show* ihi ic^ios end a ;hcUitgnl4r **e¥n-:! 1. E'mtg i»ra, f n• I re*,/* j> f J on jD.fr]. & O.TflfUW*,. 

An cLement of v-ofemp k= *'Mh«r uf radii m» v /u\ *nd 

V - tun £^rn$ 1 /;^> 1 -<iD; : )*EA i r= t ' = U.«vi 

li i ! -H3 i.„q J0 

* The volume of t-hr^jlid lH.-D.-SfiT! cubic llds!»- 


1 , ^ tw-m _ 

In tJncrcEacs ]05 ^nd l(rfk the region. bounded by 1^=1 — 6x I- 9x— 1 : jfj — if — - £„ 740 1 by V 

& Tlit* fi^iLEi; hiowfi rive region* drt-fti-fts'jice. by ib«" i»jvr>. xnd a Fecttuiffulh? 4eTr>?ftt thr n 
jf - 4. jfr > on Ja, d“ where a rs 0,344^, fr =□ 1.7S924 

L05, about 0 - -S; iLesr-^tnU perpendicular 

v - 1SU t HI 4 - #»l>«.)!’ - [-1 - isKHlAi* = r I - ta (Wf - l* Jfi{j=)]*}*fr * »■!» ** 5 f 

|li-l-Di=E * 

J06- about i = -3; eLc-menls paralk] 

V = liim £ 2«(l + - JrjtntyX,* “ ** j *(l + Vj(*)K* » W-M6 ■* W.47 


t’isd by dicing i.br vrSum* of a tcbikdnm having i2im* mjrtualtf pfrpi’miir.ijJar fa<«s and l.hwc mutually 
p*r|>eiwljeulEu odgu who&C lengths ure □, i. a.nd £ units. , 

The figure dwws ih* tetrahedron and the - asTa aIo^r ihe c cult Tti« 
ftjaau; _s*ti;i>j!. perpendicular (0 l!u; x asis ar x ousts from the varies, .-s the 
lo™ 3eB, x€ [0,n] 1& a right tfTMUC:* Ii:k E^filba t' aud r f . By w.zuitf 

LriaAgSifS r / ■ 


Zr «hd. dir AKI mUM UfC is 


Tta the kg krtglbn ft** fr' 


By DcfnitLOji -1.9.1 


E A ’■-■Q I ml 

vo''xme of the E^trjihedsoa is 

have A{-4>4)> 0(^,3), DC? h <P}, K(4^ 4j« MHbod I. Tbe renwiBU.'Uir rkift*nts tnwiwntn] and 

from AJ? to £-D n y G }Q r 4] 4 and from AC Wi IX;, M], An 1 of s^lunu: is * shell 

ered on ihrt X uliofmoin jjw. 1 Ii2h ifu3 alliluie 2(5: ^ ^m,), [On4]i *:wl ffcSLj l iad« 2[?i rn^i, M-P]■ 

D =1^ 

lim D 2™.(4 + fh^>A^ + m Lim L 2Tmi B (ift-2rtt^ r y 
‘JiE-n a =! 1 IUJ—j a ^i 

tt \' Tj{4 + y)dtt + -lx[ ^ (4jr+**)*& +3* /lWH-ajf a Jdjr 


0 2a" 6 

Ofrf ri|H:f ILEliLS. 


366 THU IHT IMTE INTEGRA!. AND INTEGRATION 


2"*f: _ m:ii 

■ ~r - - 3 ' T 


110 . 


^ 4 4 i*]V - " -* ' ^ ' + JiF ’ 

tfttfatoi 3. TfiMigfc CEO h« *rc* jt4^ = ie, J +4 + 0) = 4; irw*^ DF/> hw am — 4 

p = kf -4 0 4 0 i]|_ Ev aymmjdjy mm 3 IV Tbrojeoj of Pappuf (‘Th«rwin G-3- 1 !) 

V = £0^ 4 V DBO ) k HIS -2*W + 4 ■ 31NJ1 - ^ 

Th* reftltfPI is bounded nlujve by Ian * mi [Cl,‘n-J and by tot JC OE 1 [^T, Ja-j. U^iflg perpendicular rJsmrntfl, 

j . r ,7 /' 1 2 . . [__ j!_ 

Vv-J n *» rdI + \ rh 


V_ lim £ ? t-aD^tli/ii-J 4 lim E Ttrt, t 

1± \ iMl 


CD" x Ax 


= |j |,l ' i («e. a r I )<Jt + j - l)rfc 5 ? t*n b- jt - CO* * - *]^ : 


Ell. The Kpoo is tmtin&d by v - *Lb r, p = 1, wd fh* Min. Asl element of vohunt In a cin-nkr rmscental 1 
iti** ± axiz r 2 £ of radii 1 nod, sin ir-^. 

V ^ lira £lT-I , -*-aa^V=*f" / N 1 - rilA ^-*[^V + “ 3 *> d * 

r ^ i—c iti jq J p 

= i^c) = 

1 IS. A wedge k r.\.i 1 from it rigth l-circular cylindw frith a radius of r 11 nil* by r>vo planes, otv^ p^rpeudtmia* to 1 
Axiit <rf tbe cyttodtt and ft* other interewtinp life find atand a dSWBetw of tl» citcular pin** section at 1 
angk nf 3-T- Fiud the votumt of tJn- 

& Tok* the zy plane eft ll^ hw of the tylmdrt- Mid r.b* Arinin FU Ihetttilensf 
iht circular Tate the sM forma the wed^e, through the 

iLuLEhet* 1 ! ttlopg the * iiii. Th* bw of Lhr Ured^ in Hie region *metO«d by 
ihe top half of the drde X*+y' -r 7 nnd iiw z iLiia for X in [-r B rj. hfct 
/^J5> - li- - We oliSAin hailf the wcJ^c if X J?- ifil % r]. An cJesnct.1 uf 

voLarn^ h a Ti^tir c-yLiodcr bavins; altitude A f x u iiita ast-d Trbose jy. a n^ht 
tiinn,gle of muoupea ^ V ^r 2 — hj iaju :ir - v /r- - Mid 

h^ner ATea 





. # ( ^^ “ X 1 }** ~ - j* 3 '][ — il/S(r* - sr 3 ) - 


In Fierce IP and 114, *ppiy the (ec^ftd futi^mrntal thuwem of the eslmdon l* evaluate the definite \nw.% 

Thw fiiwi Lbe value of e sat^ jn-g r.h« cn^ftU'Va^Lfe tbecucm for i:ir^fiih. 

1L3. |J(j j + 1 )dz = J**+ s|* = (9 + 3>-0 = n 

Uy the mmu mtim llittareEii foj iijlej^+^lt tlicte W * lllin^f e in ^D,3] flueb thft-l 

+ IJrfj = (r 1 + 1X3II -3^+3: c 3 -3; (-1^ 


i 


V - f 

r hi C — y^3- 


114 


, J t V^=F'l=§<»-!>=¥ 

By the mtan-viitK tb^oi-am for Eaiegrals there h a mmiirfr c in [1,4] such ihni 
f y^7 dfi T= ^^(4 - 1): y = ^/r 7U r — ifid, 1 < Q 

115. Lei F{x) - |'/{i)i* /|*/(OJi 

Then 1 H (a) = D apj) F(bJ - 1. B«a 4 iw / li coptinuptia on [onb] It « frfttti lln- fim fnindamt*?*! sh 
thal f is djff™il.iab[<! on [a_b] and h«i-^ continuous on ‘a,b;. ThcrHSrtlP^ by Use tfitennedid^vplii* tbs 
for any ntnnLwr i: in(O h l) H-turEt a number e Lu|i.b) a^ieh ihM ¥{*) r? k. I rOEtufl) ^ r1 

v = |Vo) / |y(i)rf(i}* [V(iK( 







MISCELLANEOUS KSERflUSES Y'OK CHAPTER 4 36" 


*{* - l)_ 


lit. GIv*h Jf]i a- i dd anil r > fl. Prove ilmt F U * «0 ju4mu by Kb&winjs lh,-vl F- 0- (IfiTifc U« live fitfl 

fundament thwmn of (hi- minting ^rwr wiftlitfl ih*- pvfti no Lrrr.-il rw= rh^- cflflkreftce of two intcflrah) 
p By TTwjo*ont 4 jS_I 3 ? fa? any poakivc conftani q we- 

i>-i;m> ■ j>-i> 

I^l m b 'Iji. By 'CliWfnn 41U, il ftoifaw* t-liol for fdl * 

**>-*/>•* 

Therefore, by Th™T^m 3_3.3. ¥\x) b a toragtaiiS cos tho inirnra] (fl.4~3e)_ 

117. We»«sivwt f{z) = t +1 1 — 11and P{*)= _ + , j[* >[' Wc *' sl1 li,,ah< ™' thi * ( « Ell f- 

F J (i)=llf^<l and F'(i| -Is- I iff > I- 

F* (1) = lim M- = lim !£_=£±'i^l_ Em ***" L> -^ lira i = L 

*—L *“ J r-l 1 ,-1+ - r-J x-l + 37 ‘ i-t 

US. We Arc sken = .gf*! =^nl y’U] -/(- for ad x. /(!>.- - 0 T -and £?(0 - : L-H Fl> — [/(*)? - i?:.- 1 )] 3 - 
W-t? wkh to ^hw ihnt F(r) — 1. IJocailsc ™. S/MjpM + *■& 

tltfiit T(^) w ■? Mutant. F\fl| — 4 |rfO)}‘ ~ l) 4 -1 ~ 1 1 that constonL b t. 

t!9. {^ ; 1 ™ 1 +1 k 1 + jsr/J <W! * + i ^ 

- J/ f '\aa .r + $)df - | 2 w/;/ fV * 4 = ["" T + Hh^ ^ -[-an J - J* Jj lmJi 

“ J +( — Jff 4 4- i ft ) — %/5 + |*i 

v*\}. Maif 1111 ah example of a diKntvinutB fantlitm for which the cqth-Lusioti nf \hr laanftii-vfilkjc Lheartm for 
iriir^raJs (aj is not true and (b) i* iru£- 

& 1 11 n nndtuign erf thr IftiMl-VJiJlK tbcOKKl 3F' *h?rc w * number rlis jn-.&l fJifll ih^l 


/(c) ^ [* ^*1 

( d if t < o 

! »,*# 

Bwm^ / it bnuiuJnJ nciej bi oidy ont poiel &F dwcoiitin uiiy, / a i inerrable on any interv^i, 'I'h-nn 

I’ /(*)dr u |° /(i) (if + | n ' /(*) *f< - [” Qft+jjldi. 9 + 2=2 

bcn&Nj 


Tlscrtforc. 


Howcwi, tlic-ic b no c sittb that /(c) - y. 
fO- if i < 0 

(b) l>ct ifj = n 

U ir x > It 

(’hnnppir; sh* 1 v^Jhp nf n fiin«-!"‘^^il «t ^ >veieI^ possr- dora no' ~: r 'c^Jnc- of a dkllnr^ inir^rjd. H«irtc-, as 

in pwn (?t), 

rfepj 

FiirthcTTnore, if ^ - 0 . tbfji j(e) 5- 1 , *nd *0 ihe fineluscdn - 1 Mm 



FIVE 

LOGARITHMIC EXPONENTIAL. INVERSE TRIGONOMETRIC. AND 
HYPERBOLIC FUNCTIONS 


5.1 TUB INVEfiSE OF A FUNCTION' 

5.1.1 LtafloitLoD A sued.ion f is said ’0 be ww-to-one if «/«y ruim-thf-c in it ^ai-responds lo-exactly o&r 
iiDiiiber ul its daDulo; ihal is, I>.j all s a and in the domain t>f / 

= /C*^ *t«* 

[f ^ - /[*) aijd Ui,< fuDK.iir.ij / in- onttwuit, then fe? each wpUwmtoit of ^ Irani the 
qoclllIzi of f Inittf ttitMyaiidi fitMily Stic wdlfct ■ ■! ?«r, .umL far tatih Jo^LriCJisLiTat of f? [mo. 
L-Ts-c fn,h^r n F / *nrwt|y one vaiUir aa x. 

HuiuDUl-LiH TMt For tlw sraph of » onc-to-ww 1 firnctmi rwh vtrtkd Eiat nl&nmtfa the srnph in at m«t w 
pocni. and each bmawnul Linr inicr?wrE& thn ftrAph in ai meal one point. 

If FI function a* *ilhrr ititrttding Ait or decreasing OH nrs jnLrarvsil- lhr.ii il :> nid 

to be moaotonic oti the intervkl- 


5-1-2 Tbenrem .A fiiorlaon that is n-iHiutomf- un an LaLvfVjJ 1* one-tO-MttIHt Inc interval. 


Iluaprocal Ef / La gnc>E>cnc of {-dc,— Oca), it docs oat I+ffcp-at ^oy VJLhu*. lienee i*" tcrapitH-al dors 
tepeat B^y vft]ust *oil in OM-to-om on iui domain. 

5-J-.1 IhilVnilioD If / b u one-Lo-une Junction. *.!m:il Uictx: b t Llafiit’OJi /“*. *odkd tile iliv*ir«t iJ /. h.iwt| tftjQ 
£■ — if and only IF y = /(js) 

Tfcie dron-iin nl /“ 1 is I "k: nn.Ff of / runt 1 hr rrus^t' «>F / —1 ifi- iht domain o4 /. 

1>.I■ | f TVxwnii IT / in * tus* Lo-onu function LfttEllJl J -3 u. it* mivhhc, fhiin /”' b 1 omstfr&nc fm^tka; 
li*v]jtE / m, in invert*. Furtbrtraotc, 

- J 5 for jt iii tnf (LumaiiL of / uid " -1 f«r -c in the- dcritiajaL of / -t 

Grapbi Tfcfl of iIm fijtucsioaLH / suad / 1 At* Kfk«LOEifi tff each crier wish irep^c’. to tie Jb*: 

jj- = T n Uk Line that bisect* the first atsd third qi^lrunli, And ibdr jflflftetUwi ^olni# 

uarrf^pfUirE. .Se^ KaLertJuf fli 1 . In. jjanurirtpie mode W* pOol the L'uiit^loia by McttilL^ fjfl) — S 

afj (t) — /(0 and the aeivetw j 2 (0 = /(t) K y 2 (^} = <*■ 

'Hworem S-rtppO^e th^ CWltinumiS furKimi^ / has ihe . 11 Lervnl i - [a. &J as. Jl> do-jai.il 11. Jf / ii 
: i) imcrtaj-iLiip; oti I, Lii^o / luui uj. iuier^e / 1 .IijI jl Loiilio^ioLb uJLid. Lu^le^jJ^ Ob 

;ii) deereimHng o*ii I. thcli / li-p- Ml iftVuhr / 3 h^i b-i ..--.i.i.a.■=«.?. -x.: L i HJer-.r™iai^ uli [/(b),/(o ' 

If and point -1 «■ l m vt$\ in ill* d«h*Eri Wv endpoint f ($1 07 f\ t) fTairs fhe concloBiosL 

5_J.7 r ni«ore:ria ^upjjube tJiai :JLb I'uc 1 l 1 / .s c*ii[JniiOLii -hjiiJ bLOiaotODk oil tJac tBtcIv#il (iT.i 1 ^- find hs 
^ ^ /(js). H / id diffcr^Blt&bk on mid f r {x} f D For any t in \a,h), then tJae Jfftvite™ 

af the inverse Foisetian /“ 3 . define by r = /“'(jr) » jpvcn la^ 

ste = X 

M 


SlI.-R TWvwtifi Sispi-H^- ih^ a'i;:n iioii / if. continuous and monotoji;c on an o]>rn intervil (a,7. etm.tja:njr.,r 
the number r. wid Jet /-c) - d. If / J fc) f ft. Lh^n {f 1 lYd oasts and 

(r T XJ> = ^ 



5,1 Tilt INVERSE OF A FUNCTION W 


y : rl UK- ; r.r r.nriiur.lal-1 ilw 1«l tC JfKrRlint if the fijDCt»nc ]= I ■ Skettti ar jflrtt lift Rtaph. 

I. (ii, /(x) . 2x-i-3„ Breads* / ie LncTCAsLnE, / is OD*-ta-<?T*(- 

>■ / 'r) - ^x 5 - 2. Uttaase /(2) - 0 :lnH /[ -2 } - 0, / b oot onc-fecM^e- 
fe) j|i( z) — 4 - :' x , B«4Uw g i* ttocreaitng. ^ is one-to-tu;#. 

2 (a ff(V) “5-- 3t. Rfeauw J is dcm^sn^, ? is= nzi^ foi-one. 

(b) /l(t) m3- r J , l^raw* /(2) - -3 and /(-2) — — 1, / &£cbt (jai^io-ooe. 

(■c) A.(x) — ir J + I. Bocsuae A is inorrasjngi £. b <uw-to-OBe. 

J. (f\ « /(x) = v'^ - Ikc-B-Twr / is jncmaiidft, / SE ODO-tOHHlC 

(h) /M - F+T ,D -C 3 d, -3] / 'w dfccjexJcLTiK r.s^EUs-vc: ih [ 3, > *.-) / i* rtrcic-fuii:ci& iutrl pnFiti^i-. Herwe / 
Em one-bcnone. 

(r) X c ) “k-2 L B«fcia* pfl> — I **d 'X 3 ) = ^ 0 “ JWrf OTH’-to-nnr. 

c (*) /C-0 - l/l "Jr' j (W J<*} = 5 (0 /O) - 

3 (}i; Iteeaiisc /«; —1; - /(I)-lX by DefiuiliOD 5.1.1 iht fnnr.lLun ^ is tiDL uatf-tO-OEe. Til* gF*pb fff 9 ^5 111# 
semiciitle .«howo la Fig- (a). There «e Wkvunhul s-^he iasersrtt tin? ^m|iJi in i-wq jrtLute. 

(b« itfctiizise r> = .Tlx] - , r i, by 55,!fiz:"..<ns 5.1.1 tUr fafttlwn J is ora-Ld ofl*. Th#- tfn-Vh of th>- 


^ (a) ,fi[xj - 2.gtB X. —rj-T < X < J.TT. Si i& betaasEn^. h is onc-lo-or*. 

(b) /(#} - l lafc t r ~\lt < Z C Jsr. BoMum / ip Lperc-asmE- / ii dnn I tnw. 

(c) Cl» = **T JT, j? <_ [ 0 ." 3 TJ L - ^ C iM--rr.te^R ai id pcMtilLve. b >, ^T) C !■■ dscr«L'iEi£ attd 

H«ice U IivdMo-um. 

e. ijsj /-;r i — 1 — cos j.. u < x < t. Rerjosrt / & die.r-fSsjDg. / h oot-i(Mwie- 
(bj F(^j = C«t < X <" 2 *. B ft a n:t- r is d«™riflg r &' <iiae- UKMii. 

(0 y(x) = C£t J^(0,^rJU(T 1 |rJ, Tt^^hr: Li dHirtaabe potilivr i|L {O^r] EP.d y La incrcuz-iJig; Mi-i 

aLx^liSivT ih |>,|^ y tJLLhEiort; jepeat any Vnl’l-M add w> ^ iPUr-te-gii*, 

In 7-1$, dtfrjtrmiLLC if the fun^ion hw m ::.v«niK. El the inverse exisn, Sind ii -t-ntl |i!^L the CuEi#dnJi 

ilx liivetst. Olhtrvi'idC. piot. its add h h&lHW.l&l Eiee Lll^l I iin-L:. il. m cik LEiiua UIK 1 - 

T, {*■) /|jej - 5r -T. / id iiicrcaaid^ / i* one* La-tut* ^ / has aq Lavcr-;r 

Uit ^ - /(r). Thee jy — 51 1 - 7: ? - Jj(y -j- 7). Th^fTfor^ / 1 1 p) = |{t , d- 7 )i Mid S* / -! (rj - |<e +7). 

Tk« domsuft of / -L is (-W, i ») ^ind llie Tange uf /“ 3 b (-OC, ^»)- 

(bj g(x) « I r ? , j{]) i= l) = t) > j ip- not OM-it^ddd =5* g lT^h^m fl-at hn^C 4Ji iqirerK 


ft. 
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and rrpbwinB ii with f w* obtain f ‘( 4 ) - 

whLth defjaes Iht Lsvaac JuaeLsot] lk>;h she domain and .if r.^^L-i ar iho =«:: «r *1! r^jg 

mibi Kith. Th* piVI Llir graph* wf f imd / ! {djubraJ]. The grapha *rc icficeiioni of c«!h u(hcf will, 

r«ipw:L Sds !hf lisw 1 / — 

(b)/M-^ -- r -■ 

> U, f (S irw.jrtiying Vfl { + ™). Bjr TtWauRJU £-1-3, # / 

U l]Lrrt j 5jrt j oftrt Ui HhjLHi And. ibu* f Li.hi ah intcrae. To find Lhc mVTJw of p L ■ 

let }f — y(x) jijvJ m3vp Ilii! rYpjatiwi for c in tetm* uf Jj. ' / 


We ha** p L {y) = - -l " 

ud replacing j ^itli ;? wt obtain c -1 i» — I-£-- 

Vi-bict djfisca- Lbc iiiVT^ fu&C'li^hi .y S . P^h E ki- d&iHAiu juiiI ranj;e of ecinriip-L of IHd mi* ^11 tali 
tiumbnn ' Th*' pl-rtt. i hi h'A■« the fljFJHabs j raid j -! id.-inhed), tferi* I h-il I hr y,M|sii^ af** FuftwtiSTW of <i*C&l al\w 
wdh J-rfrpi’-rt to hbr lui-r y = n. 

■fl. (n) /(=r) = / i» (Jc^rrJtiliiR > / ]i u:k-Llf-olic -> f haj on i&Vttwf. 

L** ^ /{xj, Tl*H V [d - r]^ y ljF3 -: f - r;r- d - J/y 

llrnro- p) = d - :snd H* / " 1 ■' r) “HI — ^/i- 
Th* doujiiit of / -] it f-oc, +sc) and th* range of /“ 3 is (-oa,-h»J_ 

(b)U*)=rf£^ti- b b izimending, t H i# on^-tfr«WI ^ h hfl«i rui iuvr^r-, 

Let * = Th«i y - s/2t - ft; ^ - 2 jp f>; jc = Jy ? J S 

Tber*iWr; -f £, and “i* 3 + 3 - Tflt d«naan of Ii -1 is the range of h ^bwh \* jO n -h3c|J 

i'hrt tar^* of /j - is domain of h which is p.-f-oc), 

10. 0) Kf*)-3(» 3 + l} 

B<oc»w FC J- — Ffxji Lhe fiLivrlsOn P :* not i?oe-It>OSI* Mid lh;U£ V d«3 I»t- nave it mvc^ fy.DGt; 9 n. 

W Jrt*)= - ; J 

Jkca^^r j(“Jr) - fljr), tln-p f-mci:on p tio'. ij-n-r Id onr and Ihun jj d*!^.S noi h-ft.V'f: E*H 1ISV<!TFC filnc~S07i- 

11. [m.) + I - y i» LnfjftBa5ng( p > V Lx onfi-lL^oaie -» i' Jibj on ibve^c. 

iL*L j| -s, P (jfj. Thru 31 -; ^/z 1 E; ^ = r (■ E; 3 3 = y* I ’1'linrrrL^ir F ' 1 v) — 1, i:;mE h(i P - 3 - (r) — ^ - 1 

Thi p dotn.iiti rsf F‘ 3 (■■-v, -h^:) find the r?inj;i k ar F -i 1 m i —» P 4oc*;<. 

ft>) ii- hot rjrti>it>4jijc ^ not Jiah- cm iij^i-i^:- 


.2, (*}/(it) J5l + ^ 

tr Ef z < (h LbeiL i£ 1 -x. Thus, wlieD j- < $-,/{£} — —r -j-j; - D. md so ^ is no; 

And / not hAve mi inv-rrM- ftt?wi4wb. Ttu: pM atiowa ilu: 

j^ripb of /. Tb-e ^ iucb. wiiieh Li £l iioczicmtaJ LLm, :n.Lclifct-ti Lhr .rjapk ir: Jin 
□ciiiinitrd n-imhcr of ;>r.::it,i. 

(h) - 3^5 

i> ^ in jcu-mu-ir-jr on { -oc, | * 0 ). IS j- Throirm 5.].4, in slhtfctdrt Oil^tO-OClP 

rirn3 (hut ff an iavofM. Tr? HiMii clN 1 in'HTW -fif jJ- k: jf _ aind wl vf 

LIk eq-uatloo for £ La term* of a- 


and ■KplayctQg y with x fff obtain ? 

wkLrii (?cr»iiR= the invwrtn fimr|:nn y 1 Put:- E-lt+ r ikiir:,nji md IMIET wf y~ l 
conuL^i of Ok fr -**: of aJE real nuir;;wrfi, TIk plo: shows lIi*’ fjaphs nf <j and 
(f~ ! jjJrr^hed}- The graphs SXR rftfl^cElcMU of «ach L-tlirCr 'niLEi tfetpett to the Line 


s 

4 

1 

i 

. 1 


-s - 4 ,^r 4 j 

_ 1 : ^ j s 

-5 

= 

,' — JT. 
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«, W f(x)=2-^. / r ->■ / Is rriK-so-orte -> ,f has an inverse. 

Ut 5 - /(*). Then p = 2*/?: =32ri * Therefore *> /"?(*} = 

Tin domain of /~ J is rv^ -t-raij mu I lIih rmsge “f / fc I* 8 - ju.+oe). 

(b) /(iej = - l “J^Tp (-^—1) / ■£ ifitreasang and /fjc) > 1; is (—L.+oo} / ts haeffiasiag and 

/(r) C L Tlrtt^folf* / i« oofi-tc-mr. and mj / ha* an iav^rar-. 

Let y *= /(*)l Than y - ^-=^i + p = * -3|, T- - y + = 

Thus Z -1 ^) — wid so /" l (±) - f-^- The domain of / -l js jr | t ^ I }. 

The irMigF of /- 1 is Ifi^ domain of / which is {v | V 1 ! ■ 

14, (*)/(*}- 5tE r i = *-4 In (■ > 5 t-,li) Z i&&fr.P«i!vg .xdti /!>) > 2; In. (Q, +»} / b LkECT^ivg Olid /(*) c £. 
Ttwrtfore / is CKie-to-ooc and bis m invecw- y - f{i). 

j = 23 , = 2r-l; «*-2i = -l: T = ^ 

ttm, r 1 ^) j4? 

The domasn of /” T is [t h f. 3}.. ikeausc the domain of / Is- aIsu the raft^e of /" ! , then fcltr ma^r; uf / - b 
la\*rf di¬ 
et] afjrl - - j—. ISwraUSC J- J -I- I is SLIL lLlc?CS£LJ3^ flUKtlOH on (-OT*+»j) and tierce oa^-TOHKit. i ts r^- ipT4omi ^ 

* + 1 U T U J, g H mi Jj ]/9 V 

is ooe-ie-ene and ban an irtvetfW. Let p ^ y m. : ar4l^^:tr=-—1 — J. ■ ^ - y 


iiua jj -yj - y ,■■■ j *x■ = v —. 

Tlir dm:sain <if jr 3 sk {c I x ^ 0} and ^b* rOTjp! of lf^ ih* dortiain of j wtocb i& ^ j; ^ -1}- 

1L (*) s(*} "^+3, JT>fli f u LfjCseaiiLQg -? D t" orift-tfriHir ar. Invnhw’. 

Lqt ^ *3ih ^ > LI. Th en v T S - HI r - = ly h: r - 1/51 - „ r ha xlii M - t > fl. 

TlrtMfoK ^ - 0 , and ho - 'i/ar -5. The domain of a - 1 is uih: rwn^ uf p ^bioh if- |5, 

Tht; rseps of ^“ L the domain of j which is ffl. -I rv>]- 

{bj /{r) t- (2? 4 T} 3 , -j < = < v / ip incnwiiKE / in otir -o-one -i / his an mwiar. 
let p = 1 n 3 -| < r <. Tben I- JT = J/5 ” Lj. 

TlHrmfrar* - 1), aoo at? ( r] — ' j - Til* don-.a>jji of ii thn / whi-rhi 1 m 

■p,§J. The range of / w] is iht domain of / v. W^ch U [—; 
it 

The domain -nf / is giv^n azid is (-ic..^ |. SkcauK / (t} = {^-- - I) ind 2r — 1 
on (—«■, j]^ Tb-ISS, / is one-lO-O'TW flnd / hai OUL Lovcrae fuLClLCCi. Ltl Ji — /(■*) 

P = y/H ■= - 1 )': ^/i-‘2x-i 

Bccau^ 2af - I < 0, tbiftTl 12*- 1 I - -f2? — 1), Tbps, lin^ 


Ibon j in di-crtsLftiriir 


HeiiL'* / ^Jf)-jrt- t/S?) «wl 

TV dOTn*in gf / -1 is jo. ■*■*), »ad Ihf Mnpf of / -1 i; ( ■>:.J|. Vom-n* 

J —33,5: in th« remain of /. 

«'JM^ 1 - 1 <»<I ., SI 

Tbc dornatti <>[ f 1* given and is [■ j. 5 ]^ H™nw /" (" r “ ;> :1 « then / is 

in-iinjasinc. 'Itus. f is onp-Lcvpaie and / Iha^an inTiTreo fund ion- Le-i y — /(: 


licucc / : |y) — tnd /“ l {i) - 2j/ 
The doiiiiln of / -1 b the TaEg? of / wbirh is | 







i'2 LOGARITHMIC, EXPONENTIAL, INVERSE TRIGONOMETRIC: AND EiY VK UIJOUC FUPJC1 IONS 


17, F(r) = V r Q < X < 3- F i c dffT'rgmtn K Tfr F Is nn^ Lot </rtr -4- F lire* ill 

IjH y =■ F(iJwJJ 0 < if < 3L Then # — v 9 - x 7 : y* — i*: r* = jf — * = v'3 - sipc* r > ft. Thfcrrfoir 

r* 1 ^} = y4 - ijx* *nd w F -I [x] z: y ,r y - a^. Th* doanaaEi af F" 1 is {0,31 and the rang* of I' -1 15 

lft, R(x) - s/- 1 x 2 -fl, x £ j 

CV! 4^-fF ,/ V». 7 fc 

Ii«jinw G'[x) ?■ Q tGc >t, then (; t* Incpr^Aarap- on [|,+oc) iilrasT, C is Ghe-tMmr and ft has invm 
fuiKtwcQj Let jr - G(r}, 

? = \A* J - S; j fl = 4**-Ss + |*E=|vV + * 

BKiUr* * > | n 4« |x ; = x. Thus, x - + a - HtflCC C " r {yj - .jV'r/ f 9 JUtd £j -S (x . - Iv^TO- 

TJk domain oJ G -1 :-=■ |l), ^Icith is- the range: -of ft. aod L-be range cf G J is —sc)- ^"-bi-cli ii also tis 

durwo «f ft. 

3n Ex*reL«£ 19-^4 kt jjr = /(x) and x - / -1 fr) and YWtfj that dxfdy " l/fd^/dx^ 

i». (t) /(*) “ 4x -3, L*l SI - /(*):, eben H = <!=■ $; ^ = <1 nnH r - ■*■ s>: T. J, TlUtt ^ ^ Jfj~- 

(L) /"(i) — i/r - 1- Irft f - (x): thffS !! = -^/jM ]: ^ = • . * —- mill Jif- - r +1| f — JT* — ll 3' = 2y 
1 .. r- — .. J, W*+ l 


'3^=^ 


x 4 1 =■ = 


M. (*)/(*) = 7-2*. . , j , . 

p- tf — "T 3?. iSiftn -: ■ — —2. Fiirlhftrt'swWTS x — ^7— ft and EO — -— ~r^- 

ih) /(i)sR‘ 

d tl s ~ 3i J , Dui= - 'Hz*- l-uii^imate, t — Tliua ^ -- Jy ' , ' 1 - 

Rfj>|j«ip K y hy TT^ nbtatn ^ - ^^’3) t- -i-, „ 

21. (t) f(i) = i* 4 , Ut v = /(x); (Jkji jv = i!/ 1 ’; jjjj = i* = -5r; * - (Sj?^ ^ 


J Jf [(Sy) 174 !* x** 

(1)) /£x) - y-± - ?. I^t y = /(x); :heat y - Vx - ^ - •$)“'* and sf 1 = t - & x - 8; Sb 11 

2», {*) fix) - </4 -3*. IT y ^ t,4 Uwn - J(<l - 3x)‘ 1 n i J}= jC-E - Ainl 3* ■= * - S*: 

fb) /f*) = f/i. If | = ■ ^S, *hrn ^ = Jr 4/i = ~-^g r = j^i ^ 


a /W - 1-^ = /^ iWy- ^ - “ (I + ( J + J* S> = (Th^ 






h. I’H KIM VERSE OK \ I I M'T!ON J73 


_ r . x H 

1* fW~WT7, 


If „ _ |||£ ibH, division &m,~\-^l ^ lirc P°" r "* ■"* i - CfaT ■ t>1 


,. FuTthc-fP^w. 




1 - ‘ = 3* : 


Replacing *i-| by - ^4^' *“ 9&tn!,! itfZy “ ” ~ ^ fit f 6)* * 

Ill ticrtiK* 35 $8. find f/~ 3 

Is. (a) f(w) = ^X+ 1; d w 1. Wn wiii le find y*teiof < ft* which /W = 1. y/$e+ \ - 1: +1 - 1; c = 

- J — ThUi /'(r) > 0 li S > -J- fiflpM ihtlt M «1 *P«L tntuTval Hi* ““""he* * ™ 

which / acoathwsiaB vmJ isirreaani- Htnct Tb#«™ 5-1-8 apphw and (/ : ( l ) — jTvJjj ” T — 3 

fM /(^ = iS-16. £ > flt d = «- Wt Writ the v*lu* rft > 6 tor which /[=) = *• ** -=®\^ * " S . 

f'(4 Jzz. TlrtB j !'(t) > 0 if x > ft. Hence iJion la in open ihUevtl CMltuninfl » <» 

iirtituin;. Thus 'fhwMJn 5.LS applies, and (r l )'(^ =y^j = -fl} 

I M_ fal f(*l = I 1 + 25 d ~ i- We sack the **lue of t for which /{«) - L «* + J = 1 j ffi - “J* _l ' 

' h,Jj Jfi** >0 and 5 * / in cntUtnuou nod mw«d n s ott any intwvni. Thus H incwtn 6.1.S *W<« and 

(r’V( l )=/>fh) ^ St^i ? ~& 

(Ti) fl,z) = i/4 —x; d = Ji. We ivi the value uf t Jtu width /(e) - J. t/ 1 d — o — SI. c . —5- 


». (A) / 

/'W 


tiv.) — -1 < n and eo / is oontmunue, and decreasing on (-■ »• ■' - Tlienraiti j. ■ s appS™. ir, d 

V* 3 * ff-iyfi, i _ -; -_L 


i7 fil Mrl = i 3 4 5- d = -1. We wiab u> Toid ch* v&inc of c foe wbicEi f[?) — -5. c t ... . - 

‘ Henc* /(.*»« ft"- all xjfft Hence thc« is «i ^ thjyM «»iHa.i>u»S -l -«* Tl "' h ^ » 

^TOlinuCHLii «id jjncMiasLBig. fbue Thparefii LS af^Uti «i L d (/ J j? i z 

f{£i ^ jjS + 2^; d ^ Wc neftk tlw value oT i for idi /(rj = 5. — 5; V s + 3t ~ 5 - G. 

g w t ^0 IU i -1*#^ - ^ + Sr^. Th«fi /'W > o for «U ^ A- ^ *** « - ^ ^ 

««t«i^si£ 1 o» wliict / b eeiHiiawitt Md hv^rcaslnga Ik tit* Tbooffem &nl.fi *nd (/ ) (5) - ^ 

16. /tfi) = ^ 4 2^; d ^ 

Bv Ul ™ OEd c - !- /W - !2r 2 - 2 h l\m f\M) > 0 for al] ^ ^ / w « rt ~ 

nn aiiy opfa intetvaL TWo«, % TtwoiKri S-U vt \nvr 

„ ii VS^T^’ " T sut^: d ~^^ Brti » e m=^> a ft" *• “P™ ,ntcvi) 

LvjntalaiiLg ^Tr n f ia «mtin.uou4 «>d Idtrcflair* mi tbi^ inUrr^J. By [ r ?-1 ■ - 

»L (a) ft!) -^CM 3 *} «ft»iwk Utt ™»lw«f*w r®.V r > roT w1 ’ Kkl j’fej = *■ 

ieeA = fe tut 3 f = |i oae e = t “ J» 


-=: -3: t* = -*i ' 


/■"(a) = co*^-0'ra = -J] 


: 2x. Itecx-JISSK /'(*) < (5 WECD x Li 111 (ll.^J ® 1111 °P^ n ™ fettVAi M5,CaJftUl ® 


Jo ml ^hidi / W |4^IWP «vd tonpifeph By Th«r«n SJ^ (/ ) §3 “ 


- -V - -^ 


37-5 IjOCJARrTUMIC, EXTONEKTIjIL, IN VKHSi: TKKiON£>MiiTIItf. AM- HVJ*EKUOUL n-NC'J'Kfflft 


[b) /(x) & 2 cot i; fl < a: < si rf =-2. We seek She raJum of c in (D.t) for whack /(e) M 2- 

S nnt r — 2: -u it r. — |; ^ — A* 

/'{=:)=-2 mA. SferiiiiH /'(xj <■ D wtloil rbm J,^. there 35- an Open infer v&l cont^:::ri£ jTT wr.'x;h / L-i 
tijaiLCiaoufi ud decreasing, Hcmrc Tlworem 5-1-A ^ppfe ami (f“ 3 )'{2) — ^ ~ 

31. (a) /(je) = tan Jx; —d = L If f{c) — d. then Im 2f - 1- !J«floe, £ “ a? 1 - fnirth*™®! 
f s (*) = 2 fi 6 t a 2 t. ‘thaettwe., /(i] > €>]£■£€■ (-£r.,^r) And 9 * / 5a cwitliuiioiia ad a LneicaaEng on that interval. 


Ey Theorem 5.L&, ^e concede thit f/“ B /(I) — ———r — ——TT7 21 ^ 

J (^X) .. S«! -'.T 

(b) /(r) sB«|i;El^n;T;rf = t If /(c) ■=. rf, ihai st:t |e = 2: «b Ae — ji Jc — \ a l f = |»- 

/■(e) = ^ wc tsm |r > 0 if ar £ (A,*) *a& so / is continuous and UKrcaafotf «n ihal iAUprwaJ. 

By Tbcamn i : .-S. « r .<mclad# bfcftfi [_f _fe y'f3'> - j| x = I ■— 1 1 - r~ - I } 7 ' “ “7- 

/(^r) jflKjTt-M Af2) v 3 

3-1. (a) /(r> = J-chc 37 ; <* < in d — L YVc seek ihe vdue of c in (G-^* for tfhLcb />' — i. 

^ 1 st c — L; esc e = 2; e 

/» - —A wt x ooe x. Becsaae /^r) < tJ i^lien, jc is In (U. ^i, l'n-^h ;s iu-j *|i«ti ijLC.tftejJ ujtii-dLD=EL£ oji which 
/ la continuous and -dccre^ap. lfr-n-r Thenrern A-t.-pl applira* and * / -j )'i:; — “ ~^7 

(b) /(f) - 2x 3 +7; x < —2; d = 1, We w»li 10 fmd Lkr value of e <r -2 for which /(c) = 1. 

2f a 4 3c + 7 IT tS Jii 3 + fle -§-fi — Q; t J + 4c + 3 — Ql (e +3)(e + 1 } ™ ■&! —3 

/'(x) - tA. B«aii3d < 0 If X < -2, IWf 3H mi open interval “ 1 <Jd ^hijh / b» Awpfjwinit 


AIM COIirilLUeUi. Eltnct Th^nrtn; 5-1-^ aut_ ! / ■;'• 1 • - 




7'f-af 


32. (a)/(j) ^ j 3 - 6je 4 7, x<3 5 rf-El 

f rF /(l-J • d, thie ^ ^+r = D: c 2 - fc * 0 = 1? (r l) 2 - 2j e-3_4v^- c = ^ =s 

13^-113W WC z-rr givr-T! r,h fl - a < 3, W* tftkr- p S - ^2 ^Clw /'fxj = 3x ft. -md x < J, to /'(x'i < 0. ThuffoiP. 
/ h- m-oriol^flk and conti p^uou^ on opr?i mLrTvnl lUnt, C4^nia.ins c. Fuj ^^rijpN:, / is- mono tonic and 
contimiOTis: on ihe of m £khrvd 13-/ r ( £ ) = ~ V^O — V 1 ^ j- 6 = - 27 ^- 

Tli^rrFijn-, fe»y Thwirr'i.:! H. L.R, (/ -1 ) H) - —77“ “ —^ 

b- If f{d} = d t Uatn 2c 3 + c 4 2Q s 2; 2c^ + e 41* 0 r By trill; *e fiew) e = -2, No# / f (x) = 6x s 4 I > B. 

Thu# / ip M*tinunuA «v4 intpr-xsi^s i-n {“oc, --»}■ Therefore, by TWrem 5 14. 

^ ^ “ T'f-il ~ ec-i)’ +1 “ 

33, /(f) ■ je^- J - 3 h X > tt: d 1 = '^. Wr w-k l valnn nf r > U whidi f(r ' — 2. r 1 ^-H 2: i" 3 - n = (>. 

Ussng Hx>m. we Qnd \h+ (swaiiwe vnlae ^ — L.^2filiri. New / ; (^J — 3x 3 4 7 >0l iL.ii / it eufii-Jnuwi^ 4fis 
inerr&asin^. in (P,4-aci). Theredbre. bv Thcniem 5.1.6, f/ *)^(2") — 

3 • 

34- x < 0; d - — 2 . We seek the vaiur ef ^<Q Tot which /(c) - -2- 2: 

| — (J, By trial, to find the negative value gf c ~ -1. New ^(f) = SaZ-i - -^ > 0* 'J bias / is ccntsaifow 

and jnereMnsE in (-gg*Q). Tbnelon-^ by Tbeoi+m (/ -3 /(-2) ^= .. _ ,,; j ” i 


J5. /(*■)= j?- 4 4-- 4. x>U; d = l_ Wk j«*i£c Lb« vAJae cf t-> 9 ioi wbiei /(c): 


' + ^-4 ■: 


r® - r a 4 J = 74|) 3 -ji ^+ 3 - t IvST Ikeii'JW -r b ™ 1 , c 2 -*- ^ ^ — It- ^ A 1 I« 

e>n, ]) ^ 3.33S3S. X&4 /(fi ■ls 3 42x ^ 2x(2r J 4l) >ft if x > ft. Thu^ / =4 nkntikmeuj- 

and iDCHasjng; in |0.4-ocv. Theiefoie, by TlieOrefh 3-S.$ : ■:/" 1 j'i. I — ^.j. - - y 1 ^ 1 ■ — ft.OK3S2. 



■v i thj: rxv prsj: of a prwnof* :srn 


m 3 1 


W /(*) x x 4 + x* - <i, xCf;Jr-l].6- 

> W* tin- vjiJ.li* yf fur obich /(c)—e" 1 -H - 4 — -1; \c* y J'j ? ~^ 

* J -|-^- + ^/^- B*tuise a is ha1 , e* +1 £ 2 - j( >/l^ - !)■ Bwauw ^<0, e = -} 

a -l.lfl&MU Now /*(*) — Aa? + 2x — 2x[2z 7 4-1) <, Q if a; < 0- Thu.-: / L* cmlinutfu* and decrtaaLDg ■□ 
(*+«>. Therefore, V Thwrrm S-U. (/-')'<-0-5) - .., | 1 ]jeM . - 

J7. /(r) -i r 4- t/eio z: = 3. We seek TShe v^h* of ?: for whleh /{e) =■ 3. e4- ^/stn c 3. Usimg worn, «t find 

IW50G. Vo*- / ? (r! - I + ■=■> /'(f) =■ 0,749 ft. Bcc*tJ*e /' i* cnnism icrn.s. /''(x) >fl in mint ttpCD 

2^/sin x 

iuE^r.-il cunl/UDiei^ n. TJu*n < fuK. by I"liTOrc:u i.LS.. ijjf” Y{'i} I ff* " 1-33*1.09. 

38- /fx) = t^ i x+2x: d - 2. Wc srak She vg^ue o i c ftu wHm:Ji /!eJ -2. cosFt + 'lc - Us in* zoom, w? find 
:: — (L7l4ft. SN'o^ /Ti) = -2 cos ^ sin f -+■ % ■= 2 — san 5ht > 9. Thus- / is continuous sjm iircreswi.PE- ThaheFore, 

t>- itawit B.1A trTM - f< l-s. 


^ n0-7i48} 

3ft, /(t) - f \fi +■ 3 ^1. x > -3; d — 1£. We seel the TftW of c > ■ 3 for whirh f[r.\ ■= L£_ 

J —5 

di = g(i + 4) vs k - §{r + .tf'* = get (*+S) w = »j e H- 3 = if# - ^ r - 4 
/'(*■) = i/r '•" 3 / T (x) > 0 if * > —3 h There is in open aontAjuiriK fi osi whleh / b Ecieieising 

,nin3 (icjaiiliijinTitfc, ThrJrft«w! TiiMFcni i.].S appLiM-aju! - j-j-f— ~ .^. 

/ft) = | % dt, £ < 0; d - -6 

'lliTJS, we hive /(?-) =2 Ir 2 . JC0: /'(x) = -Jr. ir < ft 

If /(t) S -6, -nr Ml X<G, thMk -6=1- -H- - -^r 1 - ^ It; J- = —4 

Thwl, l^ke c —t. RtxaiEHi / y {x) - -x > D LT j: ■«? 0, then / b ui-DQOtoaic- wid. wniinMOUB up iJq 

intervif containing —3. By Theorem 5,1,3 ^e £otidii<fe lIkii, {/ -i /(6) " f .. ' „ ■ ^ 

In Lrcutbcs -?1 4fi, (a : qiov* that / Ln*s an inverse, (b; find !“-r-d U"} v^iiry eh? cquatiana ofThiaecan -j L.*1 

41. /ff) = 4r ’3, (a) / is inr.Tew?ing -> / is -f- / hae an invaMe. 

(b) IM s = /(#). Thrtl i - 4x“3j + 3). / -l ('u) — ifff + 3), iir-rl Ro/" E (r) =|(r 1-3) 

(tj /-*(/r±H - r*pt - *>=if{4t- a)+a) ^ ^4*)=x 

- /(H=+s» ^ ^t*+3H. a=(,+»-.4=r 

4^. /(jr)- - 5jr+2, i) / !■; iurre-T-dnE ^ / i* one4o-£»in — ; lia.^ ah ifci^rs^. 

(b) Lei ^ - /{x). Tli«! y 5? + 2j X - ^ - 2]. Hcace - ^{jf - L h ). and in /“ l (x) “ ?), 

(c) rVC*)) - r , (fc+sj=^5*+^-21=si Sl ) = * 

nr\t)i= /(|{x-fl) - s(K»-*>]+i=(* -«) h *J =* 

43- /f’xj ■=: x^ I- '2. |» / b ir^nr^in^ ^ / ;--^rin In tn;»- / hid *r, inv^pjw. 

(b) Lrt jp = /{¥), Thefi y wx 5 + 2; z? - y-Sj a =. Tima/"^p) = ™ 2, *nd an = ^T^l- 

^ r • 1 / rr _ i \ j-* - L h 3 ■5Vj .3 . “h _ j/P_ T 


10. /{*) = 


J7# LOGARITHMIC. EXPONENTIAL. IN verst: thkmisometiho. AND TIYPFRBOHO 11 NCTtOKS 


«./(,:)=(*+■ if 

> (a) /■'(r) - J(r + 2f - 2. Thu*, / 1* erne- to-ome and / chimIs- 

(b}U* */5 = i + 2; /^(SrJ-^ + ^/i r 5 (x)=-2+5^ 

{r) Wi hi. w = JT 1 C(r * 2)?) = -2 + ^(* + 2J S ^ -2 + (* 4-2) = * 

Md + 3/i) = [(-2 + 

45. /(*} = ^ -W+i' W 10 (-W.-2) / W iii^Misiag And /(*) > |: jn HL+oo) / is increwsinS aiwl 

/(r“h < j. Thus / je ^nc'to- □ tie-, astd so f hi* an inv-rrse. 


. h) T.^e r , - /(pi. Then V = ^ ^ .!, ■ ^ 


H -1 a ^ 1, ;r(3jj - 3} - 1 -4-p-, f~ 


TWftfiWf* ™d » / \ T 1 ~ j _ -jl - 

(^/ C/(*H — J la* +4/“ 5“a[(3x+l>/(3i + ^! t* + 12 - 6* - 2 1C! 
f , r w_ ,/fa-av aH^-iyp^):4; _ i 2r^a-fa , l^__ 

V s )} - flJLax,/ J -j;|^x _ 1 )/(3 - 2%yi + ,\ ^12-Kjt Tl 

4*. /(*} - * ~ ^ - y-..._'_ ^r. i» Ifi i-£& : '1) / Is sne teasing wd /l» > 3Q (3, ■* ct} / i» Lr S *t«uiflg and 
jf(j) Thus / b 4?ne’Kwsae. and so / ha* an ir.vHiw. 

(bj Let ^ — f[r). 1’hTft $ — ^ ■ (5jf - J “ ^ = r(3ji - 11 - fijf — Jr ff = m ^Z7[ 

TWrt-Jnrr /""(V) - ^ 4J*d = § 7 ^ 7 - 

■ c) / (/(«)) - / - jp - aS7(3* -531 -' ^ - iJ - 5* + fi -3 


/(r 1 W)-/(fcrf> = fc 




' S[(6* - a SV'( - ij; & “ Lir -T I^Tm^ " ^a" 

irfi 3 , - /(z). Tli» i,-32 + gn 33). Ueact /^ta) - gfy-WJ; ** J-*{*)*&* - 32> 

■Ifi. If fri) doliai* tCl ?mmnl in 1 y£ir 3 *f an LQv^mrnl. nf ^IdQfl il Ti percent ylmpSft iiLferta, itw- 
/(!)= 10W[l+O.J2i). Determine t.be"invras« funelioa f* Ihal expi^s^ ih^ iJuEiibiir dl yeax^ iiaL EHW5 b* 

Iwii h.l I'l ioier«r as. a fuiMtiori oT ^apiount. ci!" tic [ivrSMuens. 

& Lei A be LJsc 4 ii 2 tu'u !i I al'^f i yr^.fh. Tbii 

A = IMWI + D.l'iO, -flOSA - t + 0.121; I = - A .J^ nn : / _1 (A) = - 

^ ^TTT? = ^ *-ftf ; Wf’iff -- 1 


50. P = P 1 ^ - 40 4-T= 140P ij ' 4 : T = HOP 1 '* - 40 

51. /(a) i 1 4 3-r - I t»J /';» - 3^ -h 3 > 0. Thun / i> il^rn-ftiiitg rtiid h.u an inv-erwr. 

(b) Th.e s.Oij- A tiw ling^n! Iir-• ■ Lei 111-" ^ra-|ih of / -ftl pninl il.3-1 is /'(i) - fi. 

(r) Tbt* <J 1 1 m^ l*nstn1 lirK to ^ ffr^pb "f / L lh+1 (J-1} » (/ -1 )'(3)‘ 

By llieoicra 5-^S, (/ = JtJjJ “ |- 

S’J. Givers fie) — G -o -r :t - ^i Ptoe^ :haf / lias an iaverw it>J 1‘iccJ the slo|K: «>f thr L.-izij^ni Libc t* it* 

Staph or / ihi- jKhiiLL fij —l s i. (e) Find 1 he tfo-pr Lb* Lan^eni Li be thr ^r.-iph ur /" ' at th* pomt ( L.2 

.S-.i ;>| ki "t >uxjj jijL'.'A'crf in pafta- (a)-(e) l>y tha fo! lowing (d) Ptot lIl^ Et.T.]>hiM of / muj / 1 xiti tLw Stt-w 

*crf 4 -n; >r) ]hl?d liir fftftphu of / ^r.d 5 LS ^Mgjrah linr -nl (1,— A\ OP- tK' 1 ^unr ^-rwns i/j ptot tht firaph? of/ 

jibd Ltv tanfwnt lint at {~4,2) on eKp same jerwn. 

(*) /'(r) _ - I - 3* 2 - Becnuse f f {x} < 0 For rd: -r l.kr / i.-; ds^hfasinji on its domain and so it has ao inv+ir^. 
(bi Brause /" 3 ( 2 ) ~ -1 - -13, lire sioi* of lIio 1™ ^ lhp - Je ra f h °- / * l tElt (--^ v ■ 

-IS. (<H3 r Tl««m 5.1.8. (/" ] 1'(-0 = "A 



U THE INVERT f>F A FI'SCTTQN 3' 


is tJ^ A-Lop-s of the LajtjJertl line lo tbs graph Eif / al lh« pennl 1,S j. 

/ ijjs-d f^ 1 (o) Plot of / aad 5au£esn ai (2, —4) (f] Plot of / _t *ud ticftait *l H,2} 


In Pi^rc.ir-rii nnct 54, sfcjuw LliJit / i* ils awn inv^-nr. 


wi]E be Lc-i own Litverae. 


45. Find k &o that /(a?) 
.. t r-\ -„- I tL 


(F "" ])(-£ * t - ) = & ™ h. ” aauE y nrr -:vm iai^4-r;r;ti if fc = —1. 


]ci KxEtcists 56^-5^, show? ihai lae function. ii iti-o^o inverse fot any- coostamis t and it. 


symmetric 


k*+kh 


{ip “ I ){ix — t) ” th + 1. bryWilfeicLrie 


3n ExrffiiSr" '1 --Mil! filr. 1 _t.) in?t 1-1; (h) MrtrKl Uu dutHin Wtd ebUlD 1-1 functions /| And 

i-if.b having she aamr range .\* /: {*.} fin*l / I -J '-e) mid / 3 -s \j- *?tH Ftai'f IheiT domain* fd? plol /j and / t -1 {?'■ 

pM /j #nd i;" 1 - 

S9. /tJ=> = x r +A (a) /(-l) = 1 -M =/{3); (b) /,(*) - ^ + 4, * > R: / fl [±) = x 2 -4. r < 0 

M Ft J J ~Fs -4. r - -<p /r*W = ^r-4^ -Tj-7- 

Fi + ifj“4 h r = “-^3^ “-9. - -y^-^L ^ *4. *i J 

fift. /(■) - x*- s ^ ---;:; 7 ? :.T ] m , 

> S{- 1 — I - u — / = 1 > (1 1 ■ /Ja) =t : 3, -r > u: / 3 i> - 1 j. r < 1J ~~*-si -o'V ' :/ i ' i ' i 

(*} - 9i F 1 = 4- 9 h ^ /j _, (j?) = V^ + S. f i 7 1 j 

Fs = “Ah — Fa J = - v-'V: ~ j r i" 3 (^) - - V* + ^ a- > -U< t_il ^ _I 

The reqOjcerl pJaLs are m^iov^jl ^J. tbi; racjlil. _ /-| and /| _ 

p if* C 1 \ Ej; 

El. E J rove thfft /(r J - P ^-jr 3 hte lur ih^PTv: and Find it. \ *E 

b?v^ \ 3 | 

1. H II i l 1 L r r I c I i L J L j J h 

> Cnr-OH>n 1 "= 1 -T,CM» fl = EC.CTCML3.g !□>! M> DJI JUVCCaC . *<l -rf V ’-5!: S * * ^ 

ft ifl^< 1 p if r < I TSE"'-'-- -- 

/" '(ff) ^ 1 = ^ y^jf if I < jf < 81 i= \ s/r isf|Cx<8l VijF 

ltp/27) 1 ift>SI t^2T) M Ef Jr > SI _Z£_ 


1.3 Lhftl 


\ E 

1 4 

1 4 

\ --i 

i : 1 L \ L 1 

' 1 t 1 S L j L j J h 

-7±\: z t 
\ 4 

M * t 1 

p-'— _ _, 


4 

_ J 

- 

1 


-32-10 -5 -t -4 -Z_. 

--■ 

^ ^ j tfC, 


i-; 

t 

E 

« 

■ j 

—-4 

fc-T : i J l i t i 


_a -.;, -4 -2_, 

; :/ ^ t * 

-4 

i / 

-* 

■ / 

-t: 

/ 




3T* LOGARITHMIC. EXPONENTIAL, INVERSE TRIGOKOMEWC, AM) HYP^i-lG FCNCnONS 

63- /(*}= /*(.*> - a. Th«efo« / i*> U K ™**ii>r. ™l ® / h “ ™ invc,sc - R *™ s '' 

- 0 wlwri < = 2, it feltomfr»m TleoreiJi 5.],# Uu* V ‘' I |J| “ J^}' } ~ + ? ~ 15 

1 \, r , 4 f v rf; ■?■■ _ 1 _f -n-JL . II ,.„«■/ LtomtiHumi*. B«b«w 

* U t B =^.Tb«r(-)=^J i 7 r ^-j i 7TT7 MKT* p> A 

m > / b By tan. 5^ / » **««■« U ™ u “ J, 7H^ " 

.fant = t it Tteoreru 3.1.8tin* , 

i V T ’ ' 3 1 ^ 

—-IV- 

* m m *=a mm m - £!>’ '** #■^ ^ • 3ti ****- ae *~ 7 h 

***** m><>. / - ^ ; iioh :;^ ~ r f *rr: 

DM-JM.M, f'* dt = 0 wbeo t-T, ftmn Tfa««™i 5 - 1 - 6 ™ ^Af 5 ™ “?W ^W T 3 ** 

:.'. r ™ g'HttL#- .* (ll .hcfc K=/W '■** f =r'W T**™ 4 * 5 f = /<*!■ lb “ 

$6. '|'hr farrnuU os Theorem 5-1 ■& is '■ 

I =r(l > «d r=m *« g »irW «***»&* '«•• ** m we * tt crl, ' w “ m 

Sow » «■=r'M *w» Rci!l “'" * * wd * L (r ^"nT^wJ ^ 

W , W, dta-t, & Of Eq- r,i, »d ‘ff 1 ! 1 «- ** n* ta 

(r^m - = irFW nr1 ^ ) ^ f "' tK)] 

C a /" l (s] T In ^' from ^ LRtfl ^ n1 ?TK ' rf 

aJ gluMakinflit ._— l f „ lT .. rj , ib* . e wd imorval bj ^ni”:ii^ 'iTittQrani 

*?S^S^'?*53»*5 -*'«■ * £>,*"' r‘rr "•” ,v “' , * ,w 

t Bv-rti.™ LUi), /“Hlr] ii Lb«r«i DB - 1M « >«^f 1^ th™ 

Now /“’(/(a + 1 }) ■ * +' / (/Wl + * ■ Ti,lS 

if/ W <y<n*i-<i tte» rWi <■ /->! < i>; 

<t> H/(“) < < /(*} + 1 thmiii / < / Cal < i t* ln - 

wbacJt = f(a-<)-!& > 0- pr^« lfa»l /“Hi* “ Fi ^ 1 ^ W ' ^ 3lt ' r ’ 

ir/ff- 4 '*ir«/(W Lliin <■}}<}"{*}<! 'i . f '^'- 1 
Q ir/(6)-6< W<i(5) tfatti /" I (/0))“r< / L (pH F l (f(W 
W w™ £ = /(i>- l(b -0 > 0 . Thia pn™. Ifau /^ a (v) « ?TDnl ltlT 1fT ‘ ** / ''' )> 

t siti fciSw 

i* sSm 1 *-^ r wmj rr ^ 7 - ©= 

<=> 1 — “fffaf) y S H ili-p TflkctinH of f - ^Sa y ae B*c^nse ^ (^) 

fJefjiwd fpT j{«) < j: ^ #(61 •:' 5 li fjj^ 7= “ dfetJWailtB' 

j,^_ -T. Ekc-T.L W A vWHtunM for all serf numbr-^ 
r, | ^iiij, thr *™p«illon/ = S«^ contimio^ - ^ 


t 3 > 


5ITTt 

5.3-! 

5 J 

5 J 

5 J 

5 .; 

5J 




^rf 
Til E 

1 - 

a. 

3 - 

t. 

lil 1 

5- 

t 

7 . 
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53 TI1K NATURAL LOGARfTflMtC FUNCTION 
ill definition TFi* iijUunii loearitlimKfuncliftn dn-fliml Try 

I u _P = j J rf/ t > D 

&,i.2 Theorem Ef e; is a sliff^ri-nLsnEn^ fvnctk(D of z ai.d ii(i) > 0, then D r 4Ln v) - J, • u 1 
5^1 Theorem Ef u is a dififerenlL-ihlr fiimipon -of r And u(j) / 0, then D r £ln|n|) — y - D^w 
Theorem In L ™ fl 

■&.2.1 IIibokiel If s and £ art afiy ijosIdJus Hujnbei^ 0 i« ki(aitj = Jjl lj -j- In £■ 

tbwnn If a & are any posUive numbcis, tlita In - J = In ^ In 

Pijrl'brymciTr. if a Alld £ Ah 1 tarth positive pr both their 

M n ^' = I nl ■- +lnJ^| and [n-—InU -ln|B| 

Er 

fi.2_4p Tlimi-rin fU s'- nny positive uljjj ■■ r uu! j 1 U .■.z\,y -its '.%y.:.-.\ nkJaber. Iricli 
113 U T r 3l| ■!! 

> 0 tc til* dsstiipftti™ briwmi !m> a i antf {In r) s . Hv TSi-c^iWrti 5.2.G, lii(=- u ) - in Y* - 2 ■ Ln 
Howler, (in x)* — ftn *)(Eji ^ 2 - In x. Xrmr.h^r symbol for (Les^' is In^e. In ^Knti-aJ, 
In'r — .;.:i T.-' 7 3-■[□*, And Lll -r r - lu J r ! = r -In j, if r is ;l ratio ol&J Tuimboi. Il ii. usually 
b^iUrf K) sLuphty iojl eicpTe.s4on MW* doing C-ikujdi-. Lserti&f! Ilf. 

Wi have the fa! lowing facts abfrltL the ttaJEurnf loiiari: h m:r fipnctinci and It^^raph.. 

(Y) Tfrcrfom.’yji i^ i3i-r spt p ,T nil p^ii3v^ numb^Fft, 

{ii> The mjip /1 the art of all K&i niL-fuLrtfS. 

(itt; The function b IramiKang cu-i ct? ntji? nEomaLn. 

£ivj Thofunction is c-aatifiuoigt ;l[. nil n-mu lifts i^. 31 st domain. 

v) T!w: grjfcjJi uf ihe funcLiOb 1. JucioaHt doi\ nwarrl .lL 34 1 i^olijI^. 

■>ij Thu graph of lJu- fnnwIlu-is is jAyiuptatie Ld tin* negative aide of the )} wtU thro-i^h ifct 
fwrMll qundfJupt, 



L 





3SQ LOGAJm-IttflC, EXPONENTIAL, IN VERSE TRTGONOMKTRK AN D HYPERBOLIC FUNCTIONS 


S. /^)-ln(S-^) 

P- Wu ipply TEua^rti £.2.2 with U - ft J >- /%) = ~ **) = ” 7^T 

9. r<t] -£M*t+ift = £ 2 + HI = 2 -5tVt- 3 = 
to V$N*-2rl] = S-f^” 5 ) 

11, s'ttj»^Jin^si +1)1 *?M5!* + 1)^+t).j4,-s- 

12. /(t) — lni/l + 

& Fim, W nhs- 0.2, & ;■? FinapEify f{t) btfoit drffc^nIi-U.m^. 

/(£ ■ —la:l+*r-- 1 ' ? = iin(l I 4 t»> 

Thus., 

n- --i2_ F 3? 

“ jW = £ i"fa y) = sts' L " > - 

)s- lifft - “ s ;£§ “ 5 “* iy 

Ifi, /{jJ ^jHiljc 

& Wc ipplj- iiic dauflhtjvt of a product min, 

/*{x j — x ■ \yjfa i) ■} Ih * - i\* j^-|)+ ^ :| - 

IT, /'(*) “ ^[ra}«{Sn x)"| = ainfln - -rill0ll x) J j “-j-" 

to rf*> - £ >» «*v^ - sb ?-TJfZTTZ 


fz - - '—^ ---■/-( -B* yV|^/F 1 

,. . . * - t tl , ._ -a. 


«m = Aj»(«a.+t »ui -&(«* *»+“*«> 

t - ,, -i si^ 2iVian lr-i-£« 2 j1 _ . 

~ srjrh^r^ l>w to 2l<2) * " c 2Jf(S)) " r* ~ 2 w,f ** 

£D. A{i,-i « rsc(tn [,') 

t> A'£lr) m -swjlri n j rutf ln p) DJla &r) ^ jj oal(]n Jf) 

ai - /'(*) - ^l»(x/W?l - ai|7 l "( tjn *)1 -1 db *■ ■ 5T«rF' "**' = ilHiT■ 

_ 2 :a r coa r _ 116 ’?>! ** 2 * 


a - *« - ft ln *$r?i = x - D-M* 5 +Hi = ,j| ^!:r^,|| -i6i 


t r ^v-5)-2(^+.3) i 
(3*+IX**-4f J' 


3.;3n - ]""ca.- - j) 


^4. / 

tr F 

T 

S. /i 
». 

S7_ ,? 

i 

-6- J 
& I 

n 

a I 

30. < 



■IE 7HF \,VTtTMT. IjOG Mil! HMSf’ Kl'NCi'lOji :W1 


w- /(rf^mST-af^ + T^ 

?■ I'ital, we appJy TbeoKma b.'2A sxd S.2J0 lc /-(x] #s a sioir 

/(x) = !□(&* ■ 3)* + ln(^ z f “ ) n - 4 Jji- If - -j- J Lap±* -+ 7) 


AH - 

aKs^^Tj + iajQj-J) r iw? a - iter +1jt 

* m - £ «#?* + ^ 21 + 1511 a 'J = 2= ^ tv^W 


f- ^ = E( h 0rr) 11 


3f7+iH?TTi 

28. /(l) - i-W 

o Rv Tltrflfrra Id = 3 in*. Thua, 

/(xy - - ^TnT - ^(lr. li 1 ^ 


Thrr^lW. 


/'(*} -- ^:" 1 ' 3 D r (ln f) - ] ^(In r) ^J) - - 


kCliix)' 


». ro>=4 [vsn-hiL+^jr-^--u=—j==-IL+y^ ’)- 1 . 

J ^/r+[ [ + v?x-T j! y ''x 4- ] J 2\/x -i- ]{l 4 y/* ■+ 3) 


2(1 -ir y/i-r I) 

M. C'{*) = £ixj n (* 4 v'T- ? Y ) - v' L 4 
- I -b(jr+ v'j + J a ) -r *-7- 


=«* 4 vTO) +r+v ;—- - 7 ^ 


i+\/l+^ y/l - JT* ^4.^ 

— l n ( J + +x 2 J H- ^ \ T I — - —- - la(a + v'l + £ J ) 

X 4- \/] +p 2 vT+r 

In F-Kcrri.ar* 11 "S, find by bsipJi-nii ^ilfr^crttiltitHi. 

3lr In f * + p = 2; In * + La p + z +y ^ % t ^ v"^" 5 " 1 ~~ 3T + -= ^ + *? +■ *.y ^ - 0 

.■ , /jr* _ JV „. Jr_ 

^ *ig" r SpT* 

l3 r tn^j- »r xp - 1 

t FilSt, Wt US4 Tfet’jtth'i &.?.■& td ajft-.plify ehr Thu?. Wit- hs^-e 

In jf — ]z\ 1 + xy = I 

UiffmndAlSSft dn bblll : : ,Ld« Wilb .-^[WcL to ?, we ^btiiin 

1 rfj, !*!/_, 

i'rfi * + *aj +!, - L 

Mull iply in k on bnlh radr^ Iny x^. vp havr 

-ii+^aK+^sdi ^iti l j()=K-*i( 1 ! al = H“^ 


J3. x - ln(x +1 ■*• i); I 








382 LOGARITHMIC, EXTO?;C N'T 3 AL, INVERSE TRIGONOMETRIC. AND HYPERBOLIC FACTIONS 

_ . , i_x_ . , 1 l h' ii 4 *. .s / ] l I I 


35- s + In ry +■ 3sT 3^ - I; ^ + 2 In x i Lti y +■ 3^ ^ S-r ■ Ll I 4 £ 4- 4- fljr ^ 


v**,+’%+•*■%• 




5HL 2 Ip v + if J iL -p ■— -cy 

> Wd sJiflereiiltnLe on bu<h ew3«- with THfC^l Cfl a H Mid multiply b^Lh sedM hy Thuts, 

r* x* In a 4 ff 5 +xsriln *) “-* = **&■ ^ i 

l > 2 4 xyln r-it^) ^ - ry*-y 3 - -*y in JV 

ik TyJ - y 2 - lii a _ y[j~y - g - a In y) 
n ~ P+sy Eh t-i*¥ ~ 4i-Jp^l/Ln *) 

3?. The t ™ni^ plMttrd an- ;J, -? Sfl 2), (J, -In 3). (l P fl), {3, Ln 3), 4Lnd t», 2 Ep 3), At ™h r- 


t-h* ILm is dpa™ w;<b r^pdftiv* ■?, 3, 1„ ^ And }y Sf^ thr figure, hf-W IrfL 

iTttci&ta 38 4S, iktwh tii-c grapiL thf eqqftltan- 

3JL m = b y M. ^ Inf-sr} 

# 4’ f 


i. AL rnxh of llirpr points .i ptere yJ 


*■, , 


* r Jf 


b - 1 


< - / 


2 -/ 

. - ■ E 

~2 2 

i 


■!&. y = En{j + ]) 

n- Because the domain eT thn ir-i!.TifJiJ irajj^ELbfflie fWKliOP Li. the :^ J . of positive number*;, tli^n x-1-3 > fl, <H 
r > - I, Thu^ fth** domain o; '-he fiinrtiwi ^efimd hj- th* gjv^a squwi*ii is (-I,4 qg:. FurthmMre. thr liar 
x = - ] is a verikal aj^ymplotK el ib-e unipli. utid heca^se In I — fl-, the gro.pb fgatwr.5 the p^oi i‘0-O). A 
h^eteh of th* gt^pli ii slio^ti below, kft 

di. j — 3ti|x| 42. j = In-J-j = ™ln(*-l) 

: v v Pi 


43- Let /(*} - x - Ln t: /^{j;) - ] - i - /*{.r} = Jj. 1C h < x < 1 then ^(^5 < 0 and / » drcwarawK: if i > ] 

then f*j:)>Q add / U iccie^iag- Ikll-F^ / Kiu aji alibuJulc ni.LnLErau.di value nl S ■= L TLir ftr^ph -df / lh 
^*ilCAVn upivOKh SrV the bale™, 

44. ^ = i+2]fii 

& ' j.i+|| ^ = -4 


dy i . 3 >f y _ 3: 

n = 1+ ? I?-~7 

IkciuK iba domiia of she natural kndthnik fiaji^i mci ;s x > D. Uwn djf/dx > 0 sr llui fetaph is 






? 2 THE NATURAL LOtiAbLETHMIL - Kd.Vf "HON Ifttf 


inciCMLTlE Bccaiia? < 0 , tbi it t^uMTA-Ve dstwniwaTd. ftcr-WOT irr 

VefrtitaJ JLSJY»i|vlnlc. TJk gjin-nh 135 sW^Tl b^io^, ■ T-l, - i 1 


45- }-**■ f[r) — \n sin xt / F (r) — * 

^unI / hi inrrwL^np; il x is 
inuriauma value of Cl At x 
[2n r -I- t, + J mn * < ^ 


™ S n» - " t- 1 —. Let il aoy i!U*gHtt. If tbid 2n t f f [x } > (! 

4 in (3 rt - jff.'^-r t t / J fxj <0 R.Bd / is decrcadig. Thus / has an absolute 

5 = 2jUir -j- The g/Apli nf / Ikln a. vr/Eical a^yiri | £oIjt nl x — jl.it_ If X Is lO 
(I and / is not defined. The graph Lb eoneavr do^Ei^ard. See Hhc Jlgu.Ee bcLtw. 


E^i-rr-.ir -lb 


?rrr-r;:ft 


T!hr capari'rvnor rr>a:ri?il rylindr-rr- nf 1. rw nr.H rarii u and 

■Un-TrC, I* r Fm-V^, whfr* f - «ld *n i- 4 ROfritjvi* ennwPmt. Find HmJ 1 

fr Because c < b. tbco i/a > 1 and lo.(€i/i) :> U. Thus IbuJjsta/fr} — Azd so Liii:_(. 

. d—Ei n^-fr 

49, y — In e; ^ = £. = ■□ 2 and m = ^ The equation of the laagcal hut ts y = i-i r 


50. y — Ed x: ~ — j, At Ehc point fff L ,^ s j on tha curve, the slu^t of ihu iios-jjiiJ Lh lc- js -x,. 1:lu tfiveji SLo* baa the 

wjuaslOfi p = -|x + £: -So its dope b —Because the two lipes are parallel, -x a — —jh x l =■£> Therefore the 
r^llirfrd narmtE ]in^gt»T 7 * ;lin;Hi,gh thr -mini (:,. -in 2 ) on i"h-r ntrvw ,inc? i> Las si,opr ?, Il <; equal Lpp is 

y +■ 3 d '2 — - j£x — j)j y — Jn ii — + |; !x + 4y + ■'I In 2 «■ ? — 0 

51. fiud an ^llsw-iots of ;h,t noiniiJ line to ;h.c gTapIi of y — x- to x dial :h pc^p£tidLtij]rij to the LUii x - y -i-7 = 0. 
t- If thii i'LomYtal L’lt li> lli* £rmjili of ihn 4ft| hal ion |i = % In x tu |M^peiidkular te ihr- line f - ^ +■ 7 — Dl then ifae 

taogclLt LLlir: [* ttc gfafth Of the equalboo jy — x Iilx Ji- y^raliet L«d thar LiJi 4 ! r — i'-j-? — Q. BjjfJiiLHC tie iJajx:- 

iptcrcepE. ftsrni OF thr i-^u^lqm OF tU eiv^n 3iftr y ~ -t i 7, We ElAV* =: ], Thu’' V!, T hi L d tLu- poitil ofi Lli^ 

garni ruj-v* wSf-rr the Up? h^ dopt ] Wf have- 

y - x in ^ y t ]n f = 1 f It x: If — i, thet 1 x. 1 -i- it f ■ ^ _ La j, a — 1 

SuhbEiluiiaig x — 1 hiiii ^ 3 . (S), wi! uhLuin y — \\ F and ihi^ capdcide ihzl '-hr- required Lice LDter^ts the curro 

jli i]\* [^oiot (l,u]i. t-'ij.rtli-ermofc„ bccau-Et lie slope of the Lan-tnt Jiac u i.iar pom; is 1. rh«a ihe slope of tiw; 

uu. - ll!.iJ ILtii: Lh — ]. auitl in n^uAljun a/ Uu: j.-.:i Jii.^l i- 

IXSf-Dr ^ hf 

5J. A parLjcit Li mowing o;i a lirirt ru-xcixjing Lm Lhc tw|U?Ltaoj| aif Jn^Linn * - ~r i I ■ J Fi-H !i lEr. 

daxeewd dafitii^cc SJiiii Iheatutkig poi&t at t ^ctoods. Iu:d the w]«:iy and aecrIetiL’On w-htai £ — 3. 
p AE 1! fcrr, l* ft/ms hr tiir lLs wJocHy and 4 JI/mc 2 tw It Th«n, xning Eh* p?enhs*t. mlp, 

«<0=af=-1)|=ao+iM<+i)+(^ : + ^‘rrr^ 3(1+ ^+1>+<<+i» 

«(i) = -21<< 4-1}4 ifi f t>- ( -{ . M = i tn(f4 I) - 3 

|]cncc iff;!) = a In 1 + A ,ind -n:^ 3 ^ s= 2 hi « ■+■ 3-. 

■■ Tim veLocity b fB In 4-M) FL/i^a ami l-he acceieratl-on it (2 «ei 4 - -I'! i’t/ecc 
Fi3. L+t tins muouK of LLi: speed of the signal bo i{x . Thcr F-&: bollix k > l 




UXSARITHMIC. EXPONENTIAL. INTERNE TRIGONOMETRIC. \ND HYPERBOLIC FUNCTIONS 


When In i < —j H v^(r) > 0and - wbflit [m>- 
v fcasnn Absolute mA^imiirn vslut when In * 


55. If S doLlais as the total: ^etxLy LDCAme from sales when the w«fcJy advertising. |- / T 

^jcprnw is ^ doliw* ibvn CaJ 5 - 4GG0 1 In t; — s ' ' ~ 2 p ^ ' * 

«3l .=mo J Ij=SOO I 

t'!' 11 -1 n- T-::- r C- I hr WcrL.[y : i. a ] -f-:. Llifti^:^ L-Jl JLrifljHLb llE. L l.r Tat#; <il" j-H- piT 3 J Ll.^nru 1 El Liu: WKjlIj, U#lv#jE.bu:iq Ixjdftfr 
w!im the weekly ndv< ri : 1 s ilk budget is Ss-llU. 

(b) Wlien fbr wrrlly ntKertisircfl budget i^inrrenHtil by $1-50, An ifipraslnwitt increase In total weekly iiKBTW 
From sales a* b - 350 — 375P. Tbe actual Lntrease :b 4D0 In 95U - 4DD0 in &0U * 


dflJSwr itpn (;C 5 - 4GGd In 


56. (a) PipE, [Jit RJ*pbi nf I 

= str) ^ lit i j 

in the same window and obsenie tbai /(z) < < A(r). ' ~ 

fb) Ouofirm your obvrvitijpn i=n pwl (it: AnjilytirAlly t>y rnn>vi il^ ih#; iiLfcquilhy t 

| - J < In i < r - ]j j- > 0 inti J" ~f ! /* 

& (a.) A plot u sibuwii ill |Jw rij^hl P . _L_. 

ffa] 1-ei f[?) zl x 5 !n z hji-H [?!>}= I lux |. Then /'(>) - I - i Rrr^wi^ f r {r) < 0 in (ft, IJ and 
x) i-ft in (L. +cr:), / W an absoLu^ minimum value when j- - Land /ill - &. R ante 
if j ^ 1 , x — 1 —la j > Q; In x < x— l ( 1 ) 

Al#Gk j^(x) = —^■4--^-. S^auk- ^(z-j ;> ft in (0,1) and ,/(r) <, 0 in (I, +aQ}, j has An absolute maximum 'Altw 
air"] Jt nd = 0- 'Kftnce 

if i ^4 1, l-^<ln^ {2} 

CnmbiuEnK (3) wid ( 2 ) wr have ibsi for ff > ft. r ^ 1 

t - J<ln* < #- I f3| ' 

57, iiubstatuiLtig x — i So: t Ll forniuLd. (j; cj_d dLvidjnfi a£t lertns 5y - 

i^ow itm —.—r — 1, aUid lien 1 — I; by She souccrr f.he^rcni Lim.---- 1. A-tcmaJlLvcEy, I^L 

/■(*) — lh( I ■■ sjf /(Oj tx fl. hy llie rrien.ii vaJua tlLmrern LS|«?e U jl ruirntw. 1 c beLween (1 


x Jiijf |l IhM 


wt+d /feHJBi 


Thwn ii: 


3^1 


58. Lffl F’r) - lo(l +x) ^ud so F{0) = lit 1 - 0. Ej- the dftfinitMua uf d^tivativt, 

P'(h) - (4], Purtbermore r F'f#) - ^ g #nd so F’fP) = 1 (S). ^uVititilUnf ■: 

i'Tom ( 5 ) i^wi ( 4 ), get lim - 1 , 

IT □ <C t < 1 sben > ]. > ft. Hy TheitMti 4 ,ft.l, if ft < f < i ihen 


j 1 r^fJt > ! \JI > ft > l-J t > 0; 2r -1 ^ - 2 > -Jr r > 0; It 1/1 — Sr > —r In x > O 

Btcau-W liui - 2-r — ■0, i' faEtnvra frtMti lbe dqu^t^ec tbenrern LliAt Ltfi i in r - D. Nuw le! ?z > 0. 

If jj — Lb??i lim. x rt lb ? — Lim ^ Jat y'^ 71 — ~ Lim p In p = Q 

T^J + v—o + i—u + 

If y -Lhm lirtt L Ajf= Iko y La y _3/ " =-i lim Bht^ = ft 

E r-+n»r w ^4 \- 4 + 



□ J'Ht: NATURAE LOGARfTflM 1 C FUNCTION 3 S 5 


£8. ]f /1inMis-iirtw the marmot shaft: of * suWir.uio lechiioJosy over f uni It- nf then 

lnJ&- 


'wTiV 


wliert j, «jj aeiJ r-j h? rortFtwHi. Shctw ihat /'{(), tfet rate of aibsutiitlaa. is givtji by 


/(t ' -7 io*[]-7F5] 


* »l- 1 : *> Kf..v*:n.l ro t. - Pjl —: mg - I-.[I - J*i.' J |. <r[5 — j*f( :| -i 
Dtffrrfrtlbi-alilng. dis bcLlt bidc^-. dT (I. 1 ;), [juicing aBd iddii'i^;. toe obtain 

, -Z20+ M zlOH ' s. _ 1 

m' [l -7(iJf ‘ ^ ( |7fc T^/(TJ + fl J 


0 ) 

(*) 


»EI<J SO 


= Hfj 1 


fE ~/fni*+jfa?n -/();+/«> 


rm-m? 


- fj ? 1 -vn)+fV)]+im-/'m+*m 
■ 1 /ir- 


% = whiiJl is ®‘J uiVftl * ni *° (i!- 

54 [.otSAamiMic Differentiation amj integrals yielding the watuhal logaiotbmc 

FUNCTION 

54.1 IteoftiEi If il is a. difftrenitabte foitctiaai of at, D Jlnur) — 

UlguithcriK DiffcreniiMiMM k follow^ that I>^EJ - u which «H be w«i boflirophfy fcb* WOFfc mvoE^-d in 

dcffrrHT_[i;?d mg eomplsc-ac-cd ejq^M^luriK imnlving [Kitv^r 1 : jundiiri.'; and quoik-ntp. The 
res-iiLtins formula t$ v*hd wbca u — B p?ovkl«l id is toruiniioiis Ih^rr. 

5.3.2 Thramrm J ^ s£?i = JcJ U ■ + C 

5.3.2 TKaswmii ^ tan u dv = ln| see □ | -j- C 

5-3-4 Theorem | tut uJu - Msi>re vl + C =. —Loick ti | — C 

54.5 TLkhceii [^Sftc ti tf|d = hi|ru-r tz -I- ism u | + r 

54.fi Tbwwrirn nsr v dv — lr. esc u - cot u | - O -. jn| tan |k 4- C , 

. t —mm ... 2 isln^ In PH In , 

Pm?f « - COl U = ‘ *** u — - --?—— ^ i— — fcazi in 

sin * 2 Mn |ia pts* Pu* 

1 \anusesndx!nli-J FnClPtiticIi fuAillton wJdi-.b U n,o 1 uLgcU: 4 j 4 . 2 . 5 ). In s. Ls Er.aii^Ccnd^nLai. Stt L-JKCTfjSC; -Hi. 

Problems 5.3 

In Vy.r.rr.\sfr- 1-y, bsoT htorttti 54J. tg d^/dr. 

" B“?+ + 


I. jr*ia|*?+lJ 
i = il 
4- y — Jd|<*s S jc I 

4. y-]pi|sf<; 2 j | 

5 . y — ln| Lag. 4 * - wc “I j | 

fi. ^ = IN cdt - esc 5r 




fr S=5sfe^f« I *J— j 5^ =-««»#■ 

‘ t r ^o- - - - « - 

4 sl-c -In;^ -It H l*Ti 


tnci -lr ■+• rrff Sj 


' — 4 5CC 43* 


Af __] if, ___ ^ _ —3 at*-T-H c*c mi fl y 

S oot 2* — esF$x Jifi ^ rot 5r *- we 3^ 

- 3 3 fr - ^ ^ S m 2 x 

**t 3r - i-.se 3? 






SMS LOGARITHMIC, RXPOXENTTAr., IJfVWttr J klGONOMFTTRlC, AND HYPERBOLIC f'U NCTIQKS 

'■ 1 <*+«-*«- w 

I* - +41 

ft, y — ata(ln|2i + 1D 

t * = msMSi-MD D, h| J* + I|^«s(]as32* + ll^i^Vj) 2 ) = 

Iq EspjriAte &-14. find Jrj/Hjtx by Lafajichrak difflewnipaiinei- 

9. 5 . = js^L-c 1 1 |*(r + l)< -i-J*{*- lft« + tfb+ If 

Li{i,3=HK*r+3li**“ii+TM*+T|;||j=i+^T+7^i 


«t_ f2(^~ i)f, J r + l} + fa(j4 [) +7*I>-1) 
it l(l-lj(l+t) 

= ?T(* - ij'fat + - l) 






A , 1 ^+ 


3 j(3* 3 - ftH J 1( fo 3 - !?H J r 2 j 5r - A + 3V '. _ 


(5t-4)C= S +3(X3^-5) 


^-jyJ + 31^-51 » 4Dg ~ 15 = «j s - Eftr* + + 4^-75 

BwAUi* tide probJeai bflt knvolvt upomuLs ihe m*Unx3 b uuftiply uut l^fbn rffcfifcniitnbiiig. 


1 L 


T 2 (*-lf(x+Zj 




■ ij i - 


j-j - j- - I F|J- — 3? 

" i* + *f ~~ 


Tn|SrS-=2 3ii|*S+^ Mi - H+3 Ib|i+ 4|-5 H 1 “ *1: p -1+^I j * FTH _ : 

4 = . f jtt + _£ v x_3_®L_\ 

^ Hr * - d + T ■+ 'J - *} 

_ t’it” I pi* i-^j ’ 1 Ml 


(*-4)‘ 


I X* 4 ?X* - 4) + jj (j 4- SHg - 4) + - l)(g - 4> - - l)U 

i(i-l)(r + 5](j-d) 


- *** ' 6 t+I«) 

12. + 2V( x - 3) ., r 

p. [b^ dfricLftLfi *f 5 be QilUF-ii Uipjwi I Jiijj.C iuJl-Clion U iJk j*L aT -&JJ posi p 4 v<: iiuiub^ri, wc D-r^'- l-eKf' lb* 

nbf^Lutt u&toe oF m* suit, *jsd LlMft c-alt ihe n^ral b^ittthKi of wh juliJ ^Ptdj l* Wk to^fiir' L ^ 

(U -ri i i t|. hi ify Llti: rifp.lj L li.-u.ud Mdc, 

k*{* H-3J 


|i I - 


^r 


Iji|P! = 5 ligr,'+ln|j- + 2'| —Inii-S- 


Wc differentiate 03 both sides Implicitly with rasped Kj jt, ippilyias Theorem S-3-1- 

, d* ", I 1 S(*+ 2X*-3> + I(r-3)-*!* +«:• _ a* ? - !«.— Jll 

» E- S + rCe + »)(i-SJ 

E5eeau*t y — r l (i —'Ji/fi 3), if we aitiltlpEy od h-rjtb sides bv y wc obtain 


is _ g*(j *Vl 3{J* - 2 e - 8 } _ faV-Jt-S} 

ib: “ "i-3 "f(r 1 "dX J _ *i (i-i ) 1 


13 . 



ln|y| - Ins^ -2*1-jlni-r' - 1 ; i'Jj “TTT^ 


Ta* 

S(s 7 el) 


iy_ 6{3 j 7 + I)(J 7 + 1) - +1 j) f ? + 3f ]5e*^lfle T 4-l5j 3 + l<l-Ts^-Hx 7 

’S” P ‘ 9(lP+2sYy+i) ~(a T 4-l)'^ Sf^ + SirK^ + l) 

ar 9 -tt J + lie" i L> 

“ l(a J 4 ll i/! 






5.3 LOOAJQ'IHMICDII^'EITtENTlATjON AHD INTEGRAL* VltiLDING FHH NATURAL LJ&t; AfcUimi li: M ^(""LON ,137 


lJ| - *" — J s ^ ^-T^— = i ' 1 -*? n ( l ■ | - J )' ]/ *' !»{! + *) 

{s+i } 8 / 3 ft+ir ' 3 

Viz il-i SH-r' Jr V ${J - J-jfl i r} 4 I t + J C(] i)(] I !) 

Tn> EimtriRf* L-n —3-13, rv.tJirnT+i l'-.h 1 1 tdirflillt•* litCtgJl"-aL_ 

15 ' fA - 4 jr^ 4 Wi - it!+c 

is [^l^. 

Ji-s' 

&. LfL u TJiL-n iju =■ —'ip di, and by Tbeoifcm, 5.-H.Z Vrc hiVe 

J3- Jw..tc-JiJj-vUe 

It. Let u ^ ]jt xi then Ac =4* J = | = | j cfs = Ido r4 C - kJ la Jr! + C 

m l^TT-y f* 

b l.tit u?Kn 3r-L The* Ju = -S tin 3l i-j, htid by TWiOfu 5.3.2 w* have 
21. | (ter. Si -i- ts* &rjdr = J tin Si | -{-1 Latst £± - c*t lx -|- L' 

= s H"° Ma^s“SHi)l +c “ $ mi “ ew 5,)+c 

23. ' ^ dx - -foot 3r — 3 <sc 3x)dx - ^ In tin 3x. -f i n| «c 3a. 1 - -cor- 3x | 4- C 

S3- 2 ' c ^- 2f ^ " J ZrJJx 

- hj s« 2x — tan 2r \ - ^ N arc 2x \ - G — Id ( i 4- sLd 2x - 1 - ^ Lri cot 2x | — 0 
34. < (tu 3* - »ct 2*}rfi 
p Lrtl ul — Zx runL ifu — 2 ds. Thus* 


a. 

\ ™ 
— Msof 

34. < (tu 3 


|" ■ tan 2r - see 2x> dx - ^ J (tan n - &ec u) 4-u — Jn aec n i - In aec u + tan t;!) + C 

— |(l,ii| tec _ j | — 1 1 . Mac. Zx + EJiti 2z ;J -J- C J — — i in J1 + =iLu 2xJ + C 

2 S- | - | ^ 2 # + fl - - i 1 -M Ib| s j — ■! | ^ f 7 

26l Dy Pckhj 43V1JIMIH! ■g J (-2?-r 5 -2 ln|^+ 2^ |-H C. 

27. IjtL ti — Lei fix; lIkm Jl. — —; ax — j > Lli 3xi^ -— — : fu — f | Ll. j 3j -r C 

> t*t □ - Id x. T}i«d — Ji/x. TJius, 


(- (g + rn 3 f a ^ jgJ x [ 3 ^ a 3 , . 

J jp(l-lns) J I — In x - 1 J lTfl 11 



I3S tOOAJUTHUlC. EXPONENTIAL, 1SVEHSK j nu£K}NOMETaiO, ANij HYPERBOLIC FUNC ttC>W$ 


Dividing ihc miKlcriitDt b>' the *1 aw™ HlJUflr,, ±ud und£ the tf>e fk£4 that ] - 4 U ll^ar. w* dbtaHL 


^_JlZL4y = j (—u - LKu +3 j ^ t‘ — is — 3 Irii 1 — v| + C 


KfipJacing u by In j. we- gc? 


r (2+_k^|£ _ x - In * ~ 3 lid 1 —It * l + C 
J f(l - Itj *) - 


39. Let H = 111 =1 then du — 

f _ d r^ajaj + l .&- fl«±i* 1 ^b|li J +lll+C-lB|(LDl)*-MHl| + C 

J tyiiTi ) 1 4 In jr] J {la i)*+ tn i * J u 

30- By kjip dmsjDn. 

31. l*t u = In r; Ifii-fi 4u m | U ' E ^— 4s - j tan w rfa — lnlwt ul+ C = lnj-Mirfli™ *H+C 
32 [^df 

t> [>L ?J = V^- Th£C du - £i"^ a d(, find w d*/\A - - ' rh ^ 

_ 2 J dCrt 4 j dw = ? Lijam ul + 'G ;=■ 2 Fhj jj + C 

In Ejwtc’.ii^ 33 dd L find til* r^aeL vJue of tht definite Inte^aJ and <:ber|c by HINT, 

33. * v J Jx = ’J f " - J Infx 1 + 4) f - ^(In F- In *} = J In 2 ^ \M$7 

jt 3- + d- * J + 4 _0 

J4 | i rfx - L la| Tt + 10 j* - J(tn 2d - La lft} = J h 2 d ^ 0.1331 

3S. [ — = -l = -4^4 -xHf = -kin 2L -In 12) = l to £ w -0.2TM 

U d-5 3 -=J4 4-S? J J| 

35 f ' 1:3 1 d-r 

b, w* divide the of she fraction by ib* SLti^aj dtraminateir, which yields 

We confirm 1 bi? isJnt ns.in^ NIST. 

37. + ii + ln|l + l||^=(.«+li.4)-(2 + lii2) = 1+1=4=4+102 

M. j 5, -iJ^-Sl* = 11130-k-1 - k^ = in 5 

3V. p ^jgfc g A =Tja ff l”mi “ i ,n| ' 1 + 2 alrt 11]^ = H\W + 2 -1) - HI 4 0)j - ^ Ik 3 * 0.44 

* 

> Lei v- ^ '* 1 ^ JI t - i r n = 1^ when ? - 4 r o ^ H. Th«cAw 

Wc c£>n-lIrjih ihia value u-^i:i^ SLN 1. 

41. S*+»K2r)di = [jll!l$« SiI+ j^sk ^+“12*111 ' J 

= ^ln 2 +li.pi+VS)J = Jla(4 + 2^) = ln(i + v/5> 


4S. (,) 
(E>) 

h 

ft} 


47. /ft} 

48. !f/( 
& Tlr^ 


S2- find 

tit* ci 
fr Sec 1 ± 
tidd;[ 


a.3 LCKJAitmact d iff id ulntiatuok a:® BriitGftALS vibldisg rat kathhal. ydCAkfttiMK; R.i^riioN m 


■*£, | T ^ . (cnt 3 * 4 C5.-T 3 - j In nip | + Ink^T 3 to - W t ^t , , 

= yLnJsili -t) - Jn(ain ^ir) 4inj«?t ^r— col ? - ln(£3t |ir - mk, ^r}] 

= ftla I - = - *i/2Y\ - 3 tepp 4 >/5>J ® tt&i»4 


43L Let si - lo a-: then Jit - ^ ** z , - j n 5 du 

f 13 xla/z JLni 



jii** 

u !la3 



_l . a . j_ 

In 4 m Ln 4 


& [.rE rj — t. aibH <£m — (1/j) rir. Wlipn t. — :?. slim rj — n J; UrtUtt £ — t, then n — :■ i. 

|*^£t = * *• = “ sO^ - [ " i3 l “ |[(2 in 2) 1 - ln*?T « I lo J : « B-7JD' 

p\V i:l! nJ ~i r ii i thus. value Piling -MLVJ. 

4fp t (a) j «L LI du — | d u — IhJhe v 4 0 

fb) v - eitH - rotu; thun (to - (-c^ucpL p +pc 3 u)i/ii; 

J -wc u rfii - |" ™ Ini w « — wt «|+ 0 

f<> I rjc a f£u ■= f- j")Ju — In ^r{li 4 tAP;( u - }^) |4 C - InUWT N - J . 4<’ 


I j i i L i . rn p| l li+ tPt EJ 

| C5C ^i = ii»l« v -wnp|4C= irti 


r ■:: - ■ 


CSZ U-tAl il _|_ ^ 


■£ -icffw ir 4 fist y 14 C 

(h) Lrt l — Ls£ u -f-tOS. u: [-Licel du — f^£St 2 ii - > 1 S>Z u trtl EjJuFii 

r J r fif « r Cfit Nj ffcif 3 U + nc Ir^al ti^lr 

— am+«f — : 


_, f W-W + «4 Iij H + cac U-ral f-dr.- , . . ^ , . , _ 

Jcscttdu^ + B lfa= J- «.!, + ,«. -=J — =-ta*l+C=-WBC1.,BA*KC 

4.T. f{i) - i. The ivo?A.« value ef / ea |1, S] is =j-J-j-: 1 iz .=. I la. J nj 0.4D2. 

■ 13 . If f\T) = (e > - $), find I ho avtia^c value of / on I he mtervaJ | 4 , 6 |. 

e* Thh Average vfklin- rtf / un Pie iriii-rvAl [^..G] is ifi vea by 

A. V» — ^"~^J ' ^ ^ ^ I z- —^ £ + 5 ::t|i' - .i| — + 6 la -M „i f4 s« 5 Lh t^] « I H ^ In -II 

4^- L^t P be the prwsGre the volume ;f V Then by Doyle's bw, PV - C- Btcawe P - *000 

V = 4 1 tSl'tJa C — SflUOj TL^tcfijCo P “ The iVct-OEje yiiLue of P Ob V jiL-tfeafioy [E-bPii -I 14 S in 

_L_ ISSi^v —2000 N vf -2M«(to 6-U> 4 ) - »»3bJ 0Mlb3» )36$ 

Thcrffrtic the pressure La 13KS J b/ft z . 

» A - ^ S?M # - -1 K - i (I " »'- la ^ “ J * s = i ln 3 

51. A square units is the area bounded by y — -2), ihe * uis, s — 4 and * — o. Then 


A= itti £ —^ A J = r —=s2 Lt4tf-3r = 2Eri 2-31 ji L ™ 2 to 2 i 

A fl-4J ini " * J 4 ^ “ 3 1=4 


to -i 4 :i ms 


5 ^- 



Find lb* of the 5ebd of revolution gcnernled -^h«i the T^on buanded fiy 

(be curve y = 1 — 3/z, tbe j ajos. a^d tilt lit-e r - 1 Li ieroJved abo-u? tbe j a.ti 2 . 
Sftff the fip r 3i ne. I^t /(zj — L — Il/x. The ekSratJLt of VPiutne L* a cLpclLat iJiik uf 
tliLeka^ unlti uud tidiui■ /(u-J j uaila. Hus, if V cubic units 1 e tto v^lurae, 

v ~r It ? 3 K v Ut 7 j? i}] 7 &i*= f j ( 1_ I) Jj: 



m LOf-AnTTirmr, exponential, isvLSStTiuGOJHiOM ethic, and hyperbolic functions 


V cuEsit unit? is- the vqlonic wThn-n jr= 1 t j?/y ^ ir*; revnlvrd ahmit iJu* r. axis-. An clement of wianic is a 
cinnifttt disk <*nter*d rwi i\t<\ i &xia. r. E [li-ff. oF radius L 4 

v PA 1 + Hb-J *■*" ’ ["(’ + ~ *\* ( l 4 ;6s 1 ^^ 

S w[{4 + Ifi i fin I) -fl +i| 1 In 1)1 - w(ll + S ]jl 2) s ALSTB 
5i d>2a- L= J 4 * (^4 + ^4^** = ^Jft|x|-ln|d -x |£"* - o) - h a-1n *4 

55- 3 3 ryvg tiat to 3 ~- r - o by tw nunhwi^ (a) Let « = } and nsr Lhr rraul I of KsiTi-i^ &2.57. 
r™+oc> ^ E 

■(b) Jfljst pfnv^r i.hnc i -• ^ •/£ > J" | di by ^pplylc^ TbcoT«n 4.6,1- Thou ilss ihfrtqwxe tkcorcE. 
s* [i) HA-eivwi ExuoTiu futii'lltiiA tivn f Id i = 0 (I] 

l jt—* 0 "^ ! 

If J! s J itan I — -r&u Ah J —. ti + jjlcI 111 X — ]□ y - -til A- 5 U fa* ill* ling Ln<* ft). *tc have 
to i —la t] — 0 oj-i tqyivjtJrjiily-. 3im ^44 — 6 

T -T-t-fc-rfci 

(b) Ffccaure jc "tw, w? ^ssuiiw lb At x > 1. Because Ln 1 — 0 nnrl the In Fijii^l1s>^ is EDtreassriE, ’*■: have 
in jp> 0 if ae > J (2) 

Furthermore, if f ,> l h ih*n < i P so -L > 1 if t > 3 
‘fhcecibEC. by Theorem >*,£-!* 

J,^-J> “ I£1 tJ) 

Noiv 

J 1 4- (ft J | V 1 ^rff = 2f 1 j| = 2(x lfl - 1J (4) 

acid 

J jcfr^lB* (S) 

SubrtitutHiR from (1j and (A) inSa (a), w^hnvr 

a(* l ^-l)>lne ifn> 1 C«) 

CoeilhEnici^ iutfl (6), we LiJive Q < li x < —1.1 if x > 1 

Dividing by t if r £ I, we obtain CJ < < 3^_^_ _lj if x ^ 1 

,!&^6s-$= e 

bv IfeiK L k-iiuiT 1 ::! Wp c^rtdudr tbu. blJl — U 

Jl-™ +-^D T 

$$. Pwrt ibai In x Is transcerjdeistal. 

r* Hepiace r vrith. r 1 ^" 1 in Ki. 5Ar & = lira = 4 S*Fp 'rJ = 1 l»n J ^ 1 h-j I-in ^ j ' — 0- 

Sit|>ptMr tlial y trr lb r id aJ^cbr-uic. IJictL y &aJl:dfLrt a |jaLy£Oiriir3 fjqunbini 
ci - ^(jrk™ 4 * n _ L Ey)x rt 1 + ■ ■ ■ f ^ a 3 hen 

». j^yw a i p» 

Dcemm t]|^ ]j^ht Nmit ii iiiElni'e, we ha^c j mniizjdi^Lima. Thus 1 j-. et 5h r.Nbi^^h^ntaJ. 


tint his-i 
x— fx 


M TOE NATURAL EXTONTENTIAI- FUNCTION 

5-1-1 TMnjltcn Tbe R-aJurjf jwtiftifiw H\k in w«ir-M,- nf tin: uaiuTifi loffiTiLbiCLLc fbhdwn; t-hlli 

ii i* n3rJin«^ b> 

espr(*3 33 y and only If jr =, In y 


M THE SATt/ft4L ITXPONBimAL FUNCTION SW 


S,i2 MdUwb [f a i-i any jKw^tiv* number ud -x is *ny t«J nuEnbn, W* daliM 
(a r = rspiiV In ?) — c' 1 ** 

FurthHJT’rtrtrr, (K — fl if t > fl, If ti < H Arid t b* t^EirtnA] in FottA&L IrrrYlS with An ftid 
denoaniua™, then a r — H ul^ 

5.1.it Thc^T^m [f n n any pros Live mimfv-r .in‘ x ir= .-iray vr^l mrmSuv. 

In n x — 1 111 A 


5.4.4 DcFlniEjoah Tlw! number e In defined by the f>_>r 11 j'_ Sej 
c — tap E 

Tli* vJoe of c to se^xn decimal pdattc is 1.71JSS1S 

5-4.5- Theorem lb c = 1 

5.4.6 Theorem. Koi a3l valuer ^ - 

«S.|J T = E J 

.uid r F in a-lwny^ |mftiliVrn 

5-4-V THrorrm If a ant! i axe ajly real JEjrub-Ahi, iLtl. 
f * ■ f * _ «“+* 


5.4.S Theorem If 3 sod & wr jui y nwl n^mlwrs, in*r 
<t*+£* = e B “ & 

5l 4.9 Tfceot^m If a and £ a?e any real a-JinbctSL then 

(tVr^ 

5.1 LA Tfwutnn Ef u i* ;i dlfT^Nmi-hfole Function hiF t , 

T>^) = ^ ij #w 

5.4-11 llifoitm du = z** -r C 

§,4-12 Tb»™? If ^ J* i^iy red nWnber and the funttidYi / I* d*fl£ed by 
f{r) - r* whre > fl thee, /'(x) ■ n^" 1 

Dis-LiBgiiiiii e art Fully hcwwn r' 1 -and o'. where a is s real surobt:- We jui^r 
ry^)=r^li,aKii>Q = ifx>0 

Till 1 ftttowilltfl Xunite &tr jmparfbltf. 

ELm £ r i I; III E J - 1J, 3 iid fl +A) 1 ^ 1 — c 

# ■ T w =r—ns 5 -hd 

Because the natural crpoueotLal fuacttoEi and the a.*tiL r a] logarithmic fmsc-tkn at* 
kbv^rjt EbncCiOiia., Wft have 

eip(Lii i'i = e aad Ln(esp r) - s 01 e^iduakatly t ln r t ojlis lb tf T = £ 


txwciirteff b-4 


In Eneftlsea 1-4, Mkrnputc Ihw vaIih of 41 1 Li>- iuin , g 4 
1 . (•) 2 ^ - y jbi: - fl 0 - 1 ™ 1 - &M5i 
i. (a) =.^ b, ' i ^ = £ a <IBS! s ijfiaaa 

3, Cal** = li, 1543 

4. (a) - e 3 - 3117 --H.450? 


Suityorl your aJLS»vor by oomputiAg the viEue dirteliy, 
(b> ^ - <* 9,11 _ J-SS53 

(b)3 r —=1*6.993!) 

{b> 

[b) r* . fl Tta,7 _ < J.M65 _ 36 4*22 


£□ 5 2U, find and aupfwet your bidwti by pJoHibg :e and M>KH ":si Elm ^r'nen- whiduw. 

y & - b. ' f l = ''"b = 6fil 


392 USGJUtlTttMIC. UJtPONENTtAL, E.WElJLSJ: TEUCiONOM l!TRI(AM? I[YE»KKJt0T.If: Fr^TTim'S 


5. p - 

b Wo tipply ttovn Ml® With it ss - J, ^ : 

%\ 

tilt plut dyjiix ;::itl NDOt ;— 

*■ §=£ n “" = *'k (e,N - *J - * #“ * / 

l{>. A4^ , *^ 3 *W“ a '^j(2aiii3*) = iMete* , “ 3lr *- E_ 

11. ^ ^ [*'ssiii e 1 ) — e' ^-(siis J + ■ sift i i — c^tcs iii- 1 ) + t r an e 1 — e '“eoe c’ 4 « x 6in t* 

12 . *=£ | i 

c- We apply ihf ■d.friv.nivt 1 of £. quotient. iuLc-. 

j-r J - 1 ) ^ 

X- X 1 _i r f‘ 

Thp pfeftt Mh.nwm dy/dz jjid NDER t X 

,„ £$ d /. 1 \/* d V T 2 ■* \/= d V - J ££C 3 f V* h- / 

13. il=K|t™< v ) = «* f v 37' - !Hr - f 37V^~- 7 - 7 -- EFJ 


f v Wt v ' 



a5-EV“* 37' ■' ?v 4 V K E| 

„ * <«* +o-)(o»+ - r-*> ( V ir -2 4f- Jr '~.t !l --J4£- ? 'l 

’ tir - OiV 4 " '" ' 




{****-*)* 

Ax I 

16. S =l 0 ^i 

i> BeJoc*' dLCfrr-POlinicg weapp^y Tl.^ariim £.2.5. 

If — lD{€ lr ~ I ) — Sd[^ J + 1 ) 

Wr d 1 1’l’crcnliaL-c, applying Tlirniinm': £.2.2 .ired LO- Thnn 

2x = ** ' * 1 > ” " XtT 


(e 4 *- 1K=™ * 0 


1T S - - fc 5 ■*-*> -& 1 - te 1 > 1 


-lnft* ~ f- r ) ~ 


1 l' ■ t .- - ■- ■. ■ r= ’ 

+T =T 3* f • lr 


“■ C = K fs “ t3 ' + e *"‘ =IBC **' *“ ***37^ + c * HT 'e< 2 «**) 

- Ji h i« i u tu e 3 * +3^ “ 's« J ion x 

20 , p = lao 0 ** + ^“ ** 

t- ^ 4 ^ 51 D r ™ ,lr - 3PL‘(f !j l^ x D r (Jr) + wc 1 3* D,[}r) 

-3{s*-- stii f»' + c 1 ™ 3 '^ if) 

In Etomgat 2I-5)i h find dsn/rfr tty impJkit 

21, £* + &*,«*(* ,< + s f| s c'fil T (V; - cV - s'! f = «•; | = -t f -' 

22 , f v _ 4 apis r V^ - ^ & *e' r 4- Itjn 5 '- ir = + a^|; (tV 4 3?** - !)■& - Sir 3 

_3ar 




kl TISE NATirAAl EXPONENTIAL FUNCTION 393 


22- j/ 2 «; 2r +■ iv 3 - 1 i irV^Tj + ■*■ ^3jU^r) + sr 3 - fl: (& 1 * +^)|| - -J t 1 - 

Jr_ r,-*-f ?y* ij 
fc- '^ ir 3t£ 

24 h^'+k^sI 

P- DHffTffniUTiiJlf:-nn hnt.\i stdr* i>f thw wjufiLioi'i t’i.th rttpctl 1,0 ogives 

jr^‘I + -> 2 *+ 0 ; + W* - --V ^ 1 -f ,s : 

In Estidf^ 35-32, fiVAluate Uie iado5ni(e ictcsral. 

25, | r 2 -**d=: - - s | -5 rfrl - *-^ ir + C 

is. l^^-Ir'+'+C 

ae, [ r 2r ^ J dx 


2^+e* 

r* + S? 


e? By Theorem 3.4.7 and 5.4.11 vri\h v. =%z ami its hit tlmt to it Lin£*E. 

35. Let b = 1 - 3* 3i 1 then Ju - 

J<r^ ,fc '-if* 1 --i J K- c - «r^i * c 

30 l#e, if ■= thftB div k J ^r 2 * = !. J" ^ ■ £<“+ 0 - ^c 2?: +■ c 

3l - f^H(^V^=^- Jh ^ +3 > +c 


* W* maktpJy ;iie numerator and (twwmiiH&w nf ih« £Wen by f s 

f rfr If f " f rff 

J IT? - l^i 

Ld rj — * J + L. IVfl jTbj w -t" x di. toich ih*s* tubstiiulLfiot Ln iht refilli-liamd of (t) we jj.il 

j£ = -InM + C = -14« -i 4 11+ C' — —toC«-^4 « 4 C 

Aitrrnulivrfy, J ^ * fI tls rr J f| = jd* - j - — *- lj»( I + <*) +C 

En Extremes 33-40. eralaatt th* dsfliiito tafegraJ- Clw^k u^hr. Nlh'T. 

31. f' - 1 1 I ' df - c 1 ®! 1 - f 2 Si 7.38JT 

Jo Jo l» 

34. j'**^ = l**i^ , »fci^'-lE 1=4-0 = * 

35. e = 3- 1 = * 


> Lft V — (EL X and dll — dxfx, When ■’■=(. Llierj p — 0; when x = t\ LJl *2 u - i. Thu* 

I, ^T dr - “ i“ 2 ]„ “ 5 

We rojrfirm thi§ v^Jun -4*111.^ JfJN'f- 

w - Ut u = !n “ J r;ri ^ = = - »l! * 4 +1 " 5 

ml I s *1 Y~* df = -1 *5 i0.111 T9 


Thu 

Pian 


53-1 LOGARITHM EC, tr,X POTENTIAL, IN'VEJUE TRIGONOMETRIC AND HYPERBOLIC FUftfCTlOMS 

%€*-* (fj - -| e 4 "* I -'hr Jx) = r j ^ ^ - k A ) - ^f* 4 - t If Stf 2G,SD 


*- J, 1 ?^ 


> Note Ifoft1 e b a rsy.irci.Mit, ;ind Lb up I>.r — tl Le* 1; — h x 4- ., Thp-Ji sfic — when a- - n - lc; es ge - 3, 

a - c 2 +f r Titos. 

|* - |'' +r * •• liSMl** 4 * - Inf* 1 -!-*} - hi[2rj t- !* Id - 1) m U.fl'fi I 

Wc ewiflKti, this value using N1NT- 

41- (*) in z = ft wbcjs z — L: fbj c* — 1 wbea x - 0; c) 3ci sr — 1 when j — c: {d] c* is aKays positive, never fl: 
lh« L'riiijJi Illici x itx irc jk arc i^um pSole. 


42. Sketch t.be graphs. (*) rt“* 


;h) y z: p , f| 




43. A fiffUAie units is tJlC area stf the rrtftuir ]®>iirad«f by ?/ — f r , the axes. and X — 2 . 

A = lim £ f“ i f r - f J C *4x - » r P - t 1 - I 

IIaIM i=i Jo lo 

4-1- IV region boucdcc by the «irv* v - t x =uwl the line through iho poIqof s'l>, 1) and (he), 

► Th* points lie mi the coetc, Becaose / = e* arid y' = > 0 r l&e graph is concax? upward and the chord 

josaisig tJie posflifl V> :d»ve the coxve- A equation of the Line .a : t|c - I !x. If A square umi* Lt rV aiea 

of I Sm! flJgiufci,. l.lttlj 

A - [i+(e-ijir-* 1 ) Jj-[x + ^i- IJt* ■ c'j 1 _ l+|(e-l>-*+l 
■ The rurca s?f the Teuton is -|(2 - c\ squaw iNik*t L 

4d, gi - e - '. Tbescfore thr 9 >Jci-,h- i-r l!..* ^ngenl lihe to the dUtve y - e" it EJU ptlflL x! ( ,^|) |t -/ J . 

I'be aJopL- of [Jsc Jin*; y ~ - 5 is 2. Therefore [Jje slupt «jI h. Mji« i^ri^ridi^iiLiLr lo this Line is — 

Hcnrf' we ho^T Ibe equiLlou -** 1 — - ^ ; J] = -j, _ bi ^ - 1 ■ hi - 

When C| = In 2. yj a r -3 " a “ J. TheKfofc Ihe ieqaLr«f line icaastniiriii. th« [mint {In J n |) tu*f\ h*. tflofMi b - J. 

A is ^aatksri or Ibse LLtw Is ^ - -j - - -^x - I n 21 - ? / = _ ® * - ^ -j_ ^ Lb 2 

*$• to = i 3 *; j^fln 2) = c ?tl = 4; /(In 2) = 2 -1 — S. The- .■stope of the iangeot Jinc is Sj the EUHnfuJ ILrtt 

hss slope - £ aod «juaiioii ^ -I - j(x- Jn 2|. 

47- A paiiie^r js rno'viug aLosfr * hue and a - , ? str its r-rLociL^ ir; v |V/Vo where t; = c'- : — c^' ! , 'M-\ i 1 fl< nitd gel 

^ f When l v C 0 r If ft it the dkatnEuL-tt trAv-ffleJ hj ths; borly ,\1 f. thon n| ® t aod Ihe 

djgtanee 1 raveled vthvn 0 t ^ J b 

<l)-w = iT% dl - = ^ <i+ ^ 

4S. A panicle js moving a3on.g a hue, where s Ft is ibe dirwted dJstauce of tie pariic^e Fr&oi the oiipo, r is 
the vehwitj of *he pitrlacSe, and <| ft/sec 1 is tbe ar^lej-asJon of the panicle at i sec. V a ■=■«* +- e"* and l 1 = 1 
ttJid n — 2 ft h^is i - 0 n find v ?«]([ ^ in >*;mu of L 
t* Bcraurw a = dvfdt, V;c arr ipVcfi that 


JjtCJ 

and 
In Ex. >1 

*3- 

WJH 

* IV 
». We 

Whi 
51- If € I 

L - I 

Whe 

Si- A sL 
the i 
turn 
ci3n« 
& I d , f. 

■ The-i 

S3. Whr 
£ > I 

-n > . 

* The 

M- /(*) 
55. (a) 

X 

p»i 

5fi, Plot 
hy f2 

of f I 
HTWl -i 

fr The | 
the ^ 

hi ¥wrt\ 
(*) ^bow 

&t. m- 

► TEic 
espoi 

appiT 

5* We n 
1^3 f 


■I rill \ATUKAL LX.POJUKJVTEAL H.hTCJriQK 


RtWvt. w = I whril t =4>. ITT Iw-fC 
Thu*, C = ] Jim I t = t’ —t _f t 1 

FbrLhefJtirirf^ v — iLnjd ?sn 

J*=j<*' -r-' t IK'; « = ( , + f - 4 + l+t 

f - 2 whcq !• — (!. Wf tuiVr E = r° H r D | Jr 

and 1 hus £ = ft. Henet i — i. 1 ■+ ri~ f -r £ 

hi Ex. ^Sft- 5ft. if p Jb/fr v tbc ainrospbcrk pressure ax a height tfT ft ft atwave sea Jecei. then p — 

15. ^ = J ] ] SMMHW3 = _ &os7e&# -«.HKa31luJA 

Wl*b It - &300 Md^lMwe -fcBdM&c -0 tW [ IflO) * -5-17. 

m Tta ftirncisii L ni?3Hc pressure is decreasing at the rats-of 9. ] ” Ih/fi 3 /^- 
M. We k&O-w pS* ^ SuKe fW A befnre: l.ilsinfr differentia, in f - In 2[[ft - -V.CI0D031 #h-, y - - QJHMiOSIBdta 

Wh.n „ = ISOG ^ ^ HM-un - -», dfe = = ^d^Sfiawft = ^ <] * fl - 

it. ff (fi ;.< *ti<r ItjsjU: of an icon rod whin E dtgt*ii h its vr inject tire, then 
£ - r. ,11 - 0.«.U!ir l>,m(K>,J rfi 

Wl™ I = D JUKI 4t n At = 10, th«i df - O.OOM^fiC) = 0,006. Thcfcka* Ae *5 0.006. 

U. A ='iri*fi , ]ft elwirk cireuil ronlafcniD£ DO capi-ciTafS-. a rt^ujlsuiLe uf K-oJiauS n aijd Tin Vladaim,- of L p.^riryj; hits 
tht cbtflSsSti:Oii^t: fr_Jmu '...Li ui! whlili Lie; CUirrJlL i-. ]g AJnpFfrrJ, Fhi' rUTTfnl dks down W> shill fit t HK tit 

CUrFcnG ia / Aniptr*^ 4ticl j‘ - T^jC 1 ■ 1 ^■■ , " L Show tbjl the 1 ralp of chjm^f af Utc ruen'ril Is p-r-^jujE LIquijlI la IV 

cqjTcn'.. 

fr Iff, £, R-- and 1* are *EE oonsiantEi 'Slvc- wlabks ak £ *i*d r. Lei t s —R/l.. Tlw*i 

> -itf ki i f-; = ^*.■ 

* l Ju-ttfoK. the liLLf* u? chu-ngE the cuiF-tulL is proponioDa^ io i. 

S3. Whtn ibudffft hy r IhEii^ajid do]]g^Ei profit increesei by P hiindrtd dfllla^s ^liehn P = 2Tn^ - * ar _ 

X>0- P 1 ^ if ji<jF*lO and P'cft af 

Z '> 10, P hi* *:l db^IuLr- ii.:_K;rriurn v;i|i!N' whtTl J — LU and P - i<l) 2 t"" - M.-kS. 

* Hi* budftpi hy Sju K U0Oaftd profit 6y £53,^134. 

^ /(r^ = ? > ft (a) /■■(-. =r± tf “ l >0w/is iTtirfta-F-in.fi [hi - T{"r - L ir T-: >0 m / i* c*=cAva uimftrd. 

»- 3irn {l ■* [)■ = lim (1 + — e Jiisd + " I x. I:m_ f [ w hj 1 '^ ■= *' 

m ' h-rU* t— oc- '^ ~i ^-*a 

\bf 2j(l-O0Jl 34lW + tt.asg^ 11 ^) = ||1L71«i4S9 + fetffttlH) - 

Sft. Pli?r. * i :K ii'.ra;jh ■: !" di*- fiinrl i^-n Hr-T:n it: hy / ■ ,r j (1 - r‘» ■' r Tn ■.-ir [—0.5.0.5 

by window, fi ft is md^fisiiT! buElim/tz) = t A pp™ i mate tie value 

of V in fivff aijrp|lfi.c^nt dlJIJt* isy M^ng, L]m graph nld itm ibTcrwct *r t-acc 
-nid smtihi ^apniilisirF nf your fffftphiirs fifcEndfi^sr. 
v- Tlse plot i& sb-O^ii at (lkh rifdnl. Ilranjp. '.yr .%l.i!;riisi 1 h L- - "J ,71S28 For 

th# if iiLLenrtpt. 

b Yriwiv isp ?7 and 58. / i? a nmtbe^KMtjtii] atuxtfj dcKrii:in-R damped harfiwfik nwiion. 

f) i?hEW Lha: F^) < /(i) < U(f)> (b) t^Jw- lilt prapll? OF lie furT^i^r.^. {c.} ProVr LUnl ^ lin^/(( j - b. 

*J. /(f) s r-’^to* 4(; t’(l) = G(J) » *“*& SB. f(t} ■= 3(; F(() = -tT 1 /*; S{() s c - *'* 

> TV intquality follrt^j lwtMiw Ibe iinr and townc fiHKtwn Ek Vtw*en -E .ifid [ r 4 

Bqwncniial functjori approaches: 0 a* j- eppc^Athres +-H, it folk-™* frera Ibt ^bkr ihwrem tbai / 
r.f>pro?urhi j f: ft. 

■L Wr widv It? *olvo ^ = j/. FlrLlMNl U &* ptrgnf of Thwrem Sift.!. Method 2r WV hai’c r ~ # c_s . 

_.-: =■ i)r r . ThwL T - yt * =- 0 ?o that j(rJ ls a tonst-ot. Ttius yt mr = ^ = fce J . 






5-5 ■ 


3S4 LOGARITHM Id EXPONENTIAL. INVERSE TSUGONOMETRJC, AMD 3IYPERHOL3C FUNCTIONS 


En EbBKMW 6Q «i4 ft], {*) find the Khtivf extrema ef /; (b) detetntliit lb* valuer of / =■: vu\,\. lSi-h 
i>crqr: (e) ^rteTTniiK she Interval o,t vhkh / if kcrcnsirg and (d; Hecr™nsr (c- d-c^rmsn* wHeec she Eraph of/ 
is crnieA^r upward And <T) do^AWAtd: (g.) find th* dope rtf aji-y ](ifl«t'iOfia3 kAfifitnt. 1 h* til# information in p-ai^ 
:aj f,o (f) to sketch the graph. 

a>. ;(*)=<■-’* 

p- / hi continuous at e^ry t-td number, 

/*(*) = V 2r l = -f /'(*> * « '^{-S) * (-5^- r= < "3*) - -r^ 

r* r 1 

Both /'{*) and f *(j) vj? defined far :di i;. SeaWft f f (0) — 0, then. 0 is a eritieaJ 

rtumkt. [f / # (x) - ft. then j = ;±~v^- The cabLc shows ill the requested 

info res a dean and the graph 3a shewn it sit right, T 



f\z) 

y r f^ 

/*<x) 

/ r.'i/TlJk'-: fL 

SrAph is/hari a 

- < -V r 


+ 

4 

irwrwawflji 

ULUjeav-e upward; 


s/W* 

yw* 

t) 

jnertisiiif 

point of ifsOaifift^ 

—jV^^X < 0 


4 

- 

mereasiiif 

d'>-wn w-urd 

1=0 

i 

0 

- 

abi4JDit« fliaxiniiiiKHUfff d^wn w^rd 

0 < z <^v5 



« 

JccptiiLci.c; 

eofiCAvc downward 

H 

II 



ft 

decreasing 

fKJin 1 3nfl«:t.ir>n 

x> 



4 

Her reding 

cnrarjive izpwn.rd 



\J 

: 

- 

. ^ 

V, r 

-2 l 

-1 

1 i 


Noire is/S W G.707, w 0.CC1". v^T- *= ft.ab? 

<|_ 

/*!>) - -e' r (I -x) - e“* _ c-*^ - 2} 

S*t /^jr} - 0 +nd obtain r - L Set /*(r) - fl and obtiio - 3. ** V^— 

_ /(x) fj*\ f*{x\ /h/lawa _ graph a/tma _i_ / ■ _ 

i<! 4 — rncr casing concave downw^id -l / ' ' : 

rTl r.~ l [1 — Attfulube E'r'Ni.TjijiiijpCHW'itnyr downward - ‘-jr 

1 < x < 2 — — deeie-asing comcavo do^nwird /1 _ 

j: « 2 2^ -1 -iS - ^ 0 ■:Jc^"r«rJ j _-;Liiif fKnJtir. ofi iL^eclk>M 

2 < x — -I- deciaisL&g eodiiAYH; itpwtfd J 1 - 3 L 

No lei t 1 5*0.JfiS K r 3 4*0.134, £c 2 =n 0.271 

$2. Let x — in it. Thm hy Exm:?^ 5-3-ftl. 

>03- TJu! ; ilxU Li Jifll fl. hwi^mlAI a.*yiriplflt* pf /{!} — e -1 ^ sin dt ImAiw Prii nit Bern d*™ !iu1 a]Jnw i Kr-ajsii 

In rr nr:r. \ii. ,m.j-jnp:^iic foe nrhiir-ojilv targe values 

,/5 

(A. Show tfciiii i kw function j{- r ■ = -of EMrapte 5 ih ron 1 isniou-? ^joh i'i r right jh ft ny showing ih^ii 
Inn x v '-f) 

b Let y = In j. Ikoittae hm .lit r - -», vre 

,. v/2^ - v/ia .. 

lam - lrni - Z[m c v -ft 

r ^+ r ^,+ k—™ 

45- Lt* ,N > U be aay number And Let \l _l In Jke^uye ilw exp^nen'-iiL; function i-- .!ieT^-:t:.«iiE 


45- ,N > U be my number And Let M - In J5ec^uye the e*po®wnlud 

Jf j? > M then > e H n e En ^ 

«■ if j > M Ihrn r r > M 
Tlift itlirrtvfr: tbit liui + x ~ -i-OO, 

jT-i-rnc 

60 . Jjc^. « > ft. C~<d 4 -> I < trt t —? i. Thid pertve* ihal hm r r - ft. 

X-"~-JQ 


function U kwrenaing 


S.S OIEILR tXPONPTOl AN!) LOGAKiTRMIO FUNCTIONS MT 


b£ OT'DFR EXPOf<T;NTI AL ASI) LOGARITHMIC FUNCTIONS 

5-5.1 nfruition J;[ a U my pOiilinfl BUHilwi .iinl J 1» JJiJ ii’-il nunilref. thru thr [unction / dcfinMl by 

Ip -r^l-kd thf c^ppr-rriini fuTtniitm l-ti MlC ba*C 4. 

\jAwn nr K&|XKieald (Stfc Exirciaci 3T-10.J IF a mid t h+z pctfllv-c l: iimb*?* mui x inti y ate too 3 ntil9i>b*T* h 
a J rt» = 4 I+1 ', 4 1 + E» - «)» - «*<\ (4*) T - <lV, ^ = I 

hA.2 'ITi^fw+fin 1i u ls ifly positive oumbef Mid u is i dtffcMiltftbk furKiimrj ni 

D x (0 = * u 1**1 l } r u 

Tigtf tiuj,L p ± > ti 1 "! cjumni bn fbund by Tlimrirn !M.l5 ni dutclly by Thwrem g-5-2. [- 
nwy £nand by ErtghTflhnHt <ft£frrrnt?aLicin rcr Th-MT««1 5Pp|:«3 lei c u y . 

&.5l 3 TtHn««n if a Es any positivr , ,u ulLct oLfacf Uuul t, 

fn“ Jus^-d-C 
| Id a 

ftjk4 DdflHiw Tf a 3» ajw padilut numbnr ffce^pt l r the hqutlhmif, fusicLlcn Co Ebc ba;w «t i* t*w 
mveide -of ih^ ^*por.*nlLaJ function in I Jin bug 4, ftiwl wf "Tlk 
# loK^ ^ if and only il a* - r 

5^^ Tb&ofcrtt Mubft dj^r^JLLlilile ruiLcLiuE uf a, 

l- 1 I (l^, ,i ) “ -^- ■ D *“ c ' UJMv *)“ • U j“* 

Tbfr UyR 4 fLtb.[PLC fiinci-ipp id inft b aw ti in tenna *jif S-lir TiaJurid Lthmfanrii^n: 

'"*** * sSi 

A specif] cast of r h* *lxwt la 

TRjffjcijww E/i ___ __ 

]□ EaercBCE 1 2D L ftnd the rfrtriviiivt oiiht Funcnoi- 
1. f\x) = <*- 3 4 - 1 = 3 iJr (in 3)jL(5iT> = (L it. 1}^ 

t m - e® - 3 " ~ S_s '^ n = - 3 < b 

1 /'(i) = jL 4 1 " 1 - ,^ rI f|Ti 'iv^tot 3 } - 4]6t 

4 . }(*) ^ m r? ' !r 

[> Wk a-ppLy T hi tor-cm. 3,b.2 wHlli m — - L ' - Sf n;ad — 1<I. 1 'Kuh 

ff’(l) = - 2J) = IV 1 " 11 ‘(ltl J0JJ2 t - 2) 

b !’{*) = £ ^ “ =4“ lT (hi 4^(sin 2 t) -4“ “(* In 4)c« 2i 
4, / r ( r) = i y^.“ 11 = f“ 2 JD^ese 3c> = -3{tn 2) eu; 3i cot 3.“ 2 , ’ r ^ 

7, /[*) = £<&“&“*) - J >r )3* rl S 4 ' 3 )- 2 5r 3 lrl {]n 2)i -t 2 B *3 i|jJ (ln 

^ 2 il 3 4:rJ (5 In 2 +»je in 3) 

6. /C*J “ t* J + 

t /'(*) = (r 1 + 3}D,(Z- V i+2 _7 *U J [r l + 3) = + 2Ji- ?, (Lti 2H-?) 4 S -7 '(3c ! J 

„ _ TfJn 


9. lW-± 


t Iflf.n* a^Ni 9*y'_ 1 - te *m* J1 _ —- [ftSipf l ... £ 




:m LOGARITHMIC, EXPONENTIAL, INVERSE TRKXJNOMEl'fcUC, AN0 HYPERBOLIC FUKCttOtt 

m. / r co = DMiorfr--•**»('+'«= ^r- l f-c =^ffj 

ii- /'(*)=£ 


IS. fl(ir) = tan i 3 " 


» s r <™) =■ ^ S 3 * D^f") - -ij'ln i)^p« 3 S 3- 

13. f (f) - gjj E« S' 3 =«c 3 J ’ rjtii J‘ a 4(3'" I - -3‘ J sac 4‘* :*t> 3‘" (2t In 3) 

14. I*t v - ('“.In y = (In *KI" *)- ^ *P" A*) = 5 = y.^Jp =. S(t B *}*»" I ' 1 

Lei y =. r^\ * > 0. In It m V^ l ° jr 'ii = ^-”4 In i 

/■« = j = «p±Ju] = -^:^r]= i*v^-iirt, I+In i: , 


IS. 

»■ bel 


2 a -j 

p ^ s^l |q ^ = h i 1 ; I™ p — *'In t 


Diffcrciatjating gn h-nlJi aid*'* of tbe cq^:nn wiLti rw|j*£l to j:, we obtain 
1^^^4 + (ln *)2* 

— yj:( L + 2 Lu r) - t' S - Jf(2 4- ? In J j = X J ' 1+ 4E + 2 bi *) 

J J. I^t tj = /fiMn p Bflrtiki; ; --| —aLn :lii; 

y(i) _ -Z z 3n z ) — Jr™ 1 '(jf’“ L eoi -■■ r^El - Ilk -) — ' ®(«Mi - “ • *iik =: Ih -?) 

L8. Ol a j fT , In y = eHq jt; -j — ' z in f + r 1 1 1 

fix)-£-,p^f±r r ]^ ^iJspfcl^^-Vir In * +■ I) 

ISl Let af = (etn*) 1 " w r Jny = U*i x InfaLn ^ x * * H™ 1 *) 

h\x) ~ y[! ■+ **H loCuclt #)) - {nin M \\ 4-^^ M*in x}} 

2fl. rff)= — tere f]r\ to* I > G 

c- Let * = t/j ta a - fo(tda i) ( ; Lbisi ln(w* t} 

D-iffcr-epiiretiit^ uti boili aktea wilJi napect lo J, wp biivr 
|D^ - l Dj.lntros t) + Jn(™ <)D f I 

1> F 1 a ^ ^ t - Dj-tttJCL f t Hf. lti(cm I)] t± (m i ]* -F Iflfcc* t) j =■ (<« r ) £ [ln i) 


l-i KxtferdsM 2t 30. evaluate itw iiLdffiniii- isn^.rul. 


31 . J^d*^|>(3d*)=^j + C aa. Ja-drxij^fa^-^ + U 

=» J^ 1J( -1-jt£* c " nnrr +c 

M. Ji^+^aj 3 + ] Jrf-r 

t Lctu-^+lS?. TifeB rfn = (4i 3 4H)rf* = l(2* 3 + LJJa.Tbua, 

-i-ETE +c = ^E? +r: 

a [ r^l^* dx = J j 10'V*r> = c 


26. Let 
27- e' 
S6. ^ 

t Eft: 

29. p 

30. I' 
In Ek« 

I («} 

33. {-) 

33. (a) 

34. {a) 
La F^jwrr 
& Ut 

l*B- 

In 1 
K, 1*4 
p L?c 

3>t 

la I 
In I!k#t 
3 l r o J 
3S- 

39. {mb 

40. a a ■ 
* Wi 

Id Es« 

41. HI 

to4 

*2. m 

tL If L 
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(. Let tj = f Jn <fa =(ln x+x-±)i; = flu x+'jtjfc |a 1, “ I (h =■+ l]d.-= |o“rf H = j^ + C 




57. | e*2 e 3 e d,j = | e* (#*(») =^|+C 

& tlieii — J — di — J jtr*** - *^ — + C 

»■ |^'- 

In Fxerujsts 3-1- 54, tO^ip’die Siie Viltlt oF ibe logwUiim OE ynuT c:l|c:iIjHcw tu n Vtf ML'EiifkartT dLpjtft. 

31. w bfef = I -5- hr & = 9,53m {bj 1*^7 • In 7 -Mn a - 1. 7713 

33. (k) i In 10 * 1 b * - 1-2851 (b) ia&JCSE. ^ Lb 0*1 !- In :! s i,4t)&9 

S3, (tl ■ugplfl -En 10-5- In 2 -3-3213 (b) ]og ;t c = 1 0 In IO=0 l43433 

34. {a) &>^2 ^ ] n 2 + In » = 0.63U93 (b) 1^4738 - In 4723 +la 4 - Gl1«% 

fa ExrKEHRf 2i SB, jpYTn logj^r ■?= D -lfitll, *ir«-diEfrfcfrlcn-h In- ^ppruSLlllulfr £.Ijh lu^uiil L:Vi \u ,T iJ.-.'iu amj chicle. 

35. Lei ?,i = fix) — St> si TJ = > ^'' Jx- Willi x *sr ■MV and - -ix — -ft. 

1 us i0 flB7 - /f HMD - 3) s /{SD&O) + dy - lo E[1J IPDtt - -^- -3) - 3 + = 1M8«7 

En Art. I*® 1 q 9&7 _ 2.HKttflS r 
3*. Iflfe 0 l.fll5 

> Iql /(x} — log^. Tlwin 

/(x + A*) w /(f J 4 /(iJAj = tnj 5 ;(l x + 

E.cL x i= ]„ ir — (1.D25 and logj u r ^ (L434ft En tf.cl 

cog^l-Oli - log [u l + -0-015-0 -O.4345(0 l 015) is (LlMCtl 

In f«t iC« ie i.<U5 - 0-OOW7. 

; la EktfttiM 3740, pw* iht property if q mm! # art po"it4 r -c t rcumbcp and j Uf j/ in r^aJ pumbm, 

3T_ + tf - " - i* te t'b » - » :ln * - ^ 

H- = ( F ' tlUi )* - = i3^ 

39L ffth]^ — t: 3 " 1110 ^ — r J ( 3,= u --f 1,1 H _ r jLna^la& _ fl x^r 
■1DL a 0 - i 

p- Wn apply rJnfjiiltLun 5.4.2 ran^l Tiicurrixk Tli-;^ t 
fP = Mp(0 r ln4)^ c*p 0-^—1 

In FxtKiMS 41 rt. jKrrw-e :he pHjpcjty tf a is any positsvc- luimtM’r ^cr^rr: .., r^rn: s- iu-d iy &rt_ar.y poailiw 'lamtwrs- 
41 if Lflggjr = M rTLrtif — N shcii x — iirjJ y — :-l> ibis — a ,ir ;? v ■ ry - ■n ' J ' Htnpr 

= M 4 N = + lo^fi An ah^naltve prooF ijsjng th? formal* bag^x = is as fBltBwsi 

]SLTfj Ln^+ Env In r In 7f 

v. y *.fri+irf a **+!;** 

\2. !? lug^i — M and JtifiuJf — N then X — a ( ' J Alii! a — a K su that x -:- y — a'' ! 4- S 1 ' : * «■ 1 o^' ' . Hence 

-> ^3 - M N -1^,^ - 

43- If )vg n l — M Ibm a iJ - 1 l so M - B. Thus Jog ff 4 - 0- 


-SOU LOGARITHMIC. EXPONENTIAL, INVERSE TRICONOIMETRJCr A.VD HYPERBOLIC FUNCTIONS 


We apply Theorem 5,4,3. Because I ok,-- “ j"-~ tb^n l^z * 1 ~~ ^ 7 ^ ■■ ' n ‘ 

45. 1/ £(f) is the nnmhr- of ftfr* -HaJIy fiats as a esuLl of a sales carapajffr., *rh^ f d*yn li*™ ehtfwut bhioc Lbt 
campaign £frdtd, E-hteja 

S((J = 10 m - 3 ~' r *'. S'(i) = !W* - *" (/1 { 4) ltt 3 =■ - SM f J <i *)* ■ Wi 

(il S'^J “ li.i.03. ThCfeJbre I *\^ alW lt\ r . iLAiiij^iifjci i:*h the iLuisibc;? of i-.xlrh 

daily klLc* Li deer™^ j 4 Ui-i MJl* flf tJl pui day. 

(h) S*(10) =“5(lfH[.W^)3 _5 - -2,26. Therefore Lft davs *ftw til* cimpaapi has amW. lb* imsmlwf of mr» 
daily Ktlre cc d'^rr^-^ins rti the -raw of 2.25 sales- per d-iy. 

4fi, kl t the hiiJUi^r employees will be Nff), whrrr Nfl) - 1000 ( 0 -^)'' 2 ■ 

(a) N(-0 - l&Offl;#*) 2 « 640. (b) N^t) = 5DB{]n Wtfl = S#0(Ln MX&S&p - -71.4. 

m After 4 yaar* there ^'ill be 54# ■employer* and their number will tur detrftMiap a=i ibe rat* of 7 1 pr* year. 


+*, 


IT* ft If TfeftdiF«t«l dEsitajiro of llie (wflwlr fenrtl L5|e »M^Liuji point at * sec, Lhen 

a ~ A2* ( + g = tA2* 9 ta 2 - kR2 S4c lo 2 

d = ^ = J^AS^ftn 2) 2 4 Jt 2 R?' kl [\In 2) s - Jfc^laipfAB* 1 4 Bi"* 1 ) - fc u 'ln 2r : . 

'E'heiehrfc a h pc-opar* iolml !»> *. Tfw motion is ^ot faipple JnurarmW bee-HUPC Zbc? rpnsUni 1 ^ pnedtive, 

A particle nwjvti t blue iccwdias re lie aqiuHwji moiLon s - i' 1 ^. ^lie re * fl }■• L&* dimeLfld diaLanct 

of ihe pa*tJdc filouj Lhc GEigigi At J ?rrc, find the velocity tLOdf -tKcricfti :-i n -ii 7 ^m:. 

■ , ,Ln i_ La L 1 t tnJ} 

lnf = ij i J 5 i rtf- -Jf-f ^ 

Wbea . h — 2. then * = 2 1 ' 2 — \/2. Tb^s -fTn-n ( 1 ) -wr- have 

4;] c V ~''- ‘ 7 " 4i -fl.lDS 

r/l 't 

Hraice the vdewiity at 2 &K S& D.106 ffc/«t- BFrjisi5W! dV/af - r, fr*ra (1) -e ba^c 

«!* = Jfj - irt I); tf2!) 4 ^ - <-fj+! 1 “ ta t)^f 


_. f /i! J- (1 - In t}T7-n v -=-x-^cat — 3 -Jut) 0(2f- i +(lft f) 

- r ---? iT 

Subsliluting ^ - 2 and .s - wn fiei 


-(■) = - 


2v^4V^fl-ln2X^-g-i» 2) 


Thejefujt. w-hej! ^ - 2 tJrt ajcccijctaiL-oa is -#,277 


4#. [a) If y dollHE is the vak* flf the paitiLii^: i years afwr ita purdiatt^ lb™ ?y = 2Q&- 2 I/3Dl 
(h) |n 19S4 ? S - #fc s* v = ™ - 2 ■ so - 2<Ki ■ / - 17. “.IML 
Thjciefbie in I9S4 tbc value of ihr j^iJnLijiy S12,S&lJ. 

(c) = 2M ■ 2 ™ W{ln = 2B{#.693l)i* - 987.^. 

Thus In 19^4 the value uf the p^Liatipg w*^ h.l Uie rate iif SiB7 ye*T, 


k; LKcfciwi 50 £2. '-k.r^'3! t ht fiiapL uf tbt otguati-on. 

SO. W 3/ ^ S r (a) jr - ^ 5 i (*1 V " S"* 



53. 

54. 

55- 

r>E. 


B7r 

55, 


& a 5* 


(b) y -r Logjr 
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fh] l 1 _ ln S2 r 





A3_ 


«- 


Tlw jegioa Ls b? the gr^pli erf y - >*" and the Janes s = L and ^ — :. The width of the fitment oJ" area 

» A^l Haiti; LkJbd the Lea^-fa ia i'L^ 1 - i) unin. TFn^, if A ^ps-irt Haiti ii 1 Lie Utea Of lie rigbon, then 

A- lift) A-JL-J.. 1 

| A 1^0-M' Jo 1 In & JfrUaS / lab fug 

The region is in the first quadrant bounded above by tit tur^v y - e* ami brioto !?y I hr dui-vt y= 2 = 
x £ IT A selvae unite 3S lie asca of the zegjoi u lien 

A - | & - ri)A <* = \y '■^ ^ - H " ?-T^-( l - sfi}»'** - 1 - ffS 


H 2-BfiiE 


55. lb# r*g?on L: in the firrt quad rani bounded above by t = 5 J , bitaw by $ = 1, * t [0. lj- Ajr element of v-olome 
w & ciitufar ring. etDltMid on iht x xxi* t of ndii o'" 1 Jin-d 1. li V cubrc oniis Is the valmnfye trf the wild of 
revolution,, ikea 

v -„*.£^- <1 > 

4 fedH 


^ ^ ={y^- 0-jib] =Cr^“ *y 


St. kind l-.r volume uf the holid of K!VcLuLLml gp’wmLlcd by revolving Ljlht region bounded: bv Liie uJ i . 1 - ; : J 

fljL-d jr = ■5! ,s and the Jane- ^ 3 aImuI the ? afci*. 

► The Itgtoa is in Liic fit*l qrtadrn^t hound'd ahovi- by y - r r . hdcuv o>- E/i^, x€[Q,2y An dKinKtiL ihf 
volume if a ciicalai ring, centered on ih*- - rubs, of radii e^ 1 and 2* a If V cubic uniiF i n the vol uttk of the 
PoLid of levoJutidrt, tlt-rn 

* The voinmr nt shr ?gjjd of TevoilttkfL i? EH). 1 ? cqbh: abjU, 

57. TSie b bLuLdd-cd aba VC by y = hi x .md hwjo-w by y - x (£ [!-3j- If A ijmts la the area, 

A - \' (Lu ± - Jog | - (l-733t?6 

5i Thp re*™ !5 bounded above by v - b T below bj- « = l*g j0 a:, * £ [),3]. If V c^bsc tinitf h the wltmt* 

V = t';, s - 0^,01)^* - 

lu h9 juid to :oj p-Jot the graahi of /. f*. ?L.rd _/* ia coD^nLeat wlndaws and detari-Yiin^ ■ b) -an?' relitii-e 

njitrema. oJ /. wbujc / is (r • tarrswiag ond (d) daeEea:.:ig; ' t e; wIim* the- gjjipJi of / is eoscav^e aj>wird. ajid 
dowr. v. , jj_'il. .11 id ("Q -H-ny f^aiirtv of iaflocLioD. (gi C'onfirra i'-tKii r ar»^+!^ *anl^-LJeA]Jy. 

». /(jj»«•** = «*** 1 . Um j{j>)= +«.In jc-U 

Bowu*r Loj^OifO-dar^ 1 and In _- > 0 if r > I, rbrn f Ls dccreasirag is (0.1 ) r inciting in (L, 4« aed haf 
an flhuluu JtiiTiimuni vslu at J of I s — 1 L 

ri.T) = ^ >(3 In *.!)+ = i^tn=, + i-41. *t = ^[<i« X + J-) 3 t!|>H 

Jkncc / id concave □pwnrd ur. (G,+:joj *Ild Lu ao poiati^ af shflccLsaa. 


^a- 4 * 




00 . 

► 



J703 i’ TWt lii'-fiTl'-d- r -1 1* OMItinuoaf, !tt: /(rj - I <p( LLm ^/r In x) 

’ x-*in+ 


f*l*} - Eb t}^ t + v^'l) “ ^ 

gtWfft if C utd b if> if r >-2 r %■ / is ^rtasing m (Onff - ®), inrrtaaafi on 

ft -2 , +w) m 4 Jia^ ajs absolute nuntnurm value at f _i ^ 0. L3d *■ ' ■' * ft.4791, 

rw . - *^o.» »■ 5») 


If g <* < 1 , -In */,/*>* uitl if *>T, lft*A/S <!□*■<: Til x+2 <{la a + *}\ B«n* ,Hx)>0 kr *0 
j > U, Tbn» / i 1 - Tunr-a^m upward ou (f - +>r i ond Siia *iG point* of pnflnHjnn- 


!□ LKt/cbflM Cl aud 63, plot Lie grashi tf uEufornpoil UiEnojsl£ moiion / am! i-K LKwndisui cv-^n F and C- 
01, /((> - 3 ( MMH It, Fft) a -s', □( E) = 3 f » . /(I) - 3 d ^pi M Bt, K0 _ -3 a G(l) - 3*“- 





64. By ir>pwhni the value* of 1op,.,2 and log ]q 3» cnpbut ^hj you cad compute wil^m n criculAiot, log^l 
k*W&i tofcrf* fcftiHi* bit Twi lo$ ea 7. 

ch Reuura w-c alsn know log 1Q 10 - 3, vtt ei_n express 4, 5, 6. 5 9, hoi me 7, as product* w»d quMu of 2. 

3, 34ld IV- Thus Ic^gl -^1^11^“ — 2 tag]^* LogrgS — !AftiDli-ti/-.« - i 

Hid* - *^io( 2-3) = k. ftll]1 i+ tps s0 3, io* La * - = 3 **& l**™* - bs w 1 = 21o *to*- 

07- /(r] - log^5 is In 5/to s. / is ™>#uivr in (0, L) and podtjte in ■(!,+□&)_ Asymptotes arc Hhr jt an£uid r = L 

/ ipr^rs to be rtecTtaaii^ tvoiywhjCT^ lire fiT?= b^nch stsms to be amove dowawaid and the Kconrl hr^nii 

cottciLve upward. See Lbe Ecfi below. 






5-4 O'] HTR. EXPONENTIAL AND LOGARITHMIC tTMTIOTS -103 


A*J = / iedfcitafliaft. /*(*}- -Insf“4r4-^-^1 = ^ 

(3»Jr r T_p* *) 3 r * (Silt^ x*\ (In *f l* 1 ) 

f (#]» > U ji U < x <. d ' Sj 0-33o «mI /*(.£} ^ D if x > t ]'](=is l,h(- gE-iph af / fcs concave i.jpwijQ sei (O h i"^J , 
4*wihWhf<3 in ir % I ; rind ;L, ■«| and h.tt il jiolnt <t f indention at x - r d . Srr l!u- fqgbt |jcul aboVc. 

5l 6 APPLICATIONS OP THK NATURAL liXPON PNT1A L FUNCTION 

5-fi.l ThcMEm SujjptJKti jf iw .i rnnimn^ijs Fujierioxi of t with rj > 0 F^r a]] t > ft. Purttefintm: 

s-** 

where £ is *. efru&cajit and ]/ - wl^rj i = 13, Then, 

y = ?o 

art <0 w have ■rrfp7i<^fhjJ‘ AJid if k < D wp haw fir-jHiirnfra/ rir^rp 1 , 

The differential equatjM in Theorem S.6,1 meana that / dirtetlj prapdfbinftnf r a* y. 

Taw of Coolant rat* 1 of change of ifmperatUfe is pru-porUonal lo tempeFALu?^ difTetpron uviiil ruri lajnriL. 

J 3 ou 2 uj«d (.a row Lh TF ■i'' ir, directly proportional! so the dLffer-qjjrje betw&ppi y and A. wfceit A .b j j^ven LUEi^iaut. 
then the JsEIV.u>!i-!l':.=J r^LLiLLiuii hrworiiuH 

$=*£*-*) 

fusd its nlotion is 

y - A+(*|- A>" fe 

C^eHupuuiHl lnlrnst Ef P doMara id invtiud at an ajseiual rake of 100 j oeieeut vixh intismufi oonsjKun^tel 
continually, ihr* ite arnnuil after d yea*i La A daHnr* with A T'r lt , 

TRectiv* Rate Tte enfrctiv'c annual ?nU- pf inti-n-i: k ili-n inlnrnt dd Pi for one yczi. 

liidi-tife Jf A a ; h UTlit^ of ^ ^kiJ-Mee with LalMitu h umLn arc prest“nL uiliaJJv. 02.0 amCrtiQt after I HuhlS 

h A With A - A $}■ 

HoimiL PjuIuJjLI iiy for tilt tUtwlaidiaed ^ 00 ^. 1 ] proliahiMy fuiwtiorj. tin pfokibjlit^- tba: a rMMiofn 

eh&iee of ± wi3E hr m Ibe-clofiitd interval [ 0 . 6 "; ^ rivrn by I'ffa, h] - .■ ■ L?, ' 2 d' J r. TLoujh 

vSn - J a 


■vn canpot Fine 11s ■ni.fid-nrivolsTc, it fpLlow.\ -from pit 1 13 l.b Lbn-I P{[ Oc. +-Oi]J — ]. 


Eacefclses 


3, Irft jr be ihe population t y*kih fr-prn I%0. - ■ i_ 

Wf Live a o! ieilii] ” 40/NW «,«» WOO 

M = Vif*' - -HO.OOOr*'. With t - 11, tf ™ a«,9C« w tavf SO.OOh - * 4 “ - ij; 

«* - Irtius y = 49,0CS(|J ,/ " (b) Id 3M1,1 =« : wd.* «-KHWOtl)*^ = #>.76a propfe. 

fc) With y = HM)Mt * = T <« Jim50,000 - 40,000^^ 4 - in 2 ■ i l» 1.5; T — ? a 6.-.1 

* Tbcj-pfarp, lliii jKbpulatLcra will be £0.000 in. 50J3. 

2. Let gj be the nmuter af liwtrri* pn«#nt at I hours. ^ ^ k ^ 

We h4Ve it table dF th:tLa! CDurllduDH. -^- 

j i non Mioci ^ 

(*) Jj - B* 7 - IHo?^ - IOOOb^. With li - 24HW-, r - I h*V<- = IUDUm-^'' 2 ; a 2 ; ** ■ A, 

T^iih y = lD00(i) f _ fb^ When l = I»f have y 2 ^ 1000(S*) — 1 10,000 Wk-ri? prrwot after i iioyjB. 

(e) Witli tf - UO.OtlO and ( ^ x hnve pDDttO - J00OH^ V f! AD; s In 4 - In 50: x - In FjO * hi t - 2.S2 
w "baeterfn *tt pn^rae. sftnt S hr 4^ mip 


i. I JijLLpcto it the ciirteaL attar X m\c. j — 4Q wh-en ^ = 0 Mid J — t 5 when i — O.bl. 

(i) -«;so I = =48**'. With i = 15 and ( =0JJ1 ** ha r Sj-f tl< * tt = J; S = {^ lM . 

Thus i — (h) i(0.(fi) = ^(j} 1 = = 5,«&. After 0,02 ace tie current is 5.635 ampere.t. 


m LOOARlTHJtir, EXVOSENTl.U, ITiVETCF TRIGONOMETRIC. AND llYPEflHULK n-NCriO>fS 


^ The iMfjhu-iLhion oF i town is dsrrr-mnv, at it rfii« jwopoTilana] to zis erf. 3n the population was ItfLOK' 
and in i™ it was 3-5,000. (a) Iff L= tlue popdarioi i 1 ]9S0. *-*pTCS5 as a fui>rti-r^ii nf L 

(b) Caknjjiir whftc, ihe population will bf In ihs year 2001). ( ^ 20 

fr (a) We have a taUn of initlftt <wrfMou> ---W 

^ ^ bo jr - - mOOOc^. With ( = 10. ? - 4 J,0EW ire have 

44,0M - SO.OOO^ 10 *: e ] <>* - = (ai) l/,a . Time si 1 - 

(b) When * - 2fl we have jr M - litl.OOOrjj : 2 - ttj'iti. The eApertod pop-ultfiat; & 2U0B i» 3S.T^. 

In. Ejw:rE?*£ r f 20, define a!2 vackJili*. iirwcirfsh a± nsr.ibcre- Use t io represent iLmeagd ri^nru- the olLer variable 
in LC-Ol? of 1. Be sure in ivnre 1 cOj.(lU£jOJZ. 

5. Lot y bs tin- altefidaciH: f day*. iLft^r ^rrUsitl^. ^ - lULrJ when E - B dJid > - AMJUU wlirN 1 - 3. dy/di = by M 
* ^ = aXHfe* Witii y 20DD [Lr.d f-3 W haw *000 ^ SMO*^ *** - - r “ Mr ■ r rbm 

.y^=kl00( A)^ 3 . *(ft) . ?0B0( -I) 2 - *Pl), Altf-Ti-riancr hill hr blin the sixth 4*r. 

ft. Let □ Ik ill£ populfciior. * vriLrt after lBUU, V = 30-JKKI when J - 0 *nd y SO,WO when 3 - 60 “ *S> 1 

- . . * r " _ __ ___._ arm. .-. r."i[- *■ «1 .'JU . m 


= jfoe** - J0jd(P0e w . WHb |T = GO.eiflfl md i - 60 tfc hiv r GO.OOO :SD,*hKk™ fc ; 2 - f**! ■* ■ S 1 ^ 0 . T&*i 
P ■ j&.OOQCSr ®. vino) a SB.WIK*) 31 ^^® ■= IW.flOfi. The pcpuLaUgb will Ik ]B7 k 000 in 2010- 

7. Let ^ doLl*x* hi* Ehe valuu l yuuri from now- ^ ■■ 35 r OM when t - 0 jj 2fj.ilUl) '^‘bi-h £ — !0- ^ 

y _ 3fj,0DUr tf . Wztb ^ 25.BM abd I - -10 we bnVr 23,W0 - S.I.ftOne - ■" ; c ~ ;.A 

r 47 ^]--! 1 ^' 0 . T h'r. IT - 35,CW)[l-4} ti,r|0 . With ^ - ftfl.aup .md t-r Imv-e SO.O0O - 35^WO(J.-l) £/ : 
in j^ln lA- T - SO In !□ 1 . 4 = ] 0 .f. Tb> v A |ik ^itl bo f& 0 >.fl 6 n ir ] 0 ,ft ycais. 

S- After an jiutiMn*bLk IH I yui old, Lu law of Jit any tame id prupueEion^l Eo 5*n thftl time. 

If an f^Utomc-bik "w-m jKttthn^ed nn \T^r^h l, 3PBIE anrt i Li vali.:m -s*"' YT-^TCH 1, ->'ind Marrh .. v.-rrr 

$^7000 and S3.SOO, wh?t :r= its e^pFrti*<l valite on March 1. 

^ Let Y doLLart be she v^Lue <?f the Aiitonwbik f ye-art after r @ T- S 

Maicb l h 19P4. Wr hnva a tablt of initial condi LionE- - 


= *V; » V =r Vf* ™ 


-iKig tsoe v. 


7 <W 0 f“. With V - I - l It ha-TC iSO^ = TWM)< 1 : <* = 

Thu. V - rniW^J 1 . VihtiL Isitr b»vf V, TDpo(=?)= ». JTil. 

TLk au?orcobile ! s e^pwted v^lue otj Mircis 1. 1990 ee 

0, ,&ecauEi tbe r.vimb^T triple each hour, the number nf hatieria prtscnl 4 boors age c* 50,000 4- !5 l - 121. 


10. The hedf-lile foimijl*- it A A Q (|)^ lft9 °. 

(a) IVitb t - 100, A 1EQ ±s k Aftae ICO ytua. 06% of tJie □iJ^flil a mo hat wtU rernnio- 

(h) With f = 1000. A l0W = Ag^*/**=O OOA^. Aftet 3000 y^AK.66% of tbc original ajirHJunl. wiJI remain. 
11 Hterai if*- 70^ nf ! fit- nul>tt-iri« Tcrna.-^ g.fl«T 3 3 r**M h wp liav? 

.TAfl = A^) 15 ^; -7 — In “ = ^ Ep. ^ A = 13 Id J ' b .r = 2&,3o- The Mldife 1» 2^JS yrAtn, 

12. TE« wtutet n'OJ'aliiy of 3 cert:i:n ip&^es of wUdlife an a- p^rLirjiljt: i , ,rc»i;.'d.p:.:caL re^jon. is prnpo-riiorjal eq Eh* 
uurabcf of Ibt sp«:os ;>r-fc^^e: a: aay time- Oil fircHanbra- ii. B .Lu fLrs-t day of vt iiLVr. 2-100 *f the ip«l^ w ^rr 
proteiL'; 200D Wets present 10 dayn SiLbi-r. Chany of the v^i'Th -.4-ric expected le uyfvivr the winE^-r; thn.i 
Jiovr ujiiiy Wc^C t. h tpte5-Fii to be dElvc OU days JilVr Di-r^riiiliKr ^1 ' 

> tel E IK the FiNnrtbrr of the eprrwi ? dajH *!Ur DfC1?inljer 2 [. L n ^ M 

We hriVf- a tahrp bkT rniliiil eondilioOE. ‘ — ^ 2^00 yxiLMt- 

^ = *S? ® S = So?* 1 = 2400**'. With S = 2M(L t =: 3e WE have 2«0 = 24fllVi 4fc! ; r^ 6 * = 2.5s e ( - 1 !3,> 

■Ihg= S = Z4W{%.hf i ™. t = W, S - SKHH2.S)® * 1383. 

■ Therefore 13d9 of tbe Epecies are expected to Pimi’^ the wriAttt. 

]3L [*) At cainpeUltded ^witinon^siy. A - 3W0r fe - 5356.^, fb) Cprrtnoundfd 355 1 'mes A yrar, 

A -Sfl41fl(] 4- .OO/dbS)^- - b2- r rf.3-1 (cl The tffeclkt rate ia (1 + O^SJr 3 ® 5 - I ^0.0613 = 5,13% 


6 APPLICATIONS OF [ HP NATURAL EXPONENTIAL FUNCTION ^65 


14. {a} At G^h compounded con*Lcuou£h , A - .iiltfOe- 0 * 5 - !xKH J .3r : . (b} Compcunckd 3fii times a yeai, 

A = 6000(1 H -Q6/366} v,r ' = 6*09.! 6 (cl The dfcuiw r*ift w (E A U.06)“ ri i = OjWIS = 6-1*% 

1-6- Ltfl A duller?; he-. !.1ih aiirc>unt In £ years =i>F art in Moment uf P dollars at ^ ^ 10 T 

interest compounded continuously. We hav^ * table of initial toDdUioiw-—-—p— ^ ^ 

^ - *A; so A - A^ 1 = Fe* J . With A =2P and t = ll> we h*™ HP - Pc lp *; e 1 - 

Thus A = Pja)^" With A= 3P a»d i = T wt have *P = 2* 710 = 3^ ^ In 2 = Jn 3; 

T - 1JL9 Therefore the oriffirwd amount will triple itself in 1».9 years- 

EG. IT hhi- pur-chtuviikR jJuwruj uf a dollar ** cLccmujEi.g at thr jat-j of 1(1 pcftcnl -"vudu-aJly, oum^'^ndtid CvnitnUMlrf?, 
ho-tv long t=-i11 jL Laic- fn: ibc puTcEiapiTig. pn'^rnr U» brr fliLbOT 

> Suij«tjtutiria into A - P* 1 * with P - L A - Q .50 anc t - - 9.10 we a*ve 
cun- r-* ls, : LoO.Sa ^.-(LlOfj *-^-'^ = 6-93 
■ The purchasing wwti is SO ,60 *&w 7 years. 


10 * 


Let A grains be the zutouBi of the aufon&Bce untTaru Formed at 1 min. f ^ jg 

Wei haw a table oF initial conditions, --- 

A A c |Aj Au-ffl 

—• — frA; n> A — A^' lr _ Will! A — |A, ajul f - 10 *rt lav* — Agt 1 ®*: i-. 1 — 10 

Thui A = With A =■ Ag — 2(5 and (= 13 *e h^e 


A, —30 = M*> 1S/1 * A 0 - A^) 1 -' 8 = HO; A s : l -{^'*1 - 2ft A n - 


A fs lk. contains 21)0 t of Vnne in which 'n** 3 kg/£ of js.Ii. Brine staining 1 kg/1 sak fiows into tbe tank vi 
the rate of 4 f.-'mln and the mixture runs oat at the sane em*. When will i br tank ^nntnjn 1.6 kg/i HaiL: 1 
Ut j/ kj^ ew; tbe i aj r_j j J HjELULiEit til' mbJl in tbe "tsik alter [ cfliKL baJi Is cj:LCi:n^ Lhe tar.k &■ r^ir 
41/ Jilin Jt 1 kis/i — -tli|5/ECrB and <jiH, il iS/KiLe K. ^ k£,"A)04 — ^.rj ’nf/nirs, Whn r !- 9. y w HflO 14.1 - Wl(1; wl.ru 

( = j, j, = i-6 = 30(1- ^ = infSow - jKii.flnw — 1 - ^ — ^(200 — j). Subatiiutiog A — JW. y 0 — 600 and 

t - ± into y - A 4 A)£ _tf we o)>:ajr.j, 2015 - (MH) - IDOlc- 200 4 OOOr^". With y = 300 attd 


«-*.« have »DQ.3og wir**™-. - 1«; c- wa0 i ftas. -^jr = la 0.Wi * - -E0 In 0,25 - fi?3. 

■ Tfe« caB6eatmti*n will be 1.5 kg ft after 69.3 ffli-bule?^ 


19. T^i - kg be tJi^ WTli>unt rf «lt irt lh^ Lunk 1 Jnir r L;t« fiflrtr Tr«3i wnLr.r ilru-ti r . 

to tjittii. We hiVe = ttSi it <if L^itkl -- 

f 1 LI J M 

Brine is running <H*t nF Ibe Lenk *t a cate pF 3 liters/pnin; m iii« uink ir- ^r^ing ui aaJt per trjjuutc. 

^ = -b.Wx. ^r = - TOe 0 * 31 . W'fifih i - M? tvt have = Ttte" 1 - 6 m ll.S. 

v Therefore i^vec* ip 11-f? iff of in th* tiqk the md of; hmir- 


^D. Sy^.a; dpLompteti in ^atej at a sate pfDportiwia] tbc amwLDt tiLLL tincb-wigrih if pO kg «f -ugnr 

iiiilieily lisj at the erttl or & hi^r?< £hi« it P^u-r*^ U. 30 fcg n haw lonR wlH it take uSCel af Lhc sugar h 

d« impgiwd? rf 

t Let y be the ™-*urtl nf ^nE.-ar iinehaftged after t houta. We aw tp^en th&£ - tp. 

M#<.iui_ , *i‘ y — 5fl 'fchi'a £ — fl. by TheoreErt Tn-E.] wc have y — 60 i^ E . Liccaiiac ^ ^ 3B ^hrti t — b, 

26J = 50 e w : *** = 0 A-. S - (0.4)^* 

'rhavfnit, ir ~ SOfO,*] 1 ^- 

Vilinii W?6 nf ilia atjgaj ts decoraposedL the amount comamang is $ kg- L*^ i - T wbun y - Tj. Wc have 
5 = 9{pjr ? Ol 1 ™ (M) T/t : tfl.l= (T/5)Ja 9.4; T = 5 In 9-1 -> In 9-4 - 12-6fi 
* [p will take 12 .ft h^uss S&i Sfl'K of tbe siigw to dworapee?*:. 


1*1 * KJf:ABITHMtC. EXPOSEPfTIAt. INVERSE TRICOXOMETRIC, ,\W> HYPERBOLIC PtmmOJfS 


and 22, Lei n itniis hir ihe Aimin’. of W G precis (ytats after tfie ifcMji of tin im*. Thr Ml-life » 5721) years, 
fa T years Ike atnotnl ts 45% of lire otiffinai anwnnl i Q . * - r&ijf' 1 * With r _ tr.4!j*>. ami .' - T m> have 

044^ a «^B,5) r/S? ^ In 0.45 = En OJc T - ^OJaJriS «, S^htr.jP 

Tlixfcforc the L rce frcsu whlrli Ulh: cJliltcujiZ $HRtB died 6,600 Ago, 

Tn T yeare Lbi amount is 2a5c oi Ihc ^lluuujiL r — x r i' ". With s — O.S5*r 0 and t — 1 wr have 

- Zamf'*™; In 0.2S = g7 J(j In (1,5: T = « 11.489 

TtunSWethe tirr ffaTn which, tJ.K chtKO«[ UETte tlirrl LL.dHO J'c,Un ago, 

From EsampEe 0. if # eegrrei is ilit temper-aiu re *f tbr \mtly aft^ r minute r.hen 

a = 35 + If a = 4i ibm 45 = 35 4- 10 = ^ = Q^* 9 ; 

to ^ ^ In j^L t = = 69.95. The bodj la al 45’after 70 micaus. 

A p*t -of n-fllcr in.linJj 1 botbu-fr nL 100’ .t:i«L iv.l. ■. in bai ilL u. LK-:_Lfi>-rjiLurr <jf 0". AT-.it 20 rfilsi :5ir 

i-cmp^r-xtune -of th* Wa>r 90 fn] AfW imir rumy niinril^ nrjir- l.hr Vmpernhiiv of the wain fiCf/ 
(b) What wm ihc tonpcrature of the wattr after 1 Er7 YewlonV: kv* nrcJihE. 

]f rfr^rcei iu I, he differ ell re the LompcraTutt e>f “ iie v,'a j .ci ,utd ibc air E.Luii.pef.ilu-r* lifter t am it. J ..3ir'ii 

Nratnii'ii of <~oq! jpg frtjtfM tint --——. 

r r v t D 3Q T fid 

.. . it IUU H Sfl sjfta 

The 3 nil Ltd Luiidhirtiut rere fliveti i:i Ihr Lah!^. —— - 

(*.) We tis.ve j/ = ]^ — 100c* 1 . Setausr ^ wJien £ — SO, 

90 - JflAr^r 0ri> = 4; M> ; ^ - (0.9^ fir ? tQQ(0 j 9)' 1/30 (i) 


tf SOU SO 


Bhu» ^ - SO whcq ^ T s then 

SO - lHH0£) TrtO f 0J (0rP> r ^ 2 e 0.IS - J /LIU 'i jl 0 ^ T - 20 Ln 0JE -;- to 0.9 ft 4Z.Z& 

■The tempcEatuie is SO* afwt 42M mr^lr*. 

fl?) We h-LVN 1 fTHT-i Rq. i'l) — 72.9, Afr^r hcimi r ihr Lenprr.iEy re Ls c^raj;t]y 7?-fl r 

Let y desnvji sir: E]jn tflMISMMliilTr. ajk! V ■= y the ji U [ n '£ 

letnperafcuic diflfcreac?. i *fCnr Elsr* tlwnwoH^ » ^ 

JCmffv^d. W*n Em-ve the ba^ndary raaidisiona- P ,1 ' 1 ^ :| 

Ftoin KcWtO^J Jaw of co^lin^, #>", Y,-, = Va - 3a - -cD. V - Y^tr**: j —fl, - i - **_ 
tVhe:i £ = J 5Lnd y = 65 we gel 30 = -1. TVus ^ = 35 + 40je^ 3 )^ jxJ5 + 

(a - ) When 1 = 4 Aftil v - r»ft wr 4 40^’^*• !n4^ - 2i lrs~; 

k( 15/40) . + m 1 

C “ YGJ5JTJ "" :i,: ' |ri:,, l H- i : ttip[ , f’ ^ -tJj 1 " siLi.-rt 1.70 Tr.tn.uies 1, :4 J f ™.Lnute7ii. 

(b) Whim r - :i wt y 3 - 35 + ~ l ^- 1 - ^ minutes iht KmiwraE-urt Ls 4^.1'. 

. We see tha-L ibt bai-EVIlfe of tile ttnipeea'.Unr dtfFtrentr is !M miniilies. I’herrfnyr - 4 ; : n^oie mimatci tfce 
fiiil^reDce will fc*n;L 100‘ i*? JCT. 

I^L y tie hhr number d>ffMts ? He student baa memo-mad n\ tlie e^id □! ( 

i min. have a Labi* of in ilia! ncmditims. — -?-^— b0 iBq 

J is r p jji lr 1 J’ j 

-In-80 - , |-tf + C; if = (*"*'; ,-86-0^ 

With i/ — (I. f — Q We have O ^ EJJ - C- c - 00. Thu* y - fiO - 60^ _i:< . Wiih y - L5, ^ - 20 b.*vt 




. With v ■=■ L5, ^ - 20 we b*v t 


l5=«-fflfe 6Jk - " nt = 45: e" loAr -^ ^ = 1.0 - 

W When 1 - fifl, - 60 - ^ 9H-? (b) Wh«i f = m, u m - » - » 55.3 


3 




* 






5-6 APPLICATIONS OF THE IVATUELAI, EXPOJf^TI W. FUNCTION Aft 


A eio* wn^lwj on an asKfnb^r line can do a paiik^Jai La^. .□ aud, a. way :k;tf if y isniis oompktod per 
day ifie* d d*.yi Da the aAAnmhLy Sip^ then 


wJkk F W 4 pgeitiv^ comtarit. <jn tf* 1 \h* WoEfe^ rtat'tiu 60 Unite ann completed, aad on the fifth &4gT % 
4lir wwrW mmfili-tm 7k ^inii*. fa) fjpfrssi y a* a finKlioa cf t. fa) How many unite 7 J 1 - d ;=l> tan Iht VJOrke: 
eventually OC eapeciad iO complete. (c) Pint Lbtf Krap]: t>f yiaier function in :?;;.-L fa) and ihf hod xti Mini 
n_ L ; t'e cLplxrte H*r Ln+j grjqah. (hJ; Heiv.- iruuiy innlK dn«; Shr wnrtr-r enn-.plr-ii’ r«i I he- ninth day? fa] >bo^' lh* m . til* 
worker ]& producing ac almost. full potcsT-lil afttr Jft l.-.y*. 
t> fa} With A — 30 *ud i 1 ^ - i>0 jn bounded growth HduUcxi, wc have j. - A - A k ' l, r - 'Jit llk" Ar . 
With y — T-& and I = $ *rO haw 

75 = 1W — ; SUn- - * 4 = 16; = ^ t~“ = tj>’^ ji - [IQ - 3l)(£) 1/1 

fb) ReCfluftfi Li m [90 — “ 99, tli« wnjfcvr will f vra L;ia''r _ 

^"” L "" ,'Jf| m A cA ■»! Am A fa 

cofnptet* 90 units p«r day. £«} A |>lftl Ip- Hhown At tlkr riifcht. M - 

(d) jrffl) - w - ft-SI .4 « (£ ^ 

Tlh* workjsr ettifijalatra Si unit* wli r.he hihlb day, ^ 1 

[e) SJ (3«)-90-M^J , -C9-H. a- 

After 30 days- lie worker is praduejiiE: b.Lhmt $0 imSiA. j Ia - 

[n Eierdsrj 39-33, use NlNT m raf.irn.nt* the answer to five signifif jLTtf. diEt^. 

J9, F{[Q.l]) - -j— j ' fr^^dt = O.i-1134^7 =; ™n 


it - fl.S97Sf> 


In E»erciErE 31 ond the error fonctwn is defriifd by 
U. eriTl) * A U [ 3 r-' 2 di - 0.S427Q 


dt = 0.S99&S 


33- Fiaud the general oi o[ the {;o:;iyn:j[i£ ^odwiJl HfqeiiEuci -jy — ry !i- 
&■ W* Have ^ — - if In s - In y)- With u - In yi, ~ - ^ ^ wc obia^n ^ - A-;lu a — u). a ljftu 
equation. Thup^ u - Tn n - (Hu -lnn)f" d , T3ien y _ exp y) - rfcpJlTi 4j - (|j. j/y - £n ii;.i:"' st ] 
M, P»ve the half-HJ* fuimula h - 

* Th«^ exp«W5iii4i gi&'/i.th formula ii ^ — gyc*'. wLlK y -,-y^ jiud d - Jr vw ^re 

5.7 INVERSE TRiGONO WFTRJC FUNCTlOWS 

i. 7.1 OtffEEiJ^iun 't he invrrrtf r-.[i« fiin^tkgi, de-^iylr^J by ^ir -1 35 defiled as f&JJowK 
.■ - GLiti J 1 £ ii a='l only if x — sin y and — W. < u < 


S.7J Thooc^m Sf ej k a. diOVrentiahlH fimcLion aj x 


A.T.3 DefinitHMi The iuvemw cyfdne fujwtiyej, by wj” 3 , ti defined sms CoSEowt; 

# = cfli” 1 X if fid <rttly iff - eoft p aid D < y < Jr 

S -?-4 TVpt™ If v eg a diflerenliabk ftmakn of z Diwrtij — — . I D 


i> deftrml ^.■i.jv.-. 


5 - 7 Jb rkflnltiofi The ijiwtii' lanfiont runetiu^. denoted by L-hti 

y . tall -1 X if Ain! only if s Un y iJid 

3-7-6 Tb^rem IT v is a diflcientiahk function of * 31 l 




40 # tQOAH 4 r niMIC h EXPONENTIAL. INVERSE TiyCOHtJMSrRIC. AND HYPHTOOLIC PTOCTTONS 


5.7.7 Ikfinilipn Thr invert Mtant function. ■b’^al.isd by sac '. is 5« fu-iowi. 


! - sec -1 * T if ifld only iif K = KC ff hjuI 


{ D ^ V < In- if x > I 


To uhiifo-t*. uk ht r - 


5,7.3 TW^m J £ v in a differentiable fuireiinn of * D *) - — , , Dj^ 

u V ? j — 1 

S.T r & Definition The imn*. cuii^ent Iugsc-iLod, de-ussed by col" 1 ,dnlSaed by 

mi. - i ± = if — tar. 1 x, wbae j- Ls any r«d iri»nJxt 

* 

5.7 L 10 Them™ Tf u ht a diflmnti*ble FuwtMm -of * U a (cm -1 «) = —— u 

1 ■+ EJ 

,1.7.11 [Mitaiiivn The in™* eraranL fbiuetSoi^ denfl^d by c*c is defined l>y 
tsc" 1 e — — sec -1 f fwi> S 

, , _, in b-'J 1fz>l 

Td CinltiUULt*, «!#■ rw J- - < , I j . _ _. . 

V—*B * £ If * S -1 

5 7 12 Theorem Lf u iv n itiffeptaisabit EufecKtos of : DU*"-™" '“)=- 1 , J 1 . 

u V u — I 

jhlrtmuMy y=:_^x) DoEELMQ IUH 5 g*i 

y - fll* -1 ! {* [ -1 s T i 1} iff i —I* £ V £ ^) 

{if 

y = Uifi “ J j: {* ] -«=• < £ < +™} {f f t -j < m < 

y“cdt -l r fr I -oc c*<4»} 

ry = are" 1 * \i\x> l ot x<-\) (tf |ti<K^«*<3r<H 

^ {J |^> i ot X< -I] (y 115 < y ^ Jt or -«■ < y < 


I>Cliv»tiw uf / (a) 

-i /\Zr^? - n r ii 

!/(*+* W 

1 /sjV v 2 - L - D ( if 


Snt-zLnp! EqiuiicHU ii sail x - y ibea x =- 2Ar 4 sin ~ c y (Jfc- 3 Jr-]#* W* * ■“ n ** K in * W* 

[f coi £ - y thee X -T 2Jtr +«.s“ 1 tv or B = 2 htt ~ Hia -! y ^'bere i PL ue ifij- 
If t iji X - y tb«l Jf ^ irT 4 Ur, V wlacic t La aay snln^nt. 

SLifn fonriiiias 5 Id -L x 4 — ^r; Uun 3 x —^ 0 : ^ ' x 4 esc x‘ — 

t ±™ - !f y - 1^1 - ^ ■ai4<-r<; £ — 0 LF ] 4 > 0 rTrrf ^ ^ — iF l T^y ’"-■ ® 

1 + xy 

Wr bate th*i iF / ws 4 T>f prp Ihe ilk ttljononstm: nndVMP *nd t is 3 j>PSiJn* number iu 
e,Fi- ilcit-n+tin of / _T . lli^n iht number ibr' 7 Pin^n / -1 in bc-Ew^rn fi ;-.rcl ^ff. Ibat is. 

Cl t- f-'M ^ =■> rt _. 

Hi^'icti -r is :i r^jcdzre □ umber n lii*' dmiiaiiA oF / 5 wc ibe foiij'xjng r^iili^. 

—^ir<saa _l (-x)< 0 ^jf < w& -t |-x) <^ ilH^r} = -aia -t T; cm" ] (-b) = tt -™a“ a 

- J 4 <; taai - 1 (-ff) C 0 jt < «fi"'(-*) < f Ut?" l {-a J = -tan -1 #s - s - -rot ’ 1 x 

-1 < tK- 3 Ca) 5“^« *« _1 (-x) * eic _1 f“^) = tIBC ” 1 *“ r 5 eee _, C-?j ^scc -1 ? 4 m 

I'O C3Jo>i]al^ a fnilCLLOES wfcuiL ^Lv*B the ^.lIiu: at ^ii iiLVcFSr fniLdlo-. txpre^ Lt ->■-- 

rri-jLCi«i:L iu-j Ub^ il L&dcfLnt 4 Eo4l n-r Ifi.njiglr, ^zocicUca iJ ;5rj1 L2. 

£^engLv^a .J -7 ________«- j 

In [-0, determine \ht exact functirin v.due. 

L OSA^H)—Jr {d)c«- 1 ^)=|- 

2V (*) •iB -1 ^\/s-=4 (b) •in _, i;-4v^) = -j!r jVS = g* (<J) = * - 4 = 

3- (*) un-' -|tr (b) saa- 1 ^^} - - $*(c) ^ - J* t J > "«(- " n T 



3.7 i?ivf.RSt. i KiifOJfOME'rnic itnctioks ms 


4.(a}rtr 1 ^| {h)t«- J t-^S} W«* 

fr (a) By I>ciiliili<lli 5*7,9 r*n _t 4 1 - jS - laji -1 V - j* = y* 




iiij- E>y -.I-- \ llil —^ ^ - L.ii. b" " 3f 

(K) fSy n^finii Linn k.IMt out -1 (- \/3) - ij-T — t*a —— S'* = j 1 ' + 3^ 

(c) Bv Definition &-7-H tsc -1 -=^ - sin -E jV5 * 

(d) % .Definition S-T-ll £S£~\-A^} - -it - wit- |t/5) m +J&* jV® - - * + 3 * =s - j* 


&. {*) #is -1 1 - Jt (EtJ Bin ’(- 1 ) - (tj m. H = J* 

6. |» cos” 1 l =\) (bj - tr {t) ' L 

7 - fiivm # — mil' 1 ^. Then sin ^ ^ &nd C 1 0 <; ijF- 

M ton 0 ~ tKn ^ =■ JjV^ 

it) <&t tf m 2^/2 [d) a« tf = 

S. Given ^ — cc*s “ 1 j, find ipe kceic.^ viluc of L'^h of the following^ 
{*) ain s (bj tan 0 (c) ff £4} ■&! S 


{tl) tK _1 f-l> - -Jr («) iia" 1 ® = 0 
(4]«(' I [-I)=T («) ca« - * U - J* 


(f) esc & = 3 


{ej e*c 0 


Hwjiijk cca P - J, add 0 < 0 < Jff, th*TO <S*at* a rigJiL Lnzuigl* flontftilURK an 4GUK Jn B V wimw iPififeUK is 0. 

Purtbwicwrr. = H the rf the adjust 1*4* divided by the hy pofrn vw af l&e Tight iruraffto., as iHi^trjaed, 
in ibe figure, 'lie irnj/.h of the c^pusite side of tie tri*ngk b found by apply™ e Uir fVtfu*gnnsfrn theorem. 


r." 1 -i t : — - 2 , From ih^ Qf^re -conclude thAt 

(b) »in S (b) ban P — -tj— (e) cot ® ' ^ 


(rf) sec 0 = 1 (e) rartfsr^|=fv^ " n 

5- Given S =aLe~ l (-j}. Then tin S — -j mid —^ Hid ^ < B- ^ 

[a’i fKS !? ~ l' b'lUD 0 — -LA .. j 




■.'0 ™ ^ = ;v^ 


(b'tan 0 — - 


(c) ecu d zr (dj see f ^ 


(e)cRe fl = -3 


10- Given 9 = *w" I C— "£htn ™ S = -1 juh! and # > 0. 


*>) isn 3 


(b) tan ^ ^ 




te) ~^g - (dj’fltt fl = - | ^ 

11. Given - can" ] {-?). TWi (nn ^ - -2 and <0 C 0 » x > 0 and a < 0- 

(a) £371 0 — — (tJ cos & — —-Jjr- — ^ >/^ J 

(c)toiff ^-i {djSfttfl ^ («)«< = - 3 ^ 

12- Given ^ - sec -1 - -3). :"ind the ejcaK value of r^rh *vf lV ralki^iki^: 

(a) fh) oos $ {c} tan {d) cot (*j &l 5 

^ Bee«jc p« p= -?j anri wff = wc make ki ansfkiAl ri^pt triangSe ^bc-sc hypoicnuw (which must. V 

pe^blve) IB 3 Hid wlu*K adjaemc .side La -I, Bjp ttlf P*llw««rfiMI thern^rn. I hi™ sick Ls 4 Vj-P 


- y^. Hrt^;LUK 4 - H'bh iaa.0 lo be pgsitave, we use — from bfcit figufe we ™eiudc Uial 

3/1 

(e) Itnfl - ^ 2-/i (d) «K P^~^=:4V® -L 


!» esc V - ——- = - i \/2 




41 Cl LOGARITHMIC* EJCFONENTIAL, IN VERS): TREGONOM ETHIC-. AM? HYmTFSOUC’ FICTIONS 


Iz Lsciciscs 13 !?4, find the exaec value- c-f tkt quancitv. 

t3. Wsb- , t*iBi-)=|- 


(t) sin -3 (sin |x) =3in -1 (ain — Jx 

(d) ain~ 1 (aiii ^ sio^lsi «[-£*)) = -J* 

3 4. [*.) «Lrj -, (riiEi - ]ff 

(h) -^r 

(e) alb” 1 fsla |#} = filb " l(^Lis Jff) c= jT 

t d) tin" 1 (sin |x> — bin " 1 [ao{ - ^r)] = — Jr 

35. (a)co6 _l |C(K|r) 

(Ji) Wfi" 1 [™(-^-r)J = 1 (hb |r(- J-r 

J I9fl _1 (cgff - Jff 

(<I) *ft* ' 3 (COa Jff ) 3 '/ Of iri ||t 

Ifl. W fc]; (b^ «r l [wi[- Jff)}; 

f*Js (d) aw^teeal*) 


o Vhuiv ifcj* f 3 B^? af cm - 1 is [ft,T-. Tt fmd au aogk in ihas rar.gt with iLt same c-reint. Wf make a<a iw* <ii 
ibe fflft tits! wc know itw value of' he cossrif of i-he giver* njigle- 

(*) H«ciLu^: 3 t £, [0-tt". LLkjl 4£rt" * jcu* jtl ■ Lrf_ (c) UuC-aiUK Jr C [Cl, ffj, tfcicls <*$ -1 (e*s 

(h) Because «m(—| tr] — oosCjr) and Jt £ [U.t]. tJ*ro coe’™ 1 [cO^— Jjf]J = J^i 
(d) Ekoyf <■« =cK|ir JHid jf-r |l), -'. ■.jra w -i {™ Jr)—J t. 

17. (a) ujT 1 (tinges i* (bj 

{c} lap* 1 !!*® Jr) = £*} = (d) Tan’^fianf-^T)] - iaQ" 1 1lao(-| i)] = 

18. (a) tEm _1 (tan iff) ^ Jr (b) - -|rr 

(t) Ehsi“ 1 (Uui Jx) s; J=* I - J-r (d) =• ta» -J ri*n(“E^H m “i 7 *" 

] 9. ■ ill ML 3 (war . C j T1 : - 3 T (L ■ M* ' l [iSISCf.V ' 1 inf ~ * j - J 3 

ic) |ff'| - see™ 1 {sec Jr _ Jx :‘d £*c -1 ?£« Jff) _ jj* 

£@. (ft) we" (sw Jr); fb) Kc -1 fs«( Jr - )]: (()«r -l (m^): (*Jj s*; -1 (pm; Jt 

e> (a? Btxmmt <Jw?i S« 1 far* Jr) (d) Bvuuk-C tlwn gw §*- 

lb) Recant sec(-|z) —stt ^ud Jr £ [&.Jx) n i^a B {a«( —j*r|” - Jx. 

fc) Ekcftiuc- »c iff - see Jr and Jr £ [t,»t), then sec -l (sec Jr)]= J- 
£ 1 . yii] (d nLn - = a. 'Ili^n mil a = :, Y^ and: 0 ■£ < 3 - Thcndori 1 , ter: f* = 

(1?) Lei Im -s jV^ — &' Thtu to ^ =^^3 md 0< ^ < |ff. "I'bcreftnc, sic J? = =. =\/5] 

JKt (*) l?t■= tt.Ttcft intt-4 and —<a <fl. rhertforr.eosa — 

(fe) tal «e™^ 3) = Tbisis = -3 *2id f C {j' < Jr. Tberefe^c lie $ - '2y'Z. 

33. fa) Let |) =■ ri-. 'I'ivart SsCi rt =r —" And < 0- Xh«rfffonr, ■rfti n “ 

{b} Lei cos -l f—|) - ,i3. Tbmi eos d = —^ and ^ r. ThfMfoTt, sn jlf — i v - ^- 

34. l)|i(b)«Htltfl H C 0] 

p t-iti i 1 ud eot f jsfiH i*apnw*Jci h both UMWirfi -in 1 -1, 

1th EkckIm* L£l 3-D, jictth ibe g?ipk *f tht AknelboD. Suppfffi yom 1}' pL«ting. 





3£ 


In 

31 


la 

33 

34 

35 

36 
o 

J7 

38 



uri: fiii ?t 


Ih urui 32. skdtih ;hc gtipj* a( -ti^ [miction. Cbtci U-. pluUka^. Sl 

it. <*) /(il ^ iir>(iin -1 /l (It) /(x) - <li“ l (alx i) 32- (») /(*) >* «w(«h 
► IS — l— l.l] ► J1 h(—«,- tee) o D —[-1,J| 

R=[-f^.M K -I,!! 


■UitL 1 lJ. i dihiJinin l,J sad I&Djgc 1L. 

1 1 1^) /{*) — C4jd -3 iCLd j:) 

(> p - f—‘Ifc, 4=Tt!-J 

r = i«.*i 


[n K^crdiei 33-42., Qcd tise- tkl zVAIa\h ut the [uncLimi. 


as. mr 'w-fecaw" 1 ^ 

(M s'Ci) = ^j(wc _1 5Y -i-(ac" : 
36- !•*} = 5 »n wl e’i (b) /(it) 

► W ; 1 . 


i By DrfiirtjQii S,7,9. /( ■■ i 


(b)CW 


t+(W 


3S. £»)/V) 


I -f ri/u.; 




m LOGAMTfraiC, EXPOMJNTIAL. INVERSE TRIGONOMETRIC, AND KYPEKHOMO (-UNCTIONS 


4R (*) hit) ~ tAB 1 (bj 1 vV + -I 


> (a) k‘(*) = 


sO, 


_ 1 id 

x-t 1 l + 4*V(l-:I -r s ) J +<* : 


' tVvTO = ' vfc li (7+lh77+s 


i+IWfl’* 3 )? r 
i f l + J J j % 

(1 + * 1 ) 1 i+# ! 

Or, btc»ut* f 4 . 11 ) = i uni -1 * t Jfrr, white t -fl if z 1 < 1 nod i r ^i(i) LTi 1 > I, then Vfi) = ’ ■ h 

1 f I 

(b) /M. ■ / ■ ;— -> 

41. {*) ^fr Ian -1 *- Ijs'/f+i 5 ') = J Inf I + f J )l - t • &aa -T i ■+ t ■ y- ( - Can -1 * 

,» «,) - i «-(**) * i > ^ | ,_, &*“> ’ ;/fe 

43- (=ij /^a-j = n x ( * sin - l i + x <»s" s ^ 

w rw = D ^ _1 ^ -JWTTl^ “ Ti^TiJs = 

n. y -2 5Uk 4*0 + j), i >0- 

(a) iy = »ia 4 J), l>C k Wfi n lw aoy Siitejpm:. Them 

4jt((+ £) -Ikn « 4*(f 4 g) = {$*■+■ i3t» — J 1 

1 »)- 9 + 1 k « < = I -S *"(! »H 0 

(t) ScillnR sr ■= I with i > 0 »e cbUiin 

‘ - ii “* -1 i ■» + * k “ \ k ^TT 1 “‘"I -+ h “ l~ ^ * t " = ’’"it' 

Lsi.Ling ri — ft, k — i aic r. - L gives the v*lu*y i — ^ t - auiJ ( — 

44 A BU-rycfc aJiranfliini!: narttut bs described by the equation t = SC sin 12i)f{t - where * Ampere u tb* 
cutrcnl At ( &ec. (-R-;: yolv< the eq^^iiejm far (. (bj T.’st the ec[aatio[i Id psjt (a) d^LtrLiiioe ih£ «3naL«i three 
po^i^ve- vah.irs flf i ft>r jvbicli l\^t cutrillL is lU iJllpe?CS, 

& ffi.) ScJvin^ Lh.iitiivcu ccjaaLj^Ci Slif i. wt bitvc 

-^j-) = -Iks +alB- 1 m 12o 4 - JJjjl - (3Jr + I}* -sin' 1 ^ 

where t is any iateger. TIiue 

The^rar#i 1 th'r jtah^Luu nv\ of Lbc [^veii '.■■^ imLl'mi in 


tfti 


{ f|l = ^» + T^W Ein ' 1 S + !» ! 

u {1 \ i 

= 72B’T4F sil1 J ai 

fb) when x = Ifl. 



' = rVe + i^s ’ lr, ’ ! ^ + 5j 

c^r 


1 = &5’ ,, TsW'2 + i£i 

or 

t _ It 1 * , 

“T'ju f^Ef S 


t>r 

1 = JL_^L + * 

T2C1 7‘JJl|i oft 

, „ l . k 

* ti!+§5 

OF 

, = 45' t 'M 

if t^-1 



,, i i 

r ' £u nil 

OF 

i = h~k 

l = & 


' “ita 



-..7 1NVKKSE TR1 (ETEUC Fl-^CTIOFS Si 3 


The three smallest jKffntive vahi+K o!" f for whk-h I hr. ryTlvp t. :s. i ll are 


the <rf tire tan^eol line is - wul ais «]i]ifl»n, is. y - jr = ^■(jp “ £%/5* “ 6jr + £t - — ft. 

Pi «■ ■:! I •■ II- ••■ r ■ : - 1 - ■: 11 -■: i..' ]j r ■■ y/ X " ■ 1 1 ''•■■|i :i I inn . r; |t — -,/?,[ _r \ ; \l ^f 7 ;..- ■ fi:, .'■ - 1 — 

■l(L BeUHifw 4? iC Lui ~ 1 ■ V- 7 '— ■ Laq - ^ f j ■ l^j> f j,_ i . E-boii 0 tun eui alitKituLe maxiEELUEri 

?4-i * + 144/* — s2/v^> 

l'ihUf ffbfth —n : ;■ - L?, The ob«TVrI ehcnllc ] "2 ft TrOJti the ■A'^.ll 

V 5 

47. A a:£rt 3 ft h:gh bfii lEI base 2 ft abftVe Ehe eye LtVc: *£ a ^‘OHiia Ifl £eAd It. Lei L be Lite pcoLhotl 

oF tie wecnfta 1 * eys* * ft lie diilnrwe oF E From tlw w*N, -%rn 3 F the rawli-Mt hi-cmuk of iht imgfc igbE*nd «3 it 

K by I hr 1 P|£n l^t l he tJhr- lop of ■hr ^iri. H Ihr balSom of I,hr sign, f- (hr [meni of ,: ir wail ,il lhr woman J S 

eye level. Then 

F = m(ZABB) ™ m(ZAEC} - ra(ZBBC) — wt -, J — cot -, |, x > tJ 

rtt _ t ] ] i _ -5 a , *«*)_ 3(10 -t 3 ) 


Sec ^ - 0 i* *niy Mitral numb#? If 9 <, * < thus ~ > 0 And if 
Jws Ex sb^luic maxsnHni value when j - ^/lft, 

4B. Exnmpk h amd }">:r:.-i._,- itr* iifLFtkisl&t mu"* of lEit folding rriofn gem*! 
HrtnaticKi: An obj+et (fa? iais-tuier, *. pktuK at a sijpi) a ftft 3 r pl*ec4 on 
n wall ml 111 il.s Vu:r h IVh'I .ibnvr I "hr ryr Fevrl nf ar nbs;r-:%r: Show IhaI I hn 
obflwver she beat of she- ob,^>ct wie b the diatAoer of the 

from ih« v,:ti! \x y^jr + 1 * 3 } f«rE. 

e> If ^ is tbc rndiaa cat^iuc of tbc 4ng!.e aubtesdec at ilur obaeivea's. eye, ihen tf 
La tJw d'tf+innct:. of Angk-^ in two rlghi tri^si^ira witJi o^ieciiL --llI« x Tl *iui 
opposite sides, + fc'i ft a^d. t ^!cgt. Seo eLe- TdeielDEe 


< ft. Hence 0 


(a + £)* + X 1 f 2 + ^ ■ (ff +■ fi) 2 + - x 2 : 

HrcJItlfle ^0/rfjf> 0 If 9< t< y^(C +■ i) rUid JF/dr < 0 if j- > ^/v ; 'a ^ h<- Lhen 0 ias ar. absoloir ma^rim-um 

■valEir whea X - + i j 


A,r. r -jnr, kt F V 1 hr poMNon. nf (.hr obK^vc?’S cy'c j cm Ehc diiE.a.T;c? af tl From E.ht" v. aJJ, And 5 iht i J.Ji.vn. 
mf-nair*’ of flnjsb' tnbiw&^ad *L R be tif pirtnt*. Lnl A be the top of the pLetuieh B the bottom of the- 
fsirturiv, And C thp p^'n*. thr ^*11 at the -oh^r.’er"& eve kvrj, 

(f - m(ZAIU‘ - LLifZAFX"'! - mfZBBf,) - tuf s ^-*ut ^ 


■1U UXiAklTHMIC, EXPOpiKKTEAL* INVERSE TRRJpNOMETFtTC, ANH HYP EmSQUE FACTIONS 


50. An ( F^. there iirr z- ft uF rope ou; and (W *ngle of deprcsson 15 d. Th* 


, d't 


= -2 and 0 = wc 


5 ^x. Therefore 


Jr* 
"rJF. J 


1 

"P 


Jj 

tf* 


']-« " 


- A_ 


Hi/lt’-l 312 ' 


'J ?lu Migle is uicr-Mising fad/i 


51- 


Ai i min. let x km be tfi* diawice of ihr spot of tigfct at 5 from ibo iwiAt A on tb-r brscJi^ light 
aud Set 0 be th* radian measure nf Lite 
ma&«* 2 KvoLasLo^y per mmOl*. - 4 -, 


igle subtend^ .1L sbo Jj^t by I ml*- :;r^cE.«ui AS. Lkc*ii^ lIli; light 
When T 2, sec J = J V 1 ^- ! 5'br:doff 


r = S lw 0: 2 - 3 1 L i - 1 ™ 1 ' lr “ % 


-~~ * -ftp, 

■ TJiswibro. tba ipwd nF ihfc lifib.t along iheshora i=i km/min, 

5£. A ladder ?1 long is kaning against a vertical tail. If 1.1m bottom of the £ [drier js pulled horUontally away 

fjom i.b* wnlI so [bat ihe '.op ist slidang down m 3 fi/aec- bow fosl ft [lie imamre of bciwou ihc 

l.'iddi 1 : the ground cJL&ngdg w tien i-li« boUorn of ike ladtftr la 15-It fioin li’-i* wh.;. 

O t seconds iift^r ll'jti JacJd-cr b*#rw lo he pulk-d from LJlc Will. k= 

s. ffceE be tbc diitmee betwocn the wdl and the bottom <>T 1 l-r- -iddcT 
y feel br \h+ dutanoc hcL w^n tin 1 floor and the 1r?|>of (n-r Earlder 
0 Nidi™ bo iho rflft^ure of anfrk betFMffl the ^drr aid the pound 
JtotVr Lollm figure. ’.Vo arr*ivris that d Ifffdi ~ -J. Wt waai In bn-:: rffl/dt 
when S — lj- Hnr-auw: x x + thfiB y — 24} wbr?! t. — LFk. Vit tlVt 

■—-i #— L 



j! 


^nbsiitiiting dj/di - -3 : we tftstan 't: 


T1i*b, 




* The MiffJe u rlpe-ro;L?:i:ig at i Tidiin pw ^«ind i^hen the Inborn of tho hddor I.-H- ft fiom the w^! . 

La Etow^tw* 5A juiJ S4 ? 4 woman is wadriae *t I ho fiUtt pf r? ft/s« along th* dka^lctet df ™ foitrty-ard i 

rjulLua. r feet. A light at fleie cud of a dio:r»-tr|- pr-s^eiidjrulaF ii> }ier |Ath CASt? [t shisdow on the-ciro'i-aT wav. 

63 . Row fsiftt ft tht ilwdow muvtti^ *lonf the wail hr* diainancf t* tht -of thf eourtywH » 

S^fl. How ;sj ft she From ihf eertbr- rhf* <:nr. --yAd when ibe Sv^^l of tl« ts 9 fi/^7 

o lUFer U> tht fy^ure. "1'be |jg>iL iw at |XWEt L. the c«i[*r nf ihe c-rck is ai polrn 
0, and hne scgineE: I.T is a diameter thttarek- At a cert^n mstmi the 

woman ft lit podi W moving awa;, paijit O <=lGn£ iht dinmeiirr 

prfptBficular to FT- Al ji itiilatit tb* light cuts -n ib**^ un ]«i1jl-. 

IliiiH. I.In movea abrig ^*0 TS aTvaj' fcohr T. XV> definp t}i^ 

v.tririhLiv. f *wxaiufs pinrr the wpian hegati to vf* Ik. lei 
x fwl 1» thr kttffth, of Ifti-P M^mrOt OW 

s fe^t be the lengtli of TS 
0 rdit;™ be ihe suoasiare of -tngle TLS 
We are given that d*/d£ = We bad an that ejqjti^n H l :ui:al«iil r^MuaciJiip bciwoeit # wkI f. 

If r ft. is th* r&dsiia ^ tlie drwtW oaurtyatd, ws ho-v^ l£ff - J 

beciliSi 2^ is the fFkdia-n iBtia&LK of a rcnzral ^lt tn a cirofc wJUl radLua r LiiaL IritercepE* an are of s. 

7-hus fl ^ ig: {l) 

Porlhehiitoie, from n$hi ttLangte LOW, wt have ? - taa _B ffj ft) 



F-uPtj (i) and {2) we gft iari" L 
dj 


. j?_ 

' 2r" 


w 




, - £ 2t- 


I ip-rft - - ■ *■ 2 ‘TT^? • s - 5 1- r - 

<1._ l.-jr-.'Fvi i-n i'm uivv >r mni'inD :■ =■ ■ ■- r 1 


'ITvcicrorv, at thr fliven mstanf lW shadow ft moving doji-t Ult; w*]J ^ ft/a«. 

h-S. Wt- itf an!- to Frnd -c vrhctL d*/4t 9- 


r ?.7 mTRSF TRICONQV ETHIC FTNCTTONS Alii 


hlff#TPiiri^J::n^ on hn*l b nf I \) wir L r«[|prl 'ri r. i':'r;L : ;i 
I ] fit _ |£ iff _ 1 d£ 

1 +(xfrf r & ' 2r ‘ ? r? ** a ^ 

SuhsLilciiinfr dx/<?i = 5 -and dxfdi — &, v:r. ^ 

T* + X J * 

Satvlnj for x, *fB h^v* x Jr. 

■ Wh«i the spe+d of the wogtiw.’e shades is ft/sor. li-rr mslnnc? from Lhn rente t of the e^ouTt^ 1 Jir<d i& ene-tbir^ 
of the rsdiir* nf Ihe omifGyfrfd- 

55, Thr length of thi Jppft bftw«TS the —rl^ht aad. the hook. :i r ft whrn l rn.i'linJH mi , :«nirn «l" ihr- imjlr tw*l ww n 

x_, e 

1I1* Aitd Lite floif is 0 . and —,■ - v . E'he.i 
rfr 4 

j-. F a j — „„ — ir. dfl I E Ji . -3- / j'i _. 

#a? - 

ays}" 1 

£jG- ?rrvf iJial if x > f!, r}\?:i ia.n 1 x 4 tin L (l/t) - tt* twr-0 ^ayi; (a) IWmjJLOB 0 -"&: [In S^w thn.1 the LfcJt sk!e 
is a conttant and then. evaluate the constant- 

o (s) tf x> 0 then tjtn _l x 4 — [-an~ J ^ +■ cal~ f i — ;an"'x 4 (;rr laa xj = 

{b) Because 

diC 1 -™-' 1 + ') = iT 7 J + ITtfe? ^“ rb + p 4 t(-^) “ TT 7 - ?+r “ 0 

then tan” 1 e + tin -1 ~-C 


Therefore, 


'] E r 1 _, 

r?J -- T7F T+P~ 


Wbpi 1— L, «* tan -1 I 4 tan -1 ] 0; |ff 4 Jtt - 0: C = ±~ 

Tberefore, lp" 1 + till*" 3 1 - Jr 

57. cs€~ l x - yT - =ac -i x fo: x| > 1 and l±c range ol set -1 :s [U, vt) ij IT sue'-x £ [0 n i^jn th.*a 

csc -A x £ (0. ^r|; jf sk”’i £l [r,^Tr) fc Ibrai -rac” 1 ! C f—X. - ■jp 1 ]. RdlOi tht f ii'ipt of G6f - 3 k£ j— -JT. — ^dr]U(0, J-rr]- 

5ft. □ =r Lmii" 1 x — E/{] + i: 3- ) > 0. L]w;n the Q * tftX- -1 * is tncicaaLns Akf -n21 Z. 

(5) /(—l) = tan l (— L) — £ot{-l ! - - jx - - -x txliLlc / 1) - tan -A l - cot’" 1 1 - -It - - ix 

{c; TiieoreEEi 4.1.2 i& ziok -cciatiadice-ed becaust / is not defia.ee: at d. 

[11 E.xrrri.'KM pcv?ve th^- m«ulL of B .hfe jhi brfilulian £2id xliim hrjw ih**- domaiY: 

Sfl. ftubslitijEiiaK fi isr wn -J (lxi in S.he- rjpTMflion V^i - yiclrli IJ ro= V, 

* & = hel' 1 C^x) 1 Jr =■ «Lq f =3 su fr - J 1 = - (3 *in <J)* = ^9> l -sjn 1 !?) =? \/9 *■***& 

— 3 cos & bttrjuuiw can > fl far & £ 

fll. 1 ? - tAn -1 ^^ —r = tan £, x - £ tan $. V l i 1 44 - -y’ {2 tan J? 4 4 = ^((au^0 + 1) —1/4 
=; 2 Sc* ^ bcUukc act i? > ■& foi # t (-ij-T h J =-}. 

fi2, # = 5tc -3 ^x) ( xr ser x = d S- ^/j. ? -z5 h ^(5 s«e d)® — 2r] = 1) x? v 1 ^ tan^ 

= fl Eiu. d became Ufl S > D # C jd, ix) U 



4l« LOGARITHMIC, EXPONENTIAL, INVERSE TRIGONOMETRIC. AND UYI’KRBOLIC FUNCTIONS 


fCS INTEGRALS YIELDING INVERSE TRIGONOMETRIC FUNCTIONS 

5.SU Tlteoneni [ — - sin - ' u +C 

J VI-u J 

htC 


/? =«t ’ t+C 


5.H.2 'theorem 


J vV u 2 -1 

From the above tvc niiiy derive :be rolkfwjpg ge^nr.il forma which should be EEEuinorlKcd. 
f-^L^ «-» |+C -t*. - > 0 {4) 

| 3, — i lau -1 2 4. C wberr a jl 0 (5) 

f—4“ =Is« l £ + C-Wa> C fe> 

J tiV u'* — a 

If the denosrunatoT om tains v|Eradia4ic Lnauffititl, wc ciiccLpl^Lf oEi-ft See Exercise 12. 


Exercises 5.8 


in Fxcrctscs 1-1.5 evaluate the i ndeH nl i> j n.i-t'grah Suiij^wi ■Luiir E>v s-hawing Lts derivative ]E the- Integrand- 

1. ^=5=| = + C 

J v'l-LV -- 1 i/l -(irj 3 2 

2 - 

. t. 1 4- 2r> * * 

3- f-^— =l[^^ r = i-itaa- 1 |r+C = i™- i ^ + C 
9x*+]G ’I J -M J 3 14 13 4 

4 A _ 

. v^l-Sflt 2 

o We apply Theorem 5.8.] vrith ti — and. d*j — Adi 

\ , H fJ^^I S in- , « + C = I i m- l 4l + G 
J Vi - iei J i J - « 

5. [- M -= U /* ,=»!■ Iscc-’g^c = » «c-'L ■ c 

J 4x \/i 2 — 5 5 ^ i eVi 3 - 4 3 T " ^ 

fr. Let u — Z 2 . Theo du — 2z dz. J f ^ ; A~ -r, — ^-1ian” : ^ui-C-jUn -1 + C 

T. f - l \ ■ -iEtn-^+C 

J V 16 -Ur ' 1 6 J ./4 1 - (3r*V> 6 4 


- tn/S?-9 


t- Applying Theoretn I?. 8.2 \fith <2 — ~. v?£ obtain 

[ Js, —_=i4«t -, )f+c=is«-'iu+c 

J ui/iei^-s A iZJ7^I 4 ! i 31 

□ f _ T E~ -:!a _ I t^-] r c 

lr + e 2 ' J(V5)*+<^* 7? vV ■ 

IS. Let u -= ioa x. Then dm = -^san * dr. I ™ ^ f -gn -1 ^. + C = —sin"*/+ 

J l/2 ' V2 ; 

11. Left st = u 2 , At = 2u dti. Then f -^— 7 -= = 2 = 2 lan _l n+ C = 2 lan _ 1 V*- 

J (1 + j>7i J 1 + 1 ? 




5.S INTW^HAT.S YIELDING INVERSE TRIGQNGMETIUC JUNCTIONS 4] 


12. 


f d£ 

* i/if~ i 7 

> We compJew tbe squait oizd^i eIll r&d«Ljl 

fr-j? = 4 1)4 1 - L-(i- ])* 

SbeD. 


"• I - » 4) * (Hi' -f 5^^ ■ 7? 

V" 11 

14 I , j - ~ Jj - . rf --z=an- , 2(i-5) + C = *in" , (2i-3) + C 

J Khif-ir-W v 

15 J j u £-^h 


^{ 15 -r I) —,^-Sx+t) 1 v^ 3 "^ I)' 


_ - f rfjr 

"J J7 


_-] X - 


UniTi R Tii^rfm with n x tJ:c answer ld tEie Form cos c + C. 

JgL 


If- [- 

J (1-2 


Tslv 1 '^ fii 4i> 

f Fi/U Wr (he a^uiter uadc' Lhr tiditil M£a. 

f a \di _ B f_ di 

'u^TF^WTl syj-4 

Then we Set u “ I !^ n rfu — ,uid .ziijiiv Thi-a?eiJl 5.d,2 

l, - 3 )^ -u ~ ~*f 

Is Exct-tiMa ]”--2S. LLii:.!.'J j .l l_!Li! exact vidiiE uJ Eh* d*FIiuE#: inEagral. f 3n;ri ijmi,£ NTX I. 

- (tail T 1 4 1 Irt 2} - (Im~ 3 0 + J Id ij - ^ -r | Id '1 =e Li:U972 

18. f \ ** - - P --* jUnf* i^i] 1 = kian" 1 1 - huT'O) = -fa ss tl.JG 1799 

Jt**-<*+I* Ji(*-2) I + '0' 3 » if Jl 11 

19. r~r=A -- P---*- 

^M.W19S 


30. 


Jwf^ 


dx 


=r E,e:L UBI 1 , du = J* ii*. WhML ^ = 0, n = W; wbtD f - ^/s, i - ,1. 

v'l/-x’ = JL v/iS-Bi = | “ 1 ‘ 1 ^]„ = ^ SIB_ 1 5 - sia- 1 0 j = = 1). 

M. f 1 ^ f*—, = f’ .5?* . = Lm~Vl -larr'e-tair'l = iaiT , P-U ftf fc&ftsss 

Id' ♦' Jo {**? + [ -o J 

23. Ltl ii - i( ifeji x, ifx — 3- dx. Wh<-n x — 0, ^ = O; wtcii z — if _ 1 ^/ 3 . Tki;s 

V* = f ^^5 =4tan- 1 U V*V5 = k ^«34SM« 

JC ] + 9 Un\ “x J ti [ + N 3 1 -D n 

3J, Let u — ]ji i; iO du =-7 dr. '3'htn I" —-—-— t= I nflJ — lan~ L u - Ljus " L J - l=n -S 0 — h 

x J L at ?3 4 {lft x) 3 ] Jo I fr iS 4 



ilt LOGARITHMIC, EXPONENTIAL, IIN VEKSF. TIHOONOMETIUC, A Nil KYJ'KltBQLIC FUNCTIONS 
> Let li = ir. Thru d'i - 2 d*. Wbm i = 1 /t/l, u = \/ 3 : "fcen r - I. v = 2 . Tint, 

M r JtL - P- —*/” -"* -f --" -1 t-wx'' iji (4I -1 J-A 

Wfl/iJ.i Jv^vy-t 'V 1 

-S*-**■ = &* 

f 1 -, - f 1 Mi)- 1 j.-i It 1 Ai =-afa4.Wr. When *=■ -L »r = fr 

--i \/s -Sx- e“ J-1 ,/a -(ir+ if 


5t&, 


wh^D - - l, :j — H. Thus 

r c 1 


i = f 11 3K- f :1 —Js-- " v^T "- 1 -rT , - a ^ ^' 

1* ifi J-I 0 -(t+ l } -2 * * - 1 " 1 


disT 1 J Kfl,fl3«U-14 


2S. Ltt ap+ tj. #&£ a V 1 ** 1 *fvJ dx = d\, W"h*n x * 9.. P — 1 s when i “ 1. f - 1. Then 


f 1 (? + *J«ri 

h i [2 + js)dx 

■■■ - ■ 1-K-- _ 

■-:, : -.'= _ 

-1 %&- + 

f 3 dn 



“ys-^+J) 1 J 

1%/S-ti" J 

\ s/b-. v 2 - 

i i/iT-v* 


l — L — flia 


: a i .*1*3501 


27. 


28 . 


j, a s23te“ fJ r+ / + t(Sif^ - r*-!i i v | l'* 

+ + l]“jV^ tari _] [v ,,, 5(x - 0]^- ^ + jJ* 'y?-*} w 10.^273 

f 1 T.d* 

J i ?+T+I 

i> FLrit we ■complete the tquiue in !ie tS raotfii.fi a L*t u “ £ + g. d* — | fx. ^ hen l& W « ~ ^b^Ji T 

u = ijj- Wf nc.tr that rf(M 3 +■ J) -. 2si du »r:d titP trnw tw ^ KsftpnpV 3. 

r* Trf * r* Tdx r* *** . _ p* u L._ ppij^l, » i ^ 

Ji^+* + i“Ji [**+*t^)+ * ji " W 7 ]va|?4i?+jjf a u a + y 

= ^ kCn 3 +|)-f un" 1 =K lh 21 “1“ 71- i-A-™ 1 

-I In 7 —iy^3ita« -! Si/3 -£*} *tt.7g<W2l 

£9. A square un=^ i-n t}K J^rrA ^ tin residrt bounded b>' >' — 4-4). tn ^ X — 2- 

A _ |i„ V —*—= 8 f ‘ —1—fa - *' j ta ' “ 1 ' St = «{1 -a "’ l - 0J ~ 4<|* - 0) r 

3q. rind tJttt of the K$i™v Itolifldfd by the *Lirrrs x 1 = 4a# *ad |f — (x 7 + ^ 1 i ■ 

* A .ahhis a > n. Tsc? [Ind tbt inter^cf-:nn I.Tct; two -curvT*, KlimiDaic ^ from the fiL^-cn p?rr tit flquatLons 

?1 _ fop ■ t l + J5di a x 2 ■ 3£fl* = Oj (if 2 . Sa 1 )^ - 4 b 1 ) = 0; r -i - 4 a* = 0; r * 4 2u 
-L J a : - 

We ifjiQi? x ! + So 2 — 0 emails* tln-.-H is no red Hfl^sbn: eJ this "J be- Tc-y^" 1 ss :j> Li;e 

cinVt ^ = «ii 3 /(x 3 + betmded beW by lie crnve ^ * ^/4a h bounds «l ibe left by tit* m x= -3*. 
and. W^ndrd <nn. "IIl* JL£;b£ by titt lin^ 2- — 2^. J hin 

a= rj^rb^!^ = ^ ii 4 * 

- 8* 1 . 1 1 - 

~ a A* “(■*)]" . 

IP a c 0, wr R cl a onnpfrHid^ PPEKT' i^l*» ttw T w*. ThuK, the am UD]i ^ 



!j.g 1NTKU R |\ r.S YNil.rHW; iNYLiJ'H:. J mCOAOMETIlie FUNCTIONS 4L9 


31. A square uni la sx Lbe oroa bounded by y — L / yr - 4r — j-*, tilt' r ftxix. 4! — and * -*• J. 

A r~ L/] 4* f- 1 ^ t-w dr _..:..H t-j-ai-l/I 

i-vWs-K-* 3 J-w^„ { ^ +4t+ a) J--vy 3 2_ ( ^ 2 ji ■ 3 ^ 

i ‘ “"-'(“D “ ^ S') = a T 

lit KirfETLMa 52 iind 33^ jp*G¥e ULfc fttfcrililtt bv nJiywjii^ Hiul Lhr cirri ^liv* of lJm: light t:dc rtjuaJi ihc SCUrJCVitl. 

32. S j -lun~* -■4-C 

j c a + tr * a 

TO-fl cy * I + fw/s) 5 *W * L -+ li 1 ; 1 * a a 2 + tr 
# -tliQ deiivative 5 hr r^ght *E-de 1ft ^0 Sfcf inwcrrtrui at Knvr pnnr^S I lit! formula. 

=V«*"' 

Ifa Fltoercisfe* ;4! 3&, prove the Cormiilni uf Thw?7Riii 5.3.2 b>- iraaJtinfi i Bibs! Ltu lion and ihtin nurifi e Theorem i.8.1 
34. i^L pj “ <tj" rmrl du — t~ dz. Then 

j -Jji— - f . *H ; 2° f to (L^--!- if- *i n -l J + (7 

3 &. Let. 4 — clt, du - a d*. TittH | ^ — J -- j * ^ Tj = ^ J j *■ J + C = j; i ** -1 ^ + Q 

3C —-4^ r - i soc" 5 T J 4- C. wVfl-f n > #. 

■ WtiW * 4 

» Let u ™ ax iud, da = d d£. T"hr:i 

r jtfH =. f- ^M=~ \ - -£Z -ii s i[ —Wisw-'xr-i-Cwito-'l + t; 

J uv/u 3 - a 1 -■ Qi^ai)*-. o J - JT^/n a (j: a - ]) ’ rVi 1 E 


[—Jn - 


»■ 3j6t a — ax ,iad da — ids, Th«;i 

f _f jtf# 

J 1*\/ bi® — (3 1 i of. /(ax)^4 □ 


TiVc hanv. v ^E- J v dv = Jb“ j i*- dv .jV -2 — - v M * —4 fJi 

v" > 0 imd J -- i : > 0. Iff] fr. LJieu u — a — D aJid. Ihc -?■ mai i ii-Jjvi ng- 

! itmifan;, !i\l r - k 2 a 2 wril5l a V 0. Thtll V 1 - -< S £ S 4 ■ - ± kVa" -5* 

(Vl r 44 wf 4r - d t vV - I ; » . “ J. ^ ! d^; 7 ~ tl - C. 


(b) [- = wf tia*x ^ _ 4 k vV ^ e 1 ; | ! - *■/ m 2 ~ ^ 5 “ * * ci * 

When 1 — fl, ^ - a. Thus C - -cos.“-E - C. lioruc-c -cos -1 ^ - ±lai w _l - — 4 iti: ^ — o*^! i 4 k2 ). 

UccaiSK - ro?(kO. .v - a ti-w- k l. 

(c) Be!i4iis« a > 0 a-id tos kt ■£ 1. the laTfiret value of i? = a «k= I ;l. 

(d) Let t-| >C ELbc v^l!uc tif jf whfn s — it iLnd I^L ni lie asi_v -tvs^i Lutu^r. S’ben 

■n =■ a ro-i ktj; rci« k: — E: klj — m#: t-r — 

3j«t ^2 I Hi 1 ! ir: vsdud: uT 2 wlieD * -r - J ulid. L-Ct a l^C -hay I^j( : , itlt^grf, rtiflL 

- e - 4 c^h blLy; cioo- kl;. — -—1; kt-j — fl.sj ^ 

3kn«€x the partible »«t» ^Iwn ( = 0; iL ftT -a whu 1 = li is nt a whm 2 = ^ T - 
Thi-r-cfcifir if T »*rt: i*- ih* tln-ir- Ji^r lIm 1 partijcLc ta g* Ifrom ji La a fthd r*!-l!f1t, T “ - fl ^ 

3ft. Pan (b! uf tls. 37 sw.!. 4 £ ibat Lf ^ — a cos- thfa ^b* 1 jwLrticiT: iu^ MrnpU; ba;LLi4*jLL-c nwtiua. Wt ait giv^tn LkaL 
s =■ 5 dd ^in a 2f = ^(1 —IS sin 3 3i> U] 


THrs'.iiJin- itjk. Qj = I - 2 heci 3 t . then H/jib X — 2d ft Ilfl-VC 


^1* -If - |-2 


StahrtituiiDg. feenn (2) inta (3), hmi lmvr * "j-catdf 

■ThraJw^ tlK oMt»!) ts timple harnionk. Th? iimplstisdr Lm a — 5 And ihe period is = 2^/4 = 

In P'T.-t rr-ip i: 4| ( fibiw lLqL- iKr eJU^:' wfti iLr of tlh- dfifiitiEf Liitrgr-nJ in ft. I’licri i *' Nl^fT Lt? n|j]Wi>a;dri!a.Lc r. 


J 03 * ^ i - ft^4iJP = s sit- 3 fl.a =« ■ Jff 


vrn I.CMjARITHMIC, EXPONENTIAL, INVERSE TRICJ(>NO WETltJC, AMJ 11 WEB J&OUC PUKCHONS 


p J + * a 




«■ f, 

* f fl 7^7^ ” 4 Ehii“ t fj 1 liq- 1 L = - T. Otia# NJXT. w* Eirsd ^-£,[41^5 to 9 digils- 

4£, Pjovp^ach Ebtttli]:* by hflwJifi tiar. (V d^rjv*igvc of i'H*’ rFj/.hH- Hld-P Lin! iStfegTiJui ftflUtn tft [h. O, 1 ?-. 

I rf " - -wtTWC - ~(Jir - 

J V l “ d J 




■7T7 ,_ 7r 


■ &J llwu 


- pin -1 r + C ^bctc C - C - §ff, TtwwForo, the loTimitn uF Lhip WCI^ar is r^ULvaknl Id fortftnla (I). 

w jw-m=" , te lA~ +lT - uy u * !r,ni * H ‘ 5 - 74 ' 

- n + C ™ - fciin 1 w) - C - Lan -1 u 4- C ^hr-T* C = f. - 3 * 

TTwkFok. the Entftuila. ^ ttis wendse a en-dival^n r. i* fomiula ( 2 ). 

. mt\. u> the farmiii-i pwvcd, Fur£hrFmo?t, hr L'Jcfiqiltn 5.7,11. 




.««e’~ 1 u + C = we" 1 if + where C = (7 Thus Lh« glv*n forauik is 4#vata* to fotfwula (*)■ 

HYPER13GLJC f^nctiohs 

iJLl DefitLiitoe TJw hyp *int de&oted try siniu tie typtrbdir. /audios denoud, by «ish 


Are ddlMd AT- folium: 


r 


™h* = £^ 


sink 0^0 '^Ji 0=3 

CittMJy A issttetLIi flcxiM* fibLe hm.gpfl.jj FroiJs I'.VD poctils ko* thfi shape of y — ■* KlRil(ff/ff}- 
i.u.g T^itroiera li u ld A diFF^wntsabSr fudttiwi T»f 

D r [¥fnh *0 = tj IV J v) arch u D r * 

^$,3 Mjiulioa The Gypfr&uJi..-: tan^Xt ftnt.iiox, fcjjKTAlltf fManjt nl Mrtsti, 4ypfri*iie lee-ant 
inti Ajyprr^.nht frD^SBBJ Mrfton aii ^rfin^cU HWCdE^'. w lalkr*K 


iArth a =■ wniJ ^ «rtt r — U - . 

cpsh z-- taph 2 ^ 


MTcJl T —-T p cwl: -P -B —c — 

cosh jt aah e 


Docn^un 7uid 


Function ssEiii co-a^L i;aph cosh weh cmcIi 

Domain (-«.+») ^^,+-1 (-«,+»] (^ 0 ^( 0 . +«j I-- (-«,flu (*.+*) 

Kaa*s (-1*^} 3,1..+«> (-1.1J [fl.J] !“■»flJ(□.+»)■ 

04 d aj?d Kvca sinh. 1anh r toch iiLd csch thelp taveaca ori 1 CuuciLanK yju£ Mdb ait 


Itt TfflTA fif £* S^JSh J = 7 r 4 i!-^ 1 t * Ll1 J r7 : -^ " * = C r_f r -J' ^ _%" J 

IdenOtim coah *r ~ Hi nh 2 j =U 1 - t«i h 1 ^ = n*h 2 x* 1 - Kth ? T “ -each 

nnh{x + VJ -sioh 2 : cjiwh. tr^coFh x ^inh y, «ait[r - y) - «:«h r c<wh. y + sl«h x slab V 
einli ix = i siDh j cosh x, ensft. ?i- — owh"r — jfinh u ^ — 'J sLnn - r + . — J eo&k x— I 

S.o.-I Theorem If u lb 1 differali^lti runebloa of x, 

Djjiv.h u] = -cm1 3 u D r ^ 

D,-(c^:h a) - -each « c«£.a a D^-u 

! roiK 11 iJi = r»iiph if^C 


D^tAtth u) =l^w3i S u 0 3 ii 
D ± {scch *0 “ -*eeh ij taoii v ^_n 

f" yMLh u dh — ro*h ii + IJ 
f iM^ch^iJ dw = LoJiti v-% 0 

| u taah a dw - —seek w + C 


: ■■ : :j.:li 5 -ir — —coth y ^ C 

| C£Ch V r.'^lh iE dit — —(?ch u + C 


5.9.5 Thwmm 


5.3 HYFERHOtlf wwnoxs V21 


5.9.5 IJrftnitkHI Th< 2 iaflf. r sc Appfrri^r-r pm r /rcrar^ifi-ra dr-n^i^d bv Piaih’ ". *s dflfim = ;l.h : 

^ = BicLh* 1 ^ if atid only if je = liiih ^ 

5,9,7 Ddnilioa Tllf- nLnr.r.vf: Afp^ridilrt: cfrSEBe /nu-cia-ura.. deistiteri by COSh' 1 . 15- rfcflD^d 5* fodEoww: 

M — ctfflh -1 st if ajid odIj- i lx — cosh gr Dtod y >0 

S r fl,fl ncJlfllt'iuii Tli* dH Ltrjf .bi-jrcr.5cfac *ajijr-nl /sriffips And (1|MT« £gpff'&*fif rata'nfrnJ fmitcfiftm, dtihOlKl 
craprefiveljf by tAfth -1 Afld (fftll -1 , 3.7C adiil^d fis frifowK: 

^ = Iad h - 3 .? If auid irfUy If J: — ifcfih. ^ 
y - o4iH' ,s = if arjd «dy if r - co<h j 1 

Each uiv-erse hypcrbolk fiiprtion Trutv I h? ^xprased In ttrnrif os namra-l lfig^c-i Lh rn.-?. 

uLah = t. = lf)(t \ ■\/r i +• I) ? (ny ml mwnb^ tl} cwk 3 i ~ JM> 4 y5r-l) 

Ir|<l (3) twUT 1 x^ltD|4| \t\>l (1) 

Ftofimotf ant the differ hi Li AtUm forrc'-ilis for ihne invest hypabolk ignitions. 

£.$.& Tbwfwicri ir ?t is * drfftrKltiibk fuHOtwn q[ t, 

D r (rifii“ l si) s -J-D z w Uj^lr 1 tr) = Jill U > i 

Vtt J + I Vir - I 

Dj(t*nh -1 »0 = p^DjU I h i<■ I Djtwtb -1 ™) = |tiE> 1 

S.9J 0 Theorem I yjg —- = sinli 1 ^ 4 C = hi{a 4 \"'Ir ■+■ ?) 4 C if a > 0 

J Vu 3 4 a* 

. = web -1 4 C = ]h(ti - — a 2 ) 4 C if y > p > 0 




f A, fa*™* 1 ] ^C ifl»l<«_ t [ a+tt | 
|1. coth -1 S + c ifl»l>o Su “ a — «I 


-r ■" if Li 4 -H dLul d 4 U 


Ijxmgg 5-9 ___ _ 

ftt fxdtiyffi i-fij dit-emilwr tht exatt fimnion v*] i.fr puil! MprrJH iifALkiriat vii-JCt EO fouiT slfE^fiCSSl digits- 
J. (i} Btnh 0 =1 St?) C<Mft 0 - I i l» =-Lrih L - j>. - £“ S ) - 3.175; idj :jnh( - f) - }*> 1 - t) -1.375 

I- (a) lan&i # = jb)sHi:h (1 - 0 = I| (t) toeJi 1 -^(e^-c -1 ) = 2,543; tl) eMh(~L)“ jf( £ ‘ 1 -«)= 

J, (a) iwk 2 - 4^I| - .WHO (b) iaali( -2) - TT^ “ 

<e}jeMh(l»a) = £(2 + i)-| (d)«*li(laJ)s|(|+J}= | 

i. (a) tanb(0.5); fh) (c) Kiiih(ln 2 )l sinli(lji 0-5) 

0,5 , -4J ,1 -EJ.S q.L 

<- W «*Wi)=i^ a J=T B »» 


-.MBit 


<d) ainiL(Jn fl.5) -- 5 —-■ - -j— - -| 


^c) 6irh(lii2)^^ = 


S. {ajMdil =.-5-^5 = 0-.26$5 

J_ * B -1. W* 


(c) COSilf-1) =■ 

6. 4) rath 2 - -q-2. 


_e _ Ijr.f,- 

C 1 — i? 1 

R3 0.27jT 


= -UI^ 


M Liuth 1 , -^-^4 = 

^ r + fi -1 f*4l 


|b} Mcb(-ia) = _f —j - O^WW 

(d) tachfta 1^} - J-* = if 
3 *5 

[b) 0fljJi(—2) x —■= —fl.2757 

(d) 1-5) ~ ;r jj - || 

y 3 




422 LOGARITHMIC, EXPONENTIAL. INVERSE TRIGONOMETRIC. HyPEltBOMC FUNCTIONS 


In i- IB. prove tint ideality, 

i. W x-waAm»i &+■}**** 

(b} tilth; i c«h s’ ^c«b * iwdt p — |('t r - - Jt* T +«“*] 4 J-{< f 4- ■ A--r ) ■ u - ^ -g ) = ^{c*' , ~ 5P - f - *' -5 '} 

- aifiln(x 4- y) 

H. (*) 1 — coifei^E “ (b) roflbjr 4 £jp = S’s^ i" WhIH Jr t 'ilih 3" "lillli Jf 

» (ft) I -c«h*r = 1 - gElljk = -r^ I * _ = -nd,^ 

!winlir *inli Z aSEfl J 

(h) ro.li 2 onsh y - sl.il, * saih y - ^(t J - «’- r }- ^e* * C^) 4 - > J ■ ^ - t - * j - +Jl + <e ’ 1 ~ V \ 

„ 1 + tlillh f 1+(f T -C“*l/(o I, + r _Jt I_(4i'T<" r )4('i! r -* _r ;i [>,’■ t 3 

a - 1 - tuiJi r “ l - fr 1 + " TV 1 | r~ r ) (? - r” 1 ) - “ 

5 Or i4Mill(lo *) t “ I I — ———[-if * > H 

f E, t(- h " x+I » ! + l 

IL DJ«rt& *} = D r-^r^hr _ .inh-i-- Wife - _=3--c*c!. a * 

r ^sisihx./ silth 2 x smirr :-inli 2 i7 


ss** =-i-S3*i= ^Srth x tuih * 


- — ■■ i,i4” h ’W||A x — 2 eoLb 2 
smb 2 UTrfc 1 x 


12, Fr*m; ^a} DJ&edi r) = -mfa x L 301 x; (b) D_(ti£Si *) = -esfii j coth r 

► <*>“.(>-* 'i - %W tSSf= -sir ~*r 

‘WM** ■> = n 4 b) ■ 55 k ■ ‘ 1 SP 7 ‘ 

Fn RsttraBts 13 IS, lh+. derivative the I>j net Lon r 
IS, ( 4 ) D x fiaL x S — C(wb x 1 D^x 1 - lx cHwJl r 3 

ib) D^rrtb^EH - 2 3*-th 4w D ul sreh - 2 scch sdi -*1 ’■■■ f.jmh In - — —h taitb iL^ 

14. . 3.J D^SJlQh 3 ^/s 5 HLlh 3 ^/? Dj< H-R.il ■= 3 ^-n.|l?l “ :^r li 

jb) D^posb f 5 tinh H l> f i :3 - i ?J 

15. W - **h J i ■ Ox(i) “ Jju«* a I 

*> - d^ D .^ b -- - f$r£- &F7 - **■ 1fJ 

lfl. (a) /(y) - -CQCh{lQ y); (t>j h(jJ =± ? 

*■ Fflj Applyira Tb««T™ 4-5 -1 fvisK w = ln Jr, V7HJ rihlnin 

f[$) - ««h^ (J*i y) IV ii y = , ‘ r ‘ v: 

(b) h(r) = r r ^x* ■4- + ] | Hcl ™ * P (x) - P ar . 

n. D.laii 1 i^LhFi 2^5- S ) R Hjiiib 2r ^ |C ^ . ?- 'iz 

r 1 + rh b ff lx ^ «MhT£ 

{b} j - (okvI: . [ii ; 7 - x tu(c*flh t); y \ ■ Ini-cosh s) - T ’^b‘V f '' - U nli:cff ^ ■) 4 * S4ta * 1 *) r 

( 4 ) =x^sii" J (taah a 2 ) — . ^(tanh 2 = —= li A*ch ae^ 

(b] / = ^ ^ b / = sinli X In a; y - tufilj ± Lit x + ?tnh j(±) 




r j. j/j lvjwEi j In r + j^nb r 


t 


■J =. «■• ccsli x Jn* + shh. 


i-lr HYE'EIUSOIIC EL' ACTIONS 423 


!□ E*cjc hvs lJi-24, cvaJuatn? the indefinite h\\wp,™\. 

19, | yiELH^-C coah if dr — | iiEfc' 1 * ij - *■ r 

Kfl. j r nn4i r ^ 2 sLnh dir 

p I/iil] tlie Lrir.ry.TJLl |, VV+- first subeilUrt* fer the nimLiawir ug.uciOLt: Lee u - z 1 , dfu — 2* dz. 

3 — cijhIi r* aili!h z^(r Jx‘ — ^ j ::cK«-h irjiinh u d r ± 

New Lei \f - cesb u, dv — sinh tj du. Ttarefore 
l^Jrdr^P+C 

SulrfsLtirLiijg iKvrkv we^bUiB raccfcfBvely 

I — i es* lA + C = * fflhV +■ C 

AJir^natLv^y , let t 1 - pircn if, - r-Grtfo rj dV 50 grt. S — 1 ettjfe 3 ^ 2 + C, 

l£l. | e 1 cBihVdz — ^ J eeeh 2 * 1 J* 3 - - ^tti'b s? + C 

M. j caLb ? 3x dz i J fl - tlfch?2*)4* - -E “ *j zaih ?ir + C ? 

2J- Let v - cosh 2 z\ dii — 2 stub 2x dr, Then 

| UHib Sr lafcosJi Itrjdz — ^ j Ld'^oel It) - - u j Lu u f u ) 2 - - = 7 lu 2 (n*Ji 2 r} H 

£4, j s4tcb ff j Utfifcf 7 * 4s 

t- Wf rsinkr the implicit substitution t = uuth s, rfej = -Becfr* 



J 

LnEll = J J-T 

35. 

w 

^ tanh o dv - J 


w 

J rich 11 cLd 

26, 

w 

j-epth V. du - [l 


w 

[ yp^h u dit - J- 




J i isnii cash -.b 

l « Luj^rih n | f C 


Eii Hx^crots iT"i3 % Had she -stacc v-eJu-c of iht definite LttLt^raJ jum* approximate ro four digits- Check nixing KENT- 
2T. 4 OtX 2 t dt =■ Ennh l| n5 Eiflh(tD, 3} - Lash fl - ~ 3 ^": ” ft = j 


flnl 

ifi. j_^ ” ash 1 Jr 
tjkjnh = (fj - 


,*J_,-]E3_3-i_ # _* 

= Tff=l 


f^ ^L-sb T 
J p ccib i 


W'r. lei tk = cosh -- and dw = 5iah Jr. When ; — la. 2. iben t M — 2. ±ti d f:"' 1 ' — 1 * 

THiu, w = ^ when r — In 2, What 1*9, ifctn u — mmEi 0 — 3 - With c-hr** *iittar.itnl'ioti^ In F^. (.1J w* flbbidih 
[^UMik i 4i - n ' "’ ,J ~‘ - 1 ri u r' A - In ^ - In 1 - Ld J 5 . Ci.Kll 

29. u — u/s\ &.= ■ ^ fben | dx — '2 i sLiiii iidv - 2 <of.h ti ’ - 2 coeJi 2-2 tosh 1 a 4.-13S 

2-Jx if I Tl/? Jmk-] i 



424 LtXJARlTHMlt; EXPONENTIAL. INVERSE TMC GEOMETRIC, XM> HYFERBOMC FUNCTIONS 
3H Let •] =■ du = 2 j? Jar. | -t ± l \ **c.k?v Ju - \ Limh ij^ - |(t&rcSl 4 - Uuih I) ra D UH? 

II. | flPcSi s r 1-*n'lii' i a d* - . Unb^x {arch J if rfat) - | Garch^rJ - ](t«ib*3- Innh^) ^ fl.Q280G 


52 . | sanh 3 * toeh at dat 

(5 f sinli^i ELriS; X Ji! - ! d(c&sh ^ 

k h 

"i^asRh' 4 i^ ^ sinl^S =¥ 4,4,36 

En £xrxrL*es 36. determine (he **»rr. fuixtuMi viltir. ^ 3 

S!J. (aj Bkwlw ™b 0 ■=■ E n tfsaa oeat'" 1 1 =■ 0. t b ) taut"' 1 y — j ^ _ i 

H. {a} fiLnb" 1 i - 3n(l + V^+ l) - in{l 4 v^) ( b ) t « h “ l a - H " 4 La 11 

35. (*) (iiiEi -1 J - Inti + y'%1^ 4 1) = tn(l + C"t>) wtfc _? f-2) “ ~ ^ In—^ “ y Sfl ^ 

36. {*} cosh” 1 7i (t) iAab^^J) 

& U) ft? WR E* (a), (b) W«s t!*t Eq.<3} J 

cD*h ' 1 5f - lfi(24 vV - L) - Ib(2 4 v'%) ^LLiti “ * (—^ ^ i ~ "4 ^ 3 

In Excrcscs 17-S&. pauv* cJie formnla 

37 . Let y - toah^V u > 1. Then y > 0 *nd cosh y =. u. MfereniktwS on both sd« with rtwp«i m st* we olriwo 
snh i' D # y - Thus D j5 - = ^Lji/.:. Ft™ ih* 'ukntity eosb 1 y -srnlr y - 1 ^id fwcaust y > 4>. w* &a 

sdah r< = yVouli* n - 1 . 1 'Juprtlarr., 11 ,y — y . P r ** -■D t fl 

Vc®b Jt I. V' (T - 1 

33. Lctji- taolu - - 1 j- And i z < 1. Tten * - t-Kib y Dry — 7 = 4 — = —p- — . : ~TT~ ~ t 

* “- l t J -vhcti *y 1 — Ljnb y 1 r 

From the rha-iu If « it fc. diffec-cstlablt gf r. DJtshh^n) — _ ^ 1 u < J 

30. Ltly- -c&th - s u, w\ > 1 - Tb«L U *ath y ind D r ir = “rfcpeft a y H*|p - [E -i;alh s j 3 D r y = {\ - 
Thcicfiiw D,y — —-— 7 O il 
I n Estuciits 40 4E, find the drdv-ntlw nf ih«- funaio;.. 

4ft. (a) GfseJ mzmh*- 1 fli) F(t) - tanh -1 

» wo'w-^pl— h=-A-r; c> r, w ■ rnb? 0 ' 1 * 1 * l< 1 


<M W« a >rFq.C3) 

uiuir’t-j) - J, Lb.|— j J In J Ln I 


(»> *'^=- 

(h) !>,(« Lh U|l >y = ]11 > 1 


41. ^D r (sidl _l ( h > * ^ 

«■ W *** "4 - 1 . <3 1 ^ tyi ^l = r - (.„»! 6w» ;j ~ 1^4!h? 

I'bJ f{i)= D-t^sinli" 1 r'jcSiflSDli- 1 g 3 +J 3 - j .1 -if^3jalnli~^ 7 -h-JrT 

l ' ;jw VV + 1 


4 S, («) D.pwh -’ttm =)- 7-4 -' - ~! 

Vt?n^E - 3 vian i-l 

fb) at} ^* = ~ Bm * = -rat * 

l-CMi ssi:i*z 



S.a HYPEJtDOUC Ft?h - <mOJES5 12! 


44, (a) j(i) — t4nh _1 (*in Sift (W F(a) — cistii 1 (H sin *) 


► (*} f{z) (b) —-L--jDJSsinxj 

1 - Pin' 3* 1 -{3 iin j) 1 

*= 5 - 2 * 2 * = SiK 3* _ 

to I -flan 3 * 

^(reUi-V)? - S(™lii-- SJrtlh- 1 .- 3 ]? ■ —■—(?=) “ 


4S. (*) f{;} = - 


(hi j'(4) = -U-nJ.il, d'J - rSSf-C - r v 

l - an c 


45- D d snxih 1 ( 3( - —j——- T} A e 2t — 


(5?) D^rah *fln t) = —;, J 1 JjJn * =.—j—^- 

V Ld“I - 1 ifV3El S £ - l 


yV*TT " VmJ-1 J i&Vasi** 

■f? h {/(«) a 4^(r Pilrtl -1 J - Vl +■ a- 1 ) - *irit] _I r ■+ i 

tfjr Vi +1 v^+l 

4S t Ff [t i = lu'i/l — — j- Ejtnh” 3 jp 

► Jl{x) — | bfl — j 5 } - * Un h " x t 

Thum fTf*} - - ■= J ^ ^ j +iaaih“*^J =. - -Jl— _ _- 

En -lit 54, express ike ht«p-ai in. tcrpr.^ gf jri ::ivr*4r ^«=(c! ■«= *-< lifttijf-lil FutfiHlIlhi. 

43. | —4^-iioh' 1 | + C = ltt(j+ V^*TT)-i-C 

w f Jx pu.h-’^c IF..KS_] |5+x;. c 

“• hiBrr, 


tr f.flr rj = {\T a rift 4ti - 5Jl Ti*la 


1 ^7i = ^ - * lB <* r+ ^*+» +c 

i 4e -r — t 1 J ^ioKb-'Je'+C i(V>S _ * IJT^r 

= ^ - I) -i-C = OMlL wl tV^ + C =-^tlft(v^ ** + VW 21 - l} + C 

III ExeJeE*rs SS» GO, find i]tc- L-JCi«:L valisr L>f tlh: Ln^gJ.aJ :fl term* tff L &V trie hyperboJjc runellttiiri. Ch«k bv j^INT, 

SS-- [ - 7 ^-: cosh ” 1 it j 1^^4044 

“ 

& j ~ ^ Ij - Irsjih ” 1 J - tuwiH 5*5 -U-09116 

- 2 UMlEl P jr |^ /a - 2 LMLh" 1 | h 1J099 




tocARlTHMlC. EXPONENTIAL, INVERSE TRItX) NOWETHIC,.«» RVPTA«OUC flWOT 


J 1 v jt * ■+■ Er *5 y (* + 1) — 1 

61 /(*! = a rtjbWA * > O- /W ~ /*<*>= 

Bmmi^ f fa) <0 If *< 0 *"*> /'(•J > D * r >*■ hhrn J T. 

iia* iyj aWlMtt tnisiiinmii v«lo* whtn r - hi. Btemst > i • 
W . U^lnt j - COES X > D and » Hftfc ia «*»*■»- 

In E*«Kiscs W and 64. tbe rtgjflP * houml«l b* tH* oieaaiy s : 
63. A squaie uniia is tins arm flf thr= 

a- Mm ■«*•§*«#»* 

HAIM »=3 

C4 a f ind shr volume of lb* &*hd n! 

\> r fbft fl£un a slsfiwh <i 
with thickaCM -\r u.ftiL*Uld r 

V - li.rn £'TTir{t£-)fAi 
- 3far ! d 1-1 fi £wl3" v ^ 


if reYoSnttou if il h ^ me^l r* 

bf, refijnci. The tlF-n^nl cif ™lumf* is 

ridiur- ■} uniU. If v uniis * 

*= r“-bwp<* 


- art** “"’-i 12 » 6 - at j = «u»t« 

Si 3 cm is if* dilWLtd diSWM* of 11* P»«W* fr ' lm lhr “ 

* = t-'^CS sinh «4-4 »*b t) = *lit* 1 - ) + W * 
- = D„ - W7c*f J - - *V - ^ +* -5 " 1 


dwt *l» lis* *=* ** * * 

Iht Volume of tSw *t&d 
£ 5,ht VftLufliK Lo feu* ps^niPInf miL- iC-t: 

£ [-3.31, ° r 0 G ^ “W)" ' Tf 


Bain ii) r ff = * s ( A^nfer 
b I-.' +1!skin. *;<]|i * “ ^ 2 ( J ^ 
l 1 , but E-h^ m'ji i«jrlL It. b) ."5 nwl. 


f.i) S _ A sLn hi T H **■ r - frfA *! 

(b) j — A ^irab £[ +B ««& j4 ? - ^C A ^ 
Thus ih« iLHrtian bs (*) baimplt 


STIfc 










MISCELLANEOUS EXERCISES FOR CHAPTER 5 AW 


■Sfhitr.ilatirC'iii ErtfitiB t* /frT C-ftflfljrr J ___ _^__ at 

In I’^^rclhi h 1 H, dsle-Tm-Wir :i '~ r fiaairl.K^i / L#i* ITIVCrSf- Jf find ■' nnd -.ijiIm :;s donfULift r^JlD^" fb) pwt 

/ nnd eIr iTivnTW tni (bit™* fti.. l M, If DOt. plot * ha-iiiDntiil lip* IhiA th* E^i nf / nn>re that) unCC. 

1. /(tf) - i 3 -4. / :b increasing ^ / is wi^^ow =■ / has an invert 

(a) Lrf j - /(i). Thai *-?-4;jr = ^TT. Heoe* = ^+4, and ^/"■{*) = %/*+4. 

C'ofEiiii-L of /" A is ^ - DO, + .-V) ruuJ rtJLge of /“ ! iri ■ TO ( ■ ■‘sc 1. 

2. /(r) k 1^-1, / Lncr^iaina =? / it oiw-to-wie * / liaa ifl 'utva&c. {*) Let f — fit)- Tfcen y ='M 
^i-^Sf+1); j — jfif + IT*. Hm™ /‘ J f^ = i(y+l) 5 s mk3 so /" l W = fe(*+ Ir- Ownwi i>f /" ie 
(-oo, -boo) and ran-gr cyl J - in (—oo. -i-col. 

J, f{i) -= ^ - X 2 . /(a) - Cl — /(—3) / L5 r.OS flqe-fcfrGdLe ■■*■ / docs nor ha-.-r ,ir. 

iTiwfH. The bne ^ — 3 tii* seaph of / l^Ure, 

4. /(f) = vfl -x z 

& Bitaaae /(l) - /(-l) = Ibsn / b »ot a one to-mw f«ntEicm. Therefore, 
an idtctsc foiKtion dbrs iw. exist. '1 _a-c slpne shgw.f lIie ^emidrete that is -In', 
graph of the fUKtion / as well ^ the .!:ui:.rOQr.a! Jjio .v “ V?-: w ^ t * a 
LmtrMctfi. Lhc graph of / in two potato (1, v^' 1 ™i Y“J« VS)- 

5, /(j) = liT 7 - =■ 3 -^- Op (— 00 , 0 / / is iacre*jafifl And f\i> > 3; on •;.!■, -teci / 

iil£j£S£ift^ a-nri jffj, 5, Therefuru / ia MLe-lfi-OEO. Ml*i so / tiJLi iUL inverse 

(*} lirt K = /(*). Thai IF - ^ ^ Us - * 3r-XJ, - ^ f = Hwtf / ' l (j) = 7 ^, and «> 

r" 1 ^) - Thfl dtfmfcitt *&f~ J b {#1 ir ^ 3}. 'Hif rid^t of / -1 b ltnr ^flKrn of / wbreh le (y 1 / / 0). 

■4 — y 

fi r MjfB’-il /tl)-|-l|=m=/(2) ^ / hi iloL u:iK-0u-olir -1 j nul IbJi vt 1ft iflVCMc- The MiW j= I 

tBeeti the g+aph of / twine. 

in Eram«s 7 -ir-rl a, (a) pmvr liiai / has an (b; -Had /" l [s|, and {c.J viiiiEy e2l&l /" l {/(*)) - j i1I>jJ 

/(/“*(*)) = J: {'I'litortm i. l-.t). * 

7, m /{->= i^'+1. / is izitrcainig ^ / ';^ iMHf-tP-QElt > / hAj ar. LnvrnJ- <h) \ r vi y - f{r-. Then jr \/r 4 -. 

+ - l. TEh& / _1 {!/) ‘ V 5 -i. -arid so/" l (*) 

(oj /^(/w) - rW^) c^rr() : ^ 

/tr 1 ^))=/{I s -i)=^-ij+i - 

8. Ar) ^4 


- i 

s- 

, (A 

, 

-y < -t 

-t 

l t i 




Because /'(r) foi ail -t / tEien _r bb nod gjr^r.' Uuin L ou :>», ji ind iiid kiv 

than L -on Thus. / lj oa^to-«ir 4Eid / Eu^ iaverse fitoctioo. 

(L> Wc rrnd jr 1 (^:). Lc? si - /{jpJ, TKcii 


Tticrcfopc, 


g ~ j* + ^ ^ + 5=21-3^ 2*¥-%x= -U- U 


i^l We TTfcffy ih^ PEiipai iEPi^ of "E ho&rem 3/«-4 

Jar" 1 


SfiTTj' J j(j- 

Qt ■■ i n-;-3f-i) 


J (-J — S) *■ —B — ll 

I - J 


v + l 


-I 


,-ij,, , i fe-r . 1 " ~- I • = • • "* — * * _. 

/ {/(*))-/ jj - L \ ~ Iftiz +1) - tir - 01 ^3) 

r ..i,.. j i+g \ -x>)~ 1 {“i” 1 




■ l \l +W 1 ’ 2 




■m LOTt \ EtITHVlIC":. h.XPONblYJ tA I.. \7i VKRSE THKttFtiMETlUr, AKH HYPERBOLIC FT'ACTIONS 
In F^msts S-12, fiml 

2 . /(t) - f 1 - Si -r S : I > ii - 1 Wr seek S.b* ^alurtf uf c > 3 far which /(-ri — 1. 

c J — £c 4 fi - 3? c? - fw ■+ & = ti; (e - l)Cc - 3) =. fi; c = 5 

/'{* - 2x - &. 1'Xuhi /'(>_) > 0 If i > i. Jii’LM tJww^ & cltfc«ril. \Eil fiy Mi c-cmiC n .1 !l: !L|J^ ."i un whif'i / I* CCWlllBBJWl* 

MrtI illfft-'wihg. TEilas Thwfrffi 3. L. fc-apphc* afld (/ -E ) f (3) - -J— = j. 

]|>, =: t/3j j 4; d = j- ftV wcA; ihe vgJae ol> for ’"■'fikb /(r) — 5: v'^r + ■{ = 5: +■ 4 - £&- Sc = 2li r = 7 

I'll) = - ^-> 0, ItrtiCc Ihrtr it 4 dated iitfet**] f ft tfcj flint 7 OEL i«bkh / b TOBliAUffUtf 4ltd Ibc; 

1 ' 2 -h/^H , 2v /aT _ * 

Thu* TVat^m S4-&*pplks anrt / E ) r (5) — 77 ,.. ~~ : - V 

f ^rJ ■* 4 

11. /{*) — S 2 T 4 - fit; d = ■!. We sciah to find the value- of t foi- which /ft} - -J. 

S£ 3 4fie = 4; 4c?43c-2 = lX Trying c = it. <= ± 3 , c = ±^ n by sfrfctbtfk dfrfttaftt is* m Lhit e=™ 

/Vs■ - 24x 2 — 6 . U-enoe f {x)>0 :'qt aL! a. Tints tioic- is a closed sscci^oJ coDiamisg ^ od ^hkh / 
twitinnous and !iKteMHtg- llfaw Thc:pr*rp o -!-6 *ppta ftny ’"T^r ™ ^ 

12. Fisui H J{x) = a*+ *-21 aad <f = J& 

& Hflwiw /'(jrj— sjc* + 1 then U Foe ah 1 , so f ia snoaoioEk and continuous ah every ■- .■•s^: 

Viirtiiensiupe-, ^hiuuk /( 2 ) ~ 11 , m;iy ap[>iy 'rhewem kl.ft with f = ^ and d 2 =: 12 . Sl*cttu*e ^ 1 

In Cj(ep;isw 13-30. di^iTtnEiate tlw funcviort and simplify iht: r-«■?- 1 1! 

13. (,) □>(«. J*J - Jx - -1 LJ .0 Jx 


ft} DXi* + ])* = SP,!^+1) - a^n^x*-1>- 


14. (aj I> r tos[3 In tt — -amfS In r)D :r f3 Ibjt) - 


3 in ,-;■ 


(b) i (In - 2 (ln -r’) - 2 |I 11 x ! )^( 2 x) - - 1 - 1 ^? which rtqus* ?>-•- if x > it 

IS. (a) D y dn c 4t — cos e w D(< <[ ^ +t (b) = l 4 *" c In 2 D ( lin I = 2 1 " r ]|i 2 sec^E 

E6- (a) /{if.) = ^ hl lfc j (b) Ffu> - lu 2~ 

^ CO /■■»>) ™ ‘ l " n w hJ 41 4 Ml = HI c« 4fc‘ ^ an ^ (bj F' |> ) - ^ 'l^D^ 2^ III 2 x*€? 2 * 



17. (a) l> r ™- 


, s- 


is, — 


— i-, -a— - j - j -T^Z 0) 0^“ J - ^ J En 3 - 3 —. 

/]-(3 r ? v 

It (fl) D %il tfiiib 3 3 , » - 3 linh^E+iewli 2tE.')[2) ^ £ tlnh J 2ti-tnth 2ui fb) D^cmJi Im? »4iih = 3^ 

^0- (a) rfO-Uab(liL I): (b'l G(() - lri(wrti t) 


t> (a) /(() — secb^fl rjD^lfl I _ j,iiil11 C ln f ' 


< hl ^=5^°^**— Stf 


2L (a) D^ucdijtaai x) — ^Hth:caj3 i-:[inb(iin r_)D tan s — -st'ch^i^in x^LrUih^Lr-ir t. j^t^x 
( b) D^Uablsec z) - .-Ht:cli J iVwjr: ^)D T s^ x — ^cEri^ec j)mc s lan t 

n - = “xlHrnt 1 + *) -^lofl-^)] = In^l+S + ri;] - In 10(1 - *1) 

24. j,(x) = ]n^^f 

> Fir?l -k* r?ptgK(j the espresson by ani eqpdvaltnt -^iim. allowiEg 2 j + L and £ —3 to t*- both u^allv^. 

fl^xj - = \111 + 1 1 - Injt - 3 U 


■IM “J 


MISCELLANEOUS EXERCISES FOR CHAPTER 5 439 


. if a II lf*C« S)-<fa+I}l_ =1 _ 

fW = s SiTSl + ll(r - 3) J “ 2<ir 4 1 )(r - 31 

2S, 9<,l} - (sin <>*i III 9 = 81 Insist l: ^=81n si" 1 + 21 /{t) (2 te&t i + SKtrt-'P 

2J. /(i) = *, Bec*u»* o j> 0. then by R^fLuitioB 4.4,2 Jit} ~ e' 1 ' - e a ; S \0 — 8- 

w - I V* k_, V^-VT^T‘ 2 V? = 

»- C(r>- 


c r w- -7= 


V'^-V ly'(* a 11 ) — 3 


+ Til ‘35TO?‘* t * 41 ! 


-m : j_ 

ITKx'+O 


“H--IMS. «0 - - y, .i.i.i,," .'" 1 - - ' - : " 

30. x) = ^ P,«at x ~ ~ e '^^ t cot j)- at r 


lii ExircUttii 32, fiEd rfy/ Jr lay Lngark tunic djftar ant latum. 

31. p = IT*; Hf| = 3 bi*! + £Ifi(**+ lj + 4lijM- I t ^ + 7^1 

_ n^-TP + l^-i ^ + i){r- i Will* - 7* J + 


32. j = 


v^ + i 

!jij = ^1e( 4 ^j-|ln(ar s + 6 ^ 

■ _ 2 x_I Q-e 7, _ [f j- - ^ Sj - 

5 ” 5'‘ 4 - f 1 A ' /- : - h ” {4 - i a H^ +■ s } 


dlij- V4 - Sj" - j* 1 - flj a - it - fjijft — 3te 

s ” y T 6 +$" (4 -+ “ v^- t'V + ej* yB 

III iLld 34. COrnpuLJta" by using ih« ikfiiKluNL and ctu^* h\ tampuLSEg, ibrnclLv. 

S3. (4 a v^ u = 4.«» W 2 r = = ^ 17 ™ = *#( 

^1_ (*J 7*= (**■*= 1S8.SB (b) = S3-H1 

1q EjcnrdMri 3G 4S.iva3Mt.fi lI.* jj:tkiki.itt intefjsd- 

* [f^.* = (jf^7-i-+c 

|£ eS ’ s *(e- 1 J^ 

tr Uu- r a - 2* wid dv - 2z - 2 = 2{x -In . I t«i 

j e* ,2-Lc { j: - L )^Sf - C v ■ -gdii — u 4- C = ~ 3 * ■+ f ■ 

12 . f(^4.2 3 *)^=iJe* I (S^ + i i [s Sr (3^}=^+^+ C f = 

38- Let !. = In x' 1 - 2 in i, dn = j IQ ^ J ^ - 10“ irfu - ^ * <■' 

39. Let u = r^, Jin- **tir, . j J i“Jv = ^ + C - jjjTj - C 

Jn fMC±U 

*■ Jlir-T* 

i? We muIlLp3}‘ tbi muEifratflT suid dtEtiaBaZUK ::■>■ Tbw, 

- ■ firtX/3 l in.—^ 


■130 T.QGATLTTITMfC, JvXK»K.ST1AJ.. iVVFRSE TRICONO.MLTEtlCJ, ANb IIV]'KHEJfH,|C FUN'CTIOIW 
Ltt • -i<i Lri - TJwn 

dh - [lD^*-»- ]10 d* 

^ s ( 10 '^+»-'/") J* 


SubwliKiftinjc min Hjcht-haud "Idt uf ^4 {i}, w* Ei-t.v^ 


= * - ‘C iy^-ir^f +C 

- 2 + c = 21 ^J ur W-% W w j#" 1 +c 

-SiogJlO’-ll-t+C 

Let w = x\ da= tc dr. f -£&- ■- f -4^- - 2 +C - 2 ii»”V + C 

J v'l-t 4 Wl-n J * 




!f Um 1 J(j + IJi + C 


_ [ _& 


4t-H) J y'9-E>-2) 


_ = J(* -S)i C 


4SL L«t it — r 'rfits-f' *rfr r 


f , jf —Lf - 4,^-1 « + c=- 4 Jfeb-*i^r- 4 t: 

Ji/? r -9 ,/• r v^J ..'in? </» ia/s 1 


4fl, r cnth jT 2 di - 


V5 

■r-wih £jr in’i .lz: ’ j 


Lfl| iili tl J-JB a f+(7 


Jt J 3-J5I IE 77J 

47. f irTT'h 2 ^™dw - {] -™ - ^ tanh 3u= ^ C 

44. fsariyii 
J y 4 iiis 

fr- Lee. n — aEcilt £. Thru = ™li £ <R. Thca, 

f CflSt (Ji _ f f. -1/2 j. -v. i/J r ^ _ h. jGT 


^+c = av4ri+c 

In kKtfdasu 43-sg, rmurjiir the deOElite integral: Cbsck by NIN'f. 

49- J^' iV 1 * = jjj' r'^lr^r) _ _ Jfc 8 - JJ sr 9934 

5t J^( e * r +I) ! <k=: JV'4& to +l)di = [je to +e 2, + »£ = ^ + <! , -i«Fl9.79 

Ki. 

t Let n = c — f. T3kti rfu - (-2jt -3 - I)Ji ud -2 rfiL - (-lx -3 4 3 ) dx 
WlucCi df — ^ ilieh L — 2 jp. w1l£s j — |. ifetn u w j. Thun. 

[J ?^7 * - “*JS 4 1 - -* ta “ 3 *- -«■ H» $ = -*'»S = *fe #»i-«ia 



53. 




iUESCKLLANEOHS FXETtCISES FOR. CnAFTCK * *31 

Lrt «*•?; rff = < J Jx. Th™ j^ 1 ■f “ S *= = J***?3r = f 4 S^3 #* - j, J { l + S^)'" 

= (i + 5 Nu- 511 1 =(2 + 5 to It) • ( 1+5 1 b <1 = l +6 In jf«-tt .4384 
L(i h= Ihx 1 dn = #. ' , ' 1 - 4 ^-- P 4* t l» of - la 2-l» 1 - to2«= 0.M31 

x J m «bi J^, “ Ji 

« + 2 >df 


. W*i 3 mvc 


Ji %/«-"? Jt J-t-p*—at + 41 J> 7f- (h.-?} 2 
J>P ti — C -2; Shea du = dt- When f ■= I ? fci ^ H f ■= 2, tt 0. We 

L : =-Ct& + 4 J 1 - j £?= it, 

= (-*+ 0 )-t-i/»-§*) - |* + v ^-2 <“ UtOT 

H. f’ ^ - r> - Ur 
J-i i S + 2r + 5 


p First, wrr l-j4#!j;jiCeL« tLe S^Uiit US ibt denominator. 


i 2 fx 4 Q*4 

» (j‘ + ii“ + < 


dr 




r i 1 

|-ix 1 + ^ff+6 J- 

Kcfl w« Jtl U - X -M rUTid! £fti - lTt. IVben r - -1.1, - CU wWi r L. u 2. SubBlilUttllg iflEo .1). ^ Dh'.un 

j:, l’ 2 ^ - :«♦ r* ■ •shnis; 

(ta fi-[B 4) + avals' 1 1 - Lail" 3 ftj ,R l + 2 (j) = lla ‘ 2 ' t J ,r “- 
57. [ - i [/;■ - 1 \/mth 3 if tfy *■ I u Jw “ ' '^l- u\ ~ «w i 0 - ™li I -1 =* 0*5131 

Jo J it JQ 

5S. | %«3t 3 cfz - 2 LAAin ~ = 2 i » 1-5Ji 

». + «» + r + „ = 0 ;{*='■+ ^4(«*-£+«>■)+ l T g-( 4 («* + xe« + i)ga -1 


rff _ -■ ■" - ^ - J 


£0. Sbnwr iha4 ttttdlflA x) — —^ 


T* t I 




,LlnJ + t lnj iT + - jnSf . | 

t> BetyniJSe cmih x —-^-^il-cn. eosbrjj} j;) = ~ ~ ——=■—^— 


7 ' 2 2* 

61, (ft) F^n lorjjjuJe S.S.K^, = Jo(2 +• - ‘j Inf^ ™ v^) 

(bji Beetusc S^jih “ ^ = >; ]jl | ^ if I * i <" i Then ^ In -—^ “7^1 

j . — J* 

62. [a/ Elm Will X - Li in 'V ■ -- Llftl 

r-,+M j-—‘ 4tur- — - -f 


-iM 


. ^22 1 + ILrn 1 rt 

I + 1 . i — n* _ 

j, '[ - ( -‘** i _ c-v. IFK ” 1 -0 


‘W A* T^T 37 " ~" 


! — Liilc £ ~ 


6J, Find aji equation of ibt Un^cnL |::ie iaj y — z* L at {U.2). Plat ifa:e and Lirw- 

I. tnjr= f ^-lllnx.|' = l n r+( i <-l>l [ / = (k^+S-;)v-t , ( 2 ) = (fc2+|3ff = SI ‘ 2 + 1 ' 

1 <- xr <2 111 2 ^ 1 )(r 2.) ? (2 In ^ - l)t - 4 L-l 2. I^MUtr ii'irl ^ (J if Cl < t < ‘ 4fld -r >0 if A > 1. Uwn 
x = 1 is in priljiLniam value- y m — +-^Js + i (Iii i4 L ^ staph ifl ctwveave lipwaid, 




4J2 LOGARITHMIC, EXTON E>’T1AL : 1NV£»5£: TRHif t )MKTRiCT, A\'D 11 YPEFtROT.ir Ft:ACTIONS 


M- t’sc di Nereis tLds to find an appEoxinoAtt valur So five d«imal |>]*c^ of log| n ISHM3" Upp the fact that 

log 10 r - — (M3J in ttiTre d^-imal plnrcK. Ch^lf QHDg your caLcuIatOT 

» [4^* /{#) - Mi dif - 4x, With J? “ 100,4MB o4id if — .fa - 937 

!ufl ln !UtftfJT - /(SUO.DUil + it) s= /{J WJ.UWt) -Mji - l Ulf.UUO + -S + ^^(937) - j.(l040“, 

In Ikt S.tjgjplOO.&S? = a,00^05- 

GO. A particle Ls moving cvw a line. At t mCt s Ft £* ito rfitrcinri distance from ihr origin, v ft/fiK Is its velocity, and 
a fi/ior^ is its wxtLcratwB. 

C -( : t 1 — J {c* ■+ E )df — t l — r -( + C* 

ttftTAUse T. 1 — 1 wh#!Sl t — o, l||en 1 — I — I + Ch Cr “ I. J'herdW 


» = ^ = C -* c + *i * = J {* -* 1 + JJrt* = * + 4"‘+1+ 

IhcHUH * == 2 wh*n 1-0. then 2 - 1 4 I — 0 -+■1 r^; Cj - H, Therefore j — r c ^ e -1 + L 

G(L The aeca of she ruEteB bounded b> L-lic curve ^ - c”' the coordiES-tdc and the Liu* x. ~ tr {b > <J} 1 a ,l 

fufittwn of &, Tl" / ip thi« futLClicm, Find /(*) . AUu Held tin^ _ |pt /(iA , 
t Tlw SOfiNB SB- boandcd above by the curve y = C - *. femmded b?la«v by the Line # - fl, bounded an site left by 

ill? line x = Q> a&J bounded an tfw Ti-jjhE. by sh* linv * - I- Thm, /(>} - J £~* ilx — — 1. 

Furthermore. Eim /(b) = Dm [^£”*+1]= lira [-f^ +1] = 0 4 I — 1- 

&—r + iit- G—+« i!y—r —-I*i 

G-7- An ckmn>c of votumr IS ?* 'rspf-uln.r dl^t roritercd un Khifl 7 OS55, t-C fu ''\ • nf rnv:-:i. 1 : f ■_ If rnbic unit: in 
ihii volume is:" the .m^IIeI of revaiutinsn. thtirt 


■j 

63 Pl-OVi! >hn 1 if -t r^lnnyln ji. |rj h-^vp. ji.i Emi^ nn Shn r ^s 1 !? nnd l-Kru-bf i',H ¥T?tir-«^ ^in Ihe eisTv^ y — *-~ mL tJii" 
t.hr rrvi^E 1 ^ will have sJw IsTRes: possible -w* if tbc Ittm vmiees are at ihr- points of intlecsiora of (p-aph 

P 'Tbr fig,jjfe -pba*p the CaJVc .jy sc -4 " and a t^ri-anglc ii'ilhi !\v;c an liha f usiiv 
wid Swq verticflH <hi the cysv^- E^t /{j? - < -r ', Th«i \ht- flt^t ^^wulFAiit Yrtu-* 
that b at'L the cptvp i? *t tbt point {^./('xj'V Etocc, the leogth of Iho jedanK^o /^"" K 'N L 

is 2r, and Tlt^ ^ridtfo b /(f ). If A square Unit.* 1* the ;imt of Thr maLanglr. Llipn / _ X 


wV wjLnt. find tht abwLwte EELJUtiotum value of A. liHiGt vn doffeitiiEEiEi A, 


A*[x) >0 if D < z < ji/2 and A'(i) < 0 ]f s > A has. an absoiutc msisinijm vaitie At x — | \,‘2. 

lislp. the firet quLudroj;! verltt^ of the TEclBnp.le lt- al the ]xnnL -^Eierr x~ t5y KviriiFielry. r,he srr/>nd 

qtiJidE?in-t vertex i^al the poiat vrheie ? - - jV’"-- FirrtlicicnoTc h tn ExerdK (B oJ L^nisc showed Lhac 

the eaive Jf — e~~ J:a=- a fil Luflcec.iOa al iht; p.-iuEj. where ” - -d 1 L\/^- tteiiet-.. the x cm: 1 j±jiijL h= mil have the 

jK^ible Aiea LI Ibe ^ftifrra i^rr a-E (he Ji^iiLLa o: jaflretLaii Of lha SUTVe. 

flfiL /(i) = Jnjx;; dintreasifig. / Is decreasis^. t > f is as te- to- tree t- / had an. iavatse. 

Lrt p = /(#). Tbcn j = 3n|*l; If I = c?\ ■i = e^j ^ 

If E — lJicei — — z v ,lt.J j{^| — •» r r . The don^aiD af j id t3ie nuij^r of / whic.h. ii (—oc, +do). 

70, Let f{i‘ — x - 1 - Lc a 1 f(_i - U. fly ^he mean-value Iheescrena Lnew is a number s b?Lwe«i s and l puch thA - 


> 0, In cither cage the product k pwitirE?. tSeaor t 1 > in x if j- -fc ] 



MISCELLANEOUS EXERCISES I r OR CHAPTER o Ml 


II, The prewuie ifi p [b/irr »htn Ihe volume U V in 5 . asd _ -h* LnitinJ pr^as^rc nnd vaIutui' arc ^ Ib/in 
2*3 ulu *** *£•.,**. 4p _ _t> jl. b dn - a. i Bi«■ _l V i w f- i — r. n pA — r i wp.^il t — r 


I herefare pr — p^Fq 

72. Pind lTm" vfilumi" «F thr wdid of t*V*tulM(rt Ktnf;*tcd if tbc region heubded by tElf 
run* sr - 2 _T frfiri tbf lir.es i - 1 «w3 j- - ^ i? revolved about ^hc z axis. 

> The figure eboTTS 3. sJctlrH the re^ou idg an clerr,c[it flf aor,"i. Tei* feleieteal A 
nC ralimic j* #. dmular disk with lb set ness units -aad radius /(tf,-) ian 1 C 

where /(i)— 2'“. The vdwratt af :Ju ao:!d of icvoauLioti 23 giv™ by ti ?s \ 

Vi.iip £»[/(>/) l^-T = nj - \ 

]|iP^-=.J Jp JL X 

_ - Jb -£~? — til* O.U ■ 

“ In 1 J, ” 2 In 2) _ > 

■ Tbf vftliErnr uf revolution is G3 t/( 512 il 2) cnbir units. J| i f j 

73, Tbr htdf Li of tmitm \$I U 3-ft yew *hd Go mff are preset: 

f id = efyf /3 “l 0.5 - W 4 ®; In 5-5 - (i/30)3ii 1: x - 30 In 6.5 v In S = 3M yeas. 

?i. riir Amlriing tiwsr of i populmion w 64 jwfin. Tl,r population rj now JJU.QOO, n — *n$t^ _ 120,080(3)*'®, 
130,000 _ fSfl.Ufl4(2) J ’ i;u : 1-3-5 - >,T} ftWJ -- Jn 1-26 - (*/lfli)Sn 2: j- - flu Ip L.31 -=- Lh 2 - IS,j yflafl"- 
y(3C) = 120,(KKKJ) 1/4 - 151 .1M 

75, y 5n th** number gF verSm rciem^riied aftr-T ! rniji, >■ ^ ^D. Wc hav^ * iM* mmal fonditio^ri - rj 

^L_ _ j. Jr ; | ^L. _ i J<i ( , —ln(S4> — jy) - H ~ In C; 64 - If =i Cf"* 1 ; v = « - C4* 1 

Wiib d — D and l = tl»e bs-ve 1 — SO—C; C = 10- Tterfmr (*) ir =■ SO — SOc * r . 

Whh IT = 20 «id I = SO we Itavt 20 = 50 - S#5" :|a '; S0r““* = SO: (“ 3r,k - S r 6i B~* - (0-8) l/,, “ 
rLtfcforc y _ SO - 50(0-6)'^- ,r} Winn l - OD, p - 50 i>0(0.0) ! = J2. (<i) With y - W aad : - T w, hftw 

40 - M -50(0-8) r/3 °: (flu0) Ty * - 0.IK; ^ In tl-6 = to 0.«S; T = ~ 449-7 

AFttF 229.7 minsy-^d^ hr. thr rr.nd«ni ivrll bnvc ftttly-ont verb jfft to rnttn^tM. 

75. EnLi^rat an a sa^Lbgd itemihE- ?■■ MCnpiJl»d J-t ]C1^ per yc at campoundnl wnlm^^dy. If oqe infill* in l=-iVf 

S1M0 ill Ihe a*roUJlt ^lt tKt *nd cf * >WT by Mbing * dBgfe dep«at IVDW, irbil *5 r.he -imnijne, at Ibe df:pn>st? 

^ Tb^ iaw *f prwlli upphtea. If P doiiaiE if in^ied t hp r^io- uf Efi^ pex vcse 1 with inl^rr^i 

CQrufKnindeH rnnliflUGitgLy, then, tbc accost aftfc i yran ii A dofffttf!, where A — P ./ J ' (ir - We fiiul P if 
A - lflQO when t — I. Tbis. 

10M - P c d - 3i;j ; P JlNJB e" p,|f - 5M-64 

■ Tht deposit fih«jJd h** PS^CM 

77- he l A H«l!?in; lie Lhi- artWnEr. of the investment after ( yews iFP dolluri. is “be criejnaJ amoont and ijii*F*st b 
IMi wreent, compouEded cpnljau^udy. Tben A Pe ?t . Wish A - 2P. 3 = C-W : d £ = T wt have 

3P = PcfWW^- ^-JSST _ 2: _ In Jr 7 _ - ^{.66. T^rrefcwe til* iuvatKiCDi will liovhle m vriirfi. 

76, After 4 min Sb^r- ^ j cwlwn^- V 0 “ & *nd ^ nF eh*?Rf fcm«7!A 1 3 niln. Th.u!= 1/ = F^; 1,13 

* coulombfi i«EuiE; afwc ■? min . ^ "■ ■ \ - (J) J- ' 3 ": to .55If ■= {■*. ! M'»-7&. -a — 15 Li .25 ■:• Eb ,75 ” -R-5?- 3 

T9. Bacteria are d-oabLi-n 5 nvery 29 ntin. Hence :q 1 hour they duulw^d T ilrce, SbaS they haw* ri--j Utp]L«t Sjy 

a, Thnsmgsbaj ftOHlbe IS 150,D0fl -> B = l4'7,SOO- 

#0l A pa [eon 10 legist dHeo^ered an irt^erl -pre^i-ved Lbside a iraaspareat atnl^T, *sd the airwunt of pr^eiftr in 
the iisEcd was det*Fmin«d u> be 25& of il£ ongiua-l 4 <—craft l. Use the &cl that - ; : | + J iudf :.f« of L4 C, is li730 y^irr- 
jc> determine the age tie in&wL aL tTvt r.Lr'bt *t its dbco-very, _ 

& ff jrfrofDt of is prw*pt aftfcr t yfiara. The baif-liFf 1 fcwinuEa yieLda V = i 0 []3 '' LB9(^j /j " * 

Witli y -r 2 *zid t — j ylx ha'- '' 

2 = ^ P/BT?W = 50i h 2 = Lo 50^ * = ST3Q Id M ^ Jt * = 352,339 

■ The inaiftdl is tiyilil 


Ill liOCJARiTHAIlC, EXPONENTIAL. E.NVEHSE TA1GOHOM ¥:miC t ANI5 E3VMjJttSOE.lt: MiNCfEONS 


Jtl. r units. &c the amount of tiw iubftaaw* T-inrunii:^ t yeara a.ffc*i it ilarsed to disappear, Tlw oftt-;- 

hi itter-JUI-Tp- is I WO ,v^:iph< r — lfi ^. With r pinrl I — T Vmi liAi* 

O.iKijl ™ r p (a.!i} T/ISK ’, In IKP5 - la 0.5; T _■ =n ii'Ji’ 

• Therefore it will take 5212 /ears for 95% of the- deposit to dKwppemv 

83- A pWtLifi-Hl *A 7 per J&ar a&id double tn 2J* teai*. 

f 1 + ^) M - 2. I-r - 2 W . n - IWf’- 01 - I) - 1,EI 

S3. Let ± lb be she *rf salt jti sne teak i miauwa afte? lie flaw begins. ( ^ ^ 

We Lfcv.? a table of Loitld Th* 1-esik 1* ipunluj 0 Sh *alt j^er cni ci liCh: x ^ 

.uliS k Lok£ n.|^ Ib'/jj )ib *aLt, per minute. E3csce 

if= s - = IS : jisfe = c = ^ ^ 

With I n 120 , I - ft, mi h*™ 6 « “ C- Thus Jflfi - r fiO* _I/:l “. Witt X - iJ 5 , ( - X. wc biv* 

45 - Hta _r ^°i 1.75 - *r T{x i In 0.75 - -^r 1' a. 3# In 0.75 = 6.63 

* Thefefcbc there wLD be 135 lb o? ualL k. tie uii ik b.63 raiknutea eflc* lie ffow Iw^^n- 

M. A tank coar-ains 100 biers of fresh w^, wid hrine cEmiwumg 1 of ^lIl per lii*j flows kto the: lank al tbe 

TJLLft u! 3- Sitera/inin. If l!ie iiilxlure, kepL uiuftuHn by Itirrilig, flows out« I he same rate. bo* lELUty kilugrAiiik. 
of uLl ate there Lb tbr i.-tutk -i! i tie- *sid of 30 cikin? 

& r.rl IV kg !m- !?|h- wnoiibi of sjl!i in thr tank -ifler i mb. li^pc cnnLorr.zng 2 kg/SiSer Ho*-; into Lire Uok At til*- 

rale erf 3 Lib's/mm. '1 him, nil is entering I he l puiIc at I lie rarli- of Hi k^/ir'iNr. ItaC-A-lltt the CA-PAttly «f the *ank 

is 100 liters, after f nibs th-e taai contains p/100 k£ of salt per Liter. And Valise -he mixi^re out ^>f the 

la.-rck aS. tit rabe of 3 liters/ nun, =alt b leaving sh.c tank aL Lie tale -of 3y/500 hg/snii; ThehrfoN?, - y — ^“7^ 
We solve the diHereDi :-il equ^U^o will] the iniliJil TOodii:-i>n v - 0 wlirn r — 0- ttt v ;lt Lab Its, wo gti 


■to - S0fi“ r ^ d.75 r;-' 7 ’- 1 " 30 ; III 0.75 - -rL T - it? b 0.75 = e.« 


f rfg 

J 2 CI 0 y 


;o.Q3cfr: —lei 200 — $ i — C.03? 4 k\ 200 - ji. - 0 e" 


Ijotaysc ® = 0 when t — ff. tkm O = !KW nnH 


300 - $ - 200 e 


ft 300 ■ r. 


We fisd 1/ '.vhejL f - M. 

y — 200 20S* £_OMM “ t = lfS.r 

- TJjcfe are 11S.7 kg of salt in the Lank after 30 raij;. 

S5- Let i 1 decreet be the wmperaiuie, and Y — o - dfl degwra the tefinpeTatore dififoenee ^ 

■iLinuts ap;ciL Wr have hbe htauTwIriiy rundil.iorirr — - — . . . ... -’—. Fnnrn ^Irwtnn 1 ^ Enw rrfnudiirg. 

J 13U 1>U ^ 

™ tv, Y Ypf* f . If I 10 ^Lid Y 90 - dp - -.0 W£ Trli V tl t %0k i "rflYfl" 1 - 

WlLtD t -=- 20 JL&d Y — 150 — 40 sa liD we gei 110 ^ ^ Y (] (50Y 1] “ 1 ) 3 - 125 : 000Y a ” 3 , Theerfore 

Y 0 ” v'-l-'- 1 .-00/110 51.7 and yn - 73.7. Tlie einpent " 73.7'. 

Sfi. /|>}=V; / J (x) — e J _ Let (c,- L ) Ik the point tsi eIl* of / i*r which the tangent Line [b«e passes 

shiough ihe ongin. The slope erf the lise Lbreujsh f c. e 1- J -M?d {0,0) k e - J'V bn^ aIso h^= a ?lojie of 

/'(e) — ^ r , IJenc*’ w c^i r = I Thiiii &Ei* inirhL iH 11 ,ir), 
fif/. F- - 20 MM 320 b L, ^ — MM 120-JII. -a) f.rtl Jt And u Le any iutegeca. TJjeti 

120* - 3,k + »« ’|^) « iSOzl - 3 p» -«*- l Q;j) ( - j^| ^ ^ - T ^« _l (^) 

The stnaiLesE poaLLvc vajue oftis T!riFr CM* w. 

rn wi*” F'= 1# > ‘^ WieD E - *■ \ SHa<HBS ' 

;d) WH*b r=-!A IT- W WhenE ;: ^'^vk “*'^1)* 
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S3. A weifchi is- suspcncied from a fprmp and. vibrati::^ verEx^ily Pioc^rc iji p to the equation, u — ■{ sin ~lir\ t + ;jvV. 
where y wjfciLmrAajs i* the dircc-rd distance of the weight finansi its-central pubtiiiun l w.i&nih gdTi-.i-^r Lh^ mar! 

Liif motion, and the positive direction b upward. a) $»lrc ihr. aqm-n-i-lnn Tor £, Use the equals on in part, i.-.; to 
JttciiTuiic thr tuM jlI]i“ii |nriitivu vrvlm- of J Joe -A-hieh the diapSacenseoi of tlic weight tbo™ iih c^nErAI posuti*ii 
n (b) 2 czn and (c) 3 cm. 

*■ (i) Wr iiJivr J-y — ^in 2V(-( + 

Let t Allil JI Ikr! Wiy i I il Thr-li 

£it( f + = 2frA + as El' J «r 2r(I+= (2n + I )t -s-in " J 


1 * u '£? 

, - 5. I*--a U, 


E-^eia 'k 


] i .; -1 I. 


I-rir 3 -Itt.I 


(h) With y Si 2, J = jV Wf try value* of k -imd h. 

Jt^D-|=— -44 t-k— — L-a-J-3— i- + -L-*-t| je [> L.—- -«- 

* U - L 5 ^ EE * -■ * 12 ' 12 R “ U -.T. 1-2 

■ The smallest positive value of I ts 

(e) With, if = 3. ^Lem -C ^Msin -1 4 i:ae1 '^^ Wc t?y of s^d », 
fc - 0 : | = - J + fl.ltt i -O.OU 2 * ^ Is i - j + ft,m - ft ^ 0 : £ - O.liC 

-■ The smallest posiTiv* value of t is 0.19$ 

85). A squoTr gnite k the beo-r, of thr re pi or, bounded by y 9'W% — the a^es-. and ? 2 V^" 1 


U.i^-tlJgs 


A =■ litri £ ■■ 9 ■ .J 

i A 0—^0- |'=I V ® — ^li 


—_ ^j 1 = S| u: b ^ ii h 1 


90. The es^ii:>ra \f- t^mndffl-1 by tli* ^isrvp y zz -/mnb r, «hr x and 3hr linr"; r = 2 nud j; = b £ An r|rmm1 nf 

™]itme is a drctdar disi otEitered oti t-ht i axis^ x € fQJm ?1, nf radiua If V eathk nulls h the volume 

^ tba solii! ivf r?vol.nt™r shen 

V — lim ^ — f ? niaEi x — sjeopii ^ T(conb(ln 2} ^oosb 0| 

14H i=i Jo In 

= + - l]= *0(3-4) - I j - Jr 

31- At i 1 helms let x km bv- the distance from the autoiriohlle to tlif jkpIjii <s-r rh^ nwtei ci* , nr^' lli^ waj^Eilii^};'., ;i;mI 
IrL 0 1 m* thr radian mr^=irr «f ihe anpJ-r between the aieh:o bca^i and the shone st ray to the ?oad. The cai is 
traveling at 60 km/hr; thui — : = fiu. Hi sum 

Lan- f — 3x .and —W < ^ < iUt; ^ - t*zi -3 2;r. ^ - —-— 7 ~ = — ^ 

7 . . J£ , J -/ 1 -“ E t t^' 

^Vheq r — Ij., ^ - 120- TlcnCc the light br-aljj is ehiuig:. r ig UjjcuIjdii Lit 120 rad/Jir, 

{h) When r -p^- — e ®- the IQ^e be?un b changingdireeiiort 50 rad/hrr 

92. A heJsnipfccc leaves r.he pronnd at a poem 800 ft from an ohsetvef and ibes- vertically at 2f> f[/^. Find ;1 lh 
lime rate oF -Lhaj:^ uF iht rt^L^u™ uf Iherth^r^rV wrgk of ekv^SioE of the helicopter when the EitEitopccr is 
$00 ft *Jx>vc lie ground, J! 

t- liefer to tli* figure. Thu h ;t* pc?jni. -Q, the heJjcopier .eaves Lhe 

g^uuad at puial F. And aftrt I set Else bcLit&pLo ii ilE point EE. wl:ic.h ih r. !t ? 

frociq pflint F- ThUK ^ Ft 1" l-lwi iliKl^sie^ Ih.^l Ih-r li-rliooptllt i-mrr: j n> t ' r ~. arid vtfl 

wi ire given tfrt ^ ^ ^ 

L*t ? be the radian mrijiure oF Lk ohJirWf 1 ^ Alkglo rf^v*.l;(iRi ^ftrf f #VC 

We wjjjr, to find lyhen »■ __ dtio. tkcsMSi tan 0 — ^-. then 5 — tai: J -^=- 
4 -e dirv 


We JlETe rent late on both fultsa with renp«CI bo i. Thun.. ^ — A i (^||j:)l 

Ji J, 1 + \EBif/ 

Because dr/dt - 25. wt hnvr ^ —r- 

■+© 


Jr 


dp] __TJ__ J_ 

^Inmd |4 ff? 


Whwi x — we obtain 


■m LOfiAFUTiTiVTlC, EXPttiST VH AT,, INVRHSF TRTCONOMFTR3C, AXD HYFFftROT.fr P’F^rTTONS 


W Thf observes ^iriglft nf drVJilicin is ioensMin^ HI thrt raL? at r.y radian?; \wr scrraid. 

93. Ai ( liourt, ;«■! r tnileri h* thr distant from th^ i)U-^- 1 >j tbt: i'^iiil 4ft ground directly under ;he 

airplane, and kt £ be the radUa censure -of tlw angle of devatign of Sho -t- 1 ibc nht=f*rve.-. Thr 

airplane it flying &i 3D0 mi/ltf; bo <fe/d2 — 300. Hence 

i 


eot 


I zz ^:. V — CAVl 


■i j. rfS _ 
d 1 dl 


dfj _ 


--MQ = - 


_ iaoi> , d&] 


i di ^S^ipaBEH 1 


= -64) 


Hit-st L’l-h rri riU::*' eiE LdN- ,u(V i»r rli-■.jlliiHL k ct JLIIJ-HTaJI nL Lite J J.E.C Ilf GO -Vid/llT. 

94. Whrjs ihc ebawviir u r fi from the wall, ihc an-gfr subtended by the picture to — -roi _1 ^ - rar.' ■ £. 

#“ (- 7 ^ + rr^^ = («T?-u 4 ^) ! ' ''< 10 > = (rh-$) = -sS§!f * -*<■« 

In Exercises 55 and. 9ft, two points A and. ft apt HiAzrirtnrally «pF™' rjfl vub other on the aborts of a circular lake 
1 km in diameter- Find the least amount of time it takes a mao. to ftp fenn point A to po<ni. Fi if: 

D&. He eao FOW t- tie Tale of km/bl rii \c\ wr^ ai the rail-: nJ 5 k::i/Iir. 

He can rnw at l 2 ;rt ra.Lti of 2 krn/lir ajil! wall ,tl the ra.Lt l>: il fem/llE. 

& Sta; 'jEi*; figure. SuupuM: Lke nt&a row from A SO a point P H>n She eipcuirirt:- 

ckCv ajid (lixii froii! Ptia ft. Lrt a km b* the diitiuxc from A Ed J 1 azd 

l*t l? be ite radian s?f ^PAB, Then 0 — c^ -1 ? Atf PR h-^ ieri/:h 

ym(Z?CT 0 ) - ^- 2 «? - resTV Lei T hi be the to;al rirac for :hc -rip, 

93 . Because the man re^s at ^ km/lr and waJk? Ltt $ itn , :ir. 



3.1 


-?P 


T e|, + | «' V .etM]i £ = 

ftrfAii^ d iF T ''tdx 2 <0- xny r.rilic^l iminhHr is^ a mLaljve ;r;;i^imntn. Hen-ce the ibfiolutt miitrmiUK valye «nlii 
at an 4indpoint. Beeana* TfO) — ^'§ — T(l) — |i 4he mao *hr>utd wdk all the way jtnd the tjpn« b he. 

Sh. Tkcanae the man rowa- ot 2 Ifm/liT and -wajfc? as 3 km;hr 

■r-|»+^t»- ] ai .t.0,1]; g ^"af, 

Bcracip? ^T/dV 3 < 0. any rTit-ka] nniabet ii * rttitave miTomitm. Hence the absolute minimum v^jue nrnrre 
it an endpoint. Because T(G) ■| , J = f > T(I) = 1. the man siwoW k>w oil the way and IJk l^rnr b ^ hr. 


F» f 

IT. from the definition rnJ a dcTiv^twi' 

lira isfl+fl = litn - 4 


j-iO 


j-e-j 


_ !2fa! w „ j 


IT— - 1 ^ = fSs|— - ^ 

»■ » - yJ “ h ^ ^ 5 + 1 -! s KObCEl -F- i}l Inj* - - C- TfclH ic^(y+l) 

f5. From tbs definiiion of ihe derivative. Jam ^^ “ 3^ r ^' t! i ~ ^ xb ~' ^_ q = b 

/■ ftx — I 

M). Ptove hy iLsira^ Ihn drdiniiinn of-a derivative that lint —— L =4 

■i-^n- ■* 


r.-. 


3n ■: 


> ].et /(jt) = ■^ az . Then, by definition 




f urchemLwe, bowna*? ~ ^ 

we have / r { 0 ) = a ■ ■:•* — a 

I'roro. (I) and f£‘l wr conclude thal \jn^ 


oj 

m 


- ] 


fl. Let rir) - H^r Then fa) = / J (*K“ !- Ber^ae / r ^) - c fa) < ? F tn| 

Z7 e— e/fi'Je’'" — Q. Thu«fo(K H — jb where k is a cob^imL- Hh? 2 d= /(i)r m(:a = ^ /(if) — kt*- 


TKL 


im 


164. | 
> ] 


1 

ID5. ^ 

L 


T 

1« (a 


{e 

IW- U 

& 



MKCELLAKEOrS EXERCISES FOR CEIAPTSK 5 43' 


IK. Let P(n) be the pnspoeitjon: D/{ln i) = [- ip*-". P(l): fl^ln*} = = | is line Vy 

Theorem 3,2-2* Suppose P{fc) for some posiitve imager k. I ben 

T>/ +1 (l™ r) Ujn/[]B t)]= iw* -fc ] = - I J!{-J6-3«~* rl = 

which is P[±4 1). lienee by rtiatbremolir tS induction. P(d) Ip true for every proiiiw lnU-grr n, 
i«. If i>0 tfeuB. |V l ^te , = 

If K D Utfft j V**!!* = j^nix = r*|^ = « t - =■ "(I - i - * 1 

Wc r*sxi eomhViC! ?b^.- two wd wntr l - 11 \ix — sen i'! 1 - t - "’ I 

JQ 

HH- Prnvfl Lla^r. if t> D. iuG ‘ C’ h-I d? — 1, tliTd Sm t—J im(H-A) 1 ^ 

| I; K— D /|«C1 

► IT h f- I’L thru 

I v, "*C 4 ' i w 

By tb* eiv^n cqqaiipn — 1 And Hq. r'L), wt- conclude tbil If ft T A, and l 4 ft > CJ. tbeo 

'i^l+A; f-tllfip 

Th ILK, Jim ^ - Jiin (l 4 -ft ■■' ,|i '■ 

W M -- 

]Dfi_ A tTactirb; Iji sit c^*Jion * “ iOwSTMSj ■ 1 ■ v^ 1 > A. Lmi4ieUbi 


d -‘fi^ I ■]! 


| 4 Jy _ rfr _ V 7 |J? -( ,]J -' _ v^ -p 3 Js 

— jf3 rfs y^/n?— jy3 ^ ^ ^ 

Thus, tV slope of lli* icaetrii at in? point (i.y) is ^ = .= =■ 


i. (*} j“ J Wi-J|| - ^ =in4-in4 = ln^ <* = lrc*||“* ^ 5 — La a^ —Lo a = La i 

Brfonae En ^ > In livco J ~> | y 

(b) J* ^ = lm£ = ]n2-]n 1 =tln2; |* = Ini* - 5||* = ln I - En J - —!n 2 


SrrJiiiMi In 2 > —lit 2. Lbeft — 


i * - Jl 


w ::a 

BccmiM Ln 2 >■ In sri4H | 2 *— Z - J T 


[ ^ 1 1 11 ^ In 5 - Ui d — Jn f 

Jl -1 * 


llJ7, Tll^ fud^rrraj'.p.Ltn, [Lit (‘‘iBCiit.n defSBCd by ^ liin "' l (*ijLb Hbow zIia\ -t) - J, 

* U (gd xi = —-L—-OJaSlkh r) = “ lh * - = -- 1 — - ^tb r 

J 6 ] 4 m till 3 i p 3 - pinft 3 t ™h. : x cosli t 



ADDITIONAL APPLICATIONS OF THE DEFINITE INTEGRAL 


6.1 LENGTH AKC Ot TEE ft GttAPll OF' A FUNCTION 

fi.1.2 TJHbcrJn IL rho fUTJCtHSD / and lU= vati■.i* / J irni-nE i iv.iEHtt un ir.K eluded LOtervai |ir.i . [Jien Itf l?£gUl 

iif nrr (if Llir f.iLrvf y — /|x from C.Lie pu:ul (u. /1 j) 1 EO Eht TKilnL /(£;) by 


GnUTbwrpm If ill* futiHtt'iOjt * ftsld it? dfrivativie f J an- romin-:^i: r nr. thr rlnjwd kn\*-:vri [r, d_, I Sih:S ijjir Jcitpil 
of arc <fi cht cuivt ^ from tb* pnhi (.tflV}.r} Id Lhe poibi J) is given by 


■JTW! dihciiAr.ua fd-uwid^ TlwjfllTtti l lO-H ifin; r j__: m- I svlslle pkuiiLblfr, used area wllrfh 

Drfanstbiifi 1.0 Of jumI radian mcMurc gf an tt^e which h Ihe Imtgbh of are attended lift 
the angle vn (be unit cirri*. 1>in* only tb* deftnUjen* rtad iheoTcms of ttib bnnk. we m iw 
establish 


1 to that by OdTjui lion A -3 .3, j ™ co* S 


PROOF - Lrl (“-^1 It* *i |mhilL %iji [Eie Lii.^ lltcU: t' 
nsjd. y =i old 0 . If j — £f.z) — v/E thru 


Tsui, by DdiaiCk'ij A.XL (radian meatier? ;*nd theorra-i 5 . 1 . 1 . we bsve 


Jo v' l- H 

[f jFj;< S r w<: :el2l_v d.!ftcrczC,Late WeeIl :njwc I to 
theorem «hf !l-r talciiliyM 


Lh-r <■ liZain "Llr it;- 1 1 t.j ir fi F hdAI iS*t]Ul 


By Tbawem 3.3.4. thia refloat u id id when : u - 1 


A'rentiJci i '.. 1 


In Hxeiriw? I-£4, fsnd iV rx&rL l?:i^Ui of-air. by the second fundamental :_T 00 ce?n of i! ■- «d?:-1. In Kst-mLjis 

4 ? use 3 methods: (a) the distance formula or the PytliajwcsEi flmran (b) Tlnsjiepa 5.1.2; (e) Theorem fi.l.S. 
In lltt^ L uniUi n l.he l*JLKC3i Dr tfcp fcpetrified ,irc. 

1- y ■ At frorB {j t Sj ti^ f2.5) 

fa) By the ditlaote formula. L — ^(L -2} z ■+ [3 — - v 1 " 1 + 9 — 

(U} = /W = k/ , W-3;*=l,i = H: f’VTTadx= ^6 f* dz-Vifl[2-0=/io 
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2. 1+3* = A from (-2,2) 10 (4 r fl), 

(*; D;> the dintancf forma]*. [, _ y'{-! + 2) J + ;'0 - 2) 1 y "fi J- '1 2</?fi 

= / r - - d - -2, t - 1- L - + 

to a- = sM = 4 - Sir, /= -3, f = 0. «f = i l = | Vl+a? <?x - VTo f'rfr - yiijtf - Cl - % v^O 

3- -iff F9^ - 5® betwpni *wl (0^) 

(Aj By the PylhjLgOm&j: ibrtU^L, L = - = J = 4 16 — 

(h) P = fls} = 4-J* A®) = » »m = JV^H* = 5V^|*- 0) = yM 

to m = *-& »'to = 4 c = 4 ^ = 4 ' L = Jtj/i mW®]* to- {ySfW-O-V5r 

4- tbe SsgjffiwflL of the 11™* 5* -2^ — Ifl bet^ftsfl m ± aad y Intercepts 
> The figure sSows t skec-eb cf the line seguieit. 

f{L | b«"-ra45f* -he f aijil y irU^TCT-plsf Ar* y ;l:m! -o, iA.Hpec:L lvdy, by the lMtLAg.OIcaii 

ihtdKEEi the. int^Lfa ol the fl*gnwcn iri given by L — v'- ,: +■ y - \/K 

(b) Sofviag (he equal boo of the lane for y gives y — /■> j — -V .i 

Tbrr^rrn^ = |. By Theorem 64.2 f*r. Iiavi- 

1 = JJ yj 1 - [/'(*)]“ 4x - J a Vl + $* <t* -ft/29 *£=V55 (s — Q) = </» 

(c) Sohriitg the equation of the tins for ? «iv-CE 



*■ - ti,y) =^+2 

Thus Applying Theorem 64.&, we get 

L " {° 5 / 1 + (si 1 = J>/*« >J" S - f'/w <° +Sl = v^B 

6. The curve ^Sf" 1 -: 4r? from (fl, 0) bo {3,2 i/i). y — f{r- - ^r^ 2 ; /'{T) - From TYi’f&Wr* fi.l.l 

L ” L" v /r +^‘ ta - 3 a+*r va |’ 

fi. line curve i 1 — 4 3)^ from (I, -I) to {71,/T^), j == = {2 $4 f'(j) = 3j L ^ a . From 

Tim e.U, I. = + [J(5j 1^1^+28* = sfsPSjr + SS)*^ ( =pf« ,/3 - 

7. Tfce oiTve Stf =■ r* + freimx =1 toJ=^-j-E= j^ 4 + ^ Sr" s - 1 Chen — | t 1 - | T _a . Pruin 'I'bui 6.1. '1 

l= jvr + (p-^^ ir = [Vi+^-hP i - f;^P ^ 

- f t V^ + K J i a - if - CK -^'1 - -m - i) - U-iJi-i 

Tii S jitm! 'Sh find the length of ih* fve of He ewrvt - 6? 3 from &h? ]M>ir>t ^l n 2} 1 ^ Um: point {2?, ig}. 

SI. LTsc FhoDccrti 6 . 1.2 

* Solving for Vi olXiiii y — /(f) — Tli™ 

^MTtoP = i + i*> 

V^l + l/'Wf - i* -l/3 vfl? 7S +H[ (twciUM X MV_ 

TlMPcfsrf-. 1>y Tlmrem 6.1,2. w» b«w 1 — ^ | \j + ]*■ s _1 ^ dr (I) 

Lti tj — 4 16 'l^Lca du — 6 j" Whfjs 3 — I, u — 2lic uluisi x. — 2T - , ^ — U7. liejice, fEoui (l) we q^i. 

I, = L J S J % u‘/ J rfTi - J=u j/1 = i(57 V1 - 125 > -i 3P.H 


■ Tli>- -?irc h Appn^anuriely itP.-S- units long 


■MU' ADDITIONrU. M‘?UCATIONF OF THU DEFINITE ENTFORAL 


-Q^LjL'97 : ^. 


9. U« Ttiwrmi fi.l.J, r = #(y) - /(jr) = Fh>rj ' j l'leosem 61-S 

10- The. iuive ■■ - \(t . 5 )^ D^-(r - &) i/J from j - & to s = 6- Fjr-m 'theorem &.! .5 

i-. f^/TTirnr* - J\y£=«. -P - =j(i»" -#* 1 ) - p- 

11. The turn? #■ = + 2) 3 ^ 2 from i = 0 u> * = 3. Pj^ T^+i) 1 *** From HwaSMim *-l-2 

T. _ £/T7^V + 2) **= JV**+2t ! 41 «!*= j */(>■* 4 if <Jf = |V ! +1)* 

12. Find the imph ei tk arc of Iti* eurv« 6±y - ^ - 3 frum ihc point w)w™ ?j - 1 to ih<- po:m whwa ^ - 2. 

t> Solving -SiTr — ]t* + & f*r x, we gt; s = “ gt,'* +4y ’■ r h™ 

s r (j) = y - b -3 

J + [/wf -1 + (^ ■- b -2 ) 1 -i^ + 2 + - ¥** + ^ 


125} 


n 


V ,l] ► I /{f 3? - [te 5 + ? 3 f 

TMbn, 3>y "tSLeottcn d.1.3, we hnvc 

L=A}N S t 4^)4| t =|[|9* -9 l J-g 
i Thu* the l^nesli of the ik is 1$ ^nil*. 

13. The eu-vfl , ■= ^(3* -1) tore ; 1 to r = 4. a - r 3/z - j,r 1/! : Djr - ix i;i - J* -1 ' 1 . Fwra Thm 6. t.S 

L = flV 1+ ^ gj ijife* = JjV 1 **-* 4 ^ Jj = f.W+S + SIF* 

_ -* Ws +&* 1 '|=»+i)-fl+S>=¥ 

U, The ™r »4 F = ^» + ^-' from (2 r i|) fnm, Theorem ft-L.S 

l=|^ y r t+(tc**-*'*5%- l^i+if**- 2 +*->'= j J V^ ,4+I+I ^ dJt 

= = j 3 ^ 2 4 * -! ]dx = i* 1 U”‘] 2 - cfVij -TT 

IS. The afllroid st^ s +ji^* - I from f = ito*=l, » = (■- D,il = j(l -^1)!^“ j' !/J I- Fn,m 

TWm 6-1.2 L = |^ l+ (]-^V^ * = -¥%* "I 1 -H 

AlUrwaivtly, djJfMtiuielins ijiipllcitly. |i -1 '’ 5 4 ^a -1 1 ■ Uj; — D: l rrm Tk™mm 6,1.2 


* JiVw-Sf*- =j; 


— ^ 
“S 


E5. I Le iutfO'ld y^ a — {a Is -% canjlruar^ q > I) ni the fl-rit Ir^lri '.he pair.-, x — L U> ih^- 

5?*mT it wLpr? 5 — .1, 

p Eipl-vbg the jgiiicn cqu&tbgn f<?r y, W£ oV,a3b: 

/*<,) ^ !(«*/*- 

1 + [/'fl)] ! = 

^l + t/'Cr)]’-" 1 '' 3 * -1 '' 3 

ThtF^^ ^ PTO^ by Tb^«n fi ri.2. 
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L = JVv ■ l i a d* = |ii l ^]|=i-^V p -0-it*-« 1/a f 

■ Tlic la^th oF Arc is ^{<r ■ 

17. Tbe curve t ^fjP^ “ 1 3n fi*rt ^wdtMrt fmisv i - 1 tfl x .. a > l. y — t£x “ 

“ i[ T OO^ 3 } y 1f )~ 1 /3 ‘ B * Tb «™ rt e - J 2 

When * =| u = l« 4 fr a )-i + i-*=5l)(d? + tt s )i wheDi-^ t - (n s — t a J -1 - S 1 ^ fi-. Itoa 

L *** i/2 * 9 *^ _ - “9 M ] 




7^5“ 


RATifiCiaLii iiig the nLffliciWf, L 


9 Tb* 4 6a V4.U* 


in iralli •CAm’p, 


“ "“ - --* - ~“» StfW+aiV' 2 '_ 

IS. T5ir Mti« Sj a *2(1* 4 3) in the unMHid quadrant from t, = -1 Id i- - 0„ jf — \z\fiT ■+ )’_ T.eL ti - 2i - 1 - J; 

n r „ .i,_ -$. ^ -S)™ 1 ' 1 - -*** - s« v, > Dj, = - M^' 1 - |»- , ' a > - 2 - -fc« 5 ' 4 - U ‘ l/a ) 

= 11V /J 4 = #***43a T ' 3 ff = +3^3-^ =^(3^5-2) 

19. Tlir run* S» 8 * *(* - 3} 5 in Uk first qoadiwii from « - I to * . 3. y= 1-^ * T * ’': IJ** = '■*• 

L - dx - = }*VV” j+K’ - 

J i V(S* ,/, + ^- ,/ ¥d r = 4 x-^Jdr = ^(^/2 42V3)-^42)] = J^M 

JO. TI# carve 9^ — 4( ] 4- ir*)* in t he fi nit quadrant from the point where r — 0 to she poLnc where 7 = 'i'i/%- 
b- Soivinj; Uj* = d(l . r 1 )* fur y, «W h*** S - /(*) - ^0 + r 2 f^ 

/'W-M i+^ l/J 

t -rf/'flJl* - 1 + 4**(l - * ! ) - At* +4l? 4 1 - (21* 4 I)* 

1 /l+[/ J (r>J 1 = 2x s + i 
ThiceEortL by ^uwrn (-1-2. w-k ks.v& 

L = p^ i (2z a 4l)<i» = ^ a -rs < JV "- : jV^ 

* Tbe u-’l la ‘^V^J unit* liHijS 

2 L Tbc curve — Ijs z [: 0 j 1 ‘: X — 0 t& I — ^T. 3 ^ If&tj:' xc z Ulb £ ~ ^ A|a 

^ — f ■' v/1 — t-aJi *xdz = i* rw r — l^(aac t — ian j.i j = -r ■*■ Q) = Ln(^2 +■ ] ■ 

Jo Je 1 0 [Tj*': - -7- 

22, Tb* cum jf m b fin. * fiwn r ^ Jjff to i = 1 ^- tat it) = -c&t f. L = V * + t&i xdx 

- | "^13* xdx= -b(«cjir + ci3LE-)j^ = ]Ji(csc |jt +cot Jjr}- \n{^t |v +eo 4 = Ln ^2 t V^) 

a. ib.tf. curve: /fn; - [ fttHtl 1 - U I* I - jl- By i3ie ftral rundiloctlftl tbt-hMm ihv EilcitJus. 

J n 

/'(s) =1 y^eflix. [/ j {t)] 2 -eesif, Ekoc? 

t = | 'V ^ 2 - =■ |_^ S ^ ,,, 2 ros 2 r-t dx =i %/2 5 ^ Je - sic ' “ v '2 - ^ 


■M2 ADDITION AL APPLICATION OF THE DEFINITE INTEGRAL 

S4. Tier curve-, /{xj — J ^ \/Qjn f fil fratti Lhe- politS whi^nt x — 0 Lhi the jJiMrs; whhire t. — 

^ By ttK fi:p' ftmdum-CTital tbwrem cokntasi, 

I IwT^riiT+i, hy I'tiflorflm 16 - 1 - 2 ;. we :nlv* 

f#/i ,--- 

1. — t/} 4 fiih t tfr: 

. 0 I j 

Vir. z: ..lLt: thir i .lLmU L J.Li«i:i ^ — *T — U, iZZ — J El, ILD £ — KSltfuT U j fUT- *J. Hcur-T 

L — v/l -i-cos ^ yl cos 3 Wti - /*{/ cm = s 


In 25-34, find ih* Let^Th of arc to 4 agiiiflcan* digits by uang MJV’I i.tj cajrnliEr Hi* tit-finite in 

25. The parabola j "rs* from {0 h 0} to (3,4). ^ = 2x. L 3 : ^ 1 + [2a:^dar =s 4.G4T. Exact ^/l7 4- ^ lnf4 + \/T7) 

3IL The parabola p = if* - 2 ) 1 + l fmm ( 2, 5) Ia (4.35- V r = -2). ■■ = + ±{j:-2) a d* r* 6.211 

Ernct 3^5 + V2 - M2 + t/SD -1- S) 

27, Tluriisk- eury« Tfom CO, fl J to [ 1 , 0 !-. 2 vn x; era r. % Tbcttctn. ti 1 2 L =; 

. r Jo 

7k The cosine curve ’z&hi the poiat jt>. .1 to the pom (^,y 

Let J[x) — cos Tr Uno / r (*} ~ -*in * 

if 1 + JV)]* - 

By TTneorem fi.L.2, ms haw 
L is j ^ ’/l + df 

Ij-m iig NTNT U> «vAluate tbc. Lbwpal. we Had S. — l.Ibfc to four £'f^Lfkaii r i dibits. 

29. Tire curwr p ben {M) to (I.J). D,jr m r ? - Dy Tbwfcm 6-U NTNT 3. — \/3 -j-Jr 4 Js?ss I.Dfifl 

30- Tire cnr^c 5 — isui 1 from (0,0 ;-10 CJ 3 ■^ M- ^ - yef y ^. L - | \0 - ^ir^r rfi :--j 1.2iJ5 

Jlr Ttra cvnfo p = i 3 - Gr 2 + 9r — 1 fnton ft—1J1* (J, - 3 ?/ — &r 2 - J2r + k 
L = j' H 1 ^l4{3r a l2a- + ») 2 Jr * S SLS 

12 . TLci cur\i p — ^ — 2 r J - - r i^ 4 - 6 Tru”! Llt^ ptrii.L (- 11 . 0 J lu ihn puin!. i!-. 'ij. 

► fit) - x 3 ■ £r 2 - &* + 1 Him / r (jr] - 3x* - J# i and 

By ItHHO 6 J. 2 r we have 

L - J 3 i/l I (3,* ■ 1 r - S) 3 ^ 

CsiiKg NlNT to ovslusO-C: iht. entcsral-, W'f fsr-rl 1. :=?&.40 In (mu s'l^iiiflf^nl di.LV-s. 

.IS. Tbtt cufVK y — r A — Sx J 4 - !i bKirt'Bei!. ibe iviti x Using mods vt Tuid and 2.5S21. 

y* 3x 2 -te.L~ f ^' Jl + (3* 2 - fefaiF ^ 2,422 

34. Tire cnmjr = 3- {i -1)' 1 botwra the r iotencepts. {t. - || 4 — k 1 - t — i sf — 1 

»' - -41* -!?■ L-j e 7 ‘ 2!a 

35. TH« rALejinry -? 200 L'ci£ih{e/200 ■ brtiv«n _r — — LEill aod r — till r-’’ — Hihbf ■ 

L ■= I" ij/l + sliLhVj^-jE Jdi — 2 f ^cosh*(^i)d^ - 2 f i^b ds = 4flQ ainh = 4DG sdiJi 

J ■’] Sfr" J Cl J 


^I'J 


6 ] LENGTH O] ARC OF THE GRAPH OF A FUNCTION W 


36. Explain -vrr.}- you Tiwowiri ft.].2 co compare the kagtii of arc of lhe graph of y = - T " fnim li-ie 

origin to the pom 1.1). Can you -use- Theorem fr.fc.-4 to rcwn.puln ihln i^npjLb a.rr':' If your answer js rw. 
explain why, If your answer i> y«, find th? leLi^th if ait. 


fir iy. Yii have y _ Jffpj _ _n* 


i> lifr-ving jy a - X? fir Ty. W* feav* ^ - ?(s[ — x.-' A , f f -r) = £r"' J,a - Hfi.-jni.ir /7r. Is* nl-L ouulLuuub* 41 .', 
Jhfi*re.HL frt.2-di^ Ml apply- -S.il viiLj^ y 4 j 1 ful j:. k\.' L^ivc X - $'y) -y' fm 

1 4 =1+^7 

B«*uk* ry f (n) 1* cwuiiqtjbi oo [Cl, l]. we tnay apply Theorem fi.l -3 lo grt 

L = £ = I- i 1 + &/"£ 59 #[<?5^- ! I = - B) 

■ Tfie #Ti La ^{]?yi3 - ft) uni'll Lnrtg 
6.2 CENTEtt OF MASS OK A R0IS 

C«ilrfn- of Ma™ VHwionV ;-••.■ eo-JL'ii J-tw o: cno-ioa Ei*t*£ i-.Kill IT a txwly uf mass M moving at 4 velocity t Es 
acted on hy a JW* F. lFik-ji F d/dti Mt). If M l-= coel^mI, dim F—Ms. Thus I ho 

i 73 ^ri.\ M £ 4 £ be defined a* the ralio F/c- If * -lyn^u eif tt panels is looted on she z 

aiiiit the paints x-pXj. .... 3 rj iLad the mas* or I hr nil I i.Lrl “it-Je- L-. rIvi-d hy rn_, ?hcn I hr 
monsicn! df .ttcjj fof lhe nx-^lrfll w;5li reaiprrl Lo the orsfijz is drfmnfc Id W 12 ? J ir h*;■ 
Thn- rmlr-r ftJT of che Eyplem W tho pnir,1 r isirli (hat if ihi- 3H4SS o£ th^ 

^yslCTtU 51![%3 r71 i- weCT rnr.r^nl raMn: ‘.'htc. lift moment of ma^S, x T j 1 ..[Ttj.,. ^iiSd X 

eqija] la til* rrtcinfWirTt of fTi4dH if ibe tCI31. H r fnjii-liirlr! lha.1 


Tf 4 fktci of knftLii t JP^tWS with iH 1-eft rndjKiinl nl the -orlsim ii fluch that fcir ,n 
fPIS>iniUVUS funetioa p(x) ihn rSStoS |.>F ihc ^pnuent r.r ■ -A-"! h ^V.- Ar whnrr n If. 4 
paint *ftbe segment, tiitn j?(ri kiLogrom:: pi^t mtE.+tr :s th^ fani ir drn3aCy at j h fnlloTPK 
that tilt to! 4 l T7ie^ i.K« TfflJ is liiloprAms. ivbcrc 

M» Jirn itpiWil&i*- [ 1r ^-)rf± (?) 

I i 5-0 I 1 J : 

0.2.2 Definition A rod «f l^ngib L mrlrti hn:- i[«t Jf'r' pnd^int ol Lin- If PL-c) a ilapr.irns. pci m^lrr 

in-lEif’ lin^if di-tisty & j, f^tnl J iddfW from -hf nr^iv. nrh^rp f i« cnnlmiacKjH urS H^L.. 
Thr oicnarnJ s/’ m-g.^of the ntid wrl.h n j t;ni L c" J la t3;e arigio Ls ^^ n ILL-CHflam-IFlt^ra ■whrre 

M 0 “,. !i« £ = I dt 


u UiMJ .^1 J.« 

Thv ^rnirtr -or nuuut- of SIlk rcid La uL Lbti point r Kirfh th*t if AS feiilo.jgf^ntT r- I he. LjjLsJ 
rr^i-i..- of tiir ri>d, Lhan rVf —, M . 1 h-T! rn 


Ddtub 
SI tmfoi 
CGS 


The fnl?<iw-i:iK. t^Jble eiimmariaes tbe y*ed in ihi^ !wn>k 4isd the value o! 4 bo 

gi^ivitat-kriia; cones-MT. 7 in eovh. JIoEe in ill poUAd is a noil of force \ibt ' flnd mrv^- ills). 


Acc-'.cr-^.ir-f 


poubd (Lbf| 

(N} 

dyne(-‘l fl 


i!uR 32,2 JU 
kilogr,Tn- fh^J 

(gj 


g.Bi 311 /wr" 
9S2 tno/aec." 




■ill ADDITIONAL APPLICATIONS Of’THK HtilWJ K INTEGRAL 


£^r-rrts^.!i tf.i' 


Ld hliunzxi-y 1 4,a phtlii'l* eif ft\ vnn rn.UA nj-.d fijttckruliori itf moving □□ a JiDnionJ-nl limn. Fiiiil fcttt rscTtf-d, 

t. Mjuv. *!..?,*. pw^leraLJUfi! ii 5 fi/set 2 . TF F 3fef W the fp^r, T ; - ^)(&} — -5Q. 

2. u> JO k^: i* 6 m/aii 2 - If F N b Iht fer^f. F - 31 _| .;G-> - GD. 

3. M;ts is rtfl ^ aocetafatfoEi is M) cr_/W’ ii ? dynes is ih« Fr-rce.. t - (frJ)(30) “ LQ0D_ 

4.. M*k-i is ££ 5 ^b^: ^eic^l^rr-ap-L-or- si ^ st/pnr 2 . 

► W«r aw give a that M = 22 *nd □ — -1. Then 

f = Mn = W{*J^35 

■ |kwa.iLSe 'ac -ftiS usLnft tlriE.|H h utuIk, the XurCt' :£ 6S pnundK- 

3r ITisKiacs 5 a,* noriTimsa] forc* sets on a panrcJe and ]ss maw or wrrirraLLuii ifc given. J/iud lb* otbw quantity. 
5. f ore* a= 0 nl; mfcis ts * kg. If in/rar 2 ia '-b* acceleration. n = f = § 

G. l"omr b 32 Ifrf; -mftf* b A riufr If -a i* tJ:^ ^rdnaiioii, c - ^ - '*■ 

T- F-sjrtJrt :.- 24 Lbf- acceleration i* 0 (t/we* rti dlugn b tlm »uu* h W - “ - y 

8. Forte is "00 dynes: aowlt^tjan b !i(J cin/str"- 

ss- Wt are given thti t - TOO and * = dfl- J"2 h:p 


llcrn.np*’ "VtV m:si^ CCS *init£ H tilt FFP*5 .grains. 

Jfc i-JUrtii:-^ U-I2. .i. rsvAL^Ln uf |>iifl.ie]r^ ufi lb* - a^ia ini chc i^; vin-ti 

(if ii!*.-*_ 


* Tho* ibc rpntar of trinj-H is ^ meters to iJlft eight *f the Ctfigm, 

La Exerci^r* I3-2L, fmd tbe intoi m*tw M pF™ i aad ikr .-^:if-i.- uf j. 

13. M - ILm £(2^+3)^^- f * (2sr + 3)(i* =z s + ^P *i54 



M — Jim V 4 2-.A ■; - f 3r - i'lij - li 2 4 ‘lA JU = Ml} 

«&f-4»£i' 1 r J» r I# 

^ - ±j> -"sfe> 4 +,i r- 


6.? CENTER OF MASS OF A ROD 445 


^00 _ m 

W*T 


TietcfoTt Us? ctni^F of ■iniiAi i* ^ cm fi*m one cud. 

M-= Etta £(4tv + I>i:F = I ]JJj -2-HL-1-9-1T1 

[lAjM^l ' ' Jtt 0 

*= ^ =i7^-‘ 29 +j - BI >-m 

Tbeirfoic iJi^- eml?r nf 1* [ 3 .92 l:i. from oae end. 

The lrtiglh nf a teal it 3 ft, -usd the Jwwk- dene^ty of ;Jtc imi jil a point x ft ffwn one end is {d+ Ii) stais/ft, 
w* 1hivt ^(j) 5 4 - 2t. ]f M Mug* i‘- (hr fflsw, by ». (2) 

M- Jztn + =■ P {-5 + 3*) d-- dr t- s J "P *p) + 9*:i4 

P^IM 1=1 Jn a 

The tota. mass of sac rod j¥ 24 slugs. If i:w cent** of tn*is .s at z_ by tJq. (4) 


j = ~ ]iui 


h(5+2to,>j,A,i =^| ',-5 4 'iT)7 4x = ^ ! (-St s-Sa 2 )*: 


-sVV+P £-*(?+»)-A4-S 

Tbii fjKiTLrJff uf ijLfej of tbs L'>ii Li ft fecarl ihr eCid of E.hr KhI- 

. Le: u/tiD be the density ^3 |k>Ii-.[ xr.nt from, Use 3eft cnc 0 1 the rod. LcL = cu; t S*. EfaiL^usr 

p[ft) - 3 ^(12 ) — 4, ivc have & = J aad 12a + « - 4 S Phtreforr 0 = ^ l — 3; Hills /.■!_£■) - ~t + a. 

M= u a^ j| (>,+s)V = |y(fc+*ifc - ^+H” =* + 36 

- s r ia _,i _ *, r 1 r is vi_ 2 . ^.. i r i _ j .up* #+eis_5w_*i 

^ ^Jfl ss * ’^Jq “5* u * *i ' - IT - 7 

Therefore the center of mss b ^cirt foato ihe Mt t&d. 

. T.e-i jC^ri #/trn em- tli* denatv at- rhe poin^ ^ cm from the 3ct’> end of r.h^ rod. T.^ /^x) - mx-b. Because 
^(d} = 2 and pl'Hj = i, we ha r? i> - 3 ^wid m ThiLi p s.) - j^x - 2. 
r - lie 

W = n l™ } g + fW$» - j 4 (^* + ay. -?r| o ^ 5 4 ai = « 

T.na f^x) tiK. m be i3m density of ?od a3 tJ’-c point a- meters from the cud bavMg -iic den-:itr. T':i4fn 

^r) = cj(ID - i) L IkcaiLK p (6) = '$, *o h*v* 3 = r = J. Tbwtdnrit iP(x] — ^{SCl - xj. 

m = fci 4 £po ■■ = 11 y »- TjdV - {iar-,y]|| - 3j« - is) ^ f « _ 33.5 

Tbjcitioit the tcnlc- of U ^ m from th? «id hm inp -.Le ^-natEj deaalty. 

A rtwS i^ 1C 1 ft Joeiil, aid the measure of tdc tineai density at ^ porni b a lini'ar fnnnior. ej!' Uir j^i«aiiLrif of tbc 
dietrincc Iroin ' be cc^rcT nf thr rra3. T;ift I ieipju lI^hsIlv- ^il each etjd of the ce&d Is 5 slugs/ft -an-d M tbr f^ntix 
Lbe JimmiLr dcii^ity ^ a-Ju§5&-/ft.. 

By e.yiELEnrLt^, (hr CrtiUr? of [CLtH** Itf Ihr £lf :i ^' lp rwl - z ^. Xl3 on rQ ^ r -b c 

cautflr. Beeiuifeie 1 ^(0) ^ | and thd t™ — ?uad ^ ^ f [4h&]. By ^mmetry and 

um* 

M 2 1 i l SLo " 2 J» S + ^) dz - 7 i x * »*‘t = ^ H ^ WJJ ’ “ 

The by'?ij of ih* rod is slugs. 
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21. f *1 p(a-[ HJuyv/'n bt* tlhf ■:li , i is-jt v of [hi- rod at Lhr 1 poi.nl x ;'l front tme Tho p|>) — jfe* 3 . >5clause j{2 —i: 
we have 2 _ bk\ © — 1. Therefore' p(x) - M - 

= MJ = ,fi ‘ * == 4 HtJi ***** *■ JrM!“ S = ^ 

£he eeqCcj o-f TTiiii Ls ^ ft from. OB* end. 

22. Let p(a kg/m be the density ©t the rnd *1 the iwU - from l!i<: ji£ar end. p(0) - k. then fat-l-2>ra t: 

She di^ twice from i.Im point M:tl yix'i -^fc'j-J-2-. 

J im + 2)A■* = f*i*(i+!S)ir=4jfcf* 4 2)^ = JtflS) = I3&;± = 12 

|iSl-ftls3 ¥ 1 k m 4 Js 4 

23- Lrt p(x| kj^/pn fcse llm density df the- iod it the poial £ meter* from the *-|sd having the create: denary. Thee 
p\£) - e(4 - £). Ikij-ii-e p(3) “ 2, VL+ fcavr 2 "■ c. Herlce p'xj - S - 'l£. 

r ]S _ 5 * 

■ IT _ I5 _S 

■ Tbcrfcfrtfe :ltfc ■i^n'.rr of m&ii is 1 .Id hi from the ead Kxlvi t-f: the yrt-ultr density. 

S4, Th^ pf the linear demiLy rU n pnipi nn n n«l vftjfrfc di Pretty ** the fourth power of tW mracuT* tfT tiie 

distan-rn nf J .^ir T^infs^Cn Onr eftd, Th" frnglh -nf rod 2 CT. 3f l he iotn" mats* *f [Ike tck 3 i? ^4 kg, find ih* 
eetuc* od" masa of the rod. 
a- ^V© sre p.iven th^ifi fix i — Lx*. Tiwib 




IIi 1—0 s=3 Jo -A’ 


Beransr the tola! inpjh *f iho IOC if, ^4 kg. then 


t-2« p[ r)-?r 4 

liy tq., (4) we conclude that 

* = ^1 i^o ifi~^[ U x * J± “ = 155 ■ 64 - S 

4 The eiioUW Of ^ rrn-Lr:|^ fmm the cirid 4kf Uuf aod. 

25. Ij«l p(ie tf/tjji be the deiLaiy at the point j cm from the left irsnE of LJ:e rod viiet* — 2/{- — r . 

riS , 


Sim £ r-r—^i* = f 14 = ?>*{1 + i-)F - S In 16 = S Eb 2 

i J—!!^:_-a J + ir c J D J ” ¥ 


4 In ^ . lo T 

" -1 In 2 ' 


■1 3bi 2 


2G. Let p(z ■ ijr/m be the linear dcivc^y -r m from the left ei^d. Then /j(x) - - 1 ^. 

M = | - rV* - ■ s*0> - Tim, i - 2»r/I. J . 

27" t Lei p{x) Ssg/liL be the liliWi-r deil=4ty of tan- rod al the point X fBCMH ft™ the end. Thru 

K = . lim - if' ± 2 ij; - - 72i 

0j 1 Sh^o is j Jo Ip I 'j 

Tlence 2d - 72'* j k - Thus p(ri - ang I tic lan£«£ value of p in i.fi ia ^(Gj - ~(G^ = i2 L 

■ ISencc the fie*;>xT- ibsc^r density S2 W^ 1 - 

2fi. A rod ia f. mrft+n. Eonft and iti ©enter ©if maa in at she pfiini |L frain «hp Infl erw!. If tlie measure gf the inww 
density at a point fr prnpi>Hionnl [<I n | rcfATT eT iiir iM-rasu.rr of the distance from the left end, ,tr)d the Hue*.- 
densaty jit [hr riyjil, end kg/m, find the linear dnuiUy ai a |K>int r front the itfr end- 

o Let p(£-: slugs ■'ft be the tirasjiy pF i>ip at the point i ii from ^he left cad Then 

rix} =. *X“. B««wc = 20. !\W, E# - ftL 11 ; t - M Ttun fl(j) = x". 

* - 'A 1 ■ f;e: '•>■ - SMl^*“SSHSSC-S** 1 - 

Hrnrn J I. = L; +ft - 4* + -l; n = Tfretefote ?[*) - **■ 

^ n + £ l 
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6.3 CENTROID Of A PLANE REGION 

Center of M-oaa Let (he ttHidHra «*f n j>h.r4Ecl^K tfi ill* p*i\nt* j= l■ 1/ 1 j, ta^Sla) ■ ■■ iJir 

plan* y znQ-Mured by ra^ni i hrn kin !<5l-n2 m:u« <if ! hn jiystrin :■ 

M = J>V, 

■ I. 

gnr! threrRlri rtd” niaSSivT tin; .‘lyslelti is llL :x.^) 

, il I Jl 

? - , y L, und „ - 

IH -1 53 Lk: it r^lna jit the xy pLd.=.c that Ls, bounded ^VoYri by lIh- fyi-vi* if —■ _f: J"}, below by 
the cqrrc y p(j), on liif rrfl. (r . 1 the l"i is*- *—< 4 t -Vnd or. trie by the line r —A. ll 

rft) in a CMitssiiKJUfl ftuKtion sucIi that the mw ®r a recL^nEar perpendicular 

t* the X &5LS bclwfen C Mid r - Ax is /->?>■;[/:^ 1 - ^ Inr ^crar n m [r,i 4 Ax . 

tin* its stater of mass is at the point ^..J|/{tt:i • ^(■ r- « the ate a demift *t 

the point ‘r.yl, It Lhfci i lie u>r.;-_ mass-of K it pivoa by 

pi 

VI - 11m 

1 £ H-0 ■ " - 

= i - ffclt d* 

FuiifafcFnVQ¥*i th* memenii uf l?. w ii.li rejpex. 60 the y add £ -hjtfp Its#' 

Jip 

M m ii:-i 51 ip[*L;)f/(rtJ,.' - Sl>«;)5/(m ; ) |- j(m,0]i 1 - r 

[] Jl J-*tl i = I 

= | [' J- 

TjiC tr^tf vS *f !l i* l-llr I*.III! (j.j )) wfccir 

--^ -A 

i_ .VI i ' " M 

If /"(af}- 1 then M is jsst A. the arcs of IL and- f? yi lfi ^ollwJ lIip rr™Xrtfii«f R. Similar 
dPc-fi. Bit-ions bold d the pupa drnsity rjirJ tEin equations of tEir boundary are :*$ 

fuizLllOrd of J. In <ih. 33 we cutt-der asea deO£il:e5 :ha; furriiprv: fif Imth X and y. 

fi.3.3 Tboopera ]f the -ptane reetMi ft hw Hi? H™ 1 L =v- an nscs i?FsyrnsEiehry, Ik E^ntroud of It Lies on L. 

6.2.4Tlifflirera«rPappi» (T,x, 40- Tf n pUim HgiOM 51 uF A 7- irvolr^d .’-iioa£ a Mr.p L. in E^- plane that dne*. not 
the re^on. tlicrj th>? of '-cit toSonw of the polid ^poerAtwl ^ivesi by 

V - 2 A 

vrhftte y is r .be mea^:rc of lilt distance from tae cen'r^irl nf R ixj Lhp ]irr L. 

Th? fqLj^r^ng t hper malU tif FrAmnisen nf (bU Nation hV^ 4fled throilKbiO'Ut t-be 
QmLtomE «aF a. Tfuuigle ^ raiLrcrid aT eqiud nuuda aL thu vertLerf — pr;i1 1 1 of .-‘iirfhcr.l njri t>T l.r inrtljjuLK. Ef '.Jw 

vcrlieeH aie (ftj,* 3 !«. Ibn Lhr L^ntroid iu (^(aj - a, -a a ]l.^(fr L i 

EkptrIw? 5 fted M. 

Ctailiuid * .-wiLiitiicJii f£s£.3&) Tht d^tlf.Cc [COEEL the eeatKlil tf a sernicirde ef radiiu r t& Lli d^fazict jh 
Exercises &.S 


In ?hcK Ekctci&M [*Jy> 5F thp re^trr of in**-. A ^qoait oni'rF l>5 the ^re-i nf ihe rrTTr.n. V r.ubir: nisiLs is (br VOlitmc 
if the solid, and Ad* partjtiOB of tile ^fwnfrrr interval. 

i. m w = ^ ra.,1 - T( - 1) - aCS) t 3(3) - m r - f m-y. - 1(3) + 2[l) + tf-1) - 2 

p=l : =l 

J io HI, ■! 1 

M =; £ mj^S+I-i-3 — 6. Tbwefw* i — - — - 2 and ^ ^ = | 


1 H APPTTIOIS'AL a PPLItfATlOKS OF THE DEFINITE INTEGRAL 


» The c*ntnt of mass la hi i&i* point {2, ^=. 

t % " i) + m + -*(?> = s? = f>£i = «-*) +3(3) 4 3(5) 4 4(1} - 24 

!=l 1-1 

't m _ »'m 

H - £ ^ = 2 + 3 4 3 + 4 = 12. ThR«4m 5 = ^ - =| *ud $ --^ ^ - 2 

■ The i:i'i;L<:r of elm Me ;a hi Ibe point 3j- 

3- m^ = 2(3) + S(0)+4<i0)+m(-S} = W-2ni;M= ^ «*,= 1+ 5 + 4 +m = 11 + m 

wrt 

ISeiLa jbs* y — -^, y/c have & — ~ +■ 5*n ^ S-t — 2m;, Im - 29: fn - ?? 

t find tht center of af Lhe three partld** Laving tbwf* of 3. 7. rind 2 k^ k-Lhsed 4C. the points 
1-3.4}, (0,2), respectively 

6*- If M jig i^n ihft Lle-1:lI sriJL-Li of Line Ihiix pdfLkle^. ih.cJL 

M- £>, =3 + 742 = li 
1*1 

Tnet !>, p} be die coordinates of ceuluT of j:ia*s. Thin 

* - ££>;*( - ^£3(2) + »(-!)+ 3W! = -& ?= '"V, - * 7 M>+ *4) = % 

* Tnt center of eelju* :a {—^-y4.- 

5. Let the measure oF the mass of each partied "be in. Then 
J a 

n »n - £ m . r . m <4) k np(-i} + M 1} - 2ml +h F - £ rM ,l/ L - M t\ k rnffl) 4 TrfiS) - 3m 
p ^ i=5 

M - ™i = m+m - m ^ 3m: ^ = ™r = sS; = is Jir,d s ”-sr = ^- =■ 

« The center of m,T5i n a| the jH-irn' {|, I >■. 

1 The MCr-ttJ yrilhim <>f'3 4t[LJ.I lELioaet d.1 the VcStiitft *T 4 tlsUigjc iir=? .tl tpe paint af IziEttaettiOfl of H* mttfciJi-l«. 
t ITn i:l l: at thch ef then 

t,-h?^ 4 J-jji^ 4-nw., _ a. 4 j 5 - ct-,, . 4 ^ 

— "rn+iTJ !{ ’ - — m 4 m ■+■ m ,1 

In Ew^rraLw. 7 34, Elstd ibe ^r.;?oid or Er.e icgfon wHn i-lie inHir^i^l :Kn:-:d*r:». 

7, at — 0 because tbe u js an ** ^viijnihirv-. i ist iionn^alive in [-2.2], 

A =ilfU - I ! a <4 “ ^=* x -H- s -1 

nij — Iirn ^ [1FS - fta 3 — r 1 )^ — t l#a - 4 lZ~\ — Yv 

3 |™U jf ”J 

Jf “ ’ m s - “ - |. Tbuf the tenitoid !a ai tEt wLai (0,^). 

The pa*abOi& i and the jr 

The figure nhfl-vra liie re^iDn K. Ji E bn-JIlded OE tEe Tighl bv the rurve x = /(y} — 2-^ - y 2 n uu lJlc JefE by r ,h.L 
:::li r - _ !\ b |m . ■ 1 . ■' ..!:i- - -I Uu= ainur ! <: .:.■ ;.. J M^-i-”. .a..: - ■.!. v.-c u::.:l .'. - 'i ■ .i -.: 

□I H. ia pven by ljr 


A - I irn £ /(rn a )A^ ^ 4 ) - jjf 5 " = 4 - ](&) - J 

[ 4 ||™n 1*1 J f> 

If (i.^r) is iht emtioid of H. then i 

Efcrjitisc the Line j — I : -< ^ at aynunetty fb? R_ tbch j/± t, Thih, the flefil raid of the □“c^icui H, jh (| t 3)r 
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9. i 1 =' 0 hwrjtJLNf the y axis is aii aids of symmetry. 4 - z a is noancgsUivt ■’! 

A " |j£* fe 4 " = ^T.2 " f 

», = lira E ^ + "•,■*)(£- "OA* = J [ (t6-**)nfr = -[ifir-^a 

L -.-■ ||—rfi l=E J - S 


Hence t ht ceniTOid it at thr jitimi 


A | a h^\ 0 ~^' f ~ A m v ■ 16 ■?“*■»- 

1L j> 0. te—x J - a(4 - x J ) & MraHt£*iiwi h. [ft a]. 

= [ (4r - )fi7: — tr? - \ 


A- jia L 

| d-i i—O ,-L 
n 

m — LLrn V 
[.MM!.- 

rii 

■m. = llln 
* 1 d II —n i= 


x ~~ \ ■ ■% ~~ J - It " if f 1 "J r - ; ! Ijv* - vv- Thus ccuroLd is at i ht p*m i ] “ ^ . 

]3L TS^ tiqdB ? 3x 4 i.T ^ y ~ 7, jiEhI r — A. 

b- Tiw Fifutfi show* Uae rtipoci K. K is bounded abnvp % tW lisit; ^ - f(*} = 2i+ 1 imd and! bcJgw by tbc line 
i-j- y —: 7, or, eqaivaleutly. y ■= j^as) = —Jt4* < r on the- left by linr - — "2 nnd on the c-t^hi by the line x ■= 3, 
Fimfrtrmoen, Et is a Lriamgie of bast IT - f- ]) = [& &j?d height ft- 2 = fi so the area of R is pyon by 




|{Si2 - 6) + 3(C4 - 4) - 


5eJj 

Tbe cc-nticed of R is ft, 7). Note chat ‘he ecoHroid rvf ih* a _r: r_:i is tk* e^suea: of tiiass of equai masses at iho 

th™ find (4,11): 

__ I+8-r&_ |4_,, „„ „ _ i+ "I) L 1 ! - « - t 


idU-HOi,.! 1 ’ ’ 

-li '? 1 E fK -*; 3 }t (i», 

I *i |h“ 0 ini L 

■2 [* = / 


2tf a t 


I—XT 5 4 X 3 + 2x)di 


||i- -o - — I 


iJcrot ?:bc- 'TrnLTpitS is AL lilt pOtDi f: 


m' 

'f 

re- 

m y *-Zr*%/ ¥-* 

t4 

- 

X ; 

A+ .. " - i 

; J| 


■\/ 

4 

j/\r '"■ 

3 

r _ N^. : . t 


- 7 4 t^UO 12 |i 

ji 

11X 
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**, Hp«* - ^ •w~rl m k* m T ■> - = » 

]n Lntidse& 15 and 1 £. find the center ofzrtasj; of tit lamina bo’^Ti-dtid i?y th* p^rJtboLn 'ly — JS - 3r and the £' ax_a. 

1^, pi'Xilf) - - X- ftriTJLILtfti '.hr. JizTIIIIIul Srt'TfLiatH n£ with ErlipfiCl 10 thfr £ fi^LS illd Lbt iJtft dtOiitV U L*L Ji 

filfirtinn of y, ibcr. ^ — ft. — Jvtf. - J) b boaiucgnLivc a ^0, G\ 

^ hna Jl 2 ■ - V® “ \^[&r 2 - — VW ■ 3ft — 2. - S6) = 3*\/^ 


2 TlH'tnfciEC ifcj* tVT.m Of Triads i-i a l, tin- point (2.0*. 


16. Thir at™ lifJVMV al »TV i:i>iii; ' LK r Wm . 

T- Th? flsyrv ^fcmvx :b* Tepoi It W* arc gj^r iMt p(r; -^- Jkea’isc ,n ^ : J - 

ftmriiwi *, we mi^t i^Jve ihr bfmndaiy for ^ w* ■* ^ - J _ 

^-j- v ^'_.^. Ti X £ 10.fci • Wt u^e aymmttn zrA h: /(a ! - v/lT- - * iisid 

jj(-) - ft, wl::eh Vc ijj2ii*?e. ftc of a f^EfljuKu^U di-muttt *f ar«i 

|^ rF ™tieti]iJ r -n th* liJtn b and iH FTIais is 2p(=rj This?. 

M _ Urn £ 2*1 «,•]/(*■, JA;2 »_-. Aa £ 


i’j dr. i; - 3 vrhen r = f 1 : s^d * - U * 


Thffcforf 


4T72 s,y irm^lij 








fl.3 (raXTECOU) Ol' A J 1 L..V> K KEG1QK 


Hu 2 *; A — 2.SS0322. B>- pymmrtr; 

[ r - 2 l j 7 ]^* (m-t74. S - tuua> 


19. Frx*rtiM- 4t. y - n z - i: p 

. fl.44M43 ,, . 

■JO, Ex-r-frjw- 42- i) — ^■ ?f = rw r: [—0.5241 !t.0.^2433]: A — E-C1SJ-475 
d. FtnmiiM- r : and *uft x art ev-ea fuoctiwis, the r^gii^Ti. sliOWn ai r ,f:e t^>.- 
bs symnuetiie wltli respect to x - C 1 t = Q. Using ftLYL we havr 

m . -1 - 0- 5SKB5 !'-^ = T^H “ ' 

■■ Thx: eeuLKHd ii at (0,0-5346). 

21. Ebrei*« 43. j) — r J : -y - 4 - r 1 ; the ?/ [0. LfcMfi'; A — U.7545 

*, T I' - 3?) - Vk <2i« l.flMfc i -HttI - P.51i6 


x ixisi |0,i,3H<W] ;ind [ L.a M6D. t 
s V 4t. t 2*7SM: i = 

-r I )' z dJ' ft J-LSTT: i - j-jwgj —0" 


Ejtercbc 44r f 
r i ,n 


24. frtempc -36. j* - 2 - t7z y - frfi: - .71fifcB. . ■= 5 Mj: A = .'{MB *? V ^ 

a Ete-iuse 2 - jr 1 anc see z are even funning. e ke rfcflioo. -shoua at the Tight, /Y. jf\ 

15 si iTi m ffl rir wjlJi rcSp^tl LO tf = tl asui SO Jf — 0. EJ^ECIg KINT, 3istve / \ 

* mm 5 =if§r=- >- sm - ■ A ■ > A ■ * 

* The er-Bipoid i* bl (0,1-3&4)- / _ \ 

lA Ettuj-ittStt 32, U&f uouf grojini-ii- cjJr.i:la.L4jr “u fiibtL Lu Sogoific-lpfit dijiLr- L I:-*'- f^nlroi-d of Che rcg;iM: 

hi<iL| hilr*! ty thr- fti wm AUJVsfH frum itc i-Stri* ls-: Lb Fti ti i vri -1.?. 

25. I.TC.-caw 41. The irgicKn boHadnl by n -1. :4c X asic. tj;e y-uc:". t-tv' w — 

p- A - [ yr a T- 4J: 


J.0-LW9 




2. The Tetpoij haum^w! by 31 

V -5 « 3,^343 . - 


r -4r as f<.2fi2977. x 


SAlflAS 


. Th* ttgiot boLiiicec by y = {/ 

4. A — i ® 4.200' 

V/ - 4 1 V 


4.3iT0»C 

^.2UUlo 







4W ADDITIONAL APPLICATIONS OFTITF DEFINITE INTEGRAL 


2$. Earrri 1 * 44.. The negitoi l^unclr hjr th« Rnqih of - 
^ axis, and the but' j/ = 4 . 

p- See the figjure at ibe ngbt. We solve I'.ij- -: z = ^/j? 

a - I 'Vj^Ti <ijj« i Mata? 


m„=& J *f**^»e. *-x=S - 

| VV +5-^^ * 1TJ79S7. S = ofsHs 

■ -IV ontina ifl at (1 ,D49t 2-351}. 

29, \rA\ 4ri, litC tK&W\ fcKHWLtM kf V ~ *'*> ^ ^ ir ’i * 

& 2 : — -2/sin 1 A - I ?/siQ" J ir rfs ^ fl-7754!W.:h M a . = J f bun" 1 : 


l.lt 

fe C1.3214USS. J 


4431 <169 


J/sin~ J i • i/ □.441>lflflTi v 


30. Exercise 4$. T&ir* fr^ion Konn^wl by -,■ - tan t\ the p wift, ^<£ 
& r = h/r.Hiis '"^. A — [ \/tnn "if te U.ti20S23J, M,, - j ^ tan 


[Bim (ElfWt 


i» . 3710470 
flf.6S9K23-3 


* m tHH - m** m * - L * 

31 Eierrbc 13. The region bounded by the i;i>Tph nl jf 
i> Kin if -b 2 — tfttl wE'irh j" A — i ffJil 


12. Es£fri.4r hfl- The c^itHL HwKiid^d by ihe graph of lr - «w(^ + 
^ 4- 2) - - 1 when j - i Q-3ih5iJ. Dy qyiwmeiry, i - 

r 0 3fi5]'' ... 

feW^ + 21-r^-llldi % 0*43374. 


_ j — fL3SjGfti .-i TiiJ-T 

s " Y “ tW? ~ Jr7<M2 

ft Tbc -cftnlmi[L ib al (0. —SJ.7(M^}- 

311 , jj 1 — -a 11 ~, x E [0.3$. Bc^a-i^ Kg ion is symmetric with j-^petl to 
A = lira £ 2 - ^p l/1 i»i ^-V - +f> 3 ;i [ J- 1 A&f = V 


|ft. I'M M*ftFoid wiJt be at (p. 0) if Ja ” p. Tfcil* n - >pr 

iA a arc EKwLtivf; if p is ne^nlEvH’. w is a f wjiJi Lhr wsmt pofuIl 
from lite « Q lJ*id of a tfiMgic u» any mdr Of th# tiiangie i£ J ^ onc^ilLirrl of Ole 
<1 I 1ij.L did*. - 

nJLc3 t(> the (jiv-en g>de ‘■‘ith I-he otigln at the ■v^tt^JL Rdcr tfl It" ffgute- Let the fnan^Jr 
i hy the Jibe r - a V *nd oci the riglii l\v [^*]- *nd »*»¥€ hy ^ - A. where h 


1 

7 

I.T 

r 


\ \ 0-5 

: / 

l l 

v "V- 

ftsyT 

7 

-13 

- 
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PJ 

A = n lira 2 C a ™ 1 ~~ -' r: .1-^:4* 
ii^. j—a .^i 


- K («-*)¥ J'J 


-, i 1 ™ £(<% ■ 

| d Ih-rt ij=i 


-A-v 


= J q (n -b}y 2 Jy 

= |{d~ £ 








TiLerefiwe 

*.ibd so thj^ distance of ite essiEfoid from ttae pyv&n aide ta A - gft - ;^A- 





3 m Extremes So-J’S. ose lie Thwresn nf Pappus Us find lie Endicaied quantity. , 2 

^5, Lee ib« seKticiTcJc be the it axis with ii* raiLe: a: the origin- !f n* j* r um:U Hu** A jtft . If '-! «■ 
rq]i-:m is revoLved h!k*oe the axis- a spier* ks obtained itad V “ Ji<*ause th* rr^iou U aymmttric wim 
rece( to the y itiis, £ - U tty the theuxem of rappu? 

iir J - 2*f-±*r^ jr= !J” 

'rjlfrffwp slur rrnlroid It at tlw pwn( M IOC i>i*Kti(lg Taiiial lint whoei distance frtKtL I lie tenter nf iJi* 
«fnirircJ* is Tp times the nsdiuS. 

36, Th" vylumt of 4 ristt-’Cimilftr cone *nLfi hoar* rndit^ r uni-a arid Jw-^bi ft -.nils. 

it Th* con* is the *ofid seceistcd hr myopia* A rishi nf leg l«ig(Sis k and r about the side «f Wh ft. 

From Eotetci&c 154. the dbsi^Ace of tlie c^r-mid from she asis is y - -,“■ 

By tie Theorem of Pappus. V — 2*5A - 2i ■ rAr — ^r - h- 

37. Let R hr The TrjdMt boondrd l>y the Mmiciick y = v'^ : - - 2 *ad t; ^ lli * tit®™ of P*pf>ms i& 

find she mo-mcni n<f R tfsth respect to tb* bn* ?j — — r. 

Hi* a™ of tie atmkiicuJw region R it A - Jrr*. If R is rt:v*Jved about ^ x asis. a sphere Es gcawFAE^d with 
volume V = SubsiLtuEiug icto th* theorem of Pappus jmkI snivel^ Joj wt gc-. 

V = 2-ffJrA i frr 3 =r 57t5 = ^ 

Lrt ^ bfr th« dal^ncc IwLw^a tjw line ^ - r And Hi=n Hi* <*>ntroid of R- Th^n 


? = f+ y=p+£ 

The metn^r r - nf R 'vith rrepec 1 : to th^ Isr^ y - -r is ffi\eu by 

M = AC u (^rr^r + 


^e. By tlie theorem of Pappus V — 2*rA r ¥rhere ^ k the divine* ftom the centwid R. to the line i - y - r - fl- 
Kow A — ^ht' wd hy Fx^rciae 21 the r^ni.mid of ti Ls ii the- peios by tbF fermwl-n. !cjf tic 

dt3Wafi= ftora a poLat to & aEn* 

* = ^ *0™ v = •^•-1^^}^ “ kM. + 3 *J m;S ‘ 

39. Ppov-f Ihe Theorem ue' Pappus for vgtun** of of solids of wvghjtinn. 

& [jit x a-cis be L «id leL R be bo-imded above hv y - f{z) and bc-lo^ li; y ~ §{*}, x t 'o.ftl. Then 

V = ]]m \ 

LI Jl |—n a 
- 2s-M r — -—^ ■ A = 2ryA 


dM ADDITIONAL AmiCAllOJi&OF 'VlUv UKFIMTK IN'm-RAf. 


6,4 WORK 

OopEtapS. I'orcc If o cdemLiulI foirr V UIHl-s .vftinfi oq 4 body caiLNf-.- diapUrornfJit *sf J3 unit*, whfro thv 
force tuiiT tiie displ acfttfrehl ATt in c httf j^liik dinftctlttii j th^rr I li£ w-spri dbiir by llm fiiCftc 1ft jJLVett 

*>S' 

w-r-D 

Th^ ftdEaaing dcflcittictfi is :^d to calculus Ihe wori dose fry * variabie force. Jis uzr ip 
sUusiTaicd in Jt^wcipre 4, if-, i'^ and ‘JO- 

R.4.] DrEniliom Jjat Lfrp fpnctfozL jT roTiCinuniii: ipn I br chu^l inLrrviiJ [rp.fi] -vlid f{r ) 61 : fespfi: .^nlLnp 

<n aa object At the point x on fctw x fixit*. If IV unit® is the -uwrfcdo*ae by the- force- as ihc objwi 
moves from o to p, linen 

W = lim - [‘/M j* 

!l A —D ml jo. 

The following ™&*iIl Ik used If lKh object is hot a boiai fr'it a soLLd of knn-^a cross section, as 

UlublrALed .□ fjCtldMS Iti And 2 -i. 

Work by slicing If a- soled cylinder of weight d^n^lLy /j, base area :::e-aj-jrc Ai±) arid. Height meaaiLie to(xL and. 

bsrttt WcsfSJll ft is raised y. distance Ait, llir ntntili in the ,-j-_mc ;lj ir a Kijcc 

id" Jifrii A{£) ikiid liflftM i_c ii moved: a distance- V-r) frocri ihir bottom io Ell-r top H-nisrn, by 
I jc fun-bon ibr !o1-lI Li 

w = Km fc^A(iy‘>^tpJA.x - I pA(j*)Afff) rfx 
Ilill-^J a- I f<F 

Hooke'a Liv 3f a spring Lk i&ivti cbed r- d:\its. beyand ::s naturae Jclr:L it is palled back wtfh a force equhl to 
i’j ami.es, yt_h:tc jfc is a coDEian*. -dept:;ding on the material an d 1 he jiatttral length c>f ik-e asking. 

The foifow-rg t^daln; mntnuii^ef ih?- *zni? j: ok ed and E-n 1 Wrighl d^nftity of ^at-frf in CSCb. 


System 

FbKt 

UMtascr 

Wort 

di?nia5.y 

HjiLjsii 

pULUld (lb) 

foot (ft) 

ft-lb 


SI {inks] 

hewidJi (KJ 

in+ttir (ml 

jorjlt 

^Filfl N/m 3 

OGS 

4m ■;'- N) 

centiB»ier fetnj 


dynr’/Vlti 3 


j!1"jc rejj f-f M' 




15.-1 WORK i" 


96= lira | = K*-3K; I 

||*«-*£T * ' Jo lo 

K = i( 3 x V 5 -H 3 S 4 ) - j (3 = ’^ 35 ). Besaws K >C, K = jj( 5 -i- <^ 93 ). 


-3K-W = 0 


90 m lim £(ife^m«r=H = 2^-3il ^2K'-3K; ?K J -3K-!W = fi; 

|| i 11-^1=] 1 'Jo W ,. 

(K I «)(2K Li) = U -. If = -6 i.r K f. facuiK K > 0, K - V. 

Place the spring slojif t!;^ j: jikjs with :Jie cuigto at Ike point where lIk: dtreLtklng saarw by ll-wriir'■■■ 

J(x} m ±*. B™i* m} - !W. \k . 20l m> i " 40- n«i« /■» - IDJr. W j iB.db it tbi ^Mfwlc dune in MinUhnit 




JK: ->K J - 3 K—-ao- fl- 


(be spring from a Itl to 11 ic-; ^ i> in [0,i]. W = lim 5_! ^ di — 3&i — 1-SU 

I & !---13 h»- ! J 0 

A s-pnag hlid -Li EUi-i-iK-.. irij^tli li r Lflin.. ni LSB-Lb fOLr'c- \l itIiThi*. il to L L In. (aj Find ifc^ w«rL: i;ui if- :r< 
O.rKrhing ill* B prto K Jjdeti 1U- in !•■ IS in. (It) FT.id t.|jr wor* done -ci rfinAcZitog tllr PPrtot; Fr^TTI 12 in in H in 
Fhc*- the * nr-* cm Ita rprtojt!. wi(:= tfw H/rifiin at tJw free end of (bearing in ;is natural T*(. ftx) lb be 

(he forr* ivht-ri 1 htc opting. IS stretched X indies- By E3itfta ? S \a.vr. f r;-- *■■*■■ Bre;-;*! 1 a 3fl-1b fOfCf: stretches- tFie 
*pNriR by | in,., ;htn , 4 ft = kn ;und t — 2 fl. Therefore. f\x) — 20 j-. 

( 4 ) W iq-lb be lilt tfin-x done in stretching the spring s'rcwzi ID to. wj 32 in. When ib<: tongtb js Jtl uj.. tbr 
spiLftR is in its natura] stale and ihus x — ft. When lie length :s LSin- n Llic =.priu^ lau be*::! stroUhed by J ]jl. 
atiii thus -f £■ By DrTinLtton. G.d.l we nave 


lim f I 20T Ifti 2 ? = l^)-40 

llif—fl i ml Jo Al 


-ft 


^-ork lp 4 Q racn-jwuads. 

fb^ Wien I h* spricigt is sif^tebcJ zrom a length nf in. so ^ lun^lli of 14 in.. Lien 2 < ^ < b thus 

W = |i m t = P 2dz: * = tfc i T' - 10(16 - 4) - 120 

IliMlS ' L 1 Jj fi 

I'tie w-ork Li L^O LEieh-pOUDcU- 

- Flue (be spring iht x aids iviib. 5 he oitgin ai liie r^n.ni wh*;re tki: HUretehLbj' starts. By llwke 1 ? 

/[±’i — jti. Beeaitsc /(j) = a. - Si so f - U>. Hcnoe /(:e) '= Ifix. W JoilL« sp ihe work dnna in stiisidatflg. the 

spang fioEn 4m to ^i; t is in [ft, lj- W Llfit'-i,? = 1ft j — ft 

Pl-iri- hr .p-i.:/ 11:: l| cl.r - -:.i: WIL?! \r.t ■ - T :^! “ -V tjir f - f C w'liTf S l 1 •.": a f L .'III- SlAr^ Hy ■ -TW 

a il, BeoaiBe /(4} = 'It ■=■ n(NI; xti t = I2o. Hence fix ] 1=1 l£ir. W ct^s i.^ tlit wotI dene in 
flLrrtchi np( iliE^prire^ 2fk:LVs lo 2Scn?: X L5 ID [0 ^ ■ 

W « Jjin 5T ES&Ew.-iiJ - 32^ I rir -40(10 

II i Mu Jn * la 

FJace the spring atong ibe j sjijs wiib lb* arigiiL at the ptitit v^bere the compr^]Tig starts- 3 -ly J^^v. 

/(x) — jtt. Bteauie /( 2 J = BOO. 2 it = 6 CH>: so t = MO- Benoe /(x) = SCMLe. W erga is the voik done In 
coispKsaing the spisng from li! cm u> 0 rzn:. x in j-i [ 0 , 3 ]. 

W = lim i: rnTt.-,. A.I - 301 ) 1 T J* - l-W^ J = m -9 - 1330 

nil—o x^i ■ Itj f 

. A spring, baa a natural length of ftm- A 3 £ftMb Forte eompK 6 «s it lo o| in. Find -work done to 

nbsnprti^sirij; iL frcMii fi tu m. 

Flao: tbc x alcci£ the ^prllig. with th^ ewLpLn *L E.Lc poleE -^hcrc Lii* cmnptr^iLjn hr-^i:i-. l-n-t /(ji lb l-wr I Fk 
fisKie when Sbr 5" compitsscd i to. By Ha eta V b^, /|» — kr. Ftec«H» -I S2BIJ-lb fnrrr romprtfi^P the 

Fpitog J to-, thrn 1200 - and an it - Theictore /(j'!- — t>-EiXl-r■ r.i-l W ii;.-Lbi. Ije the wotIc Hem* ir 
cnmpKssing the spring from tj to 4 j to. Th*n x is in [ft,-], ^-d by LJrftnitLon fi. 4 P Ir ■** ta.v^ 

w = !on £ 24 ft 0 «,i.r = f ^ S'lfllV .ii - IJOdj 3 F S i iSO&f?} = 27 0 ft 
II A r—fl x :=.5 Ji! -B 

The work doa-e b 2700 tocb*;« 5 Emii. 

CEiuose ihtt puaitive e axis do-'wn.ward atjd t*k« ii;e us-Lgiu i: the top of she tank; =r :■. In [ft-.-r- Ijl-c. W I .-lb bc- 
the work done to pimping the warer up to a Ltvea 3 U th* of tbe tank. An efemen^ nf vutoane j£ 

c.. rectangnLai slab of eltiuide i-j-^ ft-, ItnsKtJL ET> T .i ejlU widLJt 2 b fi, -* rjLiar <3 (zi e 4 l)ft-. 

W = lim S + 1 >V = ‘■ !3400 f* (* + I->fc ■= 2 W Wlf ^ 2 - *¥ - i 34 M(^ + 5 ) “ WLHHL 


; 3Mw- V = 3M J* X Jjt= lMkt a £ = ISA -fi = 


45 ft ADDITION A L API 1 LIfJA 1 () F T H K D EF 1 N ST?' 1 NTFG R A L 


II- r.hfr posisivc ^ axis upward and take thearigto a 1 tl:^ Imttom h>F :hp lunk; x j? in [fl.2' Lei W fr-Lb be 

the wwk dents b'L jjuj]cpl::iv; the wai«r up ip shrt top of the 1 rough Aa element of volume i*. a isetaajpiL&r slab 
of ih.fi E b c, length it] ft and width ti- ft, and L rsiiMn! ;2- 

» 


w 


^ 13 m Ee£- 4 t«W 2 
IlifM m 


- TP ; :i,-j = Ii24 1 2z - 

Jo 


j 2 Kj - SM * a 


-^ s 


1 = 


K4-4 = 832 


15- Choose i be positive x axis downward and take the- origin at the top of the Link; £ Li in [2,ft]. L*i \V fi-Lb be 
the wb:i d^ne is pumping tfee w^ii-x to iK c top of the tonic. Aa element of voJurnc us a- ciitiiLi! d^k of radius 
■^/P add bimsfid w E ft. 

W - ( JJ wr(^ rfj. 7 )].^ A,-- — ttt (ift - x a )r dr — rrr j (ifti - x^di — .-re l&r 3 -kj ,l "f 

- *w{( 3 S ■ SP - i - ft 4 ) - (i R - -1 - \ - I ft.; ^ Sft* *r 

ift. A rifiht hkuUt ^ylindfic*) UpL with 4 dr|Uh- of 12 ft .^:l| * r*di&« uF A ft 

half foU <?f di-i wfljgJiir.R SO lb/ft 3 , F?cid line warl done in pumping the oil to a 
lisiftar, ft ft above llm tan?. 

e> Refer to the slgnre. Take the oil gin at the center of the bottom of tie tank 
with ptMJiave dii-totioi] upward- At a height of ft ft above the tank i = IS- An 
cLemsm of viduse ia a disk tf radios 4 ft, height _l 3 x aud rkosiiiy flO Lb/ft 3 . 

Tb i-i i he jnsmbee of pound* in Ite weight ps 

60 ■ »(*)%* = SGCtrA^x 

and it ts laisra a mean distmxe of (IS ■ ft, * £ [ft, 6 ]. Therefore 

96Q*{38- t) rff 


W- lint £Sffl>*(IS- 
iiif—bi=i 


It 


- Mflw[ 15(G) -|(W)) 

Tine woik eksoc b approjeLroateLy 2iE.4>iKI tooi-pbiindi. 

Ch<?w 1 hr positive z mjf dowovraM and taie site otigin at she top of the wcJJl x if in ’Q f ^W] 4 Lc? W fs-Jb he 
the Wink doae in. |>illli:ift the cahitt fciid wtii^iL lu ihr “up erf ihp wftll. When, tr.r enliLn ;-- roljin-l a di^innn* of 
ft a!* itngth ii t ,- fi and ih-c to-^J weight, m f4n ; + lQQJLh. 



4j + lOOjfix = 2a; ? 4 100r - Sfr.OQO 4 Sfl.DOO - LOT.fiOU 

B 


1^. ChoorMi “.ti* jn>iJtsvp x downward sad take the origin at she top of the well, t ^ Jai fu. Lu-Cl]. Lee W fi-kb bt; 
Llie work done Ln p^diinr the ehaia ajui w*5ghi to liis top of ih- Whsn the {bjUji is reused a distaaee 
A a ^ rt im length bt ft ftjid ihc toUl weight b ■ - All -Lb. 

A 1 ritio . b uo* 

w = (| lujj ^ 4 - * (i L pX 4 30)d4: = I flfc - 50U - 8000 = S,5tHJ 


]&. Chrsidn tjin jK.riiLi^p ^ .TAI«- dO«nw^?ll tVSld Unlir ihr-ori^LH it ihc Lop Of iLc well; r -.1 ]ft [ll, HM>]_ I-cS W ft-Lb iC 
the w&ik dg^r in TJiiflipR tin: htnki‘1 to tlir' top *f |Eic> ^rlS. When the 1 h A p e ft. ;t* [rn^lh jh i.i', f£ 

atiqL str: weight In D.!Ey F Ih. Thr wtfifrHr of I lie: vir rf Sf!i w',/1 I'd) = p.tir , 

A- fl® ^ 11 i;t> 

W - Lljt. £(3D -p q.Lit-, 4 ; 20 - 0.71?-) Jr 2(Ja 4 P.KIx-1 ' 2C10C1 + «5CKl F.IIQO 

Iliih^J a=l Jo lo 

20. Aa a Etour saek fo fwing rassed a distance of fl Ft. flour ;ea«if out at such, a ra“r ?hai the number of pounds loss 
ix rliroc.ily ;iri:«|ic!Tl nn;:' r^n r.hr jwjnnre rnnS rt !ne d::-“fl.nnf Lmvrlrd. If r r.n 5ac:it tinj^.iTiiLi!\ rnnlaiurd ftf? sb of 
Sour uid li Loses a sotai of 12 lb ^hik being raised the 9 ft, hod the iporh dor.e in raising che sack, 
fr f^- Mw X nxi 9. Iw ditoCtod upward w I li l.t^ origin fit. I he pofol whr-re ■ ; ir J *ao< :> ruriginally.. Irfi /(x) 3b be ttu- 
hTLght of the ides, wtu:^ jL hi r Jl aW.'f the ongLX. We <ue gLVcb t^Ltl ittc WOighl j«L Li £■/?. Ue^auw.: ttlr seek 
Ii.v. liint 2 III wlicsi -■ ■ 4 tbfltc i: i v s 9 ' |: = ■■ |: v ' T:.--i js■- / J -|| ■ ./j \l s :>i-r.iillisn M.I :f 

W ft*lh u the wiiEt, then 

W = lim E/n.-jAi*® f'*i«-4V l S)<» = M* $0(9J-|(STJ =«# 

H a l—u i • i Jo ■■ Jf? 

i The wor* done as 46£ foo^pou nd^. 




M WORK 4 &T 


21. Ohoo«e ;he positive x dnwtnM&*d Mid take the origin at she surface of the wa^:-; z in Yl,5j. Lee 
W jo:il«> lm r.he YiOrk d.OG£ Lt'i pLimpLEg tie watfE to the lop of [hr- Lank. Ai. element *f volume h S circular 
uiii of thickness m. and ciuliiuf 5 m and Ls raised (i + k-J m. 

W = iim h l#NH9-® l H 2 5*H$+ «*)*.* - 3M5250r H i]it = + 

- MSaiOirCW + - 5.190,875r 

22 aud 23- CJlwrac th* poSdtiVt £ i*is itpH'Afd arid take r urigiri jiL thd vdTTcz d£ tin: tOnci * It in :_D.fl] oi 0, * 
Let W jAiiSca be Lhc wtrfk in pitNipiOjt; S-Kh: aSS lo the tup of the tank.. An rl*+fie*t ef vutaift? in a cixculiL.- di*k nF 

thxkrcess m wjuE rnrhus /(m a ) zb., where by sLtnjhir triangles —— t|j- /{^-)—|^,i M” 1 ** 

(IC-tL-j eb. „ ia. 

iLW- ibh E(J000)C*-ai)»-(!“J :J UC -«i)V -9 «io* ! tjrrtifl njdx 

I i B—ii i=i J 0 

= Wit* jjcf * 7 - ™W’£V ' “ **«*«* 

21 W = lim £ ($5^))[<t.81)x(ful■)f , (m- w f )V = 9519 -Stt [*(§4^(10 - ijd* 

] AfWl i ■. t JO 

= Him,S t L V - = 9J19-St[* (F J 3 - 3 ^] - 3.197,9-17 

24. A t^ink in ihft form of an inversed risht-circulai wr ? f :k S m fLCJQiE. Che top and 111 n, iI<*p- The lab k is filled 1o 
a Leighi of SJ di wjch skater- Find ib^ work u«CdS£Ary go pump Jhelf of tn^ water lh> Lbe Lop oL ibe Loiik. 

> liefer to lh? Ggurr- W« talt the aiigLn ac Lhe botUKCL of the Uli:Ii -hpLlJ, ihe positivi .■ nxw upward. It r m ib 
11. d ladluM uf asectcnt At height f m. by MimiJar trliSgipa ^ f/ Ifr 4 m 4 -n 


From the facmulia V — for the voftsme -oF » rireular rnne, eucitLitde that \ / 

ve'Ikil the Tata is- .c mesers ^etp : l hp vaIu'iida of lie water is V-'-r) m 3 , wfi«r \--— ~~~^ - [l |1 

v (^) - - vj-** 3 \T ”7 

Let tliH 1 : wjLtet !«*■ u. ildfip when half l!w WAict Ls Httnovtd, Tlsrn \J / 

VCn) ='V( 0 ); rf* = 364 - 3 ; o - ( 364 J) S/J I- V 

A ci element of volume is a drrjlrL- df?dt of rjtdii^ r m, Ap m. and 

d«isdiy S 8 J 0 y/z-. 1 . Thus, th.t number oF newton* in its wdghi is 

= 98l(^}%r » 1o96d>Fr 2 A^ 

aBnj it is ?^js*id it- mr-jui dl^jancd *af (Ifl ^ ir,^) inieLciu, £ i [o-&]. If W ^0^^ tr-r* w-yrk, then 

Ws fen £ 10-» r )AiJ:= r IMS-iStA 5 #~ISSi.flr [ fHbj?-^}da 

||a|«Oi»l i+ 


= Id^F-ot 


lOJ _ i ip - 


• :.596.8<f(^T29 - 3S4.S) -1(8* S64.5 +yl ! - L. LiS.Q* 


■ The wort It 1,132-OCMJ jou]«r. 

25 . Choose (he positive r a±is dnwn^ajd Aid take fbe ori^ri at ih^ Ltip uJ lIm * ajlL. r i* n ; 0 . 2 ]. [.ri W Ft 2 L be 

the -woik done i5Cl pimping the wubhr 1* a poqiit b ft a bn ire the lisp cF th" Ah eLcirien 1 !: volume i‘- 4 

»cbq|fllu ^Lah of Lfiiefcpow i a x fl, widtii 2 Q. lrtiglii 5 ft, and it e«sc 4 (b +- Fi. 

W= Urn £ w(2)[6M4+ «'JAi*=- U" I +^ ;! ? - l3(<H.J)(lD + 3) - BSSfi 

| .‘1 S—*P ml J# 

A FU bp cnoloF can do- bb ft lh of work per seeomS. Hence 'hv (irr.n ii t&kcs Ls L 63.4 see. 

25-Ohnn« Lhe pewiiive a: aifia ap™d with ths OT^n at the tarter of ;be eiirrh. P Ih Ls \hr fewee. There 

F — (§} 2 tsL Ef W mi-]b : s the done m moting the ine;wnte from a null* Lo the siuface, then 


W= llllP^?M : ' 3lP<V = R '“ L*- ld * = ' KW ’Jyt = rI “VR "si 


loft ADDITIONAL AmiCA I SONS OF i iJ«: . !■:■ i.m :'!. lywXVSAL 


27, Choose the positive j downward and take ; be origin at ihe lop oF the laiix; : is in [0,6], Lot Vs fl-ib be 
the work dull* in piimping lb* I U* ll:* Lcjs> of ill* ImJc. An «irtniMLL uJ volume li ,i r-cLajiguSair stab of 
thickness A a x it, width 4 ft, Length L'l ft. ud is raised \l % ft. 

W = lira £ 50(4)( I2)w, A,* = ?4<H> f'* x dx - I JUOif =■ iM«(36) - 43.201 

ii|M . i J* <U 

\jrt T\ n ln-tliiH div-.nirN- chJkt Ibi- ofthroii IftSQwrnd whiTi Dfir-lhiTfi wf t|ir work i* dnnr, Th-ra 

J - r, ^- ri -s l^l 1 m 13Mi J i a 1 - 12: a - 2y^3 
■a |q 

£4, A r^iiiirft-ifnl Limb 10 ft high AJird -b ft in ifldsu* in ■Ptftndina gn -i platform B4> ft high, Find Lh? depth of tb# 
W 4 t(-. L when onto baJf of the wf?rk required to fill the :;uik frosti Ihn pjiijDjrtl level thiou-^h a pipe Ln the- bottom 
hw been dkric- 

t- Refet to tet We take the geigin at the rj-nier of the boLLosn of -.he 

tank with the x axh directed upward. An eJejnect of volume ls a circular dj^s 
of ryud i/ui $ height £t 4Jld weight deEHty lb/ft- 1 Tbiftis il-a wight is 
L£'ff(S' ? )A | J Lb Li ii r*ia«l .-. jEie-ati iILuLmici: ur T>p ~ ii* a ) £t. Although 
i*AtiTf I'-ntT-nt tSi-p cjieSc thHKigf, Ifcc ini tom, r.iri airmen! of waltim* |>ri4>--- |h- 
jaisr-ri. in Ihr |crvr| nf water m ihn tArtk,) E^rt f. Ft the depth of t 5 e rank 
when half the work b done, Then 

| ft totra^O + O Jt - }) f 10 2R«rr(5« -r*) tit 

2 | (l + 50 ) rfj = (r T 5 dx 

{j + 54 j S "j^= ifr "T ->®f I '" 1 

(4 I-id) 3 id 1 =^(S0 3 M a ) 

(l+W) 3 ^30iH 
! - 

■ The waEef La- approumaldj- b.2-3- {vrl when li-n-IT thw work is dMi^. 

29. Choose the positive x axlt down war.I w i l h Lise origin ! \\. abuve iJtt Uip of ;n.c iadLc. Let W fl-lb h** ih« wtwk 
don* in piirrifing aiJ ",3 lc Watri a pOLQl I ft likBY* t!Le top OF Ihc r rtll i. A El •‘-leiiserU ijF vtilisi:i«!! Lh a ^LEiuki 

dbk ceBEcred ok ih.c z axis, x t [L4J, of ivnU^ ^r> " u '/w q fi, *.nd :> u E ft_ Thta VV — 

lim £ - tt-^T fV rJ 'tfi = -J 1 . 2 th -31 I 1 = -Ji.fcrk -8 - r s ) = —r -s ) & 12-2 

liiH-axa! ' *> ~ ‘ Jj Ii 

An denucat of v^lurne i* A sir-sb «f hwji A jumJ tEndrefi^ i.r: lht: ’urct; is PA. 



?A- ff- ~:„ii.'. Ir-d 


w= iii[> rp.iir- Em pa; 

1 l^e-0 


,v.R 


PdV 


31 , Let p Eb/in 5 lw ib* priswun: whcii the volura* is- V in J . By BoyLc’s Jaw TV — C 'it'bea J 1 = 5 ‘j \' - (SO; thus: 
C =' 30 M. Thnef&ie P — Prom the rmjJi of Ejeeprlsp 30 , usjh£ i inLoua ijga because the piston a 
compicssinj ih* g^-i. if W izL-Eh is ibe work dooe hy she piston. sSlcb 

W = - f**PdV = Mvf 19 - SOWKlii (id — i it <i 0 ) ^ 300(1 Ijs£ 

JflO Jtlft > w 

fl .5 WRjCE DUE J IO FLUID PHESSUKE 

Tf s,. Pa! »ij i f^ce of iira A jquaic- 'jnJlj :s auhir^fT^-rd beirilffintftJEy Ar. ^ d^ptli of h mnitfl in a fluid 
with wdfiht denaiEy ,■ pwiaela ft*r eitbi< nrrlt, thru t^if twul fbm d-.ie to pr^mr’ u- uer 
sidH of tfo* sarficc ;s I' pounds, -wfiCK 

F =; 

principle At any pnlrii in ^ in.uid, iEi^j yj':wu:i: j& ite iitne in all djfco: Iobs- 



r f b 1 \& 


FORGE DUE TO FLUID PRESSURE 359 


6,5.1 Ddjndtaoni Suppoec- iJr-at o- fSa. 1- . pl^r : -= sy hi7i«n^: in jt fluid fo*r which. a measure of its writhe density -- p- 
i unit* .docii; the plat*. tit depth ii h(*i units below the surfra of the; ?lmd an d the length ol 
[hjC pl3K £5 /(’ units, wh^rr- / and A. aj^ ttjQlLQUeyia and aOQDte^Live o-J? ihr idl^rvaJ 

ifl,*]. If r Li LhfcfflMflbfO of Lho !OHf CJiLW<i jbj n 11 :i" | iri-.M-.i i i >- Oil ulu: hide oft JiE JjLiLe. Llieri 

F =. lim £ )/0,-)^V = *) '■!* 

|| Jl 1—^1 d_ I Jo 

(j,6J OnlroUI ir Iht- onLscMd ui .1 plasm irgiuJi 01 A M -- uuiLn lirhiw tin; iurfecO of a fluid erf nia» 

p, Lhob Lhc t^L-bl fore? F dun tu Ui* flulel pHsiuTC apjiJr.t!. oro ^L-rlo of I hn region L* Uwi nx 
jr ls 11 :: ' 1 1 Eii- if ttvs rafpon wctc horizontal ril a depth of 1 unit* bcLo* tfic soifacf of Llw fiiitri. 
that if 

F - piA 



lit these biKCKSStS A Li J. panittOJl of Bh-I* n|iet:i.rLrHJ Luteji.-aJ, A wjuare , .-| , (h* r- ’‘-hn 1 /s?r.c. iif the "iinen [Ofriftf., abd 2 u 
tfcjfi *b«taSA the <-tti Lr^fi pf Lhc rcRioa. 

1. (JhooRr tie- paastiw x inn doWnW-nrd with tJlf at She top gf Ljw plain j- f j), ft 

Ef F Ytr i* tiii* ftto*‘r oti osiv Hiii-e of the plate, ihoji 

F - tim E putfliflA:* - Iflp . * jp d? -- .w a | s “ rap lVJiti 


3. El F lb is the fw-ce on one side of \,W pljoe, then F - ,i j'A - *2 * 4" = 

2 . Choate Uie punitive et isii downward with tJvn oeiflizi at L.nr top cJ ihr p|.. i 
Ef F E& ia Ulc forcO Ort Mlf of tho plate, ihen 

F = 15m E |^f4jAx - 4p r dx = Zpr 7 ? = fj - fHtp - »0 


- p (fix - rfx ^ - ^36)- f ,/ 

= (tt2:4X3*) = 2340.4 " y 

* Tiki faprh rfii* U* waMn [iiwuie ih 22dS t =l poujiifii- 

12. !tM?Ue -E :.'- iii;fvg Formula d.brSr 

& Ettfcp LO She figuie If A fL' is Lite a*td of lie rtgLoa. Ilch A — “ IS ra lCsoecu* 6.3.;^ 

I^f pew«4 tSiat th* dutaoon from Lite ocoitoid of d (TilHiglr tP PJty Of (he triaa^i? u ortc-tiiird lEie liftliflth 
of th? oJlitodo to lh*l «rf*r Bseaiaa ih^- Smgth of thf th^ horinnnl.il ]ii fi fL, thiit the dEFUnn 

from to tlif- centroid o; the res.i^n : ,: ' , - , ■f , :. Siihsiir.LiTin* x — 2 iuxi. A - irio Formula bjft, w. 

F = pzA = fi {%}Ifl - «-4[5S) " 2240.^ 

■ The force du# yj wj.it: prcssuie 2236.4 iwmwb:- 

S. CJwtssr- the pwihivr JT (iowrward ivilh lh^ ^rijiiri at iht tdp of thf titak, ^ I [C 1 . ?:]- 
If F Ih is th« f«pcf oil ono cad of the 7 ,&T.i. vhen 

F S= Pi 1-n E - 2p i T dr = pz* ^ 2 - 2.25p — 14(1.4 

U|N)i=i +l ' Jo -o 

£ and 11 Bttc&fci* the vi^cr is I fi. deep, tbc vridih of wawt :.i acd hy r — j. IF F Lb is 

iht on one sid? o=' ck^ plaw, ihca r - = 62-3 * ^ \ ■ *-/Z- J) = S2.<B9 

T. CJw<>^ the; po^ktlvo I AXbO njpirsrfi ^nih I hr origin lEi« of ihf tTlKlE^e, Ar. equiLiOu of OCT.-C sld^ W 

If — jT» reM’lIF nl i» tti+i fbke osfi the -j-il t. then l — 

wlws 


J= I39e0[*1 -flj = 9-tl750 








'ISO ADDITIONAL APPLICATIONS Of the definite integral 


B, 'Iho fact of a gate of a cIjuu b vertical and in the shape off an isoaedefr irapsaoirf 3 rn wid* jcl ih« cop, 4 m 
wic\r ai i.hr bottom. and 3 m high. If cl^-e upp« Ljl-w: i$- 20 m below the surface of ihe vvater. find. (he tu&d 
fOFCr dilr to ]j-j:j.!d pieraauj# on L3.r gabe. 

t- fifr-JT-r- il iuw?. Ihr filer <*T (hr ^ak. TIl-c nrigin m- at lhe ci::iU;t uf die uppei 

b(w of th* tttpwuL Ektstw th* ^Ittt iivvtkiJ, in * m, £ C [ 0 , 31 % iha <frp!h ■ i ? -, , , 

(x +20) m uhI, by almitar the width if (|j + S') m. By Definition 6.5. ]» j *■ f 

V -., Bm £ f iK^i 4 20 )i;i * f ’ /fa + S](* * JO) Jr / f 


= #J 4 ^r + (») dt-^l^+^T-frOr^ 

- rflfp) + 9(3*) + 60(3)1 *= 8810(5364) - 5.551,965 
* The total force is about ^ ? 'J22,UiJ0 new urn. 

9 . Chc.MKe E 3 te jifer-.il ii c j axis upward with the origiD a; the bottom of the dam. An 
equation of one side of the triuigjte Is y = jx h * £ ]ft l Qfj. If F nt W I he fowc on the 
free of the dun, then 

F = Up £ 2[S&lD)flO - ip jKjw^A,-* - 34525 [ *( ID* - 


W*- 


=m35(5tW>-^)-4 1 bS7 ? 54Hl 

lft The radius- of the trank l>j 2 m. Frcmi Eswisf 6.3.&5 l t — - J-. If I' nc^toos- is the force on one side of the 

plate, then F - pi A - 75 ui! - f^\k - *&) = 39 , 2-53 

11 * CHocsw the pasiHvr r ask downward with the origin ;liL tb* niifac^ of the nf, Tho end of the tub 3 c the 
fegjOti esuJnwed by (hn cirri* ^ + jr* “ so y = Vr — r , £ € [ftr]. Ef F ftt ifl the foie* oil a;w end of L ht 
then „ -- fr 

F = lim E 2173*0)*- ■ Jr* - * a - s A e = = -7360 | yV - **£ - 2x dx) ^ -TM0®(- iV^ a | = 450^.7^ 

IO j— u 1-1 v 

Hwedfoct fiO n OOD = 4'JUe.Tr 5 ; 

]3- F^uKtiori ^3) '.Zlcl^ ■! F b ^ihe rric**a™ oT-.r.i- r^iL-r ,i.i+- i-n :;,|, : 1,| sh r ™nTc .i^aira^i 

then F ^ ^A. In F K errL^ 5 , A = 2 (J) = 3 and j - 1 . Thus F - = 3 . 15 ^ 

ih. CliOuan tiic positive r Jiiia dawn ward with t)Lr Of-gili at Lhc Cctilc' o£ the Lop *f 3 he 
djcsu. .W 13i^> Thn '-lope of tlac Ail b m *- — 

y s 30 - - 5 flj — -l-i— jf, s t (IMG]. H" m t :k the nwmcnL gj thg tripewid 'v_ 

about th* b rairis, then \ 


inctt 


A420.3ff> 


Tfcflh*ww F ^ P TA = = WjW^SZ^J - 673,*00 

L0. A r^-nni-c+r-c±jleu- piale a fadjus of 3 fc Ls so2;-rur-:ged vertically in a Lank, of water, with its diameieT lyin#; mi 
Use h Jiftu-.c. [.lir FurMiid.-i 6,&,3 le- find the :oui force due to nAt^r pre^tnrv: mi <siLft p’ide nf Uir 
l> Thr ris'iiT nhowif the pEatc. The ajc* of £h* pla-tr hi A ft 1 , wbrrc 


E& Esesebe fr.3.35 wr |>n>vr*J ihot (be dLs^iiaee &Mti the diaj-swicr ef a 
B^mjcLrcu]^ region of ruiliuM umK-v (ft ila erJiLfoid ih 4rj/(3jr) uni La. 
GetacHE r«A, ilic dblanrf- from ill# eurFof th^ w.-s-.i r (.(i the rrnlrr-id of 
tjhe region is r f^et, whurr. 


SubaiLutlng" the values of A ranrl I into formufr 6 . 5 . 3 , we obsaia. 


IImi totaj Fqh-# da* lo |irr^m-n in 1123.2 [wuhgU, 




C-q FORCE TUT- TO FIFTH PRESSURE m 


17. See Exercise !*■ ff fr. ‘h is liie tiiosneni 02 the Forex about t!he Leaver base-, thesi 

bi s lira £ p{20 - wjfwv](^)f4g - = & \ {I2(Wk - JOr 2 - Sr^j 1 

v N&MH=i Jo 


= - I flx 3 - y™ - 62.4600 ■ 400 -10 ■ tm -\- 16O,0»] - 0-24 x 10 u 

If F melons in ttif fewer on one side a? th* pEa'c, ihvr. 

r - 1“ 9iftl L ( ♦- &*' * ^* ,Jdk ” 9 ' w [p " ^ + IS®*"£ = 9-1 il1 ' 1fi " ” flJi ' a 


ig L CIido m- the oafitlv-a ■? axi* ctowowapd with Ibr origlir At the ev&tv of the circle. Than ~S so 

v - vW. ? £ [ti,it]- [f F 3b b. Ihr totaJ force on wi end, then 

1' = iiiu Z ^w i (H'/a - J-^JJ - -#i I* -/y dz} -^» - j 3 ) j/2 L - -|p(0 - 271 - t8j» 

pA|Hs r-Ti In m 

liecaijM p — l 1 ^ the local force is IS ■ 4i — 7^6 !h- 

[f I hr- ernl of a. waier taai is in the shapa of a. rpctari^ie and the tank is fuE!. show tbut eji-c mfasu.DC ib^ 
f&iee due to- water presstiTii on o.i’i-e end is the piodun- of the measure a( the area of the cnel and ibe jTieHj-nn; of 
ih« foi™ at i^ie gfcGtfrL-eEiiea] ecDi-ei- 

t- We aie asked, to p^ovc a spedaJ eaae of Feramla fi.i.3. Liecaij;-* Ll.^ riuJ ol ihe Lu.uk u vertical and Use tani Lt 
* f 1 d^cp, then at ±. 1 1 iO.a’. <be*kjl4ll ia. -' H. And Llrf ’m^Lli La ifL. Ikh-t'r-, I 1 st- 4 -utcd fbrcf La. givEo by 

F = Jim £^IC:fri:I= f /t±fr d£ — Ap^f - kf^ t 1 ) 

14 3—*U f I u J) | . 

Further tmH<v iFe ren^r ibe TCftanfilf is at the point (4a,j. Thus, ^Jb rcprescnLs r ,iu-. 2 rtrte per sqoarc 
f*>i oF sm at this poim. Dfcni^^r , arfci «■£ Lha re£sap.gJe is efr l' 1 and; (^-n^)vj.b) — l/'O' 1 ', by compiiTi^isn with 
(1), we conclude ibe :nlal fuTce due -.o liquid piwsur^ <>is c-li* fft' Eke tank 'in' proclutl uf Lbt 
niM.-juTif lJlh trfca ol the tad and the ra^t.‘-jre of tbe foice ac sIlc gcoEnctiica 1 ! ct-.nir.r. 

SL The base of the pool! if a rwtangk & ^0 1 + (S- “if = 2^/^ ltfi 

width is 25 ft and tu- ce atioi d is = o ft below the eofface, T'h# the 

iaice on Lhe IjoLlem is ^ v'-i 1 ^ K ^ ^V 1 = ^ v/^4.2 j ^ 124,691 1^- ' * ft- 

S3. If F ib n Ibe fcrw w ihe dam, F = fitA = lM(IO v^H^ * 40} = 2. (^^,^02 

21. Tnl<n l] m . jtiy plAjif in thr 1, Fn?e oF dajp. ibe poriii-v j - si^u lbwnward ^nd 7 ^is. 

the OTiein ^t. fhi 1 ^fnkr tap i?F tFn fmii. Th»: vertical djFlar.ct from 7 -he 

point no Ik t axis u» the tJiface of the wate? is € [0,30]- Ef 

F Jb is the foict on the fa« of the -dairiT iii£o 

f =. iim £ j.-50(W5 w,:Ae- asy^d! ^ * - WMV*'? 

| i||—0 dWE 7 J& 1 * * 

24. The feoe of i d?m j-jdjajcaiiE to ifce waitr i5 belincd at ?n of 39* Frojfs the vei^eaL 'I’he faoe 

Lsoseeies trapezued 120 ft w^de at >b^ i^>p, l» wide &i lIju bottom, atd art*z a ^le=ni hvtgJbi trf -11 fi. ]l Ehe 
dam is full t>i wa^r n Hud the tnial force due to water pressure on the f:u;r. 

^ IIlc figure uba-wa Lhc s Clsiu iIl Hhr Dv r iy,f 11:r iIajJe with 1h^ origin it ihc ccnLcr uf Lho Io(j-. the dam is 

intlirtcd M li}‘ frviii tlir vprLi^l, hi jlMQf, lh<? Rumbfr uJ Frrt in the ceplb tS 

hf a) — clh- 

iri-d by sLnoi3ai -h.e kngtii i* ■ J20 — r) ft. If V Js is ihc tot^J force du^ to 

waiei presjure, tlwsi |» L2i>- fh —^ 


P = . lira L p(k/5 -if,) V = (I2te - I s ) J* 

| i $—rl> | = 1 J & 

- - yf =^v%0(l«0 ■ ' J(^OM)] 

-1( i ta : tno)v5j» = ^i]‘ii»oji|/S(62.4j - 

TIir fierce on the dam doe to water pcwsur* ia aPPro?dm»tc!y 4 milLiare iioirads. 





ADDITIONAL AFFIXATIONS OF THE DEFINITE INTEOEAL 


Mizc€iIan?.(yTif Bzmtiet f&r Chapter g 


1. An 

Ls= 


mm of Uw *« n g - Jj. * 3 ^(i -2) H» *cir'- Fiwa Th. 6.1.2 

- ■~ I, ’ , J '■ ■ LV 1+ Ki— 1 + 

- J’ < S* 1 '' * ■-’ "h* - ^■"' * 2’ ,n E 

“ -Jd{16v H 2+4v H a)-pV , 2 +2vl)i = =■ 

2, An equation of s lie are is jr = y 

l-i/e=^ t^ /3 +l) 

3, The arc has equation y —-^(4 - af 2/3 )‘ +/2 wttfi endpoint ■}—anrl (-.125,24^1). 

Then / ^ - j.i/^i /2 r ^- 1/3 rrthm fclim C 3 _ ?i L _ 

| + ^4 - x**V^ is - ^j" '^VM16 - essr^f-e -1 ^fyx - j-gg^SSIE - 6«5t* J V / *[ 

“ dW^ 11 ™ 99 ^ 2 “ T - M 

4_ Fitld ibe Lcbg^h «f Sifcfi axe *L‘ iLc cusVfc 2y — -(i* — ifroru j Jlc pui.nl. w]:^w; x — ,1 la tilt jmjil” wb«rt x — 6. 

► Tfel'J-nr^^ =1^ ?] 5 ^ WnWr 

= - rfx 1 - 2} 1 ' 3 

/i 1l/W = +* V - 2) = vV t- &P -1 - y ( 7 1 - ] ) 2 = J -1 

El I. U«?,S k :hp- kngth of Eiif »jr, ikruj 

f-- * \/l + t/Vtf (k = j * JV l}rf* = Ji I -i“-^16-27)--S-3)^i 

• Tat t-mjrtlL ul th* w is fin ujirtst 

< . _4(-S}+2(4)+7(2) 2 

*' *~ TTYTt T3 

* _„&(-!)+*2 ) + «(6) M ]3 _ 5(3)+21-11+8(2) _ 

5- x - ■ ■ - ■ L ■ -U I u -H ■p ^ ~ 


: Ati 


£ -rlTT 


"TT 


|j?- TL-r centroid u ai. {-^, J£j. 


7. L*t the TUfflMMr -of Ihe mass of each paetid* be rn. Then M = - 4m; 


, - y,--^ 3 -» 


■i I*] 

- v — — 3 ' M?} + rn{2) m(-t) - - ^(t) + m(2] h «^(4) ^ P?it2) = ^IJj 

e=l 


ThKNPoIore Jf *_ — | ftivd ir — — ?, Thn erntrr nf nt Elir pnint £|, 2 ). 

S, Tbrce pailktas. ta-cb Jiavin^ the Enas* ire ]otali;d oil x rLiis iit tlar f-toiois havnijt turnd irtiiLtJ -4, L 7 
aji-J 5, icie disUocc it ns&MuittL bt l : 'ind ^he ^oordL'ia.^fs of Use center of mass of the EysEtrn, 

> Let h; atjr &£ ’be Mui *1 iAtl paitkle. LLoi -3-m ki! i; Lbd 1 -uL; j J j:.,ev- uf [|jt My.steni. ill «x,ji) u Lh« ct±3iCrr ul 
Ihftri f=|| tod 

* = ^^*V;=+ "■iiJ + -H 3 )] -1 

« I hr orr*H’r R14M of 5ys?<-m i?- at 




9. IF M slujp is the cosal mass of ibe rod, then 


? v 4 k 3 I) 1 


1 and M-Jitn j _ 6. y =. 4. 11 -cclw 

- I i’ ;1 ' i^T " ^Ktt " (j “ i)l 


[ nnd dx ■=■ £v dt. TiVIjefi 


!)(Jv)-(2v d-v) 


in. from i"he Mt rnr. 


Th« center of mass is 


the to&at mass of the roc- J r.tr= M ~~ bra 


{3x + i)i i* 


- T r-r rJ-nlPT Ilf lirsp:- i>. t .. FfWl lh(> cp|<l. 


Thr^-fn^- *■ 


(S3-3M + z>x 


lira 2 

113.1—O i*l 


ffene* 2 - i - =: ig' x = I ? “ S"™ = TP Tbf ** ** 1tir p ™ 111 S' 

]2. Find the ienlroUL of Li* Jrgbh huueitjnd by ill* paiiibaLn. y J ^ Z abd llir -inr - £ - 2, 

» Thr ffgikri- ihiiw-v Hi* K, R. i-= bomittrd nn Ibr Ti&kL l?y ib« imr j- j r (ii\| - : J + 2 and Z 

curve r — fffyl- — y*. Thfl rfir!,inpsrilAr ek-iWICHIS lie iKililki tilt T -=?.;c:k vilh U'^Klk ~ £ 

/(jO-rirt = v+i-j s - = „ 

then j £ [— L-.S]- [f A milts is the area of fL, then 2 - 

=*-yL .-j 


l*if-oa”' *' J-r 

-K^-l)+2(i+lJ-3<*+l)=! 

The z coofdiaate of the- emlroid ai ilif rlontml nf a*rx is 

5 = !.. lip - titn ,)][/(wi) - - 1 j 


f($ + 2) a - ^ 2 )-J <*Vf - g j (y 2 +4y T 1 - y 4 ) ify - ! ttf ■ W 


-4ttl« + l) + 2W - LR^-HM^+^W-t-s 

Because tbe Jj COOldili^Lr Ihtf ccuLiacd if Liic c.u:L-upt -V. ■Iff’n ■- Yi j, 

* = ±.JSl* -I}’, sfe ♦ * «*)* -C 

■ 11h cczt.ftud of :iic fegi-uh In i^,*J 

l.mt S Fh- a i^T^Swilic M'amfnt fDTrned by a : n a m^iR >t pamtaJa Ls 
&ecHon of tht" lanj^entp F -p the j^arabola at A ^nd U tsinj m 

| tire ajea <>F LriMiiABO and ihai ™tpmd of 5 L»t t3i= tesfiwr oJ mass 

12, \fx[i - 1 "j s In ;Q, |j 

Wl-i 


A - lim II 
Pilho t- ] 


bewray the ion is sjuioiotric wii.fi &o jj — z, 


T!:k ceturoki is a; 


Thtjs x 




-16-1 ADDITION\T APPLICATIONS OF THE DEFINITE INTEGRAL 

It fly cymiMtCTi * = •- A - Krn^ Z^Jt® _ ! 2- J (#—x*)di = ^9x -| r )S = l?- 

- *{’1 p-kf # -* 3 v*^£\y - #*+=$j*^- # 4 =% ia ?~ 

y - ^ -1^ — The etat/eid w at {A, *}. 

15- Hill a sphere of lOCUliS 4 «S □blained by r^-V-divjji^ abOGt the -C MSS thr r«r ;iciji in lh* flcSt QUidiattt bounded bj 
ihe jp mjs. the ’i iKia ? itid the Hoii^circlir ^ E if — Jfj- 

By lh* theorem of Pappus V — 2*yA - = E wm x = ?r ■ — 2|p*_ 

IS. use the Theorem of Pappas to find the volume a rif.iiL ^LreiSiaj- t*ue base radios - K rn nml IwiLphi 2 ns. 
i> $y c^ne La eh* solid gcncraLed by revolving the right titaqgLc shown ?ei i .i« figure about the J m bs£c. 

Because Lc Erarci« 6-3,34 i: *-es abovfi chas the distance j? jiwlktc frum lI^s -cenuoid tJ of * tri*-ngj^ (ch t-ny 
side of the tritqjLe ^ Oftt-thisd lh* HflHglh *tf Lli* pjlllunk to ibat aide, thru 

J = 3 

Tf the- the w™ of I .Hr* irb-u^Lr is A viritarc nnfhCTFi then 
A - ^(h*»e)(]uejflbi] - | ■ 3 ■ 2 = 3 

Tf V cubic tciei^H is the volume of ibo Lh«u by ibe itaorcci of Pappus 

V - 2tvA - Z&0 = 4t 

■ The volume irf Lhe con* is 4tr cubsc dieters. 

h\ EoterCliic* 17 2D, use yoTiT paphi , n= r^k'dnhor In Hud tin fiJur digits the '^y) *f the legion. 

IT, (4 Kev 09) Sounded hy y = & j? — 7 and chc z ads- 0y Eymm^Ty, ^ — QL 

A = 2 J aA tf?T? ra R.Slfflt, Mj. = -i-jjyV- - -7.1544, 51 - = -0.WM 

IS. {■! ftsv EDi} Itouudlid by Cjc 3 r 9 j: - ] tfid y " -2± - 2 itc tol iflg y = 4. 

& jfl, i| - [0,34456. L76024], ff , - J- 6^ ^4 S*- 1, ft = x*-tx * 2. A = - jfj)Jx ri l .3*19,1. 

M„ - - yd!* » I.MM»V»=1,089.*!^^^W^ji«MM»l*.|f- j|^3 - 1-90S 

19. {4 R*t L03} R,ji,ntS™| 6y * cot x 1 ood IT — x J and Llrf y,«is, • - 0.660281. A - Hof s’ — J?)4r * 0.6*^. 

M v = | *x(™, X 1 -y* « OJM435. x _ = 0,JS07. 

= i j^[(ow x J f - (x 1 )^ ir 0.3*3651. y = - 0,535 i 

SO- The Tc^i-Gb bounbdid by i\v> graphs fi” y = cos-i/^ sad y = arJ l he y ^ia. 

> [tj Exercise 4 fLe' - IH4 ske^cbed ih# i^r^ph a\.'i fo aud [Jit ioteretet-Liwi io be h — ii.T^OS- 

A= [ ( ro« ^/'r — t 2 yir fl s 47fi4l.> 

J Cl 

Vl u “ [ .rfoi!«-t/^ — 2*)dx ST 0.13646 

v J 41- * 

» z = \ -(x’J’Jdx ^ U.2335J 

■ Tlie iDfinCttld ta at i"f?,5354.0.4l?9tl') 

Th Es^Teifi^ 2A, fir.c: the 3c.-igih L rtf 4re to -1 ^s^lslfam d^fiitF b^- v l in DfHEiptjto the deJirjte inUfr^ 

4t. v _ ^ -Ss - *- E, ip j 2 ^] - ** 3.^1-EtiS s= 3.21& 

32L V = JSir -Jt ; V f = -2^^ * T. = [^1 +(241“^^ fc 7.12412 — 7.124 

23, v — t-aR j:; ]/' = L - v'T+W'^xiJi ss l-Srfr 


0 17fl^ 


A 
” A 


- 0.ESM 


— ..!L. ! _ ■! -]|j : . 

0L47S35 



miscbIpI-astois fxerctses for chatter e m 


couhi X rft = *lllh X 


‘M, TflC *rc of til* sjiie cube from Lbe paint Wn<;re x — ] to th* 1 prin! iff fan t* ? - 7 
6s- An ^uati-on o£ tlie curve is y _ f[x} — sift it, 

f*{r} spffl f 

V^i+LTCrH’wi*i 

Therefore, by TbEurein ft. 1.2, we have L — -,/T""- cof J i<Vj r ss 

logins M"NT. Tbf are if appioflisnaieiy 3 .<HD uniLi 3entf- 

?-5u V edit x. feji' - *iah £. L ss [ '/s F d* - i/cmJl^e ax ™ coish x - vnh * 

1 l a -[ Jin 2 . J Jni JlriiJt 

2(i. A forte oJ ,j(l(J Lb td Erqujjrd t<i cojppiww. ± aprin^; vnojc naLural length ii SO lit. tu * Inagth &f $ io. Jrinut Elt-H 

ivarh flwiie ’i i cwas[i-rrnH th* spring to a kajth #f fl- Jr. 

► Ut f(s) pmiwta be tJw force raded to torapres* ill* astfins 7 inches. By PneVc^ few w* have f(x) = Ax. 
Jircao^R- » force nf Ijflf) ]b compress** the spring I in-. sbex SW — i) and s& fix) — jOUj. \Vh*n tSh+: fining bs 
eampteKed to a length of Sin-, Uwn z — 2 and to we haw <x ^2- Ef W ieu:Ii iwmiufe is the total work 

done. tben W - ]3m f;/f*-Ji.ff - I " oTO* dx = ItiOx' 1 | J ■= ! - LflfW 

(iHi=i ' Jo J& 

TH« woii Jj-i.l jh JQOD srjcb-poiindit" 

£7. F;&«- the spiLitg aloag tbe z- .ik:s w iili tbe arjpLrj ax the point where the sireichjng, atarra. Hv Hooxc's Law, 
/(ij ~ irx. Thru /{'.V;: - IVM: Si - UfHfc A - I2B; Ffc / x) = E3ftx. W trjt^ ii Eht ITOlt ddtit til atKVhlRg Lh« 

-2L f 10 u,itO 

wprintf frotn 3ft cm to 40 cmi zf "U, lOJ. W = Yim £ l^O^A^af “1^0 xdz — 60^ L j = 6LW>W 

iiH J3 10 

■£ft. The wotJc notEiaaty go stretch a tpiing from flin- in 10 In. is | tloiei tb« ^*orl rin-«>-■--=-fy :o ii fmai 

£ jfl. to 5 ia. Wh*l is the aAluEnl Lcagtih of the HjK^ag? 

t> f{x j poiiadA Ew the Tdixc reck'd to ewsEfufH 1 ^ 13:^ fc|.irj il|^ ~ indieii ^nd :fL x sqcliu^ iw (.hr rantmal kngth pf 

Lhf T- 3r ki^. Rv HurtltaV Uiw h /(x) ^ iinh-povpcL^ kn «!h^ wr\ Ui sthfiwh the ^pcins fioi^ ^ m- ro 

lOln.; then c tR in Jd-o. 30 ■ a]- l^l Wj ira:h pu-jcid^ Lh tie »oilc to stretch, the spiinj from 8 in. co 9 ms. 

t.lrrn r. Is In [8 - n , 9 — a':. Th ^ reToefc , 

w > = ^ L w :* “ *fc !if ^ ;ti ’C" 


!t[(l<t-i) s -(S-ii) 1 ]=3[C9-fl) , -(e-a>*]l -i(lS-2a)=3<l7-2^ ?«-]3; o^V 

* Tin 1 length of tire a?;;nj i« iticnrc. 

29. t^ioftae- (hepwllive r axis- do*nwitSi Lhr rwigin ui r.l^ tup of the jiok, z£ jo.JU;. 

If W fir !h tlin vi-nrii tiaiw^ jsi rjiiiinR tin, 1 dniise cable Lo Lke lop of Lhe ptslr, t-fa^bi 

W = Jeoj ]T 2eu A,x — 2x da — a 7;in — -^DU 
i|fp#iEt 13 .0 lo 

30. Choate tire pcaltlve x aiiii dc.TC.vaid w J Lb the oJsgib -i-l thr l-o;s -or She t.kj.x, - £ (1,1]. W ft-ib ii ike woirk 

done in puEEipcng thfl w*4«p to 4ht t&p ef tbfl t*ot- An eScmcHl of voloinc u m rrttiagiilaf- sJ*b of Ihicfcnras 
£k t h knsth 6 (t r Tcidtb fL- J«id is ral**rl w h fi. Tj*t u. = 1 — dn — - *x .^!x. 

W = ) | 1 '/1 - r J {7* im) - 374A “ -J “) « J(S74.4)*i 9 '' !1 « MM 

31. Chrsnaei the iJaairivK x aais dowoffild wlcLi Lhc orLJltl »i thr tup uf tbd lAiiii, x£ >.-l|. W j^llLxS Ifcw; wurh 

done Lo pUEM&ing the wat+r in th^ Liui.k up Ln ;l IdVr-J | :ll aLK>Vbr sliL "Op of LJic t*oJ;- An -r!-rrn^rsl ai volxruc it -Ii 

rrt-L-tULgulnf N| 4 h of tlijoknctui _i a x, Ica^lh 15 m, Vridth 30 tir, BJL-d Irl ntfeP^d (u-~ a + jjjlti- 

W = lira t (HN»H9.ftl)(15)[3d)(u; i +^A ; t - M H.SOQ I * - 4 . 414 ,- pT 

I £-11 .o .Ml iO Jl 

- 4.414,500(4 + 2) = 44,145,000 



■tee; APPmOMT. A FPUCATEQN5 OF TEIF DEFINITE INTEGRAL 


J3. A tantaintrt Isas I he mjjr*: sli-fift*' and d i nreiwraruf ,15 n solid of revel nl ion formed by revolving about the p U3f 
the region jjn the f]^ quadrant bounded by the parabola the jr -sab, and tan Jin* ?j - p. p > 0. If 

ihr. etiniHMic:: b full of w«iier, fiitd the wnrlf dnne in psiriping 3-11 tb*- water up to a point 3j? ft above she top 
of sat contain*:. 

t* TJ:* figure showa the combiner. An ekmenl of voJimkc Is a eLreuFar disk cr-iilcre-d on the y iK’b, £ i! Itf, p|. oF 

ffcdtui J;. h^ght volurtti miiiure v 

TI; ! A;Sf ^ *(4pj;}A^ ' 

and wejfifrt pounds and k Taisod a mean £istanor of 4p -- ^ for-t Thus -k 

w - Irm f Hp - ~ ?. L'mSww^ 

II A |—►O i'=s ^ u ■ V- _ r * 

- ‘iTipji (4pjf-V 2 > dy - - 'tTipp[2p(p 2 '-ip 1 T 

- fW - f^p,i) P “ - USV 

■ The to>ai svork b foot-poimdt 

3X Choose Lh.r pociti.vc x lUcs dovm vra.rc. with the prigin at the center of the Icna^pherc. Let W ( ftdb, W ; ft-lb. 
and WJVIb Jw the work done by pumping the ttiiar in the- eySL&dn^ the liemisphere, and the e^tl-e -«i-nl; F to 
the top of the Utlk, An clrmcrir. nf mhime for is a cbt-hIat djdc nf radios 4 ft rind k raisnd (w^ f- S)ft, 

1 € f—S n 03- 

— lit-11 51 w*(4)?pey + S)A X J “ tfcwr {* + F)dr — Sw(x + I -i ni^wr 

! — -E- a=t ) —4 j—-— —-} -’ 

An demeat *f volume ?«■ \Y 2 ii a tltiulif dbk of iodiud y 1 ^ 3 - tb, fl nad Li raided (*'■ + f3)Fl> feu - £ |fl^jp 

W 3 — L6 - Vj 9 )i(x^ + S}i,-z = "r « (-x 4 ■ ' K + 12^)= ws ™ Jr' -r £i 3 — 

= wfff-i-?56-|-fl4 + 9-l( + I2».*) -i3f£ wr 

ThrtcW W = W J + W 2 « 57.2S2 

S*t. Choosr the possti\v- ? sjcLs downward ^itb the origin at Ibe center of the hemispheir Let W joules hr the 

irurlt doi.e Ly puutpij:;j. Elie w^Lcr La LLr Ll?|j nf thr Lajik. An eiltrii«LL ■:! vutucnc L-. ji CLrculir lIjkIc «f r.^lii.: 

yf£S — ui^t ft -and La coi^c-d 2 L f ft, it f f2, i . 

W = Lm — is, 3 - z^Jrfx = jnf^p 3 - l^ 11 f = S^10 t = S^TtTS'T 

llAfl-0 tmi Ja I J 3 

15. The region i.i hounded hy j? a — md 2j — 3« The |i-e-:*tir* Oh U wetangular H^lr,«-itS wf --irca f1 Z k 

“ ^|)lh/ft 3 IF F Ih ir- ‘-.hr faira an one =fde pf tbe pUtc, 

r - [ «m n E = V6, j o i/? (^' /3r 

— J - 1 ~ s ii.64 


tA&. A setu^lfcuLiLi pLfiije a. . r aii:ui of t h. lx riuhuire-jij^-d viirtkftlly ■«■■ ft Ntnk af w^ti^r, *iih iLs diarnei-et ly’iii^ [n 
ihi- ii^fjtec. Cbc F«muio S. 5.3 to find tb* thdcc -diic to Tvatc: picuucc oh aaa aide of the plaEc. 

& Hw Piirurc thowi t?ii" plaic, Fcwmula 6.5.3 (flat** foeee dim io llqiskl pF^^itw on ono ^idr of the plat- 

b gives i by 


whtic A ft 2 b the trea of the pFa.lt and I it b iht dep’.h or ice ctnuoid. Now 
A - jjr J — ixf< 3 ) — Stt 

Brr4U-v (hn pl-a.Ec n ‘•■rmirzrrr.ilnr pf radaui r - 4, by Ezcrcaac d.5.5a ii*vc 
¥ Ar _ : ^) JUS 

Substiititmg for fl, j and A into (1,. we obt-wn 
F = = ST39.? 

Thr CoTijtt Mi thr |iiibr ijp. 27l ! t9 i .2 puqrvds. 




MISCELLANEOUS EXERCISES iOR ^EiAFTER 6 407 


37 - Cbooee the Positive x ra* downward with 111* Dri^n an tlK- eraCflr of the ^irrrl^. An equation *f L-tai -rirtle b 
± 2 + gf - ]$. TSio p:«£l£I£ Ofi i recTJMi^uljiT demrat oF E^Lff — ft* is 40^ Ib/ft 3 . If F \h ::; fie 

force on in rad due i* fiu-ci pressure. 

F =1!^ £ " -4o|*v / i6^-Si‘ <T*) ^ -f( J6 «^V»| —$&-«) = y™ 

36, If F lb -5 tbt fote* oft thr dam, F = pirA — 62.4( 15 \/5){ 1Q0 x 60) = 7^.2^ 

39- Tlif pKilive^ axis is upwind ^Frh fh^ priori at the Sx>1tont of the IjeiL W ft-lh is l.V work 6wm in | <.., n^l =. K 

all of th& wnttF oil l over (he (op. An da^Ltnt nf ifohsnir is a -fimiLar disk of radius it: f- nod i= raised 

W - .. ljp^ iT - Tr ^ y('& - _ w* J f£G* - jrfjj- - ^rr[i^ 

= (614^7200 - - 8*8,094 

^ Tf /(xI =: -rff, ftntf the Irapfo of the air of ik sxapJt of'/ From- tin- paint where* x = to Lhe poins 

whttt £ — (Hint: 1-sr ilir fir=l, fundamental Theorem oF 1 r,»- tLa.l-r=:i*n atk! ihe identity tm : ^.r - if 2 j -rr f ^rl.- 

> By Tli^nsm the first fundamental theorem nf the calculus, we have 

/ J (x} = ^ dl - -/cw ar 

1 +[/ r WF = itoMisS «** i* 

v/t+i?HF-v^ cn$ 

By Theorem 6,3,7, 

T > - J’/* ^ “■ i* - Sv^lfot jff }*-&> g‘) - 3^3tJ^-£> = *-,/* 

■ TEir fcaflh Ol the nrc L, (2 - v 'Ti ii ii i Cs. 



SEVEN 


TECHNIQUES OF INTEGRATION. INDETERMINATE FORMS. AND 

IMPROPER INTEGRALS 


7.] INTEGRATION BY PARTS 

ITiTECiRATION FOJUUJLAS Ynu abdlikl inrmtirilc 111 \ :i & LpIr^iALioti CocizLuJoi. 


1. 

SL 

* r 

5. 

6 . 
7. 

9- 

10. 

11 . 


- 4 + C 

4i di£ — tf-u.— C ^rbcre a is any wnsUait 
l*/!n) + *j(ajl-a | /(n>rfwT* fjfM 




EJ* 1 Jl* i 


srr 


+ C n 4 X 


^-ln|u| + C 


fl* dv : 




-C whfiTtt 41 > O i-l-lJ 4^1 


c' du = + C 

mu rj Tir S —rim w + C 
?j dir — ra ™ -F C 
2rf£ 2 u^b- LMl Is -F C 

CK 2 U cffc - - tOl If + C 


12. 'ITT IE [Jtll U Jlf — SffT 1 ■+ f’ 

13. nr ie rnl ie rfu — -(m: u. -fe-C 
Hr ', h-lb II Iflftd = Iei| SEC III + C 

] d. | rxrf, ej dti =: ln|p=in. ■[+ C 

16. see u du — In) w -F lan u) + C 

IT. | esc v dv = hjrac *-coi uH- C - ln| t^n^tij + C 

jffl. [— jj Hx -1 J + C where * > 0 
1 uv «r “-a 1 * 



7 L RATION PY PARTS 4OT 


[ di — ft 

f owh 11 Ju = S 


ft£i>::. ii - 1 - C 


si ILh K +C 


33, tfrfll* u- dv i- Laoh CJ ■*■ C 


| TJch 3 y 


dit - —Ct^ji -J 4(7 


ash « t-anJj u rfu = — uch *40 


2& c«h w coth u dii- — - cscli u -l- Ci 


27. ±= sifi-fa -1 "-!-■£= La{u + ^/ti ? - x f ) ■+ c lE □ > 0 

2Sr , j — cwh _t J + c — 2n[ u 4 v^u 1 —-a 1 ) 4 i3 if ir > a > 0 

loictfratitm by Fails Thf [ormui&$ For LnKgttlioh by :*r iudeFireire and drlinilr inie^r-iLs ^nf 
| u 4v = in- - jv wd | >1 dv — urj^ - J ^dv 

Tu uac lh* Formula* wa must ta^Uw Lbe jlvto mttgraml ssi such a way ihai 

tn.ll Oil* L!«i r*Hluft4 — wiiiftll Wr i IriiigH^ii-f' dts— .t.|m] liLElfrWIlLirtl^ 

(>K- *tlacF f-arlar '\h.Lnh wo designate u_ An^ we rmuiL tW v ^nd in uudi 
a wiry that /u dT-u it (-ask: Co Lategta’-'. "AY -,I-.ill Khutttn tome eoEuiEdhh by 
rr&jning rfr in^lrad of ■rirfinin^ il wpisciMy. 

ScimclainK it is con v«dent to caoast a bgezcto carcsiant of i titration; s« 
Etarcitea 2-1 and AL []| ftny rnU^raiiun pnnbkrn. iht first step IS to substitute 
r<> r Hut MguiueEt of a trtgmtttaelrk or expoMtfitia] fubcisun il it b more 
tOffiiJ^karcd :hriia & WtfuAWI L Ljjii^ x.i H1T - EiWSei*™ 16 -Utd 2-1. NuX?, if l^c 

jntc^S-asid it a power nf * ii-mes 

{El a ttEgOltObteliic fiinclinn dt an ■'Tponm L iat functor, let (Hr 1 power of I 
be v, iixrrdKS 4. f. aj;d [2. 

{iij an uivtrse trigeairtnutlric fiuKlron wr a Sogadthmk Funmrart. let Lbe 

P^-wci of I with OC tfK SCO ljejt:afeii 2 l ,iti^ 32. 

SMMtilM WrC may hjavft In r\t^rA4e by piltS iTlOK ?Jia3 date: Sis UiercJs^ 
l?, tG. flSid 32. Tha f&lLoveijL^ ibrrr.u I&.H jufi d^rivifii! En Example 5 and 

pm 49 wd EU- 


J i^'ji — i n t* - #|^f5ife 


I c au iaia l: " jr_a t # *iti ntj “ ri.ii ni) + C (4) 

J a -+■ n 

J ilLfa 

U dtl - -^-—r{fl CfiS Tlti 4- rt sin tjw) -+- C ("5^ 

d* + ‘ 

Eierdwa 7.] 


In E-SCrrciMt :-i3, cv^iyjMfl Ihc 1 indffinit^ inl^BF^I flhwjt yoilr annwiT ^,v <iiflEtf7mljati^ici or support it jprapbk^Ly. 


I_ H ■- = ii-Pid -r 3rf (fj. Tbcii aad 1 — it**. 


»r-dx=|«- 






3. T.n tj - r mid rf’y ^ cos 3?, Then du — dr a^d t* - -r 2ir. 


J*«B>2rdir S )rri»ti-f|^ii7i! rfx ±= mci 2^ n J cum a 2f 4 C 

LrCl 1/ — t aaui dt.- — ML x tail x ilx. TiwiEi dill - dx. and v — >dr. x. 

Jikcjc Ub z ix — z sec 1 — | sec x dx. — r sec sc - ]c| sec it 4 tan x|+ C 


■17(1 TECHNIQUES OF INTEGRATION, INPFl'EH-M3N AFORMS, ANLJ IMI’LUiJ'fJU INTEGRALS 


i ilt T tlx 


> IVt ««■ ibUipnlwsi by |]arti. with 


” = G7 


f x3,rfl “^5 - EiTj | 

5. LeS «. - ]al x and dv - dx. Then du — 1 d-r -ajid f = x- 

J ]» » rft = r In * - | ■ 1 = a- In i r + f! 

6. Ir.L u - S-B^Lif dtf ^= rfv 'Pbwi dii i t i 4 ^d v ^ 


,3 ^ bS- L> c 

lira 


Jbhi dw ** w siD J -^ af7 ~ * 

7. 


sjh ' ti< -r- v L — ar 


a. j x see 2 r di 


* \ l MV tisf! i nLi!pr:i[iij:i by parts wJtil 

II = j* dr = sre 2 r dr 

da — d£ V = U4l X 


| ± S*£ 2 J d£ — i ;an JJ - j iMi J? rfj = i Uri i - I;i| bftfic. r | + C 
5. LcE. u — ind dt = i- di, Th*h 4 & = —“tf ind * * ft* 2 , 

I +1 1 

|*taa _ 1 rd*m Jtf*UD _l i- = + 3+3 twi _1 x +- C 

™ i. + ]) -£e 4 C 

A lieriiiwivtly, \^i t" :. ^r 2 — -. Then v dn — jdx and 
z taD -s j dx — |{i 2 - 1 izn~'r - :. |dx- -r l}i^i " : x- hr + t: 

10. Let ti = Ln^ +1). dv = dx. Then du e -^—di and e 1 7- jc. j ln(x* +1 )dr = 

x ]n{* a ! I) [a-^-jdfc = x ]»fx a 4 T) -2 j(l t tofe 2 4+1 tan -1 * 4 C 

11- J,r± a — Tf* And dr — ———=■_ ThiB da — (if 1 +ff r )dx and V =■-^-=-. 

(a? 4 ly * t 1 


aXHU'pt^+C sj^j+C.hah, ilea. [ S* 


-f± T*f r + c 


■ <jji hr Lni-c-^rAicsd arjy if n = b. 


12. | r J hll Sr dr 

*■ We Jet 


■du — sib :j£ dx 


dir — Jr dx f — \ (W 3r 

TtlUH, 

J r 2 sift 3r di - —J T* -MS- 3x 4 ^ JT «js 3 t dr 

Far 111 * Lr^.L'^unl on Lbc ngbl aLdr uf [I.}, “in !f-I 



7 i iprnvt;itATio\ by parts 47 l 


■a - x 

dv - 


Jr — ass Jt dx 

!■ — 4 fiin ?f 


Thus, 

I * CM 3j d? m ^ 


z wp 3* - | j 

Subgtn.uii.Qg from (2) Laid ; Lj. we obitr- 

—■ ^ r.-r^j S.r 1. ? 


*in Jar <f jp “ ^ j im 3r + £ *t» 1 e + C 


| x 2 sin 3x d# = ^ t~ cos &r 4 g s ssn 3r 4 ^ cos IS* -|- C 

13. Subsist Lite r — In |r % jr — tf 1 , Jy — '^rir. 

|"aLn(tn — |"sia £ n-uflz) + (; ^[un(in %) — -cu^l 11 y)J 4 C 

: eon df — -fin ? TIiue ] - *iin * Infcoe f- - j in t hi'?, 


M. Frat *uJwti halted 


.New tel 4i ^ In. !, div - dt. lies du — -J-d( had v s 


I — fi En J | i . i dtj = I tn ( 4 J 4t = -1 In t 4- i + C —cos z lnj(coa a-' + cot z 4 0 
15. L(*l u — c r auid iJtw — ntfs jr dr. Tirnn drj — f^dx n.nrl r — sin ~. 

I - J f^caa e dz ™ e^WLa r - J e r |h j dx 


t-fJ E — r* sue du = fin r dr. Then du - e*d j and v — -cos j. 
I ■= e'siri x - x 4 J w? i dij - c*sua jc #e 3 cos i - 1 

21 “ c"(hji *■ + t) 4 2C; I - I+<Mi) + C 


lfl. 


J*v ! 


dx 


c- To amplify the espoiicnlaal, we In i t j aod d* ■= It di. Then 


[dV"dx -- {x 2 ) 2 ^ r [xdx) - 

I E ^ = 

Lei 

d F ™e J d= 

dli = i dx 

Tim* 

t wx J 

j J»A - ’A- - *r* Jz 


f if 

Fat the intefra! qq tiic rbgb; side of 

(1), we 3id 

£ s j 

di - 4i 

i/EJ 

Thun 

t = f f 


| z* M dz=z^ M J t? d? = sr* - e ¥ + € 

Siscaiituting from {2) iaco (J), m‘R uhEain 

- «•+t»~e» i>o*+c 

whrre C = -C, I'ioall?. substituting t = w* grL 
| r = ^ <:i ifr = (Jr 11 - J- 1 + l)f** * C 

17. Let n — x 1 miJ L.. Thfa ^ £z tfr ar.d r — — •/] -i-. 

|-^£s- - -^h/T 77+ | = -i^vTTT 5 -|(t - Jfft+c 


m 


(1) 


{21 



412 T EC UNIQUES O' INTEGRATION, INDETEKhJ I NATE- FORTES, Am IMPROPER INTEGRA l,S 
IS. Lrt U = c -JE Aftd tfv — 53n 2;r. Then 4v = —r r rf* fUStI ■ — ~f ™ - 1 - 

| _ jV jl ?x iiit — " ^" ,F ‘C** 2* ^ |J!~ r co* J£ di 

Let i\L 77 i -T iDC. dl - tos 2j: r ll^n dn — -z^dx &*d c - .], 1UI 2r. 

I _ 2jt - tr+ r^*in 1* *:) = - Jf-'W)* 2» - ^ _I sin - il 

j] - _»-*£$ col 2*+ l«in Sl]l l = -$c -:r (2 tO»St + an U) + 


19, Lh. ti = z ; and dn - ELih r dx. Than tfu - Jr dx aid t = *- 


I 

U - 

| * ! * i ib x d t = Aost r-^minbi J dnfc * 4*) = r 


x (£~ — r^eosfr r. - 2 j £ cwh r dx 

{it a “ f JLEidJ d u = Ewh r Jr. ^ dr, ,uiil e - SLIlb X. 


: 2 3f F'hli X + 2 ceffb X+ 0 


20. 


* tn1c«n.ti«L bjr part* Ea not ^uSkA W* Jfl «= I -<?- *%* du = S d^and «' = !-«. With lba* 

Ktj betitutions vtt obtain 

J r- rfr _ J W*> _ du « . Sll H* +C 

.3H-C = - ** -3)+c +c 

21. First Fiilatitutet = v /r, rf t —~jp- Thus I - j ■ = 2Jeot l td(- 

Mew Jet ti — COS ™ 3 i and d'J — tftr Theft. dii — “Sa - ^ 1f = (_ 

lit 

If 4 ^ _ 2f + Ep{I -4 I*) +C ■ IZ^r + K 3 + i) + 0 


I = 3 r cot - 


H- Lei LI = *vra ] amJ Jv - Jr. T>ren 


= _ ■?-,■&— a,^d f = x. 


I- 


2t Jr - z -r 


f.. iJLik. _, 


- X- -TOS ' - -^V 

23. fc’Lm riub&tjiutt x = J 3 ? dx — 2i d<- TIilis 1 - J *»^£dx — | Ti t*™ 1 4t. 

Nfl?p ]£E B = 2 u Ji? - cc* t dl- Thin tfu = 2 dt and t- - s-ii i- 

I -i 2< thlfs t - JtiTi f di. - 2i tin I + ^ t -!- 0 =: 2 ^ a^/F- 2 ™^ + C 

24. [Ufi -E v /xJa: 

e> I-'inst, ■fcMc Eel ^ - y'e. Ttcn f ^ ■? . nnd Jr 3 = 3 = J.- 'JhiWi 
| tan~ 1 i/r dt — | 2 z i-stsu J1 - d: 

Next, we integrate by parts on r.he rlsht side of E 4 - t 1 )- Lei 

1F — tan - ^ 

du « t - e 3 +1 

Note that m ijcfrwto choose thr rttoit couvkdoiI aiilUerivatjvt. Thira, 

| tan -1 Ji d* = (i a «iimir\c- | } rfr 

— +1 )I«d^ 1 x - i-t--C = tx + ljtan” 1 i/x- 4 - C 


(*> 



-.] INTEGRATION nv TARTS ;73 


fn ^a-32. find thr e^riei vjuua H?r the by NIJtT, 

a £i> s Tii ttrtnpute \*l n X* dl- - 3 r dx. T^n du = 2r dr fend v - y~ 

Let fc Jf 4EUS tS - 3 J d*- I'Jwrn du s dx and u = ^ ^ 

j**®* - * “ fer - lil&f “TTii! 3lrfr }=15% ~ jS iV K ^7 +C 

2fi. Lit li ^ 1 b(± -ir mud dt “■ its. Then du a * - * H 2, 


3n(x + 2)dr - (x + s!)3n(x -s- 2} 


' - j " dx-A in < - r ^ ^ = 8 


-S In 2-3 a-2.545177 


To- compute j sin it x dr 1 let u = sin 3x^ dt — cos e dx* Then dv x JJ dx r d — aln x, 

J?jn 3-x rpB j: dr = rwfci 3if fltn X — 3 J £06 Jr sin J dx 


cm ISs sin r dx 


Lei IE = «ir. Aj iisk! de _ tiLri x dr. Theft dw - -“hi IL lx 4f wid Li i —toa r. 

|riLn 3x t>jti x dz - ala 3z sin r - —ra* 3x e*i £ - 3 j sin dx cm x dr) 

- S | sin ir cos r d> - ssn 3x sin r -!- 3 cos 3r cos £ - SC 

| oib Js (Oft £ dx ■x *in stn r ■“ | cos 3 j rw r -i f! 

( A ahojtei method is gii'to in EmnpJe 7, - 3.-l.J 
j “ sin 3r cos x dx --| ftin 3r aif* £ - | cos jj cos z 1 

~{“'J^ t0B *" 00& ^sin"® O'"|ens0toa0 jl~ — jj|— 3— -yg + j — 

2ft. i 2 c t6i 2x dx 

f Br.cjiuhe x ? iijid cqh 2z ixe even ftinetloRa, the integral: ^ 1 = r 3 nn 2= {2 dx]. J.nt 

^ I* 

B - p du = «* Ijjjfc dr) 

du — tr d= V — gill 2? 

I j^idn 2x! - I 2x 5,1b *2t dfx 

ut * Jo 

■Ei — s dv = sin "3fx(^ dr)- 

rfu — di T = 

_ . ■ i ■; ' - ■ \:.- j_ 1- - - - j.; l' z „ j'.-i- 

29. Let te = lb r, dv = d^- TIlwi liir i x""dx uX 2 d i — £ and r du ^£ [ ^dr, 

J V /Si In * = |i J/s In ij* - J ,9 dz - |(8)k 4 - = ? to * - ? s 

JO. L*t H = t, dv = cot x esc x dx. Then du = dr mmJ r — ^rse x. 

f 3w ^x ccL x c=e x dx = -t <« + 1 f ^ - lrO<ac.X + 4iflt X f] 3 ^ 

\rf4 W 4 l*/* s n 

= la( ^2 -1 j + La( ^+ i) ^ -O.-StJySO 

^1* nr* subetitulc £ ^ x* f dt =■ 2r 4x■ Thus J — sk' 1 ^/t dl = 2r stc^x dr. 


[V>tw let u = pot - '? dv — 2± dir. Th.on du : 


rvV-1 


. ud i> = x ; Rtf e du - 




y,>- !' 


a:-, techniques of iNTEfr ration. iNiJTCTETtMmAT*' fojsms : aimproper intk^tulS 

32. j eLu - " x 

fr- J'irtttod ] Wr i im: iiLLH-prallon hy jHifp: wiSll 


v cfa + , « 1,1 i 

v -r -* 

where ih* riHkrtiuit In i wis eliran to sLmpJsfy vdv- ! l^f 

H * *1-1 -■ - J>ln -1 ,? - f 1 (zi *«+tf 1 V7^»#* 

j j 1 Jo j ft it ,/1 — t* j € 

Tht [UiegraE on tbr rijfjit cirf* r^pwenlE t-hs are* of *. waiter-circle of radiii* I and so Jias vdnc i»- 
antidwiraliYC c*n !* fnoiwl ufdng Ifct iRibrtilniwaa r — eeel 0.) Thu ft 

J t un -1 j rfc ?= ft ■*■ £ ■ i-TT ™ £T 
Mfiltod 2. Ldjf = stn 1 z. 'IbCB X " -:n ±- aaid rft - «ft 5f iiy, wh<™ _ l« w in--, j 1, V - £*■ Hrnre 

j 3 z sits -1 z4x = |^{3iB ifM 1 ^ F Jy) - j* 2y) dj* 

Now w-* inicsr»-s hjr i?wU with 

u — y rfir - ^ sin dj 

d 'j » .^j' F “ —J W< Ijtf 

Hcncp 

| r hlu~ l z rfr ^ + ^ M# 2g - I \ ■ “ I* +® “ S* 

I ie Exttdaa 33 nod 34, us* etj^aiLOD (3'- r,o equate -.he LruegraJ. Olieci lay NtNT. 

33. [ jpK^dz - — 13 x\ y dx — J?r* — 2tt?t T 4- 1= *?*? - 3r i e r + 6xc E - J 

- f ji - + g» , JVb^s js (37-2T *18 -ft -3 + - *V - I2r j - Jr r; 2«.«3 

Let n — ^r. du — irf-c. 

J 4 = 1 7 (SttJ^iikO = 8 J^VAi - g^e* - 2 m 11 st ^ 3 -2 - a ^2^ 

35. A nqu,-H-n laiiitn ir th* -of ib« rff^i-in blinded by y = In *, thp x iyt, 
re f ja 

A -~ Hefei "JI Jn Ei ,-A.X = En - dz 

[|2l!Mi.=e1 1*1 I 

Le:6 If — ]e X Md <|e — fifx. 1 beD o'l-j — _ n"z n.r^rl r — x. 

A - if 3b - " rf? — x \v\ j- t. ^ — fit 1 - t s ) - (-11 = s 1 + 3 

3t Find Ui* ^LumJ of Che rwtiil gmrh*4«l lny iKr £ AttP tU TffSPPn WuheIwI l»y fllfl curve V = 3fl: 

z, -Ihr r juia, ripd lie line t -■ C - 

b- The Allows the T^pjc-n ^- 5 : 7.3^) AT.d a pLa^e :he aoTid or revolirtiorc. Tin 1 «l«Ti«ot of volruaa 

it a ciTfUB^r diiijc wiUi ihkineas unils wi. rali-js trs -_ e imij-s. IF V ruble: larJi* Ihti ol Lhc soLlc of 

irfivaLutiOB. tltD p T 

T f- 

Vx Inin £ 1 T(Ld CUjP A,^ = tt Iri^ x lJx (1) 1 

liNS 1 1 J] __ 

To Ejld lh* sqdxrLDiU iaLegfiit in I iotl b>- parL:, wrd h 


^TTT^TTTTlt 




j Id 3 z dt — Z Ifi 3 J - 2 | lit x dr 

Now tt£ iategrate by ^irti wrtJi 


ii’Tr “ }_ dr 


i- - f 





: i’ktfCtRATTQ'N by parts st* 


Wc h*Vc LAim n ^ D Ijs Uhj iniUTiniitr i Jifcrgr.il c wic i filled tu Uiic tie Sciu Lfc to ovaluale a dcEsfiLfcc 
lFil^tr.iL Sirfcpnhi Lu I.LtijS freirr, ( 3 ) intn nr.H :,_hrx into , ] j, w< obtain 

V - .rf_= Lt J x — *x Ln = ■+ £n '' = ^[n 1 In 7 r? - Ln e 3 \- "Jn 1 1 - 2 In I + 21) 


>10- Pmd the volume of the solid of tevuLotion genrf.-iE.rd by rov^ving atKjut She f axis the region bounded by the 
eatve p — ibn t . a*jF, ansrl tho hue jc -=.4. 

fr tot /(*) fe Btcuue /'far) — —x), then- / Ilws « inrfaiivic oiMaraum. value at i — 2. The figure 

ihowi eJl* regi^u &tad * pl&tie Heetion of the solid u£ tTvoiiLiJon. The ■rJpuHiiiL uf vntnme \n a. circular disk mill 

Ihiffcn-nw A,.J imzLs and radius /(ti-J unit*, If V i?iibk «MkSp i-. Ihe VdLorrlf "£ the t-olid nl jrvdlufcirai. Ihen 

V = IA M 3 ^ M A^ijf A,* - f =(2*e' _iL ^} 7 <* * - ■!*■ [* = J; i I) 

I .ill ^.il , 3 0 JO f fc 

Wc use in legation hy paiES. Let L 


We intistaie bv parts-.-lfrrnn wii.h 


SiibstLtuting kora (4) into \ ‘2) and then into {[}, vtt ubmis 
V . +2(-j !e ~- r - *^->H - 1ST- 1 - u- 


Thu vuiu;i;c of the solid of jcvoJuuod L? Hn'l — I3c - *) cubit utia. 




■ITS TECHNIQUES OY [VrE&ftA'UON. [K DETERvr^tTF FflRW^, AND IMPROPER INTEGRALS 


The Him# is i‘i 


*r.rl 


43. The rcgfcft is Lei the fisst quadrant bounded bv y ~ san ^. jr = * r anrl the y m& 
A = f ' [ifc* * - friu r )d* = sin * + cm * b 4 - ~ 1 


^O.S04- TV.r ™mtoid iB*4 (6.26t,M04). 


44. The ngi™ ™ Hie first quadrant bonded hr the carve p — «*, ih* Lifles y = 1 *nd x - j-r. u revahred aboui 
&lir Line if — jT. Find the veto in* of the solid generated. 

&■ L'Lc figure r-h- Vii ,m !he region and 4 pJane stecLiuii uf Liie ^jLwI of PfVfOijtsftit. Tin: Lucent nl ttT iiPc41 is Pf^t-PULRif- cf 
width A t x imild., Mid fhfJnceit ol ™Jumc et -t. fylindtiftid r-.M| of tJiL^JiDCtts A k r - A^ - 4 F 13 LS, mejin rndnzi 
f, — — rrij nn't:;, rizid felhiludr = 1 - CO* Wl^ l3nUfs Thun, * v , 

V = hns E^Tr.-A.ir- liui SSirfis---<PiT4i l >A--i! 

|| a . a f A ll-o I-dt' 


Wc uee in tegrALioji by prarts \*jth 


■ The vc>luine ui the aotid of Mffifrritttia is £r(|w T — J) cubit units. 

45 r tjbncrf* the Ofipirj 4t she lop of ilie i.uik with the positive g ids d^linfiii 
pumpisiR; ^.11 thn waser tu tbe sep of the tiu^k. A:i eLe^eus of volume 
n:, £ JD,4|. lift -J - X. dl - t du =1 dx_ -. — - le" jr 


VtL±: (V ZifjIV f - ± V - 

de, Let N ~ in J rtnd di 1 — dr. Then dtf 



7.] INTEGRATION &V PARTS ^77 


4B. A raar.oiaeturrr h ua discxyvetied thsi if l&Br of a pifticuJur cLizrimodiW are produced per wee*. she 

mjLr)R«iAj cost is (ksermlDKl by ar^ 7 ' ajid tEk; itt?4gjn?J tcvmoc a determined, by S-2 wbetc- bu-i h tht 
prcKlutlUjEi c'AtaL J-Jid Lh?r revenue *Lrr in thoiHWKlB *f doiiaiS. [f the WUtkly fixed «riL-i riMio.inl tp ££00(1, field 
Ihr tiieuiiuuin, frrckly profit ihal can be obUu:i4^. 

► r-flt Cfr) th-w^ptm-d dinhort l#r iI k 1 c-jj 1 : 1 nf p retiring ]D0r nnili of if.e commodity, JJmjmj** ] EhouxAnd 
dollars- E5 the mdrniitaJ wtt of p?*>dydnn ltlfljr imita und C{0) 1tnPi«and Hri-lL-irs i ■; i!ie fiwl r^r. arc givna 

C'PJ-xW 1 <mtl C(0) = 2 

Thu*, 

€{x) = j rJ j/! d£ 

Wf 5 isn integration by parts witJi 

it =- r i^tt =■ S 1 ^ dx 

(2}J r ^ 


tW" ? r^rt. fts4*^ i 
r J-”TT3— fih\ r * S3—sri 




“"-jsV* 

iitd vf£ irfc ftivnn thM C{ft) “ 2 , ihrai A = 4 /f In 2 }* + '£, ruirl 
(2xJ^ (4}2^ s . 

^■TSS -- 'liT2T r (EjF r+4 (1) 

Let Ra x J thousand dollars- bt the HVHHlt fffcitn iilftr unit* rw-e Wjd- floervasp R' r) thaus-apd rJa&iES. U iho 
mar^nal r^v mii nr_ nxc3 lhe rrvmur is zzu? when. s — Dl we aic- gjvm 

&'(«■> - (W' /s “n't R(0) - ft 


!W=J«r**J= 3 g=!Ui 

RrtraK 

R f°>=^f+ B 

and we art fjjvat r.hai R(<)) — Q_ then B — lti/En 2. and 
(-16)2-^ . 16 

Rix) - [E1 -P) 

Jf J'fx) tlwssisd dnlisrs is ttar wrtkiy jwoiil ^-hcn 101)/ uniU-vf prodisiwd and m|t: j>rr ‘s-nt. ibc:i 
K*)= R(x) -C(j) 

H'l» = R'(*J - <?(*} = - I'i*' 1 

fly trial, Wtf fitirf ^{3} “ 0. Furthermore, P'(*J > B if X < 2 and ^ ft if x>2 Tim? the aWltfce 

mazimiim ooobts wben ^ - i:. Wc Jlncl ihe profit ^htn r — 2. Fmrri E<j- (2) ^ve get 
up-i _ — . ift _ S 

RW InJ + in-E^ 

oiid. ftosa l£q. (tj -obt^n 

°* 2J _ _ (tojj? * (hip +8 _ _ (a«rrj“ + 1 


I II I MX. - 

■ flnca^LSC 10tHlTi2^— 13^1 Jfi. "C lu.su. I i-Jt sIlhE Lht jiuLXLm-jjiL week I j. pTnf* . is 


47B TECH N IQ IS LS OF INTEGRATiqX INlMiiTRKMTSATE FORMS. AND IMPROPER INTEGRALS 

4 & I = Jain = if-* m -5}™n - ^ ™ bh- f f*!$*-J*] 

- + I.TfcBTfflUt 

a G^a n , ™ 

fl? - jC] _. flu - nf^ ^ajaii » 3 - -^-Jn ^11 »U - ftw* mO -M ’ 

? a 2 a -S- n J _ j. I 

SO. I - J<CK ui^rhf! - | Bin o e “'* "“ 4 «*-■] j «*“tos ™ j 

= hr™ HB-S-SfLta Tiu-*l] = Wo*™. 4 Mb **-& Tb*rer»™ 

(J f3L J r V J * Q U 

B 2 4- rJu -I- Irr'^^ P-ITI JjJH | ^ PLU ^ TI ?.ir| nbl ) + C 

Jf rs^ « + 1 >* 

liL F_"-trf"i^ Si iltd &2, ™ fofitiiik f4) 0t {5) ** ^v^jnaAr ihr dcfinitr ^WET-i! !o fi Chrtk by NiNT. 

si. #*< ^ **-**• *>R _ + -*^*-$^* 

=s G.filSftT 

52. f Mi* 

J */S 

e> Usui£ Cu.-lmliLu {§} wjtli a - 3 juli 3 18 - ti have 

[;£*■ r ^3 «m 4 «}Jg - £**'*«- 1 >+^)} -r^m+rni 

= _. ^3*/* „ ** " ] -”B5S0 

53. {*) If * = -1, tfl™ | r dl ~ | In r ^ ^ |(lrt *? + C- 
S1i^-[. t^C. u ]lh £ iuid dS = -"■■« i*. The* ■= J ami H - ^ *■ 

{&) \Vi Lh r = 3 wt JV’ln J lifc * " = "i 1,1 3-5 % 17b24fi9 

W. ( .) If r / -1. | on *)CT= V**yg £-1 £t-^ , " 1 ■-ijj - Fh| ir(ln * r 1l,ir - 

(b) Ifr--1 and g# -1. | (lmJ' 7 T“ J (In *)* c^('* ^ ^ + C 

MITf.-I *«lg>-l, fl^-f ar (^ l, *) = 11,1111 * ,+C 

Si l{t)= ^xlriass®^-' - ')^- 55 “'""'"‘"‘jj - 1 ~ U ~' '' f 

F3fl) = 5(1 f : \l -1'- 1 - r- ( 1-Ji = SOffe" 1 ™ 9.^E8 

Jlj 

7.2 ™GONOM±riKlC INTEGRALS 

Cw li f HR n x ^ or | i{g:* wlitrt n tf a poditivc add mh! » n - l is ^n. 

(i) atH n j dt - (uin i '’ , ir){jiL£i t rfi) m ^ ™ *> 

{«) ^ r Jt) = («re 2 Jr) l,I_ -^ 2 f™ x &t) = (1 - snA}^ neD x) 

Osr 2: f dz T^he-re iitber rn ( r) <* fl (fei) is i P^itlw oHlI iateg«. 

[ii) siu^&w m i Jj! - iiB**a«a“" t a(eii«sedlJf} = *i»'"ei» , *#l*" -1 ^ , C«* “ b* 0 "^ 1 ldan r> 

Y au eli 4 V uk icitK-Lloii formula. Sc? Ek^C^P B? nnrl 

jsio"u Jn — —^Eiii"" , «i cos *+ jsin h,-5 u Ju (FofmiU*7S) 
j m n u dv - ^““'usib u + | *> (fomub 71) 


FT IP3 


■:i THKTUIVGMtrraXC INTEGRALS -S79 


Oirf 3: c L) j sin 1-1 x dx, (ii) | fCrt m rfj 5 , or (iii) | <\n n, r. 'tOi-" 1 dr. *'Uv*- m airfl n AH- ptwtivr rvrn inti^r?- 
L'sc the 1 tdefillffc* tin** - J{l - (W 2jr) h <»p 2 f n + 011 ^), uci 1 I ^ 1 UD 2e Id reduce la Com 2. 

(lv) z sifl jej Ax (v) COS Of «S d£, {Vi? j SuJ ct£ £QS *x iix. I,fie Ife* idwtidti 
Mi a sin it — HruK(a - b)- htwJ.t | £)], ro? sr-ros & = |[co^g - b j - cop(fl -+ ft);* sin. a cos. - ^[sinfa — t +gin{fl — b)J 

4: (L) j Ua\ n x d# or (is) j cd n x dz. iviitrc rt ii a ptsjlivo inHflex 

fj) — liin“" J x l.in 2 x d* = Uii M “ J j(s« ! J - (]j) COl"* dl = O0t^ -2 X CO? 2 * Jx ^ 00t T, ' —2 x(c&C 2 f! - ljrfx 

Css4 5= (i) | dx or (tL} | csc K x 4x whore ji k* positive won Inl^ger acd to a —2 b wml 
(1) «£^tdx = dx) — (*a^x )^"~" 2 ^^ i (*cc 3 B dx) — (lu^j + tin *) 

( 15 ) dr iK «T B- 2 x(eiC a F dj) - (ffiAo*-" dx) — (-ttrl 2 ir -H 1 -d >-ftL *) 

Cat* Sr (i) ! Lon"* scc m j? dx or (Li) J ccn n x cfc m x dx wlts-w m it a posjlLv-c ovod integer Mid. so wi 2 is o^xn, 

(i) r4U3^*SC m 4Td* = rfx} = tMi PA anfi«: ? x) <3 if±) = fen’Vhu. 3 . + 13 ( ™ _J|/3 frf Un r) 

;ii; ^ei^xtsc^xdx - cal"’xcr;i: in ^r.-^xi-Jx] - coL tl j' m i-.-c*s\ i - ™" ‘^(okC** idrj - rot p, i(f.kH a j + | ^ lw '“ 3 ^ a (^d«rt x) 

C*» T: ( 1 ) |t«i fl ri«™ dx or {ii) feat 11 ! ix niii (khLIw odd iategor no Jt m J(fi- I) iit «n int#gtr. 

jj iiA n ± set™ lir - lArt" -J x z EAia x d!x‘ - - Lwi" j: «c zj - {sfkc'x - ] i t *K n "" l ±(d' H£ x) 

(ii) cot n xese m xdx = « 5 t^ _A £C£c m_t t{cstxto^fdt) = (tot^x) J x( -d«c x) - (esc 1 ! - IjW^^-dcecx) 
t larw £: I'sp iHr iwluc-Linai pQtrrnLjlan 

(i) | tei n j cfx ^ Lj«c n " s x 4 *d x + f‘ ! f^( Ftimmln 77 ) 

(la) f csr n T dr = - COt T + -p——r | C£C n—3 J dj (Foimula TS) 

!’ Caae 9 : (i) J iaE^xscc™!^ ox (ii) Jooi , ‘ii 9 e" i i dx wfere n !s <-vrin aiwt m \.* <x|d . App(> CW 8 t&z 

■ i) Uui^T = i Lan' 5 r) ! ' l,r2 sCT ?Tl 7 - - 1 2 p« m X (ii) COt^lt Ogo' t| J J — F^tac™ — (ftW 2 £ - I 

WiiJiss’ Forimjlit: Rin -. — J* — ?■ - , * c ti. 

n -«■] - ,1 ■ 3 - O -,.. - ( lij — ] — | ) 2T 

7.* 


in Fljrt'irciges. 1—vM H ev^il-uar^ tEi+ j ind^finirjr Fnl^p.m-l. yonr aiirarT hy Hi^r-nrnii^ition or KrephiraNy. 

1 . [*) j 5 dx) - [ "iB^x d{*in x) ■> ^ pio^se +<: 

(l>) jHiLis 3 ^! snn yx dr — J j ■ 4 5]E 4? cfx) — - ~C0f: l 4x + <" 

2 , (jt) 00s. x Jx = J siD** d(Bin ^) — | sm^x -j- (' 

(l>) [ ZvtF hij ^x d£ - -2 J" .'to 6- ijX d(<oi ^xi - -1 tvs" : x ■+ ( .: 

(*) | ytn ? x t'm t 4x - (1 — «« 2 xMti x \ir | m\ x 4r- 4 J f«iii t fir) 

- —tOli £ * ^£0 h J £ + C 

( R) j Jx dr — J |(| A co^. j; J^T — ^x + SLQ X J -f- C 

Hi. {i) | i:Ofii^x d;q {Is] ho 1 ?Lp dr 

^ {a;< tkcaAiso ^0 havo asi odd power of coaasit, the- iiJt r ,tiod &T cm I. Lcl ti - -.hi t. du - 00 a x. 

Jcos 5 x dx - : om 4 x(o« x fllxj - j i i -sijt 2 i , jrfc<K j 4i) - j I - tj^) 3 Jk - (3 - 2^ 2 -•■ m -1 )^ 



m TKCHNlQtTESOf S^TEGRATlOK l%IJi:TEHMTN"ATLi FORMS, AM) IMPROPER T^T£<pIIAL& 
11 1. j ES«jli£m h&vt .Ln trvcn pm^r? si^lt.. wr uswe thi' Tiw^pnd s>T tiSC 3 

Jala 3 fit 1 (ra fix jdx — ]*J —■ ^ *i ii + C 

«L % ■, * p ; ,. a - ^Vm, 3 p rT--- _ f lin^ii 1-CiK^r COS Z rfV “ I ?i Hi -.t! I ■ si H^tflCOS -E rfl ~ \ rlLn ^J’ Sill J-JfHH. a- -a'j 


S. (*.) | in ? f ™ 3 f iJx = j lin^js «F a r co* * rf* — J Fin^ 1 - srh^eot f J t- 3 * 0 * 1 ' am x )™ * % 

= ^in 3 Jr --J HIL # x 4<! 

=± j" (ot^ 3 z - i) - | «w‘ ^jf “ + 0 

fl. («J [ 4 #* c» 3 x tfg*J .b 3 if 1 - tUfttH** * 4 $ * | *) aiD ** + c 

[hi 3r di - f ^ ^ rf* - f ( ] “ Kn^sJfcsJfl 3^) * * < %«* te rf± 

V 1 'Vir. 3-x J - 

- iJ jfan &r)rtift._ ( 3 Lin tej*%* ™ te^x) = £(»□ 3*1 3 - \ (uil 3*} ' +■ C 
7t | cum 4* toe 3s a!x « l | («*& r- + ™ - - \ mij j + "1« 7* 4 C 

g. J Ban 2* te*4if rf* 

&■ W* ii*; p*n (vi) of C&*. 3- 

jsdn -Jx fifi® ix = | £[»ii(- 2*) ■+ sin «tW* - J" % -«!jl 2t + on «* fa - fc“ 8x) + C 

= Jccki ILi ^ «** 4 C 

U. j ELD 3.^ toS p^ d'J — ... [ MIL 2if 4- bLeL ^ - yj^ ^*5- ■ *■ ■ 

10. |CO* U ™ i Je = j j(w +tnt ^(}rfr - ^ *jn J ^ Hlfl l f- 1 + C s M 4 £ wMt + ( 

11. | ttn 1 ^ rfj 1 — | ]}tfr 5J-I-I-C 

12. : r* Eai^te 1 )^ 

C- Fi^t Wif let u - <r*; Jw - dr. Thftfl g.ppV CiW A, 

J = | lifl 1 !! Ja - J (w^u - I)Jbj 5= H -tj + C = tftfl s*- -T 17 + C 


13. Let 1£ — .iz 


|jr«st 2 2!r i dfF = ij t «rt 1 iidtt={|(csA-I^u = ■ -^ + C- 1=1 -j** + C 

14. 41 - (« 2 41 - l>d# = -|»i44-i + C 

13. jtui 3 l - |fwt a T-l)eirt tHl = jeat ((ok ( «K I - |mL I rf( = ^ Ic3«in t |+C 


It:. J 4 x 

[• IVt apply CW 4 


| iw 4 ! ds = | lw, 3 i(tm*i rfi) - | tM?sKsre 5 i - l]Ji- J Hn 7 * d(liti) J '«' *•» ' 
_ J- tAn'*^ - J (irt' 1 * ■ — j — Ian r + jf - f’ 


17 . j t™, s 3 s is = | isn'^i^s- -I jJf - ||ur,^i:s Kt^ rfr) - j tan 4 J* it 

- JL - J t*iAte(»e 2 3 jf-l)d* = 4 * 0*31 • J . lim* 3*(3 «**«« * j I 

= X 4 * 0*31 £ i M l 3 S» 4 | l) rij ‘ ^ lao’Jr — | tsci^lj * ^ tiin 3 j -t 


L^r.^ir da 







7 2 j tucjONOMJmtac jntborais 


rff = —| ociaxi +~j esc t de — —^ esc v t Lnfr&c t — cot f 1 4 G 

Mse^s rf± = J{tin 2 * +1 )*£t l £ “ 5 4 Un. *■ + C 


W« Ca.^- -1. 


| dx — ds: - J wrt^lcsc 1 !*— 1 tfx — co&^aff— y d cot 2r i - J* cot^'lx dx 

- cot*2f - j" col d*) - - ^cnl^x — | luI '1x(<Sc 2 '±t- i ■ 

= - i coL *2t j Hri 2 j:( J d eut 4 | f esL 2* iJjc - - JctsL 4 ?* 4 £ W*£r + ^ IfiJ dn £x I + C 

Lrl w = ^ d* = t^r. |" = | twi 4 Bi du - un^He 3 !! - E}du 

3= | set 2 !! du — | (a« a n — I)dn — ^ Ud j q -Im uta+C _ | tnjt a ( e J ) — ta&tc*) 4 e J 4 C 

LkL -l = ;a f, du: — J ^ ^ = |. du — [ mlc?u *frc^h Jt! — j 4 I) dfH/Lao u) 

= \ + (jui a + C — jj tnr^f L& £ 4 hd(L n s) 4 C 

| =LAJ1 S 1- df - j Lftfl^fLlM^g 4 I)fflV df = J \ taii K r ■+■ d- - ^ t&A -\-j*&Ti‘x 4 C 


iftn jrsec ae dsr 


ftfitWK WT h4v<; an pgwrT of taii^pnt, 'AT M>- r,& 7. 

a^e^p d> — j" tan - ** arc^x^atc x Ifca x dlr l — |" (fee 1 * *■ J-Hh X dx) 


Let u = sec x, da = sec t tan z if. Then 


Imi'V a« 5 p ds — |" {w 3 ■ 1 = | (iP - 2^ Jt 4 u 2 ^du — =u 1 - 4 — <’ 

— 1 Frt J X — | plrt' 5 ? + j + C 

|" cp1 2 3x £3 uc 4 3i: dx - j Cit^xicol^i 4 ] )«c 2 3ar df - 4 eot^Sf iscHz dx) 

■ — cot^Sx - | cDt^Sf + c 

| 5jt I CST -&¥; 3 rfx - j ■ :ifi 7 5x HI MX. 5= car !>j- ? j:H: 3 5j:Jfrx - | «aw 3 . r ix -+ I c=*c Iftr + oc^rjifr 

— jr !;in :ix 4 l J t 1^* \ ~ 3 oftt Tjx 4 i ’ 

| {tJiA\ 2f 4«iflt 2#j J d£ - |(t«i a 2£ ^24 - | (so^2x - 1 ■*■ 2 ^ cm^Vx - Ijdf 

— ^ liiu 2f - i e*t Sf + C 

I"—— 

J t 4 <W 3f 

J " | - { “ £i Hi **>» ^4 * 1 ' 

~ ^ El * ~ ] cEcy - j (2 tJiij w jbt vf — - Ei&i *■ — ' L rfx: » + (! 

P" ^ j ^ 

L*t «■= du -|“^— ds ~ dlJ 2 11415 W :sr.- -J i;j tfW ntwc^w - l)da 

— 2 I asl u^see 3 a du) — 2 \ ;an a du = UtD^y - 2Jcj£ectj|—G - tan 3 - 2 Iri sn: y^714 0 

=± f ** ■ Z. [44^^ [^*2*1^= -2tM2x4C 

J^i4lV J^llsV I'-M X $myrzcap*¥ J 



m-j TECBr-'TQUF n S OF TVFEfiftATlON. INI>ETERMIN'ATF FOR MS, f \S l> IME-ftOPFR INTEGRALS 

__ f tfUL^il 

32, — 

J se£ h t 

> We switch Td sbes ^iic cosines. 

f ™, ^ gy - f^iis\(cesi p — j BmV+C 
J J ^ - 1 

33 . faa^^ i^-V+C = -loe^+c 

J lad I J P!.S5 Tt =kiH*r J StZL*X J * 

M. [ .= 1 J r [ tati 7 ** $tt 4 r? tfj* - tas*ri:( bandar + ds) 


It-5 i rf r [ L-titi^-h-j' 4r - tas*i 

J t«E 0 5rj: J GG^TX cns J J 

= j (i.-inVx -r i^!fi J a-g:}{^ cf ian ttx- — ^(>- t^ s tt tan^j) + C 
la Excieiata 35 'SS.L find tbcr cxnci y^ii* (if iii* Check b$’ N"IN ] 

JSl J" W * J CQ 3 a ir dr - j '' J c« J * ™ x dz - j * V - sLd 3 *)[cc*i x rf*} - sirs r 


J T 3 (1 - sLd“t)[cc(s X dx) - ^La r ^ "" 1 ” 5; ” I 


l.llL ’ J CDI*J dl 


JT'U 

t Because shew is. *n add power ocf the iizir fiuKAdA. wu 2rt u — <« J, d* = -ain i di. 

''‘ , "a^f ej&s J t di - I T ‘ "*( I -tcs^tleoe^Esiii t JJ) — (1 - -cr^i-db) - \ {u* - u-^y-J 

Ja . il3.l Jti 

-y-Ki-* 

3?. ! * -fifi 4 ]tt ds. - | (1—™ Fr 'f Jjr “ l} 0 ^“ 3((l1 ** 

=i ir- ^“ ll "E + t f D (“ ,+ 'T !lI ) ir = Ms ' * 2 * r t = W = S 

33. ’ita^rt d( - "sin* ^ssinfri *i = ['{1 • i»<H-|^«“5*0- -fj c “ 

Jo J & J ^ 

39. |J w**rt dt = (« *< c« *fr{ = jv (ste^Sl) 2 i( = l J * «b*2rf di - ijj 


= !'-£■ * ln 4^ = 5 


40. ^ 1 slq * tOs 3 db 

& W* use the [Hied formula oE Cm** 3- 

| J (jLti ^x ewi Jx) 2 dr — j ' -flin^nfj - J-J<t-c^ - Ja- —sin^ 


4L 

r .e 

an ->j; we iz ^x — -J 

j"^ K {—sin 2sf + sin br^r = ^cw^--^coaSi^ M -v^\/5 4 ^ - C Ts? 




42, 

| ’ *Mi; ?X eta -fix dsr = y J 

i -sin > sir, 6xJ^x - 4 kh It —^ cos tfz' - 4{| - 1) - ^— 1 - 1} - 

43. 

\T »****= IT 

Jir/IE Jt/1^ 

(j« 3 42 - l)tDki U dx - [ T ‘ '* uiu ^tEsec 1 -^ ^ar) -- T . 1J tax 4z dx 

JlVl£ Jfl'/i'S 



^ 't/ll ='p “ *) - 4 lrt 2 - ■ to ^> = ;l - | ' n * 


f TjC '3hbt < 2i df 

J W-a 



W-: Jipt*J]|- tbd met tod of Cjwe &■ V -* tan 2t and dTtr e 2 2? r/i. , 

f r/S 3 sec 4 <f t — [ * /<? 3 etc 1 ^Itsec 1 2i = \ W ^ £ Ji tAS ^ ■+ 1 X** 1 ** = f ^ + 1 Kjf rft ) 

| ■tf/a Je/S jF=ir/fl i re ! 

- $%? + » 1 , = I 1 <V 3 - s}+CVS-IH - 




■'i\ TRIGONOMETRIC F'h'TI'fITIAE.M -lw 


45. | ' ( I + ItaAr^Jfcfi 1 * rftt = J ^ (l+2 tim Z i dff 




46. Lei m — cos? dti — -sin -r. J 

*&*"* -«*-i-L 







" ]i/3 

47. 

r-/= ™= 4 i 


r*/4 ^ 


<*t 3 w 


J^/9 


* Wt use the mdfaQiJ of C^= ■! ■ 


[ r '^o*t 3 ar dii-- f ^foAe—l)«t » dlU = [ ' coi ti'fcsc^W no* v die 

Jff/c Jw® y Jwe \"f* 

m — ],■ rjcrt^it. . "'/ 1 - lu hL'j ii f — — f(E — 5 ) — [fctjf J, \/ 2 } — Lll hj ' L '■ Lti ™ 1 ■— £ In 2 
J-it/£ jet/G ■* 

43. Tlw rrflioti :--. bwmdftd by ^ tin 1 * *mf\ the JP «fi* from r =. O' Iff J = t. 

A = l^nL £ HU - I £ia ? x dz - •!; [ [i= if J l*iri£el -i* 

llal-D^i id h 4 - D £ 


50. An dcm(Ti< oi volume ik ii nmilu t\\*k centered Oil Ihr r mif, r c [C.ttI <?f rzAiux »n u- v . 

V- JjH 4 £ x sla^i*■ A/f — I dr - I* [ (t - -m# 2r>ii* = i^f 37 ” 5 **" — ? r ' 

||a)-u .±1 1 E In J Jn 2 t £ J> 2 

51. An rkmrtit af volume sc ;l rijnilni rLLslfi cr'sn-U’Tr^l pin ihr j- .n^K, r £ [fl.-fl). i?F eHaSiu* ;r 

V - lirn 53 = * I ^xhi^’J-c - r ' l' 1 ~ f J 5, ~ J I' th - J I J -Ce* ? 2,c}dj 

||iI—4 i>-i Jo Jg ^ ^ *Je 

= -^+T-P 

52. The regain Ix?un0«l h>- Ehe y and g — x and ^ — o« x faf 0 < r < Jr la 
jei-oL^-ed ibtoiL the ± a*ia. Find the VdtumC of the ifrlid af Mveluli&Q 

► The hguEc iliDWH Ehc icjieki. The eScEnedl of vollime M lb flfdil-if ri;ig hs-T t’llkk- 1^^" 

Tt^i n-mU, oia«rr nwlius «■ nattt Jind inner rsrfins Rtn u £ anits, Th^F Li^ 


V HUI S pf«V, - ViB^ViJAiC = f - r 

IliMim 1 1 1 Jo 

— s |" ' f rfr — J- sin 2r|^ 1 — -jq 1 

* The vdurn* is l r .r ruljie unit*. 


S 




J 

e '* 



-1 


L ac.d 1 -si 

n’m; — eos'jCj, 


(L +■ 2 uew 2r-rcuA-2j-)dr 


V- li^ 11 ^-[1 - {c^rr.^i&.j: = T I - (-^y—) r ]dT - n-jr^ - | j (L +■ 2 tejs 2r -!-cu^2j:)dr 

= ^ J"* 1 **! -fj,'( 1 ± f^>'" , -f''-l(’+ 5 *i“ te L' 

An drEnonl ^ voSunw A dr^ilri: rinj; f^iLrird r?n I he -r asis, r. £ [6 ,-jT' „ of rAihi I aluJ j:. 

V= Ii mi i_!-{] p-I ^ [ (1 co*2>)rf> = - |»in2j^^ a 

1A ||—- 01* i J a J ci “ 




-IM TEClIXJyui^ OP J> F£G RATION, IMIETERMTNATF; TilKMS, AIS'D Iti J«&0JP Lit INTEGRALS 


55. The region is. ho^-id^d hy y — c*W z, the- a: asis* t - ] «ld £ = 4sr. 
A — ^ -iOC £ dz — 6U-I “ 3 — Htn | 


rryl 


M ,“ j 


- E’^i.TS if 


f «f t ;^x. Let ir — r and rft - r Then d« =i dr * ■= wtv r. Hettrr 


T; ' - j Fin r dr — |- - sin S + ms at - cm 3 -anl^=y 


- cop 1 — *:ji 3 
“ iln I 


*=| £* 

4* — CLSft 1 — aitl 1 " si n 2 - -k 

* The e*neri*id ^ at the poist ■ • } -< — i-u&l ~J 

5 (. F ind the centroid of the icpion ol Fx-urciue 52. 

> The lecOL is bounded by Ulc 5 - ajtfci arid ^ n yin x *r.H ^ — ow r ft( A < £ ^ 

f few £ - Ei & sr^x = sm r + lck; X / - - 3 “ -i/i ~ i 

Jo 

M F - F ' ^- rCQS jPap. J.^ - *(s*n x +Cflii 1 r ' 4 - J ^ ,A sLd X + rxtf xjdx 

= - |-MS ? ■+ SLO r J 

; (cfln J x “ Hn 2 r)cTx = J |” ( efi* 3r d/ = Jfin = 1 

* = ^ ’ ~ " i &* ] ? J '-X=7^T = ^ +,) 

■■ Tbs- cm 1 L mid ia AS (^x( ^2 4- 2) - ( \ZS? + 11, ^ \/2 + L) J- 
&7. The: rncjoiL b bouuded fey ^ - UiD" 2 ?, 1h«* r jucip, and ,1 - ^:f. 

A = J taa a s dx = J ^ {ks^e - 1 Jd± = «a t — x =1 

5S. The rcgioB is bminded by - 3 tac 3 ir 1 tl« £ axis, f = k -ired x =|fl. An ckment of volume is a oarculat diet 

cenierad cn. ibe r ans. x Q nf r.hdiu* 3 chi 3 *-, . Lti j - cot /. div = -cyc-x ix. 

V = iirr. ^ t( 3 csc^Uv^A-f - __ . f^Of-r + 1 ) 2 ^rsc"x di ■ ~ ; H+J 3 + 1}^{ dy) 

IIA 1—*0 ic>1 - r ~ v > * ■ V 


- 3x|A u 4 4 2 h : + I )J|. - Si* y 4^4 = ix4 lftr^ + 1 Jtjjg/S = g T . ■ T't - 

5S, An of voluifti Is i cJfculai dis^ «pt^w4 i3i^- x a.**, m £ or Hulkis 

V = &m £ ?r{£« V)*^ 1 = X f sec^i di - t [ (ian^ + I )snc 5 r dx 

ll a 1^0 it! r 1 U Jo 

^ is la5lljf ■•■ 't''* = K? + ') = 3^ 

ffl. The face of a dam is in the sha^ of one arch of p = - LOO ™ 

x C. ^-irjO, JClfl], afid the surface of the w^u-r ii m ibe iAp of ihe dam. Find 
ibi* force due to vater the face of the dam sf di*l*a« a- iceaaured 

in fHfrt. 

» S*rt sbt fl^cut. J>[ /«!>} — --/. Th^ force or- n. y«|.icjvl ^lipinmit, of **<■* 

/(^r-JA,!* and m^ATl! depth j/C u ' l ;)i « ip/‘t™|) 2 ^ iC p» If p is tlw Porrr on ili-n 
dam. because of sj'mnjrcry. 

F = s lim t = p f 1W (l» «e 

| 4 ||-kT i=E - O ^ zuu ^ 

+«w I Jj)*f - sooa^i+M - Muri,) ] fto - .n-rm.rsrjn 

* Tbe fore?: ihe dem h 31 h 2&0j0(M) Sfc> — lS,6fHi ton^. 

^1. J^rin 1 ™ dz = || ¥ [I-ws Srtarjdi = ^x -^Leiai ^ becausesrn = 0 fAr aJiv ameger n. 



“«2 TRIGONOMETRIC INTEGRALS 


r» r* 

El. rw" 1 ! d j = ‘ «r"^ (Jt - to? 11 ! dx. Tci the second. intcjrraJ Irt x — t — u, 4x — —dwi w 

J# Jo J'/J 

I - | tw H i dr - | W2 (oas sTcfr + _, a («e( j- - u)]^ir - ^" (cat z)*dx + [ 1 ( -cos 

If d 5 u ft positive add intesar* tilt sutn of lbs la A two ifltestate a suo *o f = 0 - 

G 3 - I-rt j es -4, » -rfu. Tfa*" 

I = I era nra aLa cawx aLe =■ J era{-ttiu)sln{-rtrtift—duj = J era mni(—3» mnijda ^ —1. 


Hktkf: i K n for Juiy ij^ijjjjn'-r:. nt und u. IT / L lusy ulM fuiuiliftn Lljeii | /frjirz — (I. 

J- -■:- 

&!. If n\i and & -Me any positiveanit^er*. show ihai tbt formitla it true. 

if ffl -jt ft 
if iSi - rt 

^ Wf ipp]y the Jdccitilty ca* a cai 5 — ^|ca*(q - £) +■ cosf j - *vi(b a - -rrr .md } rn-rj-, T‘-i« 


j:. 


cc* n-ra cot mxjf da 


,:■ -_ jui 
-{: 


| wj nrr «w iir4.1T dr ■+■ m^rrjdr t J cog[(ia — rnjrxjdz 

itecausc sin fr* = 0 if * is any integer, and by hypothesis fa -l- "i) ^ 4 poalirc intc^T, tb^n 


fi 

wkh 1 ? 

i-1 


— Tn)-FJ- dr -= 


L 


(r; -I- nj ;i r' 


mfn + m)jrr 


L 


If JFj ^ ", th^is Jti|J (h - tn] In *11 Thun, 


rtij-rr dr 


__ 1_ 


J>- 
I 


J" - m)iTr dr — J" dr — S 


-Suifa 


{ii — irjjirrj — 


fl 


fa - m 

By substituting Ffom L-qt. (2) and -3) into 3.'q. (1), we obtain 

1 

K*2* 7?*i cos mn rfz - tl if rtl / rt 
-t 

Furthermore, if m n n, then n - m - 0, and because ora 0 — L. then 


By TOb*til4tSrfl from hqn- ^d (dj into |"jq r fl), w* obL.iin j; enp mtj <-4m mx= dj = 1 if m = n 

Si faj I J«c^i dx — J sac ri-s i|^5[dr] - sac" -2 * r - | tan t-i n. — 2)see n-5 t sec j tan x dk] 

— (ft — 2) | (aec^-E — see" “ ? r)di = s*c rt '" 3: r tan r — {n — 3)1 + (n - 3) J3« ft " J r rfaf 

Thus {« 1 J-i = pet" - S jitj r + — 2} I :wc r-J r dr JPld hd I — UJt J + di, 

(bJ J" BCC^X rff — I tan 2 4 J J dSr - J- (An r + J ^ r Liui r +11 ^ r (Jr) 

3 - | iojL r + ^ .vcc r Iilli r-rj U4 i«: r 4 1 t^i r[+ (' 

$fr- (a) fcee fi r dr — ^ ko T + j j 5^? = | (Ml 4 -?■ scc ? r t*n X 4 J ; 4%) 

— I &x 4 t. jc + j| wA tan r + jj tan j + C 
(b) | sk 7 x da ^ g s« s x Un x -|- ^ Jite s x dr 

= | wc^i t ^ scc' 1 ^ tan x i- see x 1-id j +■ jj Lessee r - lan r |) + -C 

— ?4w u j: Laic t -\- srr ri r l„nn pf ^:wc rtwrH 1^ ^pc r -f (an r i - C 

Ii7. FjnVn FiiJIIMjIil "3. 

L> H Hn n-l ii c«Ei.[n — l)iin ,-2 H ccw^M - (u - |)jun TV " i u( [ - jhtv^ - Nri H 0 a (n - IJwn^^u - mdn^u 

3^nctt mu'*" l i* v = (n - 1) | ^si 1 * 3 u dv - i J ^in^y dw = — ^*j jiF| u + a ” 5 J.sin* 1 ' j bj du. 

Fiovr? Wallis’ formula. From Formula 73 w bav* [ ^ain% du ^ ~ ^ f ^ imh™" 2 ^ du. ff n ± l!nq, 

SL Jo 

Tf -n - 2rin - 1, then 


fl) 

M 

(^) 

(4) 


1" 

h 


= *&=!. 


$ j f" 

■t’U 


■A . D J I ■ 3 [2tx. - l) „ 

aa ?j dir =. - 








m -m’KN[QUE5 QT INTONATION, JMPETRH.MJNaFORMS* AfcT? IMPROPER IHTONAI* 


r-/» . lejh -1 , ^^ ^ ar - j -- 4 -... ^m—i) 

Biii u du — 7 | f I SM U dftl — ■=—=■- 75 -pr 

Jo m-l & 3(2m-I) 

iro^rj^il (l|rn <4iin a,K tf <CsLa 5,H ' l lf£0 |' T,! siB I " l+l ll rft!< J "sLu' M, ’ii dn< 

T|1U “ 3. 5.. - (Sin + n 2*3-5.5T+T § * 


f . j 

9LB Itrt 1 U 

Jo 


(Formula- 74] 


3 4-...-E2ni} 'rj.5...j|ini-|) 2m 4 l'E ' 1■ 3-3 ■ - l)(2m + l) I 

BwrAUt* Lim rJ|^ T ^ j — 1- Wallet formula follows tbr sq?m^r ppurlptc. 

(b'i J si-D^I dx — — £ sin ^r era r + 4 J sm 5 x dr — — j ?!:i j:a* x + $:ji 3 x o0£ x + | s:u i ^tj-rC 

- ciik j: - “*iit 3 z ccvs. r - i + CJ «i - *(3 - S StrT-n t 

^ -gM» *f3(l — M* 2 *) 2 4 4(1 — C» S l) + lt] +-C'— —fi toA +34M: 1 *-f- : 4 — 4 C(B 3 J + ft) 4-C 

- - c« jn(3 - ] 9 ms^j 415) + C ^ —cos r 4 | era 3 * - ^ ™ S ff 4 iX as i n Es* m pic 1. 

6$l. (*' Derive lie :-’J u-r! .-Dn formbiia «litre ?i 1= l tJl ii-ile^Li ^swaLci thou I. 

|era" u du = ^cos H-: u seel u + K ~ * [cos* 1- '" 2 n dn {Formula. 74) 

(l.j j AptWy tbe fedn^ri<ufc :’■ irn I isIa Em* <rvjt|umutr [ if-o^x Jr, 

(c) SJ»*' that your ansv^r b cqulvaJMLL io ilie answtt of EsanEpJ* 2. 

* (a] Bwa-usc -sin 2 u — era 2 u — 1, Itacit 

D H (cus n '“ ! !f am u) = (is i'JtoH" -2 u( - run fj >iia u + ftM n-1 u ros u = ^ iu ] )co4i n- ^ fj ]) H- ora 71 ci 

- T 3 u-.?t- 1 b! 

Tberefbre, 

rn* 11-1 n sin w « j 4v>n n fj dir >* (is - t) |cra ft '' 2 n dw 
ivhteh is eqiaivAtoui ta 74) 

(3i) Witlj il = 4, mw3 L:i4 j ’! Willi n — 2, wif tlB-vr: 

J dj; — j cw. a j iiis x i 2 |cra 2 r dt - ein j- -P rtifi r sin a- + -r | dr) 

^ ~ lili r 4 | J2 W x 4 Jr -p CT (3) 

(r.j Appl^inE Lht: flmAblp mi^!^ formulas sin 2x — 1 sin. r tos r and tot 2r — 2eoa 3 x—J ws sbe answt; ai 
Ei^tpte 2, wc ftftr gr -i- ^ sl& 3^ aln dr # C 

= |r+^5tn 2r-=-^7sin2±tfis2T+C^|r+^sn.Sr{4+t£fl£±) 

^ |r + g sin r era x(3. 4 2 rosi - C 


■^ImcIi in ^uiralrnl to ( 2 ), 

(a) tot £ CSt^ dr — j zac. n l ri^r. r onL i rfr^ = cSG H r 4 0 

(b) J tan r acc n z dr - J" fcce 71- * r{jsnc r S^m r dr) i sm-^r >r C 
tW 5 ! 

r „ r r 


'r rc& J j dr, 


fa) vabrt e^H^r(tfw x dri — [ sin 5 x(] — sjn 3 x)fd ijn x) — | (*in 5 X — sia°jj(d uln r j - ^ ain 4 x — V ain C r 

fb) ^ ^ sra 2 x f raisin x dr] =s J (I ~ (-rJ kw z ) = J (era 1 * — e^rjid r) —| toeFx — | «hj*x -|- Ci 

(c) = | J(3 ^jbl * fjE r) 3 ^ — g J sjn 3 2i d* = ^ | (I - ^.rf*) = re {- J ™ - J ) 


([ era 2r sin 2? d j-'| = ,,. N coK"2r ; ){d w 2x} 


- ^(Jnu'Tf - 2r) A C a , 

(d) lu (t), lux iufc 2r — I — 2 biu‘z tn i-lU (il and coi 2r - 2 - 1 lb gel {fo)_ 


tr ic* 


7..J5 INTEGRATION OF U.GRBP Mr FUKCnOJffr OY T&IGQJTQMETRIC; SVBSTITI ^TION dfi# 


7 J INTEGRATION Oh 1 ALGEBRAIC FtTNCTnONR BY TRIGONOMETRIC SUBSTITUTION 

SafiBclEnin VtTi CJBL 4imiH4le lilt FqLiarc tod' radiral zn an ■rj^r^ntfw thiRL wv wish to inEirglrffto hj- »nnAiritf * 
Iti^Htoiinflrk eusftitytLoa. [f □ > Q. Ill*’ ietefeand may owiUin nn nf llir fern;: 

\- m \fOF— (Jjuc? 2i a 1 ■+ ti 2 f!«M! 3: v'u* — tr^ 

We Lee 0 - sin™ 1 ^ We lei 0 = Iwi™ 1 *- W* J« 0 - shT 1 

Then, ■?, Tbwi, ™ = raliajr P TllftP, V - a ftfcC 0, 

v'V ie S ■ a ecu ff, ajuS v'* 1 + 4* ft FW P, arsd i/i? “ tf 7 - * tan Jl, J=id 


I □ CCM id ill I id 


Him .re — ra laii P 

a F« p, apd 


dfti = a era 0 d0 


di£ - 3 see <3 •: 


Lb ill - J P r.iKl fl iifl 


You should cicmori'EC th* eheaet tor P Ln each h>T Lhr three "bit do pilh+tit^pc id ^larscnise th^ 

nplacesnent for die expression containing. the rsdicaJ *r ihe repLac-emery! few Jie- Bather, irse the irtgonotodiric 
idealities and lie diGfaeartJ&liori ffirmuias for Lbe tripsnoEEi^Lrjt: fuiMiifouH Ltr derive these flGplwfcHuaiifl- if the 
radical coniainn ,t ezind'alLC Lrlsoniul wr fjKiL uamplrtL 1 l!*lu uquojc 'The LdrUti^rr- :i i-'-lIl-iJ aie lKd fe.Qrt-wirij.1,. 

1 - sin 7 * - era 2 # I - tao J P ^ &K a 0 ®c a P - I - tan 5 ** 

Hew in mizid thai if hTsr- InUp-md ccmlains an od-d po*=t of u- then an alffebrwr flihrtEtntSta Mi&y lx- e^ter. 
An ellipse of aendancs a sod b \vm atta Wflfr- Thus -a -circle of radius r has area. *r . See Ektjclw 1S- 
A incirir k a auch that cie Jengtb of tbe wgmtflt *F every iangeiU lane trw n ih* [mjIjll uf sangtnty :s a 

poELiive -coo£4acit o- Ab fttuaiies ii (see Ex., -t®) r = 0 |n^ —— ^1 - v'^ 2 -!V £ — # 1 ■J w ^ F 2 

i’rfljruts ?_■? _ 


Jb Esn-CHHH 1-lS. evnJii.Tlr \,bz inddfiidte integral. 

]. fel r = 2 kLci P irherc 0<‘P<|rirT:>0 artd —^fT <. ^ •=:' (1 if r < 'U. 1'Een d? ~ 2 P ^P and 

-t - >1 lin 2 0 - 2Voo?f - 2 ™ P. _ 

[ r. >g»*^ »1 r««c 9 < 4 * - - i«<* 

J rV-l-lf 7 4 ’* 

I tet » = 2 siln p wh^lft 0<P<|Tpfr>fl apd 51 < Q if £ < 0 , Tbcil dff = J tOF P ^P Jind 

v4 -i- 2 - Vi - 1 w n s P = SvW^tr egipi ff. __ 

j = J 1SSL£ t tfB Srffl ^ I cot*f I ii-j (tsc*fl - 1)M - -CPI 6-6 + C = - ^ ~ ^ - sin" 1 | + C 

1 Let £ = 2 ion fl wJwn? 0 < 8 < -^f zf s > □ aswl —< P c 0 Lf f t j. Then nTx = 2 s«.*5 rfr jL^id 
V?+4 — V4 tan-^-FA = 2Vse?i = 2 sk P. 


0 ^Vr it&c the method of 2 watli u - t and a — ^6. Thus, vtr It; & Ian” 1 *>- EJ^nc#-, 

V 1 ft 

tan P — -^zr, 2f — -\/0 lau dr = >/ 5 Kf^P ti# ariLl 

V* ___ 

V 1 '^" + S « v ,,ft tan^-P -I- S - v/tiliaD^P + 1) = i/t srtr — v'''^ - J!l ' S 


i dz 

ITTO" 


f (6 UtjV) 1/6 d# 


0 | tan s !" sec fl dUf — C j ■ =rM; :2 P — L ^ee d JP 


- I: 16JK S P dS — sec P ^pj — b| J sw ^ E.in P-i--f j^ssc ^ d^- | sec P J 

- C i ace P iMi P ^ 3n| P + utn P + f; - .1 usi P loji P - 3 Lt] rice fl *■ Uei PI + C 

b S ^ - J In + - 5 - » intV? 4 « + *) 4 C 


m TFrnxTQiTS of t>tt-0 ration iNmrrciullflATE forms, and improperintf-rats 


Trhet-fi 0 ^ C —-J idv^ 

3„ Let u 3 — - 1 - 25, 2-u — 2s- dt. | “ | ^"jr 1 = |nf« = W + C = Vr J • • hC 

S. Let ^ iar “ 3 -^j-, £ = t/ 5 twX f t dj: - ^ eec% £0 aad 2 + i® =. 2 + 2 iasa 3 ^ = £f I + Mm 1 #) - S mV. 

f t- -t*-**c 

JCl + r*) 1 ^ J f?■ k *#)' 1 '' 3 2 J 2 I\/ 2 +P 

1. Ltl r = ij aiif. i «!|h;h! 0 < 0 < irt if r > J alid if < 0 < sF J 1 < -$. T bell <tx - ’^ 5 « 0 Ian 0 i 1 ! urtil 

= (Ss« 1 -9} Jj|,J = i?(W0)? /a — ¥T l»3l , ff. 

r a 3M B m 0 H) 


f_ ii , ■ ft 

J < 4 ** -V ' 1 I 


27t*ir0 


«#+ C = -£-« --OTTT9 + C 


p- We use the TiiijthwS tjf Cue 5 with u =. tu and a — Tins we lei & = see" 1 T1 i*b 




1. _ \ . E'A ”, ■’-. — ■./ ■ -='■■ , '- 1 til J C f 


yV*^? — VT set^S —7 — ^/r(stc 2 tf -1) = — ijl tan $ 



■Z-^- 3 - 7 


The figure uiiowi a right sviaaglt &ti.ijfying lhe*e ^maii-ans us«i wsjcd ^uUtHu^ hath., 

f_ pi - = fj^LiS£^- = |fo« i S l H = I S iD«+C=i.^^ + C 

J (T #rt ? lF)tv^ •« #) F J ' 1 ir 

3 . Let Lilt; a — 2 ritQ f? wJutr*: Q < 0 < ir L&n z .> Q in J £ $ <. 0 tin. j < 0- Th*n 

dx = 2 0 (V K-ncI (-1 - un s i) 3/a - (-i - 4 siu 2 ^ 1 - e(m*tf)^ s - S 

f r ^ _if^ rfS = i lanf+c _ mi — o 

J (4 - lAn J Tjf^ J £ ^ca P 1 1 ■^Z'l-IilL^r 

10 1 = J ^Z+li ^75 =■ J f^.erivH ^ 1 = I u r - 

Lei tf =tJin _1 jt — 3 = 3 t-4B i9, rfi ~ J Mtty dff «ud (i - 3? + 9 ~ 9 iAi: 2 fl-r 9 - 9 scc®tf. 

i. f a<<ie, V* "|[««BJJ°4«ii»+c = L jif~^ — + c 

i 27WS 9J 9 9 H/jiTeTTli 

11. Lctiisb^As^.Thnl* f-^=_= f-4!^= 

“ J tiVln 5 ^ - 4 j vV- ^ 

Trig; IjiL a =■ 2 DOC J Wbtfs 0<i<jFirti>-5 iB(l T < o < if II < TIhiii 

du — 2 «f I ad & dt And ’i/*^ ” ^ ^ = 2 v^*ad^ — <S tnu . 

! _ j SeCt3gf ^^j al1 = 6 j M**0^ ejiMn, 2 .?- 1 :^K S «dtf _ i ; ;ait a fl(«c a f tft) + @ jh'MS 

- | CM 1 * + Stan *+C-|-^—g^- i- s • - 4(n a - -i . I?J + C 

- 4 — i(S + Jn ! ;r) - C 

AlftbfK lei bj E ^ - t 2 , TlirJi u J = i s + 4 Jfcad ua’asMi, 

I = J(i* + 4>dt = |(® + « + C -it(t ! + 12 )-C = ivV-4{v+fl) + c: 

= ^ Zln^w - 4(S + I n 2 w) + C 


?.% INTKKKATIOF o y AkOttBfeAH' f tWTlONS HV WiiWrtMfc-J ftir: SUKSTH L-l lOS .1S9 


c" p rfr 



+ij ,/s 




f c-^x _ f_ 

.e_ ] t-t it — ^ — ■■^ ,r 

(jf -2r +lj*'* 

J (Iff" 1 ' + lf f2 1 (tt 

V/^ s ' ’ 

^ jt 

w»sr^*» 

-,' J ^ + C= —L-r 

(9e“ 2f + l)*^ 1 

J *J 

yr+s? 5 


In Extrciw*13-30, find ih* exact ^aJut oF rbc definite iutrpml. Oi*:rk imnr„ >2INT. 

13. bn.’.25-* 2*.—3.*r. " J/ V V-7 

* A ^S£f|^- A( |B trf$ - : ■ a ) - -s b « s - 9 ^ ! * fl 3J99 

14- P \/t - U 2 dli - jr, \ht fllti Gx ft quarter *F lAi itrtdl Cia cLe. 

IB, McUioJ l r £ql (* = u, 2f Ht — da- Tlwn I ~ |' — M^—= \ ■ /“*—: “ — /^V ,.. - 

J 2 1 Vi + 2§ J ^=2 [ J Vt + 25 J u^i yV« 4 25 

Now let v — 5 tan 0 wHks i) < 0 <; |r becaaee- n > (J , a - tan -1 J, i? — i^ci " Theta J-j = 5 scc^S tfP and 

\/? y tfal;*P +■ 25 WW*!? sgifeff. TTkcrefn^ 

f&- p: dbu^jg .j* i a i r& . .. i. . .ia i/infi/1. 


Me,w 2 ‘ ^ rji • ^^* tfu ' ff3j! - 1 : = jl rvfe" J' ; ='a 


P— 

Ji A/i<M 


O Wk LLSKi Lilli EEWitbod *f C^tMi 2 iv]tb El - £ iE-d G - l/H- a- We tft i - IPlTl 3 ”■, U - ChJ-, L ~. ll - tail L =|. 

J* = 4 ser Z P <f? 1 

A* . J A* . l / . n , . . . ^n, . AT~T~n * -dL-J j £-—J * 


i/l& + ^ =: V1& + Efi = y lfi(l + ^ VIC wn>l? 4 i*e 

P a f* j jg i j _ t. f b ™ a ff.^fi 

J a=i +i? (250 i) J □ linjL 1 ^ ^J.f *an A & 


] r b < 1 — « tfff) 


V-^-ak-^ *> - ik ~dbS + MO 


17. ft f j , t [ 4 j jj -P j ^ .[4t + i^lMtft»-?iK~ 1 l ( i=ii«~ t l. 

J^v4r4r + + l)-4 + - 

TEtab Jl - 2 sm 5 tftd ^ fluid i/(a+2) J -4 ■ i/4 - 4 « 2v y ^h I fl = ^ Uvfi ^ J' 3 J" V 

v ] ] 

I = | 4 = | ‘mc $ M -i 14 wt 0 + nn 9 1£ = Infi I- tyfi)- K2 + ^} 5 ; dA\ r>p 

It \M & =T i&n " 1 r = 1 liLtj dff ^ 4 SK S fl 15 4 I 3 = 16 + 16 I*!! 3 # — is S 6 C a fl. 

I* -fe.-.--. = ri ' ,r ' M &»ff dS sin iy ;c/< - Jjt/ 5as0 0-M19 

Jr=0 (16 + I> : J /* Jr.0 64<*?ff 16 J* If io W 



m TEniKTQTCS OF IKTEGR \T(Os\ I MUFTI KRMSN.' i FORMS. AM' 1 IMPROPER INTEGRALS 


19. Trig: I^s s — 5 sin 6 wtww 0 f Ewmsr -r f [0.4], J'lvn 

(f7 - 4 (W 9 if And Vl(- - t? — \f\i‘ - :fi .111 2 ? —4i/rv?9 - I csk= (f 
f 7 x 8 Ji T’/* ■ 3* ■„ 


L'vfc- -*»r?r*■-««**** 

- -S* ota#+® =(-94■ *vfi+ “ r *^J-(■■-« + = -ttV5* 

Ai^tiwu Let |£ x 2 - n 7 . Ths-i. = LG “ z 4U.d f - j i <fw, 

i: 7 * 7 - L £?“*¥**- ,.-i^ ’ 

- (ei - $jt) - f J 2 -/i - si/») - ^ _ 'u^/i ts 1.Q97 

* I’yfc 

> We complete ifce square. 4r — ■= -(^ -4* 4-4) -4- 4 = 4 - (i — ?} 2 . We let tt = i - 2. Then du =■ dx. 

f J dr _ f 3 dx _ f s Ju_:_ -] ji 1 1 _ i_ . i i_n _ l _ 

L - Li " J— 17 T 7 “ *k-fr“m*r 

si. i— r — -* r t—^—- 7-j. lcla . 

dj- = 3 r<« fl d* and 19 - (* + 2$*| i/a = [9-0 an*^ - 27(«K S i)) 3/:f - 27 «*% 

r - jo S vz%- w i£^ # =§** *t- 

£2. T « f — Jmo - [ ■ >■ ^ J Let v* = T 4 - 4. 2« da — 4^dj. 3 — f v ^7r ^ ^ — i [ ^~~ 

Jj jvV^- 4 J»-Jx 4 V^ *4 Jiw^ia ( 4 ? * 4>4 *JV -o -p- m 

= 1 1 Sj}vt - i MW 

?3. Tt'K Lr-1 I* — 3 Inn */ hrrr 0 t [^“. J .t] brc.- jss z r± f\/'3,!7 n -' !'■ 'rju*n 

di - 3 dS ami ^ ' 9 = '/9 Ian 7 * ■ 9 = av^sw' 1 # - 3 S« f. 

\'S Tsffrr,’ - -!-« 

= -|(|/5-s) = ^* 0.99,392 

ALgcbro.; Ltl. h j j ■+ix - ^, du . —"Sr - ^dz. 

\‘S 7^Ti=Mv^= 

M. f‘-4^. 

Jd Vi -7- 

&r We use i!i? infsKod of 1 wKJi w - t aod c - Let ^ — sb. -1 1-. Then 
t - 2 sljt 5, - 2 ees ^ jhv,i3 

- x* i- V4 — 4 aLn 1 ^ 1 - a Ji/1 — iizi** — '3\. / cc*“iS — J fj^jM 


T a rfj f *jT« (4 ib 2 !? X2 eoflfi dfl) J. /fi 

i - -r--— ^ 4 mu 


J#-* ZCQ£V JO Jo 

r-j iin ninftSl sfl.lS1!7 

* — ^5 - ■ = 4«M -1 #F=AaK -1 J-4B« -1 2=460S -1 i-55fD.L73d, 1 ! 
AiVit'-l 2 i* i J 6 b 


lr 4rfi = 9|j' /f (l rnsSOjjfi? - -‘ atnafl^ 


:-j'l^ 


7.3 INTCCiRATIOK OF ,\1 (JKBRArf FUM'TKWP BY TJUfiOSTOMSTKIC SPRSTITUTIOfi m 


25. Let & — lan 1 j: = VS ' :srl d"0. — 3 — v3 ■■ o - see $ 

p v r g / j tJZ'«* 2 $ di i p/^ HT t 
J |. j 4 =-rt/fi. 9 *« £ 2 Jt/* ^ J *f$ 

= i j = | r */»^ -, iai -^ KJria P) 

= K”^ + ^ + f" a )“A* :ftv/5+#Ja,0 - MHA 

"27. T.n ji - S Jii?i ^ wLcrr 0 f [0.3^ ljw.’maK f £ [ft, 5]. Jh^Ti 

dt — 5 cto ef£ V'i5 -■ i!:3 silt ? O' ii fl - 

[ J !J JC .. f «c ■ !a^r _.. . eSti-lt: _ J3 _ld\ _ j:r.' ** f " _,_„SjGi J\A — SiS f 


VJ5-^d= 


j!d ar.'S?(4 cos !?j(i? d dP) — (i^fa an 3 !? c&s J # rfd — ^ ^ | *!& 


635 f T /^ 


! (I - m W)d§ - S|5 £ /S - ^ 11 ■ J = si I ^-T2 


d f'JTj?- We,nse Ili« iEitiih,ix! &f Case 1. 1-ct 0 — ^ 77 , & — sec 1 4. finis 


^ 2 *« tf, 


dn. - 2 P Un ^ aad 


(ib^- 4 ) :|,/:{ - (4 3 tf 3 (? ■ 4 )'^* - - i )* iZ - (4 lMl , &^ 2 - R Lbn 5 * 


: ■!> cot dd - - 4 CK « 


J**W» JiUkfAfl 4}*J r 3 sin Z P <U rf# 4 J*/* 

" - ^] - i>/s - fe VS* ^own* 

AJg^ [* j" 

Lc% -j .j ] — tit- z . Th^’l du Rtii - ^dic. SubitiLuLin^, kH-Up Uip Mglil nirflr 4>f tin! -ahu^e, rte 

p dm fw/w I - " _ l f L ^ lCi K -wi,| ar _ if i p/ ls _if 2 4 I _ i x y^_ JU/ti 

ri . i j _ (jj t- f 112 _ e^dc _ . [ 2 _ du _ f 7 _dju_ 

*" ' M “ ? ' ow.*'- -sc' + tff*- J ii=if u J -I- Btt + _ J1 f [ta + ^ f - 

ldig; Let & — sec - ' 1 .j ' -i — " ”, u + -1 — 3 Htc d-j - li see L 1 t-aii t dfl -and 

|(u-H 4> 2 - ~ (^ - - 2?(taa s ^ /2 - 'J7 Lin^ 1 - 


_dju_ 

{{ T x-HJ 3 -$f> a 


f*/ J 3 a«fltaaflJJ _ 1 f^ «cyg _ I 
J# *J7 Uta 3 i? ^Ja Pi 


ej ^r" W 


■,.. ^“v 


^ aOiose* 


z - ! -&(h-t-!) J , d- - lKi + 4r 3 Ji*. TLus. 

._ r* £ u +4)-*rfK pz-t l -j/j r ... i; i w« iri s i_ > = a 

T - L ]F i-^+Vt a n^W«‘¥ ^1* J ' 

30. Lt( a = d«= «*dx- [ Vl6j j- f ,gw ^ q_ a^aSn -1 j t — dn~ 


Lrt &*& J«= e*{iT- [’ ^ l6 ; c3j rfJ = [* ^V 1 '^ H&w 

Ji 41 ^ JliBl N 

u ■= 4 Bin ^, dtj = 4 cw ^ drf n \/EFs — e? — — 14 BiE a fl — I It to* 5 


t k - -’2^ 


fid |4 r:cL - 


df r (cEC'fl - 1 Jdf? — —I'-^t |S - 


- yls + rtan- 1 -lin^Jwa.KHJO 



492 TECHNIQUES OF INTECRATION. INDETERMINATE FORMS, AND WROPfcEi IN ITX^AJ.S 


Eil Esci^ihrfs 3S-33, use algebraic miIbLjIuIsods hj tv iitLEGe she Lni^ra.ls. 

3J. f M*.- =3[-^£_=J4«^%54C = «-‘i.+C 

W^-9 * 3 5 


32. I 5fjj 

- ! vT^ 

i> Let 3 - 2x' - w J . —Jr di - 2u d a j. Th«i 


33. Let u 1 ■= ■ z- 2 , 2ii Ju = 2x dr. J ^ J dr -r J ^ ^ i di <=* j u u l£ej) — J j l — 
JA Ut & I«“ 3 ^ ^ — Sf* -1 2, - - 3 a+Z 4 f ~ 3 w ^ cjirr ^ J?. vV ■• S - \/9 ' r ~ 2 * ? = 3 Md 




A = P ^* 2 ~^ dx= f* 

= Id 4m 0 + tan fl J - am = 1nj£ + |) — J = ln3-^ 


^8- ftp 
**# 


x: — rxff- 0)d!? 


35. if In J, jj" - J. If L niil-3 is lluc Length sic Crfrfis t — 1 td- x -, Ik then r >Q »zi J 

1 *■ c tF 5 * = r v '^ 1 * = ji, * 

Lei fl = taa -1 !, £■-=- tAn” 1 3. Thrji r — tax rfx = And \/x 2 l/sr = esc £„ 

L - c-ic. tf(hrf: a Jfl) - j ^ m — | ^ ($« 0 VIC 0 4 (« 

[««J + llll*rtiJ-*it(Jj - ■/io + ln - 'i. -1 V'l ln(v^ 1) =u 2.101 W 

3S. Find ifajt uoLlUklC tf the solid Elated b\ revuivin^ l]i« t^^.tii: I j Li; j 111 L-r: l I hy l.hr onrv* ^ _ yr* Of?*, '- lie J 

axi* % and ifaft tinr X - 5 JiLwmt the Jf SJtis 
&• Sinr ihf 1 fLBaie- A-n denmit trf volume h n eyJici(i[~q*S *MI &T 1 Helen ™ , 

mtaa radius And aJittiHffr ffuS^J, x C ^ is tEw vohanw. 5-bcn 

V ~. ■ 2* r—* 

• i .=t J 3 , . .i ^ ^ iTT*- 


-L^ 


Wr tlw t-be mcSand of 3 a = 3- Let 5 1 i - ser _s *. Thus 

J 

a- — 3 ,jfrc -dr = 3 m ? i»n 0 d$ and 

%/x 3 "tl a -/a *^c 3 i - B = 3 lift 


-fr ‘d -i -3-3 -I 117+3* 


p {3 Um PX3 1M J UJI J 


= 5- | ^ - Ijd; 1 — 6 t f-na ^ -oos J L : ;- 


Allebta: V = J- r >-A = -^( r Jx) 

JjtJ r 

We teL u S a x a - 9- TJuri x a - ur 1 | /□;.« e d* — w 4v. Thus 

v =^= a 3 , lc(' ^- i=- s t -' 1 *) 

Thff vtjluifcc ie 2^(4 — ^ ccj -,i j} — 2r( t — 3 tun"' L'.ulilf. EniL.-^. 


7.1 INTEGRATION OK ALGEBRAIC FUNCTIONS BY fRKJONOMETRK; SUBSTITUTION 493 


37. An detrt-fcrit of ^oLumr is n centered on W * asis- x € f\ 3], of radius if ; y 9 - ’-!■■, 2 

V lira £ - u/f itfti - - P * 

|i|H3 ■”! ' V , J 

Lei r - 3 0 whei-u 0 £ b«4UM a £ [H : -3]- lhrfl ^ = 3 CD1 0 and 

v"y - ?' — V? - IS aiTi'!? — 3 ■</^ = -3 cos P. 


r - t- 9 1 «b 3 P(3 w? d )(3 cos £ d£) — &] - 
. o Jo 


^ sin* I? MB% qlfl = 


—it-* 


3S. ^ = r 3 , — ?j. If L itniii It Um length of *rc from ± ™ 0 w * = ] r tbfiJS L - * ys +{3r^x. 

Let 0 - tin- 1 ''!, A- = Mm' 1 ?. K( a S d». /l H^rj 1 ■= /l+I^i «c 0. Thw. 

L =■ J* sac $(| a« ! fl)'^ 3 J J*a«?0 ifl - J? !? -4- llJ«K 9 ~ Ian Jfi * - J^x/s+^CiA + 2j 

39. m, = J # B *vra* = a \l<i*+m l '\u dxj = -W -mm f 

j\| m j ^ y^ 3 + ifi ds. Let ^ — lsn _E J- Tht-0 P “■ S tan ff. Jr = fl M<?B dP 

J j=0 

and vV 4- Jfr V'iT^T^ -ftV® - ft ?K !■ T3LTI^fnr* 

M = f ^ $6 «£ a P JP “ J^secfl tm 0 + ln|**c d + tan = lR[J ■ ^ I n[ J - £:] ^ ^ ^ 

J*=G 

*-V&=™ ’ w+irm = filT «"<" <* ma “ is ifc™ : ' Iom * r lrft 


'IQ. Tbe linear d™nty tf i rod at a poawt j meters inm uue ercd is v'Si +x 2 k^/m. t'and iIih ma.SK and teot^e *f 

cn^K of the lod if It b 3 m l^g- [J- .- a 

o We aie AM that j&(t) = W+51 If H tfi ia the lotil b mm o f tV ™l, iheb M - I V? + * ^x. 

^ - tnji“' l (tf/3)L Thfrli ? 1 ? 3 tAn (?. s* Ja = 3 and +■ % ttl f. Thim 

M - 9 f * ^eee^fl d^ = |[stc r iaii tf + liijwatf-rVa.o!y i^/ 4 -JV-^L n . V - H ■"■' L 
lfl*0 

i-K*+*V^’^ = Hjsv^ -*r] = 9{2%^- 1 } 

« il = _«iv / s. = u)_ ata-y/a-n ^ tt .^ 

H |v5+H4/2+ 1 )] i/? + it[i + /« 

^ Tie ffitoS in *1wmt E0.^ tg and iiir «f ^uf i^ about I o3^ m frair. Hin H-l-id. 

4^ Tbf regwn fc horunded bv v = ^ tht * asds. surf * = &. A = J - 

Let T = 3««^iLndfl=we^' l | l whwc & L E0.-H-1 J (J iX&l- Tferp Jr - 3 f« J- tiin & JP 

hjlJ v'if" - 3 = - ^ - W L *n*# - 3 Laj - 0- Thenifotw 

*- i .‘ ra - 5 “' “■'’■" 3 csfiM - J .'*^ 1 "- 0 

= [tnJ«c#~l-4^(ifil|-^tiL# ]] =(lxj| +3j—5)- 0 - la 8-f- tln f 9 ^ 11,4 »™ <#^«*** 

M r = | S *■ V ^^-Idx„ [* v/ y^d*- j" |^|‘3«*9 1 «| rf# -3 fy.m 3 # jf -3jJ(«c s # S>JS 


= 3 inn fl- = 3‘|- 


3 « c ' 1 t' 


J f-^ 4 . ■ a- P Un & rffl - 3 f t!Oi 2 P dp - 3 I (see-P I>dP 
jj 3««: Jo JO 

- 1 ! 




The tenlroid of Ciz-c &vi-\ i rr'^jun id a 1 . Lire 3 <iS3i h - whrtr 

. * , . v, 20~Iitfi4- l l_ 

r- :i v i.-Tio'i •• \\ — —o', i '•" 


-+-M = 7 



1*S TECHNIQUES OF IffTFr? RATION'. INllfiTORMiNATF FORMS, AND IMPftOFEH IXTEPF.AU3 
42. Aei equation. of ellipse — 1 in the quadrant is p = - r 2 //- Let # =an -I (j/i)j 


* - a sin fl. dir - v ra fl Jtf. /I - x'jV - y/l-mft - rw 0. Ar™ = IfcJ /I - 

= Hfcjyft* ™ fl dflj = 2o6 jj^l +ms 2fl)tifl - Sodjfl - }aa = 2afr-^r = ™i 

+3- Chow* the X £XJ& do^awpd AOd likt Liu: y axis nl tht water Iff eL TJtt fiet Of the £at« l-i Ibe region enclosed 

ljy ita cirrEri II 3 - ^ -4, Ah ^femcai of Arab Ls a bdiiioniaj ^tnp c-f widlb 2/l-(it.— :J7 at a. nu:an 

depth of iu t . If F lb *k tliu Corea ds L.lu< ftiitr rl l*#i In w*(.rtf pJeucLif r p Ihcri 

F "~ II '’S’ £ V»,-lA “ K - - 2p f 1 *i/4 -:- l ) a ^ 

| h-0 it- 1 * Jo w 

L« X - I — 2 Sitl ? vrhfTe £ Er [-gT,^r| bcttUSC Z. f [0,,T]. Then = Etw: rJfl and 

y 1 ^ - [x - I} 1 - lA - 4 MB 1 ? - -1 C«4, Thertforc 

F = 2 /> r * (I + 2 *nH)( 2 M«ff(( 2 EMJ 4B) =Sfi f T/ * TOS^dfl+lfij, f "A eos 2 #aU I? J£> 

J-n-JfS J - -rtr/H- J -rfw. 

~ itr \'-*H f 1 ' cm : #W : “ ^ so ^ 9 t-% “ ^ + I ! " 1 " »K« + y * (Vaf 

- 4fl\- 10] + V^-0>-- s m 

41 A gafl* in an irrigation ditch :ss in the shape cf a sqpih'nt cf 0 ftiPfllf pf tidin' 4 fl The top of the gair :a 

ncnizontnl smd 3 ft abo-vie the sorest point *r ihe gai*. If iW water level if 2 El abowv the top of r.hu ftstr-. HisiS 

th^ furor cvn r.hr gate due io water pressure. 

o S#e ihe figure. CJIlmso she 2 - axis dowbve&ni vidi tb.e origin *1 ^he ctoter of 

: !■' '■ ■ - I ■ ■ AI :!.|-.IM- ■: .-r-.-. . W"| J v !. D - I_. - .^.i.. - _..' iS . -- 

(t* x 4 l)fl isrkjy.' w“4il.tt lev^h If t' pound: L Lin- furci 1 lkji I.Lri y v air j . - I _ ' _ ' —-■—' ' | * 


1' - J 2 p{ ] + )h/1S - w ; 3 ijx = 2 a [ (] - r> v'Tfi - 

II 4 1 -- 1 ? 1 ■ ] v J i 


=■ 2^1 J V L 6 - x^z 4 J rV 1 fr - Z J dz 

F^c tlw ;i'oabd iblegr^l of (LJ vn^ 


■ m =-J■ |(ifi - **F /2 l --4ffl-ia^3 -*vi& 

»;1) wc use a irjgono:rtfi[.nc ^lihstilyiLnn. We let & — 5 b~ ] Je. 0 - bin" L 1. Ti-^n 


qljr = 4 m d& and 

v'iC - #*= ^«4enV 

Hence. 

/id - l?dz = ' 3 (4 fl)<4 <ns A rfff) - ^ | "^(1 4 JtfidtJ “ ^ t § 2 fr ^ /3 

- + sin «w - C«fi“ l J 4 £/l&) = fa) 

Kubdlitulir-g fjou l (2) jLC (3) iuLu- {J Kd j^ L 

F = 2^,(4! -6 an" 1 J- J05 +50*1 = (S» - IB lin -3 i + S0SK«i,4) s=i4fll 

p \'hr fgrre cn tfie gate du*- to ^atef pteastire is aW«t 3431 lb. 

4fi. OlitH.™- tlw- r dn^nwnrd. and iaJu: sJtii y iiiih nl tfi-c liqidd lo^-Xl. The c^d. of iho taut ib the region ea cl on fid 
by the circle (^-1)^-1-/ — 61, Ah HtfflhPtil W, Aira Is n hooiwntaL Jtpip of wrrfth S/f^S - (.,-■_ fj'i n l A rnran 
depth of tv-. If F lb is ibr fnrec on the end due to liquid pressure, then 

F = „ to t JjSWi = in {li nJtii - J2 - 4) 1 dx 

Ut T 4 - J S LH i? HUdfie i? £ b«ays^ x f JO. iSIf. ! hrtn cfx - e eos 5 asd 

Y'Vi'i"-- (x = v%l 61 — b/ios^ - & toe fl. Therefore 

F - 2^ ■ ' (1 f ? Man CUfl rrffl ^ dfl) = 512p j ' tQi S 0 tS& - [ IJS-J p f / cw^ nib fl Jfl 

J-r/4f J-T/S J -T/& 
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- mt' (l +c(K'j'<rja'o-i^ =awjij* +§*» as^+i^i P 

- ■+ i* +1- -^/lj -r I28-/3p - (^T + 1S2 * S3** « 

j 1 - _W f \/ft^ -IJ^ 

Drfivr l lir rijii.-tljusi of ihr Lnuciiix. Sec the figtitc, Ian a — y ^ ^ — j ■ - ^ ~4~j, 

.Su’hfftliut* y - -a ima a, - c ™ v' 1 " - F' J “ 2 - c^sirc'n — a ere o- t 

1 - - { 4 °** da * =-■j 1 ^^" *«f&" - w* ft* 0 

= .(-«• 4 j 

The conr:l-n i| ii i* 0 Eutt^-sihp tj = il when r ^ 0« 


4T- T|wt dbiaaije* waBtitd i£u/-*4 - 1 Q= a « J dh- i 4 a , M i a _ CiO£-b 

y — —(a) VVhcfl B- t* IA &3u! y — 3^ ui — 1^ Etij ^ = 15 hi 2 fa 10.-10 


[b) When a = th And w — ^ 

* * ™li4 Sf* 


r?%7SB 


4®. Suppose A hound moving nlnns; Ibts |PlJHAiLI CUTVT, 4 tretld^, chfcsiftg A y 

rabbs^ rimvEEij; nEung rJcf: z axis is always gdng in Lh^ diitiutjGD &sotiag aE ■ '“If ... 
th-fe rahbiL Explain why the h<Kurtd is always s!i* sarac dbLacK? from • yVj ? :r:,. rf . 

rabbit sn iIljii [L never tilth** Lh.t labhiL , y 


Di rUtL^Liat the huujLiJ is il>- ay- pouatiisg hl Ijw rabbit, ih dinlafctc ftnn« I Jin ^T'-— 
rabbit b along 4 line i-o the- ET*d.jbc.. By defin I hi*. tiMjjftfJiE. 

Ibie segment alwiys fclM tjiw icnpsh 

■ti. (i) i — ft - w*" 1 Ji 1 ™ !i #, cTj: - 2 sec 0 TAD 9 jffr, <1 - T* ” <i —A — -4 Lajs E (?. 

f ^ ^i£- g [' " n l£ £j iS!l ■tf = - 2 f i/3 sk$ di =i (jat e + ttl 1 1]*^ 

J^—l-I r 2 JV..O. -4 tEkn^ * J H ^ 

fb) We i?w t 1 fin S ^ sin 01 < 

A,ll FAH71AL fUACllOWS 

FarLinJ Fta^tion 1. if dcg^P) >-dcgiD:. divide 1-n gr *t. ciuftiuisii Q:j)and ttmiijider F<m:h$ uai H./L^- 

ffll r/I 5 fs^-OT D inlo jXJW-erH diSLiiJtL JjSL L aJ aiid. Sneducibk ^tuul.r9lH: fanUKH. 

A A A 

3 F " fMh <«* + »r «*««• tlw '' T!r!i ^Ta ^ 7Zi Z~tf + "' + ujfi\ f! ' 


A, For nftd - ! 4 - 1 - o) 11 kg (Cl 


' ** + & 4 i) 7 (« +1 1 ) 

A [ itB 1 _ A 2 J 4 P 3 + _ A r y + D fj 

dit 3 4 &J 4 f + i ax r 4 ^ t ^ 1**:^ t 4 ^) 1fc 


Plan Fw dislLreir.i faclDfSu use thf mtth^d of nmfcbrtnibwl: o*r;fT!iitDt&: mu3iip!ly hy li lu ^ 
ptJy£em:aj id^aliiy 4 ad yuEjsiLtnEe ih^ ro«A. CompMt cwEF^L^E^ of cliu lissbea' power to gt; 
Mio-tL^r fx"! iin.U -mi if sw*ded. 

P*i bfipcatcd fnCtSEa-, jii^t peiM-AE^dly: Lb: ^unSlent ji. rjvrr ^ lnwrr p^wer, dir remaiqd-qr isf 

n vtt the EMiginftl pow^r. W^icr pawpia Arc nc^tavr, nrnirige i(n ilWTfiflinff tfrder, We inditAhe til* 
fwalt of a ions division by i ■ 
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EftrcLftt A-II 


D«rtmpw^ fraction / IjiUi n^rci-Ml rrMlioR* or 

_,__12_— _A_|_JB 

.4 ( 5 F - '/)(* 4 2 ) *-2 *42 

L^A(i + 2){B( r -2j 
* = 2j 1» = 4A. A =3 
~ 2: I l! =r — 411, fl —3 


/ ^b“ 7^3 


2 . 


J__. 


1 


-~4+- 


Sr*-* 1 ^ 1 

1 - A.{2i- !)4B* 
3 = -A, A = -1 
1 B w 2 

2 1 

' 2* - i ?? 

3 - 

x I = A(x + 1) 4 Rx 

* = fc —I = A 

* = -l: -2= -B,R = 2 


f = 0: 

* = l z 
/ = = 


t -_ 2 I 

i-j- li _ 


- lCi 


A 


*-V U-W+33 




fl + lS-A^4J)4S<x-J) 
± =- 3: 1A = AA, A - 3 

t s-3: t? = -6B ( D = -2 


/ = 


a jg 

- - 3 X -?- 3 


x + j A . B 

=^rn w <-■-»**■- I’t - 1 - 5 + *-i 


1 *(*■-»!(*-LJ 


f+i A(*-1)4B(*-|) 
r -& fi = 2A P A =4 

*-h 


^ £ - 3 X - 1 


3r 


Ax 


^4^1 


.'+*-3“0r-tK« + 3)“'-i T * + = 

3i = A(^42)4&{x-l) 

3 = 3A, A = I 
-« - -ait, B -'i 



hhn- hum ^ pwtiftl fraction# 

,, I'tx 4 _ 3r ■ V _ A , B 

' 4x* 4 3a- - 1 <?* - 1 X r + 1 ) 4* - 1 ” *TT 

3*- 7^ A(*4 1)4 B(-1* -I) 
jajf —^^l|A.A = -$ 

x^-L: —10 = —B — 2 


*4 32 *412 _ A . B 

^ _5* - 2 " - fi(k + 1J ’ A + 3*T 

*412 = A(3i 41)4 B(*-2) 

z=2: 14 = 7A r A = 2 

±=-|t ^ = b = -s 

f _ 'a 0 

' r - 2 3x 3 


^ = ^41 
□ 3sf+&-(3. 
tiP 4 SP - tix 


5 

4T=T 


3x J + 3s - 12 _ A . . B ■ C 

r(3x-2)(2 J 4-i) J- Sx-2 T 2t + 3 

4 3x - 12 b 

A(3x - 2){2^ 4 a) 4 ftR(Sr 4 3) 4 OSpx - 3) 

* - ft; -12 - -fA, □ = 2 




10. 


—^ ^B, B — -3 

* = -§= -^=fC r C--l 

/-i 3 1 

/=t 5“3^~2F+S 

3x= - l ix-fl 

p-2p -3x 


* Jf a -»r-9 _A + _B_ O. 

xfj — JJi[x 4 I 3 X -T — 3- X ■+ l 
■iP-llr-2 

- A(x- J)(x4 L)4 Bjh:x4 1) + Gt(j -S) 
± == B: -9 - -:U_ A - 3 

x = fc «24 = 12B,B--S 
x= -ls 4 — 4C, C — 1 


f=i- 


^f + r=i 


u. 


[r^jrp!f)--r^ + ^ 

8f 44 - A(x42'3-IJi j j-2) 

x = 2fl = 4A + A-5 

i-_2: _li = _4H,B=3 

3 

*T5 

i+S 



1 

x+I 

st 44 = A(x 4 1) 4 B(x - I) 
t ~ I; G-2A. A = 3 

1 = -1: 4 = -2B n B - -2 


^x 4-I- t -- 1 



A, II pa HTML FRACTIONS L9 


n - 7a: 

2-r 7 i- x 6 ii^ + a; — L- 

7 * _ A B 

(2* - »)(* + 2} “ to-5 * + I 

74! = A(x + 2>+B(to-3) 

' ™ y — ^A, 

* - -3: -H - -7R, R - 3 


^Y-^ ^2,414 

3* ! -s-2 


3** -*-l " 3a 1 -!-1 

-5 _B 

■ .v-2)( E - i) ^TT5 r--T 

-5 =■ A{* -1} + B(3x 4 1} 
a: e -|l -S - -|A, A - 3 

I = [: -i _5l3, B 

/ = ir + l4 s ^- r lrr 

re 3x^4 13s:- 10 
I5l —-,---*-. 

_ aP+iSr-io_j+i3*-i-u»L: 


' {* - 3J(** +2* +1} 

P-t-n a . » . a 

(r-5)1r-rf/ (i + lf 

I 1 +! 1 - A(x+ 1^ + B(e - &X* + t}* C(t-5) 

r-i: 56 m J5A, A — i 

*m-li Ba-fC, C-=2 

«Kf of j a s t _ A + U — 1 +■ 1J. B — 4 


/ ~ r-5 


t*+l) a 


lSL **+>S -_ 3I + IB 

' (TP S l) J <?Z + [)*(*-!? 

P(2l + 3) 

I tBa~ ? [ Jn~' 

" S+!S 

u r+si 5 ^ 1 ~ s ^ t ' ,v+te] 
- 1 - 1*” 1+ ~hv. ■ vhi 


■ *T* 

Si -1 +3 
fi *zL=A 

i - •* . .1 + " 

j “j? J r £-3 

**+*+1 

“z*-* 3 

i ! +I + l _I 2 + r J 

T^I7- 

-T -5 - Htt -1 

-l+r) a rS + *'!' + *-‘ 

' ,-S .3 


2x !i + r 
2r- a -2* 1 


, 3 3__2__X 

J F-T'r J 3 


r 1 - LLttG 
(* + W**-* ¥ *4) 
z^-H^ + 6 A B 

l 5 - 11# + 

= A(x - 2 f + t*l> + ?'K* -2)4- Of* +■ 2» 
r = 32 - 3GA. A = 2 

j-2: -L3 = 4C, C=-3 

cwf{rfj: 3 : ] = A4B^2 + B f B--1 

r _. _a_ i __ 

J “>+? - - - (t -* 2) 2 


"it-ir 2 ^ FT (to+i) 1 

ft** - Sr" -lr+43 _ ftc* • fc 3 4r-M_a 

■ (/-T} r - Ty* 

. . ...-,_ »rj J +«P + T2 t i 4*0 

Ult=u + 5/= P(. + 4)i- 

1_ ftfa|- s +7 2 ^+45+?^ 

4+ U ’ 4 -r o 

i *rii 2 ®“' ,+13 “‘ l+9 -rb! 

M « + 6a - — S _ 3 + fi; « 4 

ai - ~u~w -c*"W — 

£ 1 lx I 4 I 18 I Lfi -» 1 

L. , , D I S , IE_ 

- ,+ 7^ + (7-^ + (T_^ 

33 . T * + -T- IjflL f - n + 3. 

t* S? 

f _ p4tv4[i 1 . S .i.ll 
-^L.+ 6 ,4 M— 

7=3 (z-3) 3 (i 

23. 

St(x^JC4 1) 

_ 4t 1 - 1 -Ji* L 4l -i + -S-J 

i + i-i-r" ] + r + r 


• '■« I 'B<-JIMQUKK OK I STKGRATION* IMDiiTURMlSTATE FORMS. ASI> IMPROPER IKMX* a LS 


-'t 14 5 
-Jr 1*4* 4 1 
3* * ft 3j 4 ^ + V 

J!-• 4 fa ~ ^( x 1 + 1J 4 4 ^ 

^ ^,.-1 . 5-aj _ ? 2x-3 
4 + z 3 J z 3 4* 4 
lx* 4 2x - 4 


3z J 42z-4 _ A. Bx-r C 

(x- f£z4 4} 4£z4 4 

3r* + 2/ - 4 s A (* 3 4 2* H] + (* 2H B? 4 C) 
Jf-3: 12 ^ A?-I 

3x 3 4 3i - 4 =i * 3 -i- 2z + 4 4 (j - 2)(B* + C) 
Sz 3 — £ ~ (s-2)(Rx^C) 
nivEti? by x- 2i 

2f + 4 B± + C 

I 2j+4 

* *-2 + ?V^ + 4 
r a - 6r -r 2 
**+1 


:r 2 -ti*4 2 _ \ B j - C 

(r 4 l)(z^ — z +1) T ^ 1 ? — jt 4 J 

j 2- - fiz 4 2 - 4(x 2 -? + i) + ft + IPj4C] 
x = -I: J = 3A. A = 3 
I a - Sjt -i- 2 * 3** - 3x + 3 4 tx 4 IKBjp 4 C) 

= (x + ixb*+jC) 

Divide by x + 1: 

-2*- 1 - Bx + C 
, 3 2i-rl 

2 -lr ~ J - i 

- X* — I - 1 

ii a -7r + l A ^lis-C 


*”T „* f] 

Zx 3 - 7i - 1 - Aj^t* -5-1)4 (i - I ](Bx + C) 
x — 1: -4-2A. A= 2 

2* 1 - 7*-+ 1 2x J - 2 -r (z - I Kftar 4 f’) 

4j 1 -7»+3^{x-1HB*+C) 

Divide Isy r 1; 

■Sz-3 - EffC 
r- 2 , jj-^_:j 

/--r-r+rrrf 


jg 3-^ tfr4& 3 j- j - 9J 4 8 

X s + X 1 -j- 3r + 3 “ x’f* *1} + 3[x +1) 

_ 3* 2 ~5r + B _ A H* + r 

- (s+ik^+3) *+^~7n 

Stx-M - A.>- + 3j-r(>+ll(Rx-rC) 
X = -]J 29 = 4A,A=5 

3* 2 -9* 4&=.Sc*4- IS + (l-r l)(Sx + O) 

= lj(Bj + C) 

Divide by x — I: 

-2±:-7^Bx^C 


*+ l * a + 3 

2$ j ig a +1 ■ 1* + ft _ Ur 3 4 ILJ 4 3 

sPTIPTITTn 2z^i + 4) + 3(x+dj 

= Ilz 3 4 ]lj-5-fi _ _A_ , Rx 4c 

(x + + ,3) ” r + 4 2^+Z 

U* 3 + I Ex + S^ i 3) 1 Cx + C) 

r — -4: 14i» s35A, A — 4 

llz J +llff + e-8x a +l£+(x + 4)(B=F iC) 

3^ 4 Ili-4~ (j + I) 

]>ivkle by i + 

3? - l ^ B* + C 


J + 4 2?’ 4 3 


3Ct, 3^4 Hr + 3 _ 3 x 7 -p- £ j -»h 3 

^( 7 : +1>+^ + 

_ 3-- 1 ■ 3 _ A ) II Cz + D 

x(V + l)(z^+ 1) J r-t ~?TT 

3z a 4 £z +1 - 

A(x4 l){^ 4 I ) + + 1) + (Cz + DJxjz r 1} 

t = D- 3 — A 

j_-h 4--2R, R--2 

+ + 3 = 

3z J 4 3z 3 4 3c^3-2r J - 3*4 [Cx + DX* 3 + r) 
-X 1 4 X — (Cz 4 D)(j- ? 4 j) 

Dii-de by z 3 + z; 

- j + ] - Cx 4 D 



3 - 4t _ Ax — R Qx 4 D 

(*** H[Jf a — J - i; * X^+T "x 1 -!- I 

br* - 

= ,.\X + -X - 1> + ;rr + dxt 2 4 I: 

= (A+C)i s -(-A-rB + DJ* ? 

+ (_A-EJ4-C)x4(-B4n) 

£(*>): A + C = 0 

F(^h -A + !!-]>-« 
f;f*X —A - B + C = —4 
H(l)c -B + I>^(l 

!-£-(■: 7A4R-4 

J - II - F: A - 2B - 3 
I — Ah 5B — 10, B — 2, D = S 

21-J: SA = &, A - I, C =. -1 


/ 


X 4 j 
? 4 ] 



341* 4 $ 


' J " 4 2*""— 

3 4 + x 1 


2 l 2z 4 3 

r X 1 4 5x + .1 


A-11 i'AUTLU FRACTION^ •!#» 


JT-HS 1^6 

?-P"t Jr 1 "’ J-*is:* + 2* + 3) 


+ L *_-a 

- --IT — Z • 


= J-3+: 


3 + 2*-^- 


, a x *"+21+3 

A - 3*1+A _l_ 

■ x* — 4t 2 44 ,J 2 4 af " I s -s-2 £- S -2 


, ' S r ! - 6 - -VS— 

6 v + 2 

■ s _ M ■ ^6 

x* + 2 (* a -F2) 2 

^3 ,2 J _ ,3 


- J . V-J* 
,i'^ ;■' 


x* + 2^ 4 ] {*'* + 1) ¥ ~ t } + t I a + I 


a i : 

JT*+ 1 


_ 1 , -g + i l- x -1 J -1 

' ± 3 + ] J z*4 1 [**+!) 


* 4 lx 2 - Z j - 4 


tf + W ir+wi* 


* 4 +Jj: J -2r —1 


i 

t a i*+i 

?+l ? + 3T 

h 

+ 

■-V 

i [j 

J* + l 

r 1 + s[ ?^3 

(7 T Tj7j 

1 4 

2s+l 

c J + 3 (r* + 3^ 

U ! + 3f 


_ fr 4 + x 3, — - 1 

(i-lK^+i) 3 
_ a_ . y. j. jf_ 

x 4 -i- - §i J -\i - l 

= A{** + 2)* 4 Q(X- t)(* 2 + 2} + -1) 

«.= h -18 9A, A — —2 

f - 4 - S* 3 - lx — I 

- -l)(j 2 4 IJ 

-It' 1 + jt 3 j 3* 2 - 4 j- - 7 

- Of* ij(? B +« + ft(*-i) 

UJvidtby / li 

43**47*-7 ^<3(1*425 4 k 

Umde by z 2 4 2; Q = 3* + 4. R * — l j 
r- 2 ■ 3*44 . j: — 13 

1 " x-l ^ + 2 + 

„ ilr - 14 _ 

' ? _ +2V t^+Vir + 2 

t ^_OSiii_ 

r*f(M 2) - 2 t s (x Fa) + (jf + 2) 

=■.... *<£#. 

(t+2X^+1? 

#_ Slki^SO I SOtl"!_ 


/—= —> -^ -ancL- 

P +{^ T - -l-L 4 3) 5 ~ 4u ■+ cr 1 3 rj f fir 

i---J—Hhj—* + "^ + I0 J 

5-4v + k1 5-4n4u'J 


j*4 f 1 - &r ! - I<J! ■ I 
V-V -4^-4^ 4 4? - 4 


i ,. Srj -l + 


-& + 2v + -29 * IP n 

5 —4u +V (5 — 4q 4 i?j^ 

2*-4 lOr-3 


- 2 . 2±-4 . lOr-3 

~“r+f + ?T7T + ( ^ + , } 2 


A INTEGRATION OV RATIONAL FUNCTIONS AND LOClSTlC GROWTH 

Partial Fractions The sgluti^rts aasta.s that Appeaeix A.U abovj; bau Imp studied w*H. 

Lo^rvtit Gtowlb !r^ *»(* - t) <*«! V = ^-^ 7 

Proof Let ]. Then % = ^ - -A^~— ij = -Ajhi and so 

■ - V-"'. ’>-“■ J->+{fe-'>-. -7^^* 

M™ AcieOfi for- SttoDd Older Reac-Li^r-ife: — t( & — z}{b - x) 

^rrrriita 7-4 __ _ 

Fl Kx«f<u«. 1 10. fvajuate Lhe indflftiHLc* Ini^rAl, 

* f^i=SHJfih c 

» SrJ*<.^wri)-Vr+rJf 5 '- 1 '«*+■>’■=(-»■ 

-l: -6 - -m U- 3- 

—+ lkainltr+LUlaC.-JnCfi L)=(c—i) 11 



rm thi j nstuu ks? on nt: hatk w, jmjit t:tt.vij mat i: i ! orms. and imi■ kof im i \ t egkai.s 


II 


4w - 11 


®-- li = A(w + 4) + B{2* -1) 


C**+flP 


' 2™ 2 + 7ur— 4 (Sir - 1 + =1 > ” - 1 ‘ V + 4 ; 

Lfii y. - -4: -27 = -9B « Bs J. Ui w = |s -0 =5 A « A = -2. 

[ ■■ 1lF .'T, 18 —— dir = - f “-^7 t 3 f 1 - -3nt2w- 143 3n|w + 4I^IdO]—in 

J (2w-l)(iy + 4) J2*?-3 jiF-4 

J t 5 - i 2 - 'ftr 

& First we factor the dciaeMiiiDfltor x* ix = 4 1 — 2)- Nuuc of the factor* si repealed- A. 

C wiec^i Hurt 

- 2 _ A - B ■ C 

z(* + iXb- a) J S+T t *-2 

Mu hi plying by jt(jp + l)(^ - 'ij obtain 

4r-2« A{z + IK* - 4)-I-+ Cx{x + 1) 

Ltl * = (h -12 - -2A 1 A - L 

Ltt ? w -I- -4 = 3B, JJ s-a 

l,£t s Z: 6 - 5C. C = I 

Therefore 


. =|^"^3$r + Jrr3 ™ LaiSi-"2 Lsfr 4 I |4lnJ - (|+!nlC[ = 


N 




(*+ir 


Lfi Eacr-cise S-artd 0. divide nurnerAlar bv dtstoirti uatoj'. 

- 1 




:^ff^*jVrh : *-*= A <' +3 > +, ^- a > 


* a + r-* (*-«t* + 3 }(x-3X*+3) 

Let i =.2: —i =5A. A = -J. Ltf x= -3; -9= -SB, B = |- 

I x^r - f i^ = 1C 1 + 


J ll- l 


Mf- 1 


t* g 5 - m - h _ - 
3?'-5f-2' 

t^k2I =7A 1 A =3u I = —^ - — ^B. B 


(I 2)(3i < I)' (* i)(Ai - 1J t- 
2 


’ r 3I J +T ; 


111-1 3 A[3( + l} + B((-2) 


7- 


f $lS'rf - fc-^-Vrr) 0 = * -* m ■- 21 .- im +1 1 +c 

_, I+2r ._„ +2!I1 J ||+t « |+11 -J -J(-r. *»r*-rb+rh)* 


*■ I 


i t t' + zjJ^+Jer" 

f t+ -!)-' 

(1 + 2)-' - I 

t 


— ^30 f 4 3 4 |fl| t + l J + £ 


3T‘-g+] j 


fix 


W£ factor the denominator r 3 - = x*{x — 1). Wc divide by z 3 and ^h.eo by 1 ^ 1 55 be low 1 - 


t 15 - ir“ ( 4 4:“ 3 . 

■ 1 ) 






-1 4 


f 3j V/l 1 <jj - [(jiy-.^^lhl.-H + l+C 



v.i rNTE<3RATION OF RATIONAL FUNCTIONS AND LOGISTIC GROWTH m 


s - = 


<i± r ±~ a 1 

(i4 3) " J 3 + 1 


= J& r_ 1 -K l+ i^ fl= i”i lnirr+ ^ I+3!+c: 




f 

3 + 2 }x~ 3 

* *-3.1 


- 


i 

5 

,J. 


ia t t + ^-J. , ;j' a + ^ l, . A^-.K..i „.i * JT „ _ i Af«.: tK«+ i)+Bu.(i.- + 1) + C»(w-]) 

u/ 1 —iLf 1)IK t 1) IP-l ia T [ 

Ulu = 0:-|- —A, A = 1. Let w = h i - 2R, H = 2. Led m =. -I: -1 = tC, C = -2 

f tasr^ rt * + 1 |+b c=: 


„ i^-g* • S - ■■ ■ - -_ 

i*' t. 1 - 1 - 1 21+1 

6z 2 -2 r-i= A(2z - l)(2i +1)4 fli*2jr + 1) 4 Crtfi - 1) 

L*tx-^ -£-Binx = |«CL Ut 2=0: -L = -A oA = i, 




12, 


\, 


Ax . 

i^ + i 

s, Method 1, Factor the denominator into jiacar aid quadrat it fortoii f:Jcar fractions and equate jioweru of x. 

_ A . Ej J ~*~ 1 t I Hi i .'Tj ,. i I _ ft A i fc! _2 


J-t -: 


.- 


, _ , .-2 + ^ 1 = A(2T 2 4l) + (Hi + t:)i I ^{lA + BV + C* + A 

J**+x *(2* a +I) 1 HP+i 


Therefore 2A + B = 0; C - 0; A = 1. Hence U — 2. 

[-!fe—= f<fe- 2 

Jjr’+x J z J 2r T +1 ? 2 2 12** + 


+ 1 ! 


Jk W« fAr.tjcnt lh* denominator 4 4z - t[ 4 E + 4 j- We divide hr f and then by 4 + * 2 *s twJm*. 

f f-£ + l^ T [ 1 y A ff*- 1 --4-4 = Intxr- lintx 1 +1)++ C 

Jr 1 -r 4* i *[e T +4) J **+4 **+« ** + V * J 3 


“I +x* )lx -I + l 

4***4-e 

-x 4 1 


,t t-.-*-**• “»’■+,r *J(2«- 


du 


( + ij<*+a)' (au4iKv+3) 

™ 4 ^ ”■ 4 2j T?",“ 1 )l l*cl u ™ *■1 — vA. A ™ ^ “ — 2j I •— ™3tL 0 — — y. 

1 = tfd'SiTT- 5'd^" = S H ** + 11 l ~i "" Wl ■■+ 121+ i b G = T^**^TT 


¥« I 



m? techniques ok integration, inobterminai k kokms. and improper integrals 


_ _ A . B . Ofr+d 

16* 4 -1 (U 2 -lH^+IJ a 2l ~ : 2z ^ lT 'Ji 2 +: 

l ■ A(B*+ IX-lif 1 ■+1} + B[2x - ij^x 1 + 1) +<C* + - Ij, Uix 1 4A; A - - r 

1---IB: B--i Lcir-d: ] - A -R-D-I +1 - i>; D --J. 

Compare recftmtnts eft^i (I — AA + B iJ 4 4C — 2 - 2 4 ■JC; O = D, f ^ * T - 

Ij 3*^7 ” IJ" e+t~« 15# +i -1 lri ^ 11_ s' ln| ' u * 1 5 +<: ” l Hffrrf" s 4 




> We fwl#r *he dSenwnisfltQT Ux* ■+ x = ■= xVSx 3 + l), We? divide by t 1 rind then by Uj 2 + 1 Jtn n-hawn btrW. 

-^4*= f jJ? , = MW M-f(-- a -^-rW-^-3—^^C 

J 3z J ! x* J x'frr H) J1 k ‘Jx 3 J \ ] i 9*V J ■ X J H y £ 


x 11 4_r _ _ ^ 4 jt _ _ A , R^r 4_fT 

t “ (* 1>"V_ j' 

x a +• r ” A(x a + L) ■+ f fix 4 CM* I), Let 1 = It i = 2A o A = 1, 

+ i ^(A + BJj^ + fC-R^ + fA-C). A+B-l (l); C-R = l (2); A-O-fl (3) 
Ffom fl] *e Ret tJ - L- A - tl. Ftwil f3) fherfifora 


^ + 3*42 


r u* 4 + j 


r l + 4± 1 4fc+4 (r + 3J(^4Sr + i) ^ + 2x^2“ 

2r ? 4- 3x 4 2 _ A (r 5 4 ‘iff 4 2)4 fx - 2)( Bz- 4 E 1 =. j: = -2-. 4 - 2 A, A - 2. $u fc*t itulin * for A, 
?x z + 3x-2-2x 3 4 u -M + fr4 2XB^ 4 C). s-2-\x* 2)(Bx 4 VI l*r 4 C ~ -I. 

IttItotT' Ifo 1 . 4 , '"• ,,+< ' 


I9L Let ji = tan t, db. — seerx if r. Then I =■ 

ti ? 4^ _ a | By4C 

(v + i ){pi J - ^ ! J “ -t- f y^ y 4 1 


r ^nr ? x - ['^- 2 x n- I" fw 3 f 2 f ■ + 2)^ 


f (nf' + 

J [u4 “ u+1) 


m 2 4- 2 = Afu 3 — u + l ) — fRu + C) (n -i-!)- Let v = — 1: 3 = 3A O A = L Substitui-ing for A, 

^4 2mb 3 -il4l-r(Bll + CHu + t>, yr I ” [flu + C )(ll 4 | J p Jfjfl 

A - Lt'+l^' lr“i5l^S ***~ l J^+ C = ln|Un x+ 11+^i™"+ C 




20. I 

J (?®+Tp 

> Method 1„ Let ts — e 1 . Then -ifu — We that !>v u 2 — I m.hl! by n“4 ] 

J<^>- Ji^- I(A? 


f-^ 

J (-a H 


In illc 1 ^j=^ intt^ral, Jr^ 9 — t + T.n -j I'bcn 


7A INTUBATION OF KATIONAL FUNCTIONS AND LOGISTIC GROWTH W 


ir.- tan C, .li 1 + l) 2 — stc^D, dv — IK 1 * 66 

Tims, 

j - | i | (OK 2 # 49 y j {1 - i« i.$W • 1 *“ «n *} ■*■ O - j{tf + Jin ( ™ !*H t 

= '^ _ 1 ’ i+ 7 ^ 7 ' 7 ?Tt) +c = p? 

SubstitTilijifr fut the intend. M?d then s^^lihiirn*. Vbr n, we <*U*n 

I ■*■ 

Ueibod 2- We divide by r lx - 1 and ag^b by +: lr +1. 


i + {?+5^h 

= I *'"ffivi*i■ JHT*-\'(^ + c r ’ r 7? f ” f e ’* 'sl«^+ E T"*J{i' + o 


-j Uft_E ^ + i d 'y+r 


Eft EfcwdftM jit K f find LbeciMI vjJtae t^Ehe Malta lab?rnl Arid fh«k uniikp MtfT tn 6 significant 

a. ‘ ~ * = 3 - = 4 + f + % x- 3 = A|> + I) + Bi(it + * ? + Cj j i 

s-3 ^ (li ^C)j: 3 +(A+B)x 1-A» H^uce B + C-0(1) A4B-if2) A = -3 (3| 
Solving in l4>* flsdfl (3), PJ f (!) wt find A = -3, - 4, 0 = 


A]*ematLvdj, by long di^Bwn, -j# 


_3_ , 4 -1_ 

t? * t + x 


= 4 In ^-|sr-0J4S2T2 

1« -!: 2 = -3B. B = -|. = "ij^f 6^ + ^E"! ^ 

■=|i»*-Sln a — 51*1 *“|i™ a-Sl“ a * I.83IOM 

X 1 - + 3 A . _B_+ _£_ 

a *i* + s) a ~ x (IVl? * 1 1 

p — 4s + 3 n A{j: + 1 J 2 + t3jr k C^x — I) = A[f ? + irT I) + Br - 1 - C(,r 3 4 i } 

f 3 -4* 4 3 H (A 4 C)x J I- (2A 4 H 4C|* + A. Thia A + C - I (l) EA 4 fl 4 C = 4 (4} A - 3 (3). 

Solving in the ord^T (3), (.l^k (^) H ' e find A — 3 n ft — - &- 


--l>4 t/ " (I + X? 




■ - , *- - ■■-- - 1 : -_£ . * 
mimpti by mm o. ^ +l jt - (j +J ji _ * rf* ( l 

f 3 i f ^ ^ dg _ f --x-^rVr « 3 lnlil + —^Y-SlaJe + llF 

Jl *(a + lf J][ x I>4 1) 2 -4 T j X ^ L h 

- (^in 3 +4 -2 In 4 ) - <4 - ? In 2} - b 47 - In S - 2 - Lrt ^ ^ 



504 TECHNIQUES GF INTEGRATION, 1NDETEFi-MINATE PORM.S, AND IMPROPER INTEGRALS 


24 . rtpJto+J** 

Jl i j + 6i j +9i 

ft **+«** f'jjr fir i 3) 2 Tima rts find coBStwiw A. U. a&d Ciuth that 
2x 2 + L3x+ 13 _ A , It , C 


fa*-M3 j + IB _ A ■ ft 

x*-+ Ei* +ftr T (t+3) s 


' , - 3 


Lei Jf ■= Or 
Lei r — -$: 


l£ - UA. A = 2 
-i = -3B, R = l 


Let x - -2: fl = A — 2B — 2C = 2—2 —2C n C = 0 

s4 Ia2+&*2.8?SIS 

25. %‘ f5r3 _ ^4 + B ?* C r 4 4 5 e 1 ^A(j , + 4H(B* + C | ^ 4+ 5i s 7 (At R)x 2 4Ci+4A 

x 3 +4x r{i J +4) T i^+4 

TlKnjbft A + 0 -=. 5: C ■ Gl 4 A a? 4. Hence A =■ i, D 3 4„ and C = ft, Tliu* 


f 1 {4 I M^)cfi5 


= r6 + 7 


-V* = fnl*l+2 


- ()j, 4 - 2 In 20) - 2 in ■> - fi Ln 2 a 4.15386 


^ + ^. t . I + 2s! ,v + s) + H* + s) = f* + a)[^ + i).—^rrT)"^ + ^f 

jc ~ A(e* 4 1) 4 (Br 4 C)(* 4 i)- Ur, i = - fc -2 = SA,A = -f- 
i = - l{i a 4-1) 4 (Hi 4 C), |f2r*+ 5* +2) = (Hi + C)(* + 2), Bi + C = j(2i4 1} 


—yj a-c 5+t + y. i 3 j +r— ^ w * h ** + «i + * ^ 


H J tfr _ _'i * Jr If 1 Zr tfr , 1 f * Jr 

Jo * 5 +2? +r + 2 *Jo ’ > 2 3J 0 i j -h 1 ' &j 0 ?TT 

= -| Id^ + ^Jh 2-E-^ |t - -|ln 3+§]n2+^!S D.133S23 


w 5fl a -3i + lS_ + A. H , C . 

— s7 x a ' — “^7PT*y~ ' + 3"-7 + 3 +j? 

5j 2 - 3i +13 ~ Af3 - r)(3 + sr) r Bx(3 + z) + Cj(3 - z : 

Let j - 0: L8 *- 9A « A - E. Let je - 3s - L8H « B -r 3. I.ct i s? -3: 72 ^ ~!»C ** € =■ -A. 

L L d^3^i _ 3ir) dJ = 2la| - -3 Id3-i!- 4 Jb 3+i | i 

= {2 In 2 -4 In n) - (-3 In 2 - 4 ln4) = 13 In 2- 4 in 5 ^ 2.57316 


4 Zr* - 'Sj 


e> Method. 1. 


B Cf + I> 

* ' ^ + a- a -4- 4 


r* - Ifi (i - 2}{r - 2)(i a +4) — » - 2 * * 2 * a +4 

5** - 4r 3 A(* + 2X** + ^ + B(»—i)(j* + 4) + (Ci + D}(j3 - 4) 

Oi a = 2: 32 = J3A qA=]-L(Ut = -2: J2 = -52B o B = 1- 

- 4i - A{x* 4 2i 3 4 At. 4 Rf - BJi 3 - 2i* 4 4i - S) 4 Cr^ 4 Di^ - -ICIl -4D 
5**- 4i 5 (A + B + f:)i 4 4 (2A -2ES 4 l>)i J 4 (4A 4 4» - 4C)l 4 (HA - SI) ■ 4l» 
Therefore A 4 B 4 C - 5: 2A-2B-D=0; 4A 4 4B - 4C = -4; 8A - 8B - ID - 0. 
S^hiog the first two of these vt C ~ 3 atwJ D - ft. Hente 

^ (in 2 +!n G 4 -|ln 2 o)-(ln 5 4^ Iq I3}= b ^ 4 5 In “ = In ^ + |b fj * ft-423031 


7.4 IN TKGKATION Of KATIONAL FUNCTIONS AMO LOGISTIC GROWTH 505 
Mfc-lliud 2. M-jM£- = |^-W|-ll U 4=4f 

Ji i 4 -16 16 * 4 *'+4.5 

(I In 46- £ In |)-(^ in « - $ 1n fff) “ Ib jf +1 ]n f| 

„ g a -t-3g-43 _ j 3 +Jz + 3 _ A . Bx-C 

' r 3 + 1 ! +t+1 (* + + IJ — *+■ ^ * 2 + I 

* J + 3#+3“ A^+lJ+IHi+CHr+t). UtF= 1; 1 5S 2A « A * J. 
r’ + 3j:+!l=J(#S + l)+(Bs+CK»4lh &{**+ tr +5J’5(Bx + ok* + 1* BiM-C3-|(z + 5) 

fi (x^+Jg + ^d* _ i f 1 , if 1 4^L + 5[’ -^£-t-IIq|i j.i|+Il|i l 4 lj+1 taw -1 i? 

in 4- x 1 + * + 1 2ja *+T ^Jn i r +l ^Jn i 5 + L i 4 2 " 

= ^ tn 2 * J| In 2 + \1 In 2 +1<| = | In 2 + $*m 2.483354 

3L i+4- 1±1 -_ = _A_ + | + t=A(l? + i+l) + (Bl+CXl-«) > = 1: 2-=3A,A=| 

l-i f (l-iXl+f + f v ) 1 “‘ ? -M +1 s 

I +r* jti 1 K 4 ij. Jew’- 1! ~ 0. »; +C -^2) + I), j' « 


P- l.-r^l- U * *Ut Jr Tfcttft rft| - CH3H J dx. L'xLti^ loitg rfiv^soii, v*tf obt-ttll 

f*' 1 m eJi~. - f l —^5£—= P -“^Lrfu^ f‘ (o’ 1 -H-xW = lb J l - i Infl + « 2 jT 

J t=t/r aji it + an 3 g i “t / 2 u-fo" 4 1) j i/l l + n Jl/I' 1 + u ’ -I 1 -/ 2 * - 1 ^ 

- [a 2 - £fln 2 - In i) - £ In 9.458145 


£2 lujlL 1£T. Thfl icgiMs is tmLodod by % — 


We shall use the 


x^-Si+e (i-axx-a, 

l 3 


^T, thf X ftxbs,. J =■ 4, apil j « Ei, 


at —3 i-2 (;f-3X*-£} *- 


-*r 


A ~ I. 3 ■ . (* r ~ J* [:.-sh.- 44 . -1 ( (r^T'4T-~i)~i.-i 1 - .-i)D® 1 

= 2 1^i-3|-Ld|i- 2||| = (2 In 3 - In 4) - (-tn 2J =2 In 3 -In 2 

'if.[(7^7”i'-»!■ -*1 *5^5?]'' 

= ^|^81a3+2b4-Jj-t-5+3ifl2-ij-^4-Sln3-3Jji3 

u _ f 6 *<*-13 _4^s_L» . P:, ./ 'i_ 2 ’i-eLJ_Olt, 


j: j:l’ *p?Bhih‘ 

_, I’j^l +J i_ J __i 3 ^x = i + tl n |i-3!-2] n Jx-2[|-(94-6ia 3-2 U>4J -(4-2 In 2) 

=; 2-2 In 2 4-6 In 3 ^ _ T „ 

5 — ^ ]jl 2 4-fi Id 3 M ^j-4- i In 2 — 2 In 3 

- Thu rrhtwid it lit tiw point (^hcrc f = ^ ■ = —j ( ^g , — and j, - -^- = ^ In j - l» 2— 1 


m TfiOMSHQUfiS CW lN‘iWRA-1 (ON, INDETERMINATE FORMS, AND JMl’HOPlIlt INTEGRALS 
34 W. The w rn the ftrat uiftlmi bensded by y ~ ^ Let tj — *+l -r = w — 5^, ■“ dt 

».=j 

— —Ei •+ d .In UtI n ^ 4 — — —r^ ~| n 


M,.l(* j- 4 -*x.lf g^fc.tf ^-qr >» J..jP(.--H.-».OHr>. 

' 2 J«»J «* S J^ * 

3 ^“S + S ^“ 13 ^f£ = ^ _ D + ®(^ - i)“ la (5Ie - ff)]~I' S ~9(2-In 3) 

3S- An eJeiOent nf i-r.lu-7-^ ;l cJ'lindeieaL &ilC 11. rnitrrml in; I In: y axb. of FUF^n rjiihuS 01- and aLtrtisd* 1 

1 -- h th ■ £ {4, 6). If V eubie unil* i* th* valour of the nolsd, 

m/— 5m--j-f> ' n 

>■= un. s a***, 1 -- v=fe [ s ^ rf *=fa f 

U hOi ] m p 2 - am a -r- G Jiar-5r + 6 J * [ r -J 

._?*-£., , - A + _L 4x - 4 - Af* - 3) + Mi - 3). Let jr = fc 2 - -B w ft = -3. T*t r ~ 3: 6 - A. 

(sr 3j<J" 3 j - - 

V - 3? j 5 (l + x ^3 -y~^y T — 2lT ( E + S tj T_ J! - 2 lull - a | ^ 

^ 3*[(e + 6 In 3 -2 In 4) - (4 -1 fcft2) - 2s{2 + 5 In 3 & In2) 

36. Find ita volume of Lbe wild of revolution if l\w nftwtt ta the fust quadrant IwifllKiod by flu* ruro 
(jc 4- 2)"^ — — - cs revolved ibout the x miLi. 

u- Solving the given equation for ? T we g>rt y = /(e) = j ~* r The figure sbo^s *#&* aad a plane h*£| 

(r + i J 

«r the wild of revolution. TVdeirwiil of i-ohamc V ti eir*ulfti diFk with ih-- ■■■ ■ '-.j 1 unil# and Ifedra* /(m, 

KEiiLh. If V fuble uniti Es the votnme ijn; of revoJuiLon, th^n . , „ 

n f4 (4 — T. '{* \ 

iiaii-oS p Jrf(*+2r [ K 

We Set y = * ■+ 2. * s u -2, 4 -1 a rt-^i ihd d* - dy, Th^wfonu _1_ -f^T _i-^-i 

»..[• y**~* 

Jv=3 f * Jl 

- f 5 (ir* - iair*+as^) dy . if-t+«J 2 - u4jT 


■ 3 - i2n -s + jeK -4 ^ 


- 4(1 • fi) + ^ _ ?) - l K i m ~ i)j- s T 

* ITic vdume of tin* wnlid of revotiiljon is eijbi^ lasiit^. 

39. The re^L-nn sn bounded, hy y — —y^——ihe- ^ ibe y axia, and j ~ L. Ut 1 ->■ u. J hen ^ li ™ ! anti 


1^+1P 


f 1 ± 3 £t f'T'ildx) 

Sid^ = dn- If A square units b tbe ar-w of the region. A — |j3 ^ J Q 


p<»^1)rfv_ i ft 
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40. FliScE Uin ij-ta *F tkct i££lod bounded by t-h-r curve *> ft) - -s. tli* it mb. Ifii^ ^ ak]&, and ths line r — 1. 
* Tbr flj^irv #4wWU i_lic r^ion, L*t / i*c Lhc Tuneiiwhi defined b; 
rer.LAikL'in with width A ( j units and dlituck /(rrjJ Tims 

ft = Sim f:/(n. 1 >A^= f'4^ 

IliJ-Oi-i Jo^+S 

We let 

4 _ .1 A ■ ijj-i-c 

^ + 6 (* + 2K^-2Er + -l) i +^ '''^-3*4-4 

■l = A{* 3 - 2r + 4) f (fla: + C)(x4»J 
},rt x = -s; 1 _ (2A. A - Substitin* Tu» A. 

*s^*-3*+4)-MB*+CHi + 2 
- J(x 2 - 2i -*J £ (Bt +CJ(» + 3) 

-&(*-■l) = Ji* + C 


Tbc skcrtcftl ef Is A 


Tkreforf 


^ In 3 b ^ 


+ v 3 l^i 


* Tkt £Uei li ^ In 3 ■+■ 3 ^v'3 t squa*r unite. 

41 and 4£. Thr f^on is bounded by y - —, !hc t m]&, ?hc r ; a*is. r*nd r — \ , A:i chinacM of voliumc is * 

Jf HH S d 

4rcLilnt gciflie|»d oh Hie ^ isis, j f [CM], of mfuwi r«diiw m p ud J * If V cubic ufi3ts 5* 

*bc voluraeaf tb« solid n?f r*vd nti^, a 

" 1 * J* 

o r + + 6 


and M„ = 8 


i II—b * -; 


Hr * f 


**+ft (r+EX 1 *-St+4) r“-a»+4 

x = A(i*-3r +4) + (** + C)f* + 2> Leri' x - -t. -2 
* _ -|fif s -3* 4 4) 4 (B* + C)l> 4 Sfc 4 4r -M) 

ssfr 1 & . r 1 tr-ufe fi dt 

Jo- * +2 Jo j s — 2x 4 4 Ja {i - J) a 43 

- jfl(in 141 ift - flV^ rT ■• 'i r |n $■ \ “ : 

L r fr*-4X46)ir _ Vir h LB)iJt . , 3 

' 1 J s J -6r' + ]Sx 

, ftl ls^=l 

44, Show ibai (be graph o- rvwclivn / Lk^iiLifd b> /fi) - — 

& MeLho<3 J. let at - AJfe-;. B€CAlLK l> t u — A^, thfn 

d tflp} - (AJt)DjAti f H^ ta r s ] - a^{] + h *r u y 

Applying Edr ;t- nc3 lm- 1. ru3r r 

D^fin) = -A 3 BJ &-e-"(l + Bc" r; )-“ - ^ M + B, 

- A S BJb*e--a + B. ■ M r 3 [ L + Bt - 1 ■ - 2Bt^ u ] A*Uk*r* C1 * Bf I - ) 

whidi cbiEgci sign vhen Be -11 ~ 1, c 44 - B. A kt ^ u = In B, l = In 

Mctbod 2- Th-P infl^^LLD:: pOLDt CA3 tK found UqtV pivrri^ fjftClim. FfttUt (b) -nnd pnjli?il fim^ujLh 'iavc 


6x 2 +■ I8x 


has a pcLm of inflwiton at £ 



LJ 




0.5 





m TECHNIQUES OF INTEGRATION, INDETERMINATE FORMS. ANU iu PROPER INTEGRALS 
d ’J - 1/1 + , 1 ) md sr* - <{ -\+- ! -J 'fliwl* changes rig* when y 1 - {A - If} 3 . S - * - y, 

it m iT-rf 4\f A \ r c* - erj J 

v = }a. (bit is, wh« Ue * kt - 1. e"* - a. Ail >=>£(.!- In */<**) 


4 b A ft„ ( mitlr y p^pJi Lave beam the rumor wW 
y < 3000. Wf have*. I able o: boundary renditions 


1 0 JO t.l 20 


tl 1 IM Fiji »3n 

+ swo—W k '5^8 tH 3Bfe 

— - - ■ n l 4399 v 

With f = 0 mid fl = 1 WC g-n 0 3 jJju in 5 ^g- C -deso- Thus 30'JjJ<i - *n 5(HHI ,/ 

With I m 10 «d » - 1« «■ <* iW» - ln ‘ 5 ' 6 ™* = •■}; 


’Jf - tyf5(iD0 - J|i: V dl - * jjjgjjjjj) _ 


, . _ _ , 

fa)(L5t 


{b) When ( - 15, p lS - 


49MJI . a.ii . SOW - 9 . 

-h E 

y 

5«Ht 


6OKL 


4W9<r ^‘* 73 54100 - s - ,s irwZ** 

5000 


- - rJ28. M WJwai l! = 30 o b k . - 777 g m I 0 


- 407$. 


L9» 


1 + 4W9r 

[jj B«au^ liiu __" 5tf00, evtiybody wLU*™tai% V*r th* ruino; 

*—1+4999c A 1 , 000 . 00 a . _ , 

4k F?om Ex-1-3-26 -e ^ j *?? ** 1 ” 

1,000.000 ML Tfc w _ l ‘ 0U0 -”g)Bfc. (hi |rf30) rr 3(114 [«) SlW - «JW 

" rf At " T5B5WB5 “ 35S' 1 tiu *' w 51 [ + iir®® 

(a" v(90J - 115(1.401 (e) = 40*** (f) *(150) = «!®.546 {g} S<M0) » WS.999.9. 

w mow_i + -1. = 1W9* l-'" * = ! ^ 

47. From Jit 1.0,57 wc bnve ^ i 20, 1 ^ B ™ 1 

MSBiNk' ThH3! w ^77^^ (b) ^T? Ct) ” 123 td) ^ =29? 

(,) jrfCO) ^ 2W (0 9<1*01 = 4999.il * 50®O U) mo - ] + = S: ^ = M95 

H = In 2d9; i = = W-0 days 

48 A- i,M in i town o£ 4000 prople. ii(M> reside sits heani a radio ismmuiotjmtiit aboi:t a ioc*. p*>litK* _ 

' The ml* (,f cijwlh of the qmad of i r-fonnatinii about tW scandai was joiolij proportional to t)i« number of 
people who had heard it and tile nostbet «*f penpk w|» h*d «»Je-rtk W «« 

[Tard about, the se^dai, find a roath^.Lca] tentam «h; ^ of .nb mal.W, 4M F * 

rlfm ,|i 1 ,*„ l ral model on you? eiaphirs calculaiot. liumale ft™t the graph (cj how many itsideats has 

beard about the jwandal at 10AM. and (d) at what tim* half the popuiatitm hid heard Coufiim 

estimate* ruudyticaily. (e) Show that by 3PM the enure 
w (a) If y rtsLdeni We heard the story 1 IfflW* after SAM. then <t 9 /4t - *sKSW0 - 91 9n - s,0<) ' 

w_A |-Sa5^| —sarfji,^-^rir- 
B =S5 1 W 1 J * 31 1 -T-Shr*" 

AI 9*M, I - 1 and y = ^00- T ^ UE 

(b) A plot is shown at the right, (c) Ai 10AM, W 2 and y - = 4<Wn ' 

(d) We solve f(M tl 

l+0^ f = 3i (i)'=^ ^« = i"»r 


2300 - ■ 3<>BQ , , 
1+*©' 



l =< 1.220 - 1:54 


. j x_ j r * i - 1 -t.pH TjfT'l - ^ as dOW.S, l.hai is the whole town. 

B>- 10:14, h*df the town tia^ hrwd* ■(*) At 3rM t - * and ${*)- T^jTjT 


49. r;i««e A = 1- Then j* • .2 «rd B = ^- l = 4 end » g ~ — ^05' Whfn J P ^ ^ 

^ ^_JL_r 1 + = 2, e~ At = J and so y * = TT% ; 1 +4 ^‘ = ^ ^ ^ 


l — 2 




I.-1 I NTlX! RATION OF RATIONAL FUNCTIONS A NO LOGISTIC GROWTH 0G« 


50_ After l weeks ^ perrem of the Susceptible? hxvc been 
infnctnL Wc Jiftvc a tabJc of boundary conditions. 


my^m^r 9 ' n 

C-9. Thug. EQQkf ^ In 


Wilh t - 3- and jf - 25 wt gel (10015)3 - In 


rw * H ^ = im-k * = —- - 

1 + 0 -s ]■ 

50. AJUf $ week* 50 oTthe jnu^epubJifii have be*n intactal. 


whtn i 


rtajK* O are presort ac i emu. then 

jc). Wc bavc a ubk of boundary conditions, 


JkcauiK i = 1 when T 


Ttaeitfr 


■ Therefore g of subsiaDC< C w\]\ be formed an EG min. 

TyZ, Suppow m the- tow of eruiM* flj.Licra that a =G 4*d 6 « 2 Jit:r: 1 j of juhtuittt tJ la formed In 4 frtift. ttsw tong 
will it. tike 2 g of subei&n-ce O to be farmed? 
t- If 2 (■rams of SO bstiCr-ce c pirtenl jiL l rn in, Lnen 

jy = ■!■"( 6 t)(S “ j). We have a tabic at' boundary conditions. —-1 


Ikcansc a — E whon 1—4. 3 


En(A/4) V- VS' 

When ± =; 2, T — j In 2 fc 1.2/42, Twa grams v4\\ be formed in about 12 min 26 sec, 

E min .-jft-.-.' the anil twj*ih:h Lu h 31^3^>1 i j: 3b Is Lbr nr-tmipl 
of naJt ; n™nt, (1(J -- J 1 ) Eb of it >* dimdkvtL £10 - fr)/Z5 
u its concentration. U'e have a Table of bound*™ condllifta*. 

if ~ K'% T ’ 3 ) 2 ° dZ = ^~ X “ Dt> ) d<: I 


:fx-.yi.- I 
0- 20 — 50A »■ A = Therefore 



510 TECHNIQUES Qf INTEGRATION, INDET'DftMIMATE t'OEMS, AMD IMPROPER INTtCKALS 

Pecan* x _ 5 l = 10, g = £ = TW ^ = f^" 10 ={£)T' ,,f . 

Wfcrn t - 20, j^'so = {f$ r T M ° 5 1 “ 3<Wl *» " ITS ~ S3' 

* Tkritn 10 - -~ - Vg' a» ~ A lb M sa “- K™™»- 

&4. If j. mil|imp ofdoliaj? i* llie company'* ywl* Vik'fjiiic 1 yca« a(W (he company begins operating, thrai 

Jp iJ + a^ + aj-t-T fJ H+7 4( + T - A B^ 4d+T _A^ + llj.Wt.j-M) 

rfT i s + S(+“ (+ « + JK» + i) (» + 2X^ + D T+T “ 

Ltft! = -2i -1 - -A A = 1, Let t = -h 3 =* B. Ttreicfore 

v ][|* + r L g + -l_)fi=^l I \ ln(( +SJ+3]s(t4l>+C 

Botause y — fi wbed it — 4 ■wr fi — ft +ln 6 Hi- 3 Jn 5 t £ ; ^ — l :n fa — ,!■ Lo i. 
t = 5 n si 5 -125 + 3is T+3 la 6 -3 -In G -3in ^ = 1 S-2^11. 


■ Th* income e* S'! L.2D1.10P. (a I hr at-ft,rt±t SlEH), 

&ii. If pou/iux ti ibe velocity of ih* purUrleai ( rac, th*n. t = * Becau*: y — - n 


-f 


f + 1 


-t- rl _ A 


{m^7F+i)' 

Ji . Cf ■ D 


<lc 


■ li;ivn 


d1 ' U ' (I + 2)V + )J (f + 2j* + '■ + 1 ' « 2 - 1 


l J -1 + 1 £ Aff’ + ll + m+W* + !)+(Ct + D}(« + SJ 1 

Let t = -2r 7 = 5A -fcy A s j. W> niUioit foi A, subtract, factor and ilivitU by ft + 1)’, 

I 1 - 1-1- I -I(t a + l>=^^2t 1 +it+^=-^i+ !3(l+2)=B(i:+2X <3 + 1 ) + (Ct + nX'- ! - z l 
-JfU+lJsBft 1 * [J + (Cf+DHf + *) 

c -J: ~ — 5B « B ■= ^- W« substitute for B, subtract, factor and divide by (4 + 2J; 

-^jf2T + l)-|(t , + I) = -^(3f s + Htt+a) = -5jfl+2XSt + 4) = [CI-f l>M 1 + s )' =C* + E> 

Wine, t = 0. a - 0; benoe C In 3- When 1 - l t . a - 5 r 'nsrrer.ire 

“ - S'?7+I + ^ ln l t l J? ' 2 |j!i 1 140 ' l + iT - ^ ln2 

Ln -f t^b-^ un_1 ^ + h 

58. A p^rtklc is xhmft d tin* m th*l If v ft/^ec ie the vrlnrlly -if the partkV at t Mt, \htn v - ^ ^ 

fmil th« iraveJcd by th«^ p&ftkk fiam Ih* ujip-t whm t -13 io tht iim»* t — 2. 

e- Lei ^ be the- difEJinCH of ihe partid* fmrn a fj^d wsiit on iSic i-y-e it t sec. J&«?ii3sk Jjf/df = n, we Riven 

■ ttapi ,= [-gJJ«L m 

J t*+Zi^i 


thai d? ■ 


r + 3f+? 
t+l _ f+3 - A B 

fSTiTTi ir+TM'iVi)“t +1 ■ T+2 

Tb™ f + 3 = Aft + 2} + E[t + l) 

If I = -U Him 2 = A. If t - -2, tb.cn 1 - -H or B - - t. Thu. 


( + 3 i 

f* + 3! + 2 1 + 1 1 ' • 


ai>d fiom (1) ^ 

*" 2 Jrt* i i I+3 = ^ N* +11-InJ 1 + 2 t+C = b Yj^f +y 

Wba t - 2, m iiavr a - In | + G. VVheia I = 0, we hm 

Tfiiai s(V) - In f- la \ = In |- The dist^ncr lT=i^*d is Id | f«t- 


; ^ Iti^ + C 



P.0 INTEGRATION fh OTHER SUMS'TL'lTTltiN I'KCM.MlQlJ^ AMDTAHLES I 


7-5 INTEGRATION BY OTHER SUBSTITUTION TECHNIQUES AND TABLES 

Fractional p^wrfu sT .ih inSf’fjraJitl lnvolvrn trnul-vKniJ rw>Wrt* of VariftlVIr I, the mlrpiftMul r-iLn W -»irn|iliTid! lij 
the subdiiiit'ion s z" vr h£*e ?i b ihe Least common difoomimatOf of the dtnoncubiJtcMS of iht 

CXpOUCQJtS. 

Sinc-tacid CVrmiic-c Ef an integral is a ralittnal function ol sjj: x aad cost, il can be induced to a r-alitm&l function 

af i hjp thf iilEr-l il iili-in 
= — I rui l +r 

U follows that 



The resulting aniicixrivsLtivr ^ valid w n]y r £ {—rr,r "-. Tu- hit ihu amide ri vat] vu we make 'ise 

Hit form UIA Lari j1 * - tail" 3 y — t.ltt " L -^—-. Se? Erkk 6. 

TalaM-of Intqpab A h-boM t-thle of 3 j>i *£.:*!}» In JoijimI ii\v of Lbo tejtt aiki (In’ hriefc rrf Mh*' Outline. 

Eiifi .Jiffi 7.0 


In Exercises 1-10. cvalnT.tr -hr: indefinite inir^r^J. 

L Let a - Then x 2 x and 2: dx ^ dx. 

^ J£^£_£f2^sj(* s - 3: + 3 - = | - l.- s + 16: - ai Icjl + ;|f C 

= 2 s 3/2 3^ + lSv/? 54 Sn)3 H ^|+-C 
S, fn'l f = ^jr, TWi ** = * tad »A(« o rfr, 

j-j^U—— J ^d* ^ 3 j ^rdj^ _| jB j i_f*| + C ^ -a^l + C 

3, Let f — i/l 4- lx. Then x — -1 and dx - J; dz* 

' ft - f -\- = a [-/£-=in|£aiLc = Ji £‘ + ' t f~ 1 Lc 

iV 1 + ^ -1); ir-l 1*+*l Hvi +4t + ij 

4. ^H-z^dx 

o Method 1 : Substitute ^ {I 4 - Then i / 3 = L + s, d;- - j I 4 x )^' 1 = u 3 xnd x ^ if * I. Thus 

|*(1+ r) I/3 di - l)« J (Ju*dh) = 3 J (h 7 - Xjdu: = j^’-^+C = |(] -T j:)^ 1 - ?(t + +C 

-&»■+ x> S/i |Sf3 -r>-9] +C 33 ^ ( : 

Mrlhini 1 Integral* hy part^r 

Jx (] -r ±) 7j ^dfx ™ jt-|(I +*) 5 ^ i -||(l-M:J 5 / S d3r= |:t{l fx)^ 3 — | - g{ J + Srjf^+C 

-■ Jft + r»^8* - «1 + *)] - c: = ±t l +xft*frx - 3) -f O 


i I_rt i - i/l + Js* Than I) Vid ^ Jz. 

f (2r t +3fi ^ +t 

J Vi+4? ^-T %/H-^ a 

= ^ r(j ! •(■«) + C \ 8jr*f(i + il 3 ) + S) *C _ Jvi + 2* J (*^ + 7} + C 





SiS TECHNIQUES OF IPfTEtJRATlO N, tNIWTKKMIAA TD FORMS. AND UUl'fcOt’tJk fNTStiRALS 

& Hrtwe fi Li like fciat «jr£imoa d<-n*m.Lnni*! ef the fwti^nal rxp&htnl* nf iht fcivtft jof which 
i 1 ' ^ and we z ■-- it 3 . Then. -r — -S y/* 1 — 7 J — 

r . ^ = —p 1 -,, - \ i4^ = f f s ’ 2 ia -r tt§ 

J2^jc + V^ J 7:^7 } * + * J J* 42 

= Si- 1 - fli» + Hz - 413 Mi + 31 + C = Sx*# - - IS !«i(*' /rt + 4) t C 

7- Let t = san x. ’flim <** 2* = and id*-st> di - - &-J. | ;t CO g ai — 1 “ 

* I Ty;.T.!<J 

J 

t> We let r = Hn i*. 1'heti 


+ C 


1 =£.2Jl. 

f on.nfl _ f lT? 1 + = 3 _ f 

J J UJS 37 - ■» j L - ; ; , J V' J 




3 l -^T-S 

1 + -* 

Fgj pa?ssal fiacS iob* paI} 1 w* kfc u = i , 

r 3 - 1 n-i _ A r B 

(* 2 + 11M r 2 - M (* + 1 H> -5-11 u + 1 + 1 

w - I =. Af-tii + 1) + Rfu + 1) 

Lei u = -1: -2 - —3A, Aij 

Lrt^-J: -f=^B = -§ 

Sul^tilutiriK fos A. D wid « in (?), we rci from CO 

f rS^5 - 3lrffi-l jj?jT=1 '““<*» * c 

— | Lift” 3 (tan 2*) g tan -1 (2 lari ^rl 4 C 

*. -Jt*n“ l (un JcJ-i-lliu^tuk^J-tAn” 1 ^ i*n |*)] 

- ~h £ +1 1 ™~ -T-r-^-r C - - 4 ;= L=UL 


I +. 3 Lin 3 

- -^ar41--=iii3L£- 


-2 co& sin £jt 
2 nm 3 |se- + 4 sin 3 


+ C 


- + C = -^r-§i« | “ l j^ 7 + C 


Um j i- y( i ■ f^pi * j 

K3j.a1i.on {i) 3E valid cmly for r rz (—t. jt) vh::e eqiiij-ii-ts" I - 1 ! js valid eot aJJ z, 


2 dr 


f -. 

f 1 + £? -«I 

j s -: <.us T " 

1.,^) 1 


7*5 

. _*_ 
" Jii 


= -7~ l 
\/I5 


t “- i y5*“i 


|) + C if ie C c _1 (^ lan |) - Wn - ^ f)] + -^ ■ f + c 


sdSrfcH *!#* 

“ ": v'15 


i+ 7i? 

0- 


r>Mn j? 


7iS 

+ '-=^r + r — — 


1./'T3 ^ cos 7 ^ r ^ flin“ -.- 




—- k -— + ^lHi 3 C +1 - = — >■« 

/IS{H-M3i)4(I c^s t) h/!5 


Laa" 1 — 
r l^t 7 coa 


j _l_ m 

+ 1/15 + e v/O' 


3 - + Cfcw-« s 



7J HN't'E^AATlOfl BVOTUEK SL'BSTIlDtlOS I'ECllK LQUES AND I ABLEST 


1 1 -p 1 t - 1 

f ±+f 1 . _ 1 

2dx | 

f 2d= _ 2 \ r — r —*■— 

| ■ , 1;n; _ * ln nr,rl ' ' ■ - ' . ' 

i + iT? 

1 4 5lf + i J J 



MelkwJ -2. \fultl |j]y noKl divide by 1 — sin I -— g d jr — |fiM 2 i - Uu i s«- r)dr = tan x ~ sec x + < 

J J 

JjJij 

J 4 Assn; g f ^ a^y - g"*f»..-f + ^ " If = iL j + i/+^f- 

.|f A ju*l>An> { ,+ |~f |+e- t4riil+ o =ik|^t4 *c 

a J (r+ir-il) 3 J l- [r + 'i)+l 5 :- + J 3 ii£ijif + 3 


* -*-3^ ^ 13 

n f-—^— 

J iin £ + Ian i 
& Ut - T - i±- I--. Thffi 


f rff *_ 1 

,2rf=_ 

1 4 2* 

h 

■x: 

h 

■? 

<e 

i 

| tin i-i-ifta x ™ J 

7^7? ' 

l^t-2J - 2J 


: = llii|z|-± z Z -8-C 


— j ]n£ | ^ tan 2 |i ~r C 

ia ESjMicdstJi !.3-2d, evaJu*!* the defini^ inttgraL ("h^ck uajnp M>T ta rsk 

11, Let -t * J%- The^ * - r 5 and da = 2- di. When * = j t wh*n x = -1* r = S. Their fora 

£ if^-J. a WS-’£fr-iW fa - d (*-«' +i1 i-w-n-*-*-**. 


14. Let jt — v . dx =. iy d'u. 


L^- - ’LV -'' ?TT>“ - «->*»■' ‘E=!&■-?)=S'- 5«■!"<« 

15. Let x — t/^‘ r fhcE j — i; 2 and dr - j <Jj. Wbra r — ^, j = Ii when x = 2, z — 2- Thcrefc-nre 
I’ - m . -*% .-r-M 1 —= f 3 ^-,-lr|r + 9ir = In I ] - In 10 = In ].! * EMM8102 

Jt/'i VS^y^ + S) J, + ii*49 h 


'■ JZ-Vf 


> LcL u - amd a = 1& 3 ^. Then y^r = n 3 . - y 1 , ItrVti, Thu* 


- —(t[-5/ia— 2 4 ln{ViS -1)] a: -0.471265 

t7. [J!t *rULl it. Thsfl tin j a, -&-j ind Hi a 

S t 2* I 4 r t* 


rw? Jr r» i +f » n 2d.- aP dj> 2 p Hz 

Jo isim+r ia Jo 10 j + 3 + 3i j 3Jt s^ + ^e-l -Jo -f. 

= |. I in (j + j ) ~?|f = J/ln|-lniWiiiJ« 0.274053 

J I (‘+5J+P 1 s> 4 


3U J Kt-H.NltiLKSOI' nos. INDk-rKUMlXA-J K POtUlS. AtfP IMI'KuPKK IKTRGiULS 


*> \ dx 

t, J + cos 7r 


'V _ dr 


0 2+2i<M-*t 


Mdbod. 1. Let - — t«t 


ui-f' l±Z f 1 icnv, 

Jim „ - . /l —*3\ a l Ja (1 + j 1 ) 1 4 (1 - i 1 )'' ^"Ja I -'-j 4 
.. V + wH 


*L (1 + 3? t ?J-3r* " ^Jo (14T 1 ’- v^Hl + ^ + ~ * J*n'+a^-VS* + 1 + "? - y'S^ 

M<tM*.1= feT}*»* = fc- [ 6 feju-r^'f*1*5*] 

I-*-/? 2J ftset ^ in i.i b— rfi JdImi 3 x + 2 *—*/i 2\/2 ‘ hr* * 


19, Let ." - :ar: x, Thto. sin £x - —=-"— n-nt! i h dr —-=c so dx = 


” j& dSl = i^k^TT=^^■+2) i -s*'^ ln 
1+.' 2 


* 0.9357 Iti 


'*/* —-S_dj . - 

a l^uTr -f 1 


f * /A -JLd* - f-if*' 4 MB J^rin J rfx + ^ f engj^ j^L£ rf* 
J u X+l Jjp NJH-X + r-nffl X Ju wr-X^fffflff Jo Nlht + tflK# 

= a f vh fe 4 4 f w * x: ' - Mu*>»*+*» -)K 

Ja Jd sms--*-Ms i Jo Ju 

- 4 -1 + 4(ln- In 1) •• p +1 In J * 4.«fte 


SI- I-«t - - tArj Lr. Tr.fll «rt$ 1 - *■ -^ and dte - 

1 I + J 


f’''’ 1 3jt _ f 1 ^ i+-tii r 1 _ G r 1 _ d.- 

J -,/i 2 toe i 4 l _ J-Wy^ ^i - | ] “ ]-V^3_2»® + l + * a ” 


= VS(»" (! ! ' ln|=|4|| = «i/5Ml + V3) * 3-45J60 

* r?^M= a r ^-r in - -ro - *- 

= 2(^s + 2]i42 + ccs*|)£ /J - 2{I +2In *} - 2 + 4 lnjfss CI.J7SI-10 
23. Le: x - i e . Tfrtn rfr - !&i- : .Jr- IVhen. sr - 0_ j - &; when z — L. z — L Tkfrc&rr 

f'^. f'^i-.f'JL-..-f'/j, .v.*i __1_Vi. 


Jo 


1 = 8 


^ i'+r - I 




i> Uu- 'i'-r 2 +4. Then v? — x 5 + <E H so = 2x dz- Ucnw x rfjr — a^d s 1 — - 4. 


f U f 

J Vk - 1 + -1 ‘ tt-a 


- if - v-::;-i*rK _ ? ..*h 


= *| j™ 4 ^-2^^1(635 50) f? «)]-■ 


-JL INTEGRATION BY OTHER SL'DSTTTimOX TECHNIQUES AND TABLES 513 


In Exercises 23 ^-S. use ihc cable of integrals on iho endpapers to evaluate Lhe integral ■ 
£5, From fotjnuT.-» & wil h n - 6 nnd b — — l r 

j ^““^5 — *L j^ ~ J ~™ t2 3i*^ ij~r C — £ + + 1^ -M fi J + C 

26. Ftom formula 10 wir.h a - 6 and t - -2, J - £r“ej+ c 

37, Front Hoijmdfi 14 with n — L aish 6 — 2 

Jr^/TTG Jr “ l^ 3 - 2^ -2)0 + 2=} J/2 4 C = - !)(l 42i) 3 '* +C 

3S. The Vi:ti'Kr-i'.iS is a fuMn euiLUtnlui; y j -■- fru. L'« one of the farm i:]ns K -Til. 

> formula. 21 m the table of integrals. ia 

' y / ^ th ftfJ _ rf. M 

J«"vOT- ■(*- IK 1 ' 1 ”*3" 0 J if"" , V« + *» 

We apply ibe fcNrrn nln wilh rt = 2, ej — -T. a — 1. and & — 2.. Thus 


f tlz : _ _ V_L± 

JxVl 1 


I £ V /| -2l 


FornUila 21 fcs .m r^ampt* of a reduei-aii formula Not* ihai in F>p (S : ■.»■ have usrti ibe formula to red ism* 
the gi^'en integral to one" -ha-i in si-UipLer. Foi-mula 2fl in the tabfceo: integral?-3:= 


[ ** . I ,1^-^ ,„ iro>fi 

J tly'a + 4^ y/S | l/fl t ill -f k/ft 

We ripply Formula ^fj Kh i ■■ ;lIlnilk ihr ^ntegjaJ tbai remains on :he nght, Kcif-of Eq- [! ■ T-.i.i. 

f to_j£IEz± + c 

) TfT+5* l/]+2r+ l 

SiSbaiUy-llPfi fcom Jiq. i.2) into tq- (1 '»>' nhtnin 


■/I +‘ir . ,/i +2r- ] 

“ v 'l4Sx41 


ZS. f;am forumli ii with a - 2. | • l, ' r J - | lis % * C, 

50. Fiom formula26 wilh o = 5. J 

31- From fftrhnilfl ^7, a 1 — ti ir “ J + 3 and r.he-^0^ Lbif iiiinus 


I — j ^ = — ( - r n- i = III — — S t i/(-E — 3 [ ,:i — 9 j -r (. — Eiij ;r + 3 — v'it'" Hr 6 i'- - 3 h C 

J ^/j 2 h-Sz v 1 

3£- The intent.iitd L.i n form eonlaiiiiiLg Vt 1 + ° 3 ■ t]« bttr uf th^ futrnitErm 21 3^, 

| V'' tT 11 + l Jx 

fr formula 2S iu the table of tntc(?Tals re 

| | n 2 rJir = ^h/tJ 1 I #* s f ltl(ii i V'"^ 4 n 2 J + C 

Tf n 2 — Ix^, t !Lt-n ?± — £z, jjid Ju * 2 W& apply iLt with a — 1. Thus, 

! V J 1 — ldt — ^ - 1 J i; — '/iz * 4- 1 ^ »In(2i v"^? +1) + C 

33. From formul*-12 with a - 3&nd n 2*. 




(2 dx; - V9 - 4x 2 - 3 In 


3 + V9 - 

3x 



Sift TECHNIQUES OF INTEGRATION, INDETERMINATE FORMS, AND IMPROPER INTEGRALS 

. C =-^=&+C 


34. From formula 4@ with a 

35. pTd>rai formula 50 wUh 2a 


_if dz i[ * a v'V-- , , t , 

~^ +L - 

= 4, ,-s, - §)+c 

= ■|(a- i — x - G-j 1/4 si - 1 ! -E- *5 cc® -1 1 + C 


36 . Tint iaU^juui ip -1 for mj uoaumtciq 2-±u — t 1 . Uk one of the formula* 43 - 5 ^ 
x 2 dx 


J 7 T 


/ir —!? 

► Formula 55 in the :abic of :^"?gri!s is 


\ii 


h* a -j~ T 7 - T ~* 

Wr apply the formula willi a it 2. Thu*, 

^ _ “+fiy1^r? + 




- fi cos : 3 — i j) 4 C 

ftr-x* * 2 

37, From formula 7,1 w ith n — 5 And ft - 3, 


sin 5 x a? — —i sn*z coe x 


+ j|jLi :j I *in*T cGS 


- i ‘2 

3 cog * + ” 


J SLEl Z dx \ 


- “ j <w ^ ^ *in 3 * (W j ^|J WW Jr - C 


30- Pfnin formula 74 with tl — ft. 4 iiiicl 2 ? 


J 


COE** dx — 4 £06** E]Il * 


5 +lf 


COS^-t - J CO£ S x sin x-i- 


jj^ (:UK^ bill X ~ I |" CCS 2 * dlj 


- eo^r via S + ^ CM 11 * «n 1 4 -cw p tin f + l j rfr^ 

=z | tirt’x sin x -j- ^ cHis^i sin x +■ ^7 cos x iin c 4 - +■ C 

39. Fnom formula* ST with t4 — 4. with ft — 3. 37 ^Lth m — H, rmd 03. 

J !*«* Id^sfot-dj ( di s f*suj i - 4^ ■ f\x>s l + 31 i WI *2^ 

y rtin f +4< s «* i - I2(( ! aa 1-2J i sin I d*)= f%i t- 4i 3 aai i - I2l4m t + 24fsm i - < cue t) + C 

— ?Vlg C +4l i eop. 2 - lEi^sin 1-242 tot. f 4 24 &m i — (; 

40. Tli* iqtegrfcucJ h 4 fqrm con un*b\R Lri^oftMMtrk fupcxioia. Uae one of the formuEis 59 is 
J sin 3a» cos Sit 1 du 


t Fm-mmla £1 in Lhr inhir r»r mSrp^-siJp- bt 

r wM(j^^rt)ic co*(m — n)u * 

5i^^t +£ 


i 1 j irhiL £emi ritL du — — - 


S( m -t- q) 

We ^pply the forni.uJa with n — 2 and n - 5- Tbu^ 


I 


4^»vw iW« 4-p = " + c: 


41. Frntfn formula 93 ^Lth ?f = 3^. ^r -l 3r ^ f ::m- -1 3x( 3 dx) — |(3x isee -L 3_- - tn| 3* + i/9x‘ - 1 j + C 

— * see -1 St - £ 1 rs 3x +■ i/jli 2 - 11 -t- O 

42. From formula 91 with u = 4U 

p^rMiafr* JT 4t J = ian- { 4» - !n\/l 4- l*i“) ,t = i tm _, « - J Inti + 161*3 + C 

43. From formula 9£ with n —2 aud foimoja 97. ooth wji h h = 4?-, 

|jsVVj = ^L|(*»>V»(4 rfaf3 = ^ {4ryr*‘ -3 1<^(4 J*)| = \ x ! c^ - jj t At (ix 1) I C 

= ^(B* S -4i4 1 >+C; 



7,5 INTEGRATION BY OffBEIl »U*STITITK»! X'ECflNlQLfifl AND TABLES 517 


44- Th« integrand L<t a form coniainiaij; as exponential function. Isc one of the formt.a: 95 Klfi. 

J 7l r dtt 

& Formula 49 in the table of Integrals- L-i 

[tl"o“rfU- ’A-. t? [ 

J in a In u J 

We upply iJip fnfttiiik with ie “ t t m — find if — 2. thus. 

Then we i-eapply the fammla viik n - 2 and n — 1, Thus- 

_ xV 3iV , 6i2' .. 4-2* , r 
152 ~“b?T + In 3 * ]n*2 + ' 

N-ntM: tiudL kp i:s«H form ieE;l 1W5 in the Lablt of Integrals to evaluate the last integral. 

45. Krom fiPFrnuU 4^M+ wiLb n-3 And v - ^x h 

|£*ln(3s)<fe J <k) = ^ ^(4 In 3i - 1}+ C- ^**(4 In Jt- I) +1; 

46. From fiiTEtiula 105 vH,th o = 2 and n — -5, so th&i fi 2 + r. 2 — 29. j c®sin 5P dfl — ^[2 sin 54) • 5 cos 50) t f ■ 

4T. Jriom formiiia V21 with u = by, 

j fty sinh 5y dy ™ ^ J 5y stall &y(S dy) — ^Sy cosh 5y - Bank 5yJ 4- C = | y e<reb by — ^ -^iiLb by + C 
aft The LnbPfptuGl 3 m 4 form. wntalmnpi* bypeibwlit funetidn, 1 *e *nr of the formula 1&7 tS4. 

J e Sz titfb bn d-£ 

p- Formula 124 La the table of integral? b 

[e w,J toBh rit die ? “/•—-(e confei ns - n rtifth rnj) + C. 

J a* - p 

We apply the formula with n — x. -i — li. ana n _ i, Thu?, 
f 3x 

I e^r^h .?x — -^{3 rg^H 5x - -> n-i-si Fi &x} -+ C 

in Enerei&es use the (-Able ftf ime£T4l* on the endpApnj* w eVAltl&te the definite 
■49. Frnm formnl-i 13 with s = 5 *nd i — - ] n 

II 5i^7"8(dr?) + sHrf7l ^(573 + ^ l °l)-(5 i 4 + M lft D-M + ^ iB | 


50, Ffwpss fomndlft ft wil-h a ■ l iutd h 

f 3_l_ , 13 


L (f^F " rb +w 1+ ^Jo" +b 4 

51. L ron - . forrr.^-a 33 with a 3 - 16 and rhwylng the sign. 

’* ^ =0-5-* In *)-(-« tn 4) 

^ □ fs+lx 1 ) 3 ^ 

p Fcrimiln «ai Lhr tnlilp" ip? ini^TAlh :- 

f_dtt__ ii . fi 

I ( U J 77777 ' 

We Apply lhe fuTmuli with a 3 — Thus. 

L(y h 4rV y ' J _ ! ' |y^ + ^ SV^r^Tali 4b 


m TECHNIQUES OF INTEGRATION, INDETERMINATE FORM* AN [} IMW^KH JN'I Fi;kAJ,S 


■SJ. From formula lti3 with ^ = flr 


i%idi -g(6fox~l)£ Id 2-1)-^!)=^ 2 |J 

W- From formula uJ t h n — 2 and a— x, flowed fey fofEUlila 

1 Ar'ife- | _1 tiVf-d«)_ |° n ! t v» - uV'J^ - 5 | C tie“rf!s - - 2f,; ( u - 1)£ ( 

= -* _1 +2 - u~r? a - 5*- 1 

55. From formula £5 with a 3 16, ir — x 4 I. -and chewsing th*- eheEInk ^;rci, 

[* /P + 2i -15 dx - |* fi+1) 7 - 16 j*f - X -|-V^+ l) 3 -16-4£ Ln[r +1 4- fix + 1J* - 16 J 

= [|V5~4ln{$ + v^)f-SI*<=y -BE*# + «M=tp • R In 1 


t> FumiiJa in iJiit ubfo of ititegrADs is 

|u 3 ti 1 - -a 3 du ^(3u J d i )\/' l* — n- - ~ |ii| 4 ■+ './u^ --c a 14 CJ 
We appEy the fonnrsEiJ. with u - ^. anc a -- 2. Thus, 

57. Frd=n formula dff with 3a =■ 4. a * 3, fj - w. 


4|w — d’*’ — ” ■■ n ■■■- V 1 


/^tpt — w 2 4 5tui;" — 2 cm- ^ 6 — 1 ”^■+ 2 -w*s“ T 7 ] = * t- 7 v"3 “ 5 s 


56- From formula 77 emh n - 5 and then n — 3. 

f**«A z ] T,i +a 


| * fiK 5 ! d Z = ^ wr 3 ^ UMl * j S&n * ^ i J Hnr.x 

si 2 i/5 + ^ ■ t<J% \ l iri|M-r .* + utn *|J*j =■ av^+1 v5+i wa + %/sj j - "V5+3 ]n(4+ 4\ 


r^l. Fmin formu;n ; , :i is j ih jn - 2 jad r: ■ 


*' f< ^ „ r r, f ^ kn Ft wn. 21 F ' Ki5fi 2ff 5,61 { sin t , 51:1 fl T "i 1 1. A 

«»3i «n st dr _-r B rf -+ 'T — r r“ir +— r"J - 

M- " /f 145^ da 
J U 

^ Foruuils 7o Ln Ihe table: of Integrals in 

| LIUe% rfri ■= —^-| Lwi n-1 ti - | :AQ n-2 U <ili 

Wn ippty t-h-r; forjnarU Hirejciawvdy with n - fi* ti ■!, ps 2, 

dtf — |ilan s fl - J"u<i 4 0 = 5 — tau J — Jeat^fl 

61. Fiom foimuiia 7^ "ith n ~ 3 -wd u — 4x, 

J sift 3 ^ rfi = ^J ^ Hn 3 4E{4 4t) = ^ 2 | ^ 41^ + ^' I f 0 ^ ^ f^Jf 

62. F™m ftumula 36 Wilt a' J - IS. [fi ~ ~ N "g.j, ^ ~= gt ~ Vi^ 


63. Ft Gin foTTnuSa 3H w;;ii n = 3 end 2. .uni formal* 1)7, hoi it with pj - ' m f r. 


| l Md* = i j ! (Z*)**^ -lriV' - J . ?3*)V*£2 *) ‘ 


:irV'-|{(’ifr -2 ( 2»> 71 (2 dr>)7 iI-p 


tfe-t * J=(!—1 + if 5+ 9 - s Crl+ ^ 


7.5 IN'mSRATlDN BY OTHUR Si'BS'l'll'llTtOiV TECHNIQUES AM) TABLES $19 


Jo 


t* t'ermuU 1U5 3 b Lhr tiWe nf nilt*tslii if 

.fljj 

e* 1 * sj □ nv — -sv —«ei && W* — fi cos nu} + C 

J a* + n z 

Wr apply llrh fthnimSa. with. ti — 1. a — £ O-Iid n — 3-- Thus, 

f r t* a i . k _ j. c 31 ^ ... ^ . Jj 


[t 3 * «Ln Jti Jr ■ V” n (2 tin 3i - 3 «*« lin J® - 3 —«°(2 0-3 ce* 0)] 

J n. ir Hk j? 

-jkO''***) 

^ ( 0 .) Let f — Then Jj - 'It d~- Thrf-rf«re 

=.air|r-H+C_3te|v«-l]+C 


(b) Let n = ^/i - ], Then dv ~ Therefore 


„ „ ^ f. ^ f 2: 2J* P(2 ;Jt}_ 2 

M [,,e J m * ^ = J TTj'TT? J(TTP^- ~T7s + 

57, I"-42-_ fsnfciiJS- f W* J Jj . [_ L. . 

J J eo^- ’ J r_Q$ z i 1 — *Ln^x j (]-r $an r]{l — an r) 


—2_^+ 14C = + c = -M£+C 

1 * X* 1 + : J 


=s| (rrk7 + T=k** *" *= c =* 3 »r=fnr7 ■ 

FktAuK !*ts * | < ], (ben ! ± ain r > 0. 


fig. L'k the futatltuti** ^ tt tao to prove rh^J 1e*r. * ^ ^ | + ^ t + G 

o Let £ — :an Then 

f f i f t ^ ^ j_ f j- _ i i 


cft jt dx = —-tfit — 

I I wn i 


' T r f - | i- - In = l -»- C - Y Ib £* + o 


1 + z 2 

It follows that z 2 _ 

i + r.m x. 

SubltUmlng from (3) ?nto (2) b we obtain (1). 


fi9. From foranuta (^) m hxvr. 

f S «: * J, = i bi±^i+ C - £ lc . 

j 2 1 -Hlf 2 (I. — SLD Jjfi +SLO xj 


1 (1 —sin xY _ 

- T - 4 ■■l~-t -h C 




+ |+C ” (3 


7(1. From (be- result of Exercise wc have 


|a» Jj^I|n J-^ -eO=l] a.- , 4 C ^ 1 

I ^ [ e-cw f 2 (1 4- cOi zVt-tot tj ! mh j x 


J L ^ " 2 ,L TT^r* “ 2 1-3+coi " 

-J —wJ + C^INcwr-otTt + C 

| Sin r | S2II X SLD X | 

M J }* = *+c = t«ii**c 


j 

[^fc e = f _ = f «* Mi Jr) - U» ;* * C 

J j 2 «in !*■ <tM i* J r i r 


MU IH-Oiy UES OF INTFHHATlON, IN DtTEI-LM IN AT F FORMS. AN|> IMPROPUft IN I’EORALS 


7-6 NUMERICAL INTEGRATION 

7,6.1 ’Ilafloram If the function / is toftt-i on iln- closed interval [ 5 , t] *nd lb* 1 numbf-i* d — J r 1 ^... 
Itnle f[t — £ fojm 4 r^uJ&r partiliott; of [£.* '. and 

T ^ £M/(*j +2/( ri ) + - - + a/tx^) + /i* J] 

whrrr n is *ny pcslLlve end At = (fe - n)/iv then 

N 


]\m T 

n™-4-oo 


■j: 


7.6,2 Theorem Ltfi r.h* fyntiion / bt cootinuouE on the closed iflttrval [a t i}}. ard / J ^inI / p both «cLst on (o.o 

ir 

< T = J* /(*) rf* - T 

■wrbjcre T k the approximate vaJut of J */f&) dr found by the tr&psB^idai *«k, then. theie a 
5 *™ oolt- bei ic-t-a) ir sin'Ii llfcAl 

Initival Halving If I J is i.hr aptuttuimale \aiie with half a* many iutifvals each t*"k* !mip. ih&o 

£/(*)dr-<$r-jri -^JV) rft - T - '{ JV*> Jx - T '] 

= A ■ - <'/'(*)( W + 3 ■ |V> - »>/WM2A*) J 

= -l(t- d H^[/ i, tir)-/V)] 

If j? - r/ k F.h<! rti-nrnir if. U; En any event. «c -r.^^r. tEie erem of |T - So coftj-hdetab.ji 
MnalEer tfcui iM mw ifi T* H^instr 

|T — g-T J - / (x u J + 4/ ( 7 . ■ + V (* a J - 4/te 3 > +-42/+ 4 /(t, 1 _ 1 ) 4 /(r ft 

wt act ltd to 

7.tfr4 ITiccrfcm If tlrr fycie!M?n / k »Htinwul 0<fi lb* eltf-wU iflUf^al " U w a«lqR&r, aim! tb- 

SinQjfiiiafl. ? a Rule ^timbers a z iy * |t x. ;ip „ 1 — A foa-m a nguiai partir.ton yf V, fr}, wuJ 

s fl = £M/ir e )44/(* a > t a/(x a )■+■ V(*a) + ■ "+a/t*n-3»+ 


wFi**pp Az — j_6— a'i/o | thrfTi 

Eim s ri - f /UNj 

n-r-i-» ;*a 

Proof Urn S_ = ^ Irrn i i liin T f 

n- + >T 31 ■ 5 r J ^4*: 


- 

Tbnniii 3tmpaon*» ruJf cl «SMt r«r *ny <*iint |»l^n*mijit A^' + liap 2 ■ O ► l>. 

Ptoof btc, — | f(xjdx and lei &(/(- ■ ifettW Biiis&iOQ'E approsintaiion. 

‘Ml 4 4+ n = i-a = [(l} 

S<*) =$(4- «){fr + i(*+ #) + a] - If.* - »1 ■ i(^+ ■) = ^{i ! = 1(f) 

Sf* 1 *) = ^ - U )[6 3 + 4(1(4 + a)f + «*! = $(* - *> ^■ ^ + -*» + ^ ■- £) - I(f 1J ) 

St* 1 } = |(i- «)[* 3 + + a)? - a 1 ] = £(4 - n)-^ + 6 J e 4- of*] - ^4* - Q 1 ) = l(* S ) 

S(A^ + Br*+C» + D} = ASt^HBS<x a }+CSt*) + DS(l) . 

- Alt* 3 } - Blii 3 + Cl**) + mt 11 - I(A* J + Bjt’ t& *15} 



7,6 NUMERICAL JSTJXi'ftATtON &2I 


7-G-& Theorem Let the function / be canUmnw mi r.h«* dwtaf interval [ii.61 Mid f r . f*-, f K /'■ ! 1 -lI I «*^ 
on If 

f S = jVwofs'-S 

J a r & 

where Fs ■* the approximate iaiue of / s -=5 fotidd by Si™, peon's euIc, then thftn- Ls wmc 


number 17 in (d-, fr) Fitch I hat 

A sii-bsi i i ueLuji imv rhjnjTj^ i^c integrand friarri owe wh.c£e derivatives are uffibo«Titlt*tl! sl* t>j 02 c 
whose derivatives ire bovftdfld. 5*e Exercises 3^ and 36- 

EfgfpijMti 7 l^ __ ___ —. 

It F.xerd 5 cs I d, (a) ccropulc ta Ihi** decimal place? the *pproxJp: 4 i* ^iut of the definite integral by ide 
niBqiffinndal ruifi fftr the indicated ’.aluc of ta. (h) CWpar* the result in part (?i) wilh the txae^ ^aiue of = 
definite inietraL 

I. f * x^x = 's’f - t Ax - i-=-S = 3-^2 -t l. By Hie fuk 

Jo 4 k) n ij * 

[Vrfr « V±[0 J + ’(if + 2(1) 3 -X 2$ 3 + 2*j - -[ft.HDD - O.-iift + 2-Oftft ■■ *.r&ft + SjOOO? - 4.250. f T - -0-250 

Jn 

2* JjrVWr^r - -|( 4 - ■*jN a J=|- 4* =4^ -1 - ,2S. By the irapesoidal role 
[’x^/T^dr = £ J[D +■ 2{.i5jT/l--2Fi 2 + 2{J5)V4-.& + *(-75) --75* + 2(1)^ 


+ 2(1,231^4 |.2S 2 - 2(t.(i)vM- L75 + 0 -2.679. * r rr 5-2.675 --OJ012 

£. I cov r rfx ™ -sin ij^ - h n * —*1.14 0 0- ,Ar — 4_z_5 - | = -w_ Hy the ir*pa&fdAl fdU 

coe r dr j - |{cw 0 + 2 tos + 2 cos + 2 coe Jr + rn^ it ) — —(E — V 2 + I? - - 1 > — JL e T = 0 


4 , Ijji xdf;ns8 
Jo _ j k _ 

bp (a) Aj = r ' v = By the trapezoidal rule 


?dr||siij fin ^- 2 sin ^ + 2*ih ^ + 2 fLn ^ + sin rj 

-T ^ 0- *" 2 ^ 3 ^+ 2 - , + s iV 5 + i* i+0)^^1+21/3)811.sat 

|" sir. z <tx - cos x = cnjT + nK)- 2 


Thurt i^s'i 1,054 S'(MM (1 


5. P ^ - !n T. - In 2Si O.ftftli. Aj - - 0.2. Bj cfcK ijapeMlidaJ r'lk 

p* ^SB -( 0 . 2 j[i + ^ + )Vi fc T ^ + ^]=ft. 6 Sft, ij. = 0 . 6 M-ft.OT 5 - - 0 ,ftl>S 

6 l | "'~~ ]n ( 1 + * : !" =L° 11 In S = In ~ss I. 2 S 9 . Ax = 5 ^ 1 — 3 . liy the Irapootdal rule 

|^ D TTi = 1 (!)f I + 1 1 + + 2 ^ ^T) + 2 fi> + + TCi ] fe 1 'T “ 1 - 2 29 - 1 .308 - - 0 .UO 9 

7 . J 1 *l g ^ ~ k ~ 1 ^i ~ ~ : ~ U ~ 1 ‘ *‘ 0 | -M 1 - A* ■“ 0 . 2 . By the trapmuWnt rule 

[ 1 ,** , «i{ 0 .s /4 + J l a + 2 + J t ■ + . ^—T + -U = ft, 660 . f T = .881 -.350 = ,001 

Jt-Zl+x 1 ^ V 7l * .2 J t/TT^‘ /l4.t* t/T+l 7 \/2j 


+ 7T^“7 


- .as? - ,S50 - -001 


522 TECHNIQUES 01' fNTI-XS RATION, IMlCTKR.MlN A TK HJKMS, AND IM PROP Kit l\ HXJtALK 

£L j ^ 1 -r- rizz IJ — (a 

s> {ij A? - - J. % the Inpexoiriil rule t/FTP .is? 

=+w"+V l+ (W+V 1+ <w+V 1 ++*v* ++ V*+<¥?+V 1 + 

- MB4«K 

fb} | Vl'+* 1 <fc - jj-tl/i <-i J I Ittf* i Vu £ 5 L = j[3v^U I ln[3 i yi«) ln(2 Y y4)J * 2.69475 

Thus c T - 2.6WT&- £-6&46« - J.Mmx 

Itx Fj c-Ercls^s 9-12, compute i« ejit£* darirmtl jalaps ib* sqi|noxL:;:.a.i£ vaJuv of the definite Eiu^rai by tin 
tytfiCMidaL txik f*s ihe ifldfc&wd v-aluc cf «, 

U. AT=J^(b a)=^(:^s- By ihr iT^Jwidal fi*U= ? j ^ Jx 

j -^^^ +3 '^ ri "^+ j i* nT+:3 4““T +2 -^ 8in if^ ain ¥ 

in. ii — ^-=-^ - ^ — .25. Gy the tiapcwLdi] rale, 

[ Vl h-*^* *>±-1(1 +2Vt+2i i + 'Ii/l + .i S - 2\/l + .75^ + v^J * i-117 {&***!: Mil) 


11. Ar = ^ ^ 11 = ” ^ ^ Ry I he L mricKolcEiiE ruEr [ y* ' +■ x 4 :fx 

* i +a v /iT(jif*+ 2 / 1 + W Tift* + 2 y'l + 2 >/T? ■ - xm {mms} 


* L w m^-« 


»• 5; ■? r - |». Hy llif iTAjnwGidiu rule, 


J 0 i + I l 6 [ 1 I +i* l^rj-a l + 


l +l? 


+ 2 - 


■SSJL _(J.S]6 

1 + *J 


" A ” 1+ t T 

The Value of iJm+ intfgjaJ :■=■ 0,544 Ut three decimal fAran* 

la Eiot reuses Ill 18, fiad bounds for the tniBcalwD tifoi 12 the appro jama Ktnui of the indicated exercise, 

1,3- f(i} — Jr*-, / J {gc) — f*{x) — 6 t, f r i? iJKr??wiivg on [0,S]- Therefore, the abwlute minimum value or /' 

[0 h 2| ts f*(G) — 0. and the absolute majdmum Value of f* 0 a [0.2; is f*{2) — 32. If c*- is the error in the 
of Kiereiw! L, bteMBHr — ; thAn- !■■ number ij in [Q,2] m^-Ii that 

c t - - oJAflUi)* - -&/*<s) 

Tima — — jjp 1 2 ’l < Cj < -jj{ 0 )j -0.5 < ( 7 . < 0 - 

14./(£) =*in *, /'(£]=«*?, »iii J“- THerefore, t.h'f .'iWttiLf mini mum vnltjf of f on I(|.£| 11 

/ p '4«) "I, »nd tJbH iilasuluEa anatfirtiuji! vuiu* uf f* 4>« [ft. -.t] ia / i¥ f(l) — Q. If ^ It Llia trmr Ln Llif fisi-lt u 

Exerehe 4, because - Jr, there is som# oumbei n io O.rj surh rbat 

fr - -ilk" - 

Hiiia - T ^r*/*(0) << r < - < f j- < - 0 < < jfe* 3 * & flTa 

1.5. /(tJ ■=■ cw a;, =■ ^$iiji 4^, /^(ff) Tha ab^oluLir maximum, value of on [fl^l ~ t and 

the absolute miuunum value of f a on [0.“[ is j N { 0) - r 3- If ( r if the error in slip pb«H of Exeicisc 3, brstausi 
Aj — -hit th^iB is wmt number q in bqcEi that 



7 ,f t ttUMElUCAk INTEGRATION hv.:- 


16. Excjclst 6- 
*► Hj Tiit*hWtn 7,6.2. if 

<T j*A‘ T 

tjieij h — a =■ & and - L. Thus, there iff mm* a limber q in i.2 s 10J snrh shat 

fT = ft(S]s # (*Xri? = -£/'(*> W 

Wc find i.hr .ilihLiJulr excrertift- cd [^, IQ.- Vi e fcnivp 

/r^) = ti+*r l T m--(i+^r 2 . rw-2(i+*r 3 

Rnf::iNser /* >3 drcreasm# an [2_]Q?. the ?iW«(*r maximum tahttt <>f f T is at 2 mH rhn: Absolute mm.. 

v^hfl iytf i» aL SO. Ki*m liq. (3), «w Wo 

-|n=) - -B)- r#w -%*m =-$■£)■ - -w» 

We coneiude shat 

-ft4M < fj < O.Odl] 

17- /(r) a 1, /'(*) - —* /* is dteitaang on [ft, 2]. Therefore, ibe aliaolute maximum value of f* on 

[1.2] is /*(!) = 2. ana (he *i»dhffc minimum t*W i>f /* on [1.2] is Ft?) = If f r >* thfl •“ <&* rts ' llt 
,if Enercire 5, bctnuM Ar - 0.2 kbrr- i» txu.ie Dumber i? ir. \ 1.2] nutJi th*l 

£ T ^ -^2- I)/'{J?KW) S = 

-.0034/*O) < fj- < - .<Hl33/*{2)r --0033(2) S ‘r < - -ftft33&; .007 < r T < -.Ml 


10 . f{ x ) B v^| (.i 1 . j'( r ) - —ri .—., i T \z) - -1—_, f* * JrtH'iwriEoo [2,4]. Thu*, ihe absolute truixiniurn 

y 1 + JT (3 % I* ) 

v*lne of / # on [2,3] is / r {2} — S'^ 1 , and the absolute minimum value at f" on [2,J^ is J r [3) — 10 S ^ 5 - If ( T 
j£ tb* error in tiie result of Lxeprise >. because Ar = ^ ih«*= e some number u in [2,3[ such thm 

-<W'(2) < c T < -aW*^ - *&*"*'*> £ *T < -dH A<r ^ -*»» <'t<- « Qflfl7 


10. J i'dr = - 4. Ai - ““ - - 7 - By Simpson s 4i.Ee 

J ’ x^x = ^. Id 3 + + 2(15* +4®* + ^J = JP + 0-5 ’ * + I3.l + fl ^ i ■» = * 

3t>. Apprcw.1 mat* j ' an r ifr b>- SiTarRoirt's ruie with n = 6- O^asaAiris the result with IhoAe obtained in Ex^j^iafc 4 
A m\ obfciTift that Simpler:? puk lipllpr- actmw.y than the 1 ir-ip^JoEdaL luk wrth I hr tmmbrr ^>r 

Btibinl f rv^lv 
«> lr - ^-7- - 7 Bj 


| r ds sh ^ ■ |j 5 nn 0 -H sin. j+ it sin + -1 iin — +2 sin ■+ ^ ^- 


^^O^'t-f+2M-i +^-|v^+4-^o]=p4^V^l^^ 01 ^ 

hi fiucrriw found the es^-: vnlun be 2 and tb<- (ir^^ioldaL appro^irneiiion to be Thua, ^lh 

n - 6, the tffM in I hr trapujeoitUI ™3p ^ And in Simp^nV i-uk it u -O,00W. Slmp®^ rok is b»1 

here, fSut for mny r\eh mle^er tEir u^pt^oidkl •pjpwimH.Uwi t& f i s I J- dr k -*k^T bm SEmpWR^ tN nOE. 

In Esercis^ 21 ^-1 eompiaie to four tf^Lmal appNMeintate vaiu«- “r Lb« definite integral i>v Simpson ^ 

rtile for the indLcaU'd ■vjili: i t' of ft. (b) Gomp^j^ the lesuJt in p^'- : ■-■ ^-i r ^ tbc e^aot va -:' '* of the deflm e j[i[.i^ra*. 

«. |° r ^ T = -ln(l -x)^ t - to J <H .<931. Af = h -„ " = °^pii _ 0.25. By SLmp^*» mix 
»’ .^+1^+^+t^ 5 +1)=^°- 5+2 ' 3e6 + - 3 ' 2 +11 = ^' 319) " 


s« TKCKVJQI'KS i)> I NTtX) RATION. INDETERMINATE FORMS, AND rMPlro^h lt IMECJItUS 


-n e i/l — 


"^j 0 = s *&“ 1 j= f^* 5 .32J60. A i — - - - = —— ^ = -125- By Simpson’s nilt* 


[° -jiS—=kl?S)(“ 7 —!--+ j 1 4-t- 2-. 1 +|)s,«36a 

J " 0J VW ‘i/ 1 -(-.&>* V '] -{-.37s;, s yfl -,/j _(_.!»)* ; 

[ * g .** . = f% —J--7J tan -1 -^£^1’ ^-ytan^v/3-Un -1 Hj-j* .6040. 

Jo t‘ + t +1 Jo (x + +1 \/3 V^/2* v/S* W$ 

A* = = i. By iiimpwn's ml* 

\l x^f+l " i '' < 1 + 4 ■ sf + 2 ‘?+ 4 ‘ £+*] “A’™- 0.W4S 

14. n — 

j T -r 1 

» (a) A^ = ' -^-2 _ D.ias. By Simpson's iute 

J, *+t “ 3^- 1MJ [a- +4 ‘db + s 2 & + * drs* f '£s+ 4 * '5$i + *' s;k + a] 

= 0,4054655 

fb) | i ^ r = lB{*+l)]* s =lh3-ln2 = ] w 1-0 *0 4054651 
lei Exesti-w* 25-2ft, find bound* for the cruHnul-inn *tr nc in Lbr dpjvrttjciiwiiliofc of the Indicated CXcF<i*c, 

35- /(tJ ~ t' 1 . /'(i) = ^r 3 h — 62-. /*(*) = &, = 0. [f f^- is sh*- nror an ihe result of Exercise 19. 

because At — T there ts some lumber ^ in [0,1] such that c s — 

Ikqftgs^ /***!» ■ 0. th*n ig - &. ThuH the rmuk jj| EhoscIk 1$ cti cX*t;. 

2fi. /{x) — j iin I, /'(z) — cost. / # (ti - -ain i: n /^s'rj - —rcw.x r /^{t) Iei t. The absolute minimum value- of 

y- 4 '* od ; 0. rr] Is /'^Vo) =0, and she absolute maximum value of /' 4 - ki [Q, t] i? - 1. L?t s it the trsu- 

m lit* ttwdt of Lwcicitc 20. because Atf - jr Iherp i.s s^?mr number tj Ua ]0 . tt] euth i£iat 

<s - -ilrffl r '-oj]/ C4, hJ(i^ = --ooii/^h). Thus - .ooi3r 1 < (tf < - .0013 >Eh 1 a 

* yw -rfem “<lif ™ - irhi» - ii^y ^ ^ 

(keauic f A} is E&tHteinR [-1,0], the jibwititc miniinftyjK v^tuc #f / £4) on [-MJ w / (d) (-h and ih* 
absolute maximum vatac of ™ on ii /^^0) =14, If c 5 is the e=ror in die mauk □:' T.*r.n \*r. ■■ . 

h^^itye At — ^ there- Is ^om.e umaitar g i,n [-1,0] such Iha - . 

<s ■= - sfal® - - ‘$sk/ (<, W 

Tllus "iSBSj -2,1 ^'s £ -^' jt -o.Doai< t s < 0{* s = —o.ooo]} 

28- Find bon-ads for the truncation error in Exercise 24, 

1> We use T]ctftHr+i][i 7.6-5- 

/(*) - (*+ir \ fir) = “(*+ir»i n*) - at*+t)^ /*t*> = -«tx+irv 14) w= n* +ir* 

Rsrjiuse / is dcae^iag an [!,2J, th« ;tb^4wte minimum - aiui of f r: .a at 2, th-H ahso:ute n.iaxLmum 
value etf p** is ai J. 

^cD=ss-j / w w=a=& 




=-i.tttkir* 


-ifeti - = lief OfipKit ’ 1 — -l.M# |D* t 


Wft conrlade that 




:■* M’MhiHEfAL INTKCRATION *2% 


In Ex*'j ri^to 29-3-1 „ compile to four decimal plate the approximato v^Jnc of lh« definite Lutegis! by Sunpsou’s 
tub fw the indicated vjdue of ji. Hie integral cannot b* cva|mI« 1 exactly in term? r.f r*™entary fti&etions. 

39. is - |(b ^ £({* - itrj . \t- By 5i rn pufui't ruin f^' 


,lj“fe 4 4-^ 

3 T. h ^ 


SLC1 r. T .-iri -r ^ 3m 

+ 3 —x-=- + t - 2!~ +- a ■ — 


11 -sin j'T Mil yl 

F r+4 ’ i* + "F. 


■^[G_636fi 4- LG54D - a-.352fl + 0- -0.372B -0.&27Q - 0,2 33T - ^- 1-3000 = 0.2375 {£xact: 0-2376] 

30. ^ n ° _ '- 1 = .:. By Simpanrs rule | v^T-k? 

* 1. J(| + l s fi^ty i +4*fi + V^W+V t+ <i> < + - *««* <S**‘= M6MB} 

31. At — = ULn-Lin 0-2, By Simpson 1 * rule f ^/T-h? tJ-c 

n 4 if 

*J(0.2)r y/l + 4yTTo 5 4-£ \/T^U* 4^I'H?+ v/T^IP] = L-3SW {1 56S9) 


[ — T^dz\ n — A 

j u _ 0 , 

0 - A* =. ^ By iiintpsDEi^ ink 

j ‘ J/l-± s 4i Si £ j[] 4 - ■! 41 

This tmhIt is eheiw! baftatise tot deTLv&iivrf of VT^- s 2 are unbo-unde* 


q -0.&U 


Thia iesuJi is susp^ri because toe derivatives of 1 — sr 2 aze unbounded on {0 ? 3 J and ao Therein docs 
not give a hound for the error- Applying Simpson rule with ?i — & we get O-iSOo -md wlto it — 16 wi gee 
0.aJi7U. Thu* vre ennnut *v4rii be sextain of tor *«nfo dipt. The wbslilntion * - I - * A sto - Zv 1 du P v « 
n-* iiu whose integrand hut tauadtd derivative* on (0,1), Applying Strn^rto mk to tow 
integral we get ft.5378 for n = 4, 0.541ft for n = 8, and 0JS413 for n =■ Iti, wbadt i* to* value of tire Integral i* 
four dt?riTr;;il ^latea. 


U. At - ^ii = 0,23. By f>lnTpsuA'a rufo 

FI & 


[ ! A 

Jfl VT+j 


l '^[ V'1 + -23* vT+r 
- l,4ftm (Exact: [.40215} 


\'l +-75" 


5 , _4_ 2 4 ,1 

^2 1/] - l.2b :p yTTTP y'i + 3-J-5- 5 S 


M. At « h ~ - A, ^ r e 


tae 15". fly Simplon'* nsk 


^aja J dr 


itfl- AfO 3f +Wri* 45^42i/$iP WT-».*^gBn7T+1 jr = 1,1X7*- Tlie nsuh is suspect 
because tbc dertvati™ of ^/nin z are unboauded ou (0^t) and so Theorem 7.6,5 does not pve a botiud for 
Lhe error. Applying rule ^ith n= 12 ^4! firt 1.1943D, Tbta cuuk^I rv^n be fiettaip of ihr iwe^od 

deciraa! place, Tbc sub^titcitfor r = ts\ rf* — 2u du pves j ’^^/ain u J (2ti rfti) wbose LijtcgrW»ti has bounded 

derb'itivr in (0,^). Applying StmpsoD's rule to Ibis InlcgraJ, we get l-lft7” v.;l1e tj = G arid 1.193-1 with 
r k = 12, which in the value of th* Lntegr»] to four dcritrtal pl»Ct>4, 

15. Tha value of the Intogr^ ^ \/4- t* 1 dj i* the rawAu™ of tbe area of ibe region m tli^ hm quadrant end«s«l 
by tbt quarter circle of radios 2 wuered at toe origin, "Itu^ 

| 1 V4 - J* d* = *(2)^ * t «3.M2 As = = fl.25. By ttf trsprsaktot tuie V* - 1 3 ^ 

v ^(2 + 2Vi n.n 1 + 2 \A-ol 1 - i i'A ~ fl.rs^ + 2v/5 4? ^-3.25 a + aV-s - i-s* + 2 ^ — 1 - 75 3 - 0 ) 

— S.QSft. Awi^rjaev is poor because f 1 is unbounded on (0.2). 'f he Evl»*itnLion £ — 2 — u^, di ~ ^2u da. gi v e^ 


'.! I ifidu whose Lntogjaftd ha*t bounded derivator 1 r>n (n,^/2 : . Applying ton ttapn^uadaL rule to to:' 

Jo 

inlrgral, wc L'tt 3.152 with n = 3 *h4 3.14^ mh n = 36- 


Wrt 2 KtritMItiirKS OF ENTFOft.VirON, ]\Dt v I EftMlNATK FOIIMS. AUfl lMPElOnflt 1!\ It: URALS 


36. Show that the eafttt vaIij#' hi: sbr 1 nlegral jj 4y^l — ax is ^ by interpreting li hs the rosasur? of the area of 
;l region. Use Simpson^a rdc with n = fi t* ah ^prwdm^te value of the definite inh^til. Com pair liar 
Y-FkJlJe w illitftiJtflid with Lli r FAKt_V.il UC, 

> fieoamc the flraph of ^ - \A - - J for (K x < : i.-: iLr bp-;- quadrant arc of the cirde f ; +y s 1, the 
H -i v /i -'^ ,it 5 -Jk area of i circle of radiiit 1. h'incc 

A — rrr 1 ^ i! a — t 

we conclude ib*i the snle|(r?d hn* value t. Let Ai By SirrijMcmla julf, 

4 J,’ V!-^ fl '^4-I-j v T+yi -df + 2j\-%? + V 1 -®* + W 1 -+ V 1 "^- vb" 

= 3J1U 

Thli nsiiilt is susperL Iwnr-ti ir*? !h« demvrtivfe of ^ ire an bounded on (0,1) and su Th eorem 7.E.5 dac* 
no! give a bound for the tnor. The aubstiLutian af — I — n s ; di — — 3i£ du fij.? u 2 i/l — v? rhi -^hon* 

integrand has bounded derivative* on ((!,!)_ Applying 5knpt^>u T s rafc to this im*graT w get fa3.141 

whic^i i* ihe v-sJae of t to throe dcciftiaj pJaces, 

RjWHim* 31 jinhJ 38 refer to standardised normal probability. 

37. F([0,lD = -i-|J ,~^Vis. ir " *=* = • l ^ D - = \ - 

{ft} fly (hr brapmttdal ml* j ’ a -1 *« J[r°4 2( 1/33 > V-f -1 '' 4 t 2c “^ J1 4 r“ l/i ] 

-1[1 *2(*9fi9?; + 2(0.ass;ij - 2<a7MI«) -r ».«0«5}J - i ■ $.*195 = IUSSM 

Thw* PflftlJ) - • U/0.S524) = 0.3401. 

{h} fly Si rn p*un l s rtik J t"* ?*dr + + c _, ^*j 

--p^i + 4(0.90921) + 2(0.86250) + 4(0.75484) + O.Mftll! - i 10.26782 = 0J»«5 

P([0.1})» «0JHI3S, while P{{0,1]} = 034134 bo Eta dwimd pWre 

38. fi) !3«aLSe tj — li, Aj - ~ - - ^ “ - J. Ry l.he tr.i|jr/mirlftl rule wtlh /(j) — r ' 

P(S-J.3]J - -T f 3 cT^^dn st —L((" 1! + 2«” 3 +2r - n - s + 2 + fc -0 ^ I 2 p _i t- ?- + - s ] = O.IW53 

ySr, : -3 2\/2x 

Tfie exact value of the probability H 0-99^3 1C four dcdmaJ 

fb) fly Sle[l:>.;!j:!^ rul^i with n — 6 n.prl A?r z= [. 

P{(—3.3J} — —7— S c'^^dt .-z —L'r ,J + ‘ ! + Sr‘“- s +1 4 ir'°- 3 + ^ + f-*^] - 1.0015 

31/2* 

Jn ihi* a*rt* h the eriur in r«k n !twke ,m the error in Use traiwitoidjil rut#, T'ite an^wrt j 

wonhS™, because a probability eaonoi ejtc^d |, If ?ipp?y Lbe *nrrif rulr to the equtvaJent iEte^i. 
^P([Q.3j) w+i jgi^r. 0-99T2 which is off by aniy one unit in the fouTth decimal ida™. 

M. y =- sin it D x rj — tw- x. fly ThrwTrm ^.1.^ and Simpson s ruk with n - 8 , Aj — |s- 

L — j \fl + eea^x d-c ^ + foa 0 -e 4- ™‘ +- 2^1 -i-cim 1 ^4-4^1-* cm 1 

4- 2y ] +C46 3 ^ + 4^/1 -t^^r + 2^/1+r,:K 3 J- -4^/j + n» 3 ^ r xATcw^J = 3.S20-3 

^0- In ExrKbe $.2 p£|, yv-.i to find to lour fiflnifi^anL di^itp the lcofi,t]r the art: of the cosine curve 

fiorn !he p*iiit (0,1} to the pciic (j^.y)- cdnipuEo: ths« kngth by StrELfKssn’s rule ^itfi n st 14 . 

/{±:} — pjy r, Tb^rt / r {^) — -slq z and 

v /l + \fWf - Vi +3JB 1 ! 

Hy Thctswm wr huve 

L - 

Jo 

By Simpson''a t uJc. Ac - ^ ■ J- = ^ ajid 



7,ft Nl'MEKICAE. INTE&JLA HOW 42? 


L 5'+ s'«h* +2^1 -fsin^+^l +Hn a £tf + I^l + ain*^*- 

4 4^1 4 sift“^j r > 5^ l + sin'*/ + 4 yfl + wn?£* 4 ~ *iii J j 4 "j 

— l.l«593fl 

Thrt length of the curve b 1.16595® cntmr.l In sis decimal place?. 

41. is = 4/S = 0»&. {a} Hj- th* l.r*fHwid*l rdlt f{z}dx 

*; kJfoM + 2(4-37) + 2(4.60) ^-3f3,ft4} + 2(3.59) + 2{4-23) +2(4.01) + 2(3.96) ■+ 3.73] = 15-95 

t A 

(b) By Pimpsem 1 * mlr f{x)dz 

» £(.&)[*.» + 4(4.17J -2(4.60) + 4(3*4} + 2(3-59) + 4(4.23) l 2(4.fJ I) + 4(3.30) + 3-75t - 16,03 

42. ix - 4 /4-0 0.4 (a) % the ijn-nwynaidAl fide f(z)dz 

»|(-4p,4 + 2(6,1} + 2(7.9) + 2(7.5) + 2(7.6) + 3(7-?) + 2tfU!} + 2(6,3) -+ 2(6.5) + 2(f-»} 4 5-7] = 

(b) By Simp^n'M ruk j 

« U-4)[M + 4(6.1} + 2(7.9) + 4(7.6) + 2(7-6) + 4(7.2) + 2(6.*} 4 4(6-3} 4 2(6.5) + 4(6.6) + 5,?1 = 2ft-28 


43. is = 1. \ r*v\;irr units Is the are* of I h*" r^i*r;. By Simpson? rnlr 

a = *= ^uH3.a+■iC'i.sj+3(5. t)h ®ck.?>+<m-s>+s.j) _ ae,t 

■14. Tse Simpson's rule i* approximate ■ he of 3h« abided .-c^loii in t£e ilgnre- 
t From, the figure wr srr thal* ir — 1 and "n-— IS- fry SimpsOTi 1 -^ juft, * fi.z.») 

A*f ife-fl+'l l<+3 3A-M. 2.6+2 1,5+ 4 U | 

-a-aa + fl-OJ+M] \ 


-im T (JLW-W.LS 

■ T+fl rtRHi uF tile shaded irelon is appmslmasdy 13.9 square unite. I __._____ h -^ T 

^5] J 

45. Ai 1 — * miles la the dis Lance tmvrkdr SLmpseurs rule $ — ^ si tidi k 

l . _L[^ + 4 (^0) 4 2(33 ) 4 4(41 ) + 2{3S ) + 4 (,32) - 2(42) 4 4(45i - 2(4!) - 4(3,1) + 22] - 3-9 

46. A square fetfc in- l.h^ amh «r l\w. lot. is - 29. Or SiffiTMrtii^ mk 

f 3*& 

As /(*>** S51 30(150+4(15*} + 2(156) + 4(165) 4 2(1G5) + 4(172*-i l?5j= 39.060 
47- A squirt units ia tbe area of lb* lwp of y 2 - $±*- r 5 = r J (l* - J^). ®iiKb ii symmetries i'-0 ^hen r = 0. 2- 

WiLh n — 9 P is = | - fry Simpsod-s ruk A = 2 | e^/# - 

^ ^[6.25)2[0 *t 4 (0-35) n/s - . 25 J 4 2(9.5) \/& -3^ + 4(0-f35) - .75 4 - 2(1)^ -l 3 

-4(E.25)V6-1.23 3 + 1-3)VfP3^44(1.75)^4 - 1 + «! 

= 3,216. The rau.Lt » rHiss^t luneauuie b unbounded on (9,2)- Let r^2-rc a , d^^-2-rftJ. r Ehen 
A = 4 f ^(2u s - u- 4 )\/^ -^^4 l^u. Applying Sim]^nn'=i ruJe ta this, int-^ral wHtb n - H 1 we gti 6.36275; 
Lhe rTsur5 aiLsw+i- li S.362S0 to file d«rim;a.l pJiiiS. 

46, The study of light dEfffftetir>i> 'ci-.peTsioh or brflditm r 4 HrJiL .ifour^d cornel^j al a fr^tansulae apn-hin? 

involve thr Fsnttfld £fl£«C? 4 lB C{t) - J* asjd S(*) - Bin J*r 3 d? r Onmpk^ the foLbo^mg tfddE of 

values to fcu.r riftdmal place? by Simianrole, 
t SimpwmV rule mlh n =. 6 n=snl complete the Ublr. 


t 

0,2 

0,4 

0,6 

0,6 

LO 

m 

0.1999 

0.3973 

0.5811 

0 -7293 

0,7709 

m 

0.0042 

0.0334 

0-1103 

0.2493 

M3*3 
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S^rmiiU. 


49. &y Simpsons rufo wr find j c * ' ~dt — 1.15629, u — - 3-06 

50, Apply SiiEL E )M(i[i b iultj Lo ] a fc /<r) rfj ^bere f{x} i* * ibU4 degwe poijroontW lo piov* j?s-p*nu »dat 

& SitfHpsurj's rule is esacL for llnzd-dtgtee polynomial With n = 2, j:^ — n : J ., x, 2 — i- and. A* — J ^ “■ 

w* h*v* J /(r) d* = j A x[/(r^J + ^/C±i) + /fraH =■ * £ 1 W f *4~ip) * ® J 
Ijl Exercises 51-54, equate iJsk d^fsaiLt Lott-graS by twn method^ (a) ut*. lh<t pfsa^idal formula,jiv^ i n E 

50, (b) u^-S sfta s«C4fi| fufidEunciir-i? ihwnrnt ekT Hit calLidits. 

51, | 5a 1 + 1)<fr - r 4 r 3 * jt|^ - 67 - 1 ^ 5ft. Let f ix) = 4z? - 3-r 3 + L. By tbe prisnioklaL 

Y rt*)** -+1/(2)+/(s» - £2+i(2i) 4*ii =yp*s* 

52, | (j 5 4 j 1 - 4x — 2) Jx 

> (a) Lai /(a) ^ + ** - 4jf - 2- Uy LHi^ pruniKMflpii formula., *'f Jv&Vt 

n l _ ci i> - Q _ ^ — ! - “ --■ _ 3 a ~i~ ^ ^ _ n 

3>_ ^ = —s - -3' ~2” “ 5 —q 

I + 

= $/(-!)+4/(0) + /<S)11= ^(-S) 9 + C-Sp- 4<-2) - 2] 4 41-2) + [2 s -f 2* <(2) - *B 

- |{2 - 8 4 2} - -1 

(bl By the second fundamEnl-jd Ibr^mm oF tftr calculus tfc ho-vr 
f 3 


| J {**+**-4*-3)rf* 

= ^- u 2 - *- Jp* - (-IH 4 if a 5 - <- if) - 212= - (-2f ] - r 2 - (-2)1 * 

33. | ^(r* + 3*» - ii - Sjdjr - [It* + X 3 -** - = 22S.1$ < 2* - 222. U(jH*) = T 1 + Sif s - 4 

By At prbmoict^ formula, £ /(T)rfr ^ 5 ~^~ 1 \ /(-l) 4 4/(2) 4 /(5)1 = 1 [-2+4(10) +184] = 522 
S4, - 2x - SlsfT - [jjT* - $r ^-iW - (-2) a t>6. 1^1 }{t) - 1** -2x-,l, fly lAf ptiifflflWal forw^Li 

f K*)<t* = + 4 /( 4 ) + /(«)] = p + 4 ( 11 ?) - lir - 5 W 


J 


3$. If T it At tppctnmlt r»S»r of . !{r) by u»1br the mpcxoidAl n»k. then 

T = ^[/(%) + ?/(*!) + m*i) +1' ■ + 2/(^-;j - + /(*„)] 

if S i<» ibe apptujrj ruatt valut -of | /(c)fi by usiilg Sirapumr’s ruin, ilien wIism a Ds even 

S - %/(*<>) +4/(cj) + 2/(*j) + ’» + 4 4 /(*J1 

Fmmll); £ = /(r a }+ 2/C*!) +2 /(tj) 4 - • + S/<*+ /(*„) 

Fidn(S)' = /(* g }4 4/(T,) + 2/(x I ) + — +2/(* Il _,) 4 4/(^„_,) +/(^„) 

^ubLfPKli^ rrn-mbe.-i *f (!£) fK>“ inniiilirfv (^} h v.+ \w*' 

S-^= 2 /t*i» + V(*S> + '”+ */(»!,-|);S^|[ T 4A i f/C af] )4/(^)4-..4/(^_ L ))] 


(I) 

ffl 

« 
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7.7 TRK i HDEXEKHDUXE FORM D/D AMD CAL GUV’S MEAN VALUE THEOREM 
Ey Liirtit Theorem 9 . if 
Jim /fx) — D and \mt -= 


litn 

* '* ft*} 

fty I.iJTlis: Theort: 


^ 0 ajifl LLniai^. - U throng'-t jM3fi]t]v« ce negative v; 


\rn 1 jLK' flinotlCKl 


7.7.1 Definition If / .-tnd ti ate i^o functions such that = 0 and 

f/ff has the [n^rFfiFTnjTt^tE f&rm E)/9 tri cr- 

W<a We evaluated tnatty inch limit* ia earto chapter*, We 
L'HopaiaTa ink that crai somnlmea be used lo find ^l=l: b Limits, 
indicate that we have applied nn 1 nf ihem. Sometime? ih* tiili* l: 
sfuic to check tJir J^pothcnae: cadi time, II i p - r-uivisabte to simplify : 
eonvrru» of 3^" H rule k not truti; if lh< Limit of /V $* b 

be drawn See Ew^risti Lis, vthtie the one-sided Limits ejclsE, and 

T.7_Z Theorem (L'Hflpilial’k ruk'i Let / and ? be fractions that are diO^n liable on an open inter* 
i:si:ep! possibly the number -3 In !- Support* that for all ? T, jr^. aj ■/■ 

lffl,J[i] " Cl l Un.,_0(*} “ 0 arid 


r^a #*]! 

Tlse iLeorera ie valid if -idl llie limits arc right-hood limits o? all ihe LLmiCa are hft-hana 
bAulx, 

7,7,4 Ttaoetm (L^fipitil’n ruk) Let / and ^ be fiinclium th^ii, ur? cttfleft Pitiable for *11 j > ft* *Jwit N i 1 * * 
positive conalanl* and ihat far aLI r>N, / 0. If t£fn a «, +&6 /fi) “ $ ai ^- 

Ltm^_f(*) - 0 aae 


The theorem ia tdm valid if f*—4-«T in rTplrad by “r- Cb 11 . 

The proof of L’Hflfjilat's rule drpendp on ih*: fhLLowjjig theoren?. 
7.7.^ Th eo re in J-L'r-v: - -/'■; mean-value theorem) If / Mid j -™ two fimcdfios. sue] 

(i) / and y continwus «-i lh* cSuwjd interval ^ L fr] 

(ti) / and j are diflf**4i*blt M? the open interval (a, J) 

(iil) for iJ: r Ln the o-pen interval |a,A). j'(j) + « 

then ibtsre e?dstK a. enmbcT r Ln the open : niprv;ai (c,t; -i:oh thai 
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In bicrciKi E Li). (a| PIpt Lhc graph pf f ;l-h! Ikr ."Ipparont Limit &• £ . r it»|rftwwhre n. (b) Llomputn lim 


(aj f':orr-L Hik plui m th« righi. £ he- limit appear lo lie |. 

■(b) Ufte»uK Lleu sin _ L «: — .dini Ss;a:r— 0 . L' ILo-psiaJ "e mEe applied. 


(ft) t'Tftm lEi* plot *f /(a 1 ) ftl ife* "gist, i.Iji- Iffi-ml si|if«»,-*+-. tn hw? 4i. E>. 

(b) Bnraso JJmtr 3 -!) - Q and lim (l 3 + 3 i - 4 ) - Q, l.'Hflpit.il 


—■ **+t? + 4 --"i 3* J + & 8 2 JSJ* 2X-T- 

In Emkik* 11 ]C. find lh* limit i-fil txfrti, anil *up[N»rL j*nf answer RraphkaEEy 

11. K« }£ f^li® *i£*3i -1 

r^f tail 2x 0 2 sbc^i - 

12. lim A* 

~1 * —1 

b> Brtftuse Jim In = - 0 bmi> - t) = fl, L*lfapitaf>« ruk 4ppti^. 

»■ V* _ , 


£ — 1) supports this Eimtl 
- By l/IiopqtaTv iu]e 


iJ. By L’Hipitars Tii!e 

lim -i— Lim !=•■ ••; I ■ . :'2-l,_ - 

■*“0 8 -‘ti 3 tUT 8—“$ G tun mv. 

(3 laa 3 $i — fir vrt applEed! l/Bopitals rule 
■ Sj:) 2 = 0- By I/fiopital'a rule 


- t 1m — —4 lim 

Iri = 0 h wie applied L’Hopjiid' 


1 -i 

1J 

; ^ 

0 J 

1. I J 

-r -&j 

0.5 1 


1 

8.7 5 

CU 

__ 44 * 

;- 1 - 

e i r 

1 ' j_ 

^15 

-fr.IS: 

ft. 25 0 L 5 0 L 7 J 

i us 
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It Urn L -™ g 

z -10 x Si h * 

fr R«jiueh — co# x) — ft and Sirjj* sin t - 0. we *jjp|j t,’£l*pii&1V rule. Thus, 

Him f J - c« _5l±i"* 

X—n J 53Q r i^-JJ x ipcw X + Kin X 

Wc have lirn T .^ci(** I wn x} ~ I niid lim rf _p(a me x 4- Man j) - I?, Lkca-jw 
r x + tin x npprtKike* aero through punitive ml uni am x-«d f , wh h*V? 

lim f r -.™* _ +QO 

Becau&e x tw j 4- sin x ^pprurtr-hes fsnj LIl-uu^; negative values as x—-D * thcri=“ 
Li - _ * 

x-Sr * J <_ 

Therefore the given 11 mil dots Dot eust. This is supporUsl 3»v the plol. 

Ip FlTSereisffl 17 2?!, evaluate r -he limil i f :l r :■ : i:.L:. 

17, llm r - k-= lira /^T 1 - jy-n 

*-.]+ X - 1 - 2 v^"l iv+i^ yi-I-Ii 

r _,0 i-— l£i 2 eiel r cos x i-lo siji r j—c ™ ^ 

19. ^jjm^ (1 — e 1 ^*} - 0 *#d — 0. Ky l-‘Hiipitm'ii f«)r 



Urn -—ts— = lim 




AluintniSvi 


ely n Let x — i. Then L — - ^ m + Tf - 3 ’ 


2&. Jim -:-—— 

d I - tosh gf 

t- ThU hyppihcSW of L'HftptUL'ji Jliie b 'iftlinfitd. Thu, two 4ppjfc£tl0fljl of ?hr Jitlr yield 

Urn , ^Ita - V= -2 

U-K* J - OftfiD. Jf y—D -StDD -COSJL ^ 

21. hm Bin i — 0 and lim ln('2e c - l) — fr- By T/H&pfLu « ml? lln 1 _ Sira - k 

■■-n t -d * e— 0 lis(2^ ( - ]) r —*P 2c__ * 


5?l lim 


5? RZ? 


5 

LEtEL 

i -.Ij 

D : 

— t 1 

&"!n o - r: 

F In 5 -1 

23. tim 1 

r--D' 

[(I 

+ r) ] / 5 

-(l-r) ,/5 ] = 

0 ^",4 lien [fl 

j™*4h 

litlk 

(1 

+ ^ a 




(1 

+ x) 1 ^ 

-a-xf 1 ' 3 




-i - 5 lari 1 ^ 



M P lim - 

-F-*-¥(& 


e*- Wo simplify by subEtn using v - I befnr^ apply Ins?; T.'HoptLaTs rule. Tims. 
Km £." a l 7 . .* = 11 m kLhhi - -2 


25. tLm x / ^ - 

j—e 1 — OIL X 


1 + TO6 & __ 1 4 rw ?t _ t + I _ 
]-iini 1 — sin, tt” I —0 " 


9 C. [L[ , in 

r—rt x r—n 


= 1 — in 10 


27r * “ toih x) _ 0 ohd lim x z - 0. Ey L’HopititJ’i rule 

tun ggs^^ail^ = lim ~^ D g = Lim ~ cafl *Z 12&* = -l 

j -ufj jf-^U uf r T i u 

lim f —H-lis- x — slnti z) — Q and Escn — 0. w ^F^itlieii f/Ht^Btai"s rule a^air. 
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iH. Jim 


«r.'r. r sin x 


fr Hrfofc n(S|Hying E, L tt3flilar* ml* the m-rnati arc£ tlsiJd liltn', we brmfrvf cun x, «hieh him « iwirtcfe limit, 

Iud Um 1 , * V”* ^1 ■ Urn *4 r 4 * 

aiD^t j---d 3 sin *x -cos i j —^ cos - r --u 3 sln't j--o & yn i cw i 

!Vew 


r. -■- J -d(| ■S’ f—«4jl 

cj wyb %. + PQg J _ ■J _ 1 

B ff“3 


In I'hnudsa £9-dtS, find ill values m ^ in the interval satisfying the conclusion of Cauchy's mean-value theorem, 
29, /(x‘ - r 3 and j(x.i = x a . Theo f'[x) ~ 3t 2 and j f[x) — 2i- We v !»i; to find ill values of z 1;: (0,!) such ibat 


m-M) n-). S-Q_ 3: 1 . . _* 

M ^ ■ s 

Jt. 


2- 


3&. /fa:} = ** efz) ■=■ -—Thera /'(a:W——=■— j - We -seek values of £ in (0,2) such thai 
i + s** 1 ' i+^ 3 w (i + i J f (i+^¥ 

SIpsS = ^ jpp 1 ^ ^ + *- 1 ■* 0) ^ 1 + ^ 6 {tu) I 

3!. /{i) — sjn x, — cos £. Tiitn. /'(i) — coa z. j'(t) —si a j;. Wc seek all values of t in (0, r) inch that 


m-m ) , m o v 


: = □■ : t± iff 


J(»>- 3(0) /(£)' -L - ■ 

,TC. /fs) - era 2x, 5 i» - sin ir, - (0,^) 

p. J ~ ^ ~ j r ( g ) -nres- rr — c:n:< H _^, / ( J J 2 ^71- £j~ 

alitor—smQ ?'(*) 

Thus, we want w find a]J i it fll,^*?) such That 


—2 aiYi 2z_ l>_ 

era i " — 

Hence. f = |ir. 


2 an z t-js j _ 
iios a 


33 /(*) =ifl #, f^,) oi k 4 . Then /'Iff] - i, /(*) =t 2* r Wt *e*k aU values of * ja (1,1) such tha, 

/(*)-/( 1/ /'■(*!. In 3-In I l A. lnJ_ 1 .3 _ i . 2 

j[ 3;-9{JI) j'UJ’ S'* — I * a to* in?’* ^ 


W. /(t) = v^Ts, - * + 3- Then /'(*) 

/t-n- ff-*)_m s 


v ^(j) - 1. We n.|I vdv#R of - li> (— ! n -J) hskIi ihut 


V?+i 

^ ^-4' + 5 -| ^-T 


,W. f(t) = r i!I , !t\i) = t! x . Then /'(<) = it 1 *, /{xj — <■" HV vrk all i-a|«« of r in (0,2) #ueh ihai 

/faj-/C0) Se^a 11 -] a i i,rlf.* * il‘ 

Jfi) - m /(rf 7T7 a 1 e 5 -l " ■ + 1)J 

3«. jT(r) = En(r + I j, - In ^ (a, a) - (l,Sf 

* / H ( *■} — y ^ | iiid - i. W* ieKk nil valuKi of - ul (l n S) Htwh that 

/f25-/[D_m s-Ldri i : _i 

—■ v “ 


?‘UY 




"; 41 = 


37. Jim, L{1 « e |u - *') I) iU:ld JilTi H Q. wh^rH L, K [, dr* our.n-.ciii'.N. Hy L'FE/jpiUil'K mtf 

R^U + H-U 4 


Jim 1 - 
ft-* + 


lirn 

ff-o J 




Ittn 
I?—0 H 




T 


di@. lH«r.’-.i.-si‘ r.rir liyjHithr^is «f l.’h ,>ii; J ,.'tl 1 ^ rule ■■ >rLl lAded % we jutvt: Innft — 1 1111 ——-~ 1 1111 tffJr , — — un. 

r--l r—i-J r — 1 r— 1-1 1 

If r - 1, them each tetra. is equal to the Efs? Ltim n. lienee the sum of the -first n terms is a 4- a ■ ■ - + c — n-i 

Thuf. Um T _ 3 S is cffiwsstcnt- wilfa, th-c sum vl the firsi m t?rm^ if r - i* 
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39. /[*). 


fsS£=l if,*l 

| if * - i 


Km{tu i -1) =. ft and Jica x sft. 8jr L'HopllaT* rale lin^ /(i) — ^Ict^ ^ ^ —- — lijn — " n - — ft 
r'/c\ _ Km /l>i -/'**• I;„ *_ SMjr^.] _ 1 - -4l. n™ - cos X - - 1 


J'iQ) - fim fYTf j ! V7 , to |(m lim Mm 

1 W fJk *-0 * j —0 f 1 2x f—a J J 

Etautec W fens j — 1 i - 0, Jim i z — d; and lim. yin r) = 0 lim — ft- wf used LTIupitaL’a rule twice. 

r--0 " a-—rfl ^3 x—-U 

40- ;-k> Prove chat if li > 0_ ilm ^ - jn a, (b) Fhkti Lb^ frauiU srf (a show that if r > i) aod 4 > 0, then 

T^fi * 

fc , (r*)* - I „ ?*■-[ , n , ] 

jsa—s— = is—+J55 

=. /,) |i m j 5m CM-Jaa 

{bj Apply the result Of (*). With 0 succowveJy m, r L then i$. Thn* 

LEm '' ' _ —- = Lu rs — In r 4 la s = lim T -^- + lim '' T ^ 

r—0 z J—Kl * r—»0 * 

43./(*) j; ? ran-^, zl x, Etr^ii* 1 Vin j: | < 1 4 iFirh -j iF1 5 j n a]n ^ < i". n > Or It by ihn squeeze 

theorem with n = 2 that En^/fx) - ft **id with n - 1 that Um - iinjfx j) ~ However, 

• Cin ‘.^/ J ) — CPri - '■' oscillates between —1 and 1 as x fc Q and doe? nfli ^proa^h any limit. 

ffW 1 

42. Ism /{xj ■=■ M <-? I /(r) - M C c when X > Jf ** /{I/I) M | < c whea 0 < E < I /* ■= A * lim K(0 - M 

e-^+DC' ±-J? + 

4S. wish w find vaJu^s of a and £ such that 3im ™ 4 ^ = 0. lim-fait br?) — 0 *K6d 


- oscillates between —1 and 1 as -r *0 wnd ^ -i rji A;>ruc«tfh iiiy limit. 


tim^ j*' 1- - Q* By nj]e 3iii^ 


sin 3j~ !■ pj -»- h j- 


3 mm 3j — a + 
l 


lim 3^“ — 0. Uccausc lim (3 cos Jx - a- + 3i? J ) — 3 + ?, wi- rjm ^n]>lj-- L n H£pjiai ? s “ule if o - -IS. 

X -<1 

Tf ji -jt - 3- (he giv-’n limit w not. Cl. Let a — —3 ajid we have 

lim ?~ < SEfel±2b£_ im -Sitoar-Hb* & u _ „ ¥ 6ll 


Biftcanae Umi’—fl stn 3zr —ftbi) — 0 a::d Lim dx — 0, v^'e applied L'EibpilaT? nrle ag^in, Th« limit will bo 0 if 

a-—±—rfV 

—27 + — 0? t> — Thus- the given limit is 0 if n — -$■ and ( - 

44. Prove Theorem 7.7.2 (ia). j/h l j-v^ 

£- We wish so prove that if Sim /{x i — U, Lim ylx, - ft, Mid !im_ , r ., ~ l- r th^n 1 ]ki_ ^-t—t- — 1^. If we reflect 

i^--a * r—j—a J (X; p^ 

the graph? in the ^ th^o -m -nnijmiarh TrcNm '.Sir ri^ r bi ipnc£>rn£s An approach from tbc left and we can use 

■riu«! (1). i’(sr) “/(—±} P f»(xj= Alnd I = -X, 'iheft 

lim F(i) = Jiniffl) = 0, lim G(i) = lim = 0 a and lim Hm, jull • ^ In 

x^-a I r - fi . £ —. ^-Lr + { - L |J J e -“ 

Thus th= of cjiMf(ii) jtr« Mitlsfied for F ; x) aod i ■ at —a and so- 

Mm p— L. TJwirfen Utn “I = l- 
,_„ a + 3(r) *-■> Jte) 

45- Prove Theorem 7.7.4 for x— •■—oo. 

& La the pToof of 7,7.(ii) aS»vc, replaot □ with ■_■«-■. 

46. (a) Jim W ltm~T - A - u {C; Nothmg (dl Wc may Apply L'Hoplud^ rule again. 

r—<i i-j 
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7J5 OnEK INIJETKRMlS'ATE FORMS 

VVr mrty fllwi mi^ naSi* whrui hnili the auBWfttor and denemirudor of n fraclw* 

tiivc limjts = oo. 


T.a.1 2 Thecirfcrn jT/Hopital’s nrfa; Let / and jr be ftnac^ona that tie difteKSKsahTe on an open Intatval ; 

except possibEv At the number a Is; I. sued sizpjK)"* that far all t j£ a uj? I, $*[%) £ 0 If 
) “ ■+«*? -», = +CC -« f Jifid 

Km Jp\ - I, 

M / (z) 

Shell 

Hut 4d - l 

*-* SW 

Tiut theorem :? valid Lf q Ls —:c or - v a.ad all r .::t limits ar* j aS-h.L-Js:MJLid LIr-iics or if *]] ir.^ 
jrnitf Art Ltfl-Eiinci liinii*. 

PjMf Ltocaase lim ' ,. L. lln ,, i- fa? any i >0, thnM* s aii wrwn auhiiitarvAl 1 f wf I £011 luma* •= 

Rwh tltFi! fai any ? C ^ 

L “' < ?^ <L+< il) 
Bjp (b* Outhv Etui ah viil ift? (hnorrai, far JHiy f and jf in and for some : between * And $, 

/<y)_/(4 

/frWb) -/'(*) _ .... sW\ S2 IM 


TfvHS "^ 1 «■«****** 


l_iW fl r (i) 


Substituent; from (2) into - lj : w« ht»Y 

M f<*' 

h - f< m ;y < L+c 


WV shrill now fat y ftpp:Mch a, keeping, £ fixsd, TWmLsp- | approaches +oo, wt 
1 „ 


n faFfaws from (3) and (■‘J j tnat 


CL T PriM ^ <lL+ T m 

ft _,J|_l&j 4 &> ., <n 

[ 5w SW _ rtsr}J ' JTSJ 


As v appiwothes a,, the left and rleh l jupir^iers nf J-V 1 .ipproirl- I f s,nd L — respectively 
Thus fo? y sufficHntlv de«• ti> vr^ have 

l 2< < ™ < L + 2f 

SsJ 

Bnaiihs if wAs arbitrary, fhu imp[L« ^sz: 

Um 4jjJ=L 

u-'<t 


which is rquiiVj>nL to what we set out to pmm Nui:lh: lfaai wv, imt prquint ^bc- 
ijrpotliesis Jim ± /{jj = — oe. We -**£ r "~ v lu ’idi-raije Sh.il; i.h^ hvposh^?^ nf 
aft: £ail*fird arid wf ho-. e ^pp.:ed the nde. 


7.8 0THKK IINLJKTlC|tMiN.\Tf FORMS S3S 


Other Forma For the LndetcTminate forms fl-ioc pj?o too; - (4oc>. ^ muM fiisl wrlie ths ftivKU 
Rx^rrwian in Lb* iirilRLftTriiinAlr lb mi 0/0 or + 00 /^ 00 . For the Indctcrmtciale forms 0 D . 
f + (xj c , gr 3 *' : *’ 1 w J e IntwdtSCfi the hi fcrietiuii hi order to obtain !hr i ml H riming form 
0/0 or ™/ _l 30, We §raay also us tba foLlowEng known resuka: 

Ism ~~~ 1 - I lin i In i - 0 lim (I + r'-* T — e lim ft + -J-1 — c 

r—*0 * J.^+ r—Nw\ */ 

R^Ae of Orowlh Kof any p > 0, ^ [kkwi Mscr ih&fi f Jr ond iiifrr-v--. fiyitrr s-h-n-n In z. fiir >'*, :S7- !JK. 
J^ref-eise-i __ 


In Excrcisra 1 16, find the limn *n.d support your attiWe/ gr&phkiHy. 2 
]. Lceei ^ #a.? mu I lim e r — +«, L3v L‘£EopiUd*i ndc lim J v - 35m -f - lim -jr 0 

*-+* j—*™ f—i1-» e p—+* r *—« •" 

Hpseauaa Ism iLr — +« and lim e" - ** applied L'HipitaTs rule again, 

3—^ao z^--|-og 

2. EEm tEm , !m ■ ] iaf = ( 3i... -fef 

j-—-+* i +®j.ljW ■?-«■+« II f*/ 

I^sin^ f/Hopiiil'i rule djfMtly wouid require in any applicaliwss if the r-Apoi^rii .1 were. replMioid wiifr a Sajger 
integer, and would nos "work .it all if line tseponent w'na not an integer. 

J. lim Urn i — 0 nu that lim cot x — 4-cv, and inn in x = - c By T/HdpjtaFs n lit 
,_n+- *-o + 


Lr. x 


1/* 


I ini ttip xftn x) tt Um ~~ 1 — lim -- litn sin*' lim 1 „ — 0-1 

:_□+■ *^r,+ tut * J _;.+ -cac 2 z T _r/+ ,-rf+ f 


t lim tan x r cot s 

■r jn^ 


► i'jam. live plot At the fight it &F|Hur* (Uot the lianil In E, W.» evp^jis the limit ng 4 qiaOMent. "I'hWJ!. 


lirn I.JLn 


: rnL 3r — Imv 


T |„ 


- Um z 


lim tjin ] x — f? ^r:d lim Ud z 0 , reapply the 

, sp 4, 'C^rP' 4 * 

<aae 0/0 of L'llfipitnl 1 ’* ink rt* follows 

1 


Llui tan v col x- — im 


L±±?_. 




sec ;r 



5. Itrn(i: - 1 - tn 1 ) — 0 and Lim (x J)h x - fl, By T.'ETopirjd'ii nrle 

Eimf4--J-r) = Jim y—^-. jrp-^^linj ^—r~ 1™ . J ~J —r^Om . 1 ; ~ i 

1 -lllc T i —1/ J—] *£-l)l]5J- r-L | h ± _ 1 _ 1 ;-i .m + r-l r— L In ± 2 I 

IkH-Aiipar - t) sfl aod Mrn (j In j } x 1 ) — 0 , we jippll«| L'HoplWilV ryie njtnin 

t lim (1 4 ^^= lim [(I = 1 

7 + lien In t . — -ipo pad 3 im * s 4 <so. By L’BnpiLnEV nsk? 


ik ’ 


■%. b x “" *=j™ + ' -«mr 


jr—*0 


— LLm —x - Lim FL ^ J — 0 ■ I — 0 

i"0 ■ r-MJ ■ 


Thr.n'fcrr In lim X MJl * — U n LLtn r 5 ™ 1 ^!. 


e-4l' p *-P~ 

*■ ^3(?+ 5 ,.6~?^ 

> -- --rr; I hr ;■ ' .il Ih-r n^f '. th<: Mini: -- ,t i\i\- t-u i - — ... 

Wr. Eirat combine into a single cttjoLient. 

S$hx-i{x + $; ■ 


= lim 


-£ -i- 2 _ ,._ -J _ 1 

-— 35 -IWL—i-- 5 


±=3 (*• - ax*+«“ JSiii ^ + s' 
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lii> - lO0)»/» 


lirn j: mr » — lim -=-— — I 

i-ti jt-h& SJIS I 

llm ] )i»n tx 

■r—>■] /J 

from the- plot the rtgftL. the limit appears x« he -Q-G. 
Wk first express the -irniL a* 5 . qntisknx. 

Sim, (2* *1 “ llm 

^—i/a * - 1 /% «* ” 

Because -ini [Jt — 11-= 0 -arid Sim cot h-j - — 0- 
j . 1/1 V 2 

wv, apply ihr case D/0 oJ L'HopiWIV 

I 11 V 3 (Zc-ObUiTfs Um -2 -t— -1 *s O.G3G6 


t — 0. By L'TJopitii's rule 
] +3*1 1S „ S 


d- I- mrri Ihe pluL aL leiu tight, the fuDciion appear* En a const act 

Because x — c ln * if z > 0, thejfc 

Um x ,/ta * = Urn {<* Jf ^ jn 1 - Itae - c » 2.T1S 

I-41 T T-tO"*" 

It Exercises 17-14, find ih* Limit if it exists. 

IT. lim tn.fl —2r) = no and ierr; t:ift ifi — By L'Eiopiu 


— 0 r we applied L'HdpdtaTs rule ftgam. 


+ot. By LIT Dp: lairs rule 


r* - j:) — +oc. w-e applied LTFypiLd^ ruin- again. 


In lim (e r + r)' 

r _j.J_.-t . 
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20. Jim (aiith j:)^ r 

jt— 

> Hrfjui*’ lirri hi rill jp ^ 0 m id Jiipj tau -r — P. w* hav* iJw iud*r#Tn»iMl4 form W# »4* thtt- if £ > tf. ifonft 
r—»o"^ 

•dim x > 0 P .ho Lfi(siub ^’| 15 defined. and wr m*y 

in jj s !a(sinh r) L “ l * -= tjui x Infxinh * ■• 

Be cause iim ln(s:n.h x) — —no and lim £H i - +oc, we may no* applv L’f) flplLaTs rutc as foUtnws 
X-.0+ ' x-0+ . 

Lifti In , * far SgL**- K» « 1™. ggfi - Bm = * 

r _01" w4 -* x-a+ -* J 4F * x-a + 


Because :im £lb 2 z - 0 Jind lim iar.h t — 0. wc appbed 1 'Ftopit&rM uk ngiin. Thu^ 


ln{ Umj) - 0 

j-™0 ' j. 

hm sf = ~ J 

r—O' 1 " 


lim (rdtih r) 41 "-t 

31 - lim Jn sin \t — —do and lim - -hM- B>" UBopical'E nik 


«9U - 

lim ln(Mn *)* - Bm + ^= I* *£ ■ Bm »^3h S0 ' l=O 

r—Q + -P x—»Q T w-id 4 ?c—a 

TH^nfifuir iei lirri (anf) r — 0; lim._ {sin x; x — t- 
■x^D 4 ' r—Q* - 

Bn^Lnfa + - Bij — ^ ' J '- ft ]ljg l “ 3 - * t ^' rer<,r *'- Bj^(* 4 ^J 1 - = ^■ 


33- lim 4^“=“ 1 ™ |j m -^=0 

x—+w — 1 *—4^ Jr? jz J-H-co 

**■ ,-T*( i+ ^r' 

> Mtsthiod I. To simplify base, ^ M J — l /-- Thus 

lirn (l + ^f - lim (I+fO 1 ^ 

*—+o* V -W 

Bkuik we hnv^ ipidetes-mifiM* form 1 ■ w . wc lei 
p=(i+^ 

fh ™ , .,.1 ln(] 4 If) 

In p «ln(l 4 =—-j- 1 - 

Because 

tbn In ( I +±i ) ^ IJ atLd lim t 2 - D 

wrr Mitt L'lldpiuE' ! !i rule on \h$ nghl af [1]. Thus, 
,«-r_ ln(t+|l) L..I 


lim Iei - Lim-— 

I—I—0 + 1 ‘ 

lim j = +- 3 Q 


- lim " . ■ i T - - * 

(-d+1-5-^ 


cr h cqiMv*lf!nr,Ev 1 

JS.C 


m THHNEqUROF INTEGRATION, INDt ['Ll!MJ_N A E'L E-'OKMS, A S L J IMPHOPKIi INTEGRA IS 


.Method 2. Reesis* Jim (l -i- — £, i Tirr- 

i - + .20 ^ / y a 

Wm 0+^y 1= 11-TJ1 ff.WK = Itm 

25. JiftO 2 Ip( l -Ksiph 11 — ft 5inc ]rnj =: “ ft. flj VTftjpiud.'s rule 

Urn In(l + ^ tft* - Sim 2 8^+si nil J- ) _ ?™tL^ _ j 

jf-i? '• ' *-u< J *-b I i *mb e 

TKfj^f-pr'tt In Jim [1 t ^inh x) 2 ^ r — 3; itm (I -> sinh ? f : ‘ ~ jt 3 . 

J-Jrr ' * 

2 ft. !irri f j- - 2)1 nn ’ r. _ — : - ‘ — Inn .. = 

*--3 4 r-'3cot|n ■ -*-jra** J-r * 

27. J_Lrft .|(ln iXtt JT + ^r~\ — 0 Alt! x d - fl. IW LTrApitaT* nth 

Ijg taKnt - igj H <01 = & 

Iini(j t^wt)sr — 0-H lim * A = Ur st> appJy L’llopilis's rule again ana .get 

lim 1 fA5 = Hn. J - = iirr, ~ •«•** = lim 1 . • \ lim = I • I 1 = - i 

Ttrtnfenr tn ]inj,({«» j)»* S / J ]Vf'* „ 1 i^,*. *)(■*'#['•/*'* ^ t~ U \ 

28. jlim^cos x) 3 ^* 

& BrfJGfliw* UcjH» r = ] Bjvd jm ■- =. —sc 

have the indeterminate form l +w \ Thus we Jet 

Iky 


]jm lijfrsm *} =■ ft Add lim t 1 = ft 
r—*0 J ji^a 


we u*e Ir'Hflpil-otV nil** un llie right hand >nie of (1). ThtH, 

Sirnin y = lim = lift = ]™ . lim *.=!_ =!(>) = -' 

jt—-M r-rf> nr * jr-^2ztite± i - '—rfj x j^u^maz 1 -■ 2 




limy = f" 1 ^ 
tr 

or, t^uvat^tly, 
j^{tw x) 1 f** ^ f^ 1 -^ 

3*. lim lf**-|-3* s -4) l/6 -*l= lim 

e—I'M' ' fW 




— Sim 

r^t« 






I' 113 Itm - J rT ~. i! j. = Jim j^ c became Jim ^ = 0. 

J-—. 1 J 1 *■ 3 :, X + e“ J J{l + ST ) -E Jt.w.-.,s. H-- 

31, Let o = -. TJten Lim -—— - LLm —Itm iim y — +^c-ajid lim ^ — H-oe 
J x _d+ * r ] ^ y—v-+^ 

fiy L L U5pital : s rale Jim -4 - iim -4 - D, 
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R^r.iurr IiIfl Ln t — — * .nuL Jim 

t-Jj + ^ j—E> H 

Jim Id u — LEm ——- = Jim. - 


+4£ wc apply L'ilcpitsJ-i fak Mi the |j£hi-kiJtd f L). Tlm>. 


Tk^r^fc 


Jr—1-» 1 + ,/! + J/x - 

In Exercises 3s and 3fi, pio-T the gra^h ef fix) r-Lr B r! irar* ihe E,raph -&n«cl i4:i lI« Lwhjtvi^r of Jit) a* (ai ^— 
[h - r—H-ii- your answers in parts -!'a) and ■ bj by determining (c) lim f (x) and > d} Jim / ix)■ 

^ 1 11 "d'O JT —* + 00 

% r lift! 2? - Urn (~Y - -GO uns frm (4) J : <? hceatiw ; < I. 


> Froan the plot at, tlae tjflbl we predict that. Tim f{x) - -*■ and 
^ISrp^/(e) — fi, Tlniw At* ct*nfifnio4 becaostL- £ c S *n4 /(*) - 

w a dooetfiig cxpQEKoiMl fund-icra- 


StcuiLHir /ffl) — £ and lipA /(j) 4v fh*ft / will be mulinuifij d.L (1 if 1 seel_ /(x) 

*_D+ 

!im Lo' 1 - t' lr ) - ■ —-x-ar.-d Lim ^ - —oc. By I/HdpLtaFs rate 
j.-D“ y a -Kr * 


TIwjuimj liin =r 0 and I i rn (r. — t) — Q, We ;ippli+ j r; U EJdpi .Lai's fuk aiijilujt. TfiEttiJbhti 

r—fl" jf—n 

Jn lim_. /(*) ft; Lbf^ /(*) l. Ileut / will be ax 0 if 4 - I- 
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{ <t 4- 1 :r T j n 

\ ? * ' fi nff jfc so ib *1 / k» OMiinuaus at z = 0- 


40. If /l» = i; ^ _ q’ find k so [hat / i$ oeimrtUftUft at r =0. 

e> We RfU4*t ls«4 * stf limt - /(Q) — 5- Because 

^ +1 ]• ln *V * - r lnl T T+ ' l 4 _ t M*+i )/* 

vrt- I/HopitaTs ftilo to the exponent. 

I of* + L) 1 

jm — - -- link —v~p = 3 

,-.0 * _r_V*+] 

Th His, 

Um/l'T) = fc' s ir 

Tlmiefox*. / will h*, t-OfitiiUjOU* *5 0 if =3 &• 

41 r lim ' !4 ' ~ \ ) -In Lim ■—f = In I - ft and luu = 0. Ey L'UopibaTs nifc 

r—He** \ftE — l.H .*-—+«■ _ _ I e-*-=-w- x 


LLm Inf ^ + [] T ^ lim pt * L --r I iu^ ^ J ^ 1 —p=—- — \im —“ - lijJJ 


| Sfn ^ „ % 


Th,mflWc ln & = 1,1 rii?« (^if = I s ™ " tiff “ A = l»T 

T . _ P_ - I!_ Met _ ]- m rm- It- r:— COS tj J " -> f 1 _ 


= lim iim = « 3^-3 

* x— e^t/; cosj £-*\ cosf^r-i) t-*i 3t sle 1 

43, fa) Usr ipn^ midnl limEt;-, [.^1 2, - -^. lim I - +oc and lim t ,2vT1 - ■fe#. B^ L’HupitaJ^ rule 
^ x d [—+to ■r— l +» 

lim = 11m ~ — f l«u -i-V 1 = f lim -t_ 7 -V'* = 0"^ = 0 b*&»u9« n is positive. 

- r ‘ t^+K f 1 w^+«“ (2fn)e dt S 

,-l/w 1 J -i/jt* .-I/** 

UfiCJUM* n 1+ 4 positive Efttcfrf lifft. —ti— “ J, Urn r j, - g 0. Ttocfafe lim ■■# ^0. 

f-0 J f ^ 

(h) Isik /(t) — Ltct^ i -1 ^ a ii 0. anJ ^■■pty d^rivnliv#! of / a sum of tiims- of the form 

- thf limiui jit ft of Alt iJm! of / u. 

11 SiLfspc’^ /(jtl - I h 5c v'flf 13 -!- Ids and l — r"^. If ^im ’. find n. 

» lly the fifftE fniLdarn'inlAl th^rrm the 1 thkuliW fl.S.l), / r (Jf) — + 1 

we obtajD 

= l,I R -V r + ^ r^r 71 ^ + m * 1 j 


111 I =S +W and lim c ^ 1/T1 = +c^. Bv T/ITOpUal^ rule 

+ « T^+» 


Tlwrtfwe, __ 

lim iim = lim -’ ^ 77T , {!] 

/{x) ? r r n (^ 4- rue -1 ) -—i-« T fix' l ) 

If rt > U. the hypolh^rJi nf T. ride b* &ati?iflfid for ihe limit on lEio right‘hand sick of (i), Howevt:. ;i= 
rul# ia tHfR^ulu to applyr To Tmd tit? limit we divide the fiom«ntor and deftomifeiW by t*. Thui 


lim =■ lim 


— ^~ r J Mm - +Z - 1 - ■ lim ■ 

^ ?l “ 2 (3 + njr' 1 ) i! “ 3 + ni _l ? 


-pj — lim -J-e (J) 

T fl~% Xr-*+&C Z n -‘ 


If n > t tlK*i lim —0 .11 n <t. then tim —U = +« 
aie eiv^a that ! - im — - 1 
By comparinfs EqE. (2) wid (3), wr i *noludf Ehai n — "2. 


T.* (yrum in determinate k>kms 541 


it y — t p , y = p* 1 * \ Slope of Jiornjil hn* al (u. h^i = —*— _-=— - iji '‘ " ^ Thu*, 

JT(ti) fc_fl 

fO it fl < p C J 

ta {a-pj- Jim pn 3p-1 ~fl 

M-K Lfp>^ 

ifi. Cf — Ijj a:, j/ — S]u|H! nf normal lir-r ai (v, Ea D > - 7 ^— —ti - ^ ~ Thun, 

X t |-fl 

Klin (a — u) a “-*1 = 0 

h Exe?ci3f:s 47 ind 4£, slirtch lHr pf / by fust fioasag iheciticuiE of /and any hotiaatiLaE ^vnjipL4^. 

tf. /(f) - f 1 ^ _ f >0. Sr III* fijjljr*, Ih-!™ lr(t„ / r (f] = _ ,«/*{!. - IP BoicaiiK 

fXx) >tiiffl<T<e and f f {x) < 0 if x >*, Use %T*ph ^ *=- /(rj Ha* an abqululr maximum vatue at the 

prijat & (2 p?^ 1^44). f a [x) — x l ^*{%x. in r + !n s i — 2 ia t + l)/±*. trace and Emm wr find 

LBflectjaB points ivh^ti x ■* Q.£SI9 a*d a_3^3T6- By L’ilqpatfel'ft rak Jim 3 b /{*) - Urn ilL£- run ^ - D. 

#—*■30 x 


ijallmioB itoitiU when x ;* D.-*g39 at,<i ■Utfte. By l/ilopatsTs etjJc Jim r r, f{x) - Um ^ 

J—*-+U6 # -4-00 X 

['hterforf ]i(ii /(*) = f J — 1 and n — | i.-, a horizontal Baymplcte, !■'uilhtrroore, )jir. /(r) _ (l. 



Ex. Rk, 4S 


49. /(xjsr*. c>0 
► Wetauritf/(z) - a llLa ' , 1 ihns 

/'(*) - r D,r t if x) - **(k z+1) 

ttmittiar /'(*) < 1) tf f < r -l and /'(x) > d if x ;» * -t , theft / htl An hibsollUhe miiLLEEiuiii v»dun ,i\ 

(l/f,as{d,J6S,0.SS2). Ikcatiar lim (tr Jn r] - 0, l.hra lim./(f) - ^ - 1. 

- X—«0"®" a-—i-H - *" 

F inatly. ^ r J ~ ■ — -^ rso m - here are no asymptotaH.. Sw ihr right . 


^3. ^liETl^lofj.fi-+ 10) r- J^jts 


Isif-r-I lOliw/cfi . 

— -.-■= Is^tT. 

I In r X—+0O 


l/(r+ 10 ) 


- - - ■ - 


M, lim r ~ ™ J - lint 

E^+CO X +SiE X 


E — cos x/x _ ] _ 
■ I -I- h:jl r/r - "i — 


L’FTOpctiil' , B ndr CArtnOV tn- itwxl Inn 


r -ee ] 4 / 


dow not exiat. 


£3. :>) lifts iin J — O' 1 " aoad lim CSC Z — +OO. Henc* lirn (iiip x)™' 1 = 0. 

x-D + ' 

^ ^in j = 0 + Slones ^ Hie :“san JV 0. i» hrs-l ,-sii indebcrnaanAiT form. 
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7.9 IMPROPER INTEGRALS WITH INFINITE LIMITS OF INTEGRATION 

T.i3 De&niUcKi If / it COnlitnittiM fair dl J > >1, 

Infinite L'flpfl Limit r-*™ ^ 

L 

Ef this limii exists. 

7,9,2 fc&niiw If f i» CMlifitiOUM far nil f <. h. Uimi 

Infinite Lo^cf Limit ft |"4 

f(r)'ir= lirn j /l^lLc 

J -oo a—»J, a 

if this limit r^Lst.'i. 

TJ13 UofclitM If / itL wwiiinuourt far d] t'diiw cf *. Atisl e i* any real nutaber P thiiTi 
Ikit-ti Limit* Infinite r+eo r C , lB .J, 

f(r)dx'— Lim /(jJcT-r-h L:m 
J-oo *—4“-rc 

if these Jissjes 

r i ciCi f h 

Prfadpal Vduc of ^ Lim /teM* if ihe liwiii ti\m. 

J -b 

t^oavtrEetit, Divergent Fhc iolq&™J is eaaEtfi^eifcS if the Limits exist; euberwise ii is <fjcement. If /(ff) > r > 0 
i > a th.ee 

f '-hw fft ft 

f(l\dr - lim f(x)dx > Jam t^i=. tint f{h-,i)-.+». Hdft lb 

J* fr—+oc j- w & “+» f r*4p 

giv-efi im<gFJiL it dlvtfgtM. Certainly if lim /{*) = + i£>.. ilm ioURraJ is divergent. 

f +'>j a x ■ * 

p T=*t ^ ts eonveigcnt if and o-n)y Ef p > I. Sra Esereise 22, 

Ptob*±flfcy erf Interval tf / in a prubabiJiiy dr&sjty fa Klim ('pdf} fcw * pvehl OCCminj, lh«i 

probability l\i* event will oetu: avsr the interval [a, V i* 

- V(r)a'i 

f +-» 

Mod flf PDF ^ - r/{x)rfr ii ibr intend fif^ P 

J-rw f Ai 

EapoBtQtiaJ Deofflly Function: f(x) = j ^ |p ^ E^s msan is p £ce Exercises 


32. 


Ufllfrlfin | V|ahi|j, VuMk ^ M - {f/' ,tr " *'^ ' " W1 < d ' 


Pnatrci L VaJueaf a Row of inrame of /(£) doOiHs per ifta i ytajs when the amuil rate rate oE 
i% IftOi pereait manpoitaded. coatmufiKusb 1 i s ^ — 

Th* foLLft'frinE limiL tb«iFc«is nr* hrlpfij wh m applyins H^firtStipfi"- 
lim In 7 — hoQ- II ns a J — — ■I'jei ]f □ > L Lim a r — 0 if a > I 

- - -- --- i-,-oc 


Kurmint 7.9 


Lim 'j- = Itt, Iren t*U; 3 J- - -4^, liin ^ 7 - - CJ tf O > L n if fl.ny Ted nur:-^- 


In ExerCtien L Ifl dfflttffiiiQC if tht HfipropCJ mtegm!. jri fj>nverg« 2 Lt *r $W*t%fiU.L If it ii CODVeigei^Z. evalunl* 13 - 
L [ t^^dz - lim f 4 <:-*'*&* - ■ lim = .lim + 3i?) - 3 

Jn *—+oo J* i-ieol JO t-PC 

3. [ <*dx — lim [ c^rfr = Efctn r* '* “ Lim. (f- rt ; ^ 

4i \ l 2 " J *^ 


t> Wh uifi Itefi uitiaii 7.-9.1. Tli’is 


ir^ dx =^l w - =Mt£ + ^ 


1 


' 2 In 2 



7.U IMPHQPOI 3lSTTGRAL 5 WITH LN FIN JIT LIMITS OF 1MT UC HATlO.N SW 


■ 111 us, ±slo inic^ra^ is convergent with value 1/(3 In 2). 
b- ut ir - JT n*d dts 2~Mr Thfft di/ £ rfr and r = ^ ' f . Ttltttffrtt 

I™ I* x2 ~ Tdx ["flr + j£ 5 »I 

- ni!+iv[ ? " (J*) a ) + (In 2)^ " (luV 

6, | 4W -»^== | + h> the: p L£Sl ifrirh p I. 

.. r 


7. IWalih^ Em rcoHltr — +oo, 

t— 


r *onJi x dr »n dtvrr^rrji.. Ttn- integrand s« odd no t}^ principal v*lue in 0. 




«. r — 

J --30 

► Wt ufis lleFsnition 7.9,2. Thus, 

f° jf S e'djr - Sim I (1) 

J-oo _ 

Wfl use integration by parfjt. L«l 

h ±= r 2 rfv — j 
rfa = 2x Hr. # = r* 

Thus, 

J*V^= jV-Ja«*.i±: (2) 

We intefliAtt by part? again. Let 

b — list if* — e^r 
cTEi — 2 dx ® — -S' 1 

Then From (2) we obtain 

| JtVrfx = aV* ■ • Zxt M A | 2e*<f* = A* - Irr' -t 3** {3} 

Suli^LiLuting fro?3i (.3) inio ;‘I j, w* obndsi 

L*k» = ^' V “ ie + 2)E ■ - ' a( ' ]S -i^ + ^}=2 

• Tire* th* integral ii ew«|Mrt und val,w 2. 

■J. RetLiLusw lim — r — LLm — , 37 — =; —i Mr — ^ is (Li.Yeijtaii.L_ 

~^T a -l J* ■ 

w 2 


— — Lien — 

r -. -r ^ _ t 2 r -hnr. ^g_ 


«. ry**,. «. rffigs. I- f»te£ia 

J -c^ (3j 3 + if (!ix 2 - 1 - 23 ? 


— Jim 


• jl +2)i 


+ km -- 


4(3i*+2) 2 Jo * 


---Wc*'**) 8 I®’ *-+»(l6 lo/vK-r. 


«--« H'sS + i f 

““A + 

pi- f + /^ 3 = 3 1 ' ftl r* * dg = 3 - i Jim =. lim |m"i- tan -3 iv^) — - Ar — Ax 

j J * 3 + J l—+^JV 3 i 3 +9 3b~+<ki 2h/3 fr^ +oa A 3 3 V / 2 «r 3 

T" By Definition 7,9-1, w? 

I — Jim '~ j7 — Em Lq(Idj); & — tim. [Infill t) - In 1] — 4oo 

J D £ In r b ■ i oo J t “ \n r b—, +« 

a Thi^ Utf iRttfijaJ U 



TtC'HMlQOBSOP INTEGRA HON, 1HDET UELMJ.VAl'fi FORMS, ANTI IMPROPER INTEGRALS 
13- f e" ,r yi= lim [ «*ir+ lim [ c~*dx- - + l ,nl I -( r £ 


= limjl - f*) + fc Uffl £-(“*+ 1} — l-0“0+1 = 5 

f 4 **** - *^* — lim [ f -T * — jrf(-r , )4 lirti [ t~* 
ILtn tor^-l)+ t JS» +l = o 

U — 1 - IB * A—r-h :t: * 


=A-*" P I + 


15. ** ■ J'.c- ;.:. -J-! 1 - . 1'-^+^)= • ! - 

J, x{]i,j:) j l~+«pj, [Inxf r *—H*l In Ik **+#*& ■“* (“ « 

w. r“v*j 

J-» [« + J l 


c- Wt us* DefiJiLtkm . .S>.j with r — Q. Thus 


f+" vfa , s lim [ n ■ & r 4- lim f* timji Un^ T jP + lim [j tAn 1 * L 

J- w w+j? ■—«J* is* ^ t-+*joifi + f 3 —^ ^ *-+«W 4 * 

=. lim — i " 1 f + lim | tan " 1 | = - 4 (— 4 *) + 

* Thus tbe integral i< rc-nVfiriJtifLC and has value ^t, 
f *}*w 

IT. B«au,ir Mill III r +oO t In j efr i> diveigenu 

r—+«■ J i 


IK. Krona formula #lflft 


r CM £ dx — lira 

fc-—S--M J 


= fen 


I ]je x {-ens ±4 sin ij 


- "*( -«■ i + »1ntJ-^-l)]=g 

W. M f ^ sin - ^- j™„ J°sin i (k ^ J™* j ” 15111 H**E + ii3?* I'™ T i 

= lim {—] 4 cos &)-j- liin f-wsb+1) 

*“» f -«• 

B*rjp.u»« Mui «* * daw ivol rsi^t tin i*\-ju:r.e lisn W b doi'h riot "xtet, tin i divrFK*^. 

n-j it u—• + i>C- j—pf. 

(b) J snxdx = EmJ -CC--- ; ^ - JLra^[—coe r + cos(—rj] = r + cra r) — = 0 

3ft pro** it*i it f{z)dv n cww|mt. i*m J jpVf-rjdi ^ uluo a»vwB?m and, Si?w the im? v*]ue. 

* W« *m ffiveq that ]jjjl ; /I'xjdfi 

exists. Let r — -a^ dz = -dx. Then 

[ 1 ";i -5f>rfj » Urn f C - lim I = to f * /(rto = Um f Vi*}*** 

CmnpM^jng (1) med (li) n we c erne lade that is ennvcrgCEt and h->¥ ^same valutas 

- llrta (-Ah-=—' 3 - 1 + feu (- 5 -- t "?- U 

W n " Jisj*. H L' = All M1 **’>£ + Aft n,+#J) £ 

= ^ ^ [ru -_ : [ — ^ |+ ^lim^ ln{l 4 & 2 ) 

■^eillif: Limit exists Heinrs 15:^ jti^en intepiai is diveegent. 


i2. Poivr Lhr lest fat eonvrrgrtite, 

t T f js = 1, [ + ^~- lini InT^- iim (In ^ - In I) —+M-If p # In 
Ji x 6-^+ :rf- is. *—^ 


lltn h 
X 6-^+ :^- 


- Jim f 1 ^ * — lim —^ (6 1 p - I) «hieh »HV4ip if atl<3 only if 3 — p- < 0 « F > 3- 
t »+«i — pj| &=-k+» 1 - F 



1 



7.9 lMFftGpLfl IfiTECRALS WITH IN LIM IT LEMITS til' INTEGRATION &4i 


23. Let A square unitE be ibe area of the region bounded by 
?nd the lin* * = b (b > 0]. Tbch 


■r as the m-casurc of the nr«4 


BecauGi 


2-i. rtetspnjJae whether il s* possible io itenign ft ^jii^ nuimbar to represent the measure of the urea of the i*£p( 4 i 
bounded by s.he x fix'n.. the line z — 2 . and the curve Tvhose equation y — \/{t 2 — 1 ). If a Ftnite numbei can 
be fissioned. Snd it, T 

&■ Lit / be tit* flULCliiw defined by /(r) - ^ . i 

We find the Area of the Teuton K_ bounded ahov* by ill*" mrw y — /fxj, az , |: : \ 

bounded below by the t ax.!^ bounded on lhe left by the Sine 1=2. and ^ llh- 

■y'i:r<:rc ■ ■. -.:.■ ::y.lji b} the Ml/ -“ - *. vhe^ - > 9 . ._■ :-1 r=t! e<. '::*c . ET^r^r^ 

Hie- niainbef ni tqiUK iiriil^ iii thn aTr* of R i-H given by I a J A 5 


- j, ?TT - i J, 7TT-5 -7T- lL 

wheY* paYtiai fractions were used foi :he integral- Tbf::i, 


ft" 1 4 + I > mV ■ J y 
B«AU*e the abcKye Limit exists, the area, b j I d 3 square iidpH^ 

25. Consider the jegion bounded by j 1 — x -3 ^ s . the x ills, x 
rirrnl.ir ilia-h. ^enlnred Ml the if axis. d* radius lfr ,- -3 '' 1 Then 

V 11™ V irAi. A .a- =. r \ 6 - J- 


d > 1). An element of *Gltime: is a 


,-x the rneaM.TH of t he volume. 


fckeause hm V — lim -* +1 1 = ^ assign 

G--+OC fc-r-oo t -c/ ^ 

2S. Cotuidef Ih* frgiflln boyfidrH by Ibe * asia, a- 

rLmrlfiJ dihi, renteied on the x axb.. of tadiUE c ~ IhcL 

V— tim ^ ff(e - — sr f e -,tE dz = 


T m thr mcM-npe tho volume. 


Uetaulic Um V _ 

+*5 1 


(») The protwibility Uiai the df * battery ^ not mofr th^ $U hoitra 


P((-oo,50]j - . /( T)dz 

-T— 

(b) Tbfl probabi I i ly tha’. the lif*i of a battery i.£ at leawt 75 htrnrS ts — oo}) 

lim p J-f' 1 ™*!- Llm l-f-^P - Ji« 

J T ^ *" w fr.^ 4 »j 75 Eu *—i« H &-+» x 

25. Tor a eert-titi type of Light bulb, the pnebriH-iliiy d^n^Ly Innrjinn tM ■= boura will be aS-e life of i bulb aelectod 

J^-,/40 3J , > (J 

Fihd ihe fhrrhbabdily Ehat the lifi- uf a bulb Bflcctcd *'■ 

random will b* (^} beiwr^n 40 ^id houra, apd (b) at least Gti honra. 
tf fa) The probabiltcy the Life of a bulb selected at random wdl be helw«n 4-0 find 69 hmt* b 

-3/2 _■! _ n M r. 


it riuidom 


Pimm 

Lb) The p»bab(iJity tbil the life of # bulb sHrcLnJ jandcuti wUJ be at ]n*t SO houti m 

ra«M*»i = t * .iim -rr^t*}^ . Jgl 


. 

i jr 



d.i 

- 

\ 



- 



0.1 

■ 

1*B6 




i J i 

5 

-ft! 









Mti TPt'aslQUES OF WTKOBATHJM. iNDtTBKMINA t fc L-'OJLMS, AND [MPROiMill INTEGRALS 


29. /“(*) 


30- /(*) 


fu-* i3 ai>o 

W = U a-<» 

fa) P([1,2J) - J ’ = J ‘ ~ —~*** +«'** * ®- 2 ® 3 

(b) P([5, +«»* - 4 + "' 5 '^ 

„ „ Jo.OS*- 0 ' 0 *' Lf*>0 

Lf I < 0 

PfilZ.+«0) = f%JWr Mfc * = „ lim - Jim W " *-*“•) = *“** * O-™™ 


S " 5 


3l_ + x"-Jx = 2^R ? liro, 1 * — 3iin*' - i" 1 ) -IT^* ' ^ 


ii - - ^u"flWU5l){3GMJ - fi.9m=6-95 

\\ 7 . |- i.- : ■ :- rtUNin ni V jnmkjli :i:i« C-hS-iirr : from vv «•■ .-.■.i;,." ;■ ,-"v f::i=:' f«» .. 


„ , ltc- kr if r > ^ 


= [ + °V£*)cb = f D r fW* + -®+„Jjft. 

J ■—flQ '" B “' j 

- \- im f_ J> A ._ -j- i' _ i after inii^alias by par^. Heftce. tfcc mf-iui *>f list probabiblK* U y. 
ft— p»A *** Jtc* & fc; * 

3J r Let /(f) = IDOO-* 2 _f ^Lrirf j' - Q.OS. 3e~ f - ? _lW . Lh« praot *due is 


- k -K tr t 


.- r lftfto J-inl-ftflaJ*? f lQ4Hi ,r r r { 1 "*- 

- _ .IWL^ 'q _ t; - K2S3.4L ]'hi!K. Tiw ptra^sit vaii-e Ls ¥1293-41 


{ 3n?-O.DH}& 


34. V = [ 120DDf^rfi^ Em -L^MOe^T " (120,000- 120,000^*) - 13MUI 

t-»>:■:■ Jd ’-'-■» 

3&l M S dollars be lire &if ^SSsng price. Then 

s . j-1>—-JiU^+fH'+fK I 

36. Tte continuous fla** of proJil for * rurtipany is sntrawrag with tame, Mid Ai i vears tic nTimbt^ r>F dollars m. 
the profit per 7™ Li pruporl tonal to t. ^W that the pre^nr. v^ist of the company u iiwmdy pjthpKwtiosi. 
to 1 \ wbw* IflOi in Lit initftiCt ra;^ compOun 4 sd Mtiouowrlr- 

f> /(f) doaiars be Llirt prufii pei veil f years. Wr ar^ giv^n Lbii /(i) - with t > 0 L becauw the !*=*->-«■ 
pcj 1 ’L^-nr 1 ■; pTiNiiorLibOitaJ to £■■ Th-ia. i 3 \ d.<?..ar5 Ey lie j'lL value of the tofflpan^- then 

V- [ + %fr -Bl dl = fc lint [ ic _sl dff 

J(j *—*«Jp 

We inir^r^ie hy parts with 


, _ _ 1,-i't 


f . —it _ f -ii g 1 f ^ „^+l 

l 1 £ dl = -? t fJ e di -~r ?“ - £ y r 

SubeStlutiTig the <rtdueo!f the iitdefjiiite LnlepraL givm In. (?) into (1), ^obtain 
Th 115 -- ibs preacnl value ftf theesunpany "13 eel-pSIScL^ piaT^orLi-onaii to s ■ 



7.3 IMPROPER INTEGRALS WITH INFINITE LIMITS OF INTEGRATION :Vl7 


17 - Tbe X = * IWl di — h ?t piet^r inlKjritf. 

2 k[*/*«(,« a lto# l'' a & 

J**0 (i 1 + # ! > S/3 J#p# JB * Jg 4 ]u b ‘ 

33- TJtn fitibeikuLlon. x — 4 tan. 0. dx = fr sec^ rfG gives -a. proper LBsegraL. 

f = 2*fr [ ” * ~T~~2 ~ “* 6 f" /: • 1 ~ ik f ’* \ Wfl = ihr 

39- If S3 < 1, «, > ILifl — ~ ■ Ufii *) * - Sisft lafln b) - +x; 

J r af(Lo a) J e J-L :£ J b—+eo j? t-.+oc 

Thus Ih* Integral div*M*es-. If n > J r then 

r. Urr. „ J-l \“d 4-| - f /1 _ ^13-11 1 


I *"* i i ^ ».flai iiln ^, l r=fr»n 

J e (In xj Sf i- - f-tt ■n j hl 4 * b—■+«& 
llecucc ibe integral tnnroga if and only if n > ". 


f^ri + n - I I u - I 


4 )G. HgLmniiig 3 vain? cjf n |bf which the tmptopor Int^ral \ f—j-=- —-V* ie nmvecgnil, 

the integral for this v&Euc of n. , j J a ^- + ri 

- jr*fc$T- * &JX +j 5 ^> _ jssJ- 1,1 (r+1) -**** +n) C 

= ^JiraJ* ln(* + l)-f !i.(2t? + ■.)-* in 2+fin(2 + n)] 

- J!?JiM 1 + 8 H +#] ~ » h * *f ^+*)} 

- * + +?)]- ,n 2 +! '"ts+4 

- LintJln-|)ln t Jn^L + J) ~ + ±^} ~ n In J i +j| l»(2 


lx ]& convcrgml, ^vjditnSc 


- §> ln 1 + ■ K l + i)- 1 K 2 

i third terms eidst fop -any vaJiic- -of n a 


The LLm.L( Id sh* tecanri and third :trm£, eidst top any vaJitf of fi and tbf Jimil in the fuzi okjeIp only if n ~ i- 
SutHtltUliog * 2LtS vnJu-e of TI in (1 j. zltt LLcnlt Ls 

0 lnI-|Jn2“jk.2 + |lii| = O + 0- ^la2-|lil2+|ln7—|in2 — ^fnT-3Ilt2 

4l - 1 ■ i:Kr snVrV 1 ' - o;Vl> " 3 Ji^j™ M* 3 +1 i- im*»+1 if 

= ^ lim In M * 3 + I) In(3b +1) n b 2 +h 4] 

Sf tJ <fl, Irtptfl Vrtrijtl?Lr Lrtrn^i Atr Iift-iI iVr, t\w bm\t -*■ n(nS I hr ilitrftfaJ divi'P^rtit. \f ft > Q, IliPn 


+ r l/Tt y 


» {2 - it)h ^ 


1 r if p 41 s" 1 1 ^ l / n v 

r -i iSSLl* Wf + ^ S J=i Ji 3 L [ k 3^-* ? 4 n>fn "J 

[f Cl n <th^ numetatop appiojieh^s ft and ?.» Lp|ajilhm approach*-- —iXr wliil-r iF t3 > j thr nunicjator 

jippro*fthfti + on nod the Linist. ift - w r in eiLher eaae ImcgtaL do«. aoc eJcLsb. |f n i ^ 

^' 2 + 5 ' : +iHhi^ WHt^i + ® ^ a i=i 1,1 p 

.H 5 L + di^L 6/( * lir s+ D ( *^5 + ^(|/^ • = h f w 


hrr,nvyr 


| d /(xj s b+ JVw*- 


^3. Ebn^v that ^Sn. 1 unlforrs: il^nfJLty Function qualifies *a -l jjpotiatMliCiy density Junction, 

> Heraiirt- e < rf, ilir-n d r > U and mi /(j) > 0. Furthetmon 

J>-^ !/^ t+= \.j *** L"^ + L 

^D + ^-tWi-+0^I 


m IFCKMQUE5 OF INTEGRATION. INOllTijltWlNA 1'E FORMS, AMD IMI'HOl‘£lL INTEGRALS 
7,10 CfTHER IMFHjOFER INTEGRALS 


jhc cSrfini 1-^ j-rf ik IrnpKtpef if / in litiJrttihrfcHii un Lh^ iniprV.Tl !n s W* 

iiij.r.ult'r Ujk TliEeu covriud by l\ik fuiJtiirftClg drijmLioriH, 

7.10.1 Definition if / is ceuitbcuotB at all i In the inters half open nn the l*fi a-utl if tirn |/(x) - -n, 

f & r 6 

I ben /^xjdx — hrt: if this Limit «dat*. 

Jrt J* 

7.14K2 Definition 1J / ia c-ontinuc«-i^ -%t nil r in (h«^ in‘rr\v*|: h-.-Jf open oa ih* j-a r A-j an?1 if Uin|/(s) - * sc 

f-E. rt 

iberi /{±)<±t — Ijjtj_ I f\£)ax: If this limit ejti&u. 

J a ^ Ja 

7Jft.3 Definition Tf / ii eoMiHuCtts Hi- -iff * in llie ihtefviil j*,6| rkf.r\rt t, wSiw* <*<£<■& and 

Uml/fz).- iTsen /(j^ - liunl f{x'\dz-t lisrei /i»rfr if these linuts ladsl, 

j'-c 1 J d r-*c ift 


If if an improper integral, it is cont.'+:r$*+i£ EF the eorctspoQdir.fi iimit exists; sFthe 

il b rfauer^esr. if thert i* more than one number m ]a.^ hI r/Ji?cJi fcW fissielioti / Eh unbonded. 
vrt RCfeLst express the given ictegro] a*. a sum of Two ffu-i?k loiegm:* of sAc iyp *3 eovewd. a? 
7,10 l 1 tuid T.10-^- The follo&icfi theorem Sets os sometimes avwd limits. £r*“ Es^n-is* 12. 

p Test f ia convergent if and only if jn- < ] Sw bis^n-ipr 32. 

Jo * 

'1'Jtnnrin A if tb th*' bpufi interval / is e4ir■ -iiuuija. And Iwt* jlfi Anliderivhtive -shd fc >' -i 

cnflliiiuoijs jn ihr c\ u^td inien«| {u>] ? iSujcl j /(Vjtir — F(&) — 

PriKhf T^£ c E (o^). Then by ti» second fundamental theorem of the cak'dlus, 

lira f /(iMc+ Urn j /(*}<<* = lirajFCc)-F(a)j+ UmjF(tJ- 

la j^a^Jr * * h Jr ^ a t 


-F(i)-F{a 


E*erci:-rr- i-.IU 


in Eji^r^bt^ W'M dpT^rmiiR if th*; acnpn»>rj ini«ir 4 l i$ *;uiLVffi^et at 4ivq^, If it is convergeai. -eviiluirie il. 

1. V = lim_ V ^ = lim \-2n/l -x l - lira (-2^/1-t+2) 

Jfl W Jd^ *-'~i B i-« 

2. [ I jr-^Vx = lLm^x 1 ^"' S — ]im — i 3 ^J — ^ • 2 — A 

Ja r 3 ^ a^J* .,^u- l ,-d- 

3- \~ Z -fM==l lim _[ £ 2x{ r 3 -9J" 1 ^ I lx=i Kmfa^-oT = Ltm^ - i/f-5)* - g] 

4 f 1 . J *** 

' t/lS-i 3 

^ Bcoastc tLcce is an ir.finite disco el tLcuiiy al ac use Definition 7,!0-£- Thus. 

\* UnL f * iff tfff a =■ 1 ‘utl f-^ie-r^^L-Srte)^ ELrrt-^/i6-± 2 T 

Ja f-i Jn Vie-x 1 ^ Je ^ J^ 

- +4] - 4 

B. = li-tT 

^ M'Jl 

0. f 5 _ lim. [ J 

J -4(r-i-3r f—j J - 


Tifr?! * Jip- H ir ‘ Il=riit- [™^ ■^ 

', (r - if ~ 1-^3“ afl+S) 7 ].. ‘ r 2(7+3?]! 


4 (^3) j 


“ JsEel 

i —y 


——+ , a j + |inv| “ | -y- -J --;.? . Deeacw neither Jimic eoCEtP H the intertill If diveffi^ni. 



7. L □ 01 !1 NH m I s RORER 1 N'l EC! RA lb f.43 


I s«^- Jim [ d& — Jim Iji| set 0 — ran j [ . 

}*/4 i—/J“ Jir/4 L~*f7~M* 

- Urn _ (Wise t + «fl < I —| + 1 ll — + «r TJsettf&iff, ike given iflwgiil in divergent, 

f V* ■ 

J -3 Vl ? 

fteeaaw ih*ne iR mi infi&itr diacoatinaity .'ll) '2. ** uw JJcfinii ion 7.1ft.:. Thus, 

f ——_= Urn f —t^= =- tim he - * IfT = lini- [sn -1 0 — m~ l iir] w w4r 

J*- 3 *J* V^-X 2 *—3 + ' * r-2+ 

IT”S - ( !r* 0 + A 0 - il ■= ,li#H + i) + *-?»(■ »* 

Because lim f—ibe integral diverges. Alternatively, f diverges by the p trat with p - J- 
' - 22 / JQ XT 

f ^tmn & d& Jim [ tan ff d9— LLitt In kc tfl =■ fim Jhi kc t - In 1] 3 = +Cw. Integral div^rgr^. 

Jo t-w/a _ j0 fc—rr/J" Jci f—*/l 

f w/2 dy f * ] + itlnv dw 11 f* 1 j ■,. 

I J > = lam I -■- -- z --—— Urn -5- dtf — Lllm _ fM 2 sr +A*C y 

Jd 1 ”SH y i-T/l~}u l+anjr 1 - Hn if i^/2~ Jn i-W2 Jo 


(-' , .-JS_ = Um I i rri I* 

Jd 1 -anjf f-r/i-Jn I + san y 1 - «n if co^> (-K*/ 

jtin f■+ ewe I — E | — 4 oc_ Therefore. lb* given integral b dheigent. 


P , J*., ,. 

Ju - 

Because there is an infinite discontiDuitv a 4 ]. we use Definition 7JCL^. 'thus, 

1! w " e “ 1)^*1 

= lira. i3£i -l ) 11/s + 3] + lim 3 - 3{s - 1 ) 1/3 f = 3 + 3 = 6 

t—■! + 

AEt«mativ*2y, s-e 3(r - ]] J -^ is eoaitLciiaOiij! tm tlte dowd int^r-val 1 0_2;, w« iii^iy Thtto^m A, Thus 

,-r j ss( ^ 3 ■" ll j - ■— l hw: ^ 3 ■ 

Jo ^2*^3 = Jo (i-3)(x+|) = t iSr L(t-3)(U H + ( ^4 J, (i-3)Ci + 1} =1 + J 

nut i= ( i™ (j-^-rrr) d ' f - JiT- [I Hffr'I -gc (J * lw • J “" nwt c “ v,f ** ; ) 

TSi-^refkjift, t.hi' giv^n JotegT&l iy divergent 
r +o& 

Beeauae lirn In J- — KXJ. Jii x tlx is davTKrgFnt. 

r ] 

Theie pre infinite discontimrilies at both iJ and 2 . i'h^s. express ^he given integral as a of two 
integral e^h wills an infinite dis«Mitinuity nl one rnrl^ini. 

Pdr _ f 1 __J 1 _da_.. f 1 _da_^ ^ P__ 


\lv£-?‘ ?NwM‘ 7 Eftr*£ 5 E!fc? 

■= lim sin -1 (ae— 1)1 + lim_sait -1 (f — ]) ] — 11m {—saJi _s (. , r — J)] + Hm_ — L) 

n-r J " ** 4 r—■■ 


- Jr-r^r *5 it 
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+ 1-“ 


f°-—r«tt KJ^- 

J-afu’+i; / '— 1 i Hu - \ ) f r— i-'-Ji yii +I) / 


ls - I’,?=JfeJ _,$ + Mil ?=*!!!?- -It*M "*I = M '~^ + J&l ’ 71 - div ^* 4 

* i I + + ai*] 

Eetaose aeitJutr ! i mil ernes. the integral is di^-e?£>enl. Alternatively. ^ diverges by the p ',■&■ with, p — -: 

/- J-qi -e 

f+*£A, 

Jo 

fr There is an infinite Gascon Uniiiiy ai. U khI u-n infinite vpp^T lirnik Thu^ we ^presa the giv-ai inlegr-a! * J 
sum nf Ewin smpni^r liEtL^raJs. 


»«■ ['£&•+ to rq&. 

Jo i/r Jo v' f Jl y'-r j-D + Ji y T ^ + “■ J L v , j: 

To find th« inlsgml. we Lei u — — -y/t. TbrtfS rfu. = — Thus 

|!-^L, " J rfu) - -34 11 --It'^ 

buhatiLuung: from ("2} into (1), re obtain 

f r yT ijj — Etna -2e I + E:m -2c ^1 = hm [ 4- 2r iim [- 

Jg i* [ ^ +oa Jl i—V *“+» 


b*TC 

/j Jo ^/e J I y'J 1 j™D+J # V 


* + Li-m 


‘,-v^ 


./i 




+ 23 + 2*™* -2 

Zl. [ 2 -&-S,- dm f * {In t)” 1 ^ ^4 Jim [ 2 (hi i) ' 1 '' & = iinL [jOn + fe» [1(1" ij^*R 

Ji/» - £tn i .i- Jf /3 ■ * f _i+Jd ^ • 1 i-t H' J^ S f-i+L * 1 

= l^sm. (In !^ a -(h i]T +{ln 2)*'*- Um {In = jj[D - Mo 2)‘ lA ■+ (In 2}' t/i -0j -0 


dm f 

: r^- 

tLm f 

i^- 

] —Id 1 - x — t f 

“]" k 

,\l - J! 

“ . o + J. 

Vi -i 

■' (—1H V 


- LictLMnf 1 - il - t) + tifli ]M* - 1} + < - 21- bcc*Uic heithef limn the ioltfgrjil ih di*«£flrL 

e-~s i 


J r f —— iim [ ff ■ = lim j»c ] x F = Hm (sec 1 2-™ 1 1) i=r |?r — Q ^ ^ 

Ji xV?^T iZ> J( */*?-! i^]+L t ,-!+' 3 3 

*■ Jn *Jr^? 

t > Thrjn is An infinite disown.tiuuily ot (}. Thsi^ 

[ --S^ 7 - » ■ — line -- /li 1 '- > ]:i3r I — lirn i [n x — littl — ^ III a 

Jo ri/4-r' +-* + J^ rvt--^ P-I^+Jp 22 A-^“ ^ J 


TtHfrefore, thi-K inL^r^ cli veir(l«iit. 

* m ’i ln ME ^ *^i HMfi s h i ln a ■ ln Hi) + ,^i in (t! - in a) 

AJOtongh the second Limit exists* the firs^ dws not wid w ih^ inU^T™ 1 h iJiver^jit. 

= *!!$- [§*' -S! _ l] + ~i + i- 0 


7.10 01 ItfcK IMPROPER ||VTE<! LtALS Ml 


in Entases 27-23, imd the values o: n for which the improper Kitagral ajid ‘.v^u&Se the inttgiaJ Eor 

these values of n- 

27. If n i 1. f' i; n rf* > lift f ' &£- Uw, jJUx: 1 — tlm, |0 Ih f] s +», If n > —l, limn 
h i-*i* Jf i-o+ L J [-.o' 

[ 1 = lim (*'«*** fo. \f£[ - lim U--^) = jL 

Jfl Jl i^+h+iJi + 1 " +l '' n+1 


28- x n li. x Jx 

Jli 

*■ I'jrst^ ire &nd an indefiiail* [nt^griil. If rt ^ -1, we may Loteexatc by j»H*- 

U = lnf dr “ J n 4 r 

j.. _ jx .. _ 


Th.U5, Ef n / —I 


£ la lri £ tff 


Ef ft — -1, then 


x" x" +1 in J J n "' 

» + 1 ” "+ 1 (n + lr 


J E^tn x dx — J (In x)r — |{lll 
If n > -1, Vr# use the intbderkvALivr ih [LJ h Mid we have 

Because n -*■ 1 >0, lim. ! - Apptyiu-dj LmpjtaJ's. iuLo* 


Jim s n Iq?= Lim 


»—0 + -{n 4- 11* 


— 1 _^H -3 „ 

-:--. — kim ' , = ft 

\.-l™ +a ) —n+ T1 + l 


3 ubsLi.ti 3 i.ing froiEk [ 4 ) inEfl (9-), wc have 
I x rfx =-- —t if n > -1 

Ju M? 

Ef ?i < -], IJocau&f fl < X < 1, them x El > x „ Vsin^ the aotidwivativa ia ^: L we hsve 

[ s H ta i df - lim f jt _, Iei x 4r - lirri f|(ln F ■ ktm. $f ; — -oo 

Jo ^-, 0 +Jj J ^o +L - “ a* 

Thus th« integral is divergent if n < - 1 . 

tgLlfrt<-l. f" j-"ln' i rrfj > lim, f l |o^^= lim Ala?*? = lift;i —itn^t m +o& 
iv |-*&+ ii x i- 0 > 3 * r-& + 3 


Ef n > -E wm iniegraAton bj parti twice aod get 

Jo (,-kj+J i d-o+L "+> T*+vr [n+ipl 

^ Bm [ 2 , _ . ,-L_. 

i„u+ [(tl+I ) 3 a + I {n + 1 } ? (H lfj {n + I j 1 

}0. Til* jit^A h irtfhr.!Pfn(x<{ by by TTmintti A. wtiiU tbc vo^uibc of revolution ii 

leprcsenled by r I — — tt lim. I ^ — ir lira la ,r. — -t iim kf- -ac 

Jo T J ^-+Jf T j^ C^T,' + 

31. ColtriKtkr the eegioa, bounded by ^ - £ -t ^ 3 . j- = t (L >0}, s- ^ a s atid the s ast*. An ekirtrtil of vnbtEEie ih n 
eltcoJar centered on the s 1 wi-* j ^ of tadiiLa u,' L ^ pJ . If V esiEAt 1 urnth- rrf>itriii ei.l-i the vAtusne o^ ihe 

_gi v«n :-mli J j cl, 

V = Jim lim Tf^ -1 / s J 1 A ¥ x = Eitit ar [ x~ 2 ^dx — x lim llni [b — ^ — fi it 

|i |! «0 i*i r^o^ J* r“ 0 + 1 J i-o 


W 3 TECHNIQUES OF INTJ 0 CRATION, INPETERJUNATF VtiRMS, AN I) IMPROPER fiWTEGRAI^S 

rt j 

32- DtftfcnnnK if the Lziipioper integral -. ^ " - i t : ^ ^ e ^ converses n: divergent in each (a) fl < n < I; 
(l>) ft — L: {ft} ft > 1 i ]f I hr j-n5rg.Cn] ftfthvefgffHt, rvaiufl.'.r [L 

e* Jn c*th ea*e tta etc U an iofLoiur tftoeoitttaaily aur fll 

(»■ If 0 < ti < |. t then 1 - Ti > Ol. Theus, 

I -— Jz _ Um [ *(x —^“"rfr m 31m ———j 6 —tiro f(fr — a) 1- " —{a — a] 1- ™} = ^ ^ — 

hW-*r -^ + 1 J* r -»«+ u 3 - 11 

Tho*. the irnptepft [pwstiil i* cenvetpeftt. 

(b) If n — 1, thea 

f , -jl^i " ~ Kn v| J^“S = tim + k(j- s)j* - lin^(b^-<i)-'k(j -a)] = t« 

Tinas, th^ Improper integral w <fivn!fl«iit. 

(t) If a > !, then n — 1 > D. Hence, 

I , *** a dz — lim [%-a} - “di = lim --—“■*—F = — ^-i | 1 “ 

J, t* - “) ^ „+ + * It - clJ— l J 

Thup-. Lhr iinpfapef intp^Cnl i* divwg*EiL 

33. An equation of ihr quarter ebele In the Erst quadra]:: hi lt - \fi? - r*’. Then r — — z/ V^7. Ef L U1LLLE ^ 
the- oiroumfereiaoe t?( Lhe circJ*, 

L^[ ,ji + -=L —EEeel [ — 7 - =■ '1 j [ieri .kin -3 -“4a Jjiai fian“ 3 1 -*in" 1 

JoV ,-** Jf V^-r 4 ■ —10 ^ ^ 

v - 4 a--f* — 2?ra 

ffi'ateeffjtiepatf j?3r^rci«j /er Chaffer 7 _ 

1* E^rcisd I 5-1, ev^-UAce tb* l&kllaltC lfttfrfi*Al. 


l . j -mi cos^-lx — [sdn a 4a- «h 2 4x c^t = ;, s::i 3 £x dz = | j (1 - cos iSxj^x — | j-£g sin ltfx + C 

t MkiJkmI i :^^3 = _^^ = ^ + -B 1 +-< 4 L .. 6f »_3 = A(f _|) (it+ ij +Bir(jf+ ,j + Cj . (l _i J 
i _fl: -3 - -A, A ^ S; 'IE, B = |; i - -I:? - SC n C =r 1 

- |(|-j-L--l-jij)rfjf=3iii(rl+inlat-l -f !n|i +11-^C 

3. Lei «= 4-< 2 r , Jh =-a'd*. Then f-f-^-= f^4^= -2^/u+C = -2^-** + C. 

J V -4 - e* J V u 

4. 

t Lst — Ean -1, (j:/4i)r Then x - j Uji I?. (Jr — a stc 2 !? dl?. \Z“ 2 4 — * sec ^ 

Thas_ 

f a - | n di g’f^ . jjj jg^-^+c 

i j a i/rf+x* J (riwi^)[a «c ^J j j J « J 


Fjrtm Ebff figure hnive 
W i?=—j— 

An4 by iiabelilution fiom (2) inMy [1} wr 

<£f 




+» ,i 




■+c 


&. E^rt t - ? 2 , tfx - 2l Tht'a t - |"tan 1 | 2t I-^ev l I! dL 

Now lei u^. tan -1 * and dv — 2i. Then du — ^ ., and i — t" + 1 so Ebat v dv — fH, Hujaw 

; + 1 2 

1 ul {| J + I)ta-n“ l — J dt {t 1 -*■ l}taai -s - i + C = (t + l}(an -1 ^/x - ^/x + C 


MISCELLANEOUS EXRRCISES rOW (CHAPTER. 7 m 


► wT^ = w+m*T) = «T3 + <h 1 - *t* + »■* R t 21 +*>- 1 - # 1 


- —=A; A ~ - 2 . 


dl 


f 2^4*143 

7. + w |^^|^|^|* + e: 


J VxTT-L 

> Let u = \/x +1. Then v? — x 4 l n Mad <fx - 2tf du- Bilice, 


| -p f j \ [ + -+ 31+ InJ 1 4 S + f - " In 7 ^ 7 ^-“ 4 C 


J j£|I±L. - J fe - « J (.. Xi J-gj - J -L U— 1 U ft 


= t 

where C — L 4 C. 


)n{ v/TTI — 1 j +1 = * +-9 t/F+T- r 4 In) ^/F+7-1J + C 


S- Ij<?t 1.J = - 1 , <Jn = rfx, T?i«n 

Jj£±ljj/,r = Jai±*ixJ? £jl - 1^+2^-S + Jn-S-y,, Iteul-Su-l 
10- Let y — ts* t£y — 2u rfta. Then 

1 75+’i = I £+r = J ( 2 "r+ r)*“ s s “ *M« + H+C-Vf *ta|^4i|4C 

11. | sin x sin dx = J^(-cos 4x 4 ™ 2i)da =s£ —g ski. 4x 4 £- sin 2s? 4 C 

12, | c frs i? -rtf 2-£ 3 dtf 

o We u« t he identity cos a cos £ - i£co*{a 4 i) 4 co&(a — fr}j r Thus, 

coa ff cce Zff rffl = ^ J cos 3$ dS 4 ^ J ms- 5 ^ sin 35 — ^ sin 3 4 C- 

J&. IaK u — then j- — tf 9 And d# — 3i* a di*. He^iCe 

f^ 75 -f 1 " ,n| 1 D+c = 3 ^TT^s 


4 C 


f ^ - 

x ^ f ^—-s^ . ] 1 . ^ •* i n 

*1/3 

1 7T& J 

* ' + I 

1 * r 1 ' 4 ’ 


H. Let f =™ _1 (i - 1J, t- 1 = stn fl. Ji ±= cos # rfflL Then J i\hl -t*dt = jlyfl -((- IJ a rft 

= | (sita $ + ] Jfidi 0(c« 0 — Cw%siia 0 Jtf)4 J4(3 2 #)d& — 4 4 Jain 20 4 C 

- - jc^ 4 ifiJn £ cos 4 C — Islel - l f 2— J) — j(2? - t 2 f ~ — -±( 2 - ]; */2t - t* +C 

| [ ftec. Jr + R( 3^) 3 iJi — | (wt 2 3x - 2 esc 3x 4 CK^-ir dr — (bcc"3-j 4 1 csc + cso 2 ^s)dr 
-1 i*n 3x +11 n! l?in 3x | ^ cot 2x 4 C 
N- 


f Jr 
I vV^ 


b 1 = ?■-!■; xsb(u 1 4l}; 


rfas - 


* I.eL li x- \/r w - ], Then 

Ttmj^ 

f = [^S^L. = i[_iL = 2tajI -l u+C= 2ia D -lV^^rT + C 
J -/r 1 J {11*4* l)u J titr 1 


l! u du 

?TT 
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1T a^ + m + a _ , r . -B<* + 3t-±a -gr + at + a _ a __n _c_ 

r^+Vp + it ^ e{e + 2)» '" t((4'ft T * "' + * (i-Ts? 1 

-s.* 2 + 5£ + & » a(* + 2) 1 + tai(j + 2) + Ct. 

Lex, i =: pj a = 4 A «■ A — 2 . L«. t — - 2 ; -30 = -L>C ** C - 15 - 


Lrt J = Ir 3 - £JA -= SB4 {J: 3- 18- + 3B 4-15 » B- -10. Thus 

JS?S+« ,Ma J[ ,, + i «ft + rfapJ ttBai + aW ‘ l wNUil-^+C 

=ii+Sn cr^j w ^t+s +c 

18. |*^2 - I J ■ Je>* - |- $*»«*» - | - $*V» +^ e J1 - | (,»“* 

= J*V» - $*V V + Jw^ jV T f C = JL^-tOaf 3 Ot* ■ fe - 5) + C 

, 9 . |?.;±; = ffi + p-_ T ^,~-]s« = j [«+^ f HMI - +c 

20. v '~ A dz 

> Let 5 zl icc -i ^Tr Thsia £-£**< 0, dx—iscctf tan 0 rf£, er.d ’i/* 2 - 1 ■= 2 Ian 0 - Tbiia, 

J ^ J fa lnn lan 11 nV; = J^*= 

— ]n«t 6 4- tan fl[—«Lci 0 + 0 — Inj~ + ^ j “ —--Ml 

— InJ r + i/j* 1 —4;— --~—- + C whets C - C - In 2. 

21. | sln^x t&TZz da - j (sk, fe £r)W3«fc = 


sin ^7 cfl? ^T - ) h'lu Jflfx = 


sili^i-z l—cOA&t, 


- ^ | dr - ^ f wn 3 fcx eo* dr = ^ x - -|^J sin 12? 


— -,4t sia^i 4 C 


22. HsjiFndl- Jl-4(t-™4i5di = | ^ di - [ j-i lros 4f di\ = -|tgin 4f + Jjsaia 4t < 

- if 3 — £f M It A1 - CSM At -f C 


f ■ * -*iWU?)- 

■ .. - :r . L 


JV3-4r-r‘ r v /7_( r+ 2> ? W?' 

21. f —<li 

J je* - ?►!■* + 8i - 1 

&■ We ijf.lOt the d-rjiiMneciittCiir. T 3 ll:h. + .^- 3 : - ■% = l k 4 

4t : •■ i-2 _ A S4 . C 

(7- iKi -a') 1 ' * -1 1 » - a ■ {, _ sp 


1i a +i-2-A<*-2} 2 + B{*-[){±-J)+C(*-l) 

Jf ^ = 1. ®c get 3 = A. If r=2. we have 16 ^ C. if ; — 0. we get —2 — 4A42U-0 and because A-i3 aati 
tt = 16, then -2 = 12+ 2B -16. so R = 1. TliffeFore 

^in|(*-lJ 3 ( I -2)j- i ^ T + C 

!S. Let (4* r dt - 2lt dx- Then I - je s <9S x 3 dc ^ | x 1 tot j; j (j: dr) ^ | t to* 4 it, 

N(kw 3ct v = ao.d 4t — cds df. Thtn dv — ^ *nd u — (. Thai 

I ~ f sin * - | ^ i df = 1 f sin £ - i cm f + f ■ = x z si n x 2 + ^ cos x 2 + 0 
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P U»*= j|^i“]j£?= H*“ '! +c -?W 4 

37, L«t n - «^ 5 And dfr dt. tVfi. <fa - and i. - \ *in it, Tliirtfbrc 

|* Jthi* dt - ^ e T ^ha l 'It -11 c r/a sjn 2( ch 

Tj^ ^ = * f/1 and dv - sir ’it dt.'<EMi ffi* = and u = Hrace 

j e [/a M 2l dt “ | i^Vhj it -1 ^ mh ^ c^CM 2f j 
Adding ^ |W*tas ifdt to boMb nirjA^ae, wc obtain 


V-C 


c'^cutll tft — i c^sin 2t +| £f 4 C 


| t^ow 2f dt - sin *( + (OS + C 

id f dn 

J^'W/a 

& Let j ii 1 Then u s /; dm a&'^i Thus 

_ | g t 3 tf- + | ^-jS- ^ t _ ^ - J* 3 + 4 U&n -1 ; -F- 2 InJ ^ 11 1 Ini* +1 |+C 

- V* * 4 up -V^+aJ *d£^ + f ' 

J V' +i| 

W- U?i h — win **. dm = t *\ n j «m * dr, Thcfcfote 

[ am * dl ., J f _SS« =. I tan-'S + C - i tan w| $ hd’i) + C 
J l+jan 4 ! -Js + u * 1 * ' 


30. Method 1. Let * + 5 = §n/5 tan i>. d* - yv'Sd0 

11 iv* t * t * — -r I 

r jVWgrftf f ycAM _ L__^__ '| "- f**(« - UW 

J (±^3 tin 0 -lj -. L ,v'J ™t ? Jjv^taafl-^ J ^/3=ifn d —j ass 0 Jan(P -^w} J 

. . J<ia{e - ia) . , i-v/5 Hin 9 - l cos 0 - 

- - la M* - -^l+ c - ~ 11 ■■ *1 + e 

_ |h 1/3(1 + ^)/^? -j-Pi-^yjyv^TZ-l^ + - = lT1 - + c 

I |. + + I 4-$(* + \}ji/z* + z + 1 /** + !+ 1 +yt + l 

= u J - +C»Hi,aC=J»!V :l > + C - 

]V* , +x + l+Jr+l f 

ifethnd 2. Let x — i dx = —Wu. Then 1« n -j--j = tan #. rfw - att 3 tf d&. I —===== 

“ n* J X -4- b r- 1 


tir _ ^ dr 

av^TTTT i *^/{* *})*+!} 


| i B | V “ lt,VJ ^ ir i j S!lilJ r 

4- Jf +1 +> i 


r r n* - , ^ 

J 1 /J. - + - + r ■ 'if 1 -i-ii-^ 




^ v a" “ 

= -ln|*« 0 +un 53+C - lh j~ ^yj^ 1 ' 4 ‘f^| H C ““ tB 1 ' * f 3 ■ H< 


m -4*± 


^+ 1+^1 c — 

1 ' VZ + J + 1 + + I | 

du . -on ;di. Then ' = - f -!*2-, - -Ua "e + C - 

r 1 + c<js*x J J + a 


= +C = 


r.«t ii — cut x. du - 
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t LH it = In x , ajiri <fu - d&fx. Thim 


Q. Therefore 


roy 


!4iihiiitMcin^ in!* (1), wc obiun 


Vl-*+*r* = ^J \Vn^ = 7^ lli ^^ $WC 

SoJvinp (2) f&i tfttt JOlviog fj) fcf Jc£ and sutritituliiyi tftt* (4) ebMUB 


Ln{2 - * + I + $x 1J + C 


i j 4 -3 **Tii ~ 3 J . 7TT? “ J & 4? - a tan 1 l + C = 3 5«J + C = ] i 

5+ 1+^ 

fir?! i^o-L. ihofrsi lh\ f. to Iw di™atlnuoia; ibc scrond of th* rnjirittd MtldMivaiivi-. 
To eliminate the diitoiiLirnaity al s iff, ±lr wo vsse fjun -,t | =. tan ^ 1 0-16 Thi 



HlSCri.r.ilNBOtrs £X E&RCISES FOft CHAPTER 7 SiV 


- 3^*- 

Then 

f-4 

ds _ 3 f du 



J V C 

9r? x 3 J '/■! - ll 2 

■ & 1 , Jt “ 

jtrj dti. 

Thrn, 


tf - 11-j.. 

idfsu.1 — 

f fe u _ 

. i “ ^ "i^fj — ir^ — 

u+ r 3 

Gfrw-J — 

Jl 2 “ 

T «+l“ 


|^==i- j^u-flT-^ T )fu = ii , - 4 ii +4 Jn|«+l|+C = i- 4 1 /l + 

9. ’ COt^Sff o>r 4 3* da — |" cjK 3 3x(wt 2 3^ + ]_)esc a !ir dz = | j f«al 4 3® + dj,i 


= — ^ COt £ Sl - jj t:ul 3 Sr + C 


i(V 3 i * -■* 

Wt kt X = i“ l liAd di - -r~*dr, !i«f th&l 2 < i < 3 wid *a - > 


f dr I f * - [ j= = - 1 f , * 

JwW fl-x^li-VS^ - S—*-' J J. feZjfc J -i J 5 j 1 - l V 6 ^ :'-} 


_ if §* -L-^-lfUl^ c — - 6 ) + C 

41 f Ld u — aia -t r- and dv — x 2 dx. Then. -rfa = 17 = 3 '■^ cre ^ WT; 

j= f f a du _l *d* -i if-r^— 


Fur r.h \r\ initial -et f 5 — 1 - z?, then x 2 - 1 ■■ r J .infs * dx - -t d*. Thus 


Therefore I 


= ' Air-»* + ivA + 2} - C. 


‘Hrife| +C 

13, Let ci = x; tbera du = -sin i cte- Tti*reJViH£ 

f_- f ~M - f-iSU-Ua’^ + C-WiD-^Cw^ + Cl 

J tH a t - 2 file j Jwn J i-S J 1 -pmH j e Jl + IT 

44L | rajs x Leifs] u X idx 

* Wh Let ti — sin z, du = cos x dx and then intcgirur fwirLk. 

|m * In(«a x)dx " 5 iTl tilSv, s m In in j sf ■■£ du = id Iff V - y 4* C “ «n x ln(lia sla c 4 C 


45. Let it — tin |e; then du — 3 cos 3* d*- Thus 

f-ere 5f d! - __*f —gdu . 2^,-1*. j.r 

J iUi 3l^/iin 3 3i - J ^ -1 


— £• 1 {2 sin 3-1) f C 

ia 


4C. can £ sin ■* = 


=■ | (see x — coe x}<ie = ]i^3t£ x4 tan j ] - he * 4 C 


553 TKCTTN tQU ZS OF INTEOJUUON. t NIMINA TK I- C J3tM S. AN L> l MFROFER 1 N'fKvi R A IS 

™ . yr- ^ ... _ f sin - ^ \/it. . f V_ 


47. E^l x — x/9.1. Then 2f — i/ ajad di — x dx. 


Emu I - - jn 

. v']-2( . J ,/T? 


Nett [fi rsiun l lirh lit st t dnn f, Thin t - 

l/l^x 2 i 

Finally. l&L u = - T dr ■= mjji z- so dn = tf; m4 v — ™ ? Therefore 


“ z hji s dz, 


I--j:™n-jceBirf^ = -^ciBi +siii z + C.zz -si^“ 1 j:V\. i/ 1 - it Ein -l \/5t + V^ + C 

> We list iEte-gratiaii hy pzxta. Lei 

7i — ln{j J + 1) dv — dx 

rffi — V S X 

r* + 3 

Then, 

[ln(x T 4 \}dx — x Inft 2 4 1)- | = * Infr 2 4 I}- 2 j dr.+2 -^-*- - z lr-,r z + 3) 2x f 2 Ion -1 * - C 


= «-JJ. Let j = ten If. Thun lit — - a 'V an<t 


“ = S* “ S' 


“ * “ it5- j * 1 = 15% " I Krh - rb^=mi^fh c - Tbu * 

■j j nT- -j- Liu 

1 In --"- +C 

s 3.0- j — xaj3 *x _ . 

ST-1 ,jg_rfr 

M- i ai t«e 1*. Then 4i = end eo» i — ^ ~ •% . f . . . _ [ I i — -- 

r i+7 T+7* J 2-t-a sin r+tffit ^ ( T^7 

1+ “ '* v 

51 r If j; — 0, | sje^flz dif - Jfl tf± - C- Tf n #0. [ dj = | fl ros^x) 3 sin jix dx 
= | C J £ cm 2 ti j -l cos 4 nr)Eia nr rfi — ^"^ CI1511 1 +1 ™^w - ^ 4 C 


■>3, | a« 4 i: dx r n > d 

> Lit u — tun JT n tf?;, ’Tlitn 


taa n x stc^j dt - tan n x f^ 3 T^r a x tff ) = | + 1 jk^u ^ | (v r4_2 4 u n }Jw - +^“J+ c 


[id nTi X . h L X . r-. 

__^_^__ Tr + C 


&S-. (f n ss. —1: x n ln x dx — | In x ^ la 2 x - C r [f n 4 -I. Let u - ]u x itj<] cTl- — x^fiV, TFi^n tfpj = r ^f *b<3 

p * 5 ?p , 

54 . Lft ^ — V^n x. ThfcEL x and 2 n if-a — tfx: ^ tfx = - m7£ = - u 

1 4 t-aii^x 1 4- tj -1 

Mtibod I. I - f ijiikn j tf? - ^! ! ^ tfu ■=■ "i I —-—- T = I ^ ^ 

J Jl4u 4 J (u 4 +2u 1 + l]-2tt 5 J (i?+ ]) 2 -2 l. 2 

__ an 3 _ A(?n 4 h/ 2) - B gtn - V?) 4 D 
(u a 4l) J “’ 2 ti 3 it 1 4 ^/iu +1 + u J - v^“ +i~” 
ai- a = [A(3ru 4^/2H -^41)4 IqShi */2) +■ 4 v^u 4 l) 

2u 3 = L ? A 4^Cltj 3 4(-V^A 4B4 v/5(’4D)tf z 4(-v / 2B4-v^^]u4[V?A - B - v^C 4 H 



«ISC ! I UNKOL-S fcXURClSeS FOB. CHAPTBJl 7 MS 


3A + 2C=0{1); -v^A + B + v^ + D=?(2): -v^B+ ifi® = 0 (»); \/2A+fi-v^C+ D“ 0 W 

(2) + (4} (j*» 2TS-2D - 2 and fhiin (3) we net H — D - J. TK*ti (3) yidda -viA + i/5c - 1 
ind from (1) w« (jtt A = i'/^i ( l^enefeiB 

. 1 ys f(2u +-i/fjiu if da . 1/iff _V^¥u 1 f iu - 

- -§y?infu 5 +V&+i)^J** ■ ^ +1) + (u + | 

- 1 v ,^lnj t * nT ~ I-,' ^-i.ii- 1 . [./Sum tan x - l) + C 

4 tan 2 -|- \/2 tsn t + 3 | ■* 

Method 2. JvWidr- l&i- ISfe** 

_ r dfn-j-tT 1 ) f d(ii-ti~') _ _ i 

J (tj 4- a' 1 ')* -2 J {v-u 1 f^r^ W- V-Ht i 1 +^/5 


d(u - 1 

{h —a -1 




d v u 3 +/2o^jj_i r 

= 4^ ]fl h 1 ~ V ^S ±I +1^ tan-’fef^J+C 

- 1 [tan 14* * + 3 - 

3n Lx^ieisr:; 56 M, fifid ibecxntd v^]ut of the inter*#!, 

56- f ^/2+2 cos z dx = 1? f ^ J di = ?f tds | d j - 


/ 2 + 2cofir( 


dx - *1 ton I dx — * sin 


V..7&* 


* Jv*v*r^ 

t- Let & - sin -1 ^/jc- Then -t — *irr ^;nJ ^ ^ & cot 0 dtf A^d 

/I ■—■ T _ /l — flia^ 1 /f^pS^fl _ COS 0 

v * '“V* ni<i s 9 V Billed *» * 

Tim*, 


[' f*^ ^|t 2 nn 9 b*B<£») = I - [ **Vl + cos 2 «>» 

Jr=i/iV x Jen/eanfl' JW4 J'/i 

-#+4*i 2<?f- (Jfl + Y*ifl =■)-(Jtt ■+1 sinir) 


». I** ti = r T . du = Sd*. I ' a j* I - I -jr^T = I #TT “ taB '"I, - ttn ■' “ f* 

Jpf +e J Ja +1 JiialW'+l JL 

M. Mciltiid 1 , Ut. t = 5 ^ 0 where Q < P < TJifrit - 2 fULd 

y-^T 5 - + ■'! tan J 0 - ^ 2 see 0 

[ J -|^ < r -. - [ w/< _ 1)(|M {I BW A rfO! “ 3 cet 5 * - e «M 01* “ 

Jo vT-^r Jtj 2 IWH ' J* 

Method 2- P^l ^ + t a . Then r;- - 4 + f 2 and u - 2 dL I'huH 

it f sj, r J 

Jo 7 * 7 ? Jo 7 ? 7 ? Jj 1 t h 

■ J jl 3 T . . .. jl J jTj _f df ‘T 1 !-, u ra j#tu -■ tf+ Jinit T t/■J Z TItUS 


1 4-^= [" ,^-sm- 1 . r ^Un Jl t-iir 

i u r 2 * + I J u®! ir + 3 L 


f* 

t 9 rfl „ 1 

•i dO | 

Jo 


o J 

Mil-Pi-rid 2 - Let v 

— i ? and drr — - 

r j 

< 3 rft 

s ,? : rif 

0 f 7177 - 

Jo 

i* , 


5«0 ^TECHNIQUES 01? JNTKftRA'JlON. INEETKHM1NATE FORMS. AND IMPROPER INTBCrRAlS 

^ jT3 

SO. | $S& a j dt 
o. Uiu — sJra t and du — ee* e dl. Th*n 

j^ J sui a 4 ccs 3 l rff - | ^sm g t{l - sin J f}co* ( dt - i ^(1 - urWu = ^ 


ftI. L-rt - x lund Jc — 


- rir 


Then tfu — dx and ■■ - - 


Th«r4 j frtrp 


- t (14 -Pf' 1 , „ (lfi-«n ,ya ^ 

# 2 . Ui «-* + !,i ! - I , - r t u ^ 1 j **" 1 rf„- [Vf V V - 1 Ju 
J IT* (t + *) ! i>Hl It' Jl Jl 


43. 

M. 


^ - | Vv- 1 ,!* =f|e-l 

r J /4 »«S rfr = Jj = I ^ + t«n z[ ! * = J 


J <1 ~ jJrfjr 
0 x* + St 4 2 

► Itacatiu u 3 + 3* + 2 ^ (* + L)(^ -r 2)^ Eet 

1 - j A 13 

i 2 +3i-i-2 5 TT' ,t 7T , 5 

i-i = A(i + 2}+a(i + i) 

Iffs-L iJirB 2 = A; if* = then 3 - -B. *o I* = -3. Thu* 

VB - +I-F+l)* lr “ 9lc, l I+1|_alri;n + !| | = ^ In J - J tr 4) - (2 In l — Jilnti) 
.= 2 In 3 -.1 to 4 + 3 Id 2 - in 'l. 2 ' - In £ 


w ' V-*jd* 
Jos^-Sr -2 


56 ' [ W V T to ^» d t> - J ^ «* ^(cst^jf - l)d tf ~ -Ituhtf -1 3b ain 2^1 1 /II 
“■ L (2 ' + * f,)&t ^Ti^ + Tl = Kr5 + i 

B7. i-ei jf + 1 — wc & wtn:ie 5 t |ft,ir/3J L Then d# — *&: & i&ti & d& jluJ 
i/Zy 4■*■ ^tif+ l) 3 -I * vW 1 #- 1 - V"t«; J P - tan 0 

A + a T =■ |" ^ tan 0(5cc 5 tan £ dd) ti J see £ (sec 5 # - I Jdff ■ J ' sat*® — sk S)ti9 
- |s*r S tan 9 - J lajsw 0 J tan 6 [J^ 3 = - i ic{24 /S j 

j V S) ! 8 /t 


o Wp tiw Lzitegiari od by pitis. 

t: ^ (]ft *) 2 


du 3 . Sinj-fe 


cfl> — (?T 
y =■ T 


"TliLlh, 


j (In x]^dx = iflti x) 2 - '2 j In t Jx 


F« the iftitflfiS itt ths- nfhullfcft-d piidc tff (l) n we by \**.\ J .*. 

ii ^ In ^ — dz 


t- = X 



Miser i.t, an tots l \ >:h l * s tis itm t e after t se; 


Thus, ft™ (1) wfl obtain 

*frfx - 2(!n 2)* - af x In r - Jd*| * 2[t& 2f - fl[* In r * $jj = 2(ln 2) 3 - 2({2 In 2 “5) 

1 -= 2{ln 2)- - 4 In '2 h 2- 2(ln2- l) 3 

^ 2x-H = A . B* + 0. 3l J-£r+ 1 ^ A|> 2 f I) + fUr 4 C)* - (A 4 BV 3 + Cx + A 

+ J ^ ' X 3 4- 1 7 

TWMf A + Bs2, C ~- -2, A - 1 *o th*i H = I. Thui 

fo* = W ^ 1+ | N *' + l) " 1 * 

=G ,B 1 -f) - i.' $- i*H* 






, ' f» J> dl p [• „ 

TO- Let «’ - 2 - i 1 , 4w d* = - 2 1 <**- J ^ S J*=v^ v^ - , - ; J » vV- 

= \ft\t - fy* .[z. -yyw =b/»T- 

Tl- J^’°iogwv®■**-Jli 161 1 la " dr = 51^Tilj, ( 1+I »*)*“l^l4* + Tln *“*lt 

= 2TTIi* rlDT r =5 

flsr 

72. 

* fW-«*-b»- VSjjVan - -\*fi ***^= 

- A_ - H* + ]7/* m * ~ ^ ~ | “ ^ £ ] 

= v^tft - Wi) - (-i - ii+ {yi+ o) - < 

73_ Let u = x 4 1; tbca x = n — 1 and dx - du. HiwtfnTt 

], ! dx = 1" ^ = J»(« 4 101 >- il ~ ( ia 15 - J) _ ( to 3 ■ 8 := 1,1 i + * 

W- Lei u r*. du - 2/ dx ajtd wri? Eq. T.TS- 

| x 3 dx - 1 1 ar ‘ Vcos u du - ^''i-eo* CJ + M u>J o ^ S = \i tW ' i - 1) 

75. »)• ijirauHiy, |*I~A fit = 217' cos®* rf*-2 [j 1 J (1 ^M 406 **-s[® m * - 3 5i,|3x t “ 3 

?fi. j p,!i : h*& a iUx 

P B«aiafi4 |taai 5 ( *) \ = tari's L thee. 

f lun^ldf 2 T/4 | Uvn^xkx = 2 I T,,, We d=~2: - 1>^ 

J-r/4 Jo Ju ^"0 

■f! ___5_ _ >? I T ' 1 1 -LF1 I Idx 


1 [^W 

Jo 


j:i7s«^X - 1 )rfx 


_ 2 j ^ 4 t&rt A X Stt~x .Jj: - 2 j _ T ‘ *UW x{^X - I 


— | ton 4 : 


*r-»£ 


tin x i 9 rc E “ dlx + 2 Ijtti f o’i 


' - ^] w/ **i InlMC f |T* /4 = 4 - 1 +S ta-^ - -i + Ift 2 


= ^A_+ta Z A(X - l) s - Bl> 2 -1) +C(T + I) 


r?. _= ^L +K+-H- 

t 3 —**—* +• i *+l * i (t - iy 


Let je = 1: £ = SO « € = 1. Leix “ -l! -2 = ^ A = 

Lei r = Q: 0 — A —B + Cj 3 = “j - B+l •& B— 5 . Thertfa* 


Sfiz TECHNIQUES OF INTJJtiRATION, INDETERMINATE FORMS, AND IMPROPER IKTKCRALS 

78- IjKi a — 'Jt'? +1. Then a 1 = 1. a dti = f dx. f * 3 i/I = f i J %/] + x‘{x rfa-) 

ID J -E^fl- 

“ jAfl* ) >m(m JtO = i At. 4 - a 8 )** - K -K ^ - J(U*/£) - (s - |J - £^2 + ft 


79. \ l/I -£4S—= l f 1/1 -Jtjk. -Ihe"^ 2 }]/* - 

J 0 \jf | — ^ )U ,/] _ f^r 3 ) 2 ^ " 


4^’Hr 


An 


i. \ mf n Jf 

ID 3* 


“ jg ax* it lo L '- 1 + Jj?- i^tan a^ + gian 3 3*£' jJ -] + |-5 

SI hfci j - iah ^1- Th^n pfls f ^ '“4 nnd df - 3 Tlw*fofe 

1 + Z 1 l-s-i J 

\T n+fksn** f 0 L »S* = Hi=ilE = M 

* l3 wJ 

f *■ am — £ f t -it- 1 /v 

Ji.p i+^y ( * J *,* *“ 3S * ■= ^ H ioa i ( lji,/a=- **<«* bJi - I** 

Let b - ^/i. Ill-eft j ^ (i 5 Ah^ dr uiJ dv- Thus 3 — y 1 - y/r di -. 2 yA “"ti Jtj, 

,-- ,, « * Jo 

Now <et t- — ^/4 — u. Thrtti u - -■ - u aud dti — -2*> diy Therefore 

1=a L° 17(4 “ dv) - 4 C ^ - 4b V* - 1,5 - 1 4=W 

H ji- 

Jfl (r + ^y^'+J 

& Let X — -./r — l p TilCD — r - L 50 dr — 2r dir £ujd r+ 2 — r 7 + 3. 

| 3 ;- □?"/ • , - [ 2 -£-™ = 2 H Al “ 2 l»n = 3(tan -1 Z-iw)=S U* -1 2 Jr 

J«o (r + ajvV-fr t L=i (j 3 + l)jr Ji I-PI 4 Ji A> * 

In Exercises d-S BO.i&pi'uxiiiMLLL- ihr muig.rii.1 using the gjv-en rule wich. si — ■S^xp^res ih^ nwult lo5 ilt^hnaJ p]ae 


S2 

S3, 

IM. 


R 5 . ^=*rJE 




0.5. By l^e 


j - r' dr 


II+B/l +J l + V5+2l/l + 1.6* * v^J = 2-9‘" 2.»79> 

St At - - . l-^T i _ u,2. Bj- :he iraptiu^iaJ tulc J ^Vl +i J dt 

w^v^+2>/l + 1.S® + SV'J ■!• I.'t 3 +2^1 + l.# a ■“ ^1 1 - I 8 J ] = I.5T16 = I.ST2 {Biart: 1.5589} 


87. - 


a o _ 


&,5. By Stmpaon's rule 


j: 


A X * lTx 


a». 


% !^{l + 4-/l -T .5 1 + 2 + Wl + i.5* + i/S] - 2.9579C = 2.958 <ESt*ct: 2S4789} 

• r 


^ L + r- H drL Simi^wMi'n nilr 


#-1 


t At — ^ = 0.2. By Simpaom^; ral^, 


[j^* 4* S dias;|((J.2|^l + Si l + 4^/T+(l^+2^I + £14)*4^1 + (1 +T 1 S/J 


= 1.568953 - 1.569 
The i^lne ocf the iategraJ Ls <x>rr«-i ■ o ?[x rlecura. places. 


SB. A^-l<b-,) = J(J-.^) = 0-l. t — J ^ f, l f lJ'^i Put ytnir ejscfIjlalor in nLrli.Tn niode 

(i) H\' !kr irspcsoidaL lult 1 1 * ' 1 + 2 - co ^' a + 2 - + 2 - + CQ ^- 5 ^ = CM)5[37481 = 1 

(b) Byrarnp^^rulrIs ; ^Sa^i + 4.Sffi|=2+2.^+4-^ + 5eL^)=I-3fi3 


H-lit 



MISCELLANEOUS EXERCISES FOR CHAPTBH 7 m 



TKk «uact waJue Ls li-^DEKE Accuracy Is poor nasi 0 bccaiEse the int^and is unbounded f We by 

parts with u ■=• cos ir, -dTt .= offf/ir in get a buimried intagtaJadf a;ii3 Lh*ti apply Simp^rrs ruJf- with n — 4r 

1s Jn x ch t} 5 ■+ [ rin r In j ^ ^ 1,0637$ - &,i$207 — I AMS 2 wELrii b cof («1 lu *t dwimui |)Ias^. 


h Emf-us^ 9 i-LCK], (a) from a pJot Etaie what /(*) appwr? to approach as, * approach** 
41. n» *■£*«?■» I 


«. /c T )-Hp : a-a 

> (a) From the plot a^ tbt righti lb* limit nppHuw to hr J 
(t*) By L'NopUaS'H rnk h Ijm ^ISn* 2li_^ _ t 


w 2 t -1* 7 + 1J - ^ 

(jt.) From ths p?cii lire rL.e;ht. tii-e iimit appear; 
fb) Ey L"II6pica3'& ruie, Jim ; t T ^ ~*~ " ■ 


■ PPifw* 


L.U; x/j 


102- Usistg known limit*, [im E 
' x-H3 + 

MU. In 1, r- Um I„{*5A)■«*, 


t* (a) Frofn the plot at lEe j-i^ht; tbc limit appear* to be 0. 
{b) Hy L'llopitat^fl nik. ^ljrn^ ~ ^ ■ 

t | ]m 

_ 0 + bin 1 ! r _j)' J sm * «w =■ 


J_5 

1 

fl.fi 

: ’ ^ 

_ "fl-S 



■* -J 


1 







TECHNIQUES OF IKTFGlUTlON,! NiiEIEftM I S'ATE FORMS. AM 1> 1MPROPRR INTEGRALS 


Tn Ejcmhcs 107 11S_ nitd thei limit [( it ex lets. and &i*ppori ynnr 4 bswh~ zr^phica-/<■'. 

107. We ux ]irra = I to simplify tlir d-rrivaliv^ of ihe denominator, 

l - -U =. lim - | Sin, -V ■ to iL_^£ = [L„, 

lim(r 2 -aiti a x) =0 and |im _ 1), By L T UopLtaJ 7 s ru!r 

l- to St- i wy = to 2i±*Ll^£flir,, A hill ErWjj- £w*l» - 1 

•0- j"—>o -^jj^ r—LJ z^ -—m 3 *—tin jll-5 -it 

m. to g ~ 0 ; j)1/g 

j—Q % 

D- Er&m Swr.Lnn M •*£+ b&vc tfcc limit 

limO +r) l ^=c (1 

ThcrfFon*, Yrtj'ij.^^r — (1 + t'. - x ] = (t aid — 0. Tims Ihr hypothesis of l/Hopital s jti!? is satisfied fa 

L.l:r rtivrtt fufifiiioH, tk^aune b w f. — p 4 tm<\ - 1, b*vc 


V={1+*)*^ 

*p4*£4 


D r y = p 


rh"M J +-> 


, , , . n f ^ “ Ifi{1 ■+ jt ] 

D,t I + s) 1 '* — (I + a) lj Vl - 

z* 

Subrtllntmg frarn (Z) mlo (2) aad applying L'ilopitai's inle, w« olri.-im 




In^l 


IDS. I i m — 


dl/5? r^-f-OO 


*1* ' + £) 1 + !n(*“ r + tf) ,, H> E + vT 

L - A — V"“ = * [ J * ■ 


Th« lampod term b positive btcaiss* > s, 

110. Jto»hi±j- tin ltl(f+l) ~' n[j ' lim ^ T ~r r? = li'ii - a - fl a? 

i 1 +i^i J 3 + ff—'+«I— 


111. to (I + itf ft ~ [ltm(l -Ml) 1 * 4 '] 14 = e 1 * 


112. Jim (1 + t tv f* ,r 
v—+*■ 

fr lira {1 + c lv ) = Jim [£ 1 + e" ) - t** r ~*' y = Jim (] + c ^rv~^/v t —* 

113, Bc«a» ^ ^ - D, then {±-lhj)x lirn jJ^I - - -kk. A Is*, ! n {ln = ■ 


to , |^ hl "j" tim H[n —y =p 

a-. +«tn( j; — [cl z-< i- zn -~ 1 t—— lpi t j—+ m (x - J.Jin t 


- In x -W™ i:_ 


htlSCBUANKOVS EXtRC ISLS FQft S.K ‘ .' 


f "An~ 1 j:Pj. n i;.„ 1 + ^ 


114. [tm * = lim-— V LLm * *_ - 

r —0 lx 3 *—0 I3* s J-a ]'i(Un u 

I 115 ' *^ wi-L ^ 

"*• f.^?'' 

fr fitCftOhe 

w* have ihe indeterminate form 1 ,J . We let 

i njf= K 5 i-M 

By L 1 06[mIi1 i k ruk 


.. . IllfcqJi ±/*) ^ ln{HBx)-ln j. 

Lscel 3u u _ Inn ■■— - - lin L -— — ■ = 

r-0 J x-6 * =-a * 


mJL-l 


*iii_i_i- y ™ J j 


] *-.□ r 


11 1 ■ - j sitj j |; m -jr ™ £ -aihj _ n 

i-ift -t CAM f + tdn jr j- ift ■ * niii £ 4 2 cos r 


hoiefoTe limp = e° pf. eflEiivalflDt^ Unj^l^) 1 ^' - L J^ o( *= =e 3/b 

Lim { — lim- r. x — +oo th.cn lam lB(i ,r — r) — ^ni ^ — 1J — +oc- By I- Hopitai s i 

*—+■>;■ ^ t—+Mb r“+<«3 * 111 1 * 

tim _ Inti' - *) l/< - litn — - r - = - I'JTd l 1 r*V? ” L 


lira £ 3 —i - lim - L 

-r~-n: r - X i"0 1- ?.I I" 


Thus In Um (e“ -x} B ^ = h bm -±) l/ae — e. 

r - toa ■ *—K* 

til lim J In sin r = 0 oad Jim eol x = 0. By ruk 

r— rf 7 r-iwjt 


Jim lot™V“'= 1™ Mg ^ lim „—J-= I'f" (-iBinjcw*) - fl 

IblU in Urn frdn a x)“ r -0; Siffi {nin^r} 1,151 * = 3. 

. I - 

In £mic5h* ]19-332 [l*l 4 fiimiisc i! the i^prop^r in:*g,iaJ is convergent or divergent- If :t ii convergent. c^lImam le. 
U9_ [* ,.**% = lim f* „ Etm lim + lim Jiln|^+ 3 l"T 

J4^_ J&|if+3|+ Sisjb ^ 3 ] 

Bcc?lii^ n^Eth*'T «f Lh«i* Jimiti cx»'.-' 1 tH« gl\tas stttefijaJ Lf CLLverjeiiL. 

™ r* 

> I ™ r --^= Jlrii lim [-5 *~ j,;j ]q — Lltd ["2e wh ^ S ^ 

Jo -h/c 7 ^ 

J it - -2)^ —** )* tx-rf * 

122. Let u 3 : - 2 n t - 5 ^ u' s h d-r = 2u. dti tu a piopcr inlcgT^I- 

in f col 3 Sti0r. lim [Uitty-\)48 — lim f ‘VtHiS—t 1"^ & Jim (-l-?t«ll+l)=+96 

in j|_D* 3t (-0 +1 a ' 


■i-tot t + t = +-M 


Thcrc;«nK r :]-LK giv^r. integral is div^rfie-.nt. 


f +oo ^i„ 

Ji 77 ? 

\+~“= lim fV#^r= l™ ft-l-^-rk- llmj-i-ttn-'ll 

li f 4 + r a~-+«Ji ?((*+!) t 2 +l j *—^ L - l 

1= i | imJ-J-l«i -l t+ 1 +J« - -4*+ 1 +i* = 1 “i* 


m TECHNIQUES OK INTEGRATION, INDETERMINATE FORMS, AND IMPROPER INTEGRAJ^ 

|2S “ l_« = u-^:o L ^ ^ “ ,--U jinlE “ j!£U (^1 " l)“ STT? "1^2 

im | q i= lim I rCTrl - lim [w*- Kiel t«*- k x E * lim f-1 - M* +* a l - -1 

J _ r¥ - ~ J—■ — K| J L ®—£-fllF 

f 1 0 & x ) f 1 flax) 3 — = lim Utn _^^_| - t-sc. The tnw£ial is div-cxjgicct. 

Je 1 s-*u + Jt ' r—ft* L ’> i t-D* 1 J J 

f^"a^L 

e» W« Let u — - H /i. Then x — n'. d* — 2-a dd- Therefore 

iz =n ^ ?u ju) - - *h?»- + a ^ & 

f . _ _. V > -. r - p ■ 


127. 


m. 


^ &, f 

J —UC -tx 2 + -i,X-^ 4“» J.c 


■ 1/2 


tfx 


- + JizEL 


r. 


dr 


1 , 12 . 


Pr+1^ + 4 J-i/3 (2r+l^-r4 

.fiE* 1 ™“(* 4 i)t V14 \ '™~'[ x + Sts/* 

■ 4 Jis* “” _L ( a +|W J"?„ Uo_ t b+ D=HShM + 8^ * & 

13D. f --- = Jim In r. rfflta r \ — Jim i^ln j!) j j — Jint -A{]n a) 2 - -*&. The snUgi^l id divugCiDl' 

J& £ o^O* a-Cl" * iu «-*+ " 

1,13. ItetaiL&e x € [0, 1’. 1 + J 2 < J i. Therefore by Thwiem S-&.2 

f" —i—i. - lim I — . .-- Litti i-“ fi Ld| e | 3 — LLm lliaf = -K*Q 

Jd 7 +7 <«*>+ it *( 1 + * a ) ’ i-ffP it 2 * i—10 + ‘ 4 

Htn^e, th-P givrh int^rnl i* divrrJCttil, 

!. r _ dx _ 

J-a - ^ 

o 1 — 2x - j 2 — (3 4 z j; L -c), tbrirr is kn bsi r=n i ■.»" [li^ciMiriiily it -2. TStUi 

[ U —> — tir -- Jim I ^ lisu f # |^ , -l£ + iP | ljn |(taT 1 4-Biil~ t i(a + l|l 

J-a73-a*-^ 4-^^ .*j+t - t J * 

=b (-1^)=^ 

L If n < ], thtfn f * n rf > f - . I*m f if-r = lim ts ™ . lim III ft = 4C5®, di vcTg>M. 

Ji Jt n j, * l-H-r^Jx * A—+.*. in Ek^+« 

If ft > l n Llittii 3et n — 111 x r e2u — f = [ r^ fg^u) — Jim - s' m ‘ 1 ^ ir — 

J r-t ^ J 11=0 « 6-*+» lo 

, f£=SfcN 

»-w-«L I - ■» J>" Jo b-4«[ 1-" (1 -njFJj 

_ lim r_*_1_-i- l J - ^ , 

^-«L l: («- l ^ C [ _ nl 1 - K ^ ■ CT= n)*j {n-\y 

f -p-ae I 4-pa 

I3>4.. [&) RtrciLU.-M^ liiii iinhi x iiJ: — ? 30, =i^ti x d’ir. ht l DC^ fintl ^ i* div^pnl, 

*—® J 0 




(bj lup 1 anbfdf =. ^tm. co^hj — lim kosbi - toEL('-r)i = Jim J«wli * -’toali r} — I Ltti 0 = fl 
' J J J- r- *^r+oe r—+t» L +“ 

<35. M- ^ ke -^--|[%^(-3^ ) —4'1-^: 


let tt = br and dt = e- “ dr. Then c/?j — k cf? ^tad i : — —fa 


Tb^TrfriTft 




Jbi'r“ ltr dj- = % Xr 


r *'11* ~ - -*»-* + £(< -t- S ) = |(i - l^- 9 ) 


SI. 


y ,y(x —Jk— ccn i|pjct t£ f J* 0.3^30 m f?-om one ead. 


1 "S" t(l-t^/s’ J(< 9 - i) 





MISCELLANEOUS LXEHCLSflS FOR CHAPTER 7 5*7 


4 Z m dz 


13*. Fend tin* eeatcT -of maes of a rod 4 m Eli^l^ if Lbe lirawr HeJi-s!ty *■ meters from the kft end lh - ? kg/m. 

& JEM k« u (he total m*w of the t>&4, then 

M = Lien — [ \/0 4 -*d.r 

Sii|!-r!r=i v J i- ,:Q 

Let 0 =■ t*n -1 {*/3^ Thun jt = 3 l*n 0, so di = 3 sce^tf dfl and v''^ + r 1 - 3 sec & Let tan h - ^ m> & — \ 
Thru, wilh the help si Example 7,2,10, 

M=»| J? = s[j «c «tau^ + J la^set 9 + IU * £ - 9(1 ■ £ ± -ri ]||)| + ijj - J* +5 In 3 

furthermore, if the center <jf muxs af the rod is ^ meters from J .k Left end. then 

Me - j + «?®iV ^ JV*+^(* «*r} =|’J(8 + 9 a/ ’l -$. 

Therefore, 

_ gs/3 u 

£ — t v— — - 7 - 2 j19 

M 3(10 4 ^ In 3} 

* TlIfl wntrt eF miuq af Ihe rod Ly about £11* rwttrt ft&ffl thr left end erf Uw rad. 

137- 2 : - | ^ 2 - H(mc ^ i ir- Lei L uni ts be l.Jie length of arc from (&, 6 ) to ( 12 .fi v/5). 

Let y — 3 tan 6 where 0 < £ <. and Jer. <1 tan l 2 mid b — l,ui f*» lli-nl hi* t c — y^ ?mri ■ r -<v ^ — 3- 

Thftn d? = 3 M*r a i? rftf and y ; 1 T£i? - \fl 4 tae J 5 - vVt J 0 - ttc P, Ttaiforv 

L ™ |1 t ^ Jjf^z | «c iff(3 see 1 0 d$) — 3 J awr 3 ? - -| s*c £ Ian 0 + 3n| sec d - 5 - tan 8 [j| A 

= |4 1v^+|l"(J + l\/2j |-\A-U |jatv^ + 'i) 

138l Use terming A - -J™ JfKff ={j^/Ss+jecB jfK 3 =iv5-j* + |- 5-5 = “i 

139. 'i’tae figure ahowa thr jra^h of z 2 ~r ^(1 — y (* [0, 1 ]. i a aramotTic e^itaiions v 

far plotting aye i ™ fn ^ yin i r Tht ^-nclowS orm loop * twice 

tbe area of lb* in tile first quadrant, if' A square units is the area eucLosed 

Ivy L^n.r Icwip, \ / 




A -- 2 1 £ n \ z \f 1 = - | fi v 2 ^'- - <*}/ 

LeS y - aLc 3 wh^re 0 <■ 8 < It. Then dy — cos 8 dS ajid 


^ 1 - ST ^ V1 - - v^iT-P - ■!■ 



A = sjj yJ atn a S an l[in 6 rl$) = j [j /S 5Sffi.^£ d9 - |J T/i l" 1 ™/ 1 ,? rf# ~ I 0 - L «i„ - | 


14rGr Find the (ength uF the nrc of tEn* c-.ir^ y = Lu 7 . ■from z — 1 to x — o. 
> We AijpEy Tpr^rem 6.J-2r E-et /( j) - I n i. ITi wi 

./i *rr^',1 3 - . /i' J a - ^*571 


/''» - i- ^ + [n*)F-y r i-^ = ^- 

If I, unil* I? the length of the arc. ih en 


T,*t n - V-^ + E, Thrr u a = - ]. fo u dti - x Jr and x* — t J - J. TJ:.j, 

- J^‘^ ' 


S«B TECHNIQUES Of INTEGRATION, INDETERMINATE FORMS, AND IMPROPER INTEGRALS 


- ./T+ l - + IbCvV+ 7 -1)- I - tn(y/5- L) W S/SOS 

■ 'lilt length vt jut h about 2.QC1 joLca. 

HI, Tb« r+^BLHi ik bounded by y — Lq tire ^ aju$, and x — e_ An element of vctJmrre " n A eySidiicfll shell Lf-citered 
on tire «; mis erf mtu radius ?*i, arid altitude In 2m iSi C [jre]. Tf V cubic- unit* b the vyl-im* of the solid of 
itvolmroq, I lid i 

V = lim E Eftitt/bi 2«i^)A;r = 2x(, xfln ^jdV- Lts. u ^ lu 2t and dv = xd«. Tb«tt du = A and t ^ 

II it—<1 1=1 J 1 / 5 

ntid V = 2 tr J L = 24 ^ * 2 1 ™ 2 * - ^ J-r d> J ^ 2ar “ ^ j 2 Jl /2 

— 3e - i c 3 i- i j = t^c'Sh 2 + gj 

142- [ret TJ — jr-i- L du - - df. 


v - Lflrfffrl* ■ L-Wf*’ PWiM-iW-*]:-* 

j pounds of chemkad C be parent al f honrs. r 0 I 

Wo hate a of boundary conditions. —— ^ —jt—-— 


. ioo- 2 j _ ✓-dSJtr 


1 | n w " s . _ u + C - : ![lCl ~ - 1 - Ce 12kt 
12 + 350^17 “ u 

When i — 0| z — Op C>||^ 1. Tlra*§j|j^|f “* m ‘, 

wUi -1,*«15. *«** lfc - H ^ j 

l» 3W( 17)' - J(ilfX = 300( IS) 1 - 8(«a) f *j (3 ■ lS f - 2 ■ 17‘Jlc = 30<«ltf- L7‘)< * - 3W ^sVT^jT) 

(bj When S == 3 ^ hov 0 ^ = 3=juf j - ,lf?.M. 

Ml, A uml n Lt! ihv ibap" Ibe wsSUI furnwd by routing about the J a*!;* lire eeskrn bounded by bln- rnr^T 
y - In j, ih.fi *■ *vh and the lane r - c and r - f"- If lire ihnk ia full os' water, And the work done in p*fftipu*t 
all Lb* to ihff top oF the tank. Distance is measured in Fe*l.. Tale the positive x ojis downwind. 

^ The :*]r:c shows a plan-p- ^ersien <>F fctre taaifc. The dement of volunre :■= a riir^lar disk of thickness A^i ozsc 
tidi.u^ In ti= v Thau th» i mam her oF cubic feel an on eienreil wtimie k 
A^V = =(Jei tu-| J A;s- 

If y; is thfi drrifdty inF wAter, Lhfio Lhe mimbti oF poitndE La tire fo-rw on The eknuot is 
A c F =t£-A-V — -fftsfln ?x | ) i: A i -T 

tJcrJiiare fcb« «f Lhp tatik if: at the point ^licre z — c. the maaai^ej *f fe*t in ^.hc ctcmont of dhsp!?reemrtit n* 

fl, . , 

HfiCALise the tank ts bounde<l l>y tire ILei^s t- ~ v ^^d x - t‘ t then 


W> n« Inte^TAtion by pnTtf=. 

u= (In t) 3 =(^ 


•fdx 

-. , . . f 

-4-3-2'L t 

t 1 3 4 

± 

_^ r L) 


W - -^t)(ln n) s - |(x - 2e)b * dzj 

W+i iaifisrate by ports again. 

a = In x dt? ^ (jc "- £c)d^ 


m r' n * 
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W “ ti«i [lj s — dXIn -r)* — 

- sj.-St^c* Sr 1 * *« 2 ) 
» TIm w«k pf *b™t G59® 1 h Hi- 
1*5. From Exfm^r- 13!J, A = */fl. M 
Lcl y. = t/1 — w 1 . Then a J — 1 - 


The £tifitnld & ( 0 ,y) where y == jity = ^ ~ j^- 

146- The region ia enclosed by live l<™p nf 3^ -* x* - if 3 — ar^f; 
f » 1 ■ 2 3 . ^ s i( I r s ). ilut figure aboY-t JJ>- tymmeiry y 1 

A = | 1 xi/L -xfJ^r- I (l^u^Jat-Sudu)^ | - u* 

J 3=1 Ju 

Vf 5f f 1 i d 1 *- f° (1 = [W 


tflrcisf 14$ 

For- p£o& ting -irr 
M j-- Ik A* j 


Pw*IFWtfaC -eqiJatjftRS F 
it if»\Zr^ff r r—i -1- 1 


* “ y A ” ™ * ~ 7 

The regjun is l>^i i n^3i^d by she y A^is. ji - sod x— cos e 
As f ^ [(oiik j H-rtsa a) — (fcin x — tOS i)]d± = I [ ^ 


z sin x ■• on* t 


x = — |sr- 1 and y = ^ - V Th« is at the point (i- -10. 

l*g. Fi=LL| the centroid of the region in ihe flr^i-- quadrtn! bounded fay the eooTdiaait ax»- and r.h« tnrvr y 
f> if A squanr un.itqs is r.h« if the legjon, then 


It (jf, p) U ill* ennLrojd if the fFgiuti. Ih*n 1 “ Al 


149. Let the j a,\is b* at ih* Lap of the tarsi and take the poskti vr axis downward. Then iht region Is bounded by 
j=^ein^TT T r£ [0^3] 4 and the i w*. An elemesiL of area is a vertical slrip of lenglh 2sin-^xiL a and. mean 
depth sinV^'i- F lb is thr roiec on liw end. 

F a i[rt £ ^ Him |ur-JVsin 4* ~ ■ { 1 ~ L ‘- , = T*)** " 4* ” si:fl ™ ® 

IJiO. Let Lh^ curve be y— einz, if 'CLt'. y — ^ is the wat^t Level. F Lb is the force on nn« aide of Use board. An 
element c>r aim i» a vertical stiip of altitude sin tr, ft and tn™ depth 2 - isin w i fl. 

F = ]j m Z p(.2 - j shs ^ Jsin A„-i = p \ (2 san j - ^ sisi 2 - JP f ! 2 fiiiin ^ I * w 


POLYNOMIAL APPROXIMATIONS, SEQUENCES, AND INFINITE 

SERIES 


$.L FOLY^OMSAT. APPROXIMATIONS BY TAYLOH'S FtlR.M D LA 

a. 1.1 Thm*m Lri / bf -T. fumtirti radl fchht / acid it* fi™< n cknvttivH tautiuuflUB on ih« ■ 

interval [*,*:. Funhernion, Let '(x) «xist in the open interval {*.*)- Thai -.hen is 4 
number j in ih* open iotwv^t ( 0 , 4 ) finch that 

}{lt) - /(a) + ^rp(*-fl>+ ~ J“V~ “f -* 

li' is (I) h Lj stpJactd by *, To-pter'i /trnvfo i* ubLilacd, H- « 

wtirr^ 4 Li between ■■? nsui f. 

Taylor NtfmmnM If /(«'•• raise, and if the fir* n derivatives flf f « tile nwmhef a. vre defile the mi 
degree Tapfar jinJi.fiii'.'nTEiii 1 of ihc fiUKtqoii / at tile aijjiLbrr u a* fbllfi'ft'fi. 


MscJaurin Fofljmcfmindi TF a — U in Eq. ’3) ws have 

which is tailed The nth d^rre MdtfOKfin fo^noniiai for itl* function /- 

M«Wia for /[*^} If m 1* * positive ioLe^r and P^x) i? the nth degree MarUirrln poSymmUJ fur /(*), ch«L 
Is tiue fm + Fr)th rl^ret MacEaurin poly^omul for a m I f(Tj :^d 
P n i|j? 1 ) ]& the (mjijih decree MacUinn polynomial for /:> m )- Set Erarise 4, 

If ihc Tayl« polynomial P rt j* wd to approximate the fonct™ /, then ih* 
J(r) - P n i±), is da»l*J by FL^fr). Wc bavet into foffeas of the rert^ndst. 

L«a«i Form JO*) - - a)"* 1 where J is brtwran a ud *. if / (rt+1 ' «0»» 

l F1+ *r 

Tlwuntfa ft. 1.2 XLfx} = ^ I (*- i)"/ ( " +l V / n * tJ is wethuwH 

lutc^raJ Perm " "*■ J* 


Taylor 1 * fimiLuSl (2) t&h V- written li 


Saractiaice |tt n (±) jis small, in which case ih* Tayfcr poiynomitl t’ n ^) * ■ Rood »pj>r<«nsi». 
lien of /j r Uovcrvw, soriKtimes Kj.*): Li large, in vrhitfc cast P n (*) «r ud Lei 
appsoiimminj /In). Whetfer !R n ix;| li small or Lum-c depends «n Lhe function /» the vain. 
<rf t* - a ), aid the .al a* uf n. We need ; R.(je)|< i * IO _(laTl fm n dcfimaJ pUw .ue, Jf w ; . 


3.] POLYNOMIAL APPROXIMATIONS BY TAYLOR’S FORMULA 573 


KrifttitS .?. J 


[a fcacxc<m ] ]ft, fin-d tho Macfaurin p^ynar^ia; H h of S he r-Utec degree for the taction / with cn.^ LAffT*n®c 
raFrn rtf th« rturiAlrideT. PtuE thp Fra.Jpl'iS rtf / ftrtrf P fj and hrt# tki! nf P^ apprrt*i matte ihr- Frviph rtf / 

nt-ar %iic paint nv je — 0. 

t /(*)=o- sr’; /(*>* rt*) = st*-*r*: l"W = -it i*-trsr’i*} *«f*-*r* 

AO) = J= m = -{:/WE - -f/H - f M {W- - -4/*! = ~h / t4 W* - -&* —^ 

P,M = -i-1> - - -5^-2) fsC-J = - T ’ 


u-zr 


■ LhHEwefiri Kjjd z 


FPs [ji +2r’i A*)=-t*+*r 3 s /V) - 2(* * ar J j /"(*) - -jk*+« r’i z 1 *^) = **-i* +»r*; 

/*>(*) = -m*qr*. AO)»I A<0) —4 nova -£/*=^ /»/*! - -f}/s! 

/ W M/« = ^/4! - = -^F- P»-4-j(r + “ 7^ 

/^(i) — i J)-' Tt 4 (*) — —£-. I - tK iT^crj (I .iivd i 


(--4 3)' 


, /(*) = f {*J = H*) « r" 1 ! H*) * -tf** = f~t AA*) = 

AO) = li A(j) = -ll m/a = l/ifc A(OVJ[ = -1/3!; = 1/11; /^0>/B! = —2/St 

I’jW+ /^t*} "«■'. R|(c) - ^* e , - toms 0 attd * 


X fta^tui z: d-efcrw U 

» Tht iJurdrdtKA* MaduuiD putaocciLi] to? iht rqncL'iaa J LsiU-vnrtL 


and Uv* I 


ft'! ■'■•' - = !'■:■! - ‘ : f "'.' ’*"' I™ 


( 1 ) 

ffl 


"1 

d 

r^> 

' 7^1 

QJ 1 


wlifM! ■ ih bc'.uvrt-li 0 £, 

Thus, rind. ^Le to Tthur iterivsKives of /. 

m=- 2 - 

f J ( t) ^ 2 Tan r - 2 un 3 * J- ^ tan J- 

/ w (i) - G emi t 3E "I- 2 £oe*r = 0 Utn^-c -« 3 Lim 2 * + 2 

- 24 sec^r 4 It l*n j iec 3 ! ^ 2d Uu** + tin 3 i + Ifl ■*" r 

frwrri ^hivH w h- obuin 

/(0) =■ Urn fl * ft; jT r (Cl5 ^ - li / f W — - d L-in 0 - ft: /*(G) - 6 tan^ -i--fetwi :i! C l +2-2 

SuliatjtLiuiag in (IK vt* nbtajn P : ji! ?) ^ G 4 I -f h ^U a ■* 2 + i* 1 


S:iIxiLiluliinc. iij W* rtbtrcn 

= 24 LnJI^ ? 4 1 a n^i 4 1ft til L*n, G ;4 $ t44^j 4 3 Uui wJiwc t id hhiW'rtHI ft JHkS ■* 

TJi« siiow^ 9 pint af /(*) ajrf (daabe^j. 

5. /(r) « «o> ^Afc) = -ala = -«■ r, = m *; T : =-a* * 

/(() . U AO) - 0; A(0)/2f»-1/3!; AWJ/3! = / {,) fOV4! = 1M A 3) fO>/5! = 0: = 1^* 

p 6 ^) - 1 - fr* ^ / (T> ^) - 3in *■ ft d*) - % £ * T ' : 0 “ d * 

6. f(x) - «*h «; A*) - *lab r T /'(*) ^ aodh xi t*U) - rinfi s; / laj (^S = ‘rtsh * 

/(o) _ ij /^o) = 0; .rroj/2[ = i /ajs /*(oj/ai = o; i^W/»= ,i0h rP 

P,(X)= 1+^ + ^T M J ) - : (wlw, * R 0 2 




J7<t POLYNOMIAL AnttOmNATTOn, nsqURrCKS, ANI? TVFTNITF SHUTS 
7, /ft) — wall 2 : f\i J = to*h x, /'(xi — Hina t, .f*(r) — cwh x, - slnb 2 , (r) 

__m_ n .ii 


j’ whwe ? in IksLwrcn 0 ,ind 


R. /(V = p ; d^rnr 3 
* Wf rrm^i Him! Pg(Jt} = /C0) 


«phtre : is bdwen ft rL,-d x 


/(**-*" 

jTM=-a»H^ 

n*} - f-fc*-**}*"' 1 +<-'<! v - * 5 

^fx} = &- i2 (4») 4 (8* 1 -1 k-«** 

=. - a) - (‘Ar J - Ul 


Thu*, 

/(*) = 1E f(G) - ft: /m = -2; HO) “ 0 jf ntf - 

SukwtLi’uti-n g Lma Eq. ij L)_ wt oirtsjn / j ■ ^ 

. *| -O.S ULS 

^ | y _ 

which za both □ jyid third decree M«l.nirilfc Ewtynmra]. Spbtd i L i; <itt S from fs) mlo {2), ^f ftbUdn 


u between 0 a&d ? 


The fijurr hI^iwi * |ii«t of /(*) and (d-V-hed,, 

A|LcnuiLjv£|>, UsL f[l) — Mid »o / r (V - -V r : / F (*) = <" J . Thtm /(0) = 3, / P (0) 1 ■ Thui. 

p-J*) — 1 - * Jind iff)- — ^x 3 where ^ b brrLwMt 0 and z 
4T£ the fim dFgrc* Mfeclauiin polynnjnial riTirl sN?r for /fz : . Ihcreforr, 

1* the »pwid thLnl d^we Mactararta polynomial for fiir) — e Mil ifoe emrr if 

H.,f - Cx f wheto * ii belwFFa 0 aaid 


where r 5 e frrMvwn u Aral r 


x* where z i L : h* tween D and. i , 
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fin It- Ih, FlcicI Llif TajIw f^lynHotiiliii V n rtf thr slated degree At the number a Tot ihe function / with 

tire Lagrange Form oF t fie remainder, PLot the graphs of / and P a . and observe ho^ the trrapii of P ra approiimata 

iiie graph e>f / ptot l\'f juVijiE where 1 ?. — n 

'ii. .= 4 . /c z ) = r<T.j - |M/*to = ^~ ,/s . r<r) - ■&&) = ^ r -=' 2 

pim_« /*W_!3_S _ U 3\_ l /*%») I fS 

zw- 3 ' -ar-rs-ii- —a— eui* ) 

P 3 (c) — S 4- 3 {jt — 4) + — 4)^ — A ) s : Kj(rS — ———winerr j lb !hlw.«ei 4 Ariel ir. 

12- f{f) — v^i * - degree 4 

TJm fa<itlh.-degrte Taylor polyrnsral AC 4 for [Jk£ furictwn f is defined by ? _ 

W> /(4}+ - 4) + ^r'd - 4) 1 + - 4f +^4* ii) i- 

and the Lagtaj^fte farm oF the remainder ia jpven 3iy ^ 

£L(x} = ^ ^"^ [x — 4 V* z ls beLwcefi 4 jind x (5) f* 5 fi k h t i i i t n . 

i t rrm & ? * s 


We have /(4) — 2 t and 

ih«, r<M=\ 

s*ix) ■= -j*" 3 / 1 

/"{*) = itUS. /*(4) - ^ 

/«M = tins. /^4) = 

Substituting in (1), w? obtain , ^ | . 

s *&* -4)-§ ti - 4)* - -i)" 

= i X y, -4)-i(x - 4> s + sh(r - ^-ijgrfc “-0" 

Bwwk /f s, (x) = 

fnim. {?) ^ nhiJiini 

itej-Vs 

Tt H (jc] “ = *'/ -1 >'-. wbrfr .- b^lWccti 1 .-.r:d t 

This i]fl;u.Dei fiho%\ i d. pl-uf uf /* r) ncid P^-T" (eln.shjiil . 
l3 r ix = ^?r; f{z) - fin a; f*(x) - cos £. f*(x) - -sin x. /"(x - - -cj^ i, - ^in x 

i(&*)ffa) - - iW^' ^rr = W 

^ 1 i 77 ) “ ■ i *) 2 “ -| T } i i %■>.) “ whr?r = h Krr.wrru Jr *nd *- 

14 a = Jtt: /■■£) = ros e; /'Ce' - -his jtl / ,v {r) - —era ^; /^(c) = s-lsi j; jH- 1 " x} — ir; jH s Vx — -an x 

/(!») - ^ / J fH - -?v^» —f- - *■- $) - -{• Hr - .ii : -“ih 

P-ttx) = i - - .^-) ■ V f- s"^' T>jV^(* - J*) 3 + jj|ii • iri^ It*-*) - • z e {$*,*> 

IS. ■ = li j m *«#^r: /%> = rtij = -«■"*, /'(^) - 2 x-\ = air-* 

rtn-rt r>t\\-\ £Vl-=l /"(t) * t / t4> (JJ -if I / ( %) 4! i / w t=) i -« 

JVV**' /w“** j; - 2' 3! ”5~3' a ” 4! “ 4’ 5! “a “S’ $1 “ B 

Fat 1 ) " {r~l) + i(x-t) 5 -i(x-n 4 4|<i!- if; H s {x) - i}* j ii bctweciL I &nd x. 




S"6 POLYNOMIAL APPROXIMATION. AM’- TiVFTMTE SERIES 


16 . /(*)= ln(* + 2)-a--I*dtgp«3 

l^auar * — a - x +■ 1, wr muai Jin(£ 

P 3 tt -f(-i) +f(-i)(j + 


■beyi 1 i is bcicvrrn - L anti e 


/'(r) = (■ + «“" rM)=l 

/» =-( I+ S) J 

/^) = a^^s)- J /*[-i> 3 

/W( J r)=-fi{r-r3)- t 
Subsiitusing iaio (1) Hid (2) *r obUan 

P a M =* Cf + t)-Jtx + if + &T + lj* Wd B,t*) 

' 1 'Jw; f^uie jJlutoh a |j]e>1 uf /(l) uJid 'dJlstiGd), 

/ff ) — Le toe £: a — n - !i 

Ian x, /* T (z} — -i«r 2 z, J m (x) “ - 2s 


'O + I) 1 wh«e ? ia bc^w«ejii ] njL.- T 


x 


F*to = La 2- y^x 2(r - >T 

h.^fx) - ^(—<1 ^ a - Laal £ c — 2 i«t*z)(x --^f i* - -^(2 LaJl^z -f- M£*z)(± — r ji between ^TT aad - 
IB. /{*} - * sin /f^r) = f{x) - x x +hji i h / r (^r) - -1: /'[*!■ _ -i sin r + 2 cw s\ 

/'(S*) = - + /*M = -*r CM X- 3 sin x> /"(£*} - Ji Z 11 ^) “ - pn * - * cd* x h 

- j^7T ~ 2- l /%; P'^ix) - X m x t 5 sin x, -r |; / iK \xj ^it5 w -- PJ*] - 

Ti* + +1)(*-f) + (-^ +|v^X* ~~® * ~~+ |H t ~~§F"S"{jSb-+ f mwV^ + iX a MjM 

Rjfjr) = 1; : ,{ I cin z - 6 cps z^r J;= i? Wt^wn * 3cd - 

In .fitwriM* L^> -2?, Eli* funetwsh v^Tn^ iir*;irtili* Lu dwitrtwil \?\*v&* l?y iiung n Tjtyl&f fKilyinirainl a=d 

pre^c ifciM ymir wraw b*s ib« rtquif^d ucnxacy, Ass^m* lb*t c i*j™ ih.^n A 

!9. /I#) =«■!! = 1; |«ror |< 0,048 005. Fof n, /<">(*} = o', '- --',. P„(*J - 1 K+rf H—+ r -" 


with JflHTOt _ ~ S < < jgr “ 0-000001 Lw^juj^ fl" 1 l-S incneaKng and i E$ b«tw«ed 0 and 1 

20. f -1 ^; livrt rlrtttmal 

* We require f(- wbcpc /fx) = c~ with i [t^J < 5 x ]0 -!r . FfOftl cqnalLcn (H) tvc liavc 
— t—^ 1—rTr* 11 ™ 1 where r is between 0 *ad b- 


■J.-iikK'm. .i> 



8-! FOmtQMrAI. 'UTROXIM^TTOTSS BY TAYLOR’S FORMULA 7.7" 


Frocn (7} we il-ave 

p e (») c 1 ‘ ! ‘ , + fr + fr + ^r' il |r 




dillA i 


^ j) = *” asMM 


Thu* f 3,12 - Cl GOft&ft with ih^ required *Miarfrey 


Sir Usinj Fjjfz) from EawPcEi* wLfh h»t|< J ! v™jj 

" * '{I ■" mf) 31 p Af + lib)" DiSMfl+ 3'^Crs?)" iGm) - “-* 1 m 


fc.Dx ]D - ’, we- have jdfl Jl’ 
,3 


LVing. Pj(3rJ fnnri F.sM^iir M. ^LLbi |*fKtf! ^ -8.0*10 J ,wtha^ 

5ff =™(s * tij)=i 

2X fir) =.&n x-, c - fl; n — 3; \ t \ < Q4 

f T [x) - “iin J h /"(r) ” -cm j, / rf (x ■ ste> j?, /^{xl — e« r 

PsI(t}= l+0 = 1st^ aad |en«ii= 1^ i^| < ^{0.1^ < 0.000 MS. 

24. FKtiiii.il* r.lic- «r?cir 1 ]ijU wraith wJitn hlti £ Lr, jepLdecd 0y s - yj 1 if \x --1 0.1)1. 

O Wc have a 0, ft = 4$ |ir< U.lj-J- 


/W = ain T 

/«!) = « 

/(zj = CM X 

m=i 

f 9 ( x) = KLn r 

m=o 

/ w O) = **** 

r( 0 ) = -: 


/ 4> (0)=0 

— cos k 



Tit us. 


and 


p <(*)= 0 +1*+jV+£■*= t y 


|«M; -1^3 |X| < 0-W>, tb«l 

■ Kn-url < -jlgfOLOS} 5 = 2.* >f 10 9 


25. . - t>, 0< t < 0*1- /(t) -r {I + /{D) - 1- /*(*) - |(i + /'(f) - h /'<*) ~ > + *V 


1 +^-. f-rrou- 


kr 


*Hf * 


oooons 


5T 4 71+^ 

at a - I, 0.M<*<1.01. /{*>-*->/*, /(1}= 1; /'(!)= -^- Vi , m= /'(*>-?» 4/1 

5{g.0I) s 


P T (x)-j - iwfoei- ^~377" 


iim 


JTi 


-tj.(jD0(Kiea 


27, ^0 t [i|< fl.OL /(*) - A P^z} = 1 + x +^l (error | =. < *^0,01)* = 1,6ft * 10” 


■*/* 



57S PULY?VUMIAL. APPROXIMATION StQtf'NCES. AiN'D IN FINITE SERIFS 


33. Usu- ihe NT ad au tin polyoomiai for c-hc sunmion cMm^d by / 1.=^) = M 3 - ^1 rmripuir r ,\u-. vatur in 1.3 
Jn four cW.ip-nl phura. 

o /(0) - Lcj I — 15 


/*(*)= (H-x) _l 

/*w = -o+*r’ 

/*(i) = 2(1 + *}'* 

/ f4) (Tj - -3!(l -tx}* 


m=i 
rm=-i 
/»- i 

/ ( * J (0) = -3! 
/<%] = 4! 


TIll.h v Eh^ IICEii VI-acini i nr; pol^nuiriiftl i* 

*M*** fc - $ +f? 

tittauEC /(D.2) = ]n{l + 0-2} - In Ok w* ttfdacf z by D,2 in C.1). Thus, 

P^O.?) - 0.2 -±{0.2} J - p. L 2) 5 - 1(02)“* + 

- Q.^DDU* -D,02000 + O-OOIHWIT - O.OOIMfl + 0.00000 = U . 1£233 
We find l^[0-2i |. IWu* /^ x) - -K 1 - r)“® Lhen 

R 5 <» ^ “ ~ j j jjj T W J La hclWwiL 0 Afid r 


mti h-^^wk«0<z<B r 2 
°v. s + "J 

Firf fl- < f < 0-2, EiLCE 

| R £ (fl.2)| < - - d.ihwhh u ].i k ]o _J 

KhculmH; [Ju: *irwr ii Icit!ban 5 *10"* tvscr F^O-^) u Ur^d [O appE-MiKAt! /id.2 . we WUfLud* IhuL (2) 

4tl vppEQKimalKm for fip -' l l:iL iH *ccnrA*4 :a four dtejia-a] pLae+s>. Hflundipg off thr ruauJi is (2) \*c bn.vr 
14 3 ^ 0-3B23 

3S. /<*) = In |4| - 2o(l + r) - lr.. I - jfc u - 0: i = J- |«»TJ < 0 0UUU5 

ft*) = (1 +x)~ l + < ] I*(*) ~ “f 1 +*T ? 4 (I -^r 1 , /"(*) =9(1 + T)~ i + 2(1-i)’ 1 , 

- -fi(l + x)-* + «l - *3“*, J (<3 = 1 + *) - 4 + 24(1 - JjjT* 


rm . rm t a r 4 w , /'■■'{-> i ffl 

■ -5J- -“i “55” -$~r 4! ■ H “ P 


p 4 (t) - ix +§ c 1 . la I.S= ^)b r/jLj - 2 .i+lfXv 1 = a .LBi2ii-j * u ii2i 

Ifitb IcrTW(=^{(144 (t - + = Tl* + 1»* " * , ® w| l 116 ^® C *' JK * 1 1 (°'A)' 


30- Fpanj B'KHciM! 74, K^!i)|4=i 


■n«K z_H 

w r. i 27 


j1o£e) ": 


Emciae30tf «=•**. HitCTforr 

■ j™ b1| <itPS** :hAI 


\l’^ ** * 14 * * (' S ~i **)** = i ^ * T fe /vfi = 3' ^ jv5” 0115747 

mth i-trrorl < |j /v ^ ^5 * = 




4 -. l POLYNOMIAL APPROXIMATIONS RYTAYLOB^ FORMHT.A .>Tff 


La fact ihi- flolulwcn of Lmc-tclso 3ft sfwwE | sin u - J tf 1 ) j = ri ' <■ ;:D l M 

|# d* “{** “ f ^}| * ^5 “d i cmr I< <** = T^T = Q-Wm?- 

35. 5-ll-yVf th* formula ^(] — z^ A *a 1 ■+ £x u acciatale la Lltfce fln^iif “ft,03 < £ < (?■ 

t / be ihe ftinesion defined by 

Wp ■l™* 1 Ibal ] -I- jt m tlw fictfKfe*nre polynomjsl for the function /. Wc 3in.ve /(ft) - 3. 

Rjifjtti#* 1 / r {-r^ ■ : J-{ l + i ) l1 *.. Lhefl / F {fl — lienee, 

=/(»)+/'(«)■ =1+S» 

TEie Lbgtutge farm of iht rem«ncpr for r t (x) i* hj 

- L^1 X 2 wh«P J Lji hrtWr-1| fl ATld - 

Because / ,r (Tj = ^(3 + x)-^ T Liu;zi wt biv£ 

Zf | 4. ^ 2 

R.(4!) — " -—~-J? 1 -* » between 0 in«J x 

1 * 8(14 ^ /J 

ftcrAo^f- — 0-03- < x < fl, ruul r < ^ < 0. then 

& i 1 -. 340-&3)__ h juLA^.t * a fc ri - ^ 


., I' _ L .- 

■^ i |{*l ^ * 1 |-/2 

By (1) 4fid (2) vie how 


- 0-fMMti-t = S-4 K tO"* 


(1) 

P) 


tt,(T) < £ K 1ft" 4 if —tJ .n:_'. <X<\\ 

TblU ibf fEI¥t-dcCET?t Vl^lftnriii [KSivnomial I -r is AOcuHiH; SO ~ Ij ' ci: Ot-iLtKai Li.OC.ft if 4L50d ED 3pprvximn.Lit 

S.V fU'i = (] + *r l/ V(0) =■ !;/'(*) = - |fi 

P 1 {i) = 1 - £ T *nd Itj(=r> -1(1 + i-) -4/ t x i wtym =■ i* brtmwn 0 ud r. 

J?«riUM -fl | <T<0, thenjK^iJil^lfD.SJ''' 1/, (U.1) S - O.UIKftiS C«.00S. 

Utntt ihc foimiJa (1 + e)' l ^ J Rf 1 - ji is atcureie to- iwo- tj-nrirna) plai-rj; if -0-1 <■ = < 0. 


* - -k. *|i + *r 5 ' 3 /4^=^-|fi+') _v * 


34. f{x) = sin x - nw, /{irj — J e l*) = c(nr-ni^ /*{#) - -1 - rn- P s f^) = -bit - (I + mfix — t) — ft when 



3&l ftr.h.wins ?lc!Ltbra of y cut £ tutl ”■ - «ur ai ibe boi «f iKts wt note (]LQ*t tf W jKfcjtivr *od *-W I* 0 

[lie iblcfbeii Oc&£ Ehe puk.t (1^,0). 

Lft /(x) — cdL z — mi: a - -|cf; tl — 5. Then /'(±) = - Hi Ukd / ¥ (i' — 2 £S^ r f COl J. 

/(|x> = -iirm, / r (jT) = -1 -m, - 0. fj/t?) + ™K* " J»> 

To wlvr cgt x =; mz n.ppraj[EPiaJlc|j we ^Jvf’ Pjfsr) — Th*-ii 

Lx 

- Jtph - (I + mjr - + Jrrn = ft; -(le mfx- r y-=—^ 

. is 5 

dflipg NevrUpn n mrlEi<*J with X 1 - wt fine j;, ^ ^ 


HQ POLYNOMIAL AKPHftXIUATLONS, SEQUENCES. \ND TNFTMTF SFR.TSS 


36. (a) fee ficst-deflroe Moe la-urn poJ>nom.i*J Uj approximate r* if 0 < t < 0.01. 

(hj Estimate the eFTOT in tarrtf uf t. 

i> i> Let /(iri=tf*_ UetaiLsc wt hav-r /{0} — ] *ryz /'•; '>.1 - J. I'liuf. the flin-dfgiit 

pedyn-amSal for the function / 3?- glvujo by 

Ikcau^ /(*] - ** And /(fr) ^ Ehtn 

fb) It# Lap-aosje form of ilw remold** for P-^x) J* £iwn by 
K t (s} — - ,£,— where i ifl Htnw 0 iDE Z 

Ihswise /'(*) = tfam 

1^(1) — where j b be'tWWJt U And A 

If r < k, lben £* <. £*, 50 

«« 

Wbidl th* *ff(W In t*rrn.| qf t. We *re gs-VeH that 0 < £ < 0.01. Thu* 


from (1). (2) p and (S'.. we «md ukSc thm 

»,(*) < J#* lt> ~* = i.oi k ia _1 

Thi'r^Vff, for all k where- 0 < k < l>, 01, «rmr i* lstm lit an h.LlEi x 10“^ when the Madaurin P^l.vntitrliil ] - t 

is used Us approximate e*, 

37. /(*] = Pfr) = r 4 - r 3 + ^ 3 —3^+ L a - I; n - 4 

/'(,) = ^ - 3* J +a*- a, rw - :ji= -«* *4, /*■(*■)- m* - j, j^O} - Z4, - « 


fin-o. /'(i) = *. 


"w to - m ii . / w mi 24 , rH») _ n 

- -y" ^ 5! T“ 3 ’ 4! _ 3d _L or 


i ? 4 {jf) ■ 2(a? - J) - |) ? ■+ - 1} A + |> - i) 4 - P(rj bffluwjM icnai? - 0, 

3a. /(■)^* r . ^(x) = 1 + * + $— + *f (-ij tl T HJ* - L +* + ■■■ + j£rf^ 

#*+j <+ | + ... + |^t-14.*+^+..-+^, 


M_ /(*> - bin x. Vjx\ - x - ^ + ■ ■ - -r {-1)* ^^ .*- I «fc + l < M*J QJJi*) - * - |y + '' 1 + (.“ l)^p 

<t> o t |‘ p ,w< - = -(' - & i ■ + - + <-'^ +1 (fr^ 


{b>-™«+j o pj<y«=-i+[§-i y +-+(-i) T I ^ Till ^=-ti-| T +^4-+{-i, 

40. Piove Theorem 6-1 -2 * Enit^ral Fexrcn -of Remainder} 

» hn PtuJ the pxeEKHltior. thit 

/r*j=/fa)-^x-»}+£P(!- *t +- -+- <»)"+i ['V- 1} ( 


/(I) ^ m pit _ or+ j, j (1 r +i 'n)i< 

F(C} it: 

/f*)s/ls)+ JVctJil 

P(0} b Enfe tkiause i: i£ sqdvi^ent 1o the wcuiul fiindameMai theory of c^uJu&v chac is srt- 

&cs*t niKgeE k > 0. Then 

/<*) - A«)+^E*-«) 

RpArinig in frtind that i if i&ie variiihk ?i^tl i ^ a amftMit, ’ffe om mi«rite oy parts w^h 


X. I POl'VSOMIT APPROXIMATIONS TSY TAYLOR'S FORM 1 I. V ft^l 




du - 


E 

(* + !)£ 

„ ,Y*+lw 


AJ>-—'"'"WTETirL 

'TP?? 1 — 1 f " . "> 

Substituting fr™ t-J ‘ JiW> (ij wt that w* Jia^c i^idiEirtlLed Pfi: + I)_ ESdiCr, by the prtanij*aJ *>r 

jftatbilftlMfcil Sndu.CtiiMi, l 3 i'n) In irur Ibr julv sutegirtr n. 

41 In Ek«ckc- 2.S.M *e Kdibaisbed tha* djfTtreiitjatiQii reveres* pajkv. Furthermore, Lf /(*) is ndiL, ih™ 
/(0) = Al fij Lei /{*} bo odd. Then » /», » = /W) " J*(*J -/™M - ■■■ ^ 

L ht tvtn pamvm of <hp jwLyubrdal aU vaniafe. (b) IM /{■*} be tffrtft lift /'(*). ■ ■■*«* o 44 r 

Till in ft -i= /'(!!) /*(□) = and so the odd powers. *1! v^nia^, 

21.2 SI-QL1E1NCE5 

i.2.1 IVfimtinn A if fWCnc-n {a,,} IS a fUttetUHl ^ r h:C£C dOEl&ir, L* iKi 1 ser. ■; 1,2. 3.- ■ - ■ of id fKrillSYO miners. 

'114 numbers c n are sb* flem.rtaj.if nf ihe M^ngusCfc. 

$.2.2 IMuiiSon A uttpinac^ [nj has ihe limit L if for Any t > Cl there rai-ita a number M such that if n is ati 

IF! Log^r ; j _nd 

if n > N th*D j - L [ < f 

and ire write 

Urn - L 

n—+T-J 

$.2.3 Theoratci If Lim f(i) — L amS / b rlefinncl fnr fp«7v punitive uiugcj. Then also lira /(n) — L 
E 1 1 g e " m—+mt 

when Ta 15 .-^y po*ehivr irar-i^j 

Warning Theorem &.2-U i|e»-. VQT r^tv tlin.1 if lim f(t\ dooi Jto!. cxi^i !l"rn Ti =n /"(uj does not cair!. 

±—J+L* re—p— 

To see this. ftfmScdeY & n =■ ftll} ^tln ftff Wld /(JP) = «E1 H- 

Bt- Theorem £.2,11 wo may ufsolho ismS* Lheoretcd of Clh,a.p?£r E azid nv.r- LnfimS ihe 

Unset pf i. fimciL-oo. 

On v£r®tflt If a pequonce {c^j has a limpt, thr HTpirni-r is said so comfer^nL and a n zovverptf U* thai 
Divtigeaai jf arqiiiprte is cot toaveffgunt, it ia rfRicrgeRt Tbtij if lim “ 2 ■"■- Lf ELm a n 

dotis cos. exist, the scqurac* jo n J ts div^grail. 


2 L 2 .-t Theorem ]T {ii rt } ulJ aJS tObVeEgcPt m^pcH-t^ -\riri ■: .‘i s-nnisLfcnL, Eiirn 

(L; the conEtaist Hjia c m Ll s IIjelLi= 

(n) 1 1 pi fc ce^ ~ n Lim 

n-"-|-at fl™w» 

(its) Lino (o n ±£„)= lim i Lim & a r 

nJf rK tl—-H-^ u 

(i v > u « y*“t |j“ 

n-"+W Ti-^F-iaS SL--4 aC 

ILm a ri 

fvj Uj¥j ^ - "i^V if link t 

‘ n^+^K ]LD1 flp. rj —■+-:fi 


Tlw! n-suk eif Lsanipk 3 is often staled a* ihe foLlowm# [JscoH-m. 

Theorem If Sr < I, tbesoqnenn: is eonv«rgait md lim r ll = ei. 

*!-■—+■ rw 

Somct-rinr-^ ivr iVJWSC. -to- hnpw whether r-: nnl a r^|Urr1q.'r if. CORViriftTlt jact.iudly 'lilldinp 

the- limit. A m^nnstnnie .■^tqueritie is convergent if anKl oncy if at sa- bounded, formal . 5 tJtt^raLiyd& 

of 1-Sir skfiniliLuns and th-eOEtlTiS foU-O 1 ^. 


itt POLYNOMIAL APPROXIMATIONS. SEQUENCES. AND INFINITE SERIES 


£.2.5 I^efimlson A sequence {o n J es i^id! to tw 

(e) m:rfnS2H£ if fl^ +T > Fot All tj 
(iLj dtcTtaamg :f ^ < % For *11 r? 

If 71 *qu*nce r* irorrrfLqinpr nr if il i*. ifcrrraring, it is-ralyd nuodaEurn'r 

tiJBLG, » LfcGfciLtoii The DUffibdf C i*. culled 4 Ir.-hst iuu*/l iif Ili-i- ^uflnur: if O < o rj fur iU pautLvc JjlUci t_. 

-iiwl t3|r* 1 1 .: I .. 1«:r P !* exiled *q BJJp-cr E^an-d of ihr wspriwr if < D Fur all [sc-rU^- 

i ntcficiF n-i A ¥cqg*n-cR {n^} in said in hr 6-Diufcii if aiad! *nJy if Lt Jtai an upper Wutd tad m 
loWtf LkiuiiJ. 


6,2.7 P«fln5|i<re If A HI * ;pfffr bound of * sequence [fljl -i;iH if A h--v* (hf property thtf for (TflJ Iqw*T _t - ■ ’ t 
C *f {«n}r C < A, then A 1* <aJkd the Jfltiftcii iosprr (rrjmi of J .hr raufi-ieurr. Iniuiluty. El R ■ 
an upper bound of * swptcfiw {v^} and if ft Iiak tht properly that For every upper bound L .; 
{z n }. S< D, ih™ R is rAlled the fcurf ispp*y ‘oiiftd oF ihc sequence. 

fi.'J.y Avion nf Every nonrinp ly ^1 uf rm Miimu^rf tJlit ha* B Iotv^t boutld W r^T p r«i1r-C lawn- bound. Ai=o. 
CuiiLpItLoucsi- rtoncjnpiy os real numbers ! Hr.L hnn nn up|wr bound h&j a Least upper bound. 

B,2.10lWwcni A bounded pioncHonic ^[ircEice is run\ riSr:ir 

Tn fneL, jin Incre-umfl at^uenct that if bounded sbg-ve orm^ r^e* {*.£1 its- least upper bound: aod 
a c«ica£;nj srquflire 1 is boursdod beloiv couverjes. -&o Ltsgreai^' lower hoi mdji. 

W* may uh either Definition S.?.a or She follo^inK tbrorrm fcu sQinw that Lfot sequence fa N ] m 
monotosic. 

Throirm Tf / n fl fusipl-inri niffli Urn? /(si) = a n F&r pc»itsve ini^er n, mhI 

(j) if /Vj:) > If l*t aJ] x >- 0 , then {uj i> decrt-^iifi^ 

(]j) if f f (r) < 0 for jl|5 j 1 > Q. l briji xi deercaiin^. 

If tht wquatcc {u^} is SnaeMEng, then ^ >j] for ali "■ Tbu?s in a lawr b^uiwi fen {aJ T 
ajsd {u^} Ja toavesften? if and &niv if {a n j *r» itppr? bound. .Simiiatly. if fa,J b dpcnr^iL-r 

Ibrh G| in an :ip|ior 3>ijitnd JLhd {«*„; 1* conyer^nL and gnJy if \n n ) hn^ n. I«w-t lsemilf ”■ - 
arbitrary «socntft -wc LJw fHkwlas shronsm. 

£.2.13 TlioMotti A (aov^ni ^|iHiian is fewKiudwI. 

Pivfoif To prove Ihol fa p J li bg-uiid^cL, ct seiumI be ''hwb Ih-nl il 3i,v- 41 lqnV»r SKiipbrf -■ Ii>s9 An 4|4pr* 
bmEnd. Eeranw: {u n } b tu;ivflFE.rii3, Ihr SfigUattCi hafi A limit; f-sJ] this Ion!* Z. TltCrefoTr 
( ., — L- and SO by Ck&nJ^on [01 C = ] t-b^rr a nnmhir jV > f) ineb thal 

if n is iot^pir ftud 

if n > A ihtu. u iL — L|< I 
« if n > j\ J then -I < — / < [ 

ir n > A' Lton L -1 < a rt c L h 1 
il f^lSnwiF fruen I bin i*tn«U tlsftf- die ^maiEcyt oF tb 1 iiujiibeTfi 

^ — I 

is a feoviirr Wirrrrl thr s«qi| i fMirt j _ and hjl ujje^t I>::■ u r i■:I- is ;h.t IaJ£efi r . of the DUmbcrf 
&2i — - &s- A + 1 


ti*er?iscf # r J 




scqucojct ssd dci.eimine sF if- is ogei vor^ant. IF t*. find, lk limit. 




-- r. -f-J- — 


** = rn~- 


,3-rL_4 


. ■: T 1 _ i 


3 g - 1 it ^ ! ji -1 r 


Mm ft,. - litn s LLm. T = I i "hrr^fr.r^ frr_} b- rohtrrgtnl Afid Us limit if i. 

m—i-as ra ■.-•-t-dn ifn - 1 f 1 1 "F■:■:• 2 _X - “ 


„ _2^+L w _2 + l_a n 




-= 4 . bm -- 


y.1:! SEQUETCCFS » 


j, n 1 It - ■ I .. _ -3 r L _ i - I. -H - : IV 


lim a.— tlm " Z ' ~ [k P-2,1 =+*ng-'I'lwj-eftwc-fu 1 in dLvc^'Jat. 

tih— k™ * n—4« ™ -i^+ocV «V 11 

ij - SrL^ i- 1 

& Let «_— -r-- 

?P4. T > n 

Till- fixtft fyi]T of thf w^iEMicjn nrt' found by reikEacinfl fl bjf I. 2. 3. and Thlfr. 

j, 5 3(?)+]_^ SW-MwM# 

, ‘ i "2(2 !! )T?'"?’ ^SaP^-a* ^“a^+.-ss 


1 "ajPT+T *■ "* ^ + ? 

Usiiy? tocfaiicqius d^v«Lop«i fct fimra of functions Jut** 


lim lim --■!?"—= Eim -5-»+« 

m li Va a w—2fl J + 1H- S+ — 


HcfdW mi: 3'K^l-:IiC£ {fl„J 1* divMirri-H. 


L 1 — jl'Tl J 1 .- 3 j- — S- ■& _ _ 3- IS IS J, V “_V■* 

*» n*-!* "* «a-7^T- “T-^ - TF^T 


Lmi a = lira J •■ tn • Sim 
n n-^ 4 - 3 p nr —I pi—+ c 


= - 2. TS) 0 e&K {*J is eomvei^piLl- &wi ii-^ ISmJi I 


n -*-+*0 n ri * — J II—H» 1 . 1 

n 2 

(■ 2- r . "i = ^- >.7, «j = ^ w 9.7, ^134. > 1 ~ n i | ^ - "*«■ ' Jiv * r ® eat 

7. ^=155.^ =1^1=0,^ =^,*3 =i^4^-1^. let By L’Hdpital’smJc 

lira /{"t 1 — Jkm -U* = lira "k—— -Lin — s -j— L 1 

»-■*» X-*blK f* T— — *1 J —+*: ?J* 

By Tlwwfln S.i.3 /(?t) - D tjkd n is a posisivt integer. Thrr*fora i’oj is converged L g.r.d jis Ucnii is 0, 

lii* tirA fomr ^latitats of lb* scquje&w *r*: 

_ _ tri 3 _ j. _ La 5 Ip 3 _ _ Jj 

< H-iint- J ' ^-sTTf’ a t-rn,t 

Wc *pjAy The^jisn Sl2.3 tup determine whiter the b dawfut or divergent. |^b 

^'-*¥5 

'ibes /L?t^ — & n for cvtcy posiiSv* inbi^r n_ J'uisJjiiicL'iorL, by L'llOpn-arsi cuV 

linn lim Jifi.-J- Urn i_(l 

J--.+ 3B ; +e$ * In i? lo -r 

Tin’zwfnm, F.hp^H;ni t : h!f {«,.]■ con^XTEyni SirniL 0 . 

9- = lanli PJ. a t ■=■ LsjlIj L ^ O.jSS, a, - tb.fih ^ G.SW*I, linh :i £i □.!*!>□, tf 4 - M«ih -1 bs Q.91W. 

Elen u - Ljk iaiLh Fi - lim f n ~ g II — lim -—- 1 i’hny {*„} i* cjonvetgasl nut ila Uimil ty l- 

h---' -I -so ™ n-4» ti^-hih ^ # f ?l _.*-.«o r 4 ,, ^ 

10. - siniv n. * x — k:bH I s 1.2. o, — ainti 2 =s 3--S. = ?inh ^ ^ JU. = nuih 4 f- 27 

Eiltt a - lim {((" - e -,l ’l = -nr- div^rg^riL 

n—■ 4 

11 . = ^-j- Sia fli = . 1 | fin ^ ^ =TTJ s[bt -° |4 3-l ^ r ' f* " ^ ^ 3* = 0- 

T^L’jtsiftf | r? p ! > | i.f ei is odd -ind <r ft — 0 if ra ift evm,, ^ ^.1 no- 1 0 ^. Tli^i^*hi- (o^] es diYemeni- 


■jS'-I POLYNOMIAL APPROXIMATIONS, SEQUENCES, AND INFINITE SERIES 

j2 J .si nh jl ~I 
{ Mh t; / 

If d — 6 ~r Jl ,j . linen; iJie firsi Joiit elements afe 
n «:l n 


*r " ^ * 1A ^ *4-fl, * - S7J3: fl, = ^* -36.1 

Sin l ^ fllli J Km S 1 n:n 4 

Hcc-^se- I in sin n (i^ not exist. ud Ilia snli n — + 00 , we coadtieie that lim qol exist, 

H ■■■ # fit n—r+TO n—■ +■■*: 

Ufoicp, tihf sequenc® {*J i# dtuergtnL 


l3 ‘ + 


S-F“* 


Jim l 1_ — Jim 

■n-—+P4/ a — +■■ 


■-_ vV + I+I? ._ Vft^+J +Pl —111 , ,■ 

.:m —m 1 • • .. -— Jvrn -i- — +GO. Thcrtfare !■ ik dtvtTH^L. 

"~+* ( 1 /n jI + I - n)(V* T 1 + n) * l * = +* 1 * 


14- o„ = ,/n7T- v n. Oj = v5-l *0.41. a s = VS-ViwMi. ^ = 2 -Vf jsO.J 7, «t 4 = ^/l - i a d,Si 

(i/n ■+■ L - 1 /S')(\A | + 3 + yM ., I 

Lun & n — lisa - j -=-4—« - !trn -_ ..- = 0 

ft - + n-t+tt y fi — 1 + y in n-i +ao yn -4- i +» y n 

15. «„ = (l + j a i = 1 +| = $ * 1-S3J, “i " ( ] +|) ! " ^ * 1-SSlp *j - ( ] * 4/ - MT*T 


4 *« = ( i+ aj 

16 . jj(l+£)' J 




1.377- Lim r. |t — Jirii j l 4 J 1 ^ 3 — i- 1 i« nGfi vvffi’s to r 1 -^ J.39G. 


» Lcl a,. - - -|J . Tim zht first faui d*ii aenl.s aje 

a, =3, <|=3?«-4, « 3 =(D i =W* 4 -«- ^=ff^ = ls af 5-W 

If /M = (l+f}thtn 

= Jmjl +|) - Ljjmjfl + 7. J9 


Thus Lfw sequence 1 s convergent ajid liai lilrmi. t 2 


17l 

"e-j 

"! 

£ 

4 

a, =2, a,- J l / S )ss 3-4i. 

□, = i 1 ^ 3 k 1.26 

■ a, - J [/< =s 1. 

19. lim h h — 

lim , bJ /" = 

cP = 






R r-* 6fr 



IB. 



^ ss 0.71, - (; 

ft' « 0.79, u 4 





lint n_ 

= Sira = / = I 








n-m-+M. 






IS- 

a n = JM" 

-^ = Ofl r =■= -0.S 

0, <ij= ? feO.33, 

■ 4 -£-<>•«- 

leL/W^i 

Ry B-' M<>| ril jl! '-; 

IV. Ic 


lira /< 

»- !in: Lim - 

1 ^—% Th 

■ 3-3.3 lira a 

_ — 0. Tims \tt 

\ eonvordiFs id 

0 - 



5-+-K-3C- ^-*4^ J 



n 1 r 



2 fl- 

{sew nr) 








Ut «„ = 

can n?r- TIh??i the liftt Rjqr 

qiemcaU &N: 






«1 = 

CO-5 T - - 1 , e 2 - C 0 S 5 

^ - J r '>3 = 

ooe 3tt = -L 

a t — («4f - 

= 1 



IWiusr ht = -1 if n is an odd inttper aod 00 s Ait — I tf n u aq even iaic^iicr. Ism docs not exist? 
Tims the scqiitocs ia nH,+w 

Iii Eserc!^ estimate ct-^ phlcal I ;■ the llmk tli* caa ver^ent .^qijencr. Owifi-Tn; foui estimate analytka. r l>. 

a <*■>dri“„IIT» r+m 
21 » ,£ 5 L St^r ^ 0 (b > .iiSL = „iiT„ Sfc = "I 




■ft-. . —. ^ j 


23. ■» lim 


fi?r 4 3 n -•■+ » 4 ■ l/rt J j 


W ^ nj iyT/3 — li™ — J 

(b) lim 3^=4= lim TTT - i — 


S-i SEQUENCES 535 




& [ il ] TImj lirnij ^pKus to be —2. Analj"Lir ilJjv 


lim u" 1 _ )jni .7 - ~ - -2 

r.- bC.:.± _|_ ] 1 


(la) The limit appea.es to be 0 . AnalylkaJlv, iim - bm —“ V — ^ 

fL 1- " '!'» fl* + 4 .| 7- 1 

n* 

*■ wv-teH w-trfi} hit both da^rgrnt Lilt |r,J - i/-.; 


(^th limit 7} be^ia* Jim^ ■„ - } ,»& ^ - Jsfc, ^ ^ 

„ N . n s (n+4)-n%-3) ,. 7n* _ ,= m " __ _ 7 

n — Pgl = . 1 -^?* (rt — J)(rt -4) " (n ——■-*+» (1 - 3/^](I - */tl) 

at. m*l> 1 . kt W = B* I/Hopital’s nit /(-) - [ 7 F" ,H?« 

By TL. £.2.3 and Eate.-CIM M, a„ — u Thin {n„} D. If 0 <fcl < i, Limn | ir K | > n. 

Tbit* {a,-} ii=- mil bounded 4 L*1 htntf- lii vr-j-gr-Ti L. 

In. i;»:ci«£ 21 42, deScrmin* if r.h* toapjhttoc it. LocK-asing^ decreasing. in iuh moBownlc 

ii n 

2T. n — ‘? Jl ~ [ ■ =■ t — z—-—v hv Eena di viriiuri. IStMiiLs* —*- ii dceJeMIBg, 0_ 3H inrneaJarLjJ. 

-Irt-i-S 4 4f? + o T 6 4* + & n 

* £-:} 


o- La « tl —tz—■- By Loug divUitm, w* JsBd - - - 


ckcrr-a/usi^. hh^n {(4^,) i* 


P i.ca _ r OIV1MW, ^ ac clu Ufi - 5 ™ 2T4n - I y 2j'4n -l) - 

i tier c-tad rig. 

3$. a - 5 Lke*uw is decrciiiing, c R it deefeatua&. 

tt TT n ..... 

30. - sin itx. Because sb n- - 0 - v*f>- iote^er n, ijitp, {a n '? is a wnna-ut Jtince *bi,cii u both incn-iSLQ^ 

and HftrrejLsiAft. afid. Leace mcmotonic- 

31. fl i( = cot jn-r. _ eoc ra 2 - cos |t - -^ P ~ eo* x _ -1. a fl — co? Thus > a-, and -n^ < ^. r 

VfK sorrif- valu^ uf k. ^ “> a 41 , awl for Borne Visits of n. a n < a n _,. Thus Lit scqueELdc is not nsoiiotnfci ir- 

- {^} 

o ? - n^-i. lircannc n 3 id IMnaiCQJI^ ^ aa decretjuijj, Lh^ gutn r-T|'jrne" n inrthnJWiitB, 

J3. --jL- .. a, - - 7 — - —r ^ 0.54,1. a-. - TT——t = 0-554. - J Q w Q.253. Thus ^ and 

^ a +aLA ft 2 “l+*nl * 2 T mih 1 3 1 + ntn 9 J * 

Oj > 4tj. fLKt ?H3i^r vjdiLii, LI i lit a H > azid faT .sc.mc- -l-,-i1?i-h^ vf rt, d H<3 ]'ne nrnt niwn;t 'Ll i r '. 

54. I2 n = . ^ J + . &KBUflS 2 ' -l -r L is 4«I^aiLng r a a is LBCi-etalbg. 

5^- *» /» - < o > a 

H*iiCe /(j) is d«:se 4 tS 3 JLg [W z > 0 so iJsat is- deeic-auiBg for ;«rri.i\-i iiiti-^iirs :l. 

.. 

P Let ^ Wr h.i \ n flij n | r a-. ^ ^ _ r], ^ ^ = ^{£. u L tb^ inny he 

^n-r-l (3KL + 2J! 5“ _!>+2X3rt + l^ 

- t - 

vthevi n > l r we cocclude lbat ih* s^iieEte |aj s LGCieasing. 


m POLYNOMIAL APPROXIMATIONS. SfXJUEIVCJtfi, Wtt INFINITE SERIES 

x? (i _ n\ a n+l ,_ fn + ■ }\n} y _ q - K . ■ ■■._ ■> 

’ « 3 Kj a" jH-i 'j*~ jn+] j" > -I a b >2. 

I .hip sequence is bicrtfjMin^ &be llE-iC-1 i*u twrns. 

Ti; _ _7L U ™ + ] R + 1 if” ^ -|- \ - h - f . .. J. . , „ ■ ■ 

»- “h T^T- — ""liTT ' 7T = 1 v rt - S n ■* 1 < 2 r. El > I. T ep rlM-nwiug. 


™ „ rf 1 n-fc" _ [n~r If (a+ 3) [n 4 I) , v r f 7l + i\ 

* *"fr"sr-Ts+tr^* fB+ijni J >LIJcnccfl - 3N "i™"" 1 r - 

«, {li S +(-J)M 

t> r.e< a B = n 3 +(-l)"n. W* luvt ^sl-leO. ij = 4 +'J ~ <,*^ 9-3 = 8 , « J| = 1 S-M=at. 

— 35 - fi. = ?0. B*t»liSe n t < (Zj < Cj < a M <, J-, Ghe ipuiy iir- m-rnya.'-.iing.. 

«Wi-». l = [Cn+l) 1 4<-l)’ M ‘ I (n+t)l-|» ? + (-ir-*|^2n-rl+(-ir , ''CS'M'l)={J 11 + 2 jfj J3J 

Etna? — a n >0 arid .-in r.b* ice {<a n J ts iiKM&siiig. 


41 _ __ 2 j _ ,a «+i __[n + 1 )! _>_nt_ ^4 

Tbttdfllf, Lh.£ isct LI ^Lcrta-sing- 


«. „„=, i ; 5 ,,;f"- | > Vi = _Cni__ *±L < j 

" 4 »! i" fl (n+l)F I fjp- 1 ) aflTTi) 

TbewJiut, iJir Is decHasfajj. 

Til pLS juid 44 dctrimin^ if iJ|>- MfqutftOe ia bcjnrEcd. 

43- a n = “Tr- ^« au ® 11“ fl ft = Ubflft ” j* I 3 — Jim 7 ? — 430 the S^uttiu^ is nul 3atmmM- 

™ + L »-+« W + ] n-r+'M 14'l/n} 

tf-t-ir -1 } 

B Let S m --3 “■ (-L) rt L Tf 71 ra odd ieiFjnfi« L tJn-B tp - L ip **eii. ao (- E)" -1 _ ] and a n ^ 2. if u u ah 
inl-fgrr, £Ki^Tl R - 1 L& odd, f— I = 1 r\nrl fi fi ” ■!. TJ^its. 2 <! < r 1 f*T -ill n r ,i.-nd 

the-s^tJKe {a„JWuaded. 

Jn. KxCTC35«8 4o S4 4 ^boW '.Eml lW wqmilifl' <-is|jv-. r^nr|| Za^- i IIUBg IJ^rnfl ^.2-H 1 

lH tsccfriM 27 tJu- J^utuee |« n J - ^ ~ 1 |- whs -.!m*n r.ci Isr mMeistBg, L'urthcmoh: (J < | for ii: 

puajt-¥K lui^™ n. I'hus tbf scqucatc is bounded tad raxmotonjc, aisd so hv Tiittur^nz ^.2.lu it i¥ gou* cogent. 

- JtVs 1 “sT = j*L, ■] '^TT' - l ^ T . < j ftw » £ 1- «n is dwtfrnwiti* and p 4 > 0„ Convergent b-y Th. S.2JQ. 

47 , - L±^_^- 1 ) %4i 2 ti + t , 

* -■■■ T. H'4-6-...-{&Ptt + ^ ■ 2'4-6'...-(2n] 2o +'3F ^ 


R 2-4-S '*T, 2-4-fl^...^2n) 2n +1 < L 

LLcncc the- ^UMCt Ls njccHcaajjtf.. FuTlbwEiuif* (Q < ^ < | for ti!J pcsh.Lfr'c il. 

T\\ m i* thf 1 -i^qgtqct w JwiT;r;d-rHI -i?id litono^^nic-,, and >.d bv Ti.rc>i-r!i i S_:/. Itl il hi tniifcJgcr. 1 ;. 


^a. The r^rjneofip of HaWTtiao 3-1. 

6*- Tlic f«3f|ueibre |<a ra ) ]& tkfinod bv d n - | ~ ^ 

[n IJswrfB* H-« ^hawnd Ibal (i7 a J is iaeK^iR^ Til us. (c,J :s moqcHonic. Vrt tb^r, i 9 ^»midw£ 

Rwslim; * n > g, U B a lowti boitnd for {*„}. ft^aiis^ 'J 71, < 5 +- 2 n . c-besi 
2 n _ . 

1+2" l4f 

'I'fcMi < J- «Kl bchcc-. L ia tin uppt-j boujw! Tr>r ^fl n ! jS fllOBOfoBiC if id bOundMS, 2iy TI:<*or^L 

S.2-10 Ft Pf cgpv^pgent, 

dS- In l^ctrcisc 3J the- M^ileEiCc {u n } - ;? ■ ..- was ehowu (O 1>4 detfrOaicift: mid ft <fl n < 1. 

Thus the ^?qacnct i.? bounded ind moi'iofonbr. nnd w by ibe<?rem ^.2.10 it a 

fn EjkkIk 3S the- svqiidiee {ej w-as ^i«^rn U> br rfpcTrAFinp, and U PJ >0, [1 ||> TU 5-2.10. 


s.2 sequences &$■.' 


51. !t licerdsc i5 (a,) = f- j'. j'V' i-l" wai iJl0WB t0 doerwwjR^ uul Cl < a n < 1. 

Thuf ^ 1 iie:i^ is bounded and IJlGBOtOFlk. And r-O' hy Th«tsr£iJL &.2.JO it iis cOGLvcfgcm. 

it Tbr vs^nci 1 : uF V. STTFEH* 42. 
t- Tfoe-scquerKe {« ] is lI-tM n«l Sty 
L ■ 5 ■ a - ■ [2n- 1) 

fl ™ ■ sr"rf 

(ji tJitttise -112 wt sbowrtL thui u n } is deeee&dimg, Ihus^ ^ < u., fai aJE ft. and l^si^ jj l i* m upp« twuad for 
(tf re }. R^JULtfC ^ n >0 kr All n, Llien 0 t- a Jgwpi hound id {^} j^) I- funded and mwtWtmik, by 

Thi^^in B/J.10 lJ -CtWV«gPHt. 

Sin ^ c " + . 1 - j l J , k 1 -W = ^!L±Ay < L L + “< 1/2 =s 1.4: a>% Tb^fac*, afier ibc first tW 

^ ■* 2 rj ‘ ^n, vi-i^l r i" 2s. rt .■ ?t — 

tbe iC^nond' K tki^EHsmn, further,, Q < <r^ < UlUE tic «qyc*icr u* bounded Ftfld TtlOEOinnjc, ntid 30 

by TbpaFcm £:2.I0 it is 1 .-™ vergm l. 

5d. k > 1, * A =zt^ n ^ r^ i ' TV . R^riii^i 3q i > 0, E*ieq In S:/b ip d^rens-ins, smA r,n n ft i* rfr^rvuliin* Als>, > D- 
Jk The sequence t h G.~ j ? Q„.. is ckaily (ixniud^L (by a -aud 1]. c«i.vFf^nl {ns n} bu.i uni iri*iww«iic, 

iff. Ptdve TIjw&jtHft 5.2.3. 
tr Wt axe given 

= L 

which is eq. 1 uva.k 2 l to 

If'or rvEn.- f > 0 there is -1 ntimocr 'S sucii ih.ii far ill real nunibej^ j- if j > N e-Ijcu /(r) 3 ■ j < ■ 
which implies 

FeiP rVnpjf e > It then lh a irj.cn her fr" SUth lha.1 foj- nil positive- jnicg^n h. if ft > Pf thep. j/(n) T. j <, 4 
which i» eepuvalcoi In 
lirn f(fi] — L 

^£. Suppose Jjlli tt T .- L- and. Hen a fi ^ M rtEid hr L - r > □. f ! oa iomc JV, if rt > H. 1 hen iwihJ 

I B n - M | < By ube trLangEe mtt\v ^sty : l - M =! i>. L - L ! - [a n - .^S} | < | - I- -r a H - < £« ^ ^ ; 

wfcdeh the iiyfwthm3&. 

&^ r If r = (} r {nr 11 } ^ (Q> and Lint & - ft. JSow #opS*Mfc 9 <ir |< 1. and let /(t> - rr* --=f- 

RfMAi« Sin x* +» aad Ilfi_. r" J - 5m — -H» h wV mlt, and wc ime 

£-H + £E J-tt+OO .f-H-Cl& \ r !? 

liMft /{t) = iinn —ih = lim -- ] . _ r - Jiofj -n~- - 0 

lim nr 11 — ^ nud ^ :iir rtt^htBee is -convenjerT: ^nd 1 -^ limit ■& 

n | ft 1 

6U Ib4l if tEl*- ^HVjkienf*- {^ L } in cor.veTEenr nnd Sirri ii pl 1-. ‘bcii eKt srqucaire ^ cnnvsTR^nl- 

wd StmJOn | = 1LL «™+c* 

^ Hy Liwi iriwigie iai^3Mii.lity. 

K-l|>j^hii 

a*id 


| an -L|-lL«g fl ,|>JL|-|^! 

l^iefepe 

l-.- 1 -I^Kl-itl 

IW.msr lim TJ, - h H by Dv&aj|j.vft @.?.2 for any ■: :> P i.'H-rr is a sLum&tt ^ such ibrii if n is au imegn ^r.d 

IL -> | '14 1 

if 3 J > S then - L[< f 


5*8 FOE.YIS'QMTAJL APPROXIMATIONS, SEQUENCES, Afr'D INFINITE SERIES 

fiy (i) Wr^ have 

if n > IS’ Llicn 11 ^ | " IL 11 
IleTKe. by DfifiniCwn S.2.i, lim |^ rj |— \ r * 


61- T'n pno-vr iim &' 1 — L 2 we nruFt snow that for anv ft t-bcre L 9 a number N > fl such sbai 

n-^+HQ "■ 

| n^ 2 - T. 1 ] = |n ft - E. [n H + Lf< * for r-vrrv iiitrEer n > N (1? 

Midi <1** = L, tll+sr. thrift U Et ILItEPirWip , :.lhrh lK«l ih^fr-r f. > 

■■-»+» J 3 

K-L[< 1 ; —1 < a rj — L < I 3 SL-l<4 n +L<tt+t;| 4 n + Lj<aiL|+l 

There is aJso a number such tbai fo' 1 -1 < —- foi every integer □ > N a . Ekace 

1j:"+ I 

ja^-li 3 -|J ft -li|tta-!-l-|< a[ |, + 1 -(2|1|+1) - c fo: c\eiy iniegti a > N -mat!*,.N Z ), 

&£- Berauw 0 < fc < 1, then ftry+x < Also a n > Hence re decreadns -and bounded below, 

8.3 INFINITE SERIFS OF CONSTANT TERMS 

T.rl {u^J Sic: rf. Krt|Ui-nrji- mid define ihr a^gsdnecr fl/jiarlrd^ dujn.-.. ;i_-i rijLIu-wa: 

J 1 — “1 
*3 - ™l + **3 
*1^*1+“3+^ 
juad i*> on, whr.rc 

=«1 +« 3 + -"^U n 

The. s*q,u*.iCE {a^j 1 a uJ]rd hjl eil/ihRe If i .v n } onnvftrge^, "]iei; tv*dc:f:!ii j 

2“" = Jta* s " 

■md wr say 1 hnI thd* infinitr wric^ h cvti ?frg*rat Trr form.Tl drf-nilinns a~r a? fn-lInwp 
8-1-1 TF {nj 1* 4^U4fl^ ^iiJ 

^- 3 -^+ uj +■■■+«„ 

iben tbe Ee^uence ^ n } is caLtd an m/iRi'Te stria. This infinite series is denoted b\. 

+«> 

JJ + “S A -“ + «*+-" 

fl=S 

The biimbcra i£>, u^, ..., u a , ... air. caLltd ;tw; of Ihn triHEijLe- w-ne*. Tbr- Elimjbera * y 

Hi .dd h r^. .. Jirt rolled Lhe jMrftft? jutu uf tfi<" infinite bctlm. 

+™ 

BJ.S (Jefitijituij T-«i J]] n h Im: a and let f^ a J be ihe ^e^nenee of ^aruai sums dtlluLag this 

n--i, 

infinite series. If Urn .-I a:id i> MMial If} s. kt .vlv Lh.r.1 Ehn Rive-n IS ronr^rjfn: 

ji— 

and that S re ib? of tbt infintCe aerie*. ]f lir» th«- ^ri^ 1 - b- ^iiri 1 -. 

be dfotrvrtt aaA the setie? uot a sum- 

WV will Slot usually be able t* UWr rvribiLion S,3,£ 1o trll whether or nat an infinite mtItc Ij 

f^ovenjms. The fdiomns tfator«n allow? us to prove sb-at a^ infiaite seises es diverpeni 
+« 

R..U Tlimtfri:i If tll^ infijlilr ip CU-UVergrht, «lim liltl 1^-0. 

Fl = | l(L-P+*t _-, 

FniMEL Tljeurdici S.3J- iL lo-IJrj'.vr; that if lim ^ (3, tbflrt the rii!.'id-.> ^ i^ diivhr^KtTiI. TRp- 

■l - ■+* * niL +-mj 

ronversc of Theorem lf.3,1 ii false. Tsai Ls. If Lim u pi - 0, ii d-scs □&’, follow tbni T' u., i;. 

*-+** ri »Sl 

^ftnver^ertE. For example*, tbt 


Llarmonac Serial ! 1 + ^ ^ +'" ■ + ^ + - ■ ■ *■ L. 


#.3 r^FTMTT SK'ELIES OF CONSTANT TFRMB .^9 


Eciler^ CotKiUiai lim 


: — En til cocnverg-es. Tbt Uniii is 7 ss QLb7723-57 


PlCKil BttUJflt -L < [ l*£x <—Ur (1) 

rJ J„-1 T n ^I 

by adding wc obtain 

l + l + —*1^1, .^r-fo 1 ,<i+I+-- + —L 

Hid FO ^ < ] + £ + | t - !n ^ < 1- Thu? th* s«ju«K* - L + J +^+ -™- ta u is 
twwndad by 0 aafid 1. Consider s HI - s H _ 2 = ^ -Jn ji +3r[n -I). From (]} also 

J < In h - lofn — 1) < iOil J(Lf i ^ 1 ^ 1 - Ijl n Ji-l4l(n lj C □ M IJliL 3 rt ID- dcCTCviTMElg.. 

Thaa i n toa-vcr^ea. 

St follows that i+|4^--^^llLri + - 6 -A better W ra*imAlidfl ia hi rt 4 f - 7 ^-. 

{jeoaaKtrk Soviet If (he to-Ieu of >izccesrivr Lot eel* in a scries in coni-twit, ~*'c\t s-i'-cicf; is- called a floorTiefnc 
Thai is,, a geometric series lias :hc form 

l tab 

52 ar n ~ 1 = a ter t iff 2 H-+ ar n ~ : h ■ ^ 

*=t |_ 

where ii nud r are Any cuzutsfc&Lic. Tl«* nth phiLial khuj sjs gjvc.n by — a ^ We liJjLVr t?in 

Cclio-vrjnj; theorem. 

S.3..-& iturjifiu 1'be j^eorcetrLc scrips converge* to ibt sum fl/fl - r) if | r. < 1, ajid div^fitw if |r| > 1. Thus 

Pl*?l 

TcfeHwpmg S ?rkn ^n-*i)4(a| 

WL-cJi LtV-ipg fl-rt iftfiaitf nrr;r 3 U* rMrrHiilir wkrlhnr of -■! lat ll in euii Yflrgiint, WV IIIALV dbirgaid 
Ll|^ fi r*F- s VTFP4 wM* N SI .KV paflicijUr RflfltiVe Enipgrr. fij.rl.Jvrrmorc,. it doer- not nSfr': th- 
convergences divergence «f n '"-i , t:* , s T -yce mu Eh ply Bsirl 1 ■'-rrm by tlir Mftrne flOOBflO constant. Ei 
wr ar?d Hir siibtaitl th* earree-pandisfig Earns of tu;* tonverjsejtt series. the resulting series is also- 
cottvergcoit. IF ^e add the terms of a «Kivergent strict io ilic corrapopdiog a«r:ns uf a 
tliweegenI- !wsri«k T the iiMultii^g sterits >>■ tlivergpnit. He-wevcr, ! we add lJl« e4MuapoiLdjfl£ tCCtSLS of 
twe divtigect itrLts. the K*blrin£ series itug- be divcigcat er Ll ati> ! be eonwrgeiLt- Hkw 
results *w lUM ia Lh* lolloiviTig. tJiKpr^m^- 

■fjafc- 

a.3.9 TIimkhsl If V ii n and ^ ^ are ew* udSnite s^nes diffanag dEiJy it tbeiF first m itrnss ;L.t. & k — if 

^■1 nltl 

if > ™ ( . aheu rishcr both -sene? converge or both scrief diverge 

iL3.fi Thwrpm Lid. r bo any nonyoro rnrmt-ant. 

-+^ ^ _ 4^- 

(i) Tr IFik sits ic^’-i V] ir^ !-*■ rjariinr^riit muj il> n±m\. isi ^ lIjhei Liu . 1 Hifrlm ru^ i- jJ to 

n—J rr=| 

eontt^eni and its aid i± eS, 

(ti) LF the Eerie? J] l? divergeat. then the snies rri n is nlsa divergent. 

it..- ] riTst 

ICO +» 

S.3.7 Theoiem tf T^. a n and ^ are couveigeni infmlte series- who?m su?=i* h and $ mpeetiirthf. Theji 

"■—i , nn i 

+■>: 

{]) ^ (_ rip 4 in- * romrrrEncil «- r irr beeuT '’■iIm v* 5 i R ■ 


P) 

+« 

S,3 P (5 Theofem [f the series J] .i r 
hi div^r^jjtnt.^ 1 


) id a cemvergMil Miios and its iwa ia 5 - FU 

+» +«3 

^ is coovorgorjE and ihr farrow di^MTspent, then the lie?L-er 52 

n=J tl=1 


As we progrus through (Juf chapter, will drvohu>jj icdinijuefl- for ditiefmining vlvethcr wr iwt 
a snic? is con vergm L. Ip this ftoet-ieti wt have the foJluwiag methods-- 


™ POLYNOMIAL APPROXIMATIONS, SEQUENCES. A^i> INFINITE SEHJES 


To show l!ihi h .M?ri ^5 Ls efljwtf ndchej 
3 r find she pal L Joi isusn .V^. arwj JliPH. efcLstn 

™—■ +W 

2. .sibuw ibal ibc senes k a. fi^njrtrk -with r ;< I 

3. show that ih« d^nes :s a multiple of e, iuoiitergeni sierUs or [be sum of two eoave-rgcDt serks 
’ I n- «ho^ ibal a sefEts i* rfirrryent, ttebei 

J. find ih.e [.wftijd sum s n . and show that lim doe not esjst 

2. Bbo-w that l]*n v 0 

ri-r-r±t 

3. abo** liiaL Lhc ktim i* 4 RP^metFW «ntin ij 1 i> 1 

A- she* that the series in a multiple of 4 cSSYTie^unt -^rLi?- or ir- !.Jie tuiji of 4 sooY-tY^nl iz.c 

divn^mt series. 


Etf.tgixz* R.H 

Ju EAKn:-^ l-JC, I'ln-rl [be rir&t four «knit;i[; of the «qufl?i<e *: |.*h1 ; lL {.s:^;. nn< i l:-d iarmulu Fn? v _z 

terms of n. Also, dst^rncinp if fhr infinite series is CHivet-gnnl nr divergent. aiwJ if it- u e&iiVfttrittri, Hud it? sum, 

** = K [ - s) = I- *■>=K 1 - j) + (s - 0 + (i _ 7)J=K 1 - ?) -1 

*“I* sh(s - ^) + (W) + (W)J-|( 1- 5)-3- 

p " - i ( l ■+(j£r=^- ss^) + ( h^t ' srqrr)] “ ]( l " kVt) = 3^rr 1 

piSS* S * 1 ~ ^1!1+m “EtVl)* I' * = ^ ^ ■* crniv^rpfPtit and its sum ts I. 

+-SC- 

1 E"- *1 = 1^2- 1 + 3 = 3 , 45 = 1 + 2+3 = ^ = 1+2+3+ 4= 14. * n - ^ifn+1). 

lim. s n — +oo, [fte s^ritiK is divergent. 
n-H»w 

3 ‘ £ (Jo hljf3o-3• - J- Kjit-2 - ir+l) —St 1 — 5* 

"»“jf 1 -d) + CH) + "’ -Kph-^rn) 4 (b^t ssVrJj^K 1 -eVt)= j^r 

Hrrlui w *ji “ M l»l'! J |J|J |(l - JnVr) '? ' * = S’ ,er ^ 4 ^ Mb'"I *nd i Li Slim !i |. 

, is- s 

/'i ip i i) 


J> We have ti„ — - 


' [An -3X4n+ I) 

Tku^ by makiitp: Fiavui-iJ ntimbw xr^lA-emeina for * an (I;, b.ivo 
”s-^ “i-i^ 

ffoin ivbLuJ. we- obtain ifce Qjei feiyr dtustnis ai tbe sequence af p^- F .iaJ iunui 


- “1 - j 


6 J-“l+“l-t 1 'j-*S-'-™)i= t 3- ! -iT? = T3 +*) + « 4 = »*+ 

To ftttd 4 formula frif ^ UK parlisJ tv %c m . a W3E5CD33J1K rtrjjrr^. r.r'-l 


ffj- + =| + A = i 


(1) 


1 _ fl 

TT 


“OT 


-" S l£s + 


R 

4^ + 1 


K (4™-3)f4n+J|' 

Wc find A | and B - - j! Tkui u ra - ^TJ" 4n^-T 


M IN FENITF SERIES Of CONSTANT TERMS 


i v i k 




t 1 

3n 

| .-1 m + ! ■■In + l 


Um iins , , - wp 

fi - * 4- «:■ ^ n -1 w * n + 1 hr* ^ 4 ^ 4 

Wr ctuvrliidr p '■■ " r ' ■' i' i ■>. . .in--\:izcT.l and 


fi —- + «:■ n ■ I •» ' 


5. £ In - 5 -j = £ [in n -lat rt + iJJ- *i = Jn 1 ~»*f = -fc*f 

?“!. (bi I-b 2]T4(ln 2 — I n 3) — -Jr. 3; z$ = (In 1 In S) 4 (tn J - In 3} + (In 3 - In -5J - 1 

■= (I* I - In i) 4 tin 2 “ In 3}+ (In 3 In 4) 4 (In 4 - In 5) - -In 5 
= (In 1 — In t) 4 (In a - In 3) 4 ■ < |ln(n IJ In n] 4 [In rj ~ Si(n 4 S)J -l]l|> 4 IJ 

Rftsansi Lin. a, — cc. l);«! swriis. i* 

«. 1 -s (n i '{:} -Bji -=* -i=* >, - (Hh <h>=’ - s a 

n.=l ri ; Tj — 1 I tk 13 ^ ■ n + 1} "ial[ n 1 N — 1 | 

■H 1 -^ - j}+■ - + [?-^^ttf]= 1 - f^h? *!&,*«~ u Tlt “ ri “ * * ilh *“ L 

+ » sg #> 1^1 5 S2 

7 ‘ Jis^*’“^= s ** 

r.2 s ,1 i t i n, i _ i 5 ~ */ r> * a/* i\ 


+ = M^* + i^) = 3 T^T7E"^l( J_ s^) 

EactAU&c d rt ■= ^ 1 - | H tbfl tftrlrt |m POftverjt?fii and c4* mrm 5K £ 


in?- .JF.- I 

■sv 

^ We Eiavc 

Tliijiu ti 1 = r±2 = li., 4 , 13(1 Tcwi w 3 i:rh 'vc obtain the- Tipy. IfllAT Tlpmf’iitc <-.f r,hr ■^ihrilpF- flf 

parti*] earns, 

J 1 = U I -Ji '2 - *1 + »t = 1+i " F is *2 o- *1+ % = 1 1 if - r : «•“*» I ^ if - 3i 


* -_£_. ?" -? 

M - — J^n-M — 3 

the hcthsi- li n g.mim’Cris i^rirs with o ** 3 and r i= y sra w'e mij/ us Formula (1^3 in tbc a* wbt-ain the- 
sum. Thus. . 

J3«uw 

lim - Jim [!-©']= 1 

n-«+06 ii—+ae '* 

ipr ccTwrtnd-r lbs* I3i<i inflnll •-■ fWfiae is c&nv-CTP^Dt. and 
t-s: .-,*-1 

z V -1 

n=I ^ 

Wf may -f^EP Thflfl-T^ryl S.S.5- to ffEd X be JllIE, roljnw.l: 

1?? a^l- ^ j (zy- 1 =, i, -1 


xsf-ner-* 



*92 POLYNOMIAL APPROXIMATIONS. SEQUENCES. AND ETSFFNTTF. SERIES 


In KieniiM^ ^- L15,. find (ii-c :.nf:Dii£ suits ^.tac- Li the ^ivc-ii tagiutnof of pvLriiiiJ -■sums, Afeo determine of T,h? Ji 
Mims ii 4WEL¥Ug£M dr Jjvflrgenl, and if ji i? Wf»«gat h End LIS sum. 

fc *. - f^TT- ^ , 5 " .j* = ,,_ JL- T T t. lilt «lies « £ J 8 ,_, 


Eiw* Kii-ra Li cojaveMCHl and. lm muoo jy 


B*cauac. Jji 


0 ? thft inrsK* is COTiv-*rg$nI mc 1 L*S fk!m US tf. 


13- (O - {3"f 

t> Li;l iLf Jilfltkc bL'-'LL": be runj^SrUjLiEd iv, 


Because &, — 3, rj, — ^ |f n ?- i. 1 hm 


Thu a, Lbe MlflneC* xfcritS ?x 
+w 

3+ 


la. ^ - Ea{3it - 1). Un - -tf n . 3 - Lof2n + i) -ln{3» - 1 j - iWe 

BtcALESP ]:m = +«. its KT1CS i£ d'lVfTSCllt. 

fl-~ f« 

IA li^trci*^ H £4, WC5t<- H .Ji? fiEHt f*Ut Scrino of lb? jn.fio.LLc jerLtx aid determine wbclJur the Mtiica lh c.*nvff 

or divergent. If ih-r series is «Eivn|CQt, find ili sum. . 

I5r M STT3 “I + 8 4 M 4 M 4 -■ ■•■■ fl ““" „ItH JE?L ^71 ’ 3 * 51 Fl,]l °^ rwn > ’ 1Wtnl 

3.3.3 that the b^u-ies is divergent. M 

f« Efi+f-m 

n-I 

► The Firpl four term* of the LnfiaUt perk* *pr 

“l = 1 + (”»>’ = ®! “3 = 1 + ("I ) 3 = 2 ; «* = 1 +(-!)* - * 1 ; *4 -1 + f-i)* - 2 
ikee-use lien u £ 0 . then bv Tbuttm 8 - 3.3 e-Le is dive [-peat. 


i? v. 


'1 hliB Lt is CtfEiVerpenT ind ils. sum is 



[N tT.VITU SFFtlFS OF CONSTANT TERMS 5^3 


30. V; -f-r 
«i S' 1 " 1 


+ W ij I1J i j 

* Jji 2 + S + t + ^ + 

-rQCr 


the senes is a pwnfuic series with -a — 3 3 -ad t— 1 . By Tieoiera S- 3 .i we conclude Lhai the f*n^ is 
nui vtrtftinlt eOid 


V - _ - _ 

" 1*^1 fc _I 
n-l j * 5 


-3 


21. {-l) rt+1 ^ -f - f + g " ^-i^i ^ ftetrfaetrle series witt ^aad r = —|r 


Because■:r i < ], the series b converger- Jis sum is i i ? - J 


^ Z U|,J+t i T 

hit! n-3 


i-(-l) 

_ —-■- i + -f i + ■ 1 - b a. pjdmrif L-T sh 
V 3 ' ^ N.fl 


Tlr^ wLtH a = r = —U, 

i|/3 


Ik*™? r|< In the Milks it «i*«e 4KKL. It* sum is -— ^ yj - ,J_ ^ + 1 ’ 

23 V' t -n = A + i + i + -^-b -ft jpomeiric drifts WLlh t — iUld r - ^ <. 1. 

n=l ^ e 2 e 3 ^ 1 

Tbits it is con'iecgent azid. iis ju.ru ifr j — 

1 “ W 


•I “ ■, 


»- E * r 


^inh rt 


D ^ - ,i^h i + a I.Jfi- LS 3 4 , , Li 4 ^«.ij 2 + --- 

«.] <«.;<*, < Uj. tht «M|u«ar« f v n j may not have Ut II • 0y L'HopitaJ s rule 
tiffl Einki^ lira IsAi-r+af 

3 -—■ j- -3.' J J—►-!-■>" 1 

Tims. byTtawrenL $.3.3 the series is ij iv^rj^mE. 

In Emtttttei 25 44. determine whctW Ihn series is coavergeis> or divergent, [f it b cocLwtrgfni- find ita ±usm 
25* 5^ —i-w = J] i 1 Tluwnm 1,3-9, tbs $fcfl jqriw di^tgts since £ ^ diver^rr* 

rt =i ft + - TL —2 


+«■ 1 -+2? T . t-? E ,. 

at, j r “ S A- iiv Tbrtrcm S. 3.9, the giwn aenci divct^rn -.inc-f 2 JdltfWBW- 

nTj rt - 1 n=J R ' n= l 

T 5 z>- - i "ST A- iSv '['btoTcrti --.L'- iM*- j$iv^i. >#nhh JjvcEgn ashtc JT] 1 <i>vej|je#. 

ml 2rt J n «l ' "=l ' 


■is? *> 

it 

rtwl 

p- Because 

V? 2 — 2 TT 1 

Sx *■ " *& rt 

rasdi lerm i* 5 Limti the tones.]»nri:ii^ f.e«D in ihc bermnnic. writ. Becau&t tie fcarnranSt bt?Lts is ijjvrry^nt. 
by Thet^em S.J.SJh) we- temelude liiM. ten* given surjefc m dj’Jf [g.fn l. 

X 

29L ^ S| a g«HBdtrit kpLci with □ 5= ^ *od r*£<I. II«ft*^ 111* w sonvcFEenl mui iBa *um b as T- 

Ml i * 

30. jr* ^ Bfl i geomrtrie MPtea with i ^ | *n<L r | < I. Hhmsi 1 thr m: e]c* :s cmvpJgriit, Jind i^n sum if - - 1 

3 so * 

31. ^ lb afc^rartritKii^ with a = ||»mS I. Thee*™* h toav«i*6Bl with v j^| = 5'|| "T 


SM POLYNOMIAL APTAOXMATION& SEQtrRWXS, AND JNFTOTr SKRIKS 

n. £ 

tj=! 

» 3 

+« -S-OO T-UO 

z S3T=r J®©*- , = E 

mml t ttirt _ it hi] 

tbr series Ls a grwnrtric series wtth p = ^ and r = By Therein 8-3-5 w: ccnidiidn that Lt* «de» ■ 


rucver^JiL and 

Ip 7 {$? a _ & _2J 
,51 SW 1 -r [ _ J T 


33. iiij yjr] — [l!j — 0 3 [b:Li JnJ — ]fl] — L L , |sia j — I - j.•./■3] = L. |sin J?j - (Oj - 0- [wn SeP 3 |fl.5S7] - C 
|an |x] = j|n^3l = & P [sin J*r] = (ft,TO] = G P (fa|*J 1= []] =r l. If ti > 8, tfua 

tJ < Jr < iod d < sLn J-T < 1 so [son Jff ] = 0- Therefore :?,n - „ ~ ^ —1 + ^4 Z pi- 

pi-T ^ 'l' 1 n.-] 

Wr have it {fomr]nc :*r:rts with c — | imd r — 3. tl it pf¥£fi Sirica is CdJIVCrgCDt Mid il5 SUHl IS 




[go? - .-n 4 1 


l [w r/1 + 1| - l-L 4 j J - ft, */3 4 L] - [D - 3] 1. il 1 fl > 2, fl C t/tj < ry2 j 


x 

T' JL = JL 


Cl < fctia tf/rc < 1 *o |ccv Sf/n] ^ ft. 5 lj i gSWIKlflC Stfi» MJlh * “ § flfld P — TJ 193 s = 5^ A B = i 

n=2 - J — T 


+™ /i 1 \ n +* 1 +« 1 ™ 1 

35. Z [A + A) = J] i + 2 A* By TbcMcm lii.j* Lto^ttn 9*n« diw^w-lraiuw* £ i* (hi- 4 *vjtjpbI | 

rr^\ Xv7Z '■■ J n 1 '■ n 7 * H= L 

+» | 

DSIDOak FIJI'S -Uid Y. ^4C 35 a CHUivnpni F/^mr^rir :*-ri^. 

- 

fr Ihx!> jOC 

tW t +OQ 

£>=£&) flj 

[Jtetj ttic MCfLL'i (I) id a ^Ojxwiiric Wjit d = y and t = Hccau&c |r; < 1, Use stiies is ccmv-crciciL 

Fufthmnunh 

4® , . -S-R^i , 

S ^ — J 5] n W 

nal J ^twI n 

ihc harmonic series Lf dL^ipenl, then br 1 'iswcera is), scriw ( 2 J is divergent- By tbeoT^ti *4 * 
Mi CMiihsdi Lhu ih« sities 

^ 3 V) 

in t!ivrf]^rni 


W- V + -W) nr £ ip "rl + y =V7- R™m«: Lh™ jtffnnr.Lni r-t riczi fjHiv^rp.ti to — — — ' And —^ ^ 

nnri J J J n~L * nrrl J 1 - a- 1 “1 

fp^^iLi\«'Ly, ih* rjiUap pr-;p>. C^kEl (a> L 4 ^ L»y Tli-^n'-ri fi,3,7, 

+2P V , U +±* t +-^ c ii ll 

38- y s Z TS- R«=li™ gfltnmLM— r = ? wuS~— 7 -^ » 

Ml' 1 STOl 5 f»L S _ 1 * i * 1 ^ s 

Tfap«:tiv#|y, t.ht rz\t>?* fifria, c*n'.<r%T?. m ^ ± b>- ']'heiK-cm H.l. i. 

+w 

39. ^ ^ (f'^ + f") — -kk. The- series divicrgicg bjf TbcOicii S-S-3r 


■ E Ali d — 


+CC 

«. gfs-™ 4 a") 

n=S 

DN 

jini -,„ • lirn f? ’‘ + .- n ;. - . V 

n— 1 -» 1 a— h« 

th^ -irriei diverge ^y Tb*W*m 3-3-3. 


INTINITF SERIES OP CONSTANT TERMS SiS 


/ ■ | h fw ■ I | 

4L £ ST 6« = S £ s- Th * *««® di^rj^ts by Theorem 3.3-6. 

c stri® by Theorem 8-.3-S. 

** 1 n- - j 

A.1- T' fi-i)- £ -3-- V ■&. T5im B.rMTi*tlic eerie* CHlvrrRC io " 3 nnrf —— ] KSp«^[>- 

™=i 3 7 -i=i J " «i 3 ... 1 “ E l_ 3 

H^nr* by theorem U.3.7 the given Mines converges (3 3 I — "2, 

* Sfr + « 

[r vVe apply Theurtm 3.3,5 10 obtain 

¥?± E ?sr' r l.i 


S*-S«r-^- 

We appl* Theorem S 3.7(i) and Eq*. f 1) sod (2) to ernicladT that the $iv«n series :s convergent and 

SWH+'-l 

In Eterdswi 43 48, express the ijpn,1aniin£tin|E reputing decimal \u- a common fractEoa 


*■ 02T37 - 7 --™i + rafo 


+rdfe + ■ ■■ « * ******* ***>» witil a = Ml iu,d r “ lira * 


Ttu±refort it it convergent »nJ its sura is . ^ = -^r- 


«- r =2.04146 4S,.., lOfrr - JtH.S 4J 41 ii.. _ 6Se = l(»i -tv=30U, t - ^ : ' - '{§|-»|| 
47- 0-3M H4JJ1..S * XOOMoV^ + "' * * «' wmtT * Kriw " ith ° " M *™ 1 


r - < 1. Tkertfcmi li bs cemvergeot anO rts sum is - r -^— 


mV h#ei “ 


(M653 4053 4653... 

> 0.465345a34653...= 0-«W-0490046534OJMM060CJ4653 + — 

ia *. gegrtteLnc. s^its with g - U-4653 .iiiri r- Cl Jinn L dLutt U.CKlflD 40W L 0,1053 Cl-OrtOl uid so ail TliiU by 
Theorem. 6.3.S ree tavt 

.. mbk.1 . it tttoi ri -usm _l n nuriA Mfui arvi .. . - Jt!lfi!L_ _ fl.4653 _ _ ;'' 


0.46534 0.0<K)U 4 m 4 0-«H» 000(14553 + ■ ■ ■ = f ft] 

4H- Let S mi ^ ihe diflianee travded V penJ-ulum bob befbie ii :™c? i^> nrsr,. Then 

s = GG 4 56(0:03} - 5S(O.B3} 2 + -- - + 5*(0.S3j n_i + ■ ■ ■ = E 50t0.03) fi_1 » Thw w * geg™t™: raeHesi with 
a = 56 And r — 0.93. Hence 5 - 1 ^ = BOO. ! SSS l the diitiflec traveled hy ihpfc N4 p 5p BW) cm - 4 m* 

Ml Lei E be the number &*■ rinaiioixEi of tbe wherl befa™ ibs bkyde stops- 'J 

r ^ 200 4M0(^j4 4 ■ ■ ■ = V ^00^) 1?= s flwmelric wriw wilh n - 200 and r = |J- 

Eeme * — = 1DDQ. The wrhtwil nii&Lefi 3000 t-imts before- tl« feinytle stow. 

1 “5 £ 

SI, Ul 5 fertL bR the dLSLaacr tPiwk! by Llw bal bcfofc it ta r«t. Then 

4--K- 

$ = 12412(f) 4 lif}) - I2(|j 3 - l^f) 3 + ■ ■’ = IS + a E I a©"- We have 4 |^W^f aaies with a ^ 9 and 
r»f. tlcncc S - 11 + 2 -^ = 12 + ^ - 84. The baU tia^els 84 ft befort coming m rerf. 






m poly n om a t. a ppftoxm at to rc$ h seqjj emces* amp t\tt vtt f series 


&2r What is the ratal distance traveled by a ;euiiis.hAJI before temin^ [<> pksl if if. is £fnt#|iped fmcri a ln':pM n? i» 
ft :f, ejich fab- i* reta^cd* clevpB-twejititihs of the distance ftem which it fd]? 

> Lex "$ feet be tilt tfliiaiiee traveled by the Le:::'ii» baJ! L^l'dr* ?r norn« La regt. Thej^ 

s = 1(K)+ i^+i*g}+ lwQi) 1 4 - m + 2gi0fl^) h 

Wt Jlh.ii! 2 . ^irrtfiLru: kuh Yutb a — a 2 \il i -H^nae- 

S & S0D42 ■ r^r - ]on + ip^m+aguayi 

1 a? iq 

* The bail travels fx ^ 344=44 ft -beforc earning to net. 

53. ( 4 ) B^k h - =r l&l 3 , then ? = Jv/E (h) If T «T ?= tbi tijn-c! in Ex. 51, Ihrn 

■t=yB+j v /i2(|j+j v'iaij)+{+ bfi*®? .=} 1/3 - s^th/sr 

Wc have x gsmwlric wore wi Us re = *j wtrf r — jy 1 }. Score 

T = JUA+? - <—~ = iA4—i±4-ws + 9 +■ Jv/lt ■» 6 +771/3. lx talent Abdul 13.3 b^cooda. 

2 2 3-^ 3+^5 1 v _* __ 

M. If T s« is the total tinw in Kx. K. T - 4i^lS0!^! 4± v ' / iii(ii±i 

*r J»»t S, Ml W + l/S» _ * . S<K/S + 3T4_ lSW , l# yj- 

-j+2 Tr ^-^ I5r ^- I ^ S j-j +-ii--TT+f^* 

a jl takes u.bout 16.9 iHondd for Lbe haE to bcmaessE- 

b&, JoU] ppr:meier— J' I3(>j n '"' = — = 24 

iL_j 4 I -3 

!*G. Fmd ad tafinite series whooe silki is b aad idea Lhai ciib Ictid u four tames the sum of all the terms ib&i 
fcil&w lit. 

j-aj 

> Let £ u n be the serle*. Then 

All 

+ «•,«-*—-) 

and 

rj fi+i — *tV+a + '" J J 

Si:bi.r;tnLiiw. wn obbri n 

**+i=K 

Tbiit, the Kiies is a geometric sciiei wth latto Etee&use the sum of a3£ ley tut af\t: the JIlsi is ^ of the fitsi. 

u i +i“i 

and ^ Thcreftwe she ^cKns h 

^¥tjr 1 = ^ ^ 

n-t h i J 

j\ I 1 

Tn F^eTCL*^ 5” c-i-n^t e^culjite ^ - ,idd cornpaiP vnth .ti M ■+ 

Sr. (a) f- T 3.S1596. In 36 + 0.&I733 T t's = 1C03 (b l £ 1 = 4.4SJ21, In » + 0.& tri 3 + -C - 4.«mt 

rv»] N w Ph-J n luu 

[c) S ^ = 4,SO 136, 76 4-0.67723 4 Jk =4,fl<H37 (d) ^ A = 6,1^73*. In 10# 4 #,5773 4 =L = i. 14738 

H—1 

XSO | ! 

53c {^) £ 4 = 6.1J3KWT& i Ln250+Dj7731B+Ti Fr ^6.10«77 


{b) V- *.792S23 h In ^QO 4 0~,772E« 4-^ - 6 79JSM 
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{*) jr l - 7-l9fft55, Iti 73ft + 0577216 + I ^L _ 7.197055 
(d) T i_7.4S5471, In lOftft + 057"! i G + — 7.435471 


- I» 3 * i i ! ™7 l 

56. k n ■+ 0.5772 = Jft when n i- 9 ***® - 17367. In IWH £ L - o.ftftsoo ind X] l = TO OOOO't. 

«=1 I 

SO. PtW* IheoMrt 4-3-7. r -. z . 

* Let r n and r fl h«- lh* *«lh jwintrd auiPi gf the wiin ^ n n .nut respectively. Tbffl 

li 1 <"= L 

f„ —- -n-j + ■ -■ r in - + *2 " + 

By Dtdanitcon #,3.2 we are given th^-L 
ELm - S and lim r h - R 

■TS-i-r+OQ rj—j-ix: +.X 

tf i i( It th* rtti Jhiitiftl *urn of the MTica J] id n llwii 

ip - (ff|i^J-r(* 1 ±4vi)+ 11 ^-(fl n ±^ ri ) =(“i+“!+-■+0*^1 + *2 + ,P, +*J w ^t^ti 

Thtu 

lifts f_ = liii^ hm * IL ± 1 g-i 

Ti-14-M Ij -|« n—+rt fl —*<Jt 

By rirfUii LtkilL #.4.2 Wt eomcllldje that 
ic, *■*! 

p> £ (“,.+ *„) - S+ ft * 0 d (Ti) £ W-y = S- ft 

*i=J n=-L 

M 1MHPHTE SFlilES OF POSITIVE TEHJiLH 

|f m-flrv t>'tfi in a m?Lcs iE pwisiw,. wr rnny h£n:i Wittes determine whether gt rxi the merits 
is cojiv^rgsni by cfimpdiriiJK Jl with a series, of positive t^cnna ihai we fcsww to b* 
ronv^cnL bi that we Jusoitf Itt be dtvrfge.nl- 

-S.4-! Thnoreni Ad infinite eeriet erf positive imns i* ennvergem if and only if its swrf^nce e-L pani&S sums 
has am upper Iwwid. 

Jj-1-2 IftiftDrflm Lei 5^-u,, be a seiics of prePivir trims. 

(k.nsuaJsMJ5 To* n=i 

1 -|*a 

(IJ 1£ I 3 & «*Res. fit ptuqtive Leruis lba.1 ifi tcnawik 10 be W vw^ejit iiid u re < c s| to; 

n«iT 

all jwjtuiivr irii+ip^L-M tl, tfi-fts £ ti ai is convwgeeil, 

TOO r-=Z 

{si) If ^ a ?erieft o: positive terms ih^t i* lfnown to be dberpeut and v n > v n iot 

A=] -» 

jJI poftutLvc Lnle^o.'H m., tiica ^ Ij^ L" db^r^Pit,, 
rt>l 

Tb« catfLp^lsojL H£t pves no inCbiineLi ion if a terLii ia Less Uian a div^-Eg^At -inrUia or 

greater than * wi>*tr 5 cns neric^ Komois^es wlita Tlteowm diJJjcuL ru apply, 

m*y Lite tbr folLa^icis tofft tr» deHHIlio* wh^UiL’T or n<y. Oio pprunt ^Pnver^t, 

-top 

4.1.3 ^nnsottEO Let 2 ^ 1 rr ^ of lerrns- 

limii OcnniHvinin TVp 4 " ™l . . . ,, 

<fi) If Itm - e > Lb then ihc '.wo Hrm^ Kiiher both eor.vcigc o: iroth divesrge. 

n n tw- I e* 

(ii) If ISra (h flJ 'V „1 = ’J. «jd if J] - ^ c, id verges, tbm 

ra-'-i-oc n~] n=fc 

-*■■13 ■+ Ofi 

(i;i) If 1m (y fl /u n ) - 4-K', and if V ^ divei^es, ihen £ ’ J n ^ ivrr J!5 M - 

n—+- se n, = | n- s 

+ OC 

f^r the kn^WTi series ^ in thr 1 mimi p?LrL-Hi- tci-Lfl. Wc raiay n^- n ^nu:i!witr!C. soerLCij rho 

—-L-m t 

hainioaic seires, th* c*avt#^at seji^a ^ n L uf ibe Mi. os the 

■s- i rt 

The p-wries Let j? bp a constant, 'itie jj-K-nes V rrm-v^r^ei if p > I Kid divA^.* if p S !■ 


[f p IK fill tJ-VeJC J! 


+m IS? | w 4 t'7 t *■ 

uteSei. the sum is litinwr,: V ^ - xrr- E ^ " afr L “ TH 

Fllll ^ V H"1 T * 


Tlir ]rfer:ca J] ^ ^iLv^f^a if p > J *1 id dblWP if p < 1; 

fill fi ' ln 51 - 1 


X 6 
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Ihe fbLtowifig thtfGTtms TC-^rr-aJn 151^ IT ^ri^s. 

+M 

&-i L dr£ Tbetfictfi 3f 1^ it a jpvcn coavTt^cr.t ,11:^^ fif jwytjv* UrfB*, iLd term* crua be RLOupml m 
rnftji aot. u t war ranged:- and tfif r«yy(ting Miri** wiJ] toowcig^ md 1o s-Tnatt ^urn. 

8.4-^- 'Dwrareitl (tnteRTil Test) LH / hr 1 fmir.lfou LllAt [fi COniLDliOniSF, :11 '^ |«»iljvt vaJliCd M 

aJJ z > L I'licn I :m' ir'ifjEi il-H £*fLS 

2 /(»)=/p>+/(a) */(«+■■■* /W +- 

pi-1 

t* iHjiiVrrs.^.nL i-Pike icnpropei i nlc^I-iil 

r +■» 

fU)tx 

Ji r* „ 

fc-tisss, and il Is di-vergnai :i Jim. / K}ttf - —™:. 

We may flko OStf ;lu> In^j^ta!; ?esl fn: at. fnfjnrL-tf Stflies that- dor? nol- h-cRua willl H— L 
Th ua, sF f is eoittinuoiK, drtrm^n^. and positive valued Fur a]li>(S. wlreie bs a r 

-k: r+^ 

Lr.u^pi he:i Y /"frl ^il^PT^-w if And only if f{f)d f IB cmivcrflcol. 

a =a J i 

i'r^nxifca &4 ___ __ 

In Ewwbe* I 'i-1, rli-L^rm.:n.rj wlicEbpr l'if PrrirP n «n vfipjjoal ai diTCTprnl by fi]^l.«lr?K either L-hc enmpiniwo t** 
ckt th^ limi-t cempar iscici l.--: . 

-K>j _ ] 1 

I. Y ^ c * Ilvw £ tl ' 1 - by wfflpifliM Vfltb A tr^nr^rif. wim: 

S. 2 , J ce divergent by a JLfail fsmparison wish .-. p tc.ne* with p — 

Ht v 2n 4 "3 

lini , ^ ■/-■*."■ — Lj.^1 \f=y~ n 1 — li™ n ''^— \ ,-.. 1/7 >1 

ti—4 ] 1,/n n—-+oc V ■+ 1 Ti_L-i.i*3.\ 2 -r l/n> - ■- 

3. V; -Jpt \h. couVcEfchr b* MeriJWiri^JM with a Geometric icnca: ^ -i', w-hrJi n > J J. 

H=1 n It J 

+£■"■ _3 

* E 

E> Fo? La*fT£ 11, the- t-SpcesSLQD dT- J Hr I h appi*5tiHiateLy CQ'ia. LO An'- j'hits, for Sultri; pj. 
n 1 _ rt 2 _ 1 

\lfo m?iki* a Limit flocnptiwn tc*a with 

5 1 

^ - —r—- aiwi i,. — — 


-In 1 - I 


' An 


Thus, 


1 im 




— lim 


4i^-- lim 


4 


-‘■r-ii'-- 4n-‘ l + I n-rHh^4 4 


- 1 


Becacw the harpr-onx ^ri»-i di v-n^tr.., -viici 
-5-^c -too 1 , +w - 

, _ v i-iy fc X 

^ i-, ltj ^ ^ :-i 

e = l ni-l -i=3 

1^00 

ihn trim gt, il W Thun £ V,, u ^TTCTKCBt. TJwti ^ j^*™ «tki is di^cn^t 

m=i n =i 

5 . v li qiLsteJ^fnt by CompAri^aci iri111 r-l^ IrJ^dWJnfo wvirs: 

fi=i 4 3 


3*jlL,i_ ^ ^±JLl = a >tf 

■ Ji* -1 *- _ ^ 


g. fi- COCLVtT^CD' 5b]. T mi:L cuttipirisoil with 3 p-sr-nr*, p — i-: 


rv=l \/^^4 


“ V-5— y- 

!i:r. — ^ h h/ ] ■■! — lint 3*/ 1 y^-” — ILw 3_ / [ , g “ 3 > ft 

— 1 4 ff + it vV ra—4 hw \ if 4 h n-H->j y 1 4 ly n 


7 r Y «t L-i>iifri±rfleiu hv compaiK^D wieb a. ^ojswit!fc stun 1 l l!’ n ~' 1 < d^- 

fH-1 3 ' ,1 J 


8-4 ^FINITE SUilfS OF POSITIVE TEEMS Mfl 


8 - ^iii(«+i> 

* Fwr pofttivc mtcsrrs n w* hive 0 < lci(n 4 I) ^ T 1 , unH tlm* 

t , .l 
ln(n 4- 1 ) rt 

We mr ilia rim'i fvirLMHi Lfcti with 


- 4 1) " “ft 

+-■*. M 
Hwjisiwft J] u n ta Lh t divergent haiEiflisi-c strict, and v n > v n , By Unworn w* &mtiu£t LisAt 52 « n i* 

^-3 j r n*i 

divergent. rha - : is, the given aeries is divergiMit. 

+ *■-■ H 

9. 52 —y- . J —— U diverges hy n Fillet rompATimn with thf b*rmeciir smes: 

n=| y n 4 

Lim j j . ^- j | = I i m t l. — I > G 

^ i/r?«Mn ti -’-t-ae y l 4 In" - * 

IS. 52 \s\n n- j & QjQverjttiH by tomjwri$Gn -with a pieties (p — J}; ^ 1 

r|!=i n 1 ^ 

I I T“—. 71 ^ Kip ' ' ■ L ' j -rv'._ _!___]_ .■ J 


IQ 

E 

jsLo ? 

iJis 


■S 

TJ ? 



+» 

.,i 


lh 

E 

JIHP [ 

?i. 

irz- 



4-^- 

i 


1^, 

E 

n=l 

7^ 

7T 


p Because 

1 . 3 


V1T + 1 Vn 
wfl ]tf 




■MKi + *& . 

f».= E 4 ts 

F1=I Fi=.t T: J , 

Lp » p-prri^ lrith p - , and p > !, the ■Wl-irtt CQHVttS.^. Thus, by Th-WT™ M.2(i' rh- frvrn sri-K** V ? Jfi ft;so 
converges, n ~ [ 

■h» 

li. 52 ”n— 1 u divergen! by n. lirnii rvmiJ&TsrAir, with til ^ wrirt: 

n=l in 4 1 

lint r-r—= Erm .f ' - bm -—= 1 > S 
*-+■*■ Ss 3 4 3 h Srr 1 4 3 «-+■» 5 4 In T 15 

14 E: £tt!i < :01IvtT » !ies b ? (- - *y- pst 4>T = ftir/+ i t < ^ 

Ik L j^TT' B ™vffpmt by «mpsn»n "Hb aKwmriri-- ^ri^: _ },,,, ;;rt4 |? < 

it E-i 

n=l 

*■ Wc use the lirail. wm^'iMin Lest. L-c;-- 

Jind T7 n 

With tbt bdp ctf ibt fubitituilon 1/n- i^r bav^ 

r- r ^i] ■ > '(in HLD. J 

Lire. ~— — Ll~ . = hip: —-— = t 

*-f«- h a— 4 *h- ■ a--^* J 

T’rtL. " 

S-'ui'bujacwre. 52 L: 3 l ^ Ibe diwrgral hajE-stusLc urlcSv Dy Tbcefctti S.^-3(s-. c^zLcLudt thill the gs^i'R ’H’S-ltih ir, 
divxtg-L'n 1. nnl 

17 . J2 * C5 ^ 79 * La dji/ffig.ejtt by-comp^ri^n with tiui hAtmeoic wf:n;: ^2^ ” 
rt*i n 


tm POLYNOMIAL APPROXIMATIONS, SEQUENCES, AND INFINITE SERIES 

+->*■ . | * 

]K. y ---is dvrocriart by etimparLstfn: with xht karoonic series: —r- 

* 4 v'^ 2* 

+ J >3 . 

»■ I /■■ . « oomrerEpiiiL by it flns'rt compan-Hon with a p-awi-ai (|? — ?'): 

rt' -1 nv' n y - 1 .__ 

iim , I A - Lmt 1 / n rJ ~ lb*F J-—-—j -5 * 
n—^yV - 1 ia 1 V H - 1 ^ V 1 - 


n-l afl 

& ]f n > 2. tb«l 


FurihfnTwrr, ^ 1 > J*i wd en 


rhus iJud given rtKxUis cuj:ve:^«i by toBQpaji£*ia wj-. 1 l 4 jp-seilca wht p = 2 , 

tw * 13 

11, V - — ^ , it -dlvuKi 1 ?.: by oomjKLTiBorj with a harmonic kt:eb: -——■p. > *■-. 
ra =]3ii-V^ 2ri--/rt ^ IL 

+« ,/& [ 

22 . ]T -.-—li Movdgtfit by TOmpHiwri w]*r ji (p - 2)2 ■ ■ ■, * — < —j- - 

n=1 FT +1 T! + I a 

^“□C- | 

23. J] _bl_n_ |J tenW g H |4 by ] imi , KJCILpfinSOJl With ji prrJV:^Jr- *lj 

Tt.l +? 


liffl J4£n ■ l * P = lim 7 —^ -tti “ , ■. J -nj 

n“ + 1 TJ^- n—T» n i/= _t_ ;> rj -*/= j^, - -VJ _ Jn -4/a I n i/a ^ J/2 

B^rriiw Vim In ti - -i--o and Si-m fJ + 2ii^^) - +ao, we used L’third til : 's mJe. 

■v—*-» pi—+5® 


o- Rrtviis-i* — I < —clk n. t \wfi 

Z n - ] <3, n -™ n 


r-'™S £ 7 t =T‘ f 3" 

Wf let 

rA n — ^—■* - Md r; n — 

-F-k +«■ _ +-*■ 

u n — II i* * ciJe|Ver^Hn:li if^taenelek series, Lbeu ^ u^. t&hVc^cj. 

nvl ni3^ ai#3 

1e Esercises 25 J4, apply the in;cpil lesi lo de;enn.LDC T.ieih.cr thefleri« is couvw^-csii divcrfcnl. 
+, “ | .... 

25l J] + “ /( ff ) = then / it qvntaoaape»n /£"=} > 0, nnd / i% dncmuini fnr r > L 

™=1 ' 

Therefore tbe fi3%'cn La djweiger.;. by llbe Lsiejrul Lest- 

¥ OS A. 

26. H A j" if f{r) =■ - T —Tj [Jirn / Is ot^ntinhOu-M., /(r > Q, aad / Es deeit&iing For > L 


A {3* +a) 3 


(3* + 


1 1 ^ L (3* + it i j]l ^4^ 

Thetrfnp- I !-p Krrj^ i h ^uj.v+-^y^r. Sy :nr- :ntefiTal 1 es.1. 


, \± _?__ 


■M fNFINTTF; SERIFS OF POSITIVE Tf'ftMS 6&L 


IT/(y) =- 


- then / B conuouSi /(x‘i > ft, and / is eW-f^ir^ fur x > I. 


f -—jtj — lira [ Jr »i 3 - b" -— — , j 3 f — li« f— ^ j l, + \'^\ ™ §v^ 

Thrrtfote [he given scries b conyerpnl by Uw intern! W-i*.- 

*■ Lcl 

We show sb-ai tfrc hypoiJysi* of ths imi^rfrl itiL is s&sisfje'd- fciis-L wt note that / b tostlcuccis -and poditLv^ 
valued for r > 2. Wt that / is also dcortAsing For * > 1 

Brcwiw /'(x) < ft if x > 2, then / is decreeing <hi Thus the bypelbesb of Tfcwnwji S.4.G b ifttiafted. 

[ + ^/ftyT- f 4-^ = tim [ r , Jj = lint llrax 3 ,M = 2 hut [laf^ 1 — £) — la Sj — +oo 

J 2 Js e* - 2 &■■=-■-■«■ J 2 f a - 2 K---+rt»i * -la *—+6* 

TherefoEe.. the £iv(?n •u?TL«» b divergent. 

133. T' -4— If f{~) — tifin / id caiUsniaobD, /* j?) !> ft, iu-td / Lf d.Kmis lug far x > 3. 

n -4 JT t 

=3,1 Ih Jist/H i? 5 =r| ■■ “ 0 

- h !j. r Hw«&re 'hr sivrn ^tj*i in convergent by tSw intern! t«L- 

JIF ^ ^ If /{ E J - ^ T+Jl a then / is conrsanoiK, /{xl > 0, Jind / i* dttcxeasius few x > 1. 

*>=l ( n + Sb) (* ■ + 3*) 

iim p «f 43 4 = ip. - * t= 

Jl <> 3 4- 3r] *— ^Jl (x J + 3x)* h^+ot PFjjjJ] 6_+^j_4 £. - Jij 1 

||* ^ c” 5 ® 1 . If /(xj = e - * 1 then / w cortitiwun. /(=)■ > fl 1 / b decieisLrtg fcrr >1. 

to f‘«"*-*= lira to f-i^ + i e - 4 ) = U' 1 

Jj 6—-+«■ J] ^-f>L -j jh * —. ■§ ■» V 9 V / * 

Therefore ;he ji^cn series b can v^rgHirn by she mteipal c-ctt. 

12 . £ 

o- Lei 


/(*)=— 
J! + 

Thcp 


r(lj "—(7+7?-$*W 

[kf+a^ /'■>] <-3 if X> 5, thtn f is dccTe*ff;ns vn ]\, i oc-). FiiirthrrmoH-, / b cMriimma nr=il -il^ed 

far all x > I. Thus, rhe lij-pothes? of ihe. ioicgrA] tst b satisfice. 

f +W /(aryx= f T — ^ Elm [* = Km — litn [taa -1 t 3 - tan -1 1] 

Jl J] z*bl ft-»-h»Ji I-Srfx 2 r ^4^ Jl 6-+« 


*S™ 


*1 1 


Thcrcfarr, i jHjivtin ^riiiT^ ifl CCm’-CTfl-CJlt- 




i5D? POLYNOMIAL APPROXIMATIONS. SEQUENCE. Affll ! sr-TMti; SKILLS 


Id tiYereises 33 us* any method eq deter nunc whether Ehe series is convergent or div-crgmi 
3& ]T ,l L n . If /fr) = in J , Lhen / cwpliwiDiJit nnH /(n > ? if i ? I. Filrifirmitim, /(r) - 1 


and » / b deewasiiig for all r > r. J tiiy = ^Jim^ |£ ln\£ = ^]j 

fhfrrfttTe, i!bc pyrnt ■srriw: If divergent Ip/ the intrjfTiiJ . AlIrri'ifttiVfeEv 
5"* Esjf cjiirii|jJLr i-,iui wiiEi ihe EuLririaTiLc strl^L: iS-S > m. 


Lien / is eaaiimwui. deewasttlg aorl positive ^ > 


^-od. Tbus, ibe given series diverges, 


Lhtf;i / Li eoniimji*is and /t;Lrl > (i To: -r > L Fur'-^rmn^ 


J, *“ kh' 

TJi-prtfcrt ihff series is nn^rgent by ibe integral -.est. ALtenrativi-ly 


ronverge* by cof:fcpJirb*A Tvkk a p-ScT:«f ip' — 7 


fy We use the mfcegraj Utt Trith /(e) - re ? . U is dear Lbat / i* pmtjin»ias zhui positive valued. T& sbmv cbai 
/ is dwressing for r > 1, w* finri ih* derivative of /. Tb^i 


Hccauw: /'(>) < □ if r>l 
■-n-l l:-rii^" FnrshrrErnprr. 

f+» . 


Thus, ibt given Berks is conveigejU, 

37r n c ” coaverpcnt by a irmit *OTnp&ri*on wah \h 


+fv , we frpfriied I.’ll-OjpEtid’n ffulrv 


Suttl»rf1ilig, 


irt,-r^iliv^rg^flt Ssy cnjitp*riHUM ■* I LJ< :i p sertei 




8.1 TS FI NTTF SFRIES OF POSITIVE TFftMS fifl-l 


■SO. 1 n 

■n=] 


* ESecaus* cot x n - r^ji : vet use a limit compajsBara rest with 

«„-Un- ! i ud »„ = i 


We ti*C the atfboiitliatUMI r = ^ m th*l *-—Q + «* j?— +rap, if id then sppEy t-lfgpiuiT^ nrlc. Thin, 

.&» , im «*£t. ,iin t£$!?w 

n-r-i-IX. Tl _L Z 

H--1& 12 “ +OJ? 

Because v„ is the rln-«rgmiL hwiiuaik by Theorem $.4.3(1) wt conclude Lbal V is ajwo divcigeGC. 

ri-. i n- E 


IlITI 


I 

+ ] ■+ X 1 


7- I 


4->-' 


4L J] e&eh d - £ -KT-^?r » COnv^rgenE by csmpuLicliJi wlEA i gMrneErw w-Earat < fk 

FIB I till 1 1 _ff ^ ^ 

4^ 4 Ltj~ ^ ti _ ^ tAFl ~ 1 n r W ?^ 

\i- r - -Is- COBYtEgtEt by corap^ri^on wills JL :■ htr'in (p — 2): —^-■< —-v 

ml n J +■ 1 >1 + I rt 

■+ r J-J l^fl. 1 1 l/rt 

43 L r is coDVrtgfitt by comparison wiih jl p-wirim (p - 2 ^ —=- < -^. 
n- 1 ra pT 


4g? * 

■M_ *jtdi z ?L 

p- Because 


C-a± * 

,-md J n psa -rm^-rtT^nr, uptmitfLnE arms, Lhs given rtf iits con vcrgcB by cwnpisT^OTV 

TL = 1 C 

“*" 3D It " h i3 

45. !□ ———1 b div-OIKClli by iliniil Gf>m[ioiriuii:i wirli {IwirnEustc SSTlfifli 

T»=i 


. "43 


JL_1 


.- ““53“ _ Ifi(rt4-1)i-luii ,. 71 I j n 3n? r 3 ,. .. ,-, 

Irm —- st Imi —- 1 ——■—™ — nm * j — lim ”■*- ,■ .>-, ~ m- t — 3 > 11 

W^HRm 1 31 rW I 1 - —J-~. *1 =.-. _L l L -*—■ J 3 


T 


n-^^a ra(i , l + 3} "■—^t-w | _|_3 


Bec-wiP- Pirn Ic. - En I - P ^Qd la?ti i „ i, wc vied L'Hfi|MlaL L w tii\v. 

s i-—+r^ n rt—+iai 

+30 ■ i 

«- U -T^i r*i /(r)=-H-T- tfc^ f is conSinjous. ceci-CASsJip And positive hi- t. > J. FEiri 3 i«r r :i[s^, 
n=3 *(tu nj- T(ln r)- 

L *(ln 1--so 2(iuTy®;3 d---+oJ^fiii^F 3(ln 4J“] -(^i 5) J S 

p £ fc i0tlvtr «“ t ^ *™V****- +* 2 = mhiil+n " ^+2 ■ i < ^r 


■ fiiven- fcciw convenes- 


n*l 

4SL ^K+aH 


SKrt + d] 

»■ L^et ■?„ V 1 thf 1 n.t.K p^Hinl Film. r Fbr^n 


■ f n = ^+l 4 (+jfr+^i+-■+ (ji — [)(n -I- 1 ) + h[tl + fj + [tT+ lf(n — 3 ) + (rt -+ 3 -)(n + 4 ) 

“ 4(1" 3 )'(i _ «) *(#“D' , "*' ! .7 r A T +_ rhf) “ Ct't " ^ts) + (7ria “tt+t) i 


I+l__i_ 

: 

3-- ^ it 4 E 

n. + 3 


Th^s Km - |{^ + — -j^. '3 bus. the ip ven ^nes cajirm^rA ic> 

ra i +5' 

4? Rd’rriiiFr V iv i^invpjTEe^t, Km t. — d. Then 3i?n H ’ L lim - — O. Rw:fl.LLi* V i 

n ^ ri— i-H-ch lp H—1-=« e n H—-r?d' n n ^ s 


raHivKfpfcit it folluwi fruEtL iJlc Jimjt comparison twt thAi a^6 n ia cMveipm. 

i)«l 



fiCM POLYNOMIAL API'JKttLUATIOXS, SKQL'&rfCltt, AS 1 ) LWlNLn SfLiUES 

50. if f < 1, ctitii % < I — lim \r zf & Lira La A - 4oc wjjjje if p > 1. sbcn 

Ji ** Ji * *-+^i Ji 

[ + "^ = to - \ , J + "^ lim l(l 1 )= i 

J* tr—^^v. (p- l)j p I Jl b-irrk,-. P- ll i P P - 3 

+no + 

i>l. Sf p < I), ihr. ur-itm V —■= i* diwiffiertt bf ttanpirisoti mih dit tLsmumk aeries: assume p > 0, 
n -n H|[fi n r 

Ul m / !m i-Hirttinuous, /{*) > fl- .*Ji«:L / 2 S Jr-cr^iiiajjig. for x > 2. 

Cm* 1 r p -^pt I. [ 'yffi-ry — lira [ ; i , M i ^.|y. j lim " ^ 1 rv^y ^ 

_h r[lu j )* ■&—4et> Jj [in x)^ * fl - h<^ [(p - L)(ln *) pJ ^ 

" (p-'l}(ln *r- E + (p !}(]■! S)'" 1 

[f m > 1, Lim -—-T — 0; Lf ¥ < E. Li IJL - ,' J VJ1 .. = toa Tt^rtfor^ by tbe 

p *-4w fp i)(ln A)*" 1 t-4* (p - Lj(Lti A)* -1 

i . ' „ 


111 U^l-J 1-fH-l J~ 


> . ' “tft Ifc if |j > 3 divfiscmt sf p < I , 

L f f E — Jim f t-^-—- Lim I lo]In *| f = lim Id Ip bl- lti{3n ?) =■ 

J 2 l{Jaij Jj LA 1? * G-t-i-sgI K 


Case 2t p — 1. 


HfCM Lbe S£ri*S ii dh^r^itil if p _ 1 . 

+W- I 


52. Prtfv-c *hat tif: writs £ il ^nrs only if j-. > I. 

& Wc tipply tbir intc^riL! LrvL l.ri 


JV y “sfl£iJOnfJnrlF 

If x > J, p „bum In x> I, iirt(i In'In f:) > fi, and tilts /(rj >0. Hence / is cflutifiupgs ■SwrtMsn^. 
vaJucd Jb? ail! x > 5^ f-urthermwe. 

J.i /(£)<tr "l, JilBTiS^C* “I(ID !)!*■ 

To HV.aJitn.lj? the indftfiiLLtj#! LaiLt^rH.: wc J^tL 

“ = ln(l “) “ d d “"^j 

Th r' S ‘ . fj p !li “ ifp^l 

ifp#J 125 

Wf Cj^IUsiflfcT f t T, r< ■rAfJ’.*:. 

Cw 1: p ^ 1 

Subt«! i!uhn^ frwtk (2) mlo (i), tph 1 Ei-lt' 1 

f +-k f+oc l _ 'h 

f(x]dn> M WF ■ ■ ■ — Ieed liquj — lint [La i — la. 1] —+» 

Jj ~ J:i *tlD x}Ww i) h 1^4* 

Thus, cb.c Mines ii -dLvts-gcQL. if p < I. 

Caw 2; p > 1 
Then p - L ?- Q, ftTid 

[ lim \e~JL— _F — ~Jim [ * if — - T ^ - r lim ^t1 = J *_i 

Jj ^ l|^. + 4^ T L I i_ S^J ( F - 3>3 p_l 

Tbas, &ht senes is cc.nvfn 5 .tT 3 t [f p > J. 


^3. If p < I. *^jj ri l< rlivrc^fiti by cSKtpfirisM tlie \nrmvnK awtes: i^jP > If p > i, let q sslLsfy 

+-to h +^<' 1 

p > ^ > J. TbeQ by a ILmtt -eos^ipaiisefl *it h ^ -a : 


*■ " mi n" 

Jfe. “ „H?U 1B nii5L (p-^U- i= A - 0 


lim In -n — foe- and Jim t* p q =. w app]i?d f/Hutiital 1 fl xult. 

rfc-Hr-|-W; T1-I- + U 


RfV.IIJH! 


I INFINITE SERIES OF POSITIVE) TERMS SO & 


o4- See Section AX 

51 ^ 1=. ^ ^ [ nt *’ 1 |«!r = ^ [b(r" + l)-tB m] = b IflJ -b 59 s* 0-7042 

m VI hH "H J rti m • -TiU J in sm -'/.-‘L - 

!2f 57“ ? [” X-.fr < ^ I ijfr^ ^ [In ra-lnf*"- 1)1 -Id 140- b 49 fe 0.7134 

,Ssc T " jAiiM. i m *£faJi.-i* «u 

f EQQ j- 11 DO 111 III 

By the Lritpti^gidil foie, ^ — ~ bi - I _ - in 1UD - Ln M> ^ ^ i + ■ ■ + ^ H £ ■ » 

igo , , , j W , ' ,,f 

X, X«| n •! + l.^.i^._l_m n.T0515, Tta ram isfl.TQSiT, 

”i=50 

i&. frupjKM^ / is Ti fuiietiocn. sudi that /(n}> 0 for r any positive integer- FuitWriiur^ *iipp<Me: that for som-c 

+*i 

humtwu p, II m txirts -and is positive. Prw^ lhai 1h^ aerie* ^ /{n) is ■oonv^rscist if p > 1 -inrl 

fl.-r-.-t-W n = L 

JlverR.r-.iLL if p < 1. 

e*- Wfl use a limit «vrasp*Tiaon with 4 pieties- het 
By hypot-besje. u n > U for ?ll positive a- Moregvrr, 

lint ^ = Jam n p /{Ta) (1) 

ra-^-j-oo n r-—►+" 

lly hyper hew. Ihr limit l*i (!) rrinU m.fl k paidtiYt, Tbws. by ih. S.4.A(i] the serin-- V^*j/(r_; k eonveppent 
if wnweraw., wA t-hT: pnri^ ™ e^vw^cmiL if Vj “ : "i T k rfiv^CSM-. Boc^USC Er.Ti'kn 15 n I J - 

sM-iirs, it ^anvtrgjBt if p ;> 1 and diYarses if p < L Thus, the friv-CQ «ries is cwiv^x^nt if p > 1 snd di^oF^m if 
PlI- 

ST- Prove Th- S.'1-3(ii): Iktaos* then there «ri*tB a number M >0 such !R?l ***/*„ < I 

whenever n > M of. equivalently, Bwaas^ £ Jli r m ^ rmmnr^m, ^ ■conva^dii by 

wmiwiiwr! wiih EJSv 

S$. Prmc Th. S..44[iii). Beta <uat ltm^_ +fl Ju ri /u iI J ^ -+-» H then (here ™bSs a numkr M > 0 sarli tlint ^,,/r^ > 1 
■whenever u > M or. equiv^denily, v n > 7: n . Rrmunr v n "in diverjeul, is dlvtIgcr:' , . by 

<s>i iia.-irL-Hi'.'iL With i'^ 

5^ The series (-I)' 1 " 5 is diverpeni 't»ca-iir (-l) i: | ' 3 iu>t If n \* fldd then - t| and 

if n ii even i n - D. Therefore she Beqyjence of paitial sums (i n ) has upper bovrA 4>f a. T W,r- fn«jmrn &.4.1 
(Bmh noi opply to vn infinite series of both prwiLiv#i and nrp;nii v-e tfiima, 

S.& INFINITE SERIES OF POSITIVE AN!) NEGATIVE TERM* 

An 4ltP7R4lJnK ii i fctrifll Ecrni* *rp allflTn^tr-iy poc:iivr naH nrR.il iy?. Tf '.hr tTihajh 

in .in ai^nal-ini^ sprigs: .irn il-c.Masi-nE in nlurjliile: value 4rni kivf "-isit sWiJrt, die aUer-nati^E 
senes is eonverReat. Putt-hernLort-. if the sum o: -sucb, an alteraaEiite series ;f apprwum^ied hy 
the ilcst. lerscis. th^si th« vjihat of the «r. r ui ia l«s^ :hais the absolute ‘-alite of ihe 

(k -i- l)st tt!iK. We siaw: these facta form ally in [he foiLOwhLg defuiLtsoiM and theorems- 

A.5.1 Ikfioiii™ If a n > 0 fw all positive snte^^rs ' :se^ i.Ha j^riiT- 

4-CQ 

E {-1 r +I « ft - "j - a* +«i-^ + (-1)" +I * P + - (') 

n^l 

juhI sIl-t ariiKM 

+^-^+^ 4 —(2) 

p.-i 

are r-all-Rd ni'trrartJan? 

8.S.3 rkfiBiUoB If an infinite writs is c<*n.*erffepH. wid its is S. Iben rr^^Vnrfr/- obtjitnfti by 

^?prci3ti-mnEici£ thii [h^l SUItl of iht Htries hv Ilc ^th parti^J Fim drnolrd by R; .Slid 

r.-= a-j*. 



6 U£i POLYNOMIAL APPROXIMATION Si-QOiNO^ Awn TNrTKTTK SKHIrcs 


8-5.2 Theorem (AltCE-milirtg Se;i*£ Te-=[ I f5kij|>possr ap linrr llie niter :U-l:iy. (E * yr (2), wheftf 4^ > 0. If 

(i) a n+1 for ail positive ra and {jji )im ri ^^ w 5 pl = 0. Lli^n Lhe Jillernnting series a 

jconvi'jjfnft, 

^fnl-r iltat il i? riHWfJl if f=; held* hi .ill n > N fir some [Kt^live inl^w N\ Ahp, - f 

LS n ™ f.;ti)/ij|n) I* a :;lLIisijiJ ftinctiflui uf h, Ihtfl (ik) implied ft) botAUSt J n| hi' at mO:' 
de£jpl + degf^j - 3 critical pchite azid Ls mono-look aftei sis Last crii icaJ potnl- 

£4}.-1 Thesoneni Fsiritienrmre,, if F5. 4 is i.hr nrtniucirfcr nhlai raed hy r^pmsmtttr.iug the SifiTi Crf the 6*riee fry the 
fLr&t Jfr terms, tbeti | < nij j,.,. 

If, i3i addition, the sequence {a^-tf^ +L } « dctreasmE and t k is *kli the 1 h_nc term halved 
(hentS-(*|<^a*-o* +l ). 

IW |5 - + + C“l} i4 % +! +-\ 

= - -Jr+ll - <»*+! • «M) 4 '' J| 

“ $[(“■*- n H-lJ - (“n-l - n t4*) + ' • I 

u in tlw piogf of Theorem G.5A, 


3.5.!* 1 >cJl ejLlIoil 
6_&j6 

£.5,7 Thcrcenk 


IlSlS Thnorerii 


■H.i'r.S Tbrarcm. 


|£ Ft replae* e-arh teijn la a eoHY-crgeut irfrw* by Its uhtfoluEe vgJu^ ihe rtfsuitjdfc s^rlas may he 
flitbw ecuivrrgrot or tliwrgf-JlE- |F e&nvergenl* we uy thit the otipcd acties is a£j.oJ«(ef| 
r-enm-jf n(; jf divergent, w? lay that ihe oiinrnl iM’ries ic r-pnjfrrien-DJ^r CPhfctft'aj 1*11*1, The formal 
iSidlslit" 1 1 ^ :ir■ I tSuirt'rri;; forfow. 


The 1 (dfenitu ar ries u -, Lc tiv- £i, -, .<lutein caavirjmS if Lhc wricu V]. : id cunvcrgrnL. 

■n=J +l- 1 

A -ys.i'K* that is- univ^M, but noi 4b»liut4y wn^eriSKnL, .h *a±& iu c^LJiEaiiHAj^i 
^ntwi^cfl IL 

+w 

If Uhj infLiSLie seots Ls nbsalutely e^isvergtaL tiec Lt b wnv^rgtnt and 

ri*l 

+SO +00 

E ,J . £ zn»» 

•L- 1 M "I 

The: tafis which follow rlfl nor. rcqdlf iha^ wf know ^ COmp*ci«ifi 
+ct 

i'RaeIo Test-) I^e V' u re hr .1 ^iipfln lEiTi^i il4R !"[«■ whirll rrverjr is ilrltl^fTifj. TliSrl 
1 t4fv;1 

(ij If lisSfp^Jir n+i /TTi ri |lS L < L, tile £LveEi arritfa b hbtmbkCrly 

(LiJ if Jjjs^Ju ii+ |y l u Tt : L > L nr If Ikii J /h b — H-aci, Ebe ib deveij^e-Jit: 

(elLJ if ILm ■ a iq+i /i^ 1 j - 1 or if Ism J ^i n4 .,/n n | *io« not «d&t. do eoa^lussion re^rdijif 

tcflvtj^rrt nuy be- made: Fri-:ri ihi> !*■-■■. 

+eu 

| IElx>L Tciit) LrS u n be n in FijLi Lr- ^rkp few which cvxt>' b nojizcro. ^‘hen 

n=l 


{ 3 ) ir lim ^iftr”| = L < 1, Tlie fivAD writs ts abfiohtt*fy conv^r^nt; 

n-r + X. v 1 

(ii) if !?irt "■] ix n | — t->Id| if jin: ^ '^ T1 \ — +^Pt. tlic hjtm is daveEfi^nt; 

n—r+OO- Til—H—DC 

(Lii) if lim 1 « If Llm ‘ tz * 9 ^ BQ Kguding coEi^rgeawe 

mnj- be mide fiom cbis test, 

Tf tlifl ralin ile^l fail.*, -ts il rtnps ^'iI"h 1 r siwi-ri 1 .. lie fnFIi>w;;i \f, ^-hkh w^ wil-Su- '■ 

proof, applies. 


■S_lIp IStlXITE SElUtS nr pejsetjvk A.VE5 SEC nATWV ^7 


THcorcm (R^W's Test! Let E be a riven triEinitc flaks for whirl I ism «,/*■„ +1 - L TVn 

(j) if iiJri i - i) — jp > £ *f ;:n: 7J (i 1J ,|/ I1 K ^l | “ ^ : _ + DC i K^vcii icrira 1 a 

el -j-* ' n ■ ' .’ ^ ^ 

*b»hrtdy ^oav^Egtttt; 

(ii) if Lirtt n(| aj^i |- I) — p < 1 or l?m n(| u^/xt^ a !| - l) ~ —the series is diver^eac- 
(tti) if Llm — 1) ■=■ 1 or ILm l) d»s bo 4 rsiM F a* •coseliwawi 

ttlaVMr^eiW* My be made L'rOfft this, ttSL. 

Eirrcutx & r 5 _ 

k EjCtlXitfla 1-1-1, djeLtssiujiie v>Liel]Lfcr sJlt iHt-rtuaLLij^ s^rUi L cijmv^.l'lu L u. f divcc^cul. 

> We use iLUrlJtiiilVg Mrltt twL. 

i. g (-ir + ^ **«*■* ^77 < ^ Ji™,. ^ - ♦- 

■t-W 1 t 1 r L 

% EM)" = rcmvrxvtt — --.- < - r .tnd "irn .y — 0- 

Si n J 6 (» *■ l} 3 W 1 i> ■< I w A 2 


3. T\ (-l)* 1 -^—convert^ because-^-<■—**—and Jtm — = Cl, 

i-z a +i (q+|)* + 3 rt a +L ti,-h^ ^i + i 

j* 

■> We apply the nltematisij; lefifiA fat {i.fn.SV Ll'-L 


■" x- £ . 


Tien fl pi > Ci for alJ puiiive Lnleflers n. FuHbemwte, batiinse r.he denominator □„ is inciwasisi^ then a n is 
decreasing. Moreover-. 

Iiin u = 3im . ■ , T = \rrr. ?l ^ = U 

«—■+ckj ri-^+rtb^'l- “ * li-i+rtfl-I 

* +-w , . 

By the sAbenwiing series JesL we r^n-clude thzi ihn JTf L}* M <s n , wTiirb is 1 h*= given s^rsi^. p= 

coavec^ebt. 31 L 

b- V"’ £ — L 1 ^— wnverges because - ' 3 ^77 < r' and Jim . ' ■ - d 

«■ n 4 fa(n + l] Inpp n-+* In n 

V'(’-1 l n n nJJi T rjnriwerj^r, b^jisiir niji ]" <*\n 1 ?f ft> ? ii^d III?! nn + = L 1 

rt—] N rt-r . n M—j-sfr n 

V. g .(-I)**'-^ 5 . B*ewt$i* - OT7T5' < • »* fel ^ ^“^*5 


i 


.^+2p 


fx^3;- 


Alee ELhn —^- - Sim — -n; - fl. Tfiui tbe oerira it tozivirsetnL. 

■n-HH-w ^ 2 n>-*™ E. + 2n -,> 

+00 , ■■ 

s. Ef *> -vr 

d- VVe JtppJy Lhe jilting iesi w^.h 

_ J:j tj 
H n "ii" 

Then u L -u, ft and & M > fl far All 4sit*£i:r* ti vt'a h b ^ I, E.ft 

/(*) t l2L£ /'(,) = Mp 

: 

if r > s. Then / deuf4±siA^ tkrt [c;,-i-^o;. TiLm. 2 ?1 + ! if tl > 3. Fiii-Ihermin-e. £« 

L’H^pjU^V rule. 

lim :l_ — Isrn f{-)~ Ei n: — Sifb ' — fj 

rt T+^J- r—■ e—+An £ f 


r_4.4ri r e—»>;. • 

Theji^fa^e, by Th-trut+riTF and tie iftcrnatins series Ust. we condade that the giycn stTiw is convex Rent, 




SOS POLYNOMIAL APPROXIMATIONS, SEQlJBKOHS, ANI> INFTNFIT SEniPS 
9- £ (-3)"' 5 ' S ^r. D«*™ J - 1 ~ x < Q Fot as > ?, tt d«trtuib^ 

Also by L'Ho'pLtars rule Itm —=. Jim 4 —= lira -i =. 0 . Thus she series HHaveraefl. 
111. J] ( L )" r _ LM diverged! btciLiiati Lint " - ira. 

n=l " "-'■hH n 

+ m 'in j ji t j / ■qlllJ 3) 3* ^^4 

IL V" f—is djvttrj^iil becitLisd Imel —^ = { lieu ' If *= [ lim ^--=-T = *oiL. 

raE ^ ‘ e—-+ esa Vr—< 4 -^q * ^ 1 / 

+W - /n 

* 

i> Ltl 


Then a rj > 0 For all poaltave integers n, Because 
3>A “^ 

M*fl tb^ dnHECIiMlOT of A Lr.cTCisLr.^. Eb«n a ra is de£t*ai 3 h£, PgrtLcrccoiq, 

*/ri 1/ *fn 

to a n - Ha to ~hr=0 

ti— a-jLna? -s!—i—.-fc.-. 1 n—*■+«. 3 — l/H 

TlMrsfLir*. by rhn Jilku-itsilitj; .series tell, the glvea salts it toover^euc. 

13. ^ MV£. By l.’Hopdtal? nlc 4 hrn^ £ - j Ija-^ ^ !- 2 = U- Al» -£-[ < ”L if anti ndy if "y * < *> 
v. Lith an ifur if Ci > 1, TIciiitt Iha sjjvr-.ii sw-ric* i« cttti Vr^tal. 

M- I(-ir : ,„‘ t -„ - 4 (l , + r*) - la 3 p*-r*) >*lf r > 0 » is d«™*« 

Pi-rl 1+3 n.-m L * +* 


-ST J 1 + 3 “l v h + J ' 

arid Linn vc—“ 0- Tluw, tk* cofivflrg^. 

+i-^«:o J —.a 

£□ ExereLits IS 22. Gud an. upper baud fat ihe tutu if lie shew, af tbe flisi faur terms is used as tr 
*!>|H«asirnMK>n 1 * lh* stun erf i]ir iafiiLiMs seriffl. 

1JL + f (-ir +, ^.|n,i<iM=|||=i 

n** L !J£ ^ 

+™ ^ 

i* £(-«"■% 

n=| n 

> We apply TLeoetm fi J.i Wc Stave 

4 =4 

®n H a 

Rtr&tift! > D nmiE < ( r h ft'? aJl IwsUlV-r ssiU'b.ft^ n , nr.i3 — 1), ^bnn ("li-n r-um.-Limlrr obtained 

by ^ppnojci mating iEie aeini oF ifte wriw by the HtsS Iolit Terms is Et. t and 

Thw, tliKi «r« » lew &-06 if litc mm tem^ h UMd *• vi zjaproxLrciikn lo tli« swim flf 

ibc itL° t cr. LfjJLnitc M-iJea. 

U. Trf-n* +1 —1- e.I ft.l-^lEul-l—t ! -A 


lT ' 



4.5 INFINITE SERIES OF POSITIVE AND NEGATIVE TERMS G-OS 


m E{-ir 

n=| 

Let 


Then jfl Jtnd <£1^ far ajL pudiLhm isa-e^clii n. And liJEL^^d^ — I). By FhwmiN 3-VI '-h* jriEiiuridtr 

chEjurtcd b^-- approx mHLtizi£ llin n-irm of (5m •*•/]*?■ hy Lh-«- firs- fcii.i p ttmi* 1* 40^ 

I K, I < «! = 4 = B-0&J32 

ThitreTort, the trrttt is less sban P s flfl032 if tlit Siam of the fiirl fa-yr tt-jrriK is ui«i 10 appradmau: £be sum of 
Iht given siLfiELte series, 

aL £ ( - irL+ 1 (^iM^D |llj!<3u * l= ^ ** 

Id UtreeiEH 23-2d, ftjid. =i-itcr: <xf l-Lh infinite series. acoirwe to- y:\nt- places. 

!► IV-e ihbv odd it retd dd Lit we a« ESijM!- th* rw*t will be Let*- ihau . It ii oei tooecdijarY to debsrmi-nt Lbe 

tmttiimf |«Pi™ 1-ifur.iiiaauL 

* 'g{-ir + ^»^-l+J-A+^-^+ 1 ij- 5 ^+gb- I ^ = o.3^ B teh ! «™n< S jl }g . 

ra«4. 

-rW , , 

m. s;(-i)" 1J * 

n*t n 

b- Tbr approximation 15 a«UTatC to thTW d^H-imal. plnjors if 1 \r. nrrOr Ls ItfSS LfliD £1.0003. By ihcorrm T-.b- - i' Lht 
shid d the te* k term* nf rim series is used io approximate ;be sum of iim wir;^, lIi^l l:lh «rn>r is less tbao 
ebrt abtoiuk- value of the oexL tc-r.rFi. UV fira li^r.i-niiicm tin* number of itrciis ih-iiL ait leouar-cc- Let 

a « = ^ 

If < SjOWS, then A < ®'«05 


Soivtpg tui ji, we |$=t 


n :> */m\\ * 6-7 


TJiqs <. 0-0005, ruid it wa uss t!wi sum of the firat six terms to 1 approximate tbn sum <*f the sema* eta te&ult 
vill be accurate Go three decimal ptaras- 


emf 


']6 t P + 129fc 


^ r- D.S4I7 


[jiio-g-DP-v tajF Lif ■‘.iic- lilt tcTni, gel (JL9-471 b. Tbr 3 u_tl of 111* 1 wrir* n 7* y7"2fl — 0.947W-. 
h-?- ___ 1 1 l 1 1 1 _ l 


35 - 1 “I H * r^s" -rk - 0 - sw wM 1 wrw 1 sS 

ie - £+ + + = (WOW* a ft.5» 


= ‘H-oLKJii K-bOO with fj-rurl < -r= 


”■ S = e - 11247 95 °- iJ2 ^ ,emri < ?m 

only lvatf the lilt term ffivee 0-11^6- T^e Ftsm 0-1 L2&J. 
ti=i [/ra + IJf 

b We gdd In* ten^s in Ehc hajU-s urAiJ th* absoUito vaJue of rhe jkm term i* .e^ i^iap. 0 -Ul>l?b. 'tbii* 
*v,y. 1 _ 1 . 1 I I X__L^_1___._ 

-y -o.oa 7 q+ ft.floso - 0 . 9 m +o.™ 1 4 - o.ftiwa - i?.o«)s» -o.o»n -= &J i 

UuaiL^ unly M uhe last term give& -D.DlllC,. The Been a r^/J^ - ] - -C- 03 IS 5 . 


Til Fsuiicm* J9-d£. dttcTmir.A if llw tcri-ps iv ^.b^oli;Inly i-i>nv*rgent f OLHlditHmidly or dincrgprU. 

39. j; iE ^ geometric nrfev wiiTi r| - | < 1 and so la abseJ^iely wD^ergejis. 

30. V (- i l rt ^TT- Beea^isc Lim %t = +», ifct; sftrinSs ia- 

«■! ft—H* n 3 


<10 POLYNOMIAL APPROXIMATIONS, SEQUENCES, AXD f.\ FINITE .SEHJKS 


I .-an 

31. 5Z f" !)^ , W absoluti-ly £*nV*t-gjertt Ijj* ihr rfttrO WSt: 

b 1 |M* u» 

*\ -*i*r\ IL-^i (?SJF]Jr 3 |n + 1 | 

K. 

&• W-c us* Lb* rjiticN Lest. Theo'em 5.5.8. Because « n = n^J" 1 , J-bm 

taM- to l- y = u»pi!.J 

j * ■ q d J | n —^-|—r-> pj{|j " 

BcrMMt | c 1. 9 *r anwlwfo by Thtnm SrS.afi) the wies is nhwIubtiLp conv«g*nt 

+™ 1 

53. V ■ f EH ILEPTHjIU J _ r*-JV CttOYert't’.bl bJT Lhc filifr itit\ 

n=t n_ j 

fa iStt. 11 m tLiii.Hj - lire = tin, (* + 4W<l 

H-Oilj U r. " -r* mfi)l t, J ■ -« FL* «V’«■ V E n '^ 

+ lX> , 

J" (-l) T1+1 -r— J rn ~tf AbrewwUJy GQSYtrRcnt by the ratio twit- 
Ml IJ- 

Lim It^I- lim ^- Ism r —-i-w - 0 < I 

m+u u * I K“ e« (2n f 1) ii-r+w(2n — E)(2n) 

+ » h 

J5. JZ ( I)™- rt+;] is divrTgjrnC Liy tlrt rfttl* te&t: 

n—1 -■ 


=S^I= i* 


- Sim ! L - - x 


» E<-i)"* I s 


, =^ar' 

^ n^T. + 2) 


lim ft±iU fa . <?+*> - fa , 7 _, = 1 

M-T*J >1 I n-r + *t H:+ +3) K-■•■ 1 L + ^ | 1 4 

Thas tit* jaiie. list falls. 

Method I: We use a comparison lest weiSi % = \ W ft ^ avK 

-i-Ty +DO 

for .l| 1 |U r\ilawr illt<g-efs «, JULil I ra i* ft. fl irtiH with P T 2 > I, then ^ 1'^ Li iunvrc^fCi. ThrrrlWT. 

-I-*- fi= L ?i I 

531^1 a cAdsvifj^iikL. &ud by DciioiltoD 8»5J^we conclude that thejtvwi y^rie* la jibsulutely 

Ml 

Method £; the ratio ten fsuls. k* may us* Raabfi 1 * test. 

fa JLi-l-iW fa llm fa ^-±3" 

I,--4 .Vi ™ t>+ l I / n -4«o [ ^(n 4 2) n — -!-■» \ rl 2 4 2 m _ n-<4™i «*- 1 -2n 

0 +i£ 

- rim — f = a 

n—H^l + ^ 

Heeause f — 2 > l r the gjvea Ecrios r.vdv^rg^ absolutely. 

T -1 I - SI Tl ?L :_. I ... ‘ .. T' ■_~ l ‘ ~ :l rl : t rnni.v™!.T - kv ^-n-mvirluiri .jt" ■ -. 


57, Y -1 f i* absolulely cx*fi VRr&cat ryittus* Y — -—— :^= rvnv.-rf;..-- - hy cDm|3arlMin WFVfi .j 

n 1 rr= i 

P_BI ^ 2 dill J 11 ^ 'A 

{p ~ i): 7 ' " -? 

+*«■ - 4^ t'O# | 

3 S. £(-t) ,f '-^ is absolaUJy coi^Ein^rt. bee^nse Y ir, - V ——^ aotovet^eHt p-aeries (p — 3 ), 

tt= 1 (rt 4 1 r "=l A^s( rt 4lj 


5 Q INFINITE SE'RIKS OK POSETIVK J KHMR <►: I 


3SL Y (—l) 1 ^ 1 —is *bwlutedy MDvcc^cm by the ^alio tssi: 

|^|= 3^1 = ° < ' 


TIIE] 


tiee] 

&■ L+t 


_ r I ,nJL+i 


s,=(-iy 


■Hkc! 


( 14 w 4 ^ 

ri-+** (if+l) 3 ™ ! f 1 + 

Thus -he rndtin- t(^t fjiiis. We A^pJy tlut alternating series iest- I^l 


Lim | -ji ' * 

r..r-r T k'J U rt 


- K. 


„ ' *rf 1 

Then n Tj > 0 to: bJ] ptfsiliut psltgffip n. IW.p.i£Be 

„ _ fl S . ! _ I , I 

■= n - "1 + “ 7 " 1 —J 

iT ii’ 11 fli 

mm 3 each term is datMiSiIlg. then a n CS de^TCtV^ng. Eisrthermflri: 

Therefore by I aLUriV^iDg :irri+*."- LitL L’lh: 'Lveu Jnirkt is Co^iVcfgeJjt, Wr Irai fu-r .nljiukL^ cniive:g;es<fc. 
Bte-UU^iH 1 JJ A h * djvrrjitnt barmtirJc Miica bnd -■, ja * wavered t p-irfriflL, by Thratcm ft.3.H tens- 

**sr] Ti Ml tl 

rbtr Mti ti (I) is divergtas. Therefore, by .Deficii&Lwi the j^yeji scries is tofidlitofeaLly convergtnU 

+ n i +ot? -j 

4 1- V t-])"' 4 " 3 ™—w™ ia ib**ttil*]y tpavtrgcftL-bcfj«;i^r V .. ' „ in fjruivepjfeciL fop $> :■ 1. 

h=eS ' rt(3ci rt,r n-1 n w a n J 

J2. y —is alriolutely coaw^tal by eoiBpariwEi wjib * r j ” El- | 


CO 


»ra i 

-*---- , 
«- E ! 

P4 


■ ii lihsatiitELy kiaverB™ because Y 


. r ■■ = Q r 

n»t TJ 




IMS 

Let 


If / is Ihe ftmeiien defined by /(b) -1 u„ f. thea 

f^-ih 

mmS by E/UffpLtal’s roJe 

Lina /f#>= Liin . £- = bm -+-?g 

j— hk. ■ r—RKi Izi i ifx 

1'hua;, Ibss u ai doe^ slot tmt, «uf by Thwwem S-3.-3 wr rjjcitiudt i lunL the scjlcs ^ divtrgtat. 

I. 1 U. l ^ lim r-^*- — ^ or t 

i En r) I n—ir_- Lb it 


■45- V ■ •* Tf; ia abnoluS^Lj- coavcrgcnL by lbr- c<»!, lest; hni ^'l u* . - 'im 
7l —i C™ n — x rt-fc< * 

4-Ht 1 i 

because la 3 > 1, by coaafrajipwi ^-^b the g^c^ti'ct sesws j-[ b 

t-=^ i'i _l i /nV^ 11 ' ffl + 

4fi. — is abmtuMy pwivw^edi. by lIie no^d leu: — ^-gi J 

[1 + I l" w _2 

— Itm ■ ■■■-■■' = “ < L «f by 4 !i?lii]*ANM»n with the Rwcnctric series Y, .n. 1 

»t-—H rc rut ! f 
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'IT. J] T \ is by ifaf rat-in L*?k 


ifl+HT ^ 




*y :-3 r. .. :a. ■ i ;■ 

™-3 I-3-S-,..-(*■-!) 

* We app-Sy the ratia trrt. U* u ra - —jr 

Thtfii. 

_ ■ - S-.l ■...■(2 h -l)f2n -l- !' 

“” +l = 1 ■ * -7 •.., -(Sn - »)lS»i+ 1) 

■pi+i _ l-3'5-...-{3«-LH*«+l’< I ■«■"■ , fSu-Vi ?t, . I 

- ; • <-7 • r!T«(3»i -?H3n + J:' 3 • 3 --3 -.- -(2tj — 1 > 3w - 1 

Tit us, 

.■SsJ^h n—-?» fcrr = if l & = * 

By ttt I4l:e KSL-, <*t fOOClyde that III* cnrwei$W tbBOLuHbly. 

*0 -UP I _ ] l 1 , t , I , I , 1 I I I I_ 

L a^t-iF F' t ¥ + ¥ -5 + n^5+W + SI + 

' + ~ o,bc’.'R'ecD i- and so lim do«^ aoc eiist aj>d tie ratio- test fails- 

(b; Lm tfgn=" Jit £ 

Hcnrr, by lltr Jem* teat h tbn- ««M* in uc+ftVfjF^nL, 

SO- If LLm vT“iT| = < 1 Afid. L < R < i r iltB. [01 soeek in^ftrr N n ^ iUl ^ I 1 Ee*« Uk KfSea 

eodtvefges by tompaiisoE vn;b the geoirdetiia f*™ J^ rj - 
51. If lira -iTTTj - T > I *r if lirfi ?/^T - +*:*. 1 icai. there- is a lusmwi K > I -and an integer N .^wii r.h&r if 

n-mos Tf 1 n 1 v 1 

n .> N then y'j > R.- Bcn<C: if □ > N : u rj -■ II 11 > 1 acd. tbe nefinh di+rrgjfn by ThruTfFtl 3.3-3, 

&2. Psovt part iili j of the wo-t tes+ by applying Lt to the two pr-ri^ 

+"=t . +«; | 

sl«asi 

flint: DetemiijK 3s:n b> kiting, v' 1 “ r ,l3 ' 1 • l^n, iwtng l.'E3ujiiL±l H i ruk iu find Jmi 

n—sJ-iu- —*-!-W 

> Tf — ! /tl. Tbrn 

n -*-l-pe 

ISccanse c ULI1 — n. then 

tyn = B (i> "J 1 /" = ^ l ' I/ " ( 

Lf /(n) ^ (h piJ/^-k llm l?y L 3 H6pfil^ r^k 
liiti /(»!■ IJ J3 l i£L£- Jim i-U 
Ttiut. 1'rtmj Eq. (2) tta bav-t 

Km fVE £° -1 ( 

h ■*■+■ ac 

und from ] !q. f' j cq^cludc LhnL 

' ¥ ' 00 1 
Most o*ef k Y] la tihu dJY*EE*rat h*Tnwtk Merisi. Oa Eiw otb^ K.ind if r.' Tm — ■% Xtwn 
n-?] '- i 11 

tim lim f/4j — T ^ .-j < 

H"+« v 1 ’ n^+-»V^ J ynl 
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By su teliimiofr from £q. f3) into i t)-, m olitain 

jfhgy 

Piir-si^rujun i _ 2 T “'n a ■COD-fc r ergCiU P vri*h p~ 2. Therefore. Ed mnnhiriirjii n^njJiapJ (.dn^LJgendC r.yay 

n=i n ,_ _ _ 
ht nude from It* toot tttt- tf ljm ^ Kiaally, if V* — -p ^ b odd*' “ 

sfrt b e™ ^4 u . n rfoTH net wiMt, However, n. T < r"" Hh lh« sene* toovergcs by ™mparson 

I C 3 af Ti is odd n-Mf: 

+flt 

with the gAfetneirk series ^ c _B \ H^nci-: no co«elusion regarding coavicrgeoct cajr be made from thr rf»t t*as 

__ ■ ,L — 5 

if lim yn rust csipt- 


W» —■?£ 

53 . 3 f J] iF n j"M alKriuttly wnvttfitol Lbcn ^|m„| h wn’mEsnt *J>d lim^ “ n ™“» ™ F gtVTJlP ■ Si I m n ! ^ 1 

*** n— * 

and uj <■ |tj„! if r > Iff. Tbas, £ ^ F1 i cerivwg.es by «mpmwH vrjtti V | ^ [. 

fOu 

54, rcy Pnive DmeiJet'a Tesl; Supp^ we ii^e tbe £*c:es (Lj o Tt _ l < a rt: (d) hm 2 n "■ ^ui 

d| L rt—a*M 

(Lii) if + b 2 4 -- -I- b n then | < M for wiw M- Th* a L Mating series ie*i I. 1 ;: the. ^ = (-1)". 

+**j i 

^b] Sh-n-tv shrill Ibe V' ig cg?j.Terpeni1. 

> {a) # ra “ H- + ■ - ■ +4 n &„ " Vl 4 f ]) +. 1 n n i £ rv E «-P 

= [{} - ■*) + h(*3 “ *J + ’ ” + C nK - ) 1 + Mr* 

Tl^ £*qi:eneq ir, bracket? ™nvpr^i--. b^ca^se it eflffifrpw ahwlutfll^ In ffeCL 

iM^L-^jJhly^-^l + '^+l'ifcK Wf*! -*a) + Mfa I -ai)+-i) 

- -dj < Mjj 

And a twnjndrrl s+iii^r; a f poa^iv* terms oonvcrgw. rurrtitrjiiL-re. because 0 < 1%^. < a ri t B «n vtrgts U* A 

by the dq-Jdttc tllMHm. Thll^ ^wivinpiri. 1 ! W^.uSe ii Ls ,Jie dtUIL of |wi> ELMivcTi'czit 


«b} Lei a n — 1/n and ^ -n. Because 2 sin r sLc ^ = «a(i - — ces{t — y). then 

■jran \ C fl — 1 ^ie ^(sis 1 + Bin 2+■”n) -2sia ^sin l 4-2 sin j sin t+-++i5it» Jasn * 

- [co® - cm J) + {t&* ^ “ Pim |) 4 ■ ■ 4 |c™, : fi ^ ■ ra’-i n * 1)] - ku* ^ + ^'i 

and s* jf ft | cos I tw(n T “jf/2 din ^ < 1/sLn^ Thus, by DfcricbfcniV 1«t, 2 - E sin n/n eonvierflc*, 

' t * net naF 

R.G A SUMMARY OK TESTS FOR fTONVEttOENCK Oil DTVERGFWfTE OF AN INflttlTE SERIES 

+2? 

Ttie fuJwhwijLg stepa may often be uwd ns dec.de :f L!ie iuJlnjU ew:cb J] i» ™v«^-nt or djvcr K cKi, 

L If — ar 1 '"', with a f 0, [heft die aeiies is a geonneUx ^ri*^- 
La. If i ?*■ < tie seiies is cofi’-^ryenT and bu sunt o/[ L - r . 
b, If ■ ?] > l n Hit s-ici^ b divei^esLl. 

2. if - a n _ T wiih. bin rt n “ Jk EXwn th# iwebU a t*kwcipin£ hctzcb ^ith u-utu 

n- 

3. if = d/fl^, w-j (b ij Jt fl”! liie spt^s id x. C-flDdUult LmuUjiiV of a ^ 

,-i. Tf JJ > I . I l.i: r>LLL«= U, COS VC:g,CTLt. 

b. If p < ], the prrip^ 

4. Fijid lirri !/„ — L 

ii«-r+oa 

*. IF L / *}. Itc- perLe* i* dwnpgfln-i. 

If, If L — 0 Artd the kiLw -.- rvn aJtn-njitln^ i wrir- i - J h i i; > 1 $ r rh,e ^Uf'r’OaLirr !^m 1" it" ri Hl . , - or 

dL pcsitLVf "i, ih* aLwriMtin® series is co^verr^nl. Otherwise, no wncLudfiai cae bo -nAih. 

§. [f Tz n cHuiUiijiE: tbe faetor ti- or a", ihesji apply t he jatia tesi. Find ^ iimj tJ n ---/ 11 >i| “ ■*-- 
a. If L does not etist, nn oujEcLuaieici can be made- 
h. If T. < I. Lite bc.-ea is a^^soiute|> , conwer^fii- 
e. ]f L > 1 dr L = 4 m, tb* serira ia divcigwu 
d TFT- ■■ i. thtp ipply RmIw’s Er^i. Fi=id Sim □; u rt ^ rt * L 1) — y 

n.—J- rw- 
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(i) if p > I W P —&- r l-‘.* piv4-n se."cs b absolute^ tQDVtrgeJH. 

(is) if p < I wf - —cc, Lit series Ls divtt^eBt. 

(!Je) if p - J p (Ld« not ^xlat, ao caiicEusioB e-aa 1* mode, 

6. Ifcantajna the factor n n , th^Ti apply t]|* rv»L t**1, Find bin ^ L. 

a. 3 T L <, 1 1 Eli* flee hi! vt abwlLileEv raci v^f^r^!'.. 
b- if L> 1 of I,. s Hx. ihr-grrieg is ivsipil. 
t, IF L = 1 uiT L dews BOt, t'fcbfC-. JtG i:u _ ;di;^K!ri ran bp rruLih 1 . 

T. If ti n >0 for g|| posiicivr integers- n, tist a contpazLswi !csL of £ limit amipaj&Mi Usl with either a r 

series at a gjtMj-j lit Lite, atriea. 

M 

a. (Compaiisoc Test) Lei the redes u„ be a series of positive Hfjreii. 

i-» _ _ r_= I 

(i) If series vi pmike terms that b known te be arad < v n For ail positm 

+07 

inlrgrH h. <hrh d n in eu-fc^cigcbt. 

+05 ft “I 

(R) JF u r, iL drifts of pco.ii ivft tarny tbai b knffwn in be divergent, Mid u n J> v fi foi all po&iu’.t 

H»| +4v 

bittgcrs then £ is divergent. 

ri=| ._, 

*mj- Hh T1 

b. (Llmfefi Gom&aiiiOb Test ■ Lei and ]f] be Iwu toies uf j wed lire lentil 

■i ■ 1 *t*l 

(e) Jf lim = c > Dl tbca the scries either both, cottverge oc bo;b di vetgt 

» —+ ™- +flC -■ K> 

^ Ei) [f Ijjti - fl nr >& if JTi: n| "■C'n.vriErrp. then ^ ie r eon-mge*. 

' l-r T<» 19=1 rt_ 1 

_ 

{Lii) If Jim = —oo turf if c n diverges, tfci«r- u n diverges. 

It—* 0ft _ ftiPl nil 

8- Tf rJ n > 1} for ^f| positive jntesf'rs u. um: the iirtrp:r;d tent. I.eL /[«)— r Jft . If / ii- contlnwnf 

t« f +Z-C 

d-ce?e*iibj J > A > Ll LIipci ^ -j il ls EQnvnjp-'aiL JJ iiid only tf /■r)£fj r-irjitM. 

n- 1 ‘ Jfl 

i : J£rnati i'.d 

Lei KxtrrI-ta-s. L and fiCid Ihc fLUC fOu? tleitl-tttfl of Tiit jclll jf |.kirl:.il ^uisii. aiid fii iL 7i ri j r IJ i■- 1 ". i ks-r .\ n l~ 

-rrrri'v of i». Also determine if Lite infinite *+?]'•> ih eiu^t^iai; n- rRvrr^enti if ii in em:verges 4 ., find its uuili. 

L n 5, J i = Ti i = ^= *i + tJ a“&+ = 


■ R4- H - *2 ^ ij + +}!fi. ^4’ ^ ■ J 3 r 'h : 


the ieriei H tUHV+ngsit and iU dtJIEI LS J. 

3- 51 Klsrr) “ 2 - J — infJn + |)|j fj 5 h I - b A B. -la 3, #j . (hi 1 - in 3) + fin 3 - In 4) s -Ld S. 

^3 = ^2 ' ^ Lb * — —hi Ji 4 =” — Jn. ? ■+ (Sei 7 — £□ 9} ia 9, — — !jl(2h — I]l E5tc4iLSe but _-i n r — ■it.'. 

tbc Jvt rlcj is dfiw^fll. n-'.+oc. 

Id EwiciftS 3-12, dtttMaiLnf wbetlier the br.rtfo L : ; ^Luiver-^ei.I nr diveigeul, E tfce series La iOnveigfillL, find Lin rtur,. 

+»/■%-, _ ^ 3 

3- 5^ [^ y l ia n KecnnetTic pertw with 4 ar j jmd #■ < 3. Thm it in ^c«i¥etBe|qt and stj tun u ^ 1 ^ — 3 r 




+ MJ +-:=. 

S' -1 " - E( e_i r 

n-i ti=] 

is a gfsmietrK seiia firsr term a — r. ~ mid mii-st r — ■ -. r hrr^, 

i 


+au » . , _1 

fp- £ l i* ctivec^ept Rrrjinsr Jim ^j4 = Kbj ^ ~ ” j - 1 4 0. 

n “ Jt T I v 't-oo pi t i .l-« 1 + n 11 - 1 

+«! +ftO +ixi 

6- E tt~i) rt + c _ o rt ' , " 3 i = xf nil + [ ni — ^ « «®v??hpcil with n 

M= L ri il ri—1 


fi>6 A SUMMARY OF 'TESTS FOR OOXVERCENCi: Oft DIVERGENCE Of AM INFINITE St&iES til!, 

7_ v £irs FI ^t Ik ji S*fU±s with Q = 1 &nd f — 5LB ^ < £■ 

Thcr-cfcnr i\ Ls MBVtfV^ 4uid its FUrn if- --1- ^ -'t + 

«- 

L It. 

fr B«M5C ™ - Ti (tH ’ r 

-iW -±C 1 

is - a gfUHimic eerie* wLlA. lifil term n = (j) 1 “ 1 fltSi'f r j- TK-rn, 

%^k*=rh=Th=* 


Bk«w< Ijibi !„ r- i. I = L th- ^ries is Mvergcal Lt* sum k 3. 

ri^ 3 ii B 

1U. y’j-J Sl & jwmrlrir Jiciici fsmvwyl)* to L y-jr - t “ lui'i = I 

1L [rtB f»I -10] = 0. [*n fee] = I -11 = -1, #i = 1*1 - tt. M" H = 3 *1“H- 

(lin^T4i| __ y? [gin g| y? i__l + X T . o JL Wehi>n RcomnlTie serins wirii a = % 

„tk 5" £i 3 ,S “ ? 3® n=i 3 j. 

"■* ra -‘ L , | | _ | i _ svy 

r - I < 1, Rq-reCi- the spvm tO&^-rJfcB mm3 11S ^rm u *-I + TS5 + ri = “5 + 755 +1 ” 729" 

n S(r + J") 

F> 'Ills jivrsi s the wm of t™ mnvtT&ent senre- 

In Emkws 13 - 30 . determine whsihar the scrips i* ee^veigcni. di vec geni- 


- (■ 34“cl 


h1 ** + 6" 

Che Fim is 
+» i 


■ it ™.v¥fEcnt by *omp*ri*M with & p-wriw - 2)- r ■ 4 ^ _ < A- % iwiniai frwiwrta we finH 


M-+671 rt* 


13_ Y 1 ,. b convreflmi by i-^riFcn^i wilh a p ities i.p - 2): . n J < ;v 

(Si vrEK^nt h<^D4UE^ —-J “ ^5= 0 1^0. 


L CP! ( * I ^ 0, 


3 + n 

L(*. V ——7T— 


p- —1 < idn ti < L thca ^ < 3 1 ^ ^ "j 

Bcenm; » a p^srk* with p = S, it 1* eoDvragent. I'rora die wnifuriam lest *4 ieaclude Kh»* ds* ji»en 


Jlt-l b 

aewiei ip emve-RcciL 


■+-ai fn'l' 3 t 

17* 2 i— 1 ^ BMfQWgcnt by the r^Lis 

t, ISOI. *. Ifetiffi-asl- 


Jrt-lJ* _ 


r^TTiS‘(^ ” r*»+iK2-+^ - ^ ^+si" ^ 

IS. —^=Ls divtngtttt b^tAQSC ?cpn —7-^-^? - * J - +oc 

n=l l/ lri + * n ^ ++ ® ^ + ^ +l__ " + V 
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ntTi 1 +■ y-'rt 

► We Jtp|hly the t«t. Lei 


< fo: a.LL positive n, Furthdimo«, 


$i\ Lilt ahi'rauLing m^zi*. Lr^i v,r. ranrfndr l-Wl Ll|f sene* is c^nv^rgCB*, 

+■«■ 1 ■ - t 

~(T—P ' S ^ l ^ e liltegral tefcL: l.ii /( x ) = — —-Fr 

eOhClbLlftLhn, ^bcrnfjaS:!^, /(x) > El 1 arid 


fl" 1 

—na 

-j f-qmvfT^r^ by a, Einptt GOfrtpAri*OB with £ 


: ■•••■ !■■'■■ :■ ! . ■ ::: - ! I "I if L.-.-ii .i- v:?r- 


&- We lipply t)w r^r.Hi Ij^s-L. 

I^il (fl + lj! i<r 


Hy the- rati-D best, Liu: SeritiH in d]v*rfcEnL. 

+« , 

k divwKcnt by esrapwismi with th«- hiicnwnk *«&<*! 


is divergent by cgmpanJPOffl -with 4 p-F^m* (p 


-j" i« *h»|i$t*Ly coeiv-er^f-nt. icsid h*n« movorgeat, by c^cciparLaCft wilh a j^actLci (p - J): 


- Jim lim %s- = 0 

s. the series is cwivcr^oi. 

cnn^irpns by tnunpanmn vtih ,n jowimdc SCnc* - 


is ^'gn^eTjieraS by the ntw tint 




#,6 A SUMMARY OF TESTS FOR. ttbNvFRGEJfCE OR DIVERGENCE OF A X INFINITE SERIES Si? 


in Enurim --10, diitraiLaf if the scri™ U ibwhiitLy convwigHii, ccmdUUjnall * f<m vrri^rxii, oj liL^rgnBi, 

+ *W J 

31 jp (-1;* ^ tp abwSutely cttiverfleat by the r^ia w*t: 


Lim ^ = lim £=±£ = 1 tojl + 1Y = i < 

■m* fJ n ■« :r +1 ts J *-« n * 9 


^2 v" I' — L Y'r 

& W* the ratio tret. Lrd 

flijl + 1 

Then ^. 

rK. + r | f2n+lM S 3 (2n + ltf _ ^4_ * 

,5E» (55+lf''"S 5 ^ = — (Jn + lHfa + a)(S* + l)! " 4“- <ra>C2n + 3> 

Tbirtfert* tfm rcfwa if ibwh*4y e«™^nt, 

Sj, It* Ml*"* Ijuiu L* ^BvngeiLt by Hi* iat^™tius *edM Mil bat £ 1 i* divergent by ,1 limit 

n=J [n+IJI 3 ^ n=l(Fi+l^ 

torn pjTISOCl. with a {p — "^'■ Uftrirr given Pflics ]F canditJCiBaJly C&nv-rjpfiri!. 

34^ ”jT(-1 J5 a cliv^f^Dl g.«EEKtlk ¥«fc«* T = —^ 

ft* E i 

*- E (-0 b -5^j “ diver*pi 1 bant ^ - Jim = +ou - 

ifc=i . v.'iTJ — 3 

& W* liavc! an fcU*MWtln.fl Adrien m! h -- 

lira *„ = tirn V ''^ ri = lim l ™ &-k = * 

l-t®" Tl-H« n “ . _ _ 

liocau-^n n. ,x i j.Llor:>il fiincsiun *:th "in-'.U ft, U cv^nli-jaHy defcFCiwi n-r l*y lilt: -ilt-CTHat3HJ5 •■^■- tn? 

igLv^n ttri (4 is To tret for aJM^lute toBVfEgmre. we a limit cffmjraiBQ™ with 

^ L 

*-=- r -\ = "* 


!ira ^ = , 5n) 3^1. v£ = j* VR=V5 


M —+■» 

Tlw ?cn^ 
t™ +2 


£i- n =■ E 

is diveigeEl bewujise ii i* i jo-seri'^i with ^ By T l _i .iud. Thwrcni j. iz.c seised \__. i^ n] i>- iLlwcjgctii- 

Thu*, tbt giv«llHf!« !ft MSadlljApnUv uanvici^iitt, 

37 - f-1 )’'" 1 ^ coh«i 5 b ahsuluKiy by tie root = J™*^) V " = 7T = *- 


■HXi 

38- EH)' 

fl*l 


j nnrv«cjpefi ib&oiiftely b y compfirfscii wit h a tfwn^Mrfe -f ^ n < {La 


30, The "u ^ ^ " i - 

ti=i 


—^ if 13 is ■» perfiact JK[Uirt 

-L if n Ls B&l a ptrfcci sq -a 


Ttcrtfort JJ 8 " ;c n . ctMiabtS Of in Irih raf lim [bias ^ ^hei^ la Is* a pnrfccL aqu^rr, mitnM- i-.um lx ^ - ji :mi| ^rma 

"■* ' ft . C=i . 

bf tbe farm WIwto n is ncji ft. jwfett wh™ ^itm Ls less than X “J- Sctaose each sum i* a ^j-serira 

j?* rt -i n 

ajx Hm 

(p — 2 }, y - | Tp, | is lotiTflrgcnt arai so tic fivco sfiic^ HlMoLiittLy cou^rg^ni. 
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n-i* 

XI -Tt:- c 


{ - I/m Lf-^n ks an iftbrgFr 
l/it a if jj-n b nut an integer 


& We 4>>{pn:w Uk ssvsm s*rwfi fh«- ™rn of iwo T^r, 


_ j 0 If -n E* an 


if Jn. U= net 60 ittbCfit **-' |iD if ^n 


f-1/N ir] 


** i> 4UI aoltgcj 


la iL-L>[■ in lli Log/-r 


Then 

■+>Kl +-W +Gv 

£> = EX - EX 

»J=-I ii _L ri. i _ -K-hq 

wmpaJSMn with the |i wries witli p — £, -*;<? p-ovt; that XI T *r, b : riartvcrgraiL. ISy compajHOR with th. 
-Kk ■■ n=\ 

hAtJiEOCire iititu, w* pr*^ i!i*L X“ n - Ei = *. lUvtigeat. Therefore, by Iforfeti A..HL& the 

' "v?' i j- n 1 *= J 1 

Mri+bi X 15 dL v t-gea?- 


**' IJMa - |W -- jo + ^^rr.^Tie with d r=j^<l. 

_gL 

Thus st in eaftitirpeiii wjuJ ii* .. * l, ^_ _ __ j _ 4JJ 

Ift ]_1_ 3D 9?0 350 

2CJp 

«. 18 + lS-2[|+i^f + (If +- ■■ - IS + 36 —t = M ft. 

1 — J ■- . - 

«■ B« i ^( = iAT»i^rB-jVi9-^-.c^ + c v ^9 +L .. ] = i v ^ j 

-M 1 * v£a 

44. Tbc pitih of fjwh Jswtofi, after the fir*!, of il jwm1u3u!! 1 bob ^ h4\% ^ Long i? the pash L-f Hi* previews ^iug 
f™ 1 Me ude ta the otW «khr, 1; tbc path of the Firat *wi Bg is Id ii_ JOeie, Isuw Dtp d«* thf bob lii^L UelW,- 
i t eernc* to trv»7 

S*- Ef $in. is the total tibt&nOe the bob travels. tbeai 

S-! f t+lS® + 18<JP +1*®* + ■'■->: 14$" _1 

n-1 

b a geometric wrtfr ® ^ IB and r = ±. ind sura S - -j-^ = Sft, 

Th^bcfore the bob tr-iv^U Of) in. hffarF corning tr> 

s.7 power smns 


Umi] fM?w, W* cDnajdrTe4 blRnil-- itt Ktbith <sach t-n-fpri it sl carLEtMit. no« 

cana]ti«r infinife series chit cDtitnin lermt I hit I ^je Vih.'ib]^ The miscs 

»L7U 

"*+«iy + ■■ 

Tt -■& 

is cal]«i a jwiti in r. It is i special cn.se ci-J tW pwu series 

ST C J* - «T = ^ + «i(*-a) +e,(? - 0> ? + —+ c Jr -(!)■+-.. 

Pi'- Q 

SomeiLrru-i ,i pmvr-T ftrj« in j- ^onvrrg™ fn T ccTUin iejtl^eh1?nm-i r-f c aud dlv^r.. ff.r or.hcr 
r??3^ejncnts of s;, Tt iSkimh^ on ihe con&trmte r 3 , r ? . ,, . \V< bav< : t-lce fnZinwinR. 

S.?.4 fhesyrrm lj-% J’ !%,(x a) 11 bo a p^ven ptrer*r Hrfi™ Thez esneUj one or thr IjWfowbifi CDpd>tj(iE|* Huliihr 

n=0 

fi) 1 'Jip Be.-tL^ EOii verge* otty wiiio x - u. 

(Ii) T1i - r hr^ten BH absolutely CQnv*rfef ail Viluiai lJ x. 

fiw) TJwrfl oriftttc -\ htl mF^rr R. > D rjeb U^l ihf nntsra i» abwJcld v eflBV^rgml fo* all vaJuta 
OF x rnnr fffcidl | J - ■? < R 4QG 1e= diwti^pE for 3 tJj tbJuh of X fuT ivliich 'x - nl > R 

The nairibcr R in Thevrr-:fc d.T.‘l([ii) In c^JTi-il Lhf J-infim iv/ ^SnzKj jiriid of the pOWof [J 

tondltioii {i'\ ho5di=, w? Sake R - 0 ArtE if E3o#iditi(Ki i'll) hold- wr w^ite R - -[ ■>:. 'the «t qF ju 
^ IVlj -ffli r b;cb the power series cpfiveir^ci is ca-!^:d raffrEa/ n/ c^^rc^js-nce. The f*2tuY»ir.f 



H.7 FOWfcll SERIES fil? 


us«i io laod tie irutrvjd *f uopvef£tne* nf ih4L rqpr^niid b> 


L Find L, witfifc: L — I ini J- y - — |- 

n_ ]f L = 0. tkr sninsi run rt t£t£ absolutely for n\\ x. 

bL 11 L = too {euepl wh«J Z - n): tli# -«SifiS converge* only wbril j - <t. 

L. If 1. <. I fop *, < ? < Xp thif i«s« ™»«fw ab*aLu|ety few all * In lb* ini*r 
2l If » tills ifllwval'fobflci in itep ](c)„ npfc* X by *J in th* prrn JWW 

U 4EirirfEr.1nc wbellict \lit *onv<rRitauffi L = L Lb* *Ati& TO 
Rube'f Lfs-l is appropriate- Rep™ l *his fop ?■ — - } - 
3. TEi* interval of cxrtiYerEctvtt is the miiw of i3i-h set of ill s found in raps 1 an 
earics converges. 

Cy rnmtiug ibt patio m j=i*> calculate (be wJLib of <onvefjgrrcr iirtdly 
It - Jim k-“ . if tlie limit I'xktA. 


WnJ=ts 


1*W 


Fiartlirrmopc. 


Tltt ie*] WdlH inequality iims die rednr-itma fottoula for 


1_ (b) EttpSacing. z by in (rtj 


% (It) Tt^pSacinj; z by h 2 in (3) we fret 


H [“**)' 

iLeZD 


i (b) EtepJseiJifc i by 0r a in M) w* h ^t 


4, T/M series (4) to ftin3 a pnwer-^rU® nt presented on for flxj - Y 3 

(bj Jj'uppopf jgpapliieiJly liutt ibc power wefin! is j:oi-' J - (n) cDsvrfgrn 

la ji*}, If |*K 1, by plating / and F^f) an *bt *mf windm. 
r> (ft) Vh t rcplace r by t in (4) te ‘obhniTi 

«■ Lp _ i - r 1 i-<x a ) 2 - (jc 3 ) 5 + - s + ■ ■ 

1+ =1-^+**-^+...+(.ijv*+- 

(b) Til* pJErt ilLoWj /(x) solid Ai'iiii F 5 Q (j:} - 1 - X 3 4 ** - (djuhed.! 


“VJ 

- 

-l -OA 

<k T\ 

■ 

: 

1 

-s 

- 
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In Ex+r^tKi- J iju* tin inUfiv*; I of eouvtrfctiiK t / Lht j»w« series. 

5 ^ 1^1= 4 l Bn. |i±|Lf =lr | 

nHO ft_f " 2 **-*+*» | *—+«■|rt+2 it" I n—+*p|n4^| 


rhfr*fort tcc poiTCT M-Tiea ii abSufulrly ccmvfrpfinl. t- < 1, eJifti ifc, If - I < x < |, 

-Kk- i _ . . +m 

E ■ ]: ^ 4 divergent Imnmflie *a*\*>. * = 1: 2 --TT- convpjfiPS J>v L||+ nl teEJlUC ia.g'SU Un. 1 

litact 1L* intiiivaJ trf coavergeauje &f she given. po«fej sera* i> [-[,!). 
r — -« 1 p 1 .. (n-i-l)*+I (1+1/™)“ - 1/n* 

Inn ■'- yJ— - lim 1 f 


T >:■ n I f 

6p £ R- lim Lp-,- . .. Hi „ - 

PU=0 N -r- E 1 aoj L n-|-11 «—+Br n J -M n —.+00 l4l/n 3 

+™ / jj. 

E ^ ^ ewi^^i abadiiitciv tty cuEEijiiL-^n* *UJi * p - 'L This*, I is [ - [, l \ 




■+w ...PI lit 

7. -£—. lim J —— - JLj 

q^J ti“ 3 **—+<*■ ?| — 


lim 


_*i-a 

(n + l)*-3 


- lim 


it-J l 


n-* ec I Tt* -+ Sri S' 


! x | — x | 


Tbereftifp Ibc iBiwr pcriv* L* absolutely ifi r. \ < |, ihjal is, jf -] < - * 3. 

+-=? ( ± I) 71 . 

a — * 1: Yr j >* *WsLulety eanvagtnft by a Ei-talt ^cKfajMiris^n with a p^tries (p - 2): 

n n o 

/ . /A ~ lim -?— = W -j-- r- i I h. [-t,lj, 

*-+*-n*-%n* r-+swts j -:5 n-+» 1 -3 h"* l j 

s- + f ^ 

11=1 1 
* L-d 


. liV 


IteD 

*Wi - 

Jirjtf 


[n + l)V'- ] 

^ai+l 


,- !«,+ il .. |f B + l}^ n+1 „s^ „ |(n*l)V^‘ -j* I(n - l> a jl 

■S-NrKigJ ,-*■ *y *£ & 0 * " ■ j& r^J^rl 
“III' 


■; 1 t bn -1 


HsUHri’+w) Hli 

|=:|hcS, 2<t<2 


ffciui, by tbs raLjD ir*t ivh ^rwlurfc itiaa Vkc ^ri=(* con^cgre ahs&Juiily n.11 x m tKc opto Listm-fi. 

(-3,^ij. l^Ciil the- cndptiEntJ! of li.c: ial^rviil for tQQVtl&tiitt. ls r j - _L 2. \hc givcSL ]WW«I ierifc becxirriti 

f%!T = *£ (±irn , 

fi»0 ’• r.=!l 

wlikh r?L dsvcrgpc-iiL iw-TAmer Btm ( h l} n 7i ^ cl. Ht^lv, I In: ihi(-fViiL df tcKLVrrgcaoc few ili^ givtll eKrtVtl wda it 
tbt Cp«l iDlervjl (--2,2). ■ n "’ ^ “ 


>• fa. = «. tele !.jL 


' . 1 .. : - 1LLU -- -1 

m ™-+rt I I (n + Jj 




- Vim 

ill — t no 




n J + Efi + t 


!r| = ^T| 


The^claore, U:^ p^wy-r hfrlti Is abtoliiL^ly canv«r^niE Lf 2] ~ " 1, that Jh,, if —^ ^ jt < .^. 

. +r^ +®|t Tl | , i^l H t« n 

'= *4i E «,;= Z ■ ■/-•-- E J»»| 


r=l 


*4, tvn'cvt&rnl p-ncix* > - 2), H*nca I in.[-| r ^. 


ta 


E ^ 3 ? H „ ra - — 3im 3v/T+i = J- If t = -2 h the oeetn 5a 

n=! J V^ n Ti+1 n—+oo 4\/fl jl-H-W V « 

L :.“"‘“r £ —7” wlli,:fa ™niPETp* lby ihr 4Jk-HaiL=g sefLts i*afc. tf x - $, lJk ^ v c 

r*=[ ^ l/n (ml V rt s PI E V T/ 

dlv(?geat ^-M:ri«a. with p = .V- £i<iice 1 ■£■ j-2.2). 


3,7 raw Eft. SERIES 6?L 


Urn |M = II* U« ^*1-4-1 

■1 1 ** ■n-- LJ -1"^J lp im ! n-*w 3 ? H1 tu N—+«* Jn J 

Ttitltlwe, the power &eri.e* AbsoluLfity Cdni^t^e&l LL rj £ ‘ < 1, LihiL :d, Lf -3 <! X < -3. If 55 = ±-3- Uw Is 

+M 1 pi f + 31* 4W 

V “^ 5 -— — V ± L) IL n. Bosii aeries diverge because the terms do n-or *ppj™ir.li 13. Wr.r.w I is | —3.3). 

fi« t -' n ml 

t Tii IS- m a |SuWrt rati® in X , Mid we may p[^K«d a* far a pCW^t HEW in X, 

! “ rs«+i«+ij =0 

the Limit Le 0 for ill r, by ratiy ie$L wu Tuaciude lKa.1 t!n.c senes is absolutely vwfj-en l fur tSS x t 
The interval of «nsvexgjc&ce !□ <!—■-■-'. H-■--:>)- 


(2 n}'. _ 2 | 


+ 3C 2rt-l 

“ S'-* 1 r^is'-ia 


Sf* jssJttI- jr. |i^+V?^- - Ja.|s@vijK 

rer derzefl. fat alt Xi inl*cvnl of Dumraejjmce la (--&C r -+ «)■ 

fra Etf jjy* lira a rr- :n T. l: C" - lira a±i(l*irfn+I]i I =+w.r-{-»,+») 

,; m Si±il_ n™ l ^ 4 ^ +: . 2- | 


— ".JSSraPTriy'-pS^ - 


Th« fllvezi pcw'Lir ScneS for alt *■! it* inUrwtl **r DUEiitfrftejtf* la (--«„ ■+ «V 

>™ l_fa_l — is— t . i^Tlf __ EiTn n +1/ , _ l^V, L 


* J5U|-^ + 31 

Thrt series i* ibwrf4l*ly PSnve-J^enl iF Jj r -r 3 | < | i + 31 < 3; Ift,^ 3 < 2 ■-> < * < “ 3. 

-top -I-™ 

|r+3| —£: X |--i^ = J- l T lucctfcPt botfcl KTKS diver^E- Iltincs 1 ir — V— L). 

^b(J n^A 

-Kk; ?i 


(Jt4 3) r+i 

2" 

2 rt + 1 

( r + 3) ?J 


il. Vi I,., - «» 544-lil 

■■■ - -x. - 1 - r. - ■. " ■ --' 5 L—+«ti+2 


]f j ! < 1 th^-n ?<■?■<&■ Tfaii^ Lh-p sprier mnVwsji^ atrial Utety fbl —-f < £ < We 3yri> earh endpoant. If 

X = -rlf, Lh* fjYKn $A>wrr Heriw becomes* 

?? {-^ n (-13” 

„4p(rv + lja" 

whach eomtus® by rbe iJK?salsaj ieiitvi leal. If i = 5. tht gWra iitiwrr Melts bttoaiM 
^hadfi dsvetoes b«iiuse it- a thifi harmosic szrics. H«wo. she Interval fcf emiveF^refj; is J-5,53- 

^ J-'T£.-v .ii?„ f^n L w .J!s_ h 1 = 


£ ( 2 >> 

TlLi-j^riwt:, [Miii^cr .‘iHEiris ic- nbfetilutcU- cad lC ^ z <1, LhaL id H Lf ^ J < %, 

*■ — —9s — v j n _j — J] diveiew by eympAr^pa wish the hiiisumk eetua: f^ry 2 ^ 

♦« i — h se 4 

x - 9: S' —-— ., — ^—r lf bv th-r .-LLc^rruit i_-i^ -Witz rest. Heoct I is \ - !J, H >J. 

ue (2« - U **' Ln - 1 


IS. fti. ]t m 

[f.— 1 R- B"»-hia 


]tm lim t.1^ - liftl 0--n». I Kf-w,+^»). 

ll _, +0 J c «.+i Iq „+™ 1 nl n +■ 4 n >hi 


IS. £ (-1)' 

fl-i 


,n»l (T-l)' t , im P>+±| 


■■ / =_]i* l^r-rla:- U = Jx - H 


1 ^ ™ ‘ rs-l+wj | fcJ rt | H-*+fifi | n + 1 ir 3 — l) n | *—■WH> I rt + 1 f 

T^radwei ihc power suties, is absalntcly ccnivtrfitnt If ;x - ] i < ], Ibai La kT Q < t < ~2> 

+ W. -f— n* y bb 

- - n : 57 (~l} n ' t ~ i B - -= ^ idivetfenE harmonic series. 
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T' "r 

* = 2 : S {-IT ^ H ewivttRtDt by iIje- idwrm:!:ig-^rks -i«a. llra-re 1 Ls (0,^;. 

*i,-l 

30. *£ fr+g* 


Wl t n + |J®* 

n limJ^±i|= limj = |?1+2| lira »±i«.]s±3 

n-H-vJ ?l n—‘+c»J(?? + 2)2™ ‘ ' ^ * I ^ li-»- j--ri 71 + ~ I 


XL' 


\£±1\ 


< I lI I'.'jl - 1 < < l n -2 < * + 2 < 3, -4 < X < o 


I'hufl- the series-i eoavt-rtfes nlj-oliiieU' fW Jill ~ in ( - 4-A 1 !. Ef jr = 4. the pve-u powei series- is 

(- 2 ) n t? <-ir 

JitimjE-^Trr 

W lk let <-citi Verge* by Lbc iiJ L 1 /j jilIL.ii v aprius EissE. Ef x — ft, gk*-n jrfrfj+r', b 

y . -2" -t* i 

,h (« + i}2" ^," + 1 

wHkh *EiveiR^ bctaii-!*- ii is an harmonic Bents-, Th^ intervAl offWtivtrp^rtftr of ; fi'-given power is f—4,Q) 
31, £ i>Uih anir” -1 "v"’ 

X. fei|. u- ^'-c --.i.. 

“—+« | ^ | ■ W s* u - r“ I I n—*•-.•-.• c 2ti (1 - f-^ n ) 

Hus* ihr: pwhw^r is abuoduidy ei'.mvttp.tJit- if jc\< 1 ? lLlu Ld. if --^ < x < -^. 

r J 

r - ± 4is i Jl (;t IH1 -f -111 ) us div^jeot- bocau^ lim 1 - c - *") . 1 .£ ft. Therefore, I ia ^“e) 1 

r ^ n = j ■"-■ 4 ™ V ^ e 4 / 


a £^fer a “ 


| fT ■ lnfrt-l- 2 ) tBP r-ir 

.. * ti-m 1 ; .( - 1. Tf I = -] n Wr hpvo y -A— —rr wblcSi tunvcnrcB by 

f.-.s ™+i <,-»?«!□.{fl 4-1) ^hifn + J) 

+■» 


To® a 

tW. .ilimLitmg tesi, If x= I, we la»* ]C , , . which Hi-.-rrs^ hy comraiifon with the harmonic 

«rif&.TJtusl isf-l.lj. + 1 > 


T« 

23- V 


til 


"fl.n 


-, liU."L 


— Liiu 


n^lnTir n ~+“ I I "-- 
1 -71 l-i-[li{J +ij/ll. nf 


_ x"* 1 fi{1h 

f^+lKLtih+l)} 5 ’ - * rt_ 

*M — (J | 


— lira 


«-» h-m n ^ L In 


rt -4- In( i + 


Tb«nM tt>€ power series ts AhfioLar*rfy enriver^ent if FjJ< 1, tJiat is, if -1 < 1 <l« 

+ -^- f - 1 - ij- 1+1 

r — - •' H -.7 ‘ -i ip ibwlwtflly AonverKcnl by E«exgw b..«,iT wilH p - 3- ScTKt I is f— 1 „lf. 


f^1 fl(IOn) a 


41 n ? I "^T E “ 




Lim 


■ +iI I '(x/sr-’" l * +5j ™(^TTf- |r+51 


n—+-ao| (n 

1I|t+S|< 1. tb*n -1 < r+5 < l n -4 < * < -4 

Tbu* tlie- po^'ti wries- ceovei^Aa ab^luLrily Ti*r jJ| x iii (' 6- 4). If |x + 53=1, 

+-W -+TO , 

B^= S 77 

which P p p-strict with p = 2. "flw iatevd oT ootivergfeBoe el Ibe given power series is |—S 4 —4"). 

fa, ir + \ ^ L ^ 

ftoiS™ f «-■h»4 «w I "-+«i i^jg- jy 1 ! F 

Hcjict. tbe power series is abso§ui,e5y convergent if Jjx - ! | < |: lx - L! < i- —*t < x < Q. 

^ ±5)* =: 5] ( ± ir^ijivM^esi iMtaase lim w s = -™. lltnre I is {—* S^)- 



.■ 7 TOWKR SERIES TO 


■-” n + 3 B ^ + *J C ra+l b _.+«»d 4 3 4 n * J it-4^ ^ d 


■j-.-j-. ^ fii+1 j'l’jl're +K' „ 

T' - , \ = T " _ . a ilLverecul haem a nit series. Thus, ] = 

S ^ft + 3 

■^tnn(l-5} N _ hnH]| itr,{n. t t}( J -»)"** n + t 


Tbiia, ih?. po^er senr? is ^jmcJict^ly coBvergent rf I r — £ : < 1, c-bat :-=■, M ■!. < 3- < ft. 

. . ■** 

7 — G: ^.Tei^ea by Mraparieon witfc the Mwn ***** L ^ ^ i J 

n=] n ^ 1 111=1 

coQVrfgi 1 * Ijy tb? jJtPtiiRili-npt srtiws iiTn^_ "py i — ^ :tnr l 

4- ^ J - ^ '' £ ^'- ^ -r_- fi ftM x < ■!; t.hr l-e^-EEUi ini dccieasmg- Hmce, I is [4 ? 6). 

axi + 1 (x+rr 

+2? _n 

“ £> 
uf n 

t> We Apply the n»i test- 

tim i« F , I/n = li«' 

rt —+ OC 

'IllPHifu™, Lite i^Lvcs Klics eonvwgid a*:idHOJLrfy :^r -ill *. Tht u:'rrvd of «unvtr£C3H» 'M 00. h>\. 


?9 rf iy I '. |,> :»’ l) -*ti 


..' i«„+ll ... I l -3 -5---^n - 1} Z-4 4-04 |i*«*«_ ,:_ ]2n+1|_2 .1 

-■ -i ■ fi ••;vi;i , ::j.- ^' 1 44-0»- dSE^I~ AU+ir ' 

Tb^edwt the po-w^r serial i* ahwdQtdy con verier '. if r 2 < L, th^a.L- is, if 1 I. !fi - t 1. then. 

,~ ‘ GTOVCTps by slip alt«R*tLnE-Perks %**£ s:nre by rite IVjJJis inequality.. fu,, I < ^ ^ I 

m £> n (if - 3) n Apply tile tlmL lent, lim I V m f- :n - Jin-: 7t'z -4 - +>X.. Tii-f ^Ti^p n=ily If X - 3. 

n — I r - J-IXJ H—'-j-w 

11* M- jjrn (Era 


e (rt+ ]> ri ^ i ^ I(11 + i i 1 I ^K*\n + iJ 


■ [mT 1 '" t 1 + ffT 1 *; 1 -^ 

liente ih-e povrer swits is ihioluwlj 1 oosi^rpenl if t ‘.x < ]. chit- st, if c < x <. -r. 

i: = i «: t i ] ^i ^rniv: berawssr FiOi J- P- In £tCl, In 15 ■ nCTC^itlg, 

a j^j ' Jt n-~+W H 

leii^= £ lo Jt-=T £ [* b k cfj > I Id j dr. -fj b t- I* -nln n-li T L 

H e Ja-I il L ^ 

Thtr^for*- «! > ho tiial —V > e. TrrisTH "he inVcrvil of rnlUrMj^-hff uf tht Riven power m *“iV JP f-fiT). 


C-t>"+’1 - 3-S-...' f2n 1? „ 

.. I«.«l .. Il'S'S....-(**-iXto^n*"* 1 ••"*» __ zn+l ..,., 

pSy- "^**- 4 fc#p+«—rirrris^nji" - |x| „i: , r« 3 ^r 7' 1 ' 1 

If |*1 < 1 Him -[ < 1 ( 1 . TEiUf tSi-! wriM c^verars ahmlnlxly For * in ( 1.1.1. IT r - -1, tint 5CIWS b™jmi»s 
S ...,-{2ii-l^ t® [lii-.- ^T,-i- fll 

S-4 -S -...- (2n) ^ 2 1'8‘-'(5n) 

By ib.t WaSLii Lneqn 3-1 iiy 
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I -1)^ i 

s■ i irmpn) > i7^ 

o,qd w Ell^ wriff# diverge* by compruis^n with n j^wrieK with r' — 5*. Ncitl;* nr-pEftf^ J by ] in the ftivr- 
seti?s. The rtauLt ts 

■te {-ip +1 a -3 1 ) 

JiTj ^-^e — -(2n) 

Tlv iSir uClirr | i.ifl of ihr Wall it jiL«jy*islV 

L-3-r..,.. i^-]- . i 
2 -4 - ft -1 *■ - - (2^) \/2n 

Mid 5^ I.W *«rles mmT[^w by tbs* AlTrjd ill Ling WSt if 1 = [. Kenct, i' hpr: ini^rv.iJ of r-tuLveu-fttnct fflf tit 

pawer scries is (-1.1";. 

ALTEItrWTk SOLUTION; Wr may 1155* Imt =b*w lllAt. the BtritS in (I) divfdges 

- ')=0*j?^=+t “ \ 

f - rr < 1, by Rea!>s'£ E«st. tLp given series nii'rtr.g-fi. 

J3, = 1 +^ + ^t+- — (1) jj^t !■ + »P + Cf' 1 + y( l!f t ■• ■ ('2). Solvr {1| ft* P »iwJ subeiituU: in (2). 

|v =1+ ^ + ^ + ^ 4 ...j + ^i» + ^ + ..^^ + ,..y Cm ^ reiriUl(t) . 

□Oe/lkUiK of i 11 — 0RT, D — pip (aMifTidcnL of C — MT + Cll'T 7 . C — — 


□oefftdeiK of -i: 11 — 0RT, G — ^ oiwITLdciii of C = fiH.1 

iorffitic. i of -]j: D = BC RT 4 C ■ 3 BR > T 1 +- nR*T®. 

n-C-BRT-2B-CR. i T a _ P-CB -SB(C-a 3 ) D+2t^-ABC 


j V) ind (2) the ta+r-fll taxations. 


34. If | sr .< L tbeo a Hj x H < a „\ and « Y j^-*" * '* eonragfim by comparison ww&i JT 

»■a » — j 

„ tS? fn + aP ». . .. ... .- lUrt-i-tl .-_ I {-n + I + 4)^ ,Fl+1 «!fw + l>3!| 

35. > —r .——hr ^ whuere a Md a aif prisaive jTi^wn;- utn —— — ijm - ■ ~rr n 


35 £ 5*1+1*^ 

_ 1^ n-l'Mti 

n-t+vj (n -f 3 )(n -r E ■ 


■ i r | — Jim -—^-j-- --V-—i j j = U < 1 fw all ir- 

a-tm n. 4 [ -t f 


'L'ht pgvrr cnrivcrpm fur ij.ll j: lbs rndiu^ *f d>uVt;jy*tJu;e is — CS. 

+=» I 

S$. Prarf that if Sim "ifuTi - Er (I- / 0)- the radius of Y *n TTL 3S r- 

-t4-=-+i* V iL„! J_ 

a> Wr itppJy the root leal. 

Lim |u 11 if"| , / ,, _|*| Jim J o n |*'* =|*IL 

Tb? zjc rtTwnJul e!v wber: | t L < J. lb jit kS, ^hcil | J! < 3., If. 50 (bo "radiUP nf dinveJTteracrff is L/L 

+ ■“ 

T7. ^npjM^’ c hr I'KVWP-r ^ Hii>nv--rp.'-; 3- —fl- <’ j ■t" . hf-L ihe wrirs cavu Ab^fal dirty if f - a. 

-|-a? ra=£| -Hx 

TJien Uie xrsit^ Y, It^o^fttiflvckjnfc Wheb s —-a she irriru 6j-t<OI-i ir:. ^ (■-!) n G M u n . tir^u=Hz 

Ti=d.j n.^fr 

+m. +-■■:■ 

£ f—1 J fl, * H » <ll | = w hich h c#nv^fpnt. then- th&wri^ X (-1] w *bs*Ji«tly convergent. 

n=i.- tl=>[i rt-JI 

JH-. TUi la Lli-r c*fiifitpoB!Lti^c -oF Esmri^ 37- 

±Xf 

39. Wc gLvt !l tbai tJie radius of codv«£«im of tJio strics JT ■u n 7' N J5 r. Lei f lie k lie- rAdlus oJ cofivec^tBcc of 
+■« 

lbtwri*s j; u^ 2?1 . 

PlME I ■>] ,. ( r '^- 

(a- If | if, | < v^i ( ^n ff[ j< f, fULd S£> WFi« V ,J J' T 1 ) n =■ Y 


(b) II |X 3 | > i her: |*j 2 | > r n «Ml M3 Ihr ^rim j] - £ J J f| J. 3rt diverge. 

I'rOJH (9-Ji Vrf hft-Vf ^/r < r .'aii-iJ fruin 1?1 v*,* hiVe > F. iftJlK r - ^/r- 
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8 _ft DIFFEEtFNTlATlOrf A SB INTEGRATION OF POWER SERIES 

■S^na 

8.S.3 Theorem I*! be * power serEc* with wSuf of tofiYWjguKe El > 0. If / is 13 k function dcfam-d by 

/<*)=■&»«" (i) 

jl=C 

then f r {st} +x»tfi for rrvry r. in cfoe opfa iatcj-vaE ( H, ft). nqd is ip pivm by 

TJil^, 1 1 1 a fainrlion / is ibtfanwl by a [>ow«r series. Vftr u:SJ USC teim-by-temi d IfltirenlLiLjLiiL 
I'ujlbwjEfcPEii. AIkPu Tbaureui h'i-iLi-D that If tbr (J) jut !l, Lii^rt / C-MitiJlUCHL-H 

frvJiE the leFt at R n And if LHM:g^; : ’r:s. At -R, Ltcn / is cncLLcniaOUja from the ri&ht At K- 

n nc -l-EW 

Uiiiqueinsa5 II follow bom Eiertkat! 50 that if f(s) - ^ /[*) - £(V l ‘ n (—H.R), fben 

for rt = O r I r .._ »■* 

+ i* f-M , 

DiffercatiaJ Let j* - ^ c^". / = ]£ 3 i r ^ T rj_1 w d equAi+t e**ilTidenli of equal ponces ot z on boMi --hi^_ 

FjjliiiiLiiSrLn IL=U Halt ^ 

See Ex_ 56. For BtiseV* * r ^ ? E — "*)■ “ #> n — &, 1. «« VIk, Ex- 75-79, 

Odd sjid Even A power series for an even [oddji fimctkin iua pialy *v«i- (odd) powers, Soc Excici&h 57- 

[ hi- re>u3l of Kxnm pit: $ mA> be HlaCad hi it T hiLXJt'Cn.'i, 

Ttueu^em, A c* — T' ^ — I + jj^ ^ 7 + ■?? + '■- 

+■:■:■ 

&,fi ,4 Theorem l.tl ]T be A power -■asriw with jadEUi ul e*OVOT^aet 11 > u. if / ■■. Heem-L i<^n BEeFlDHl by 

■i^O 

m = £^ 11 

rkxaO 

ihen / SS i Mr gj-ftblt au t*vttrj da^ihJ bubLtLLcSVAl uf (—ll.R), and fix- ev-tduiMe Ihe intr^r*] at / 
by tQtn^fndjb^; ibc Jzkj'.’fcj 1 tciirs ictha by tefm: ItiAt "r-, iT ^ ]"■ bl \ — 3|), tbm 

f J +» 4 ; 

[rto*- E ^h' 

|Efl MH . A 

Furthermore. K is tlie rsd?qf of oonvisTgenr^ nf l h.^ r^nllin^ 

TEhls, if it ftiifaimj / Li d-iiln^ii by a power wt maj- use teim by lerjpt ir.Leigrjasuii -on tbe 
po-wtr series to find a powex-seiKS Tept^vtnLaisiun L.r i"i._r j — A“d sf ft is a touslaiL in 

ihrt leil^jva! At otuvcieesiee ibe »wera*rie& ffipfctcJLWiiieu oT F(-.^:. wrt fpaj list t!cr Farit n 
Ivettas ^.f lbih ^rrir^ in apprembhAV- rt‘r ib’Janil^ lailC'fj.'A] Jf ihn b>wrr limit eh 

not- 0 we ehsnj^r vMiablos to make it d: w Eswebr 31. 

LrtDDutuQ Emc if each term in a series ol tn-mp of thn ^-ur.r .^i^n k 1 ^ than one ntb tbe precedLuj term, ihe 
mircir in Ait AppmiaEiAJtioB by a partial sum is less than 3/(fa 1 ) lirn^ ibe U$t Itrin retAiaed. 
We see this by eompArlaig tlte r^si of ib« ^Mr=^ wkla a ^ttwiietrie series with r — l/n-. Sw 
IbcETd^ -ftj. 

We hA*e Ihe following po wei-sct ies lepiesen til ions which are siar^a! jls i.l^u-^ertii. 
foe ^b-I- 3 j 1 

Tlnwrtm B Iaw S 1 “ j - - ^ T -^ l 

n=\i 

Theorem O sinh p ^ F^f-TTvi f = E T Tp: jdl j- S« Px-HteW EE. 

Ti=n l Jn "l" * j- aiiD I- 75 . 1 - 

£xerrt*fj __ __ 

lil Escewi-Hf-* 1 |Q da the FaLImviiaj^: |a) Find ll|c r^ii^ oF coTivrcfleficc tSW powuC pc'lrio^ And tk* doputba of /. 

(b) tV^Etf- tbe pta-werr senot tbnL dcrTiiW'j; i.hc fyncLkm mini find its nviclis E>f eOBverseTH!e. (f) i -nd thedotttain of f f . 


1. fa)/(*)- E S- tiiM n - 3 i= lien -K- = iiiP Ul - |*t 

V ™i? «^+«| n-+® n 4 i}3 r | n-^-i-wLJ 

Tb#- [Ksw^r wies Le. flhsoMely opnvprRcau ifui< 3p it* i-frdiu* of ccmvergence Ls 1. 

■H» +'^' I 

X - ¥ 1: X | u rj | - S "4 ^ * ewtverGSUL jp-atf if" (f ” 2)- r thu\ tjw: domiLn af / is [- 


fb> /» - j; ^—. lint - iim -^-r ■ r ] 

■ J L ^ n rj—+*t ^ rv^+K? ra + I r rj 


^-y x ■ — U! 
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'Die poroer'seiiea b abarfuxdy tMvtr^srtL if | - its -itHiEif. of TOnveigencc is 1. 

+ ^ I 

(c) / (1} = ^ ^ ■which ji -d ivn^RfTit tw^iie* it t» ths IwfiiMHG writ*. 

n=: 


A-D- E 
1 =.] 


t-lE 


■ which Irs ^piS* ptrterli l?y 1h" flJt^rrmiirig-m'icp tari. TbcPrfotfr* thrr docn^n nf f f u ] — J..1 J=, 

a, (») /(X) - £ R a 1]m . .hr-rr = 1 ™ ®F±= t, /{ij = £ £-tS — «Wdi 1* m i ** 

n=l rn—Had Jv+l| a^+t»i ™ rj -i ?L 

i 50 . 

tfw ahctrt&XEng. wriga tott* } = - E i jS rfrorupcgt bmim it Ihc h&nnmic: Kitt Domt/) - (—1.1], 

-ns] N 

(h)/'H='£(-l)-V-tt= EtoiJ^-U Mm Ul 

Hfc .^ i+l I «i 

+■:■: 

(f'i /V ± I - f I} 14 ' 1 ± I)" 'bdiunrgiotil tkr jiuvs- "hr Lciirtwdci ri^ npp-jwtffc «fa &««(/'} - ■ ,J ■ 


3. <*> /(*) - £ V„ 3L ?. 


ratify 






- U-OL J-SL-\s\- j: 
a—-* oo V n + 1 


'[ he priivpr wr:rv :g bopc :iLciy cunvcrgc-aL Lf | z < Zz *o \ '.Tr :vH: r- of convergence i- 1 
4ff , 

x — :: ^ - jh divfli^nl hffAate it ja Lhi! p »e-fL l^ with p ■? ^ < L. 

n=l V n 

c-ir . 


^--1: E 


Jl- —r~ 

nm\ i/n 


— couvecReatt by Iht aJl+i rat tiny, bsri.. TfcieiceJVhHt, llm d^HELidu'i uf / is — E, 1 |_ 


(b)_f(r) - X V^""- lbn -IT 1 - !aL 

r,«l ■ *.“ + ™ “fl T* 


Via 4 1 r 1 ** 1 


V^" 


= u. ^p,,= w 

n -U.dl. n . T Ti 


Or power a^rir 1 ^ ^ ntisiulia1-r:Iv if ^| < li «> itsi t-ddilas df t&ll'vttpciitc b 1 

■fa,- 

(c) f r { -T L: — Y ( T ] ) fl fc v^a whltb i s diverjrnt berxji*i: 1 1121 y/rc x D. Thu,-; I b* domain t ?f /' » (-1,1). 

AflL n^+-fr 

+ do J — _ 111 

i /<*■> — z 

n«? V W "" ! 

fr ^a} Wr sis? *hc :3ti^ find tnt radius o: coitvers tact, 

/ti - J 


Eirn \Y 1 | = llm " %-‘ vT^fT -l = -2| ^ ^1 -^=fx-^| 

n-.4w I ^sq {ff — 2.) r.-+**T TJ 


En rtiiw tEi»r gh»w*^r BTfL-rsi tofLi'prgos fo* ±1 x such ihAC |x - 2 . ;ind diverge* feu all x wstli !? - 2 j > 1, thd Esdi-jx 
pi" coq vecs tr if^ b Tt -!■ I. If I ^ ?l< 3. i|n r Ti I t ? < I, Fh.LT, th^ dornAin gj 1 / cm'-wis a£[ x iq tfi^ fl'prr 

Enwi-v^l (E,3). Wc i«t iRt opdpnjnlF, 

r_iv* 

/[»= E V^T 

-!=■:•: \fjl - 1 

■A-- _rJi rpqwtrgt® by ?te aJlKtlitLCg SiiiCS Heflot, L i.-. ixl iKddnT.Ai’. uf /. 

/(3) - XL 


i 


nail v n — ' 

whicJi divfrs^ by campfcr^n with thr p wrinf: ^viiii p— s Thi^, 3 :? n.pt iq thg domia si / Ttwu^fw^ hap 

domaj^i of / b [ I - 3 )- 

(b) DislcieEtia-ssag /. w-e obtain 

_ ar- 1 

ri=j; y'™—T 

th- rn*Li un cS t<?n.vf-r$ri\w of f T . Wr hfWt 

* VS ? = 1 

tJcciiiij-t’ the MJEio* tPiiveE^ci fur id3 x with ir 2 ! < ! jusd djv-TPf.Tn fur iJI .- with j T S > I, ihcli R — 1, 

(f^ EJeCAu^p i x — ?| ■< L if ] < r -C 3, ihr dcim.-Lin nf / f rpnlams .itL nuT^ibers rn (1,3)- If 'r ■ ?!=-]. 

Jim |q n |= ftm — 

ai-* + no 1 H-r-r va ^TZ — | 

EiffljLTjjte til*- do fiOt Mmirfgif to I!MO h f* n Jio-t defined at oL(b.ci cndpoacil- Hence the dor.: air. af / J b (E r 2- . 


rw 

Wc Find 

lin I- 


= ILat 
n—■+«! 
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- 1 

x j*+i <a™ — ±>! 

— lECTI 
n. ■ i a 

s 1)! ^an-r 


W ? srnjr r -5*-|(KrnjT‘ ■7*=^ | “ + 0 g ' *■ 

Tfce power series ittdVtfffitn fw oJ3 s < its Hidius of eodrwigeBM 1 * + » tt»d it&domwH is (-oo^ + <»)- 

(b } /<x>=g |%*j - Jinq^.^j =< 1 

Tic pdwiti for /^jc) converges for aL. r: so its radios of convcrgcT.rc is ■ rs (r]i Dofn(/ r ) = ( -oc, +oo) 

6 , (aj/(*)■— V , T <. , R* - Jim ^--- 1 = Jim ^ n+ *j r " = lam (n-H I } 7 -+nt. H — -■:*]- 

T1=0 n-W *H -1 ! (n!| n-*-ftM _.. 

!>«,.(/)= <-»,+»! (b) /' W =g R 1 = ^ ~ ,*?«,"<"* » 

- +Wr a — 4*0, (c) — (—31, -K») ^ a 

ft w M -gC"+'K^- m -iW**-i I 

Tie pnwej sept* b abeoSutdy convergent i£|jJc - 11 . that is, if 0 < x < J. The railiit; orMmvtjfteiK* is j- 

3? - I - ± 1: 5J { ± 1} Tl C» 4 1) H divergent bet«iiw jilH [h 4 1) £ A- TbrrHJdeu tie Domnin of / Ls ft, J). 

^CHh ._ 

0) /'<*> - £ 3n{« + !){5f - ir _l . 

5il „ |Z=±lj = !im ^ Si^Sx- |[-I3t-I| 

n—+■* | j ri-4-^> Utft + l)(j£ - 1) 1 j *“*+» 

TKrt ptmrr 3 c:r'iKn id aiMeuleJy Ctavelgttl If | 3 f - i c i. Ihnf i*, if 0 < x < y “^he radius of coitVcrgcsIrr i*. ^ 

•| fln 

(e)lf3x-l = ±l 4 f*(x) = y' !}" -1 3D(n-i-1) which isdivo^Dt because Jtm l I) ± I- 

m ■ R-r+W 

Therrfcux, die domain of is ■'fl'.fj- 

+m Jij-1 

»• /(*) = jb ^.. T) , 

d- (a) We tide lLc rado toss U* [iad R. 

\= ,iisjt&s>’ = tanHjif-iKin-ijs % ca»x^“ij = ° 

Titus, tif KrLtS conv-ergts absoLutck foi oj; ?-. Wr b^vr E’ L . = a :md (n-e dorn;un Of/b i!-fte s 

+«i ^rt-l£ 

l^slTaresiLeriUn^. wir have 

ii f ) v= It 1 

J Jk* > -?)! “ ^ { 2 n-*)t 


’* nTl - liTT 

^-1 

(Sfi-3)! 

:a u m n— t 




-^i^(2 n-lK2a-2J = ° 

J’hu^ tbc srncs converge fcr ^11 n<nd hancK R — -:>_■- 

(cj Reunite r Ji+- pK>w«r series for /' oujLV e?^ for aU c. ibe -dosiiais o[ /' is ■ - x, 


*- w /w = r 


I,. -g=S 

n^+a: 


1—1 

i 

jh 

Tt ^' 6 

i 

F 7 ^ 




The jiO-wer letiei i» ibaoluteLj- ctmv-cjgtBt if ilr II < I. t]»t ;n if -2 < r < 4 Tbi- refills of ts ;i, 

-S-ao , -*-W {— 

* -4: J] g 3s tte djvolgeht Jlkmuxnic mf\r.K. ± — ■ ?; ‘-jp- is eojiverj^qt h? the ilLcrn iUmp iwriT-. i r-.l., 

rt =1 n= i 

TlcK-fow, ^fccdoni^hn of / ss 1-2-4)- 

w m=g |^|=|i^£' ir^H~ 11 

Tilt ]unsr l-i AbduluLely yOjLveigeac if — 11 < 1. liat rf if —2 <. t < 4. Tie radius of OOiSVergtece !a -A- 

(c) /'(-l) = ^ (-ir _l | nhfch is divcT^etn.. Heoee the domain of J* b? (-3,4)- 




62B POLYNOMIAL APriiOXlMATIO-NS, SEQUENCES, AND INFINITE SEMES 
in writes- (i — Km I ^ 1- (n +- l>n _ ( . 3 i_ 


». w /« - gt-iy 1 ^ ft - j^feh Jsk ^- Jl =; ■ to - |pi; 

LvSurb con verges by crmpariMin with ft Jp.tttriets, p “ ?, Tbiwfeffl, the domain of / in < ,F - 3 < l or ; 2,4], 

<b> fm = EVir - ~ 3 r’ - ft = «i*j^rrl - m -Sy* I. (C) m = ^ which coovcrga 

n - ? .1 — i n —+-M "+■ n—+-K i1 ' 1 n -1 1 n 1 

Till 1 | 

by the nllerruitiiijg M. T irn /*(2] — V ■; *■ * -? which i* 4 divafffli hjrmniilr: snrM-, Doraf/") — (?|4] 

n=-l n ~ 1 

11. U^cig EsAinjilc: 2 and LMfttfrejLllAli&g. *Sl M-lb tides by TlL-tOEftEB 3-5-3. if:-« l< ] lii^n 

-i-j - £ nx"- 1 . -2-j - E Q(n -—L-, = i r "(» - ’K' 2 
(1 - i) J iTTa (1 - *r «1 (I - Jr 1 ™u 

!2 r Utt LErt renv |t of ExjLnLpJe 3 [£■ Jlbd 4 i4?:es ;ep[«eni4U0B «>T r. 
c Jn EKJ.rr.pLc 3 're arc g:V« ib*i 
+ 00 

e 1 = £ -_■ for stJx (4 ft 

■n aft 

If r > 0 Wh rn*¥ rap bet f by illd thus obtain 


w]i!cb iia the wquiied repzestutBtioD- It i* opt r. p<wer seria*. 

t^sine equation ($.7-41 and differ awtiatmE oji both sides by rtitmin S-8-3, if |*E< J il'“ 

■ -HH- , -\-*u . dtoo , n - 

rb = L HP*. -7-ba * S C-L)" 1*” +1 = £C- l>"- l C« + ■ )*". rr-b: El- 1 )> + l)*” 

1+= .» (T+^P tfn (1+^r ~=0 


- r<-i)V\ Et-DTW** 


-37j- EHrV 


1 + 1 3 dv (i+**r a ci+x 3 ^ ^g- r 

pj f* +cc in k*fc jlTL+t p, I-M- 2nfl 

IS. ,inhx-j (! ^'di= j o ^ 

1i$. Find a pa-wer^rica fftTpt^StBtatiCKL -Or t-ailh -L JC by integrating bnrn by tftrrri fniJ!!! fl EO r S ^O^-CE-aCEitS 
r-cpc’csontaitjoD for ■ 1 

tv Frorri equaLJun H-.7..J, 

- L ff = £ (*" ifttkl 

L — i n=fa 
ThwtffsjTr, if |j: ■ < ], 

, r j JJ f 27 T ?n+I 

v,nh ' 

+ «• Jt _1 i« J..L 

17. (jt) irtjftg Exa.m;>l« 3 :?plwln-s it by x* we have, Foi ail r r : r — ^ 

_ _n ft- ^ ** • 


j b) UifTcrTnlLiitj^.[; both udrr □£ (.be L--wt rqi 7 n.i.inri *»r (H, -n r nH t 

7*S = £ ^ V x^ m M£ 


_ y ? 

. jrJ" 3 xe f* 

***+<■ 



ri—] - l) ! 

I 1 1 JCt — 

—"-. n* 

■hmO 



i' R= ^d- 

.5*- it Sim 

n + i ii,-(■+«! 


T 

[Mi 

_L_ 

T3 -f 5! 


+oq 

is a dj^^eiat bairamic seises. /($) = ]T ■—— ran vr.rj&x by “b« aLrerj^ui^ itr ics test. Dom /,*— 3.3j 

(t)R= «.-‘Zl p ^l = = r 

if r = JrJ, f{*\ = Tfil 71 -, *v3ikk bwanie lim ^ / f>, Deni /'! -{-3.3]. 

rt "l n '+■ - nfe-'-r.- n ^ Z 

19. Lei x ~ | in. the i«uLt 0 ! EMmpIt We nm] R ra < fw ^ ve: pt*w acr - ir&cy. 

4-1 = g ^ 411 "I + ik" IPo + = tt,fi,)63J “' th 1 WTOf f < 64iJ55 



«.£ DIFFEHESTlATiO^ \ND INTEGRATION O* J'OW^H SERIES 


20, Jf f(z) - E (“ 1 J rt hnd / r M} to lour decimal places- 
n-u 3 


t- DiffcEcnliALing / met disMRardLns tbf tfttn with vd^ mid, w* hftW 

/'W - 4 £(-i) B ?ft C~ 1 = Z i i ) ,L *^— 

Thui, 

_ ^?|_1 . ry n # _ — I i i _ 3- I ^ -- -■£-— + ■” 

J IjJ * j™ .*^1 * r|r , j'Sn—J J 3^ _^3 ^ , ry< 

= ^m 33 + QM5S& - £&$f + 0.00077 - 0 . 000 ( 16 +— ( 1 ) 

Because senes ( 1.1 snAisfies sht byoochtKs of the iltcroet-bg series i«ri, if ih t five terms of (L) shown rt-M nKtfd 
til liippnjjEpirmli? tSie sum r the absolve valus ^ th* error fcs leas than the afeso+ii^ vatu* erf Lta sjsLJ: urn. nod 
iD b ace-urate to four 4 «dm*S places. Adding. w* obu.in - 0 . 2 S^ 302 , which wc round till 1 o - 0 -^C- Thus. 

Aj) - -fl.m . 

21 . w^. = al^=((i+»+j+f+-+S+-)-(x-*+^-f+ - +(~U"$+-)] 

* | a ‘ + i *■* h**"T?- z ™ * "’] * £ <^5* Eor ;" *• 

(b) wlii ^ + »* -^(l + T ^fr 4 ^”' 4 fi! + "')"K I -x ^§r-|f+ “' + f-0"^- + 1 ")] 

+ ^ 4+ -' + (fei + -] = S S fw ^ T - 


„ + ■“ T aH+] _ t5P + !>*“ J ¥? _ ■¥? Zn*^ 1 _ ^ J 3 " 1 - 1 ._ r^ +l 

22 ' pk.(2a + 1)! “ rAb ISSTijT * (2ft)! E** fSfil P5I rid ( Srt “ 1 >' i& f^+'P 

In Exerebea 'i3 27, dww r.tiar. ibh pawtr auj:«“£ is- 4 -■■JuLon of the- dinbecftC-iAl rtjuitLao. 

+» *» +£**"-, , Jif +» y 1 1 “ q* yt ] +»yi+l 

*»=f,77'-- s — ■-S*? 1 ' -|?Sr 

nKrtfoi* j™ ’ 3y, ^ - 2 y - 0 . 

& We difTeitnliAttf t>& btJLh tiarSeS. ofthr^avr-ii piiwhr n^rwa. 

V^-SP-x^- 1 

Ehe ftw.t i*m ^ aero, we can Ezmphfy the result ns Mlcyws: 

If v-'t let Ffi = ji - I, obiiiii 

— =5^ J c tm+ ' t 1 ) 

it ,4?mj 1 

Multiplying uq both r+ the ftlven p*\ter series by x. we obtain 

W. t^" +i 

H U ^ ™ , ‘ . 

Betuutw the i^mt- rirrl^i iW rf^/dir. gtvea :s Eq. (1) is the ^«n# Lhn smu-ci tcrlta- let ejt, gUta in Et|, (2), 

Wt: lvueicLllcIc the pd^ci ac-jk^ i.^ a H^utian oF Elic siverj dilfcrenti*j CTiu^tioft 

dj, _ +« J_, _ t* r - 1 )** 1 r 2 »-= 

^ "v r, .a-* v? HI * 44 >-j V? r ^i _ V?: T i-i 

Th*wfore --S — -si. -i- jf — 0. 
dir 

+*G 3q J.-v TOC [?^ , |.T S, *- ^ +cm; Jrt—1 

*»—SfJTfaf |■* ■* S ■ ir w- * 1 * .S'- ll >« -U 

jJ_ 4» f2rji — IW 2 ^ 1 " 1 r > - ^.3^-3 +£?, _ j-7* _, ... 

- V- j 1 i r ,. — V -H^-i_- _ T' • -l i^-S—— - x- v- Thu^. —tJ- + y — j = 0. 

h { C^- ' V +i’ J „W y ^ * 


m POLYNOMIAL APPROX [RATIONS, SEQUENCES, AND IKmiTE SERIES 

* £ = X (;!nJlir 

§ - J>- + , g ^- I 

=jj (- 1 )" +1? ^^r ^ = ,2 <- J x-+ l >< ')“^n! x ‘ rJ "‘ 

HiDK 0+ gl-2(n41) + <2n + 1,4 1](- lV ( ^j., *0- 

t«. 

2R. I'ma thifr nrnitfcE oF KsrunpLr 2 Ln lind the x\im of fcho j^n-" 7^ 

71. . 3 

o- Example 2 ^LowSi ibal 

if tlz ‘" 1 - ,-. ' 

n... 3 ( 1 - X}* 

Iteplar.ing -e wiLh £ we obEaiu 

lii Kserchvna '2'j !: L'. find. ,l jiovper-JwrbfiS 'cpge&rlilALiai] of the ibtogruJ ADtl (ItitCT ri I ilSfl its ndiw df BapiVti^icrtce. 

fJ . f* ■ +:t jnv +-o *■* „ti+l 

2S. — t: for aU x. Hence R =■ 43e and j c’dt= I f f ”:Vl= £ l — 4t = £ ——r-rr. 

£$« Jo Jsi * ^rii *%}<) "* rin< n + ^ 

3D - - l‘Trfe ,= 14* I <>■ n -*■ 

f ± Jf T+'^f' 7 ,2 tt t +«> ‘2n+I - IK.-I 

Jo 1 * 4 - 1 - ^jo l-l} t *.4 ]ja 2 * = J (in- il?° 

11 Lrtt-.+a r d< r j - 3 ^ if-* d, i-tgf--* f i Jl y,_i-fcg _**; v-i-tgfr-qr 

R- lint I^-U Her. - li.r, 2=-±-i-2 

+« ^+1| n-*T+o* *** n-d+wr M 

32, J J t4D- 1 irft 

t App3yJ^ TL^tZ'irtiri 8_A_4 Th*errtb-i P, we have 

( * . f * -3*i^-] +«■ 3 ii-p-j 

«- &J. >-"'feTT" - igMiwSSfw 

The raejiui flF couvwrkicc of thin power &rri™ is the Aitznr as Ln Theorem L$, J .ho J , is t? - .. 

Ill Eto*nri*ns ,31-5^, irtiErijsi.jti^ JirrurEkti- lo aKrr^ pfww rhi- mine of, Ifee int^rAl by two, nirttiioib,: (a) 

tho MKoaid EmidojEicDi 1 .^ bbcorem of iho LoJeuJuk.; (bl .i.- v L b: j ■ .-;u]L uf ihc inditatod c.TercjM. 

33- (^.J- J ff'dx - e J |^ - c — t fs 2-?iS— 1 ~ (b) Prom F,spct 4^ 2g wii h i — E ? 

jp ^” 2F+ns 111 *\ + l + ^ + T^3 + R5 i 'da = 1714 ^ 1 C,,4J,;: *^ ^o-otma. 

S4. (a) f —^^ tan -1 ■£] ~ 4 = O.'KIS (b- - ) tYam txerclso 3G with x = 1. 

}or*-r4 - *jj 2 t 


rft _■» HlJ rt 


J - . iw — ^ r > «- 1 _ i. _l_!_J_ 

m) 3(1*) M54) 7fB5*; 

(») ll| = -lb i +lt2^lh 2 =<>.6331 ft 0.^33 


- n?317 3- 0.232 wit h error < .„•.!Cl .ODE-: 


^C^I J ■ 


l» Frnm E?;. 3t wjtb j- = 4, 


a d!( | 

2 r-i ~ ^ jr^ s i^ 4 ^ry _ ~ im ~ wt: - + ifSr 


= ^,6323 ?¥ 0.6S3r Because each foam is kss half the- preceding rj-T&r < — O-OOOS. 


i.S DIFFERE NTIATION AND INTEGRATION OF POWER SERIES 


36. l, '\iui -1 < tft 

Jo 

► (i) Wf uk iEtcf^-aiLDD lbj- pUla. Let, 


*<= 


1 Tt 

| 1 " ^Ijhn 1 i dL = i Lax. * i- [ ^ ^ i '' — t [aji 1 f | IjJ i -t*}£'' - | cae -1 | - ] La. ^ - 0-0345 & ft.ftSft 

■ h) In ErfcmlsF (32; we obtained tbe pourer-aerics rcprestBtition 

L“* '* rfi = +as 

’which. can.tr£Tgcl fiw [ x < 1. TLc^rfec. Wr may lei j - ’ .in 4 flbtiiui 

— -J * j-- “t 2 ?* ,»n tj) _ 1 1 0555 - D.OOlO H—= 0JftW5 3:0-055 


».s;j:-{t ,+ Ss-')» $j*-x ■?••»<-» 

j>»- + £ L ri S*= z ^ 

JG #i-3 JO 1,1 *i»l rt 




» /(o={s“' Vi hi?s=KS^ nmy* «^v£n 

' ll £ft = 0 ** 

f J +**f a ,2:1 ■+» .SJlf-] 

J,"«" - =S- ,r r*TT 7 

* r4r + r 1 2j~jT ,t 'r L i! + r 1 5 + r^F + 


fwJHf (-MJ. R- S. 


if i = 0 


eb j, I _l_ J_ + _L 4 __1-i—. 

4 t TS M dffl ■! SM 


] 31^ with lorori < 


, = 0.(003. 


40. Use your scries in Exercise 3S(b! ioGcmpajte [ raurjt? sh> tAnsi cterimaJ pL^es. Cheek by NINT. 

i n c™™-:* sw i™*, 


j> In Exercise S8 we have 

r* +* 2n+] 

e -- r i \n_X 


L**— 

If ? - \ w* obtMj 

f l ^ 4 /i f ldl - i - —+ -i d ----- (K3&IMJ - ft.CD1 ? -I- D.OftDIM ■ - - 0,248 

Jd * ?fr) 

Because NENT igaoiaa [points witere / is imddiMd, we use /(i) = Un " t/L 

In Biienuts 41-45, compote ^xEirale in 3 ^™rnstl plaunm Ui4f valuA af (be 1 utf^ra! by using aeries. Check by NINT- 
■1L Fnarti equati-ort 13.2.2 with x replaced by r 1 

[ L t 2 dx ( L ^ 2 y* y* [ ^ [-1]"-^--^- 1 - 1 

Jo i+^“J c h { 1} i^n£ Jsi 1 } 

: witli leiioj -C —^-: - D.U001, The esAci, v^ue i;s | In 3- 4 - 0.4^!i4. 

1ft a i“ F p 

0.332 with l^rrm- < —^ = O.flOCiDOfi, The exACl vafiije ]g j\/"- " £V^- + lr. +■ 30 v"^)- 

43. lfli|<l. too r= ^’"iT+T st * lal1 " Z ‘“ _E ! - U | j- 

pt* „-Ij, r _ f»/* , 1 ,»x^+ a . _ S? . pA_y 

Jo ™ - Jo ’) (a»MM4n4|)£ ^«»:+ JJrtn+M*^** 


J 0 niitl 

_ 1 ^ 


:--* = ' -^W=El).ft4]T-ft.fWfM = J.IH1 ffJlhltnotK I |y 

1 ■ 3 3 s H-7-2- 26R3, &-1IV-2" 


ft ^fljSn+Sp^ 5 

- - fljftftotl I. Noii: a ic?fa 



fi.12 FOLYNOMIAI- APPROTEEM ATTON5, SFQUFXCF-S. ASH T&TTOTR SFRTFS 


< fl-BOOS affected the ibErd ■:L«imj.l pljirt'- The rjcact value is ^ kin 1 | — l- 311 ™ 1 ” | In -J^(3S " S0\^J 

- T'-^ 

+=® ; n . a +“ 3® 

*■ From TtGMtlfl A we hnvi' J] “f- KepJaeing x by -r J we obtain e J [ Lf 'Wf. Ehui, by 

TVirarr.ni &£»4, 71=0 " rjHC? 


X )rJ 


4— - 0.43198 k 0.435 


W 1 )!* ' 7(2 7 )2! 

th* *tri^ Li Jtltffrr-itlziE, theo leuor | < H.DOOD2. Utirtg NIIS'T tfrc Ret 

J3- 

+» ?fl+l , . _ +& 3- rt+ -^ 3 

r 1 . . r, _f‘t? *"+*/* , _t2? T ’*+»/f n +~ 3 

J„ * v * = L .h, t£ - iS h {»^JWn +iu£ • h (*»+5H2"+1 b 

A | y + y i^H 1 TT— = 45^0 4pjlb j ntrnf | <c p|—“ 0,fflWB4. The 4K&d vfclufi ktf 16?’ ^ “■ Si. 


+■*> ^±™ +» 4 A r t J-J _. *** Hrt *an 

*& cash * - £ for aLL ^ sa txwh ^ = £ jfevr' “ E T^v 

fl-a( 2ft > ! Jd *=&Jd [2np 

— .-i — 

i= 2 bt 


t? j*»+i \-'7 

n=D + IX^aJflJci 

0-303934 '-.■ 0 - 503 - VUtcAuie tiiJi L ettn is leas than h&lf the 


n ?4 (4» + T 50?^! "oc/V 

pn^iing, n»mr]< — i=0-(HHSQ4, Th* iitwi vnlufr nginol i*- fayaul hut NT NT *ivtd 4503134- 


47, From Thoofcjn B, Ian T x ■= ^ _ j «£ m < I-ET-r kftvr taxi " ;■ ^ i - QJ* j + S jjA _ (^j T y + -- 

« 1_JL + = ^_ = 0.25MQ -Q°MS31 + OJOOH2Q = 0-3450 vnih |«ton< -. . 1 -.... - B.SD0D05. 

+ U fj _ I 

4 S-. IJ / r (f) = J] : -■ I >"r—/(l) si 0 , Hhd /(J) d«ii^ate 84 ;Jl«x: i«i£iiai placrr. 

T* _ f* +» J.4-^l\ n +**■ fl-l^" +1 F +■“ fl - E^ +1 

* /W-w-AD-J, AW-’ ^[-ir^*-^!-ir^^r-£<^V+i 3 r 

fu ar +1 

— - -a 




-ri]V t3 


Because the aeties ia alxeinatjas. Then | error i < — 0.000?. 

r 1 , +«■ T ] * ra i-^+! ie 

« /w^- £ (-ir-^^ £ ( -ir—-i—^] 

Jo inflJt fl +3 nW> (tt + 1H« +3)Jq 


rt tiO 

I error I < 


4 5()5] W 4 W" a ^ fi ^ v],Jl 


#152) 


- O.OSK. ITsutg hais the last tenn gives 0*3415, $(l) — 0.?4t?. 


-i-iJC ■*■«] ^rt + 1 ft ...■■- IT t Tl J. f-j +i»fj T 1 --I -1 

50. = ^r- S f Jfcf^sj= «"- [<'di -i^-f'Ei-l- f £ j ^rr 

qdl - 1 nt_n J <1 I ' Jr- J D n.. ] r O 


L +« 

-a* Z 


,vi rti(- + aj 


“ d ® E =?i 


Rf(rt + 21 “ 5 


-T» FI „ -*-«■ «>2 

SI, (a) Frocta Lhc EajftLpEti 4, fv* till *, t~ r - T] ‘ . ^"c -J = (- L] nr - , 

t*-G i n - --o' rt - 

(b) D i rfentirilinL i r.g, h^Lli dife of the Ll-,1 eqis^i^rt yx.d :*l.l mg x 3 2. 0ar :lI: t.. 

* (’’rt nin + 1 ^ > ■« ffl tV-3’|2* 1 ' + ^ 

£ {-1)" ^ “ r - r 4£" J -4c“ 3 -^ (-1)" ^ + T — 


0 = 4 + £ s (■-I r— =j=—.(- 1)£(^1 ) n 2 n+i ^=4. j:{-ay 1 


-in T ^ 


= 4 


|3|f FHKKrrri4TlOH and m’EGftAnON Of PO WEH SERIES fiS3 


52. (a) Find a power-stews representas-Lori foe {c r - t)/*. 

{b} By dififc«iitia4 i mg term by term lire power series in part (»), dw» tta-t J] 


& (a) fpnrn TTvi'tm’in A. ti+vr fg? all t 

Thus j'-L - + = jf ^ 

jf, ■#. a*] n - 

Divcrlieig on licith didfe by r, we ahtniii: £—^ 

v/haLdt is the wstui^d p^wer-stries HpctsmUtioD. 
(b) Diffe-itDiLating on bot-b sides of (Ij, we obtain 

i"!i'jjljn'iijjjj ti by n -H 1 in wc obLajn ~ — -£— — 


^ = | 4 T -|- -|- 4 ~ +■ - ■ 


l) 3 


+i=3 n—1 

i 7' S-r- 




12 5 


J’l l"+ l» 


if j — I in (£), wt obtain 1 - J] 

^ ,t +’ 

51- From Theorem B, if |xK l r tan'"' 1 * — .■: * Uqi V (-l}* + '--=-. 

ui ■ l71 ~~ 1 hi -n- -1 

i; j; tt ******-#=s ^y ^pjp gr tf 

54, Replace j by ™j 3 iat Thoorena A, diBfeieoi jau: twioe and las * — J ^ to gei; e - ' — 1 + ^(-T)"™rr* 

a +*6 - 3 "i — C + ,_ ^ _a«f ^3 - 2 [Jn - ] 


+ DO 

= -2+i£H» 

n= I 


(2*4 1)**" n4 4l3n + l t?, nn *l glt4l _ . 

—5!—• • - -a+a e (-*y • J- ( 1J i=sr - 1 


5&- We nrr pvrn /(jij = £ *-Tj* 4 r^z 2 -• k--- H + ■--. 

rd^» 

RrcnAiae /(flj I, liken c^. I, E3 pcjli*mi - f(x) then 

iso- . 4oo hi:- , foo 

£ ■ e n x " -1 - E f r y h . £ - E 

"HE Tuan ii—1 c 

Therefore. tf n > 1. in:,, = c n _ v c n - Tbrn 

*j = y - ^ H = y = ^ = j - ^ ^ f " " nl' /"(rfj - 

55. onJ> paxipejliti oF it*-riri-i !i> Haul ;l pa'wei-acpia Tijpr^b^JitftLaOn if ifce Ju iaclson / foe ^ba^il 

and J r [z) — %xf(r) Tor all z, atid /{U} =■ 1. {bj Verify yuur t^«3t iti jrttl (i) by *i>kl ft% llie diflf-re»&UI 

eqiirLh'jaL ifp/'fjr — Hir.y wiib 11 in Jintinl ir-aEniilann -t — VfcJiar; r — fl k 

> (a) l^fit a powflt-fwrte?- r^prattntafiM -oF / be pivan by 

/(:?) = + .-jTH" TjT 2 + -HT^x 4 + -\ -T c^ 4 d- (1) 

We find llief euffldeiitg £ ; j —0. i, 2 7 .... Because /nj) _ by subst.itu.Ung in (JJ kutfe c a - 1. 
Djfferp=nj|ijtLi:ig on bolti l^obtwn 

^ t! + 2^ + 3 c 3 j: 3 + dc 4 x 3 + Ic^t* + ie^x 5 + * m + +* ■ ■ ■ (t) 

Mukipiying on both *;d*s oF (3) bv Jr with >", n - l, wr nht^lp 

2ttf(x) n Sr + r 2 4 3e^sr 3 4 JcjX* 4 'Jr 4 r 5 ' 4 ■ ■ ■ 4 ^c ra i^ n ~ f + ■ ■ r (3) 

Brr 5 .ii^ / r (xJ — few nil t. rtl^fl^ifril^ rtf bitt of X in (2, aiid (IS) must be oquol• Fquaii-ig 

cofrespondEngcocJFicien^in (2) sod i'll, by indiKtion wc have 

j; 0 : c 1 = 0 x ! a t 2 s. 1 

^rj = §c,=:ft **: C * = 5 C S=|-1=^ 


T '• r J = 1*1 = ft 

3T + T IT* ^ |47-j = Qf 


I _ J I _ 1 
: r* 3'S 3- 


SutmLiissing the valuta for o- r ^ 1, 2, ... to (IJ, wr nbi^in 


•:n PO[.VXt»rr.U. APPROXIMATIONS. SEQl'fiXCXS, A ST} iNFlicnr SEniFS 


/<*) = >-•-* 7 -§t 


.+V + " 


wlijf.ll in L|-|f ^JrtiPiVl [h itfn t ■■irhPH Jf’prtfClltJlfiLDli (f/, 

ft*) If y ” SM>Q njtd if f{ri _ 2xfix) t wr hftvr 

(4 

By separating var:ab!i :'i >.-4) w* have: 

®- ** <to. Iir- J - r *. Eo-jf!-**+hlCl y-Hr* 1 0 

AftPWtttivrl*, -rvnd without ihe bypatH^m* tfmt /(x) > 0. by nvuLtiplyini; *a both pid#H of (I) by s vp (pii 


g,-* 1 bp -* = 11, 

JJtt-lliK V — J ^bafL z — Q, friijii I,“|) vir. hrlVK l - I. I'l-M, 

I-** 
fl*i - f 1 

tiorrt tixajijpte J w+* 

■ + 23 + 31 ■ rt! 


£(*■-'“) = 0, v'-'^-C. 


flj*|ilflciii 5 x by s*. wt 

2 n 4 £ Jn 

- -i + *+fr+g + -+£ ♦ ■•■ 

SufcfilkuiLuift fraiit (?) Lulu ;f*) : ■,'/*! tiavci 
n .4 _C> u2h 

/(*) = l+T 2 +| r +^4“-+^ r +— 

V.'Kich vdiH ths Mutt m 

57, We me R^rsi /{*) = ^-' l ' - r fi + + f 3 f 3 + -- + «/ ™ ■■■- 

+r ^-l 

Ttwn&re /(-*■) = e 

n=l 

Ef / Li Jin cveij fuiU'tL*lL. ;hcii /(t) — f[-s). BqpjuLinj; euhE lr+erhn-, ur ^cit 

a l = C H “ “"*■ c ii ■ “*A* ■ ■ ■* C 2«+J “ “*fr,+l 

Therefore = C, =■ 0, = 0. k Q l Bence c N - D who* n Lx <nld. 

Ef / i a an odd Junction, [Lice /i» - —/{—xj_ Equaling tonespotuduaj c^tn terms. *'t (?k 
*o = '*= -c^ k -e 4 , , h e 2n = Bcacc c n — fl whoa a h <ren- 

SS. For I r I < R, lot /(x) ^ + Cjt 4 4 rjX 3 4 + c^r 4 H-+ c^i 11 4 ■ --■ 

/'(*) - cj 4 2cjx + ^^^4 -k ^* 1 4 ec-4 ■ ■ ■ 4 4 - - - 

Ii«aii£e /( Q'i —0, c 2 - (3. Rkcjiilm: /'(W) = L. iheo £■-_]_ 1/1!. 

— 2c^ 4 2" 3c^ + 3 + t ■ -«(rj — ])jr ji r r ’ J ~ - -- 

B^raiiv: / fl (x) - -/(jj, 

2- 3r s ^ -i: B , 3 -4 c 4 = -ff 2 , ^ ^ - -t s .(fl - 1 jriX R - r n ^ IL ,,. 

« 4»® a ' c 3 ■= 4ti - "2^ = ’ if' f t - - sVi - **■ 4 S - ^rV :) 


4 • SA 3!/ ■ j!’ 

i-ir jiTi 


Xad » on, by jnrfuitlon, ^ m0 *nd TJwre&ne fix) - {in 4 i) l J 

i:„ l^±lL 1Sm | (2n +1)!j_ , : _ l__• I.lit 


"■-I- I 

Jim —- 


iTr, I 31!' j.-' : ‘ 


r - Ji?« 11> +"s jpS+ij 




- tK 1 E'OT aJk if. £A B. - 


69. rr/(,) _ o, ihta fit] =0. /V) = o.._ o. 

/(*) ■'( + 'L-r t fj** K- Cj # 3 + ■ ■ ■ + f„? n *-■./(«•)- Cb - a 
- i-j h af S r ■ :!r j ;r * + '-'+■ 1 *i—. f’yi')) - ’! - o 

/"{*) =■ &a +a- aej*+-+«<« - ’ )r rt x™-= i - •, /*•.#) = Jff,-0.c,- « 

= 3 -St, + ... 4 nfiq - +“> TfO) = 3!c 3 = 0, £j = «, —, - n!r„ = 0. r n = Q. 



■ rA\L< H SE niESoJ? 


fi.S TAYLOR 5 RRJES 

'['tic jTpji^-t Pttier of FuMition / at the arjtLmbcr« » gr™ lz> 

- *y=/(»)+/'- #+ s -tV-+■"■ + - «r+•• ■ 

jpJ ss IJ in 1t« Ta-yEox oF jT at w h;ivK the apw^nl case called ih* ifadawn 


+ V /( ^*” * /(«) + rto ]* * y yr 1 * 2 + — H -4 ■ ■ - 
ShjOfUajL A rtf ittrfhod that fllvtt A power iJfjj™ lb J 0 pipccicnbng / wifiS- bf thr T.ijdOP PPm* of / -U 0. 
U .: i-.'.l; nnilLiply (Mi-n- T' % T .i ; -iiv «f iT.. '-I nwl cu, ; .pos-f twn =■“r ^ 

The pa*« wxi« tn StttlHS i-7 ifirf B-fl ttytt KfD^ 1/(1-*J. ^n" ,ar - " ltsh * 

cash f up* MicbiupLa both*, W* *hu bftv* Qui iaLLi^ i V.rflaurjn yrrh-K V4»w3 for nil vdua oJ *= 

t*c-i) p ^ ,i+3 jP 

lbw ” Dli ' r= li (M'J -e- ar‘ l i7 _ 7r + “ ,TO * jr Ji JEty ' - : ■'- s! ' 

Cm, if n fimcdon / h*< infmtsdy m?ny Jef^vativts, . J - K TavLor scries »'™tf ;iid if it 

lLijkt; cQjivtrgt. it may not Lo /. The following eh-wrem pmvUta 4 l It--.. 

Ttwrarein Ji.ftul Lei / lie * EbMtllWI *urJi it at / ilttl *JI <tf lU dcri^'tlavr- rxi*t in IrtOH intfliva] (>-■%* I r J- 
Thtrj th.c DiflCtion la i^ps» ,, H-n1r«.| by ill TV}‘6or ^-l -ch 

gQW 

n— .■ 

foj rt*l ;r rtitch Lhal I E - e I < r pf Etad i?n5> Sf 

ib+% -i 

,im «.= Ss? „, + » (* -r +, = n 

TL-rIJLi PI-1 - ™ - - 1^* 

Wfodr* P:fU:h I . ii l*t»^It P ATI 11 □ 


ffCTf IPf.T 


j rf tar (-liV 7 ’" 1 _ v? i-i s n ftn 1 11***! _ c-i r^ 

(■*■ + 1)1 "«Vg {*» + !)! .T :-"i' 


2 it 2 ft + I 

hidEi r £Qth r 

ft E 

r,J_f ttberr* U Q ilMd P iW?4 .f^ _1, ‘['J 


iuri . jn J . = jj ffHjsn hqiLalJdn S.ft-M, H I^LtjVTP ffnH'. t3u- thM 

r.—L j! 



:,j n]i j: cohh J. 

*in h x rtnih r 

/ w ™ 

D I 

J z 2 ? i +] 

*!, 

o 

dzeiA r - 

^ ■ :i! k T (fn + 1)! 4 

-{STTr- 

]p cither 

sLbh i m w rnh Tn 

any C**, |/l" +, ^£ |l >|< 


Ketnca [he given Marl-H-nriiL £^iies Tepi>rfr:ij[s iLEih p 'Iot is.;i j 


3* R Ij 

; CTlJ fx} CtKiu 


3 24V 

suih j? caflh if 

0 . 1 

in+0- 


flt*T= 1 +^+^'”+^s + “' ^ = ,■ i T ? - J ' + ’ WJ “ M ^ ** 0 “** 3 Mtl J ^“ I '’ )(J « ) 1:1 

-riuh ■•„ cr (Khv In «b> .<««,' |/ t * +,> (s 1 ,J | < «■"!> *. Tli^ **|f+T)l ****** 

Jim ^~ l> ,, = ft ftetm cqujlioo &-3-14, it fotiowa ft*m the ^mieie th*onm thiA K^[x) - ft. 

P«+na + l)i 

Mcnec- c.hi» ^ivrh Mwitaiarhs wrirf r^Ptsent? r l?1 :h s for a3s r. 

4, Ol-sfJLjn ihe ^ftcLaUflb f*r e<iih r t>v |icefuEiiiLDS apcf-iiiOF:s pq titr Vlrn-Lotiftn mctire fore 1 Ahd f 

D- c^i = ^ + 0 = ^(iT^4^+^i"-+^+-)+(i-'4^-^-f... + (-ir^r + "')J 


+ 4! * +“ ■ + ife r! '' ""]" „? D (6 fw *“*' 




C3G POLYNOMIAL APPROXIMATION SFQifENrFV ARP TKHEflTf SERIES 


6. Set Exercise 0-8 


5* Set Exw-cwc 1- 

^ a «„i 3 -^ (r-3) 

na4 ^ 

A. Hud it* Ttylor &wk* few £' 

► Wf SiV<- 


iE 2 by usi/ig the Mieliujin wrk* far r 1 


iteplftciciF J5 wix,i -(x 'i 1 ! in 4h>’ 'E.-idnisrisi fot t x ipv** 

- fr _ ai tsP MHf-ff 


Substituting fKm (12) LDlO (1) th* 1 : rrtiiiirwl '] a> lt>r ±^ries 


], L Escrows ^—14, fi™S r. pa **r-series. it preset] tali on far /(t'j ai lit* Jiumbet a, cicknuin* its tadiLt u r 
oofivtrgttiet. Support you: ams-vpier grafAkvIfr- 


viii -p — ^ t * - aT^p 1 ‘ S' %7%r $ r T**r 

Is ifcl* CW|U]tcJ f PpHUfllAlMN. TO fiffiJ tfcfi JH&B of COTKtfft&C 

nr i\/5 atk! lierw* £ v^5r Tkiw 


ifc *ithrt v’ J 


J I^STi ji+ T *"l 
By liJit squeert theorem, lirn 


fl £h aJi r, llenfc 1 li-r riudiuu oJ coavttgejice i£ -t-rK.. 




F 9 TAYLOR SLEUES *:'!•: 


13. /(*■} = era x. j-.- — -sin *„ /*{?■ — -«s /“(/) = sin j\ /^^r) — ros z. Tile Taylor series of / at jr is 

, ! , , , . . , (x-kf . l . 

r.it&T. - c«i»--(iiii»(±-|r)--MH.|ir-jp-Sinjr—,|1 - i—H- 

=i-- ^) - 3<* - J 1 ) 1 + v^( 1 + ^ - s*)*—■ 


= + - 5 *)*—■■ 

| b either tan Jr — ™ ^ J«vd Jwn« < Thus 

n -j Vtil _ ? /" +1 ^X* -j»r L .ji_ c i ,| r i T I 

- “n I ("+>1* fi-TT: # 

Bj- thr squnftif! irnurcm, ii.nl U q = 11 fur ail IT ™> Ills nwiius af cun v ej pentt is — X. 


H, 3- = ^-= V 




' (an)! 


EG-. F iad the Maxla-inu series for n™: a x. \ Hi rat: L r sw i:e*-x =■ ^ ] 4 «» Zi).i 
WV breWi for all X 

(-1J"* 1 " 

Rrplllf irjg X tlj Un, wr h i: iI'-!l: n 

“ Si -£» w* h <w 

Adding 1 to bo?t std« and multiply jng !>:>rh snies by i wt obtain 
J +ec .■' —1 [ rj 2 2rt j- Zr4 l 

fe J 

„ +oei 

™ * = 1 + £\~&— 

1?. /(xj - tan X; f '{x} — acc A a; /*(*} - 2 »rt U *;ciIi /: /"JiJ - 5 HW 2 * +? sec*?;. 

- S */=e 3 ^ Un a x4- L@ arc 1 ? tan si / ! *-‘ Ifl see 2 r tan 1 * + EH b« 4 i tan 2 x * [0 

flO) - 0: f = I; /*(&) = Or /"«DJ - 2r = fc s IS 


HttflGt! l’h«- M-rw'lfklitin w-rir-n «*f / i*- -:Hi t ^ 0 + 1 j X +0 ■ -^j 4 2 ■ ^ +■ fl ■ “p + 16 4 ■ '-r I j 

ALtcrjsaUvdy, nmy dlv i<Ee 11:^ wrica aiu x Li,'- ll'M yurd- TdI ^ r: 
g+^i a -t-^r*+ — 

1 -1^ 2 +FT r ‘* + , --J * “ - 

E-fr 3 ****-- 




18, eot x — tan{ Jn- -. x) — -tAft(x - s± -(j - ^t) - J( s - J®) 1 - — |rj s + - - 

1^. ! !|S i I-£[2HJSf[Tl J +|l 1 +- 

20. Ust tbe a nnwtt in 'Eraietsc IS azid lenn by c-orm diiJcrtniiilKn to fin-H f r'~r tbr^s nariMfr^ t^tiii^ of the 
1'ayloi scri-cs foi >:y:' hT it V 

p- In Eiw-tiAff liS, fmind 

tul t ^ -(x - W) - ^(r - 'ft ?Jr is> r ' h ■" 


mx P0LYMJM1A1 AFPKOXiMAT[0Nts SEQL. 1 FNC FS. AND INFINITE; SERIES 

21. JJji +^ + ft<* + -'> = 4**+.^+^i»*- 

22. Ulxia x|= J^ul I 01 ~ ] T ) - ’(( - ^rj' 1 ,^x ■»>* -- ]m 

In Eltrdie 23 2;*, use A. pti^ef series ;* compute tie value Lo ihe iCtuSac-.. Chuck ^kk a mjcuLaPu.- - 

23. = f At - Usiug the result of Exercise 13 with j — l^t ^ > ~. ^ hive 

i*?th | e.nn-j \ C ^ .. ^ - 0-fl*GWl- 

E4, $4 'foiur dri-Li-mui pLa£t£. 

& We have for all £ 


ni=u r- 

RcplAcLng x by vru h*ve 

-.r _ . I _. i I 1 I _ I , J __L 

V L. 5"^ ® + + 5-Yl!) 

- 1 I U.2M# ■ BjOJWKI t MOfSJ ■ Q.QMW< = 1.32140 a 132141 
HtLius^ eadi iKrtn is Jess i:ia_i 4 uf ’.he pifrctdiiift, the ttttit iz .css ihaii d of the Last, Lbai i&. Le&s thrift flj 
'fbish ini; approxlrnati-OTS is swr-urak- L^four dwimaJ places, A cJilnihLLnj ^Lves 1.221 -1J. 


tt 

fl 

L 2 

a 

■1 


x^ 5 

F* p- 

4-14/5 
& J 

A : In -13 ■■ 

a* 

r^v-s 1 ) 

2 

L _4_ 

4 fl 

■i 3'14 


5 ■ 2 1 


s*i ls 

1 a i PTrf’fore thr 'L.iyJor series for / ™ 32 15 



^,2 + 



1-9M. - ■3-- 1 :' 

^ + s^ 

~S~ - 

W’ M 


Losing this series wlca £ — 30, this is. a —32 - —2 we have 

VS5 ='*---J-l- .i.l - .*i\ 9 . - 1» ii -S£2-e,(K»-(.00OS2a -(1.OO0U21 = 1 .'P7-13S2ft* 1 ,97+! 

AS* $*2'.3 PS".# S¥^31 
with errofi< O.S&fi&Ei. A eaktilaior %Wv* ElST-^SSOS. 

2*. Tttsm ihwriti C, SSDJ: £ % ■£ - -T 7 ^$}* - O-&OOMO -a03Q8;B + Q-<H»D3G - 0-&21P34 *j fc&2lQ9 
Rw^yse tv+i ^ grf. ^ ™ J * ^CJ.iHHHKS) - B.UUOOQ3. Ho*fev«, s'mh | = fl.r 3 21 DJ£t ^ <H^ 2 I JO 

37, From Ex&kIk 9, Lu £ = (i- - i) - ^ ^ ^ + - - -. 11iUi r Lb Q,0 ^ ~Q-1 — J{P- l) a — ] 'f 

- —U.I0W3 ft? —0. JC53 wiiti 1 error l< JtG-i)* = C.OWWtto, tlwe^r tn ft.D 1 — M0s36 rs ft-lOM. 

2S. ^^35 tc three dKimaJ ptacea. 

t- IkK^iiifir 27 is thr 3 >erfoct ruhe nciHxst itf, we fin^f the i'Ayfoj serlee feu f .z) — x 1 ^ at £ — 27 acd cdeuJa:* 

tm* 

/[27 )—3 

/-[»> ^ /- ( 2T) = -| ■ ^ 

n*> 

i'hm 

f[x)-3+X{z-2 7)- «p t 7%r ■■ + r. ^a T ^ '?"'' ' 


/"(ST) = $■ i = 


Thu±. 


to (i-ST) 1 _.,r- 2 : (Jf-27)V 4tx-2Ty 

mui i!-- J+ - 3 ?- mi~ + sSUti ■ 



$.£> TAYT.OFt 5FIUK5 


fdl) -3+^- ■+■■•*" J 0"2 

&* Ih* writ* m ifce cmw ip Iw than thr lust |rrm mil tod namely 

4 f?ir = lUHWJl < i ■ E[T J 
djIIoI 2 

and so the appioximaiLOL it accurate ihm; cerim?i1 s>|ar^. 

t w . JC 

3S. i Tern TheOKTR A, ]T " . fpr a.1" r. Therefor* 

n_CJ ,L 

ir, Eiercises 3Q 3!f. 'nse Ln-rvnJ unt-r ihp csrlirilia* im^t:*i iseiMraw ‘,0 "hrer- divinwl placr*. I 'HitIc hy SINT. 

m [’^-v= f','Xf t!!^, . g [' l-ir.*"* .. g ME» 

J4>- Jn 111 O T1 - i|nUi J 0 T1 - ,J 11 . . I5.N. 

“! ? + T^“T5^3T’'I5^7T"5?^r -mmjIwM&j wiuneiiori<^jj ami 

3l- Fo: 3^1 ^ ajn T - r - ^ -Therefore 


svlL3a 1 ctrai 1 < . .ji-, 


lWl-21 v. 


= ■J.OCHMMi*. 


rasi/r fir 


fr We 


t? (-i)" 


rS. l.2» 


+->& f _ 1 V' J -= i 

W" 5,15 0 


^Sf* 1= * 1 - j-v 

= I - G-^^W)OH-Ci.OL309 -0-MW5 - Q.7W51 


3-4! 


Because w-g have juj lUcrnatim; scries, the «mxr it Sett than the absolute uaJoc of the Gist texm ontlurd. 
aameiy 1/(6 ■&!) = 5 x lflr 6 , The value of 1 U jn'.r^rai is c.™ ' - 2 ^in l — 2 — 0_7ft3&47_ 

33 . L«t f W -Mr +*;nr(x) -m - : :|J ° t±i 

J 1 1+*h* ' 1 ' ( 1 +sinx)- 1 

- ~ 1 - * a * - -r-^4 —. Tliea j\ 15) = Jn 1 =11; J' (0) = l \ /'(*) = -1. 

(L-mlns) 3 !+•*»■ 

J 

Thtirifole the Tii/Init ^riei JOi Jel[1 + j::l x) AL If ii x —-. jJirJLCL 1 

[“' l Infl + rin r)dr - |“ J (x-^+-)rfx ^-OjOM ttWl LimK^' 


r (-|]rt Irl , ■£» (-I)*^ 

V - i is J “ > _ . 


.' *■ „■ , +w f I LF t ( Jlt -*- w 7T +«? r-Ll w ff aa+1 

It.) ['"'iSSLitf *1- -1— J. —J^- SifDJ333 - 0.M21 -0.5313*0,331 *U» worl<0.*«K«7 
J 6 ’ 3 r(->).5! 


The LntegEil fixittt ivlthouL detlalDg the Lategiazid i4 0. It can be Ehc™n 


»- ■>.) 


, . _/{i -^o« x)/= Lr 




-.in . p .j _ r 

Jo V rfl -3 


h * . , -l 

- C ('- 1 )" l_l " ',.' 27 ^! fcr-LJ! r- 


f J fl +™ ,+W ,iTi -3 +=■ [—I 

t«) | o ^ = } n E ( I) -5 H? + - S ^ + rhr— 


-is ■ ^ — 0-2-lD -vnih I «rrcn | < - f>-00lU2. 


(HI) POLYNOMIAL AFFROJSIM ATIONS, giSQL'ENCES, AND IK POTTS $ BUIES 

36 , The ft nemo K *finrd by Fi>} - -^- f re calW Ibr r™ ftniliin. mi<J it is im^naci 

[rnklhErfitJittl iLftlilJifs- f'l II r3 i]ir MjicLuurm sjiSfLrt &Jt tiki pT!K>r Fi^etiDix, 

> W-c have 


Thu**, 

_,J _ 1J- 

* “ X# ni 

it. (I ^ 

LiLr^rali::-, WB liftwa 

ir.^,. tT (-i)V ^ r 

Jo (Ws'K 

Krace, 

J. a 


»« in 1 " 

n=(? 


rj] 




fy 


d t ; 


: JS „ii Gpn>i 

37. We divide Hh* folding repwitf^y fry 

t — L iLiiiis Sfym.be tie dmedou- 
- 17^ 4 35*'* -32it-17- 

+ + D + % 

3 -17 35 -32 

_34 21 -n 


-J4 

-vs, 

— 1S 

_=£ 

-H f 2 = *a 


11 


21 

IQ 

10 {—1 — 


i7 (i 


3S. We divide Lkt fallowing Identity ripeaud.lv fry 
r 4 - 2 ussdr:' Eynthdt-c JLvLiSm; 
if* &Jt 3 - 

*i(* +■ S) 3 * ^ + ^ + *t(* + 2) 1 a o 

4 -5 2 -3 (-^ 

_ - R 56 

4 . 13 2S( -ffl - % 

_=s 

4 -21 (TO = *, 

_ 

■2 -2t> - c s i 1 


S ( -45 -ijj = 3 

g,10 POWER SERIES FOR NATURAL lOGARTTHllS AND t&V BINOMIAL SERIES 

VVt jlilvc live frj]k>Vk‘ih-g power* jfTbci rejtfraECilaiUm* wbkh □.rf yUil-pd .x* th^l^TPt. 


'l'lieumru E laj[ 1 - 


+» _3 

4x}. v H r^—vn 

H«1 


■ff 1 3 ■ 


if-i <*< i 


Thnwtrti F M y^-4 = ^ ^ r _ | = 3(g 4 y 4 C' + ■■■) fnr I* *< 1- ^ V = j'£^ Lheil x = 

PMj. ■ 

S.1U.3 ThUOMBn 'ftinuf:-.J li m is my fr.il number. tJicn 

|| +i'l" ^ 1+ r* ^ ~ iX"'-2W>*- * I ] ) T n 

f m aJ] vahiCE ol s with [hat | z‘ C 1. Hie Hiit&iilttn is vaMd far -l < z < 1 Lf m > -1 *nd fm 
-1 < j < K if >0. 


Thewem (Eicarnpli 2) 


t/1 +i 


■1 U , J 




k i ■ 3 ■ 0 1 - --■ (~rs 1) 
rvi 7 


L + ■■■ if—3 <1 < i 


, . _ E 1-3-5■-- r r>>1 

TN?C)ir«p U -[EKascrptr 3) sin + ^ -TTrrri- ' h,, j_ t l! _: ^ 

ri-1 


j 7n ’ 

By the Walt Li beqiulfily! wbuR X.-1, n n < lj{ln + 1?* 1 Wud llnr WRvcrira bj 

campnri-^K:i with ft 'rtlh j« — ! B> Aiw-"= tSuMisivn. il ti|WT«*TliI F!EI m x Lhcm* 

lr : -1. life 'I'icgrrm F to oomjmttThf priUsral loftirltiiB to Imr dEclmid pt&ccEv CLtck itaJeuIaBM-. 

| P TV? fiibd C WC ki -j-±| - 3. Tbtr, x = ^ }■ = KfpIftdnK jt J- in Th«>i«n F wr obtain 

+ ri + iri 1 *"') 

- 2(0-50W - CJ.0-4E67 V ■H-Uftfiarp + S.MLI2 - 0-d0Q22 - 41.U0&JM f - ■ - Z-Ultiti 


&]g K>ttm5£JllES FOR. tfATLRAL L0GAIUTHil5 AND TIEE BINOMIAL SEHTES (54] 


£ If-^-.Sihrrw 


■ - -i Him Jn .S * = -' 2J31 "**jTj =' 


3. If I±4 = 1.4 thm t - fi=i - i Tkin Jn 1.4 = +-L-+ > ) ™ O.IS*4T «i»h trim- < 7 + = O-OMM. 

1-* 1.4+1 n W Jt-fr 1 5-8/ 5-6 

4. In 2.5 

» To fmd £ w* Eel Y™“ = && Theft x - Retains f ^|5n Th V vre obtain 

Jn2.5 -^^^4^ + ^+^- + ---) 

“ ? 7*3 W^l i 7 7 7 tt -9 * 

- 3(0.4335“ 4 0.QSG24 4 0.00289 4 Q.8W3B 4 fcOWtfS 4 ■ ■ ■ = Q.Qltt? 

U-5IJJJE a c-nInsl-H.ror. Wp otri-HTI Ln 2 3 — O'.9162? 

i. In *-= b[« +(* -«)J " 1 n[a(l +£fi)] = lo a + lo(l + *=?)= In a * ~E p < * <f 2 a 

71 ^ ■+«! ! _p _ ‘> k 71 I 

7. {a) In I - 3ft 2 4 £ ;-!)«■- 3 fjil (b) With erra: | < — - 0-OCW, *<= lave 

n-.i * n 2 'U 

i IL 3- ss n 3 fj -r- i - f —■ + -J-T 1 -1- -4 --J-“ 4 -J— - jr4 J * iJ — lJlHifti'ft 

2 ^-4 2 s -5 _ 2 6 -& 2 -7 J r-6 2*-D- 2 ■ IQ 

ft. Find a poww-etrLcs representation for Jntl4nx) by iniegatSiaB wra; ty scim from Olfl x d powwdiiilea 

«pre«an.&tign for 1/(E -r *i)- 
Ffom e^iiitlaa S.7.-S M-t 

4-i+i> f ) v 
1 + * 

RjftplAtinK ■£ with e2 arad integrati-ns from 0 to 7- ^e ohU^n 

lnfl+**}_+“ ^V+ s 

o' in 

Mdlt I pi}'I Eg OH both 5H3CS by O, Wf oti?Jiir. hhf! rwiniraE ri*]i rtm-iiLnlsun 
4ta r rt 4 J. A + L +S“ „ , ** _n> 

mi+«> = zj 1 )’•— 

In EMttlsM- fl-18 19 h i bliu>FPj*J P$ni* to find lb* Mtclwrin «I 1 « for tb* funtt™ and delm-cnin* :t^ radian of 
wnveigCin.'r* R. Suppgil ygrir nr>swr:r grjipbirall>\ 

+.:c |>._ i -.T*+1. r . 1.. 2 Jn — 3 \ 

a 1 + 2't 2 a ^ ^ ri - Th* sH'jifi* iM ahadirLely fHjnvejResit Lr|r|< 1* IIlIlS H. li L 

10. /(x,=f 3 - 1} - 3 =iii + c4r ^^ 1+ i H-*r ], + g 

= j[l+ J ^ ' ■ Th" flpri** i*abw-luttly coBvwstnt U |< 1: Thwft 11 3, 

^ mi * J n=o 3 

It. /(x) = (4 + r)“ ljfl * |j(l + RfplAC* x by |f in Theorem C to gel 


«-> - i[-4a -)-- wei 


-•.< 


94 -] 


Sj + jJ J] *' ^ - n - The «eri« whvcjem ibcoLu-kEy If Jixt< !;itK 1. R In 4- 


POtYfVtiMTAT. APPROXIMATIONS, AND INFINITE 5ERJE.S 


12, /(=r) - 
> We have 
?/■§”+ z - i(l 

By Tfcwtffl 9-30-3, with rct - ^ > 0. we h&vt Ta? \i \ < i 

(I 4- r) ,f3, - 1 + + £ -*-— ; 1 ^"^~ n + 1 > i. = 1+2“ 

ra=i 111 

.... tart- ih-iwopms* 

-'+£—psr-* 

ttjrtLiLju.ii x hy £x v wit t>1iLjiin 

p + irf” - w. g (-■»-• rnt iiWs ! 

Tl = ] ,N n ' 

, “ -rr, 

Stultifying iwtii srclcs by “A. we obtain 

^ = 3 4- £ 

n=l 3 ^ n. 

The radJ-uj of tpq.v«rjjeflpfl u 1? S. 

— I - £ ^ —— J 5 ' 1 - The wnt* ]3 tbsoluMy ceavtrgcat Ef |P < !■ It 3a- I. 

*, /m -i‘U- ■». +yr> - <-*K>~U,» Efcjg:] 


if:*l< S 


if |rl < 8 


J-w LjUi L . . . J J 

- V ^. ;i| | r - Tin- siti-h:: nhisnluiJ’ly ronva^/cnl 1; Thus Kis?. 

15. /(*) - + |x^“^ 2 , Keplate j by ^j h lb Theorem G to r« 

«*•(■ *•) H 

- J" 1, 1 E — ■ 1 |^, '■ *" 11 f 4 ". rise acrid feuvitpa absolutely if }p* < !- 111 < R b y/5, 

I6 ‘ 

P /{*)=* ifl-xT^ 

Wt i|>ply Theorem. £.10.1 with m - — j > -1 U> tkbiajei f*w -1 < i < ] 

o * *rv* = , + + £ = ~ + £ HniHp^z.^. 

p-i n - r1, 

- ,+ ^ TK. -* 

x with -jr n wp h&’.-e for ] < gc < 3 

fi , IF -IK-*)" ^f-iy n -l-3-3—-(2«-l^ 

,“ L S™5! J „Tl ^ 

, .+«l-s.&..„-{ 1 * i>„ 

1 + L -5^1- r 

MuStipLylng «i botli n\eU'» by V, w*-ob^Lti 


^irsssfeates 

ttal r * n - 

Tlir rtdius of rouvcfgCHOC ■!: H, — ] ■ 


if -I < z < 1 


Id POWBR SI! H IKS KOU NATl'RAL l.(X]ARTT]r\I 5 AVT> TTTF BINQMJ.H SEILH 5 fli 


17. /(g'i- -- . — j-*i L - ji ' J _ Front Theorem GJfix <3, 

V 1 + * 


/{a) - r 


rt, 5 "^ 'raL * n 


is. - J 1+ g 

|T77 1 --1 ™ ! 


-*+ E 


(-|J»L..)-r-... ■ f3n - 2>r a " 41 




Bx| daring i hy i 1 vtk p!l {l + »*)’^ = I + j-r 2 4- J (— 






15 z + 55“5&J = °‘ 5, ° witJ *' fl ™ r|< idsEi - fl'WOft. 

20. (a) \ L — u a ^■irju.s In r by firstf ohc.unipg a power .weriffi for ■ | t.} -1 -'* and l.hwi 

replacing x by |b) Use Ihe rcsuzi of part (a) to compute accurate to ibrec decimal places ihc vaJue of 
J D ^ s (i -**}->/* 0^ wRg NOT- 

^ (a) From 16 have fas- — 1 < ± < 1 

(] . ir v 1 = I + |id±^lilV 

Heplae.j-n.J5 r by r 3 , wf- obuia foi — I p < x 3 


-*$**/* = i + £i^ 

rttai 


2 rj d 




(1)) isi Ijy.rali l.hn abote x<ri«i« >rrn Sly tfrm. jt obtain 


Jo 0 ■• [ a i"rf(Sn + l) i, "5 + rl ¥ 1 2 4 -+'»H* l +. 

i ■ —!— J- —Lii-- 0-MB21 a 0508 


L} 

U 


1 ^lagF 1 


VIKT we fjivri l hr v#Jik ( 

In liEcncisea 21 26, us* series to compute accurate, to 3 Urdirud pfjiec? tise *aLw; of tin; soiegioi, Check by ^JNT. 

si. - 

* l+a4r - 0.3jft with, am* (< —A-= - Q.M0M& 


22 . 


23. 


24. 


j*fyS53fc-- fji +*?***- / a f 1 * &*+ |-ii+-[r +^-£+- r 

** .4 4 = 0,400*3:3 witb |t?:or | < ^ - 0,600003. NINT filvas fUOOfifXI 

1 ; <n#W‘ [>+rf* Wr +t t I % - 


l, , . .., 

- J L ('♦li-jf?*!??—[ 

^ 2fj — =— n '; — ^.6^^ ft iili Isn-nri < 

'■ if 45 ■ Sv ! 




_tfl 
' 56 : - 


: 3XMQ3. 


p by itie binomial siieorcrn ^nth m — k liavc for ftil |xj < L 

r, J "' “ <| n7 “ Tt 

JlepLarin^ x Inr -^ L . wtt f-cir jl'. |x| < | 

(i -* 3 ) ,/2 =i -^+ e ( ~ J r ~‘ r 1 ' : ^ 1 ~ 3>t ^ 



M4 POL. YftOMI \ L. APPROXIMATIONS, SFJQrTJWCKS, Axn INFINITE SKftJES 


Therefore. by ia'c-ST.^ii dp: n-n bmh sLH- 
r - 4 


L T Aa ttn + l3£"nf ], 3 ft$P) ?(^)M£2 T ) 

_ q.jdooo - u.Oflrej gmmkjh - p.ishis =? daw 

L < (I/T*)] ' J n f tbc sifrdi e: |(0.(>Wi4) = O.OOOQtt. I^i-w sKf vnJu? d.4&2LM 

_ tv*„ „jw*ju_ f***k 4 iW/_LYLiMLJL 


w iih : cfhw i < 


G.flflflO*. 


0,3293 wilh i^rl-d? |< 


<31vea /(r} ^ | _ g- f a ) Pp&v* tEmt / is continuous at 0- fb) Fi™l + pa»&r-ftftri*s representation 

of f(t\dt asd d-cicffnifi-r at* rut Liu off wnvcj£rnce. e} \'W ri l-liwl >-lii.i- wli=tf ci-u'si lb* graphs trf f,- r /(l)^.' 
artd tbc I^Lynomi-hi rftppiiijpiE of *Jw fair-i t-m noure-ru tpfrm nf th<f Hti« in p«t ! !bj- 
(ft : Wf appjy LTIvprLAlV rutfc 

11 mf(i)= Sim lim ———-~ 3 

f ^0 n J r—0 1 v '\ (* 

/ hi t&ulsfl nous al 0 because the limk cks f 4 and u e^ua] to /(fl). --- 

(b) We use the series of Tlwfcreffl ll. 1 “ 

., -i_» 1-3-5 ,., {2ri-l) i*t« r „ w r X 

3,8 < = -“ ferr f ^ ft *L 

Thus " a * 

«-*( . . *1 ^ nlP-rH-l tU ' / 

“—- 1 + ,£- vw. -srrT IIB< <l£1 

BeuuNr this aum has v^uc [ when f = 0. w* lai/e -j * A, —" 1 ■—]-* 

7? ■?■ ■ ■■■- i' T - :, , • : - 'J 


acid Ure isit^c*! e*jntid. 


o.ooaifi. sr.vi: .mo 


,5&W0 h J0W04 4 .0004? 4 .CKM3DL7 4 


d ui>iidj□ (i + t*f lf2 = 14 V -;-i) 


31» Id the series in TlheoKEi G replace * 

t \< 1. HtDee Lf | ^| < I ■ Jind ao LJie lidi'CS fri CODVtfgep™ lai t 

r- 4 .- n.*f-w»a -aF^ 



G.ltf FOWtlK SERIES FOK N,VJ\ K.-H- E.GGAftlTHMK A Ml THU BT^OMIAL SERIES 6 -Id 


■33- Obu?bi e 1^ M*d=4jnE'i ±-sri^ for tatah -1 f b? sniegratljig \tim term lite lii non 1 imi fur i I - r; 1 aaiti 

dEiejfiiJrLt :be radius of f-Gave-igm^r. 

a- K^--il.-.r i-■ U X b-i t* ill Lll-li Ell lEOmiiLL xjCE ict. , TV* tittiifL 

H,m\ a nT* L 

lait^ftralLne both sl-dra ^ tlte abi?^: «i i^tiotn iat obtain 

’JT -cc f ^-i-nr 

r*e 2n+l 

In klstHCisCfi 153 IJS, use a Miuiljiuriii Sfirira tu tompuLe the ^ilaii'.Lty KCUialr; Id (emr drtrisBLads-, CJ^cck by CftlxuJ*li>r- 
33. Prom Tfk- H, = 04----s .SJM1)+.«^.+C*k; -2«37 

M, From Theorem II, ?;rj' *(—-6?) 

„ 1 .S2 3 I‘3 -8J 5 1-3-3 .H2 t l-a w .t'f t-3■5■T -S .fiS 11 [.3.3.7.9.11 .ca 1 ’ _ 

--fl/ 3 - J 2 ^ 2 , - -J^j| 7f **$■ 9 2®5! II 2 *d: 13 

* -.$2000-.03*72-.90637 ,00>$T- .000-11 - .0M12-D.WW3- - -0.WH73. r.-ilmtnu.n -ft.fi«a74 

36. prom Et 31., itah. _, (-.ll).s: -.15 +|-^|--*-,l!i(HM + .#0te6 « -.14944. Calcalfelon -9.HW4 

36. uib -t 0.27. L'se IV- nerii* ftwiul in KowroeH: 32. 

» tinh ' 1 (.« - 0.27 + ^ - fl4^ + •■• = 0.27000 + D-OWH - 9.-H02S B. 276*.o a 0.277 
On ts cjJcvUtw find Uuih -1 $-2“ — 

-+W -i 

37. From Theorem E, ]i(l+-x) = £ (-1)"'% if 1*1 < *- 

H= I 

Ytemfeir l»(l - 0 - £ M)" ■ L -Tr L “- E ~iflil<]- Ih„ s . if T|< J. 

m=L a-1 

M r r -l-ot,n ^ 4 i n.+t +'? _n 

j 0 -inn - Orfi = J B £ <1 - if - E ^rrr * + - *> - ^,7^ 

3fc | o , In(l-nH2i|-[(H-<JIn(l + 0-|^ = [(l + t)Nl+0-*t = * , D5- 1 

J. 1 ’ £j,MrV-- JJ 1 irfnri - £ 

3& KE = fUpp^- y ” ] )- ^ - 1 j 

■fOi Find the Miclaurin series for I -y- —r' 1 '’ if p is.i r-.ij-:[ie*:iri , - , einreifr. Detcrrmurits rtuliiir r>f (^ir,vcrfic:ieK. 

J i> Vl -l 1 .. 

In tbc Miis in ThcMSfc-m Cl TC-pUrr J- bv - f ^r,f\ w- fcp M < 1 


■a-s-fltn- n J? . 


f SR -t p + r 


tj- l- 3 - 5 -<in - 1 ) . 5J 


fd-fV' 1 =!*[]+£; |,3 '^;' x " j1 « a "]=^+g 

_r jP + 1 +- I -a- j.-[3b -1) r I;? 

[jn-i ^ sr h {2n+p+i}rt! 1-, p+i ir^Jt-r p+ " 


Tbe series coD^r^es absobijriv if it < I, Istc* sjsi “ J ^ Iherdbre c!nc radius flf on vrrgeitce ia J. 


54$ POLYNOMIAL APPROXIMATIONS. SEQUENCES. AND INFINITE SEHJFS 


Afuerffane^s ^enuejjbr Copter j‘ 


]t« Rx^risto! l-6s find the XiyLoi or JSadaTUCili V tif Lise UAL-c: d«L\:r* at Eli# mnsbfr r or Lhr- funclinn 1 

fLeJi ih* L&gwuigfc font* of ihs r^rp^^d^r- Ptot tkt graphs otf / adc P in tht samt ^wiaw. 

1, /{t) - hii 2 * -J(I-ms 2*]: n — 0: degree -y 

J'W = ^*1 Ji. /*{??) — 3 ran L r J\ /*fz) = -J «n 3z, /^-‘(z.' - -E ecu 3*, /^;-p) SA sen 3z 

P^z) - x 2 llcc'AUH 1 /t SJ (r) — 32 -can J7. ihen. It^x) — — , ^cqr 2 :■ between fl And j 

o- dtgrwl j 2 .. ri B 

/"(*) 2*^ n / V) - [2~-i£ 2 )£ w ,/*«£) :]3z-rSi J )^ , / (*) fl3 + -S#* 2 + IfoV 




I 0 ) _ 12 _ 1 


P 4 {i} = I -*-**+**i. / t=J, (*->- {32lie + IMi’t H*(*) = 13Di ^ IE °- + 3 -‘l 1 . r is between 0 and * 

3, /{*) s i~ Ul \ a _ fl; n - -3 

n*) - - m=jf *•**, rw= -$ / ( ^fT)=.\f t- s ^ 

m -^(»)==■& tt = I ■ ^ 3 ! = ib' ^ = i ="ss^ = ^'Ts^ 

- ™«- W = rr U**) 4 -*>* ~ ~ 9)3 - VMM^ X ~ 9]ft 

P'hx) - X~ n,s - R,,!-j = ||lj( _ |f l ll/1 ](* 'J) 1 = jjjg : L1/:: '> 9)\ = 15 bflworn Hand i. 

4. f(x) = fl + £ 2 )-*: d = h fi ■= 1 

> Wt ba.’f'c 

p^> - /w+ni k» -1)+ ; *^~ 1 f + - ( ' 1 \T~ 1 ^ (t 

nnd 


. r'w.* - ^ 


Etg(xj ™ -—'-^p-- -" r wbfrp ; is betnvea 1 and x. \ 

r.he p'rt-Hii foir^tictii, nlrtajr 

A*) »-«< l +i£r* /'ftj = 2{j^ -1)( 1 + *“ j-^ 

/*(*) - -2i(i J - rfti +^)- A - 21 fftf 1 - Id* 3 e- 1 )(l r 1 )^ 

Time, 

ad=j m=-j /■{»=# 

Subp(nni;pjT in 0^ obtain 

StibetltUlLn^ iis (2; wt jiet 

- *H9S-nS+W + ?r\ M . , J. = 5dz^+l tl _ IJ# <]M „ t i. between 1 and *: 

& T /(jf} = JTr r ; fl ^ U; e 

rj fl 1 3 3 4 5 6 * 

*n T (I+*)* 1 (2 + i)c r (3 + x)t? 1*1+*)^ (5 + fV r (5 + (7 + aje 1 

t!M q l- l-l 1-1 £-1 6 - 1 

li! 2! — 3! Si 41 "3! ST V 6? 5T 

I’ktl) — r HH S + ^ 4 * fy — R t (T] — ^ r ' w hfTe ; Li bet ween nn<f r. 


r^=2(j^-iK>+^r J 

- 2«r,fi - la* 3 -1 '.i i - , 3 )- 







MISCELLANEOUS EXERCISES FOB CHAPTER,8 «7 


Sl /(xji ijmn;orjl; d<KJT£* 5. 

/'(*) - non i - i -Kin r, /'(j'f) = (I - l*{*) = -i sin x - x cm x. - -{2 - 

/"(I) --liWi + f lin r, /"fjn: / W *l x ) = <■*• X-XOH*. /^x) “ (d + ^>iV5 

/( r,| ( I )^jMt-iaa t, /Wfce)-r-t*«B i~s «u ;. P^x) - 

yfy *+{i - H( x -W - 

K*l» = G sin = - i coh z)(s - w]wwe r is between V *nd T 

«n^.3 - ^ -=j?) = 0-0*73 with lunr c £-=g = 9 WWW 

&, CcMURUti ^/c a£Cut-n.lr tP fivti decimal pJacr^ by Ifr-llrA -H Tftyjar palynarni-hi,. ^Nft pravr ctioA yinu nnawef h-W 
tbq required wuunxy. Sijp-prcrL ymir russwar JTAphkaSfc} - . 

> Let /(*) — i:'. ihtfiUbc “ f r ftw ™tjr Lbttgcr *, UlC* f« Lni^rt M 

P^xJ = 1 + i + ^+ - •+ ^ #*><! Iu*) - ^ * iwtwsea (I and *. 

t 1 ' 1 < c < 4, lfc« H n (i) = 3 „ +l ^ + 1)f < |); - w « M th " *e&> < U-WWWM. Tb« 

c ,p ^p 4> = 1+ 3 + ^ + ^ + ^7! 1 j^ + j4 = 139161 

is rop-ect ta ■■> dicLmaJ pl-ric^ 


9, ,v, • m ■■ Bn, 

H *■ j!^] 


F f J ■!■ nn jO/* 


)/a fc ^ ^ 4toe *0/fl ,,_ ” - tin x 

-^-53- = W'"- ^- 


m '„ £££?«*- n-K^--,-,^^--.). 

11 ' ,„«+■3* ? *-o T 1 

IC. j>{*} = 4*? H - 2* +■ ] r F(—2) - -7; P J fr) =r l£r a ■* lO=r —2. P'(-S) - 2S^ P*{*) = 24^+ 10, H-SVlS = 
-3^/2 = - IS; t*(x) = 24, - S4/^ = 4. F-^- -7 4 2*(s+ - i*{*+ + 4ft + 2? 

Bn Ekw 3 ww il-18, wfite \W. Um foot ^Jcmrats of tV r^^i^rirt awd d^^miEc =l ik wdi%^fffent or 

dLvPTj^enl. If tbft StqueDCe tonvcnfCS, rind its liiftia i:Ld support v-out Kiswr fj-iLfibic-.ills. 

IK ff t = r+t 3 ^- 


rt-ir-h 


^ I.rt a„ — - --r. nm 


h («+ir 


-i _ 1 _ _ E _ ! rt _ -1 ] 

7- 1 - '■' : ? 1* ° 4 “■■ " : " 


Lim o n - Miil -—^—7=9 
h -■ |-«u n—> h-ps(rr 4 ] Jr 


]3 - a i - f+f - °' a » “ J+f “I- •*-- g>^ “ tIti: = If 1 - JiSoi + n-^ 

14 ‘ ^ -i^W '1 = ]J5 - «- n = - fh* ^ “»■- F? ^ 359 - ? - » Hw 

ISr ^ b 2 + Mr r fl, = 3 -1 = *£j = 2 + 1 - 3, e, — £-1 = li flt, = 2 4 I — 3. Jin^ a fl doce mri csist- 

■■ tea 


& lit U_ = ■ 


«1 = l *1 = ivi a j - ■!?! - T^i- 


, X + £ 

Bot T? [Lift ri + ^ - iitn ^-- - o 

?v—|—rc ai— 400 ^ -r 2 n n —H - ” -» + S 


6+S POLYNOMIAL APPROXIMATIONS, SEQUENCES. AND INFINITE SERlKfi 

,T - *» - (i+(T*,=(t+D a =o, =(i+$-4 - # - s-«. 

= ( l f if S w *■ 1 * ■■ i£a» * * fJ& 0 + ft" *** 7 - 3s - 


" !T+T^ * "^ n + 1} l^+ip- 2 W 

u __s»>_ 100 d _ «. 9 lt _ _ _ »_ 40+2/") . 

5 - m - ■ rp a *~~W\ ■!■ n ±?J*» - J&n+W " " 

In BatcraSH- 1S-22, ffaplLitAlljr I hn limil of th* wnvfTflmt iequUKA. Cnn fitful yom ralinnnle Aftik3yC.bu.Hv. 

19. Jin, t*— = 0 
rt--+OC U* 4 

» U=rl r,-- - 


TJir ligur* ihowi .a plot «T ty = . and Line y 3. Tl.r limit. «:r i r |x '.u bu 3 


LeL* ft - , ————1-_ Theti 

A -2n - 1 

iim a n — lim 


& _b _ * 


I^TTSS-. “Sotos' 




Jji £t *ad 24. prove sha: rise f^iiion^ fe tanvfigeait bv apply iiK Tlm>r*rn *1-2, EO 

a rt converges b»C4U;w Lt ]» d-cefcaMhig aid bounded f«arpi below, The limit ia (k 


ri 4 .: --tfa-an 

L 3-«-»-...-(3*) J 


&■ TiMKii?«m E^.ID implies chat. a $equtrncr i.? cojY't'^eiiE Lf ii In ^ccrcadnE aod wur.dtc from bdr™-. ] ^i. 

_ I -4 ■T-__.-(3n-i} 

3 ■ tt-‘(3m) 

Tbep g n > 0. Furthermore 

* - .L±j ■ ■ - 1 C»n - 2pti 4- ]) _ 3m « | 

ra+l S^J*-‘...'-(3jiJf3n + a) 3^+3*" - a " 

sequence ia detHraslhg ond bo-im-ded troEi be Urn, ■ ca-nverpre. 

En E sere bra 25-36, find the iat«viJ of soBvttgpn« T of chf po»ci *»]#* 

^ ^j ™ [I ~ ^J-r== ■ -^rf = Lim J— rjlff!= LiiEL /—i| = ji( 

■vh-R ^/n ' n, - , -+ : ?d “h | rq-*-+«| ^/b+ I -T [ »!—»+«■ V n + i ri—I + h 

Ibttcfere-, E lir- ;«jwri Btejic® b .ibtolu^t'Ly roov^r^itE. if; g \ 1, tbit, ii, ill — j < j: < J. 

1 

r = 1: J] (-] i* convee^flst by tb^ Sr^-i. 

*.! V" 

^ - 1: div^^ni b«5 r jse3t is lie p se?L*s with p — J. Hence I is f-1.2). 

tSe n' ' ^ ^?| “ ^ ^ ^ ^ T ^ — -1- £ ^ n ^ ™ ^rgfeci L hy i aitcnaalmf 

’-ev " -L 

aeri*i l^l. If t - 2 - 1. ^ ^ b the dlvcrgen h^rflflnic ^edes, TherefoEt the iiiLtavei e>r Lonvpr^nrjp 'k [1,3), 




MISCELLANEOUS liXKKClSKS FOR CHAFTLit B G'-S* 


2,1 3"nfi»+l)'«“+ 1 J "b | n^^*j}" 4, (n + lXn + i}' *" | ’ ■^S»3(n + ij' "3" 

i'| j-r r MT l :ir- .ii^'i secki r. fibnohjldy ■•«!."< i^cr.L i! r ■ : '■■ if 

x = ±3: Y. ' ■■! '' id ib»lutdj caiwti&tn.l by -ilL the- jf sh rift. (?■ ~ 2). Tbeetare 1 l-s [ 

*«■ * 


;iVn+i)l 


JSLa(5T2r = ^' 


p. We apply rbe ratio tcsf- 

[f l±\fZ < I. thf.i\ !x : < % auJ by Ibe r*tte tat th« s«ie* aiiboJu ixly . If r. - 3r the gjvciL ym-t * 

l Hk which in divergent I’ 1 - - / n. I fx = lb-- fiivtH *liw ir- £ EK") wll?rh k 

ijfi ^PiWl b™u* lim,_ +fcfi jC-ir |f ifanc* Oie «f mavwhcd« of Ife pwi> Sf™ '* . 

Al/FKRNATK SOLUTION; Kr All a the fliwci 5 «i™ is a geometric scnM with ratio r = jr. RficauK a gegn«LTic 
^liea convwpa Lf uid only if | r | < I, the gtvtn scow b crmverseBt if 1| < l t » equivalently, ir -S < £ < i. 

+» p ii .J M (n4lKfr 2 n i- n4l 

a - if-=s- 


Tbra, the switt ta ^oavoi^gwit mily if * =. 3. 


”• g^ 1 " 1ir * ~ A^‘ * 1 1 -1‘ * 1 > 

lliMc tjw I»w« Mtl*S rt flkee4ll&4y canvcir§r?i3i tf [t + 11 < &, ■-■ if 7 < -E ^ 

T + ] = -j-ft. ±1 i* dLvtlgflU taxanie LLqL tl 3 ^ (J- IWbO: Lis* inlrriMl of coEiVtf&taCc 
" ™ T1 ~ + " 

j2. s^-ir 

- L &AL Lint {i+i)2r-l|^|'ii-h 


[fi2x- 11 C 1 ihrji -1 -c 2t - L < 1, 0 < 'lz<2, C <i < 1 

&v tKr r:i1“r> IrSL tbf E^i.r? rxwiab&^LLt^]y if 0 <. x < 1. FuJihormyre, if ’Ir — 1! — 1, | c n \ “ 71 ' :l^ ' i ' , 

the series div-ngra ti«rjiuie its wrms do aai Ap^joact aero- Iheffetfore^ tk Luttrval i*hl 'Sttgtttfx is > U. t). 

y Mr-y-ip jhp fSwtJU to ll -rj -JiL to ™Ju_i e -ii=i # -u 

331 ^ n5® ^ | + 1^2" + ^ (i-iy | r»2(rr+l> * 

[Icncc, Eh-ft jwwrr ISeries ir- n,b:=i?lnC-r-ly ■UO'nvfrrgoiit- if gli — 1 1< I* CS- if , c ± < ,-■. 

r-iv" -1 . . . . 

T _ ^. V- v_:___— v 1 -.i tan-ergenl by Lhre aj Ltrnaiiag-scTi ^ lc : ... 

hSl rt ^" n^I f| 

j — _jp ~^ 3 *■ ~ ~ “ H ^SvngtEit bwJiMinic HNrflt*, Tbcirfdw* 1 ii*- 1,3]. 

M_ J"-n n z n Ibn lnrl = +og vnk» r^fl. Thfl-fiwiw wwsjt* flnlf farx = 0. 

ri-W tl—*40* 


[jr s _ (ilia in)#’ 1 . pueciiLsfi aii vaMkI betwtEti -I *zlJ L, the ratig an^ tcwE. ^tv fAlL H-owtvrt, if i. Lhc 

Mwor ,series is AO*ftJinoly CMiiLvtri'tfll by ^omparirtJii wish d Jtomrtpit iiurLtsr: ‘*ih fcnj^ ,, '| < I rf 1 ; wbtk -f 
Lx| = 1, the series dSvtrftfii btCAUSr \ity- *-*■ / b. Thejefor* the Larrrv-a! iif i-^vuveejEfElte k ]. i 


MO POLYNOMIAL APPROXIMATIONS, SEQtJKVt Kfj. ANJ) i.SHM'rt: St-lilO 

3 *. H-ifti, .*1!- 

t=i " ' ijlltfM + il 


I ilrl I _ rim J n+I (n + l)lnfn+|) n+i hfn-l), 

J5U { n + i JInf n. +■ i ( ?r -1- 


- lirtl -2- l:rn tnfn jj ) ^-_j--—J *-F— |x| 

I r,(n + 1) 

By the ratio Uni th? nr/ifs .-lfrwfolejy if \w\ < i 3f ^ lL. L. tl >0 si v *\J |M-x i* 

[-l) n+l 

r£i nTffl-ti - U 

whicli raavicrgts by (hf aJUr-ialisg series wsl. If z - -!, lei* fiW*n zr-.riax 

_ r 1 - _1 

„=i (* - [)in(n + 1} 

Vfti ,'ipjaiy Shr inb^rnl -ry-l \ 

Hi) _ i y t][ -—- j-j 

Tb.cn / is cion tin asms, decreasing. and positive fuc j- > :. And 

r %+ifi*+ir d&J* T&rrr “ b ^ fx+iy) I = + 1) ~ M!n 2)1 = 

‘Ihitv,, by Ihr imp£f*J Lc±' ifaf jwwjir WPtlft* U di^Tfg^b! wtl44 t = -J* We tCKll*de *hn r - the inl^iv.kJ u( 

[* (-L, I], 

Ih Excxcisce AT -1(h (i) Kind the r^rlii'; ur f ttfi v*r£erifr nf thf jj;Vek *tfica iftd the ddcuhjii of /; (!>) write tilt 

p#nrr»ri^ thal linJincF l hr function /'ant :-1a,Li* jU i.-u41 1 ;« fd'iSnSiV^fKrMrr: (r| fWi rhe dccnzin. of 

31 /( ^ = £ w JSU ST | = 3^-SrJ-i' ^| - *' u 

'I -ne power scries is abaoLisstLy cjoavti^tai if- x| < 1. fic-scc R. = J r 

+2? h 

ir— ■r k ^ ( 1}\- nonvr-rj^ by tht alternating KTttfi IttfGi Th-ftrefLiTe, slirdnmr-iin r»f / is [-1 1], 

n=I 

« ™ - *’• * = ’■ 

{tfj f*{ ± 1) — 2 ± (—l] n i# div«rgrtit I>cr,-1E1W? Ijra ! j/L 0, H^sce thr ^PmAin Of /■' i* r — 1 1 13- 

n=1 "^+» 

S 5] % ("} R - lim ^—1 - Eon - ' ■' ^ - Ym\ (] ■ 

TJ n —■ +■ >jZ- n+- I rj—■+■-= ;"T rt— r—j.zX tl/ 

+r^t—iy^ _ 

X - ±1: 2 — j - i-- Ji I Ii rvi-r^rhl with j A. TI.L'niJbrf Lhit domain of / :t | J. l] L 


(W/'W- >5^. El- lim J^s-I- lim ^,- n "-l 

Iftioj n ™— A + 3 I ni-i+ofl n J 

■Hoof ± ]j 

(c} f\ i i) ” ^ $ ls 4 convergent ^iuli jj - ‘± lfpn« th^ dom?uii of Is [—]_![_ 

n-cl ^ 


»- /W = W 

ti-My n— 


(nl) 3 


- lira ---■ ,i - (1 < I 


*, a (n!y n—Hw| I n-H-v^u IJSJ 3 r | + 

TficrrfaFC R - +00, and tljc dOLnaiti of / La + :mi}. 


Thetriort F[ — -^pg: ■,$} (he ^omatn of f is (—oc.4- »). 


Ii» J£W=S< 




MECELLASEOIS f XEROSES FOR CHAPTER 4 Ml 


nm\ n '~ 

tp (a) We applv The raL:o tost- 

1= _ i%+ii_ I t*+nr l 


tin, 


(J5 - i)s fvtI u-Mr ^+1) 2 

By [111: ratio l£5l ft COExJlide 'has ibc poorer SJ]W rcnivrrfr.-; aLnoJutely LT |j 4 11 -=: It 

+ i i > 2, Thu* Lh.H- of COEVtEgeaCf i= : ft — 1. Ir :z ^ L ■< L F . '.ILOt t < -n < I. I'mrtUercuatfc, 

I 

■1 _. _ - 

and i“j> ff 1) rfew^a not ea^l, -hti'.-ih- tli-e ha mi oak :== divrygrral. ylor^oy-cr, 

t^i:_3i r - 

/(-3}T- - 

wid ihnv /{—a) nSmit exb ? . b y ibe^liriTnaii-sg test. 'ITk domain t*f / u '-!i. 1). 
ft*) DlifefMrtialing the given power eerie, wt obteln 

n.)-£fe$S^ 

Ah! 4 

The x a.-d s i j fr of eo ci verge net of f f sp H. ^ because it it tfer a* lhn.1:. of /. if | r, + 11 — 2. then 

Ki = ^r w i 

Tims f\ - 3} sed /'(: j mu e*L.' because IbeLc ^rm- du nil approMa ms, Th* Hamain or /' bi : 3,3). 

In fiwrcirc -1 I and 42, find 4 power-seiiw represefttaiio* of the integral and r]ftLrrmuui jos radius of wd^*d«. 

41. Umh( K~A, yrlwrc | j< 3 so that R - 4. ^ 

r * . r f* I_ , i^r 4 (m 1 - +t .(I*) 3 * 41 t£? i ]) Fl jr 2n '*" 1 

£ Ffs -4 


r' _ 11 

r di -i*f 

r j (-l^f-or i«*(-o"('-sr +l i* 

Jj (i- SJ - 2 _ il 

3 t 4 jl't — S) " n^j ■ 

a 3" 2 w ^+1) h 


= £,' , n vl (n+i} =■ g,—3pr -- R ' 


In Eton*™ 4J anil M f eompsif accurate to J Hpeimai pl?^ the ijLue of i&e iMinne juie^a! bj r two m-dhexls: 
iyi uie iLe eecoad fiiDdam-MHAl Llwbow-ui d eakiilus •;&) unt i In* rsi-fi** oluftlnud iu the LtidjtaLed ajwrrk- 

ji! f n_- — i! jL - -in — ^ ? — 11 I i'Ld'rt 11 Eft I tli --!M.r.ini^ i‘ ■! m F.XHTirLKt 


4X U> f 1 ---— -7 tan -1 — J- r^n~ : *? = U-lvOS s; ll.ifil IL Jitulag £ - J u 41. 

la r + 14t 4 'tio 4 I 


Jfl i 4 16 ■ t d=i.i 

with ivtfort C - E-DOGS, 


11 . J 7^y : ^ xeTC * 5e ^ 

o faj |Jy thu fundarn-rnthl thflOHira of the cAjridim 

j" 1 - 1ji| f I ij 11 - Jn ,1 - Jd 2 s til 1.5 - tl- IU -17 * O.lft.H 

fb) Tho 1 l 13 Bytreiec 4 i! is 

r'j__^Hrvir 

J-1 '- 1 A" ' S" 

ReplatLcg r »ritl: ■!, obUin 

V iy,' q 3t jL..X+.L.X4 ; L.( 

. • '- . -. -:-.v- ■■ -m! ! :!■■■■’ .:.r f-r : 2 

wi^ IBWFK ^ ^ — G.QQQ43- 'V^r -rrref of J 1 strut in thfl 3«t digit 1 R uran™id*ble- 


-^a,^D6 
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In 45 i=-d uie- Lb* scrL^, nlKain^ In Ex r Sr0..34 and 35 v> eouipuitf ;ht isLL^t*] in A c!k.miulIk- 

45- SeUing x — y tn Ksettciae -IT 

(o'* ^ - j£ fa^S+Tj!©’"* 1 “ = «■* wll! ''™ "< sh - 


'IS. Seising ?- = 6-25 in is, 




. i«“Sr*-S'-«"w&r 


-TOO f_|l n + J f . 

- '£ S(7!)Mf tt ^)5! tWlM wiUnmorl * vfei)“ 

47.. / ii cosLtijiuoufr xlL 0 brc/im? iLcr^/{l) = ]tm f ?*t1 * ~ 1 "’'' 'N i ni i i : lJT^h * ■ fl /(O). 

r «*ht-i dt= r rf i( ] + t f_^L_ 1 C = + f r^ t = +g -.feF^lEye. 

J* 1 ” IJo WT rfe’iFVPnJC 

JJ + r*r **** - lUi ^ < sror WMM< 

Jts Exntiscc 4b o(h «se series to tviluatc accurate to t,h?ef decimal platers c-tae definite integral. Oh«k by NTN'T 

<s. f 1 '’-^ 

Jo 1 +r 


> Ry!pwtc:n£ Jr liy r in Hq n.il.iim ;*-. i p .-!, 'xr Dh-liii n 

i +'*> _ - 


-U £{- i}V" 

1 Tl n=9 

Ititgratiig, ** 

f 1 /> _*?_ _ <; irr 5 -* 1 if ya _ t? i-ir i_ : __,, 

Jp In 5 Jh> s*" 1 Jo „?c (5* +■ 1JS , "- H ^ fi-3® 

with rjrnr| < ' f) . = OOtlOtM rfIMT give* thf value (j.-tSr-S. f he txz£i vaJuc id :ao lot* t* give liene. 

«■j;v-. r *«-•>• 

2 sn ± S/J ± 1J ^ 2 1 LM j i . i 

- r* ' + I - J T n - -flltf with iccTPirc—JL_ _ fflQWQL 1«INT: 

L* 27 6P-S3 1- ^-2* ?7- 2 9 BO -J3-2 !:i 


. .mnonn], xikt\ .eil74 


50. Sulnlitutinft t = t in EioznpEc b-S-B Wo | " r _rl Jx ^ + = D.T^C T ^ fl',7^7 

wait I fttTL^r j < -^■ t ”,j - O-tlOU ] ■ NlNT give; u 746f. 

In Eicrtises 51 ,5,1 usfi aerie* io uanpute E.W qinustriy Kriif33c four dcriinai. plocw. Gotnpajc wish caJcubter. 

51. LW*a V IJSIClwitb erf, =.NMQ» CaJ: l.S®4*» 

■52, ELE -1 OrL 
t> Fjojb Tbeocr^rfl, G we 

. _. +“ 1 (Zn-])r Tl * +l 


£l S“n!(3ii +1) 

With r, ^ 0.1 i (1) Iwrnrn^i 


dn’^fl.l =0. 


mn 3 I - 11 5 

- J.UJUUUV ■ U J^jl^i,.- ■ - 1.1 lUULbL-T. 


2 . 3 f-y-h 

The cafcuJasor valtie ii 0.1601674. 

53- From Theorem 0.£.D wo h^ave iaD -l T - P f-I) n ,f. , - sF Is I <■ 1. TbereFot* 

^rt + l 


■“-'H-iSMfi'-KSr 


,i_ i , i 

r £ 3^ L5 " 


MISCELLANEOUS KXKROSES I'Otl CHAPTER i 6W 


x '\' + ris ~ri?] = ™ * ftt |ct1 "' < ri? = W "* M ’ 

56- Brams c wt~ + + !“ t— 1 ** th “ 

^ ®= 1 -^r +j - ™=°- ww 1,14,1 imMi ^ ^ =oi( 


jw p x awu ■ mmi 

M- 5LP 

c- tiom Thi^r^m fi.9.1) wc have 

4-^ _ ^k+1 

5j i 1 ■ ,r;. 


SnthiLLLi:ijig j - ft.3 fiivyn 

anft3a i 0.5-^- = e-2»M 

with ernsj i< —= U.<IO<l(tS. Tilt tabulator value is O.liSiM. 


ST. Flora TteoKm 6.111.K if =i, then x = -g. 


i» 5 +$£+$$+$}* + + tMT ■*-$/$ - ]■ ■■ ^ 


with rjjur < - 0-00005 

MS. *inh 9-3 ~ 6 J + = k30« 


FsiettLses 59 fit. TJL3- i™ dlfTemt eerie to the v^Jil* w four s^EuAcut ■litfn*- 


59, (») £t* Exninpl-i S.B.9- ft} T = fi sirf 1 | * g{± * 


2-3-2 1 2 s -2!-5-2* 


+ >JJLT U W 415 

12 * ■-a! - t - a - 3 


* 'Jlwonim 8.3, A Lp the s«tzw 

**- + £ 4 
n - h 

Method 1. Lei t — l m (E). 

e 1 w 1-M+^ +5f + ^ + 5? + ^F + ^-' i ’ 718 ^ 
with error < „ =. Q.00003 

Method 2- MuliLfiiv <hi toil eid^ of (S) b^- s* a*d fiom tl to i. 

fV _ 

“*4 "I 

( 1 * , f 1 ^ H + 3 r 

*Vrf*= r ^ 

o hT&Jo ft - 

+ » FJ*S 11 






Si, 1 f^/l = 0.4773B02 « WWl (*) l _1/! -(*- 1J" 1/S & -iT l/J 

(hi - ivS = i(1 -3) 1/? -&1 - 




w-t POLYNOMIAL AT'P'H.O'XIIIATIONS, SEQUENCES. AND INFINITE St;RIFS 
C4 l» In I S a *3523® 1 &.S«M (*) In 1.1 =4- JL |« )a2M 

(h) ir|±| = U U« n , - }|=} =4 I. 1.3 «, ^ +.^) S »«-2023J5 

III EikjcIiimi GS -fiS, fiad tht MtakurLu Kflii fL-r r3i«: fimrtdoB &isd its Lm^rval of c^vur K esi«: L Support- £L&pbk*HY, 

«. ^177=u+ *?t* =1+*+ ^(_n-+ii :* ,s • 'P" ~ . * >C -1 <x < J 


we lm; th* flftunKirk Baits 

t 


(dBstktid). 


1 5n + lT 

^(slqx - sin tiwii) - ifsan ir-|(!)iiilT - sin i] 

+ V 3 », _, i*. i **> t 

, ii ' (2n+1)1' 4 £ ( ) i in 4 i] 


.Sn+l 


. * 1 f2n +1)! 

Tbr Lu trtVii uJ coavt/gtiitit r-oo). 

lu LKttti&x 5r 1 0, find lhc TayJor fur / at tie mum!** 3Jii iw iotftvftl nf nDvergfluce I. Support Er^phirJdly. 




6S. Find the T*jdw wrire for L::rt fuiirtioii at Uui indk&Lnl aujjiL. 


Uw i]m J^ncfclHclric juirk-x 
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£ by -|{£ 


tr-r (Obtain 


Multiplying bosh, ;=.lrii—- hj' m* V, 

1 __y (-ir(^ 


nnrtl 


Tile plfrl fiiows /{jp j rand P 5 (it) 


fur ;-±hJ £ 


71 - Lini Xjjz to 

] n-t^Jfl. _ * +fc J , L ^ 

I Iff {-l)*jln 2 - [L - |+ 5 • --4 WflleHirtt | = = 0 

72, find Ma£i^3*En series for r I ■- xj il wJLcr* n L= a positive imcgfii and show it mlntr-E m ihe binomial t3swF«m. 
i> I'iie binomial liiwemt (6-1 ft-3) ataict ih*t 

. m{m T7i<m - ljf >H ■> - * ] .? o. _ n 


the Factor m- - n = 9 fund vantslusf- 


If tji Ik the integer q, thtu every leresi aiVp the iaf?l 
Furthermore. Lbs Mb cpdfleieirt becom-cp 
Tt(n lX“-^F--{^- 1 + 1 ) {«-*)! rt! 


ail-rj do(]) ibccnitiidi 

(i+^r=i+~+ ■+fFj^bjj l * + +x " 

f'i Daily, nr r^ncra j; hy fr/ii Aj'ai multiply 0” botbi sides of [2) by e lfc lO grs ihf b-i-muhd tlKOMm 

(d+»r * ™*++ ■ ■+*+■ ■■ ■ ■+ ** 

73 - jfofrdae .S.ff.lft. 

74_ sin 2r - 2 (s!il jK^ t J w ^"af+§-It 1 af - '") 


are Jibroci nsmctitwis of oide: ft and E 


■-irj£r**|»L 


'n + : 


UjiT-l | 


fop aLL i. tierce Jfj CTPVfltftss for ab t. 

JjW = jn l “ 1) "^'?0T?^+ T ' «- 


l!-! pi - 




(n-H jl-n -+2]2 


fl, n^ju:*; J t copvcTECH for all r 




aSfi POLYNOMIAL APPROXIMATIONS. SEQUENCES. AND IK PIN IT B SB RIBS 

jl j i 

7G- l]bat # — J U (V ib- i solution ad thi diflenmsiaJ w^wt-ion a-—^- r -i- ry - 0 

dr dt 

> fciLYT 

4-» !■ h »ju j i -. n j-3-h 

DiffEfcniEaij ng (1) ALLCOnr^rk M.*: liiilff 

-sc 

rfr ■£, nlxt? 7 ' 1 
■iV t? (-i) n i>i(aw ■ n-f 1 " -3 

ril fi'rt!? 1 " 

MulJrpMng both side* by *, obr-ain 
/j V? (-lr^n - 

" », ] fl!n!2^ 

Adding th* -wfr^posdLnis m?mb*[£ «>f [ 2 ) wid (31, *€■ abulu 


_/*. ij_ -1>+i)**" -1 ts? (-l)"! 1 " -1 

J^pdiflibg n by n+1 Lr (1) r ht gbUttl 

j*ir jg y i-ir'i 1 * 11 . la? [-ir^*" 1 

^ rS> ' ,S?i nfia!^” 

MullLpiy-LEij! LkiLIj a:dt±s «f ( E] by we jjkL 


™o ulrtK? 1 * 


■ Jj ds. 


Adding i-ht CWr-aSpMdLtg la-cssbtia *f (3) and {6}, wt ^el - ~ + - fl 

7 Ip 1 (-i)V”- 1 +2?_c 1 i£^;+ 

* ' } "!«&*" J -Sr "tn^ 2 ” -Mif™ - L }!™!1f a "“ 1 - 'jsb q!<» 41 JM* 


TS D M .’,11 - n IT ^ l: ' nj _ + r Hffhttlr 1 " 11 _ *« Hl^ _ ,. , , 
1 1 H!(m-1)1S 3M+1 nfTilJ 5 " ^ ^ 


« v-ri !> ■ * Ift4 V. * n 


. (in +1 )g ;rl j& _ t? . a«(2.i + ' 

ft! i> - ] '<#*» ' ntTn + OIS* 1 ” 1 


■*S*'8 




-r 1 t° i- . T ty ( »n** . .>2 „up . ... ^ 

n.0 n!(n+I )!**"’■’ .Si nl(n + lj!2*" +l * ' rt[{ft + 1 )!2 Irl+ ’ 

„It i 4 . ^ t? [ i)"/^ 

.s* * n!(n+ i)!’!® 14 ' 1 ,&g- 1 >!(d + i)s ,n+1 „£i !»:(« + ^?w> fticn - i)rs !i 

=S ^ n-n + g 

=I + % 

- ° + 1 + ^-2 

~£'- i r i.-W- -£ , ~ 1) V-W-' - 

Thus P = Jj (7 I 35 1 £0lLL"LO 2 of thrt difftlCUl ial e^uiliara. 


MkSOELLA^EOUS ECERCISES FOR CHAPTER 8 <jS? 


SO. ou-anL'dii] ncc-huaics E — f ]T ^nfcFe tl1 

%h*0 


-niiFAT 


"Kjy 

{*) Let * « *n* «t»« duL E ^ af - l +^+^+1^4"- 

' l + i + rtjr + -- 


{h) Uw ifif reratt of pan {rs - ! po-wer gems £nr (l - x] 3 iicd (1 - x) £ that E - ~^yj£r _ j 

Ir (a) We fi£lgr in ( 1 ) 4 SM 3 ETLtioc the SbfcrfJiLttttOfl T = " * ' ■ 


E - - 


N^F^ti* 1 




Jl —J 




— AF- 


_ ^.. IT i _ 








0 ) We espresTlIie fiimidfllor and daieonmitor u j»ras rf 1 *mpLLfy and substitute |mfc x. 

,—itt/i F 


+™ 

+lll +00 Z «MV 

81. (*) -jj^n fi" - b.H^ ss-—. R«1)1 k» a with l/*T bo «tl E. 


•■■ -a-n^F 


£' 


(b) -^n(l -i) -1 =^Jn(l - c'" iF ) = - ^$Ti' a ,rilt l ' Vr ^ K - 


« 


N 1 N E 


PARAMETRIC EQUATIONS. PLANE CURVES, AND POLAR GRAPHS 




9.1 PARAMETRIC EQUATIONS ANn H.MK (TURVES 

FAJ-AmcLric EquelioCkJ let- / ■ind £ be TWO Ecd-i sliced ftlJbCtuuu cit .1 mid viixciihlf': J. I'lifn for every aucsbcr t li 
The domain common to / ?tlid 0,, L lac CUC Vt C :m ihe aeL *fall pciLn&i such LhaL 

* - /(*} f = tf(*} {1} 

EquatWHH {1| «t tAllfcl pinmelric eju-nfra-rc* of Ht curve C, aud f id titled 4 pdrftfttdldft 
If wrt rjjipifuiAc t from fc!<P- (1). wc have a CkTHflMffl equation of tie curve C fnnd pwibly 
Addition! poitiLi j. Fl* Lhe# equal roll wr have 

rfv , if J>, fl , j /Jji'i _ dy'fit! 

~ dxfdi ■ 1 rfijie 

Thua if dy/dt - D and GT/dl / ft nt rfxurwi point on f?irve C, Ihcfc 3 a bedzdnLaJ 
tangent at tft*t point. Moreover, if di;fdt — 0 md d|r/d< 4 Q at *ome point on C, there »* 
’rerlTcn] LwigCQt St ;Jl&! pmr.;, If dy/dt - 0 A;id dzfdt - ft, furtlirc iravr^rif^ilinn in n*vwrk*ri 
Lo dttt:msne she Lndinfiston of tie sar^ni Ijec. if it exists 
IjiUcCeJiui t\>inL W linrd the d?|rrliop nf rotation of lit laDgtfit JiLt chfiJigti. 

SiliiiHaLli L SLfiipJf A CUIVt l& unMlk bu [iqfi] if /■' !uui J r WKltUlTHHiS and LCVCJ iflma}!^*&41i]y fl :n It. [>]. 

A ■! :-rVr in if , r (j), - (/i». j(ft ))■ A CUfM 3* AJJTJ^r. :!| j| BOt -Cfuii [tttfdL 

Trocbotd Lrottd by poUit {?, si ft unit* Crum wnler of drrlc of rodii:; a rolling on -F AKP! 

*— «£ —-ism in St — a - 4-CO et. Cftfoid is when ^ — t;: t — «(.f - dn [], y ~ ii( 1 - tos f) 
llypocydfltd T-tacftt by oobt (r,p) on dn:c-r. trf i roJirnp aiutde a c:fcLr of radius a ?r ^ 

^ - (fl — J *«* i + b COS II - ( 4 ^ ijfijn f-frna c 

IIT (i L — ra^n jp. l^ivefit ttimi, Stt fLIJE tlirve rirtiUEiv.* .u: jjj-'.nrvrt.l length ^n-3T iKld hsa 
timpB. If afb s we h*vf ao aJFrofrf. 

Epidydoiti iriuiifiJ by pdr.i. fx,^) h i eircJt of cadliis ft joLIj^ ouSiide a d rcJe radius a (Mific. Ex. 73): 


i = (*+ £)uss t — i tc* A J a J, ?j = (4 + S)an f — t ain a 


.^.‘lercMW 3J 


ft? Ei+’rri'cy [ 0^! iJorEeh Llw- |fipfa taf the par-nnicEiic cqc.iTioij Jtziti Fusil jL i^rlmi^fi rqtUiiioB. 


1 r J* — A frfW t h ft ™ 4 mti F, / C {OlL 1, lir; 

2 . j — 4 ™ i. y - 3 sin t, I e ffl.tr) 

3. j — -3 cos t r ?? - -x dr (,, r r 


* sr 2 - jy 1 — If cgp 3 |-fc ]G m 

*■ 16£M S i+ IS Sin 1 !- If, ff > Q 

> r 2 -r jf — 16 f of "iS 4 16 sia 2 t — 16, * > 0 



£ t T 





Ejercist 1 EXerri^fV 

4. t = 9 -cos f. y - ^1 atii (, f ^ 

b- t: =■ A r .W t, S = &JQ d- t e ((L ’2*] & ^ *1- JL 

\ w 

t X I CO* y = bid f fc i c [-^T p |srl + ^ + § = 



nvb^l — j 


ii 3 

-^-■coa 2 i + feiK 2 r - 


cwFf + "in z f ss I,, x > to 





t/ils ifltffdx 2 iv]^btrtl1 Lh^ p/uacneirf. 

fafdt - 41 A _4/B _ 4 

dx/dt ~ T ” 5 Jt* " cfr/rfl 3 F 




6C0 rAIMMCTRtf EQUATIONS, PLANK SERVES, AND TOLA ft (1ft. A PUS 




In Exercises IT 21, for tins graph af Ihs pmrnetric oquith>*d b {nj find: she h 
i b) delcirr-:;7ir the concavttv, and (c els-tch lhi± graph. \r/' m Support your j:rApl i 
17. z — 4t a — 4t, p = 1 —-it* (paraM*}. dz/dt =. Si — 4, dp/rfi = —$£. 

SerdBg rfy/dz - 0. ^ get i - 0, WLea i = ^dxfdi - - 4^=(J and [i- 
fefJWW if - 1 tiil equation. at the ho?! rorn-ul iaLgtBt Zinc. 

SrfMiii dp/rii - 0, wt gri f = I. When t - J, djf/dt - -‘-1 £ fl fl ,. L d - _ 
fhLLi * — I is an equation of the venHiil twijtcnt tilKv 

Jf/dg) _ _,4 S i 2 ff __ df^ r )/Ji 32/['gI-4) 1 I 


Tht gi-apk I* --oTM-jitvc do^TiTard if { <, £ and if t>\ r E«ait^ 

dn/dl ■= -1 — ^j 1-3 b detrBAi'iciit aL i = it ^ not a point of infEwfion. 

is, J — I 3 4 ?. jy - t 2 - t (jwratpl*). rf4f/rf- h = 2( + 1, dyfdl - - ]. 

S^liT3g dy/dt^G, We gst f=JL When dt/df af 2 ^ 0 and 

Lenes y — ■ i? mi equation -of ihe ]iD£-IaonL*i tangent lint, 

Setting da/rft=0., we get f = - J, When t=-^ dy/df = -2 ?fi D and 
- — — lSt.hh ^ ^ is an equAS:os of the vf-rticat tang^M Jioe. 

Jy _ dy/dt 2i _j d^j _ #y)f di _ 4/{H ■=■] ;■”_ ' i 

ir. dtfdl W 4 V dt 7 ~ dr/dl ” If - ] (r + if 

Thr- graph is coat**/* downward if r < -i und upward if i > Because, 

dxfdt - 1 4- (t - Jr 1 ** detiTAraO£ at ! - i I, jn fi*H u LnfkciLojr pcsnL 

IS. t = ^i 5 , ^ ±± 4t 3 faecoictihsttil pwabo^a). dt/dt - S^ 1 , dy/dl = St, 

ip 1 gj a 

7* 7 dITil = i-'jS “ ^7 50 ( — K' 1 ^ 'he vf-Lcal -anient i ■= ft. 


F 

6 

4= 

.fj 


-f: -+ -4 

u : 

3 

: X 

-4 

fv 


:\ 

-R 



Thus 


3r ' dif/iif i t ” i 

What f = 0 f then. Jp/Ji m A *ad y = 0. Una p = 0 Js cquHttion. of the 
bDrizoDMl tAngcnL Iia.i« t Tiotc Ls ao vertii^J Lu^g^nl fttn:. 

BrN-auw — dr^/dir. Lbfifi 




3.1 PARAMETRIC FQVATTOTfS ANP3 PLANE CURVES «J 


■So 

J ! y , dtfWl .. i _ B 
” rfT/rft' « ” TSI 

Hl*BW !/"<() and Lli*! seraph ls C&Jlta^ dowaward if * < 0 and r J* > (I- if f > U. 
H 4 tcaune dy/dz — j|l cn isWJWMJlfp I ft ia noE An itiflrtLiDD print, Tba 
rkawt\ .ilwvp right, if! * «mw.ubiwj parahol-a. 

3 j 3l! 3 n . L 4w 3(1 -'*?) dv U(2 -f) 

* = 777 ** - 77? ^ aWL ° rDwan ^-S ~7T7?F * = (i - ?? 

Setting dyfdt 0, -m; l — 0, W 5 .. When U 0, eTir/dt - £ ^ 0 -Lnd y = (h 
ichen f = Jr/rfX--^#0 -vnd V =-r 1 ' - Thrsr fir* ib* hwisontsL 

tnftf tinea. Setting d*/<#!=0, m; fleA X — £ -s ^ Then —2' ' 0 

and so j = '^ b a vtfiiiii tangtut Hm, As (— i-so. j^O. jj—*ft and 

^ J - .-/ ■ — xi. Thus ■ — 0 b a v*ttic£d tangent line if wr add 

A if 

■'l'r r " dr./dl hi * 1 'r 


r -Q She r,i:rvp E-he ]iuiui (ft,Q)- —^-p— 

graph tti ( 4 [)C 4 v^ upv.azd Lf t < L trf -t < JC <5” 1 '^ and d.D*vnwari| if t :> 2 1 TT 

n*H&Liv« if 0 if 1.**"^?: and. praiiLv* if t> l" l ^ n it b ineznasing M f 

i?^(i + i a : 

inflection point- Ak**, =- _ ^ ^ jr- 

fiTa-iUj”. wr ,W ihirt the line * + if + 1 - 0 i* a* M^raptcte From i&c pivi-n «iuit 
distftnet of a point P on Lhs curve approaches +oo t; f appiw^lK* -l rutd the lirnii 
kcl^rcn Ihc print F£z-iP! on the ram (1) aid the pdiftt >,-ii - 1 ;. on th* hoe is 

Jusi { V ■# * + X) - Jon.(T^-j + T^a +1) = L , 1/! 


t —i \] r + r x 

Hn-ausr Llic di rdirttr. fnsm P to th* line is lew thw? the v ert icrd dirfaaw*. then the dtFtancr *isn <h 

12, The- B^ipii far Pk. 21 is labcLcd ^IISl I tVhftTi E <-1, w-c get the- pint hi tEi^ fourth »ijL|«lrMit: 

-1 < t < ft b in Q£; J ^ 0 Es in g 3, 

23. ** + !(* = Y^f^r " jTY??•• ^T+P’T+T* “ J *»- <°* 0 J '** p" 1 * 1 “ r Lhl " 

24. A pc*j*clil* rtiov*a ao that iti* coordinntcy of ii.s jUKatinsu &l auv iim* t are *-j 

given t>y the pwitmcirLc ^uaiLur-s- z — EUX aid ^ — t>U i r 
pal hi *f tb4i pPOftclild and eh«i y->i«ir SfiM^ h £ii \ > " - ir fifJiphltj 

? Tbr paE-h. -i pi^nlHiln, i« «iu3W n -yL ihe rifi^L- 

2$.z - 2 aiiL i n y - fj cus i :.e?Lipat) 


When 


Thr (tivpnt Etne i« 


r V r £, = “2'VJ- 

/3}: 2^-5= -5VS^+ >6s + 

= -|-— - |\/3, The u-opnl line- i* y 


hrLS itp Isirgrsl value ft liffn COS t 



T 

-j -r, 

t^l 3 

-f 

\ 

jT 

L \ 

* 

\^-L^ 


fi«s PARA V1KTR1C li-Ql .VI IONS F 1 .AXK (-TRVES. A TO T0[ AH GRAPHS 


28. Shcnr ihat the slop#of the tangent line jis f — f! fo the (yebid having the pwn equations la cnl^f, J. 
eJi+ 31 l.fiAh (hr Lfijigrnl line is vertical wticn f — In*. what n is any Eotefler. 

* — a(£ — bln 1} mid — u|l — cuk f) 

E- _l O-fl -COO () iJld ^ — AflUtf 

TJicrtfcre, 

4? _ ~<mL.. _ ™ > _ wt 1 1 

« rfa/di if] — «jfl r) 1 — Cot ■ 

ffotn tjL^aomflLry. ETenoc the x\q^ □£ die Umgenl ?ine *i i ~ to the cydoid is cot(t s ). For any L-ittgt:? n. 
Lim ™ If — =1 iJic Jim kb : ; f - 0 

t—'2nw 1 f—Zn* J 

Tbno, 

t coa 3* 

lipt to* t( - liin -—p- - - 

e-rJ«5T - ^-'3-rr^^g 

Thcteforc, ih« tfrB£«Lt Uiic ji vertical when I — Jn *. 

2$- A Square units as the s:ea of oat arch of the cydoid j; - -a,; ( - sin ft y — afl -cos fj. 

A — I" y in — n( L — CN5S: — sin i)J — 1 ■ W J! ( Vf 

J ^ - J Jl-”-Q JO 


= J 11 — li tea l + + tna S(j]d f e^j t — 2 %ul t +-— ^sin 2 e — $ i w |i? 

r 2-f d f 

* - rfa by lymm^tTy- J j 3?df Jfl S J (3 -f¥M z) a di - | l 3 nm f . 3iEi* £ r 

J^"j1 -3 COS t 4- ^{1 + <05 2f) - to^i ]df - |"" ^ d f - j - ^ - j—^ 


ifl. j — o? ftsisii, y — t ft1, [-ir.r]. Ruawe £ J, sf rc > b > 4, D ( x = a 4wl>*-hD an-e the 

Lrocruiirf hm -n vcriiwl i^ngi-ur. line. Ttw -i*lid line shows lj — -3. >■ - L. tJ^s did:^d :.:!« ribow a a — I, i — .1. 

3Jf. A >.;rpocydOiid La the eurvt lr^wJ hv a pK>ir- f- r. c;prk nf r-adcns t tha- is roiling inadt a fixed tlEeio 
rail!us il, If origui re at tiie cto kt nT du fixed ei/eie, A(a r Qj is tnsc ^ lie points a.L wbkh r.h^ point F 

ttena in ^uiiact wkh eJlr flM?d dnrle, ft U tlw tqbv^g [kmdI of laagemy of the- two eireJea, and tie pararttiteT 
C JH ihr number of tadiitin-ift rhe angle Af)EJ, elcrive the paxuLnf^Irlr -equal in ns nJ J .i|e Eiy pocyelold. 
t" Sw Siw fgy-nc; belo^. n* , C^y'w the tr .kh-iiv «f the Em gib n ; riir AM oqu.ilr- LI: r- mrasqrr of t tie lrng::L of ilpv BP 
it follows ihvi ai “£(?, andE hempe — ^f h ^-t - L Furthermore [OQ| = a-k T^et F = (jz,^). Wp- hx: 
fiom Lhc BsuTe dial 


r-IBpl+IEFI 

— l a — 6 )caH f 4- b l lli if l< 1} 

- {a -1 )«re 1 + ■& -cos iL -r^r 


i-IsqhlQR 
= {a - i->Lii: f - i aeBfr? - f) 
■= (a — frMo t — i sin 5 -t^I 



-6 -t -* 4J- f j t m 
J 4 f 

*F 

-a h 

t : .xe:cise Jl 



L.xeMise il Kaerdfit ^2 EwrrKe 33 Ixerctsc 3-1 

J3. Kv prove k»id, r e Solid line shtv^s s - & t •& - 2 v-[ri 3 cusps, dashed si-o^t u = L2.-b = 2 with It cua|w. 

J4r Hnwcydoidft of 3 Solid shows a ^ g r B « 7, 2 £ [-7*- h 7a-)i d&shp^ show? A = 3, If- J—3 t,3?t]. 



9-1 PA HA METRK’ PDQli ATtONS AND PLANE CURVES Gtt 


JB. h rani l.hp p^rrunirtri c ^iiktiChES of liooerrise -3^. fine!. 
n Ca«te&Lan equalLon of the hypuo'doid of ftyur cusps 
fb) L*« yuiir Cw^alio equation in parL (a tu ?sltctrL 
the ps-aph of this bypooycloid. 

> The cctuatkmH of Exctqjk 35 

X — ft COS^i and o = rc kih^L Thu'rll 

- A^fsln 3 ! -{- COfi 3 l) = C Jj ^ 

An nquatuin Ik x^‘ ^ — y"- 1 '' — C -1 ^- Th^ figurs shews 
LJifi Ef-apfe for a — 4 solj/i w^d a ■■ £ dashed. 




■J Infcosh ;■ -I- stall jl - o t-EUlh 


- aJn s^ a - a 1^1 h | - 2 - 4 taah | (bj Trw figure shews the tracing for * = 4- 

3£. P^rnrneirtd i^Lations ol itc tnctiin air j - / - o tan hi^ and n = ^ sp^h^. 

s? ] - HKb 1 i tajsh 1 i Tturn NrWiOHA method, the E inl-crcrpi; or Ihfl tmigtnt hne IS 

t,==* - *8ja =(' - a ^)-{ fl * e 4)=i=SS!!2^) =1 

9_3 LENGTH Or AKC Or A PLANE CUtiVE 

g_2_S Theorem If the fiinCblosE I' and G are wnisnuous on tit dosed interval ‘ja^J, itnd iF A is a partition of 
PnadpLr w d ^ any numbera in then 




BAMn-i _ Vil _ 

The second pact rnay is^d to prave the TMir/rtioo 5.5-. I. Tilt tint pa 

S.2.3 Hucorcm let ihn curv«* C hA-t* ]Kir*m*tTie O^MtioB* ? — f[i and V ~ !f(f}i *1 
srt continuous oa ihe dowH interval [«,£[. If L units is ihe fons'-h c 
the point f/(gbji(a)? to tW point (/(i)i,^)), Until 

l - { a VimM?W' 

W-e may a^§o_^rUc_chr formda Th«ifMBi 9.2.3 aa follows. 

W [Mm* 

Wh*n issln^ *he idnnuk^ for length at arc, v-:>u muj^ rem-emher Ebaf 


A Pmxtuct RnJe; DttFtDe ^ by ok$ ~ ifya 2 + b 2 n sin 
= ac rtr i]n tc + — v'V “+ 

Slmilarly, it - x/fl 7 ^ Pf 

j frr = ^'sud-Eiir- 


cos 


m ] > A RA M KTR1 C EQ E' A T S. PL A N E C f R VKS, A N D PQL A R CFLA PUS 

Id t£utmses 1 -H find the -exact Jtngt-b L of arc of Iho jrararctctric curve. Ctuark fay obenvinfi a ptot. 

I. x =^ 2 4- L, y — Jl 2 lr from i = 0 tq I = 1. 

* L & J ’ V7 1 Z y :J Hi s= |' ^d-r L^+ d-l) 2 ill = | f ’ v'H 7 +• 4 Hr = ^/sj' •/? +■ i Hi. 

— 'J*?. jl' l i/l~ ^ 1 ■+ J-ln; d V f 3 + 1 !)j^ = "*■ ^ "f" Y^l — I ■?■ ln( I — y^S) 

1 z = if 7 , ji -2J 7 ; from ( = 0 to l = J, L = j V*" + v"Hl - |^(61) 1 + (6* 7 )*Jd - J ^Sd vTT?J< 

sti f s '(i + d 7 ) 1,s j{i * f 7 ) = 2 {t + Pft** t± j(ief^- i =• sov'io -1 

JO Xi 

3- I - i 1 -p Si. 3 f = l 2 -- 21; f - Q tn 1 - 2. 

T, = j 3 x/^TV 2 dX - i J i/(2t - 2) a 4 (Jl -2) 2 I = . ' df - 3</I J v' ^ 4- 1 rf* 

= 2 v ^^-’/i 5 TT + |la(l + t/ f 1 + 1) J = V?[5+1* \?+ v^)] = + \/? tn(E -f ^5) 

4 x - i 5 . ^ ft™ f = -a to i = p. 

> W# Jips>ly Theorem 9.Z.3, W< Tiav* 

JP(0 = ^ 

/'(*) = Sf* *'(0=6* 

Tht Lezgin of aw is gjvcQ by 

t= [% dh/P+i* 

-2 5 t < 0, tlwa ; t\ - -t Thus, 

]_=-■!l ijr^Tldt 

Wp 5d, v — r + I- Ttran du = 21 Hi- When 1 = -2^ a = Sr Wica (=4r*= i 

L = -|jV'*d 1 . = ^ s ]^ifiV5-9 

m Tli? lejtRth offl-rc i+ trax/2 —fl uoit*, 

S. - If 1 , y - 2t 3 : f;em 1 — 1 to f — "2. i'(s - dL y f >l) — 4il 2 . 

L - [j v^' 2 + /*& - J J i/iid^TaSi 5 <ff - 3 ‘ i j+ i d 1 ^ ^ _ |f w) 3/J2 - {13} lj2 j 

G- T — t,y — iTtsii j: from i — 0 to J. L — J \ / J I + j/ 3 dt — j ^ 1 -i- sirJi'tdt — cost d'i — einh d — sLai 3 
f* t =r 3« h , v — —It 7 ': ftotn. f = D to I = la G. ^(I) — Ot 7 *, /((} — -if 11 , L — J 1 * '*'Jt fi 4- u n 4t 

“ I^VaS^' + Me 1 " iff = j^VtOfe^ rfd = ifi| bi e“rff =5*“^ = &(= 3b,s 1} =i(5 7 1) = ISO 

ft. x — t 2 -;- 3. y - 3s 2 ; from l =T I He l - -L 
e> ^ ii in tij^P \/? - t 'E'^UTC^OTf 

L = + (3f) Ijt - -2-/ui|*( ofi = % /ioi J |^ = idv 1 ^) 

i ^ c J co£ L j — ^ ( alri fc fiom f — 0 to f = L. ^(1) =. («a l- sec f]c E ^ ?/■( i) = ^sin 1 + cos ijo 1 . 

L - J v9 S 4 s- | ^(wi 3, i - 3 *Pf < wn r + wAV* 11 ™ + 3njitc«U oqi^Je 3 ^ dt 

= : 4 :=ia' ! t'ir iE = | ( = V^ e '* ^ = V^( ? — 1) 

TO- t ■= In fdn i n ^ — t -{ from t =Jtkv Jt 

I. = \:zs^« ~ f-vW- = f if = -lll f ££t f + ct>t J ) :^s = N2 * V*> 


9,2 LESCpTU Of ARC OF A PLANK CURVE Sfo 


U. i — tAA J (, ■= +1)| from i - 0 la t ~ 1- 1 /( 1 ) =L = +3^^ 

-*- f:& - \:^'^i-^, 

12. r - t H-1 E ft Q, if =7 3fcirt t - t COE Q from f - D tr. f = ^ ___ 

Sr L - | J + (^r _ J f1 + f ™ ( * *'* ^ *" + llhl 0P rff 

| r,/fS 2y/( 3 (cD9. a X + kft = J'^ai dt - i 3 ?' A - ^t 1 

13. x =■ 4 SiS, j “ A *co5 2 f; from t — 0 to f — x. L = J \/x ,3E -rff =■ | ^(JS ow 2^] tt + (—S -si^ 2t}^ dc 

— | ^V&4 coe*2d +154 sin*Sl J* ^ j n%/^2i #ain 1 2i tfi ~ B Jr = 1- 

M, * - *-*cvm t , V ■= t-'nib f| ffttm f = II to f = tt. By n pKMtlltt ink, L = J P^l 

-1 ^/i+^Tp+; '7?*-*zin\t +§*)l ljj:- o = -v^’ E ] r:i =■ v^i- l ’ -k ) 

In ElterevStt 15 22, a« NINT i« fnid 10 fciui aigaifuwnL digits lJj* Jcogth L of wc of Hi* jHLt«melrie tiirvr. 
li L fSS t + i l¥ =4i , T(;f«m^0t O l=:J. L- JV*" + ^= {>* + C fif +1 = »-!««3S-13 

IS. ^ _ 2i s + 31, ^ = 2£- L; from t ^ I to t - S 

* '-- J,W+®‘=!>-♦=?+*“ 

Using iNlHT. tt-: flad L —1.223 to four sigiufkaal dif^ts. _ 

17. £ = 3 i n j — 2 ssLp frujn 1 = ft to il s giP- ir ^ |" ^ ^{—3 rifl r) ? + (2 cw h 3- tWr^ *r 3^96^ 

10, x = 2 ser i , p = S tui f: from i — 0 to l L = ^(2 scr i s=m 0 ? + (3 Btc^O^di = 3^J 381 sr 3.13J 

]&, ^ — 8 Ei"n ^ — fi stc t" from i — Jtt m ( = 1. L =. ^-yw 3 !) 1 -r {fi £« t ton 0^^ = 3-4fr55 ss A.<82 

20- J " f r , ^ Lfi f: Ltfertf: r ^ L r= 5 

• — rvar-af- irvs^*fflf* 

U^np NI^T. wve firid L — ]45.3 : to foar figmfirAiLL digits, 
at. * = 4 -# - (* + «; &HB * - -4 to i = <. L - JTufT&t+lfit = *5.3H « 55-31 

32. r — 31. y = iiomi = —I utrl. L= ' iji+iYiPfdt = K-960^ l®.96 
Et. PA?*Jiwt-ric oqiiatiDnp. (lm hypwwydwd of four cm^jk- ;Lrr r — n and ^ - 4 wn'^- 

L - j = 4 | y C ° 5 ^^ ^ A* + t^ 1 ¥ ' n2j ^ ( 

=. 4 ; F r-J|EI V' , u , - ,t J L - ^ 12fl ' rcm ( CD9- f dt - ES dlB 3 T 

24. Oqc sndh of Llw: c^cl.yl<E^ £ - aft - lit; 0- V = «(1 “ ri!P V, 

> We um Tl^ewem S.^. Thos, 

^ flfl — ttfs «) flOd =■ a Min * 

iltncc h 

iT + fsf/ ~ _ * ^ f + «?0 + ^sjK 2 ^ = 2~ta*iT 


sics 1 |f - J{1 - tcra <) 


m PARAMETRIC EQUATIONS. rLANEa'IlVIH. AXn pfiT.AR fiSAPiTS 


A SLD* jt - 2 - 13 OOS f 
Siii^r.ii,:ii infrom (2) inlo ( l ". tyn obtain 

\l&f ■ C*/=M 

Rrcau.'-r uni 1 n.r-nl -1 of \h p ■' yd n :-:l p ftn ll < t < Sir, hrm- hy f!El 

Beuriilit <STf, then. fl < < -. TIsw!*. > IJ. Rnretc, from 1) 

L =• 2a| Bm |f d? — —to cos - Sa 

* f _ ■ , 

2$. x — i jt lanh . y - a swh ■ : from f _ i bo I — 'is.. Le^ si - .. Ih«i 
■a ^ n a 

j = mu a Ij‘irh it and w — ri STri t t fmm n — I In- r: — 3. 


L = j ^{D^}* -H {D^j 1 dir = J du 

— ajj ^/fJ — = a J +11 — rfy .= a J v ; ljulL 3 u Jn 

— a J tank v die — a. lnlrwli rt — Ji(jn cosh 2 — Ep -rf^h "} 


HE. nu^l-HT^ Lhi! path cif lli« 'imiziUl^uji Li a. nrydoid Laying ihr ;KLr. , jr:'’Lnc dtiuftrioftS s — Q. 4 (d — mu M fiJL-d 

V — Or'ii l e-os t:. 1: Lie bicyck £aw a cLkUknee ol' jij ^un!i Uu- -ueumfcitsH’r uf rh-- r>in- w m, Uitn iHr 
number pI r+wdutiwi.* made 3*? thr tli^iiifclsi-^t; i>. = 01,5- If l in i* the rkir.runv tra-vt-lnl kv ■hi' 

IhrabUtck dndng Eli. 5 rtTblvtutifi lIicr 

&*«&$ r^i = G2,& - ™ fl] a +■ (M *in ifdt 

= ft.#(0.4)|JVs-2^E + tip« z i 4,i^|dd = Jg|J T y2 -2™i 41 -45(3)-^(1 -«■ fldt 

=m di cos Jtjf = -m{-] -1) = m 

37. (a) j = n sin i ^riri p :=: b f {'^'f + - s-JiL^a. + ras 2 f; r _ ; + ^ - \i, sa. dtipsc. 

(b) C — 4 J + ' |, *i/ jt^coc 2 d i ft^s|p 3 ! Ji =- «| | — Hilled) + 

= ^a a — fa a - dt = -S ^aV I - t^trt 2 ! (J/ vfli^nr — (n 2 -(?)/-n 2 < l n mi illt|Ak; integral 

£&. (a} Uat lilt ietfiiuU *f ivjUbtJSti 2?>;:>j duii NE.NT m ^iDpi-mLiir j .iK r-c:iimferenre C of iht elitpife defined by 
x — Ji sin I iwhL p = 4 r« i, (b) PU.M tint rifclpsiL eupput ^ui laaw^f in pMi (a) by finding eJi* p^rlmtuu oS 

Ibe Lajccibcd rhonihm jui-d c.irci|ULHrtilHhl -Ml.iiiRk 4h^! k|hiPM 1£ f-h.ir C in Ulrw I ^>rti taclcrt. 

b (a) Fkieh Euticifie 2“, at Lave C —4 ' ‘a'/l — i^Lu i t dl whezw __ 

Ic 


1 — i iiLu'fl! ih wken: 


r - {a 2 — ft?. Bewnw a - $ ana k = 4. tied k 7 — (5 a - ^ and 

C - i ; r/! S 0 -^ 65 T^! = 2 B. 3 A 
uitcij NENT, 

fb} Fiosii tfic-fifftfre +'*■ fli '.y ^h'' l^r'-^f Ik- '-■-■■ rllv-i^ thcirnbiJK in % e1t< 
quaclrfiml has k-ngih ^ \ 2 • = y^TT anr| sp rEj; prTim«’-i^T IB 4v^ = 2i5.S 

w-'hilfi iLe _::.111 u: .':i-n L-. ir:::11:ji:LTiIr^'^tugk in lEi*i first qw^uSr:LnL has 

4 -f o - & aad so its perimeter is ' x & = Jo, and s if hetw«D (h«o values. 







#-3 POLAR COOftfllltATt’S POT.-Ml GRAPHS tf? 


5.3 POLAR aX>RJ>1NATR5 AND POLAR CRARUS 

Pflhlf 1 , PoLw ft*b TTk J»k F* (in 1 G«F.ih, r.hr |niLi r juis ir= ihr positive t ik:s 
P nC. 1 T Cnw^rlin.-iLra? P(r,fl) is lorai.«| r 'inrt? from rp^ p<sk on lh* % fAY with ditertLot: Antfk ff. 

T3«re Eft HOI a UJil^i* pair uf [kiJai roordirian^ fnr ? porn*- M' {7, ff] if a fMlaT C-OOldiTLASC: 
representALioo ftf point P, Ihtn w ntay add any even uuJiEpit of t to ff and obtain anothet 
|Kjld.r ■.UM-j Jijij.LT i^pfrst:Li 4 jtr,iUJi or P. TIi.lL !-,, Tut any inl-frgr# 12, | J JrjT), 

If we add. -ElTi odd multiple Of to 9 And Abu fcplajur - by —r. wc d-lvLain .inn-lb-nr pular 
cgapdifiaW n^ipoisnit*£.ia:: of P. That tt, for wiy inkier 1 *,, (r L ff ) = { - r.ff - (2n - 

If b the {^arlesian eootdisau irapresrtfttATLGb of P and [ r, ff} 1 " is a poW cDQrdinaiie- 

mfir+isHn lar.inii of |% thrn 

r — r tot; 0, ^ - e tiiu ff aad r 2 — + * 2 . can £ = | 

Yen should b* abSe 10 identify the graph and :uai;e a quick sketch by pEo:tin£ onZy a few 

puinEj-i for any ;aikr wqimCKHi uf a Cypo Lift Lad helurc. Tin* h::!.! 1 ^- a and t an- any ct>i:j-L?iiiL k. Ir.it 
ft is a positive integer ui cacit of the following eouMians. 


Sp«daJ Cmpb TYPE OF EQUATION 

name of curve 

Ste Lsercise 

1. f = 4 

Carete, reiicer AL pOio. tA:J:lzk r 

16(b) 

w 

rt 

It 

5 

lUn^-, of lu^lr a wiih f»lw asfia 

16W 

3. f = off 

Sp:z.iJ of ArrhLcardci 

4D 

■1. j- = o/rn*T^' - fr) 

r. : nr thnni/jh FFrr,TijF 1 n.nr! 1 ni ? 


5. . p — 2a cos d +St sin ff 

Cirek ibron^L (J. eent^r At 


Fi. t 2 — ii'ro^; or ;-d^ssn 2r 

r,rffjTBr:rrjj.ld 

4-1 

7 .r — a. cos ?tff et r-dan nff 

Rose. 2rl L-KAvts if ?t Is tycii 

a 

8- t — a cOs ntf or r — ci a-i R :nff 

Rose F n Leaves tf n a ^xkl 

36 

ii, r = a 1 - teoa of d -•- 6 aiiL ff 

LLmn^on, polAtJ la ^urEhi^LL potnE. 


mi^ 2!i'l 

Convex 

» 


Wi rli a dcut 

21 


f'ATdirtid 

24 

il 

With a. Idop 

2S 


S>mmc+TY Tests Let n be Any ilfikfftY. A ^AUK: tfrapb ift ftyiruiwLni: Trilli rr^pner In 

(i]cKp jwlriT wis if on ^quJvaJeot equation b obtained, ■‘-'ben is tepTAoed Lv eiihev 

l"r f —fl -!- ~2nr) enr - f-i- 2?t?)_ 

axi> if an nqnjvakni re;Motion b o'Stiinoa irticn (f>. b rejdaeed by eLchej (r.* —S+'lnx} 

or f i 2rt?). 

(Lij^t’LH- poffl iF Ail n| IJaV itli-| il rx]::;3'iih|: i>i ribl.i| rin ! wb rn i' r. ff | rn^J-ICCd by CLiilCT (t,.!/ tp ?T +tfn-T7' 
or {-T'fi 1 - 2nn-)- 

intciseciioD Often we may find &J1 the ihi-eeiLm or izil«r^rrL:Ejr. of sivo by pcdvij]^ ihr- eqirafiioos 

FimollsuefliiEiiY, llowe^ei, vc must uoat the po.- ai a speti^d W 12 tesL enf.k mtunAind to fits: 
wbecher iberc b a. ri;p!iaotmi:iL for it ! n&t nwsswitj’ thf Siinr?r- repUeemcnft) that giv<^ f r.hr 
vaEutO. If so. then eaed graph e*n:AjLii ebe pile aod hence l3i« Listrr.-fbcLloiL conl.iirz, ibn |Aik. 
(4w*uw iwn or ciboh dimiRct pcLftf n|ma.L«rtn iciay fi*p«A«iL ilvc mnio graph, wr tnust 
i2n^5 ^rFdFl icin.il ^1 ^ p-= to find ritl pniTis of intentrtion, |F tsc cw - ? C i| thf ST-aph of 
ibf poiai equation r — f0) f tb^i C- b also the ffrapt -oF any t^uaiEoit *f the fomi 

r — ;—-E-nr^. wFjrj? jt is nny ixii^cr. '. ! h^p. lo find al? I he points of inter^CTLlon of .1 
curve Cj an.d a tnr^e C-^, do t he folios Fug; 

]. Pijid ill] lJi* dbtirn:! Aqii^f-iosis of curve 

2. bAJvc C.bc cxuitioz of Cbrve i\ jiimuitaimijJMJy with rJLib ^[U^Liian erf i\. 

3. T^flt to dr# whether tbr p<4r Ls a point, of interwetion. 

.... . , , dLjit ffldr/dfl) + r 9 

I Afigenu- 1 be sJe.po of cbe taage^tc Ln* ter - f\?} it ih<\ pe>ji;t [r. ff) i=- m -- , . . ^ [ -t—7. 

Thft ang.Lo ej betwiten- tfcr= t-incem ii cse and the radtos sati?ft-es ta-c o = 

If n b tonatin. cbeiL r — j^e ^ iug^riiljnLie ipir^J. Sec 37 

To finer an equsJroji of o Ittug^tit line; 10 o e.utvr ii dir |khV. kl *• D tri iiie e^n&i»r,i aih= *iFv«- 

If ff - (? t u a Mlutioft, tk* Itpo ff - ff 1 u 4 tiopent iin# ID the cqivt a: the pole 


SGS PARAMETRIC EQUATOR PLANE CURVES. AND POLAR GIUPE1S 


Parametric Plot Tic polu Erajfii. of r -i f{$) yz c-di 1st carceeiaD papa r — /{l) cos y — /ft) £.]□ 2. 
£«ragB iLff 

Iti EraraKS l-4 r locate ibe p«Eit having; tbe given stt of polar coorduiaJesL 

i- w n>) (s.3- 2 - w f44-j {k (XH x WCI.-J-) oo0,-i*j *■ w(«h»j 


W fr») w 


ft) {*■!*) (d.) ( 2 .§X 

(«) (s.i w ) 


re.' f —:S-|j=-1 ft) (-5-%x) 






la Emt™* 5- and 4. convert from poi&f to rwtJtnggkr conrclL antes. 

5. (a) (3, t) - (3 eta at, 3 Mia »)* ■= (-3.0) r 

(b) (-1V* = (-1/A - \/5 1/ x/Sj* = (-1, if 

ft) f—+-4^. = (— 1 (tce|xi—4 .‘in jt)' — (—4(—4). —3fj\/3,'i r — (2. -2i/H) r 

W(-i.-iO = (i. -iii = f«M-H*£49» , =il'A if 

6- fa) f-2i-j-) = (2, Jt) — (2 M# jT.Idia - (0,2)" 

(b) (-l.pl = pf = [-§v^-p/^T 

M (i. -» = ( J 4p. = (2 cos JiT.2 so fr? -(2 -J/3.2-J)*-f-V^- U r 

(dj (?,p>={j p, t *„ py =■(i- • \Jir = iV5. ^ 

In Eierci&rj 7 uid ?5 n mavivt from rex Lung ubj.r Llh |WjiAJ f^wwd i nnlen will) r > fl nud n < fl < 2 it. 

W (^D ! - f = 2- QM * t^-'flZ-VS) + - = i*. <i>) 

(e) (2, 2f. r - 2^/2. Q1. 9 = tan -1 (2/2) = p. (2^/!,p) (it) |-5 r 0) c . qa^TMOd. (5,») 

«. Wf».-a): OU-uVl't; ft) (B.- 2 ); fd ) (-2.-2i/3) 

b (a) r — i/z* i | ( -i) ? — 3 \fi aad uu ff = S — rj? — - ] 

IfetdJM bua Lr — I, the reference angle i> |t:. Barr use x > 0 and < f), ILhe fwml :s in lIik fcnirlli quariLranL. 
Thu*, ■? _ 2 ir - ^ — ^-.t . Hit polar coonfioaltiE: of die ^ULr, jj c 

(b) r — -\fz* = vT^ 3 — 2 taiii ^ = - -v^ 

Jireause x < 0 aRd ^ > D. she poin? ie in th? Record qaadraijL Jkca^sc ^au _ ^/5 t tlljea P - r— Lr-~ |x« 

Thluf, tlrt polai t*ftrclinftL+^ fizr. ►J.-i-Ty 

f«) r —. y 1 ^■*■ = 1/4 -*- 2. Bec«»e J- — Db thrn tan 9 iii not Ko-w^^vtt, s^-aianc 1 ilif- poiiit « ra the 

nef^aive ^ siip, Ihon & ~ ^t. Thnr^ ih** p?dnr -ncjnrxSfrTnt-rs nnc '2 r |t). 

fd) r = v/?"+? a + ]2 =■ d cw fl * | ■ y^3 

The potflt 3b lLk liird qijadtaiir, tiid 1 aa — y^s » — * +^r — Tht polar eoordmarts art (4,.^). 

In Exjcrciscs 9 T i2„ Und a CartcsiaL «|ua":oD of the gcapii ba-ving fne gjv^n poUr rqisjiLlcri. 

9- r 6 — 2 sin 30 — <1 ain fl t*s fl B*- r 4 = 4(r ab fl)fr toe fl). fff 2 -t- y*} 2 — ixy 

fhjr'=.t05:fl & (pole for $ = ** = r (r 2 p =■ (r && &} 2 . + 



'J.U l ? OT.*R ROORrM^ATFS \xn POT,AR ^TUPHSSftt 


10. (a) r l ayf. 2$ 3 10 > r 2 (cog‘P -:=in T £}.=. JO. x- y 3 = 10 

{b) r 2 - n 23 & (pok frr 0 = |Tt) r 4 - 4r 2 ^tDft 2 rf — ^in 2 fl), (i 5 4- ^} 2 = “If 2 - fy 2 

11. fa.) r can 9 ™ ■— 1 (*■ ■! ■= — I 

/h) r = C/(2 - 3 *lji tfj ► £r-3r sip J? . 0- *r - 3r rin 4 + G. -1r f - (3r tin S -fl} 2 , 

-1fjT S + V 2 ) - I3f + S>=. 4** + 4jr ~ Sjf 7 - tf gr ■+ 36. 4*^—5*^ -3Gy- 36 = Q 

l>- {*) r - 3 «" M f 1 - j _ 

t ji) tin 3C? — 3 sdn 0 - 4 *tL:n a 0 

TbOi, itie giver. cqUAUtfil CfiSJ written 

r 6 nift £ A rid 3 # 

Rh-^lisc thr jjaph of lhi r - cqujilsun utrfitfcirib tlw f»k w't ZTCiy multiply bath side* by r 2 without affectsn : ?. the 
ET.Tph. Tbufs 

r 4 — Or^jn fl - Sr^si^fl 
(r 2 ^ — fkr^ijr sin d) - &[r EE tf)* 1 
ftttc^uae r — £ 2 + gT aad n tin lh is becomes 

4 >/>J V 

** + j 1 * 4*V 6r 3 y 1- ti? - Cl 

i(b) ElimifisCiftK I he fraction, wc nnve 

3f - 2r C05. — -3 

3r — 2(r -C06 &+ 2) 

Sr 1 ^ 4(r OT tf+ij 1 * 

BtW.auili.J I* COh ff — J| »t bun 


Is v.xr.zcim 13 2U, ikfieh the £E44ih eyf l]u- rqunXinn- 

13. fa} & — i^T & lire ihrps^ih Lhc pole iriLli dircetkre SOT 

(b) r cLwlt centered *E. ihr. jmjE*? ut erJsud S LAS 

1-4. (ft) — ^sr & liTifl ihvLrjgl! Llie WlT^l dit-cctLop. 135" 

(1>} r = > cireJe tftiiwied at ;£i t pelt of radlu? J” ^ 2.J5 

ISr (I — 2 Vine through llie poLr ^vllh 4li Er^ \ i<^ - i 3 ft-fy^/rr « IM.f 

(b) r = 2 > ciwk efint^rtd At the f»Jc of Tsdiwi ^ 

I S, (i) 

9 {a} Phn rq?iatien «f Ty )>r S, Tls^ K-EUpSl 4* a Une throupsh pole that nmb 
ihr pofar 4X». A eieuli of Ita FJ-^pb is uliowi belcw. 

(b) Tbbs eqi:ation is of Tj[>e I. R^iLii* we stay lepJ-KC r by -r aniH fl hy i9 +t. 
ihs iamt gjaph aa ihe equation r - 3- Thus, iht gJ^p^ i^> a circit *Lth ^cato 


EC x exit Lac ififh) 30(i) 

c I mr x = * 

t- tipek cfiDtcpnd at f2.li 1 gf rwtius 2 
^ lbejv = ^ 

t- ciwle t^Eittitd aL (Ijj-) o!f r^tlius L 
> LLot & ~ —1 

C17CLE CCPtCird at (2 I 3 lT) *f 4-ft 3 



fiTfl PATiAMETRTC’ EqtiATIUSS, PLASE {TtTRVK 


AMI POLAR CSHAPHS 


2 fl. (a) r & — —h (b) r — — fi tiOA £ 

c> (il Ilocaus* r cos 0 — z h tbon 4 C-hUsLmi tquaLioD is x - -b. Tbe graph ss t-bc hot shown above-, 

(b} TbL, in a Type 5 e:jtj ;tt:ar with a — 7 and b ft. TblLa the gbapb Li ihc drtJe passing eh. bOugh tlLC- ArigLn 
aad neutered *1 £,0] r siijqKwa. aho^-e. 

In Exor^-fl^ 21 30- fieki'ziTnns eKp Ly[k; tit’ Lrria^M., 1 L 1 SyrtiJiuzlry S, acid the direct iAL It pfrEltS-. PL&t the hfnOrtfcD. 
2l_ 23. r-S(l+Bnff) J& P p = 2 3 it]n fl 

> ^ | = 1, ewdloLd p- ^ = | = I > osidiokl & ^ - -| £ (0 7 S ^ a t-oop 

S-: pchu ririK, points l<::"“ S: jtt hkEh. points upward S: iitb. points derauward 


2$. r — -'I — 3 l bi !? 

3: i^ajus, pisirii-^ dcn*rj wand 


| ™ | = 1, c ajrdkqd 
5: J* «ria, points downward £■ potar axia, points ?tg&t 


L, fferxELoirl 


27. t = 3 - 2 ms !J 
o | = ^-£ (1,2), H«nthd 
S; point axis, poacte toft 


^ > 2, £OOVtX 
•t axi^ points vpw.ird 


| B),, wL:li a JdMp 

& polar axis, points Left 


> 2, eon Ye* 


















Lj.:; I■: I \H OOORI'HiVjt YVB \ST\ POT-■'i R GR AFHS ft"’ 


I r Eiwrcfe™ 3L 5^, ■rt+^-ic =- EI nr iir.-d p3os tb£ Erapii. oF ibe ‘cqu-ac-i-OTv 

31. r = 2 mu if 33- r —taK0 

o 5--jepi{nt mxr > Ei Li^fixL MHC 


TQMi 


34. r-lww£0 
& l-leafed wse 


E, r = 4 si n 
p V Ii-jlIl-J rua'“ 


p lo^acjlliifiLC tp-Jiiil 


I !■« : 111 i: * -ilr 


■17. ;-!l fl£C 6 — 1 

> COOClOul at N:omiKCJ «h 
CL inlYidejLL (’i) > tOEatllt?, {L;, nn VstiSb 


R5I 


ii 



H 

m 


in 


t log^i-lthniKi ?t>it*I 

p tpira: o f 4 rchm ipr| i»- 

t- X t - -1 l:o& i v cggjy 



y. — 4 sin 1 i/oui 2(. 






















e7i2 paflametric equations, plane curves, and polar Graphs 


- Sir (F«tuaa.i spiral) 4 ft. r — 2 esc £ — 3 

= ■r'Tz- 1 V'^ L Y, = sin i Tp /51 QpDchaid «f NVjamrxUtS 

- —cos [ v ^. V, - -sin I i/ttt coefficient { r 2) < cemtant fit}. Joo? 

< <*.3 


4$. t Uiiafll 

> 4-leaftri rose, s^rrie sm f - iin 2-5 


ft t%o ci i-r'rr^ 


In Esoertlifi 51 Add. 52 , eenulfuel ipomr :.n-ili:. h ~ ... :i--:i .vn! «.krbnh chi iL the graph ai the fancied, 
i&l. r « I + -*3 urn -0 S3, i*- — 2 J- !? 

&■ 3im*wn ^afh ii Iwp ► eaTivex 


En Eifircitea Lhre.up;*] GB, determine the kn^MKiLh] DT Add 
* j , J r a. j, fin £{3 ens d) + {4 *+ 3 14! 
d& cos P|J cos PI - (4 -4- 1 S3 

HomodM iftngjMit*. -2 tt& 0(3 sin 0 ■*■ 2 ) = 0 . ms 0 = 0 : * 

fl — -r - hh" ! {-j) w 3 . 37 , P ^ 2 t +pjn -I {^J) ™ 5 - 5 n 
There are SmriihMiUJ ussigehl liner, -4 the poanlii {I 

VertbwJ Ungioils- -5 sm a P-i- -1 *je - 3 <i- sen 0 - ^ —4: 

:slrj £ ft 0 . 413 ; 0 nn _ 1 Eh 44 S - 0 . 45 , 0 = x «*■ sia -:i 0-446 - 

There are vertical tangent Lin'n nil the fmni 1 :- Q. 4 S) 5 


M^g - 1 -» 2 cos 4 mV 
-■2 Hiii 0(S ■?■ eo* p} 
cot tf - I- -! — v'S), no solution. 


0 , r - 3 Md — Ti. r = 1 . £03 t — -I. P — r, dnpliest* 


■"C ' 

fTv 


-/->■••- 

’ A i* 

.■.. .- ■ i 

-wvv 



| .; * - A-f 




■i--r" a; Xa, 


V\ \%- 

" ■■/ 

VQff 

■ V 

X^- 



— 

* 

: 

6 

7 

4 

_i_i_ — _i_ ^2 

*~ L ' ! II 1 ■ ‘ I#, 


O; 4 m ' 


4 

:-] 

- 

u 


' 1 ' 1 1 

j e 3 







9.3 POLAR rOOP.mXATFS A Tin POLAR GRAPHS £17" 


55, 


* , Jr _ * ■ ^ _ *iv p (?-*in 0) 4 (4 - S 0 _ 2atb j 0-r-lras0-KOOB?fl 

r — -M¥ 11 33 “ 5311 ' m “ to* !> asE. 0} ■— 4/t —■ I£ *0* 0]nb 0 "" 3 SJH 0 rrj* 0 - 4 *iti iff ^ 2 Jin 0 ms iff 

=^ ~ A *«»» -1 = ft • - tea A vfl+q - jp*avg) =j(i±v^- 

«* 0 * 1-366, st ^hilQL. DwSs^ —fl_3fi6; 0 = eos _A (-0.366) ^ L9&. 0 - 2r- cos" fc ( -0.366) = 4,-34 
Theji aie borLEODul lanjen! Hilcs At the point* (4-73. 1.S5) And (4.?3-_d_J4)_ 

Veetkai. tangents, - 23 lh 0(™ 0 - L) — 0. *Lil P-fl;S-^4 = j iad cos 5 ■=■ 1: 0 = 0. 

The#f art vertical langCA! Jiflii AC, tJw pteflL! (2 r CJi--U.ed (6.*). 




ST. 


i— 3 — 2 siii # 

tf'-e hav+- 


ThejtfOTf. if rn Is ihc slope of tfce lABgent lin^ trt -Ti-t* tlLtir*, then 

aia | r rn j ; 0 -<iri 0(-2 cOB t) — (-H — 2 S3H 4‘‘5COS 0 

m - dm 0(d>/J0) — f £in"J ” cos 0[ -2 cos } - (3 - 2 sd 0)ia& 0 

_ ■ ■ ?. .si n 0 CL3r, 0 — 3 CUH 0 — 2 Sift. 0 CM j? 

-2 m 3? - 5 sin 0 i 2 (iit^ 

_ ^ihlwB^atoiJ _ cow 

--J(1 - dn^S) 4 2 •nt\ 2 9 - 3 nib ff l*|iV -Jmr ff — 2 
Remus* r« - 0 ?it. ;i point wbgr# tbc tangent line :s horizonUl, we rc*. I he numitrMot to 0 and solve fdi i' Thus 
cos 0 — 0. 0 — or 0 = |r; sin, 0 — 0 — wd " 1 j — 0-846 ot 0 = ir-flio -1 J — 2.294 

These is t bnrijonijtl lanj^ni lins it the points- wilb polar reardinatss (l P | r ) F (S^s - ), (^O.SAfcj), and f^,3.2MJ 
BeC-i-iiSC r'r+ iS not dt£ned At A potlU wbrr* .tie t^agen.1 tine jm vertlCiL. WC SiE ihf -dtnortiJliALM -!>r (3]l til (J jliil'I 
*ohx Fcr Tbi4=i ? 

4 - 3ii40-’^ = O 

sin 0 = ^(3 + \/*U - 1.18 1 i» Boliation or ^in 0 = ||| - \/5l) ^ 4)-43S4 4 

= J-{9 + v/iT} ^ l.«&, i? ^ i- + « “ 1 {0.-12&4) - 3.56. fl = 2* -rin“^O^SSI) 5.^4 
Tlirrrfui-r, ih^ rurvr ji^w ^ V^rtiCAl tMfttnt ftt t3i^ iKflsitF wj;b p^laf cooicinai^ {3-B&. J.S3) and (3.,@5, 5-9-1) 
EJecaoFe a/t — l.o is cJow to 2. li-m^nn is nearly oonvrK -ind I Le 3 taj-igaits fttir Ihe dent arc hard to -KS- 



r - cde 2P - c<s0 2 0 - bLii 3 ^; -3 ala ?P = -4 >-in 0 ms 0 . 

san 0(—4 sin 0 ws 0) 4" 0 eew #( — <\ si - 1 - e^aP0 — ii!EL^0]| cjew 5(1—6 alo J 0) 

f«5 ™ 0) - (ic<w 1 0 - sin a 0>.in 0 sinflf—tf™'0 - ens ? -0 -|-jibi K 0) aim5(t - 6 

HoiSiH&rttal tinjirnli: oosfl=D;5 = ^r, 5 = |ff attd 3 - 6 ait 1 ? = 0 

Bvn & — ± ^ — an -] (^v^ & 0,42.5 =. w - sLn -1 ( - * 3-5^, 0^2T + ^in” I (-g j ^) 3 5-&* 

CTus-Ezon 1-aE Ungenii- are at (— L Je , (— L, j if 1, (j,0.42 . (•“, 2.72 :. (4. H.5fi).. (■y 

Vertic+L Ungcoi^; sin 0 - D: ^ ^ 0, 0 ^ r and ( - 5 cm 3 0 l>; um i 1 ± Jv , "c 

0 — eee-“ jt 3.15,5 = I-W, 5 — ir-■ kk” l (-^ / 6; & - Zt fos"’y^l k 5-!? 

Vcriics-I Unfien;s arc At (1,0). Jl.»). ■ J. 1-15). { J. 1-9S), (■ JM3}. 


&6. r = 2sm 30, ^=6™30- 

sio 0 (5i cc-s 30) ■?■ (2 an 30)cos 0 _ $ sin 0(4 dm-^ 0 - 3 aoa 0) + 2(3 slo 5 — 4 gip^g)eoa # 
m “ -coe 0(6 eoa 30)- (2 aio J0>ta 0 6 ™ 0(4 ow^5 - 3 ^ 0)-3{3 ¥ln 0 - 4 an^Jsib 0 

ET: 0 - Inn 0 m tf[(12 - 9) 4 (3 -4 s[b 3 0)] -1 mb 0 e» ff(( - ]fi sk 0 =0. 0 = P. r = 0 

ecm ■? - G, 0 = Jt p J" - - 3 . «irt J 0 - |jj, aln ? - i 5 - ■ai - ' Jt/fi — r ^ L.t3T. 

5 = t - sieT 1 ^/i = 2.4-W, r = 1.S37 

VT: 0 = J[3 tw ! S(4 ow a 0- J) - (5 *™ 2 & - * 3^)] = 2[(2-3 em J 0)(l - 4 ck 3 0} -(1 ?Lo a 0 - 4 ria^] 

-tt(H b-nsM- 3SiLo 2 0 4 3L flln a 0 - A(9 ±</**>■ 0-0-9600, 5 - i.m p = -1.33. 

5 « T - 1.236 = 1^55. r = -1,33, iiu S ^ G-4511, 5 = 0-4*T : r ^ 1.34. 0 = tt- 0.447 = 3-674, r = l.» 



ft7-1 FAttA V]F.TftfC EQUATION PI, AXE CURVES, AND FOhAfi GRAPHS 

SO. r* - ■] Fi n 2ill 1 — S ssn fi ra fi, fi C '0,^5 r — — 8 cu* 2 -? — fl 

sin 0((fr/(ffl) I r r.;L4 tf _ ? hi fi( r rJr/rffi) 4 P 3 fOfi fi flifi t-T-1 rc^ 2 ' 1 - fiin^ 4 3 notify) _ *in W roit 3 g - U 

m COd fi^P/dfi) — r SIB -I? cdp fi(>- drfd$) — p^tin fi pj5fl - 4 nvri'lfl"! S cdh G(l — 4 

BoriiOflLtti tjuLgralsv flifi fl ^ 01 ? — P 4 ecw 5 !? ■!=■□: on# fi » + ji A ~ J*- 

There are horiEnmial labour tbits &i tbe point* (U,fij. Jit), (—■(/12, jif). 

uuif^t^. ™ 0 = 0^ ff = and 1 — 4 sda^fi =■ 0; ^n tf — 4^ fi — |t. 

Thrraaio vertical (jmircnt linra at rh-n point* (Q h ^r), (v^^r), (-A, i T ) 

M)l r ? ■ 0 cot 2fi 

&■ Tbo graph In * W( bavt- 

2r ^ - -ISfb *&\ r = ■ U fin. -2iS 

If m is tho sUtm of the tasgest :tp el> she cum, th*n 

fcLn fridr/dfi) t p siei (5f r dr/dd) — f 2 eo* fi 

cots ffldV/'rffi'J — p din fi 1 5|V dV/dff) — ‘^ifL fi 

_ p4fl *(-£ gift gg) 4 (9 PO* 2g>ww fi fjMiJg- ai n g jufl 3fi 

— ef>* fi(—0 ^!| "2fi) \D cm 2tf)p?n fi —(.'■in fi -;'0£ 2fi 4 fK fi Tin 2fi) 

-a# 

Setting. Gk mirn«T.Ht£if iqual us scro. a^d Mowing ill msod tb*t need cw- 2fi > U-, ^ ., 

trus 3fi - (J, 3fi - J-ff< fi - J», r - 1 ?-v^: 30 - jT, fi = Jr, ro = Jr, fi - |n, r - i 

Thtifn xhm 5t A tan^ist lint at thf pwntr (— a11 ^ i^lv^^)- 

l^ettiDg the dcnoiriLKsUir equal io muu, we 

KLn ^ **f fl n afi = D. fi — 0 1 r ^ ± 5; 3^ = w, i ■= Jt, n® r. 

Therefore ih£ iUfVr h*n m vertical tangent at t|m pcK.nLa ^vith (rilar |3,.P^ nnd { 3, 0). 

Id E^ertifiri 61 -r?:, ?lnd the L^itcsian coordLia-^ of :h.- .JiL^rs^lion flr*p Lie illy to iw ( . HigniAwni itij^iiA, ’]'lcrt 
Had the peJ« eMCdinnU* ^prornjcnJSy aj'.d cjM^pazc. 

fil, The «wJr p - 3 and the eafdimd r — 2( S ■ tun 3), frying, the pqualioni; nisn laitrineOtiMl^ Wt ltav« 
2 42 ew fi = 3i ™ fi — j. fi 

We hftve tte point# inienuwLpon {3 ? Jx} p ^ ^ ( ] 2.6-) aJid (3,- fi-- 

§t- The riidet r = ia»S and f^Esanfir Dividing eorm-pood in* meoibeg of tlie two- oquaiion^ w= obLah: 
| ^ II] - | - ^ untf=l. Henc*, #■ = 5 * aad Subtrituting titew v^tuea ai ? into o*e of the l»o given 

Vr-c abtajn the cDiica^oadibg vil-li't of t. Wi- th^Ji have the -&xJiD^Lng poinl* «r intr.^twns 

(\/2i %*)* - (S,?] e ifti m pjSIg, the sunt pmnt- The fj& U« iw the j[raph of p = ^ fi 

r — fl orhtc 9 — :jT, The pole ^j-Iri lie? oti r.hp grtph of r — 2 an f b^aii^e r = ^ when fi — 0- Thus, the two 
corves intersect at ih« pfiic. 

G$. Thr eHM f — 2 nan 3fi and thf cirda r = -t rrp. fi. 2{3 an fi - 4 sio 3 fi) = 1snJ, 

0 - 5 sin^f -2 HD fi = « sin fiteir.-fi - JjL s:;i I - 0, & = D. r = 0. Bin fi - .. fi - h;~. r-2. .sin 9 - 7 -lr- a -T, 

r - *. <2,f*y = (VCQwfU i). ■*; hylij-H-t,!) 

fA, T - 2< 2fl ^od - 2 ain fi 

& ThM graph of t - 2 cus 2fi ts a f&-3T-!eAftd row. and l^p gr^ph of :— ? sin S' 
is a uncle a* i^-own. First we solve tk« given. -ec|Ma.tions simultaneously- Thus, 

2 ^ 2fi = 2 sin fi 
2(1-2 Bin^ = ^ sin fi 
2 si n 2 fi 4 siti fi — t — il 

(ssn fi4l)(E*infi 1J = 0 
rtin fi = »] <w n»n fl ■ ^ 

fi ^ -3 oi fi ?—- 1 or fi - £*-, r = J 

iku« (- 2 S |r) p =to.s) 4 ' i- (-J'Ai-r te to.*7,o. g? jud ■: 1 ,^> r =c-iA4) 1 * (- D -« 7 . 41 ■*>. 

pHjiLLatzv flif inters^tiLia. Utiiliie f e*Jl h«- 0 iis rM:h L*f LJ:- rlvph cquatiun^, tlVM ]**'■* l-» aba- poitt of i-n tOHiseEif™. 






9 I IBNUTH or ARC AM} A lib A Of A KKGIOrt FOR POLAR GRAPHS fiTo 


9,1 LENfrra or arc and arsa of a rkgion tor polar graphs 


Ajc Ltd gll* Thr formal la Fur ihr aiirailwr of uni Lk in I hr Irnj'i'i i?T htt ii r h tllt^r rirH HhI hy lf-0 polar 
M|i|*l,;nn p s /(&} from ilii' iMiin I- r hrrr 9 = o ro 1 he point v]kr 0 — -I is Ip Vm by 

l s m + r ‘ >s> 

9AI Tl»&w™ ft ho- t *.%con houilrtrd by the: ]]LK P - O Witf rS ~ 3 and Uir CUPUC" ivlno^ po^r 

Ajb rejiiju-un Ls r = riffl 1 }, ^here f Is ^oDiimimi.s nod MDiugiti^ on tlic- ckiwd i nerval 
If A square unii-s is (.bt artA of Jtflon J-L then 

A - fim E^»i)fV = i \‘ l r (*)P dB 

IJJ.E—ft i=i J-isf 

Proof Because area ha* aJseady bran defiu-ra. ihe liinH utf this sum is not ihe defmitjoa' 
Lc is a ^onsequenre of Lim Lritd^aJ foruiLiia. iicrfei :o- *hr figiip**- i-^t »fj t - y 3 /- L 

Atld = Vj/j 2 i-JLd Etl V — Ifli) ifcd j jf(jr) 1» tlM cajlflaian fi qua Lion* ill*’ rurv*. 
(3f pn-jCKiary, '.re di vide :o, j] into *U.bLBl*5mU* cm which Lh- r-in^ i* th«- grnph 

nf a futictiema) T3y Defcartiou ejeftual* of *rc4j, we hnw 



Aiidij:/, tqs. fij and [i!i and divjdir.g by "2. m; 


T r 2 i fffj 

A "!b vJt * J», * Js ', 

"1 j X[ >* W 

Now e — r «w P. y = r sin P w;d an- 

rfjf =. r HBEl P’li^S iaJ:«l dif — .l-'KMi P + F C4W £<)d!P 


furl-fiFTPruint, wlsm t — jt-, . lIjeei v — y-, ind 0 — ■when x - .ig n LUeri y ~ i^d. (? — 3. 
ihHi HrpljLCaDfilltS in (5) a Wr 

A - ^ I " j(r COF P)(r'cln ^ d- r ™ - (r ^in STliiVc^i 9 - r 

^ J w 

= | r 5 (rirt 2 fl + COi^ tf) dP 



Ara^ Jfetiwistn Curvtas If /(l 1 j > g>(£) for o < & < ib^Ts '-lift of sn-e re^on bounded by Lb* cbiym j- - /(P| 
jjnd r — j(i] AiLiJ Liu; Lhsria & — &. and ■? — is gj wji by 

a-im 

I|i3 —lH^E^ 


£76 PARAMETRIC EQUATIONS, PLANE CURVES. AMJ P0E,AU GRAPHS 


hYcrCHM £4 _ 


lh Fljjr'ff'i'H-h 1 '\ H ime the h-ngeli of htc Ibrmiala L-rc find thr darmiaFePTber of l&t dftf.k havjpg Ir.f poke ^qnn.1 ion. 

I, |f L Liitits is U]c drrumfiiTenec of 111* tittle t — 5 CO-5- 0, thCD 

Ls P v^ r2 + i- 3 | ^/V—Ta sin J) 2 -+ (S ecu 0) 2 oTfl S , T h\/in i 2 ff 4coa a MP - sj_ rf? = = G* 

k r = 4 (in 0. L — | t/ r^-t r 2 d& - J ^(4 ™ - {4 sin Sfdti — A Vmi^ + sin 3 ^ = 4 iff = 

3. If L units in lb* of the ckl: r = re, Llwn 

1 ■=■ J 'Jt** + r* itfl =. ^ er j" a iSA — B0 l || fT — 

4. r = a Brji fl 

c- Wm: itstti ltii“: farii iiili 

T ' = J»V^ ^ 

R,ir7J4B# r - □ when «? — C>E r — 0 when & - *1 **\4 r > i\ for <J < & < wr hrWr >r — [3 ***4 .0 - t, Tkil i*. '.hr 

Wtr?* drdc is traced &T*t when 0 tifcw Gtl al> value* ift Lh(r dosed interval Jkfl - ], Thos, 

J, j \J (fl. CM ^ + (4 HcQ fJPd# = fl jffl ^ 14 

We note that ^ht di^r^i^r uf the- card* L-i il nulla, Thu-, i dreumfemet i=, n the diameter. 

In Exermc* 5-1 £, find th* exact length of wc of the given pukr graph. 

■&, Th* antira ft&HlLwd r - 4 *M *W 0- 


Lmi V*™** 1 * -2 f T ^(-4»nfi J 4 (1+4 V»s?ja = sj^ ,/iaTfl + Sc 
— 6J" i/i 4 ! cw 9dff — 1$ +«• * 16 J^tos = l 2?iii 


+ 2 C0« S 4 d& 


5, Thf witjfp rjiirdiflid -- I -sm 


tf. L = 21 ^* a v9 5 +■ 1J Y^f-coa tfj 1 + fI - s-iit &fd& 


= 2 j 5r-, ^ i V^o* a 9 4 L -2 iLu + sia J fldtf - 2 j “^h/S ?.i n fidO - 2 |"^ 2 tjl 4 3 C«(tf +■ ]*)d$ 

- ‘ , }^y 2 V^f 1 +«*(fl + 4*)[dtf - * + V T ^' ; _ s "«{p+ ?»)]'',% = 8 

7_ If L units U l*iA Jeftgth 0? ihi «HsCc CMdifltd r - 3 iroy 3 ^ - ^1 +«w §), thcO 

L = 2 J ^/P S T?d$= J 34U ^9 toft 1 ^ iff ^ 2 I y^9 CCS* J-fl^an 5 HrCOS ? ^ J? 

= 12-Ml ^=13 

ft. r m Jif, frcwri 0 zz 0 tit $ == Sir 

- l = pm + ^=- 3 j;’v™^ 

- | Sv'TT? + ln{!f 4 v'TTI 5 J F’ 7 - Jil \/S + 'It" - i m> + v'l +■ iT ! |] 

with the hdp ef kltegiritL Uoranuk 2!^. 

■J. If ], units is Lbe length of ih-c ifc of the c-htv* r — Tnani ^ - 0 ius 0 - -T thcD 
L = y'I+■ 4* j|fl d9 = ^te w + cW = 

]<L r = Sfl 4 , L = |’v^ 3 + 4(39*)?^ = J^-MxA 4 f“rf« =(4 4-f a ]f Vill j^ .(l + ^'-S 

11. If L -initi J tic length of the IMC Etf lIk turve r 2sfn 3 from ~ 0 Ui 1 Si«^n 

L . = f \fr' 3 + r~ if^ - | ^(3 aLa 3 ^) a I ^6 dO - ^ J ' ^uai* jj^oas 1 - sin 3 

=. 2 | iffl ■ | (I — co* - 0 - § mo Sa- 



SM T.T^TH Of AFO AMI AFE-A Of A IWOIO* POTE TOUR GRAPHS 57' 


- ^05 fljiftf w J ^ aaB dfl = -2 aa j 0 — -I(c» J* - w» GJ - -£(£-^1 - t) ■= 3 — \/ 

\!NT u> appro^dnawe k> four sigmfjcMi Giglis >r.ri h cif arc of ihp ^n*ti ihjLil- ^[ipb 


13h r =; 3 + ™ f, li =* 2 I vr 

Jo 

H. P ^ 3 - 2 iiLH 0 , 

J *V3 

15- The iqop of tJift Linear. r 


L = *J 7 ^{-3w*0p + f2 - -3 md | v^fS- ia«nfrfff-Z,H 

Tfee l&ep of the r = I i» ? cjm fl. 

Srfi £ltr fiftum. Tfci^ midpoint. of ibo loop Ls aL fl = - Thp U">|a Ih-^I-i-^ wlu-.a 


lly gycrun-ci cy 


w- 


iS coe 'J# 


3&. Thr (pJiinj^.^lr 1 “ 


£. arc impT<Ji«r in ; 


By ^miattry 

Some eaktiSlawns can rvatua&e llm improper itiMjpal lci- get MJ.-StfH 

cisi! yi+'JiSK thp |w-:>fhj". r i:i Lr-h 1 r.aj 


lubtlJlLHiOd — tr' 


Jc VbljCi 

\n Eserciv^ ^1-^6', Fnd L"n« exad area 4?f Lbc re^iori ofido&ec by the p-apb of toe equation, 

21. Hut graph of the equation r — 3 cm is a aide, Wc obtain the *ocleaed l>y a stmieaiek if £ [fl* 

A “ "3 Lirn ^ . -- 


<1..- CS» EFj A/ " 

IIaPo=i^ 

wiLd, ]im^(ni. A 



67* PAftAMHTRK’ KQl A TIONS, FLANK CfFIVEF. AN]) PQ[ Aft GRAPHS 



A - G Lbn £ l^tos - 4^ ' cw^dP - 24 (1 + HwfrF}^0 

,1 ;-c . . Jp Jci 

24. * — 4 *io T Jtf. 

■& Fijst, Tt Kimplify the sp VCR eqp.itio^, 

r — 4 n 2 = 2(1 -hk-- 

The gjaph h (he cardlmd. shtfwn Lu the fitnirc, Because liw region R Lf 

^yrntriHir rlr. with r+^;prc[ lo lii« jiul.tr a.* is. this nrwi uf lli« :l^mjb R-| alsoy* L2i« 
horisoEtal asie is one-half the area of the enure jegLoo R- Detail* r - 0 when 
tf = 0, we t-bi^ the line u an* of tb* boppduiK □? R s . Thua H, is 

bonded by the Ho« 9 — ft. & ~ ?r, apd ihc Curv* t - 2(1 - coo-!?). U^«. Lie 
iirea. of R i* ip'virn by 

A >- 2 Lirfi 5^ J[2(l -^qk LyJ] J dSf I -if (l-2cDsfl 


i J -DOB *fl-2 SUt^CUfiZl 




- I , [I 2 ™ § + |(E T MH - | (ft ficmi-F? UK> 20)*rtf c - * lift # -+ AR 2.5 £ - ftvr 

25. Thu guph of r* -t stit 29 is a lemidecalu. We tfoic'cn Lite aiiu. of ppt-half of oiae of Ute two Jouf* if l?£ JO* Jjf], 

A — 3 sim 51 j^'4 sin 2wJA_-j - £ * an 2!? — —? c os fr' : h N = —1(0 - Si - 

1A|-q^=M Jo h _ t |_ 

26. r - 4 sin^ ooa £ The EoLliltd (see figure) is symmetrical wjiji cespoct to the [»lai ask. . . a - - \ 

A — 2 - ^ j *^1 ft sio 4 # n m j 9 rft? — | ^4(2 flin tf eos 9 )*sjn a 5 Jti 

= | y> *2 aiu 1 ^] - LiB L 5 S)^ = f T/1 (J - ctK IS -5 sui^M on r -* ’ 

A -1, S^!V=|jf /2 / *-V ^ ^.._ 

2S, find the area of the region mcLosed &y thi sp?.;jji of r - i** aod the \'m*± $ — 0 i:uf & - J T L - 
t T'he turve is an utuhujgtJar a^ira.1 wiHi rjidpaiciL^ ; l, 1®j wi:1 i^t). The Qjare sh o®s "-..y : , . ' 

thti regbofi. If A notttf ii (lie area of ihe H^ion, tiu;o ■ - \ ■ 4 

v The area of the legion is — ') i^oire unit*. \yVLd V’a v v / 

En Hj^mrcura ^ fijvJ the aren af the mRicn reclcrterl by ^nn loo[> of !h^ gfnpli njf ihp ^quJltkifir j - 

*&. 'I- If -H 1 ' o! ■■■ - ;i i Jtul-AsUed :j=:. ■' ■ x- : :... 1 -J Ji«! ■ wd by i>:li: i.aSf u:' .-. i -.il -I .' ; l\ ;.:j 

*-! IIjfi 5)(SCHE4 f = 9 [* fi 1 T — dt-%t +|siai4fW + = %t 

i£kl^Qi*i * T 1 In la 1 y \ * Jo ^ 

.10. e I?) i*c it b!iL?txjjs!i *i!h it toop, A = 2 ■ J ''"j t( 1 2 pw = Ift j '' V 4 «»£ + 4iM 

- 26 J + 2 + 2 rOS MJiffl - {^S -1 «jp & + ran - £$(r - 3Sr - 2* 

IfI. The Jgtopf: 0? r — 1 + 5i*ia tf is a wi!h e Imp. ]'J.- ^saph L: rfyininfitrLc vtiLii iraj>rf.t Ui ll|« ^.i hx!n. Wf 

the reuiii>lp r-iidiMiM 5?y h*]f Min- foofk if 4 C. [ :-,lji ^h^rr Tin 6 — j. t-n-i t — a -i/£- ^ fi-n -1 (■■ J)., 

A —'£ ]jjo 5J 1(1 -i-h SiO = I (1-I-3 &ia fl : *'if <■ - ["" T - D a:S 9 -r 3 uLu^tf 

II i E-H> i>l * J J —w/l 

“ j" .J 1 + 6 «T> ^ ■+1 -1 cg-p 'ta’P n tf-| 'jW r y j 





8,4 LEtffiTH OF ABC AND AREA OV A KJrXRON TOR POLARCtRARSS ^79 


l|4i ^ x. tbrttS-lsaffcd lost,. Wc lake r -‘w q Jilriet :«>p Atecnusift r - Cl v.-litu &5 — Of eqn I vastly, 
■St the lims ff — 0 find lT — f-TT 45 boundars^- [he Sjjpuic. iiiU^ thr :JrJi 4jr th* loop u gi^'eft by 

- ]im ]C siB 

HaIM- i 3 T-v*,!- 

i r-/3. . ,■ \ • 


^) + i^; + !*_^ Jfyj 

4 uj* 0 arc doavgJru^eil circle ijojilL ijjjv.'jrd and lo lllr rijp;5i t. I3y fyminoiiy 

*(W-l) = 2ir-4 


<5 -<**30U0 


* ta tf * HI + P ■!*«-1*^ - 9 

r a! s 2 ma !'■!? jJtd r — 1, 

'Hit region i=? l1i*h intirrstfciwu of ihn fegtoaa boun-uM by 3lift LujsmLica'.e r 1 — 2 m:* 2G rt|i d ts, r <. .riL' 

hiown in ibe figure. LcH R be th* fkF^-t quadrant poc'Lor nf ibn r «m=^ PffllftB. Because n;' nymnLrlry 
of Qh entire f-PgioA >l fool times tfoc area of R. SoLvirtg the equ^tLOOF EHFtaitruarjrHirdj-, obtpo 

t - 2fio. 26, IU!»=1J, 2 $ = £*i ®«g* 

Ttut the line i? — ii n^bijna the il r?x-L| _ jjl: :lu, . .Lteisre lion «*f ibe IcLdulfis- ■'^'Yw^aS] TY^St*" 

C*te Jinrd Ihr. e.in^K. Let Rj be the part of FtgWJB R tfcia* ^ L^t^ei lie hn^ 

d - u aid 0 = ^tr. Bethil**- I-1 hi regjdn II] Li bounded, by Lbc citele t* S ] and | ‘ Vj / 

U™ lihr* d ^ 0 ^*1 £ — w* \ . ?7^i:^?y ! 

%-jfeSj^-ir—i'r:*'. ( :’ 

Let R-. be the pail of irejjLOD R that is not in te^-nri SmLmg r - 0 La 

Ubc ftq.ueil*n r J = 2 CQS iff. we gel £■ “ ^r. ‘Julius. Jfe boitEidtd by Ltw liritts e -Jx iBd I? — ^ 

Ltmtiacaie = 2 (« Eff. 

A,= Lina fc if!«s Zw.UJ = i f “ “ vJa 1 ** -1- ^ 


'it area 


"* Uiit^n.Vj “ ■'' ■' ~ 6 ' >d9 

I'silic (J) *nd (i:. flit ma tif tXt erniie lopoa, is jfivcr Ln- 

A = <(A 1 + A 1 )-4(^ir + J-Jy5} = ^+a- 

Xbe area of ih* ia ir + 2 - «nanrt ujlLlm. 
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1b Lserci&cs 37 44 ? rind the nsr*. iosi^C ihf g:ipi Of tl ht Tiiil e^uALinn and outside Ibc graph od" lh& Sft£a>nd. 

!□ Uxercf^m ■SE--U. .a) find all points *1 Lotcnec:ion, tlitn (b;, fin d ibe Eonuiucd aiksl. 

37. The given «iuati(jn.-j aw Liu- r'iw]r r = 3 end tht ££id:Oid r - J( I - cm flj. Each graph iS by [cuncLric with 
rtSJWCl to r.'ic poEas- nil Wr &cl oi.e-hifF the lYtjuitftd ftm-L if fl [ [i^srj, 

A = 2 Up £ -$(1 -ms - | ' J f#-S(l - 2 c*h & +■ ctt S 0)]40 


3S. Tbi iHtttihcaEc 


■t «n 2fl miJ tiic <Lrci* r — v - ftymmetrir. wlcJi t^ij^i lci 9 

= 4, 3fl-k, A =4-i \ nf * (4 sb = jf—2 eoi 


.T JIK>:1 whCD 


The .gaVcfi EdLLfel:OjDi juc lhe circle r " 2 i-.ln with Mailer ft! i J^r; aod Eidllii 
i, ,>ftd tfcn- eirde r =■ glu 9 4 dot 0 With ccnlcr aL <v^ti£ 7r J and r^u!: i:» 

The circles inters« , ,t A the potr ruid «t. P - Tic required rrsiwi. 

is tbai efretowd by tic first dide except for rfipons, cm* of wh'rrh is ^ne- 
half of the region atdased Ly die ^-■un.d *irdf Mid tbe other is a se^Hitat of 
the Sr# nrclt tairatd by she diamew: of the soeoud cird* fn*iu the pole io P, 
S*f tht figiift. 

,(ilsinL t-W- 2 I ^sin^ 


A — tt -1 ~t ■* hm 
i 4 . I AIM 

- if’' “ J^V- “a 2 *)<i? “ |t-| tf ain 19 jp'* - ^ ' sin -l- 1 ) 

40. r = 4 S:li 9 tend r-t 

*■ Tb? fi^ut shore thf ligiota R_ Lei R 1 be thn i, .rsi q^ran- pin of K. Solving ihe equulomH MHiiah*pEK»ii3y 
«c have 

d saq 9 ^ -a h sin P = ^ fl = Ljt 

ThtiS. tbfi reg.tun FU i.^ U?iinq^d by :he liliL'E- ^ Artd f — S-rr and by thx CBJvtS r =. 2 and r — -f aid IcbtH 
5 < 4 sin tf wlim ^ Thus, the jtrftft £>r she entaie tc^oe is given by 

A - % Jffc. £, i«* - J> A« , ■, 


” V - *>D if fj* - ^ -‘ 3 (^+’v / 3 j 

■ Tihe siriLi of the rHgioci is 4 +■ j\/ 5 ) square untis. 

8 ■ T = 1 4 4 coa P (loop) fljid r — ]. (n.- I - ■•! <-ok P _ 1 „ 4 «w - I 
«w s - |, & = ±|*. (b) A ■=- 2 ■ 6 | , [(1 +4 9) a - i|d9 - 


fvi' 




vv?3- 



avO 

11 

T V 






M LKWTH OK AH.C AND AR?' \ Of A REGION FOR POLAR GRAPHS Ml 



44. (a) Find tint coordinates of ail ewopls nf lute 

i|b; Find tbt ar-ca of ijie TtRton ifl&iac- cir 

E> >a) From ’-ht fiflUJft W 300 UHL! UlM, L'.linM:: LI 

We n36 StO y# — 2 uri € r.cn, & lulx* boLvc rliEll" 
4 sin ft cor ft — l 1 m n ^ 

4 Fin 0 chf i? ~ £ nin f ft 

4 si ns 3 {oM & — 4} — ft 

sin ff =0, 0 — tl H T fiv? r.he pelt 

Til iLk poiolfi of SJltftl^LiDn ilC Ikt JM>|r 
(b) Ey symmetry, w-n fiad 

A — 2 ■ i *)“ - < J “)V 


■ The irta of the region ts fv 3 equ 
45, Wo t?bS*in unerfomth of ;Sie ajra 
A - 4 lim t Jf4 amlmj'ij) 


<«. Jtf s a. £ j’[«(I -«* = a 1 jj[1 -1 «• 9 + + «" WV* = ^ ~ 2 ** f +i«" M t ~ 5*“* 

a M b $, a - v'ft 

IT. A T i 11r [o(f + 2*: 1 - (n#) a |d» - Ja 1 |J J4r«+ «*)«.-^2*0’+ -S"V 

43, Find (be nren ctf the K^ion swept cist b>- ehf rsulLus vccUkt «r Ihu a^LiraJ ? - ofl during iLs t-hird rcvolaiinn lJiai 
was noE swtps out during Its setemtf revolution. 

^ ff ihe jwtli'ii v«tot swoops oui :t *r area A> s squr-r* units during Lit -tntd fr-voJucjuu ^'heii ft f . .e, fl ^ 
and A 2 square tuii* during Jll we end. revolution wh«E & t |2r h 4jr]., then 

* = A *-^ = u^ S HJ& .£ * s fl 3 1 : *"'« a± C flIJ * 

= J ^ l ^{£115^-61^ - 64T 1 4- 8*^5 = l^ 5 


49. We iie gis^ tp* c*rd=ojd r ail - &&&) and hhe (rin:!o r i?r radius n. Th^ riirie eon^ainod in lli^ 

<BidtowJ- Wt gri top half oF ihf osr^inidl rf c jfi,-] nJid top ksJf ^ ill* ortJe - £ .0. iV|, 

A ^ ^ lim. y ,' v ! a. 1 a tiv. ^ — I'Z'G"’ j —. J +■ S ^ +“ tt 1 

[l^ U i=l ^ -* J -'0 

= a 7 j "d + 2 tastf 4 ^ cn? - m 1 _ 1^1 J 4 2 fin fl iio 26 1 [ - to ? = Jttc 1 - tfn 4 ^ 


Sfl. *i s {i>\ cos 0 -1?{0} sin 0J* + LP'W in 9 + 1’[#| ™ S? 

'- r&ftot*# - 9 f." s t Hf W*l + fl-- tf/dl! 1 # + 2f-'i'3)l'- !?>ia ’> ro* » I ^WJ; 

- ff slilfy 4 K(«)*(^n^' -t Cnn^tf) = F^ff) 3 4 F(0r 


SJ A UPflFlBO TSSATUKtiT Ot OONlC SFOnONM AKl> POLAtU6dllAHOffS OI CONICS 


fl^.1 Tlmirerti A colic scciioji rji;i I* -deiiiieo os thf sc- n. ijwais V Ln a plaan kijtI. thal O-t casio of Mis 
ur^iTecled ilLsiaaite of 1" from a fixed poim i* lilt rsnLi.'rtf-Lrti! disUL!rf:c of J 1 from a fin*d bne 
tbit does not contain the fboed point JLi ^ pcwitlve cckisLaPI c. Fllrthernsarii, if a - i, the e^nae 
i a a if 0 < £ < l 4 il in tin ellipht; a-id if c> E, il in Jl livpecbola- 


Tiu* posLitre MftstiHLi df i'beoMm fl.5.1 fallrd the ctuntritity of the cojilc. ^]l ha^ &otlnin S 
to dn w:Efl 2.71 Thf: Hxrrl |joint Is. a focue of tli^ f^rsL t. rod thr fiawE Hs:r !=■ tailed a 

(AreCJ ttX ur tlir ei^Lk. A ]najnbc»3a t.w orriy ou^ focut .ind ri2 M - dlwotFtK. Ap '’llipw 1 Attd ^ 
lijprrlwlm tlw Ctnirffl odufsts. haiO foti .ind --WO COfKflpOintipR dirtitlri«S. A clrclt' hn* 



m FAJUMETftJC EQ^ATEftlN'^ PLANF CTURVFS, O- M T J OUH GRAPHS 


9.5.2 Theorem The e^airaJ tixm. liuin^ ir.r H^u:a:.iri- 


? a* [1 — t*} 

n > IJ. h,vi -n fwu - - ui { -ac.fi), TV-Soac corrcaaioaicL-^ dlrMtux ii i - —j/c. And a idc.iir. 
(mr.tl?, whww 1 rarra|HfKlLng dbectri* is r — u/«. 

Note lLaL if 5 h < r < :, _ti< :l ] — f‘> lj a-iiL the eejitraJ nocik aJ Thcorm:. 9 . 5 . JE Eh ,l:i ^IlipM-. 
HoWr^-i 1 , if r > 1 . Lbcii I - t 2 <: tf. jird. ibe conn: n a hvperbed-:. If lt and y aic handed js 

the oqu&lion flf Theorem 9.5.2, ih*n thera will be a Focus at (Q^ae) wilh eor-KsjKmding 
djifrlri* =r - -a/V, .nzid a focuF ai (O.oo) w.h orar^JHJT'iin^ dfrwtna ii 1 — (■/>- 

StflJidard Form pgr 4 mtsEhiJ doriir fa *ta;flda,nS fwTu, f - t ah 4 lb* iiir^trix fa ^ ^ Uhtln FlOhi C, 

Afl^rnpu^e* Line* thremgh cooter lb two diiecLtoB5 for which *■ is bo; defined, 

t‘nr pnkir Hpjnr.fan^ erf thr- rmiifK 1-nl r hi 1 l.he MTnf.iE.rifiIy ^ a name ;tn<3 lei .J be r.hc 
usuELMcUid dbonncu fwia a focus to the eoj-tespowlipE diiTsttiur. L[ tip focus is, at the pole ar.e. 
L]s^ jia ir- i:. i!i* ?inr £ = 00 ifcen tbr vertex n^irr-ji the pole b iia Lfce direction ff. Ulc e^us&b&tt of 

t}l* C-^JLLC Ui 


] 4- -r E:ua(£ — &?,} 

3*d ihc aqU&tfML 4f sJic direciiin t-lw pob is r ete(fl — 3,-,) — if, obtained by filing Lta 

constant of the denaaiLliaawr to lJ. We have the following four special oases. 

0 l^ustion rtfbonk Dircfsris Bfwesi-pole V«te« nwrai pok 

D r = ^ —j r cos -9 ™ To liip light of ih+. 


Below the pole 


Lsor^ieeg d J-h 


En F.sf3i:r.^ts l-A, |Vi find Ljiit- mrr-.nincrj.y r„ f cpr: K, and GLrwtnros fl of -ie«:nrai C-DGli-C. (o) ^eteh ihi conk and 
fi<>w foci and dkocuicps. Also chdCukr a JjolUL P Jjl ©atb uF ibret ^uadE-amES ;l:uI diaw lW JinK MigrnrjsE.:-: Ln a. it*: ;l-; 
aid eirraapondsn^ dlr^ctriic. OiioMtjvr. shut thf r^f-iy dF Sh^.r 'rn^h> ^ e 
* XA rocairt tbc e arid is Ihc priccipaJ aids; VA the ^ :k the pzljLeipAl tiicLs. 




LBO fc> ^ + |^- J. EflSpHi, VA_ 

! v'S ■ l ; '«i: iJ. \/21 X djiocirjct- ■ 


Ppce- ( ± JEwctricci: " - ir^v/29 


Fxerelee 2 




*.$ a l MIF1ED TREATMENT OF COMIC SECTIONS AM) POl-AR EQUATIONS OF TONICS 


7. Kkc s - = ]43 ^ - 1, llyperhcdfr, X A. a — 3, b — 4. e — + 1 ( = S. t = 3 . 4 - J, 

F«j; ( ±5,0),dlrtetri-ccs; j — ±? 

2. 4r s -9^ - 4 > y + ~ — L. Blliipa^ XA. d - L & - £ n c - -5 - - iv^- r ” JtA 

5 

£ = 1 = | y^B. FiW.i: ( Tfc Ji/Stfl 1 ). TM 1 ™: * + ^ V* 

vS/3 ^ ^ 

A. LJ* J +39 S = i4i ^T5 1 ' yA - n - 4. * - i. e = = y^F. f - i 

^ ^ _UJ*_ — \?-i 1 /7, Foci: (ft, i y?), dtfOTEiipcfl: ^ ± yiA 

V? ' 

fir ip* - = 9 P" Hyperbola* XA- n = rk£ , = Te - -/3 + 1 ~ \/l5- * = 

* _ t A-yifl. F*ci: ( yio, n}, dfotttfitnK r t± ± 

VlO □. . 3| /& - 

Br^-r 2 -^ * \ ^ - :. Hyperbola, YA- a - 2. b = 4> c = /4 + IS - V*. € = -3j- = i/Sl 

^ J \fk. 1 ‘wrrl! (Ov ± ?\/ 5 ), oircctricoa; J* — i^y^. 

2\f& 

* t? + _t t* t t* 



■ 

7 

h 

-Pj 




Vi 


-2 i 

x: 

// 

; 2 


r i ■ 

-i - 

t^viTtise J 



Euiieistf 2 EiurtiMS; 4 Eiitciac fi 

Tci Esrrcjses and I&. tbe <#nic has a focus- t at : V identify Lite nmi«. 


1>. (*\r = -, 


'*> p " 1-coTfl 
^> rTr i-Lff 


p r _: 1 ; pnT,ihnNi 

P- f - U JHiTIltMtM. 


^ r ^Tnnn? 
< b > r "5+£iT» 


<0 t - r+f^Ti i * ' - S: h y«* fteh W 51 = t _^ r =■ (W« «f i 

lib lisiertiMi It 22, t&* conic h«a a IM-JS I' &L iSm pn!r. Find {al Lb* cecculCrtily (t) ihc type of '/) a* 

eqUMiflB 4bf th^ ^ireclpli f oJ t' (d) Sl{rS-:fci Lin- I'LWiic *ind er...'c' 5 ( 5i(y p£oti;n^. 

11 r —_li_ - __ iv il hi ^ - i mid d _-?_?. A par^bcrli. ^ Is W th.e ieR. ot F= r ecu ■? - -'A 

1-4105.9 1-rr m=ft 


[> f — “i byp^rhinh 
&■ diclc of fading A 
p- r^^dli|>lw 
& rirfl^ i>f tadLUS 4 


T+W? 


: — i aad rf — : ,’ — -'i- Aji (flllpst. i is Almvr Fl r sin S — 5 
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4. A pifiESwEn. £ is to obe rigJa *f F: r c-w <J — 4 


Willi 4 z — S and .rf 


A XyptJ-boJa. I is tij the left of t'\ r cuH 


j ^ All -elltp&f. £ u abvv*- -PfHi tf = 1 


2 I Wfl J 


^frdst 14 


and d 


Hyperbote. t ii Im-Ii>w F: 


§ - G sill V 


i« brtorW Ft r sin f J 


wht h r _ 1 and 


S■ Hyperbola. £ i& fcigllL fif F: rras 6 = ? 


nxercis* fcxertite 

wiib l 1 — _ aad b 1 - , l f , jj ypccboli. £ ift br]D',v F: r sin F — 


Ryprrbnla. | i-tL rishr. <if F- r nos; l? 


El lipse- C is. F: r nan 


Eanria* IiR Erartb* 

In Ex«daes 23-JG, find a polar equation of r_h.r ronis 
23- Parabola! vat** at e* c _ [ h t is h&ii 

34 Ellipse; ^ - js ths corcespcinriift^ vert™ at (4 “' 

» £i& vfrtif*!, 4 -i- 4/4 - 1 £ unite ksfl uf F. t - 





ittov 

.X® 

-vw 

Excfcirf 19 



TVy 


taX 





vX/71 




xX 

jp^ 

Exercise Ifi 
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L 
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9lB A unified TREATMENT OF CONIC SECTIONS AND POLAR EOL ATIONS of COMCS 6bS 


r c** = 1* s t \lv cyrwfKpoLuclijag diretirLt. 


fr i L? 3 '±nit& rijhl oT pate, f 


$fj, ItypcrboLa; vfrtkwi ai 
t £ ii horil^riLHl, ■h.bO'- r- 


| i |-*0 Si “ ■!“ _r ^ 
ttre-u-r 1 *- *TC- to TTltCRraiti, 


]el 0 _ !t -x, ^in £ — tjcv: r. Tae-rtfore 
I * I_j5 

lx. Nqi* ]«t r = fcjui ’ a ji 


,r M.’wis J; 


ff +- 6 j -6 - Af\A T - 

- sin >9 ) mH h*low the p^ntsola r - 3/(1 4- *in £}. 
iA,x) and e&tfa is symt puttie with T«F*et cc ih* - t axis. Xtw 
if thi cteifl-i tt in cJvtr fcrtiitfa qu&di-urt. Tb™ is- bwiadodl by 
rx «mIE ts ft. Thus-, , ^ 


htHfOSf A 


32. *™S 111- :»m-x oJ th-c regies ITlflWr 1h- 

Tltr guppg* intnwrt at tht- poir 
figure Hhofl?i&thfC rfgj<wi H- Lei ftj m 
tlit ellipse r - 6/(2 - sin £) aillI the 


Because msi-ne^. ]tad to simple imegraJK- we Jea ^ ~ 


Thm 



CHS PAKrtMBTHK.1 EQUATION. PLANE CLOVES, AMI Fftl.AR CRAPES 


We ki = ^ tins jf nnrf (f- = set 1 j rf-i: ^heo ^ = 0. t — 0-, wtefl r - 1. c - */$. Thus 

A, = 3G [ T/ * i-tJ. ' v^*« X « = 4^3 [ T/e (f«* I + 3 ill 1 (Idl 

J EP 9 RK 1 i J 0 

= ^ J(1 +COS 'if) -r^t -«a 21)3 * - (4 - 2 w**t}'A 

& 0 V^4t - tin 2i]'^ = 2 v/3^» iv^l = V* T ' 3 (J) 

Nwt. let kg be che jwrt -of the reqgjoa R rn firs* qn.id-r.TnL. 1^ » 1 >d u sided by Lh^ ■parabola. 

t = 3/(1 4 sirt 0) an-:r the lines '? — (I ap-d _ *t, Thus* 

. -Ip* - 9o» m 

A ’"*Jo {1 +w->) J f4) 

We lit I? — -yif ’-r L Theu 

(1 +HH = [l+(dn(p-DJ? s (i +<«t3^ = {S raw? pj* = * C4S 1 |t 
Furthermore, d# - -dfc t - i* lflen £ - 0; and ( = ft when ff - ^r. Thus t from J2) w*- have 

*1 “ ^ J ¥ / 2 ~ |J Q = 1 1 + •“*40*“^= ||to ^ +4t*fl 5 }|J /2 - 3 [3) 

Ifeetnae ihr. TT^fion R ts symmetric with respect to tbt liue — Ljt, then the area of R i* given by 
A — “Ji! A | 4 Ay, Sab&titutiag from (1) aztd fSl_ w? 

a = s[(-3 + ^4-) + ij = |i/5' 

Tbu*i, the men iff en jr-uii R5v^ J v^nafe 1 unity. 

Dflivif the- third. fotttt Of the rKjhir fnqaal K>n. &■ Rotate T| r =. ---- ea. --—-- 

E - ft rpi^ti) * 3r; l +c •cua # 

W. U«ivt the fourth form of the ba!ar equation, !&■ Rotate ixz r — -—-s-r- = -—^, 

* 1 - ft CD*{tf + §r) 1+fMBf 

,35. EJeftVr the i*06rid; fcirm of Llw pol*r tflUatiM, t- ILu^Ll: t; r _ -^-: _ - — 7 

' 1 ] - re^-S - l 


3fi. Shu t-v S-Jl.lL tbs rt^KLAl inP! r — Jfc fac 2 ^P, whtte fe U a tCinalAjil, is- a polm w|i 2 ^Eion o^ ^ 


m\.J? \ Hi !., - _ ,-^ 


n: it |W.lJnil?L 


" “ ^ -■** ? ! ^ " 

37. The orEsiL of a eenut Li i pafahola wiLli tbr ulif, i i.-s fc^u?.. ^I’bea Ibe (OEaeL ^ WJ i2uLL:0j± miks Icojel lhe auu. 

Efie &bi-L tbe *UJ 1 Sisakci o oJ jt wi^h t.f L|w ^ImL. (i) FiJNi J*n oqUJJAfofi uf Llw OlbLl. (b} 

rinse dfrps it come to thr pynlf 

t- (a) llie ffwiir jiL £.be pole ail-d the polar fui^ dicing. Lb* aiin pf p-HTAhoLi, | f cl the quit be 1 

nijlLLun Rr.rJktiM- t = j, tb^j, r = — £ — $c L l t U : -jly - 2d, flf = 10- r = l ^ . 

1 -coaf ?. i-owfl 1 

[b? r is leafil wberj cos fl z: 1 - Then ^ — -77- - 20 . TE)m ernenes neilbisi 20 mjlEion rnj. 1 ^ of the S', 171 , 

1 *J(iwal+*™*0 T J»o I+e(l-r a )rtl + s ) ff Jo (I 4-e) + Cl —*)**’ 

= S F f™ ^ ^ /IHlmn- 1 /T=7_r_ P 

r 3 4(t+^j/(l- £ ) (E“*)»Vl+r Vl 4e*J^ 2 /fTT 1 

3t- I'hr nrljfct ri-f ja ifttcLIiic is an cJILps^ with the Center nf 1 | :R r^- : i .lv ^ focua and £ - J- The closest jL jets to tbt 
«*isl]i tk SOD mi. Find the la-rllicd-l :t g.cli fhom 5-heeaith. Aaaujjie Iht-^jLrth'n ladii.n i.-. 10QO |iil. 

^ From llif center, 30d + - 1300 - n - — 3r - e — Sc. it (a ■■ g) -l-^c =. 1300 4 — $600. 

FlfrOO - = -1000. Tin* from th? surface b TKilr?. 




9.5 A UNIFIED TKIIATMRNT OF CONIC SECTIONS AND POl.AU EQUATIONS OK CONICS 687 


*0- Sbow that the point F mentioned in L-he profit of Theorem 9i-l is ®oe of the foci when the tunic is either «n 
riltpBc or & hypttbota. ^ 7 2 

o \\t mt a*ksd 4o sbciw ti»i \t it =wd a - then ihv wn Is a focus of —j + " '' 

The !■ p isniia ftutti i.I.h renter (A, 0 ) whflf * - w = , - A- 

41. fisd cJiel axqsLc o ihe «ympU.4« of a tajfpwfc alft in f- 

[■ Fre'r'ri Ihf auxLljwr reetansk wc W* iaa Ifl — ~ d - a — “ A ‘ 

42 . Ikacnbe h<™< Eli* shape * turtle chansts ^ iii* «*ent!idty f LDcisaaes From <J tn-Jk 

p. SiarL wiEJs a dick -nf diamfliBe 1 A and k«*p Lhe left edge fixed- because <r = fr/Vl -£?i when e - -Q], the m*j« 
albs is ljfkMiK; when c = S ift, it fa 1-005"; wJhkh e — 0_S 5t is l-IL5 H n a nenkcable dcupftta; wh«i e = -99 it is 
7 . 1 *, As i appioacii-cs i. dir tLj'hl edge mCn es cflf Ihc p*|w-" uid wJmi ^ _ | h Llitm Lj- a* -igh : ^. 5 ^ : ' 

pafabaific WFihl r. — L.U1 we hw* j. hyperbola aujtk krEiv-rn *Im^- APtmpL^''-^ i* ■> - * LrTri v n 
J _ is L" When C ^ Jl -r 2 tar” 3 L - ■M- aud w Wn -■*■ f*etan,Kukic (cquilawraL) hy^cihnh. When c = 2, gc 


F^rr4Jgj£A far Chapter 9 


'. !-_d a Cifud-i:! nliLdtion. 


In Kxerr.1^3 1-4, (a) sketch slit panun*tnt equation^ by pJetLiag. (b) F 


'is 5 vi'i! i: ij';r. trlLLi liciaiLofl tJw pajEmser. 


ll +■1. Therein 


Ileflre 


1 

4 

1 

. 

-a -i -l - i 

-\ * * * 

-J 

; \ 

-4 

: \ 

-4 

\ 

-i 
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in Exercises 7 tuitd A, find the h-ori7o-n-tA.l rttid verticil tandem linti. S^trh ihr. pr.iph nf She ps^-B-metnc equation.*. 

7, e = 12 - f 3 and tf - IT? - t* ^ - -2f. «id ^ = ri - 3f* 

. dr 4 ty 

S*€ ^ = Or 12 - Jf* = Cfc f — ± 3; y - ± 35 w* Ifce horisofllal timgtnl Ham. H 1 A 

“ — 0 : ^ 2 * — 0 l I — Ol £ — 13 t£ the Vt: 5 ii.Lil I^ul[;hij[ [Uir.. T !/ \ 

6, #t "V[j l :Vo ': l i ' l ]r S " < io ' r>" 

* DifEmiLljniLnR with respect io- i. wt cfc&iitl /|\ I 

& 4at lr , 4i_B«<V + 3] T'iV / 


iartf 1 +■ 3} 


(i4 n 

AHhwijth jJ if. not ckfirwd for I *- G- beraw Ism (S. tlwre i*,* hroritsmSaJ 

?ji JT^ 

r-jihgMi I itf s 0, MoHo^r, 0 — j™7 ^ 2a fisfr all f. Ulluj. z u in ih* inr«r™l 
FnhLbcmwdp 

l t — lirv. j >.> a — ■ — 


d 

i 

J L E L 1 

J 

1 

\ 

1 . . . ? 

-*l Z* 

$ 

Ai i= 

; 


_ 

.J 

\ 


\ 


MISCELLANEOUS EXERCISES I’OR CKAPTEH ? 


18- 

p. jr^y 5 t z*)— a*i^. f^si 3 # - r 3 — nVca^S 1 , r'z\n 2 $ — ^ V^jt# < i*>le at ^r), r — o cot 0 

;:i ?'.XTr.-:-.-5 :2 -If - - ■■'.-7^ : r- union ■'■»• v-W I ■-■ : = X 1 ".■■ l\'- cn -■"■!-' — n-vin-. 

19. 20-4 fr 2(rsin 0)(r ew£) =. 4, 2ay = 4 n ^ = S 

ETC, r(i -cti* 0} = 2 * r t=r2+ r ™£, r* = ft + r #)?. rf 2 + ** =- ft-n} 3 , ? 2 =4 t+4 

21. r 3 - s\n 2 B * (i* 2 ) 2 - (r aintf) 3 , +■ y 3 ) 3 <* y 5 . ** -+, 2*^ ■+ Jr* - * a “ fl 

22. r =■ Li [ait 3 tf 

> f COS 3 * - « HtEi^, r - r’-Lut 2 ? — e!J’ 3 s1q 3 (? -[pok al 0), r J {r cGi 0)* - a 2 (r mtl tif, (-r‘ | \f*)=* - ti 3 ^ 

In E*&ri:isc=s 23-26, skettfe Its gT^l of ^ equation. 

23_ (aj & - lice Ehrmigh the pn^ with ilinecLiuii 4,V 

(b)- r - A > circle cestad tin- shkIk of radius 4 

(*) 0 — rj b line tKrmiph l he ipii^ with ilirrction | ■ J60'/V = 38-^* 

(b) P ~= jj t f j?i'lr- C.rriLt-H‘x\ a.L Llld pale tif tAdllLd £ 

25 . (a) r gob = ft & line ± — 3 

[li) r r J cw S p- aide cmteied a£ (|,8) of Tadlua | 


2ti. (a) r "in £ ■ ft fr bnc *i ^ 8 

(b) r — <6 eisi 0 & «kJ« -ctnlraed it (ft. ^jt) of radiu# ft 

In Exercises £7 3*!. dct^-r-i i hh- Mi* iyps g£ [tnsa^on. its symmetry 5 S anti s ktt d i reunion It points. flol il r 
tl- r-ft+2t&e5 29- i- = 3(l-ni*tf) 31. r-l-Mn* 

► ^=!|c(I.S}. ccirtnH t> f = |- I. acardioid * |=-£e (0,1). wi*bi loop 



:3c u::, po:ata 






BF 
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:>h nf ihf- {‘qg^JtpQil 
cos lH 




^ SprraJ of ArdiifFlodc* 


4ifl- Show that f — 1 ■+■ hld ff aud r w ncn ff - l hxiti- Ljw S4JBt £hisJ_. 

» r - ] +i4n A O — i* = I +■ H3n(iS 4 r) z* r sm £ — I 

3n Egmises 41 44. fled th* ex.ucL kngih of-axe of She puanutric or pfrUu vr.iph 
«. a= 2-t, i r=f*. r, = f* i/s^+V^i = f )*+ &tf = f* Vi + 4?. 


■ 

a 

pas 

SM 

■a 

m 

KS 

a 










MTSCFT r,Ai\"EOVS EXERCISER FOR £ II AFTER '} Hit 


45. The given ILnii^rKi iiaa xh^ ^qitAtiosi i — Mi 4 2 emu 4). 

(a) HaJf erf the region enclosed by tbc loop is obtained, irh.ee & £ ||t_t|. 

A — 3 Li™ £ i[4\L+a«*tujfA ff-1# (t + 2 ™ 4) 2 £fi? - 16 f T f 1 + 4 um & 4 4 
= ^ [L44eosff42(l 4*** - ]fi J^ /4 (* + * niK & 4 2 Cffl iWJ-dir 

= ](|M + 4«in 3 f bin W IC[3*-(Sir + J\A Jv'j)] = IS* 

(b) One half of Ulh^ i-e^tin enclosed by the outer pail of the Luna^on is obtained whin 9 E fO,|flr]. 

A — 2 13m £ -j{4'"1 4 2 cos - ]& I ‘ (1+2 

II a 5—0 ■-! * Jfl 

- t^:U?44£mtf4«iil'0 ? #/1 = lfi(2r42v^^JV5) I =^ r + ^V5 
4fli. See £xcke» 9.4.17 

47, Tbc jlwn equation* br t ^ hei 0 and r ■=■ A. The; pointfl uF intfftttiCtion of the tWS graphs Ate flJld 

(a, I*). The required region is symmetric with t^[wc l to ;be ur, Than. if »c z*ke 0 r ^.Jr], w nhlmin 

<7ire-l»lf of rcquiral axr^. TEicrrlorf.. 

A - 2 1 Jsm^ E E 5 < 2 i! *" - s 2 j *,* (4 sin*# - - J * (1 “ 2 m 

- [ ii - aia 2fi ’ J' - fl 2 {±ff - H - iff - i\/3) = a?(£r - ±iA 

41J. Find [Jki iudii of thr EcgicnL insuJe Lke lemiahcAtE r* - 2 sic 2f? ACd cilii-dc the cLfClr r — 3. 

& Tbr figure Thews Lhd tvgioft, S^lvidg. Um: ttgAttlSMS Mfi!l1£l LfliieWMly, *<■ get 

2 *in 2* » \ 1 > 

.'O. JmT 

,= ^” *=rr Jkl ' 

Ky ^mmAIiy i lh* rp^LciE bnujidii't! by Lhfl linnS & — ~r nrld t? — |rr And thj? ^^j Bfern r - ■ 

Icmmscate and the ii rcte S3 one-fourth: the entire area. Therefore, 

\—4 Fim £ i{2«m J lv.' { I ji r 4 
I i !*-»0 j*1 

- s|^(2 (h »- 1)# - f f; a - 2[(-H-HvS-^-)I- v^-^r 

Tbns. the area ia — sqitife miita. 

*• S rtv-ijT' w »-£-”r- , Tf 1 

bd- r =. o-cos 0 fcircle center (ia,4*'j). t — ®(1 - cos fl) ^eardsoid pointing left . n cos £ oi' i - coe b'j, 2a eoa r a, 
™n — lL i 1 ? ™ i ^rr. 1 = ^ \ J ^ [nfl ttk ft j ’ 3 rf , + 1 | jj ^[n rns 

- a 2 f ’ 1 - 2 M, S + i( J + qs iff ){dtf + a J r l + ens w y# 

- a'^-l sin ff + Jap 20 £ /S +|«' s ja +i .in - a a (|ff - V^j ^JV*) + " '< a (^r - ^5} 

51. We apply tee law of cosines to the triangle with iid.es r. r 0 , and 4 wkcie the angle opposite n ia * - 9 C |. Hum, 




6D1C PARAMETRIC EQUATIONS, PLANT CURVES, AND POLAR GRAPHS 


£2. PLftd [he area aacfciW by one Urap of the carve t* _ a gEn 

& The gr?iph is- a Hq-3eaicd lose Lf rt is ev«ri. * dide it n — 1. and an n-Jeafed rose if n 15 odd and £r«au*r thm | r 
Wc take ike fireA Joap. tkc-JUBW r = U whr& rjL? — r. oi equlVAbaiLy. £- L*., we tafcct the [i.c^ Sri) *jid 
fl a Jr 1 * lMUHdruirp. Thus, Lhc area of the loop Li rfvrn bj 

A - lim ^ jfl liu mp.] a i.0 = J[ [ a sin ^ ia s i * 'sin 3 n& rf? 

II0. H —*}q 2 Jo 

“ ( {1 - 40* 2n&\d? — ^ bin IZiiA* J^™ — 

■ The sr-ea of' Else- Joop is ^ttc j ^quo-re uniter 

In Bierciscs 53 56. the equation b of a eoaic, having a. fw.us? ar. the pole- fa) Find (he ccocatricaLy e: (b) identify 
thr rrMLM:; (i-: wriijt* rsji equation. of I he directrix correspondis^ to tie foeus a: the poLet (d) sisteh tho euevo. 

&3- r ■= h — 7 —-i = — ■ 1 is of -he form 


erauc ss an el 


2 and the diEcdrix is hc^yw the focus at the po£e;. eo its equation b r ain £ 


■sib {ii - E; (tl Ehc eo&Lc id a pareboEa. 


and t he equation of the diporiria is 1 - pjg 


——3 =-i-is- nf cht- form r = with fa) £ = £ > 1; (b) the codec is a bvociboJa, 

l+tcosP h ' V w J - 

akiJ lIh 1 <1 i r^r.ruc in ki i]m rig.li l i he focus, oo Lis eqmu’Wi is r cos 0 - -\. 

J 4 

L A t- (a) Di'widi^ d*; nuiorramr and denominator by d, we otuaLn t --^-. 


Thus c = | < 1 a±.d :o ijb) the conk Lt . 11 . rlii| 
of tV denominator to 0. Thun r- t <w 0 - 


M'.) Wt ilic rquMion ol the diieetri.* by setitog the 

- r cafe Q — —2- fd} A fckrL-eJfc i* r.LuWd bfduw si^l:L . 


P^ereije oS id Ejicrcire tieidic SA 

In Kycrciw*. find a eeiiiAtion of the c?>nic vilifying tht conditioss and sketch thr Kfaph. 

57. Thfi diieetrij: currtei|KJCidinp to Lbr fori;-*; the pole is to Um J*ft 0^ ihs fbeiLS. Thus ai| ftqirjiLiein of Lht -C 

of iti^ form r - x Because a i;« aI ^ = i _ ^ erf +2* 

Br-eaii7r- a ■VtElcs. b at, (d.rt 1 ) or, cquivaJmtJy tb+:ti ^ = { f|' d — I ed — -A + dt 

hoJvjalg SLrtlulUui^usJy, get c = 5 and ed — H. iheCOiUt b i JL>per?M>l!t; ns\ wqisation Ls r — . •* 

1 saj '. '.ft if 

5S, A focu? at the poJe, a v^Ease mi ■; 6- ^rrj. ?md e - |. 

» There arc iwo tUipscs possiWe. Because ih t focus b ai the pole and a vetbes is aWve the poic. one polar 
rrjii.ilinn is af ^e form r - ^ ^ - f*, We IrE {r.5) - It) Eq ohtHU $ = “3 = ^ 


and so ed — Thus, au ^qyaiLun is r - 
Apath^r pojar equation i* *h* form r ~ 


Thus an equation b 



MISCELLANEOUS EXERCISES Ff>R CHAPTERS m 




5&. Because $ — 1. I.he cnr ml. is a praeahola, Ikcau&e a fo^u* Ls at the pole and the ^-tUe* ii at- {3,^rl, rht dlreetrL* 
i? l^irKw the focus, Thus an equal mu or tiir parabola is -of ibr form r — Betfu&se ^ undirected 

dtjLaiiw Iw'wfftn -.Jw foeu* and tlie dliwtiwc d - '*{%) - ft. ETrnivr equtfjon qf r-hr parabola i= ^ = j—nTff 1 
fl4K The I i i ii 1- SlU — 6 ii (in: dirraLrU cGrrtapGLid]fL£ U> ilie F.id.Jr. a! lLie pair 4Eid e - jf- 
b- R«jtus« the dircctri* is ^haaiued bj- setting ihe wust**t to ft. the equation :s -of the Form r = ^ $ 

PividiPH miiKirrf^ and denominator hj a- get the form r = ] -j. (l/a^n P 


TJw'iefore ^ ±1 r = nrid aa* ra — |. Hence, r = 


■ykrteh appears befow rigbr. 


curve. 


In E*fiwtses Gi-fcL usf= VTVT to apptroimate la- ioi; r 

Bl. > s 2< 3 , y — I — 5.1, fV^ + l^A - '* l ’ dr “ 

i ^f f . ti = cos J. t = = &317*ft SlS4S 


S3- r=4— 2ani. 

L = 2 f ' /J - 3 [ * ;l ./kT^T-h .4 - 3 «n $)*46 ~ 1 ’’ ''Vi - ^ ,'3U «= 36.73 

J -»/3 J —v/2 T J -1/¥ 

Oat leaf of Ite row; r — 4 era 30. 

► Setting ? ft, vtt £d 
4 CQCl Ifl = ft, 3d — ± ~.T, 

By lymmetry,, an d with iJw Mj> of EiiNT, we get __ ^ 

L = 2 j - s | ta »LB 3#)* 4 (4 m 9 1 *** ^ dr^iff +«« 1 WdlS = ft.910 

■ The Iftngtl: nr£ ii 9.91ft unks- 

fij. Phr djfltauce fm the s& the Focus h ^: - - 7.4, Tbu* Mercuiy *a ntat as 

,Vn.O - 7,4 - 26-ft as far id 3d. 0 + 7.4 = t3--1 msllitiu lit Lies £rom tbe xian. 


Ct. p r(mi tlic esnlei, 200 4 4BU0 = ^ - rj - r = 2c - c = c- a + c — ^ = 1290^ = 3600, Th* 

grtatest distance From thr ii &&00 males- 

«7, GhWP l-hp nKjnliiiiitr «nlh llw rhe focus. The cmiic h a j^rabok; w r - 1 asid an equation b 

fj± - ,J ' I jfl ( lfh v i?) aii-A {S.l? + irj hrt Ihf .Given painl-s. TlmEi 15 . ^ <i I.j - Ifr 0 = i; 

I — COS * J y 


Ift - J. 


E5 ’ 5 I —oos(0-r JIT) t rinTr 


_._ d 


5 + 5 sin 9 = -ri; n — 
Iftd 25 , ^ - MJ k 




=(^f 4 + - 55T 

32S - ?4i J -9iM T 33S 4 4 S 3&1 *?Ki! 1D^ - 120rf ■* 1320 - P; J 1 - I2rf I- 1.3 * <1 

(f = |a2±v r i^-«ui = i{'2^V55ji-«=ii/S 

* Th* elwest dislanocs aF Ihr two orlyita ait ■= (o i ^v'^i naiLlioai rnit^. 



69^ PAR AM ETHIC CQi ATJONS PLANE CURVES, AND POkAft fiRAPHS 


If tW disianre betwH-jj the directrix ol dJip« l=- th«e times thr- ilis-L-uin- belm™ ibr focr. find ihe 
Kcmtileily £_ 

> I te diSLuau from L|r Crlittl to C-b* JoCub i:-- d£, a_iu! Ld r.hii dtrnpfrix ?s a^e, 

2W<Js3-?af. £ 2 J. r = 

69, Because Iht conic is a paraboli, <- i. Etanuse she directrix is to Ibe left of tJie focus. r_c'i r!£|i 2 nhiaiL nf Ljih? 

pwibota p= of Uw form r —t— * f _- Thu point (tljr) is cm flic parabola; so % —--——; 2 = - , ; A. — 1. 

1-00*0 » [-La;W l-i 

^ti of ike ppirafcwLa Li r = r—J 


73, Show t!lM tte ad 111 Cif Llti irajJjrutAlri uf ibrif twi^lb i* »ni* for wiy diOEd 
i> An equation c& lfe|* OOJ»lc ^ 


Di 0, tht Sum nf I he roriprocab of tile krtRiiM t£ 


r(j) r(0 + Tji “ W * ‘ c3 

73. D-tlL^'C Lh* fojctiuu fui aii ti|M<c.ydoid_ rSiTl ifVTi 9.1J 

Let the -CH^LLi-rr, of iht ij?;rtL aJwl iji£3Vjjl^ Cjrtbt* tw Lke -iri.ciTl and C. Lei A(-fl_0) aisd U be E K. 4 ^ d-ii^i rial and 

anovLcig. &f coittarr.. I i* tlw? m(ZAOH). Let ifr-* isj[^BCF), Tlreo h the ii^glt betwteji 

CP felwf Ibc b>>ffcfpftUs Let i eerLicaJ I i i-ni trough C liw^l ik liafte lbiou^L in D *?Ld thr J 

jt-i* 


mjs La t_ R*EI3nj moMte arc J3F -iic BA ? iUq — rji P ^ = Si, a *f 

6 

■■ _, L ■ - ft - .' "u^ J - .'j -v^ -, - f. _ c — i 1 A - ? i : — ■"■ ■ ■ is 


u -rfl^Ji. M S5lnfo -h I) = (tf + E — •£■ ^zei 


jt “■ c — aji cot i — (cos 2E + 1JJ — □: fc > fn? 

y — d(2 iin I —sin 2^) = tffisLo i —2 
which » tfvo tardloid r - ?u(i -w* i .)l ^ 
La- -b. UiHELcnn witk a Jpop, 

7t- l a lot oris sJsclch liuc fipkydoLdz:. 

(t) a 31 4, i f ^ E ^ [ r h Tj soLI^ 

tb) hi — b = X t £ [-rr.TTj ]oej dasb« 

{c) -s — f?, e- - ^ ^ ; — 3-r. 'i-ri-; ^hcit-C dru-hi 



T E N 


VECTORS AMD PLANES, LINES, AND SURFACES IN SPACE 


HL1 VBCIOKS JH THK PLANK 

1G-I-I IMjiitigfli A ttcfrr a ii tAf plnn* in ,in ordered pair of 7^. nujpberF (*, y). Thtf TtuinturTu H ftrid v --ir* 
calkd ihc coinp'Pflffsi* of fellr vector (x.jyj. Vectors {x. y) nnd i'zi.r) ?irc f^uit if only 3« 
z — n and y ■- t . Q — (5 P 0) is the jv-ftp vector, Ln eonsTast, wr caJJ a Dumber a irofor 

Jl A — then the diEC<tcd 3 Ehk ^ plui^nS, CM, whi-te O FH tEic ungEri rind A ire liic rK-inl 

ie eaifcd t3ta pffjzfioii ruiprefgnJflfport of the T-eetor A, If P = and Q — (fijfg}, 

skr-ri l.h* djTCrted line segment E^Q b a ^jn KjrT/Sadi-yB. of Ui« vttclur (flj — P|.^ ■ We u-VT 

Lite- &bbr trial Loti b. - Vi i>A j, 

EM .2 DdTniticfi I'h^ of A VtttOF is- tlj»i Irxiftlh of n-iy o! :1 k rapre^^letlcilS, ond the ^rertitfn of a 

j to a zero vector ss r.he Jireejiui} of any of ii? representations. 

The magnitude uf l3i« Ved-ur A h ilcnnlcd by | A |. I A, 1 = 0 if smd only if A = Q- 

10 - 1-3 Theorem Lf A Lx the Sector Hirli || A || s 

if A 0i the dim;tii?n of A i& the T*di*r nKii*ar^ of the wifM 1 * tf t [0,2u> *hl']i LFijU 

Thu*, if ^ ^ U, wo bave 

d-l 

tan ? = ■=*■ 

Hj 

In HAvifcHliurt. rill, cuv T?ir nr lending * of a \!iip or aijplar.c i* Lb. 1 angli 1 measured in degfect 
rlfic cw:ee iiom ^he JlOflft to 11 - 1 direrlkiri in which Lls-r vrmcl if traveling. The AtirIc ie 

considered ptssalivr- TIisk £ = ^J‘ - d if ii < p < 90', w ^o(l' - * if o > 9Cr_ 

1fi.Lt IVCmitlon The Jbm of two irecJom A - (iij s >x ,J- .and 1J - -i^.} b ^Uir A -*» 8- drfj|prf| tiy 

A -h B — (fl-| 

I'be ruSe fat add it km of yectof® b sofnesizues ttfutizd r* a* EJu iaw.-. 

Pura± J-niR- :<■ o voctor Any ^t*r of fsircre o^'inie; : .n single point e-iio be tcplae^ bv a 

-iSLgjc fon-f ? LLr whirh laeLt v-tcooi sitm. 

IQ.1.5 DtFij:Ltk>n If A — then the oF A, d^nor^d l:y —A, p? defined to be the vccmjf 

lfi-1,6 Defiait™ Tb* of lie tw& veetcir? A And B, deaoied by A-B^ \* thr ^nor obtwqsd ty 

oddjD^ A to the te£4ib« nF B: :E:ar -k 

A-B = A4(-B) 

By Definition Ili.l.t, Ji FoJlewi: ihat tlir- vnetur rr^r^i -.i^l l>y 1directed line Bcgmenl fQ b 

the ■dsSTi' resiilr <>[ E|:.r A'ilOC-C pObilLoiJ rUp^'Cs^ilLAALbO!! dl'll ocj JlSul HE 1 . In :-L_V j a h fc NiJ K 

Wfc’fj) q-p ■ {ffj - p r hM — p.. FiarLlicftitorr. A BCD :■ a parrdJs|osj«|» iT a ltd only if 

V( AB) - v(3c>, 

10. LT DifincLiM lift* a *r*U\i .u M J A r- Oi-- vrcl^e (^3.^2}. then Lllc dF c aud A. dwi^Lrtl by iA, Ex *!ir 

vr^UiT jyvro 3>y rA =-r^, tj.j) ^ fert Si ed 2 ). 

If C / tl. idirli ^ L-1 dnfiEirtl: M,b iw ^A. 

Vj b tllC set Of Yitto j a Uj^KLljtir wLlIj adtlilion siitif scatru rnai 11 jpliryil.inn. 

A nm or Ceri£L? of the form. c k A^- ts caUed a httt*? £i'?ubn?itiu?i of tbi: vatiora A t . TIlk lijicfu- 
TOtniiinitioA ii jF all Ih* s^aLiir. ^ ht* ECJO- The hrl. vecloi^ i^ ^'r^rtvJr Irf if riucnr 

laiinlriv : :i| ... :s tic zero wlw. 

]0-l JS Tliotwnni Ef A B. jmk. 1 -0 itre any vectors :o V^, and c and ^ are any scaJaia. then vector addsti^ and 
BCAlar :iLi:]BjpLicjiUoEJ ^blbly the fo5Lo*iug pfOpCJlic^: 




6i)n VhXTUKb ,\S\ - PLAINS, 


(L) A - \S — B - A 

(Si) S T I B + 0j (A + Bji -I- C Ijlw ) 

fi3j)Th-*’r*’ o in Vj For whrch A + LI - 4 (vAMflCttCt of aricLLsive cdmlil} ; 

Lv j There * v*rN-- A in V 2 MJi li that A 4 ; A) — 0 (^ifttence of nes;.aiive 1 i 
i v) (rJ)A — r|n'A; (AaaHiativf law.i 

l>i) c(A + B) - cA - oH idiK'!niii£r.i\e Law) 

(vLL) {£ | :/|A = rA - id A (dl&t riba Llv* Ei« J 

(yi-ii) |(A) — A (cxliAntrr <if tii'tllipIkfeCJY* ixieiiL:lv| 

ID.1J9 UcfaHcun A udi lector tfj-aci: V is * of tkcncat^ c*J](4 ^Jori iL£i;ih*r Ll ^ * f ™L 

h iim hm, call«l icatafs, with tV^6 ftfWFMlQB^ united wrfdC Addition «.in3 tnutiipliffUon 

mli'.I 1 1 i.lI*. for ttftfy pair -&J" VlsCtOW A 11 ;□ \ ;uad fnr r-.rr '^aIjix i7 h a vtjcSn? A 4- El a 
k-M-.bor »"A juc-dcfiqwi b-u that pro^Tiirs (j) (viis) nf Thcon-m 1CUr£ arc ^lirL-ficii 
Any v or Lot that has m^ETUttfdk nm- is i:fttlftd ft unit VV-c defaSC th.C vectors i fi.TM j 

wfriob fciia a taisi.-; for iltr- vector apace- V a ^ fallow* 

i^Cl.O} Hid 

Tima, far any veCirlf (tf 1 , if*) m V 2 , vfc tiVc 

Ki«i) = <h}+W 

10.1.10 Theorem Ef tci^ n*nwro v«tw A - a t i -|- th^n ilim unit vector U having tin *sura tiiMticw *« A i* 
pW*n by 


]u Ks^rd.^: ] -L h (fi) J|.iw rJn- |.KK.iLiaEi rapE^Mbtatjon 4 C Li* vr-rUip A ind jlLw tLi' pnrUCil£u r*pH»«Eit+tioD 
‘riTU -iv;]: t-ht tfiv+;n. point V. b) t ied ih* 1 lei-hgiulqil* nf A 

1. A - (3.4): I* = ts, 1), H- (i+«(It3,1t*|-( 5.5). «'V? +f 1 - */S-S 

2. A = {-*, 5fc P = (-a, A ). q = p 4 a = (-3 - 2, t + SJ = <-5.9). | (—i, S>||= ■/2 , + & l - ^5 

S. A={r, ■ J} : P-.;-?,^.-). ([-P4-*- > 2.-r-j), + (-$*= y/^+j 

4. A={4,n>; P ij, 

» i.eL A hr 11m puLtit (4 h 0). TJk dafwltd 11** »*s?ih?hi_£>A im 4b* jhjsiiLflP f1 ^ Snft 15 

rejittSCntaHen vector A, as sli>>V> ;i in T5 "li- I--* PQ ^ particular } _ 

i-rpr^aisiLtn &f VHioi A tbwti^h r^ irit |J - Tti^n 


fi+4,6+0) = (ft.fi) . . .*jw, h J 

Thus Q = {fi.fi)- ITk repr«eTi!ation isshown in r.bt fi^ut^. By Theorem 

]ty-l-3i tls^ ni^nitudt of A is givrn !>y 

I A [.— y/r 4 0 : - "! 

Bji Exjcwir^-a- & M\4 <1. l he cxwt (ih fr) .a|«n nj^sm^Aibfi^ln-; i .ulfcai. JtM-.v-urr of IV din-r’En:. nftRic of the wr?n r . 

t (»,) (1,-t)- t£H(? = ^^= -lifi = 7p E. Ca)tA J ). t*n*--^# = fcr 

(b) Ian fl = = Ur # - - fb) (0.4)- tsc 6 - 1. und^BuCTl. i - %s 

[e) (6,a), fjigi i = I s u.4i 6 5? ) «ftS? {c) {-J, 5). tan f = 4j; tf = x - tan -1 1 =: 2.S5 




16-L Vfc^lOHS IN THL PLANE 


In ljochcbif-ii 7 30, find Ihr *fl£tGr A lj.iV:rj|jJ PQ am a jr^r^n-hL.xl-rMi. Draw Ptf J4ftd th« |WAlHD r£pft£H*ILLAlbGE! ofA. 

T, P = f3.i); Q - (M). vfFgj nf^-g.s {3.-3), 

8- F = (M)SQ = (3>T1 

& P{^ i* * neiwsmtaljoD -od" A. we have 

Aaq- p ={3-JE t 7-i)_{^&»J *’ 

TJit TfpmH’ciWtbn ¥Q And Ml* |VMilh>M r<-|rfrvicflr|tllwi a of the VHiof A .ire A^-2 J; J " 
shown in llir figure. V ^ " 

9- P =» (-5,-3); g - (<U). vfP^) = (0 4 k3 + A) = (&_*). Nj _ 

10. F =. (-/a,0); Q = (Ml- nj'P^) - (0 + V^-0 -ft = (t/M) - = -]] [ ; 

In kxeroscs 13 14, fisd she puini ^ jw thm.1 PC$ nnd arr ^*cli repjracciL^tio'nH the samf vrrtcu. 

& Wc tivf q - p _ 9 — i and so s q - p + a-- 
II- F = {2 : S); Q - (U); R - (-W) 5fl + - !-iS) 

ir P - ( 3, Uh g - : -3, —4): R — (4. 2 j 

&■ Becayw TQ — BS l!i*n q - If - n r and r-n 

+ ^ (-1"(-3) + *.-4 - 0 +2} = (3,-2) 

TIlue S = —($.—2), 

13- ft = (7.0): a - (5.-2) - {0.3) - {7,0; (12,-ft) 

14. P-f-!,4J( Q-f2,-3* R - • S> -2). A-{2. -3J - <~|,4) + {-&,-*) - {-3 r -ft 

lu E’JyeieiaL'b- 1ft und 26. find Lhf- sitm nf Lfrun piiT of vt-?lfyi<. and L^ustFaic ^jeoEelcjeaUj. 

Ift. (a) (S^> + {-S % S)s{2 -2.4+ft = {-1,9} 0) (-4,0*+ (4,-6) = (-3 +4,0- 5) = 

lfi- WMim (b)fcfth{- 

J> (a) Let A — {0.3} and B ^ (-213). By IteTinitiDn 10. U, 

A hB-{0,S}+{-a,») = (O4(-2).S + 5)-(-2.6) £l-s *t «- r ( | 

fb) Lcl A = (2,3) mill H = ( </t, - !)■ Thru 5 " 

A+B^i.;i}+f-vS : -i) = C!-V5,J) *~ ! AV^ CM . : J \ 

In l be figures. OA(’B is a pajallelofttani. 5S h lb* \\-" 

pwilwr represenlatioro of vector A and (t3 h ;hf> N\- fi! ’ ~ rl u 

jjtenkjtn reptwaite&km of vw^r li, Tiie dlag&LaJ —l— l —1_3—i—i—i—i 

OC- is tie _>jti? i j _<ii lepn^cirilJiiiijjL of A - U. 

In Exercktj; L7 and )S, ^jblr^t Use second vet;oj fjosj ilu* fitei aa:d ill iLS’.Tai+i gecnii+:trir J :dly. 

If* W {-3. “4) - (6,0) = (-3 - 6,-4 - 0) = (-5, -4) (b) {J - {-3» = (1 + 3^ - Sr) = {4, 

16. (b) (3,7) — (3-7) — fl 

[ji K'XenvU^ [9 And 20, find tlic verlcw nr sralar if A = {3.4 )j U (4^— 3). a.'Pd . —.1,2). 

1$. A - {2-4), B - {4.-3}, O = (—(a) A + ft = (3 r 4) + {4 8 - 3) = (ftl) 

(b) |C- Bi = H ( XM <A. -3) | a I(-7,5)| - ,/(-7) a - ^ - v^9+SS - ^ 

(tH7A-D||- j7(a,i}-(4.-3);|-5(H.5A)- :-S.-3>! =(fi«,3l)||- V^+isP- ^W+W'- 

20- (*) A - B; (b)ICl (c)2A-3B 
o (4) A - B = {2,^ - (4, -3} = (2-4 ,4 - (-3)) = (-2,7) 

(b) ICJ = HM,2J| - J* = V^3 

W SA - SB-2(2.1) 1-3(4. -3) = (4,2)i-{l2, 0) = (16.- 1) 


A^,3|i 


i 

f 

Of 

of-u^L V \ 



. . . : 

-1 -2 -J 

i * j 


T 

VM 

ft 

: \ 

* 

\ 

^-2.3> * 



.f 

-:-] 1 

12 3a,'; 



m VECTORS AND PLANES, LINES. AND 31 HFACES IN *rv f, 

[?. Extrdits 21- £4, find 'be lit jf A — Ji + Jj -elh^I B - : - ] 

Hl_ {a} 3A - 5(2i + 3j) - lfli + Jij (b) GB = j '.’U - >lj 

(t) A4 B = (2i + 3j! f (4i-j}=*i + !i (dlIA+B|-1Si + iJl-=i Vtf + **= ^36 + 4 - v® 

22 . 1 *) -2A = -3(2! f $) - -n - fij (b) IB - - IS - 3j 

(*) A Be(tt h 3ji (4i-j)= -E+4J [4>tA- lMI-|| ^ = Si/5 

20. (a) IIAn +1 R|- [ J ii43jj4||4i-jr - '/P 4-3'4 4 (-!)*- 7^4 -Ji T 

(t) iA — SB - 5i2i 4 3j> — 6(4i-j ) - 1Ui4>5j - 3414 flj = -14i + j!IJ 

(c) ISA -SB| =i-Mi 4 2lj |1= ^(-H) , 42i i - v^+HL“ ?Vi3 

(d) t'j-A!l ! (jB j = i! ft i «A|*6V^Vi 4 l^/i J 4 --!) 1 

24. (a) ] A: | Hh (hj3tt-2A; -c)II.1B-2AJ; (hJ)| fll|- I»A i 

P (*j IAI -1BI = J2i + 3j @ -|4i - j || = i^+F - ^4 i 4(-l- /l3 - 
(U) SB - 2 A - Adi - j) - 2< s; 4 3j) - (1 2i - 3|J - (4! 4 6j) = Si ?j 
{<0 03B - 2A |;_ {Bs - Sj|| ■ v 3" 4 S : - /lAS 

(dlt3Bil-!aA|| = || IS-3j I- |<U4-Si [; v'lF^'i? - % /¥sa — s/lFi- 

In ETW«-njstt* 25 Jinil A — —ti 4 2j. H = * I IJ]- ruisl r — - ii - j. 

25. (a) 5 A - 4B - *C = *( -41 4 2j) - 2*-l ~ ,Tj) - 2(5i - j) = (-M + lift + (2i - Gj} 4 ( - lOi ■4 2j} 

■= (-au-i-a- ld|i4(H* 5 4‘iy= 2*i 4 5j 

(b> i&A - 2U - 2CJ = v /(-2Sr 4? - v’^TsS - 020 = *005 
Jfi. (a) 3B - 2A - C “ »f-i 4 3(j) - 2<-4i - - (5i j) - {-3i - 9jJ + (Si - 4 ( - 5& = 6j 

(b)|3B-£A-CI| |Gjy - e 

Id Ewacub *7 aad Ecc, A. — di + -5ij aa-d B = 35 - j. liiui a ii^Ll vtevor U having lb* direction as: 

27. A4B^ (^45j)-M£i-11U^|A4 Bl = 01*+*“= 0&I 4 15 = ’/Hf?:0 ” + ^/T3v^ 

■itt. A B 

tv A - B - (&i +y}-(3S -J> - ji 4 

We apply Theorem 10.1JQ- 

lA-BMSi+Sjg - v^ + e 1 - /«] 

IhePS tlu? liRsl vftrLor Lhc umf dsrfMcNaai eu A H i - - 



In. F^fnrijws 23 12, v.tUj' tSif VrtHtr in r.hr furtn r|> c h p. '7| -mj. iLCj>, whc^c r is liw iai-L^rsfctui!-•■ ^v.ii ff \* tbr 

diifi'iL^an anglr. Alsci find n unit baviBR thf >«™ d.3I«t»n. 

(a) 3i ■ d|. r = ^ T 4*™tf i v^+ Sfi - 03 ^ &i 31 - -H ■ 5$ - |i)! IJ ?i-|j 

(b> 2i+^|. 4 411-20^4 I s = £0; 3i 4^j ^ 20(^0i 4 £03) = 4 kui ^fj). 

U — i”0 h l + | V'^J 

( 4 } $i + 13- T - 0 t 4G 3 - 10. H4^i - iflfljfr sail- y = ji ■ $ 

;h) 30 S 4 1 j. r - 0 ffl 4 LO - fi. ^01 H -lj - Oi - fj). V " J 0 S 4 §i 
3U (A) r = l-H440j|| = t/m) 5 + = 0^+^S = l/w 

- -fli 4 ^ V'^j — flf—|l 4 j 0 j) - Sfws |rri - f=in 1 ? 4 

\h) r =||-!f!i||^ 1^1 1 |^ 3D: -]fii - L 6 {- i40j) “ 13 ;: U - f 




Iflu VlvCTGKS IN TMK laANGtiW 


i .heorfore. pt-c- have 


31 - 3j - 3y^eos Jrl + rin £ej) 

A unit vector hftvsnj. uht amt direciLou as &he fliv«ij v«tlckt i_s cnx J-i 


s:n '-TJ er cqiliv*|ejltl}\ J i/%\ i/y 


A Quit Vrrtwr hjiVing ^nnir ^ tfi -f glvm vector 2j h j, So-U- chai th'ffl IvauIl in al^ fliv.-jl bv 

C*>S ,: r ni + sin I-rj s 

A = —3i 4 j; B = 3L- ^ C= 03 - 4j: C - *A +■ tB >5i - dj - Af-2i * jj +*{3i- ±s (-3* + 3*)i + (A 
A -M- = 5 

;H. a = f } \-Zj,H- 4 1 + 3j; C= ■ Ai + fiji, B - JiC- - 4 - -4i-3j - A(-6i4 Sj) -£(4i-Therefore 


3S- + =^ii^S|) + t( ft j 4j) = fA - 2Jtji + f-?Af ik)j 

-M* *-“ = T < * 

—.2™ +4jc — —'5 —iJs 4-i^ 1 — —o 

tauauw' this syKi^tri bay no solution. O cansoT. &e wrliieu. it. the farm h A4- ±R_ 

36. Tm-o fare** of magflitinEwt 3dU lb jihlI 47o 3b moke an angle of 34.5" with each ocher and aw applied to am 
object at ibe same point, find (a) the jji^Lj^n-inuU- of ?he resultant force and {b) to Ielc nearest tenth of a 
■ilei^rerf she juigli* :L makes with the force of 475 Jb. 

> (*j ftsfef ia Ulu f l^ufl■_ J.h. A - {175,0} repTF^en tj» force of m*gnijttijde 475 Eb. Jf B - rephesecaifi ib« 

force of iiiii.'.il-'.MH'r JlO Hj, r.hilt l*criiutfr the -iiie^lc betwMJL A Jjiid li-is ^1„(T. w* lifLV-n 

- 340 c«s Stff = 2m and b 2 = sin j4.dT - m 
Thus, B =- (20O> 193}- The resultant force is A + B and ^oof 

A 4 B — {€7&A} + {m. 1 S3} - {?5S, IW} 


|!Af BJ- V15S-+I9S* - T» , , ■? 

_. _ . , , * . ™- s-to a» jco 4dcstoifio ?on 

the ma^mt-ude ??] the iwirltajit fores i£< 77fl lln. r 

(b) Ef 5 i? 1 lSi^ i^Li! r^lcs i prto^ A l B rnskts with Ai ijia’L 
Iau 8 — — 0.SB56 t- 11 jr 

TLc luigtc ihat the rcaidt ml t fore* mafa^ with the forc« of 4Tb Eb i-# ] 4.j'. 

37- rtNMKi-:! idle >0 lhtii ihe poaLtion. reprcs4nta.i3on of ibt 5ft f^rr^ h» hJang t^ pusiLi-v* ^ TEjhij liie 
victor A - ((ia,a) jEjjrtKi}Ls this Tarcr. Lcr. th r vector B-(5 3 J 2 } repssjcnl the HU 3h. force, ['belt 
^ m 30 p ^ 6u 3 nud 6 2 = iifl- ib :^ =■ 40- '1'hc r*si-uJtiu5t fore* i« A - B - ^S0,0) + ^,3.40} = {ISSrS. IO). 

(J»1 IIA + »-| - y'd'S.Jl' H (40)* fa 136,3 

(b) If 0 bt 1 ht: lirl Mrtwn A »»■! A-(- B lli«n Iran f^ = ^^-3(1!);^?® 1^-. 

SS. Let A (:«,(]}, Tbri. R - {22 «»* 8 ,22 «!n •}. -1| A - H I 2 = (H +?? roe*? + fS2 ram fff 

= 3^ ^ +2'J<1'23<« ? + S 3 , «ftf - ^ n r4j - W^ - =0.3)a2. = 71.4*^71* 


400^ 


wop 


2Mp ,- 




lOOe 


■ r^rr^A. . 

L ■/ ! 1 1 1 4 ■ 

|_ !to 100 4iO S(kJ </A 700 




'CO VECTORS AND PLANES, LINES. AND SUU'ACtiS IN SPACE 


,7$. DlJlW r. r^ilrlilj--' ki E-'LtfUiH’ J L JD LJw 1C7-- l.rl ,1 

JU^ Ji _ (,'• ] | *>* 

F rfKtl ? ht' La*- Of eOHare, rw !* — '" ^ -• - - .1 


40- A pMii:'- IhL'i ui of 350 I 1 H/'ll- Til I -rrirr fur ihr utiiAl Coirrac of lltr 1* rib ihr ^h|My« 

IwMins is ISWF', Ef llir wind bi btoWLBJ from ihe ™t, (*i) b its SfwdT CL) Witfl ■ Ih* jAhm’b ETWi<i 

aprerl? _ t , 

o le. tlir figure. Let Oil - be the pjaae'g v^lorliy. FUtfauf# ifce rotspiif fc _ 

ttC&dmg is 3 -0'., Ebt 1 diKCtHD of OJJ Ls "I" — i JCl. 'J hu5 

fr, - J50«e no' iij-350 Kin 11(1^ llfl.1 

Therefore 0 is t*ie point (O, d3S ,9}. 

£*) The magnitude of « wi mi vdot it y ==- 1| £5^. - | n, = 19-7 
,;h0 ri!f rraiutL-r ul'Kiilra JwT h(nir «■' i !=r jjI.li^'.-. grutiiLif apecd stf 

1001-=: |^| = 328J 

41, (a) tWbff Mff-rici“ l CCT/SW) = Mff- IS.*" = 3«.r W tt = 

43. c — t/lfi 3 + 3? - ETa,n-T? kpots. <&dfw: ^ EW +■ &*n -3 ^ - 1^1-31' 

43. (a) beadier ^ k 2$A' {bj v = L.7 (c) in j 

44- A >wimruer tt^-d c-an swmi 31 n .> |>ih.^I uf 1.0 m/h iebu:vr tv r.li 
ament h toward iSict ea*n. ar cls im/h Ik wkli** u* khtJl ^ r ; * 

directs iiLOJild be bead? »l.i h.i'i wjII In- lib apartl trialIvc to 
p liefer to t;:i L fip.yr+i- l.tA oS — (4“ s _ be his s vt-’ivity uni tf bb 
t F —O.a _ 1,5 rrrt 0 
tm«= -|j| ss - lytKin 

l.iiin E.3J 

(*) Tlvr swirttmet’s beading ehocld be 450" - IS2^" = JiT.ir. 

*>! Elk rd^iw ta thf Snnr] will bf 1.27 lili/ll. 

4S. Ijti a ^ (4^). Thr 0A - d(4 L ( ns 2 ) (Pd, □ abd e& ^ e(0,0) -■ {0,0} - 0. I 

44. A-h(A + C)= (Sjnflj)" 1 ' + ;^ L I r v ) - (a T + (ij t + T-j}) 

- ((^ +i,) + f 1 ,{fi 3 ^& J )4i.- -{f2 } +i|.^n + ^)- (iv^) = ( n v OaJ + = (A+B)- 

47, Li A = "I'brn A ^ 0 - {tij>g} + (0,0} = {fl-| 4 0^l 2 + 0) = {«j-rt a } “ A. Abo 

L A = I (it l = {lfl ln !itj} -4Lj} - A 

F h ipn%« I'lmansni LO. Li': iv^ 

t> We -Me Mtirnl ’j'i ppnve '.lIJi^ if A is n;i_v mzlut cJlCD. tlitre it ft verf.kw -A hsl-Jl ita.1 A i | A) = 

A =( 9 A ,a 2 ) wH! 3t1 —A - (-iz } .-a 2 \ be Lluc vecteffflf r^-Hnilion lO.J.Es. Thrtt e by Drfirtsti^i 30.M 

A + (-A) — {^ 3 +(^b 1 ) !< i 1 + t-fflj)} ^ (0,0} - 0 

4i, Trfi A = Tbea (cd)A = - {(edJ^^edJflj)- =■ {■r|do 1 ) l ^d<P 2 ))' , = c^diipd^) = c(«dA) 

50. (c + d}A = (C + - {(^ - dlw,.■;'■'• 4 Q)^j|> - kn t I dra 3r nflj +da 3 } - 4 

- ^(ftp, ftj) 4 — r A - riA 

51. 0i)A + (fe tC|=(2. ■B} + S(a,l)4(-4,:D^{i, -a) + (-L 1 3}- {i.-2} 
fli)[A + B)4C ((3, -ij 4 {3.1}} + {- J J) - (5. -4) 4 (-4,2) ^ (1. ■ J 2) 


50^ = 242-t ■. rm i r i 



10.1 VECTORS \S IJtE FI-AtfF j:ij 


K. Tf& -are sjjcI to be jhnnrf> itl If *md o#i]y if Liicuf peniLioa CcprrucatjLLtar-s *jc- nod coUiiMAf. FiirMn:r 

more-, H-Wfl VKlflr'i A and R .up t-qd to form A M*ts f«l- thr vp,lor ispure 1 Vj if and iinly if r-ry v^lni «.n V 2 can 

hr written ii. 3 ha-car toui hi nation A ar-H K. A thrvrmn can lx proved which smwi <ha( r ^o veetots form a 

basis for Chi' space V 2 if (hey a*£ iA-d^p^iid^is[. SIluw lh:U I Lir- ih^miii hol-ilr- fnr I he: Lwhj vtrCynrs fr,5‘ 

ajtd (3, 1) by d-omg the foikswLag: (a) Verify that the vectors- arc iRctepeadeal by shoeing chat the position 
rrptQimLalKHLn *rn em cicdlinejm (k) verity that eJlc VeetO-a Gfcilft a Lkii^ by ikun-ins Ll_.iL £jl;- vectur a - J-■--nj 
oiti be wriilrti nm l-( 51 fhjl 4 rf (3i - jj, wjw w * and 4 *n buIva. (Hint. Find * and 4 Lb lonni of cj, abd fl 4 .) 

& (a) If A = (3.-5) Shm OA b ihr |KK=2tioq irpr^fliafLoTi g^veci^r (2,5}. If Ft (-3-. —; I, th-eis o3 j* Mu- i^itwh 
rqj^cnlajLOD of vector (J,-1J. R^aiRw -die- ■;!oj>r ^.f OA i? "J AJid the siojx of OlJ is -J. ^ the position 
rejnbsf^alalrmn^ .ir* not eoliLnMT *3ld thus the f^tOxS (2.5} Artd £3.-1} ftni indEp^ndrnL. 

(b) If a 3 i 4 fcj = r(2i + ->j) 4 3i j) — £ 2f 4 id )L 4- joe - d Jj Ihen 

tf f - 4c + Hd 

ffj - - d 

Therefore, 

4 3a-, — 2 j 4 ” ] 7ff ifr, - 2.3-, — 3i) + ^ Ltd 

f “ ]M*i r J -2 *t) 

Thi^ Ai.y vp^-fcipr c-jin h»- nri \Lfj\ ns % SinfAi oombiaAlioTi of ^lie v^r^Tji (2.5" sod II. -IV That is. with the 
val'iWS; uf c ali'L d hIki-v*. 

\a) Lh A - ^3, -■?) and ft - ' S.d). IkoAi^c R — -'J A. B if 4 sralar inuhlpJe of A. Heo^ r-epm^otat-k^ of 
ibe (wo ree-uws a^e pa^all^L TUus ili^ pdk-ljoji r^prwcDUlions of 'k 1 two vectors ?re collsntar. 

(h) Lr.i C ~ s -. j. IfC-cA+dB then i-j _c(Si-'Jjj-d—ti- iji - fnJll+(-ir + Adij. 

l ^ s si)' 61 * 111 has j» ariu'tioa 4 A aod B are ii.ut a basis. 

4M- a>T4{i + 4j) + (2i + yj = (3*+i+S)i + l-fcT«TSJi = fl =j + ‘*=7-5^ a =--R' 11 = “II 

ss. Wcw Aiim a - v.:FcJ), ii - v((jr), a - vfiS), d«,uim Fy^ijS, Ti? Arv *'u~ln n[ n iTHtftgJf?., S ib the 

*• $MhA P, Pram f ifiiiK 13«ftbr L«rt wc w chat V(P<J) + Vf§5) = V(M), Ewier 

A + B + C — V(F3) + Vf®) + y(SS) - ViFRi + V(1S) - V(P?) = 0 

Sfi. Prove ajiajylk^Jy lilt ici-dli.iTk Lo^iualily far v W (ote |! A - B|| < li A t'^ll Jill 
S- Irt A ■= a^Ld II ■= {k Ln ij). ril*-|l A -I- B = (oj -i- + ijJ. 

IIA 4 Bf = (a E + frj'J 1 +(gLj + *j) a = (ffj' 4 ^t T 4 fri 3 )4 4 2 ^+**? 

(a E 2 4 aj 3 )+ f* A a 4 ^4^*! 4 fl*> = | AP4 \ Bf + 2^,^ + d,^) 


^ II Aff z 4l B|p4 "r 

prove the Claizdiy-Scti wane inrqualily. Cocsidar Lhe ^Liadmcif: oqo^twn 

1T + K 1 - = 0 £2} 

or, oquivaltnily, 

i*! 1 * # 2 7 >r a - Sfa^t + a^yr 4 £ 6^ + i/) = 0 {3] 

Prom wt see- ihiJ if t z t is- a solitiocL Eimi we inii^-t l^jivf 

d^-*, =0 - 0 

w t rf]mvnJnnt|y, 

‘l=*«l *i=*«2 (4) 


that iii B s a scalar imuliupEc A, wi.d otherwise there is- so real saJuticm. Tliereforc. lh,c disci] min a tit of the 
quadratic equatiofl f3> b- either jm^hJiv^ «r 0 , lIijll i$ 

1 2l,crj 6-| t — 4(Oj ^ 4 tj 1, ’ ^ 1) 



7i2 vectors AND PUCMPS, LINES. AH li SURFACES IN SP U'E 


OP. 4>^i i i VrLl^raliLv"^ 

+ 4^ J 1 < * + *1-/ K^j" +*? 1 ) 

Vfilh oi|ijn|liy If ruad only i|(4) JwUJ*. Tiling *bc hiv^t* root of bolh Nttos, w hm 

| Vi +ff s^l^ v^ + WV + 

Substituting (S) into [ 1), w= obtain _ 

| A + R f < iUlF +IIBI 1 +2 v V iv v'e/ - - -a I s + -Bf + S A I IIi = (H AI-"BID" 

Taking the £qbarc ro*>t b* both ifadf* *nv* 

||AHrRE<lA|4lB!l 

K ill. equality if nod only if (41 holds for rant t > 0. that is, if «u»L only if A and B Aw* fl* “"» flr 

cither i* I llrf ieio Y«tOT- 


10.J VECTORS U'H THIO’E DtHENSTON AL SPiCE 

ID 2 | Define Leon TV =^l of all vidrtvA tiiplc- nf n-nl ..ibex* is *al-ed thr JNtmlfr 

Ajiri if dwted by K 3 . Guh ordered Iripfc b » iw inl in th * tiu^dvausemd 

nullity Epw. The j axis is {| y = 0, z - % simile!? Lot Hit * *jcd ; acre?, I bt >^#1 

e^PRi r)|x>0 n 5>« f s>^}- , , 

We use a djid^Ltflied s^rra: if the j. axw i* ekkoUb& U> it-f, 1 jjotii.iv^ k *- t -j-- 5,1 Lhc 

pet^LVi di£6fU£>f1 (eiiiJiiLhitiLHlk^Lsr IrioL'icLdr! ^ i l-li l lw pofiilL'ifP . 

|ft,2.2-3 Theorem A B ne ia para^cJ Ip _ if and on ly if *U pQfcnte on th* 15 m 

the j/i plin* 

LV j:r |j].ili'" 
tlsp tjjt pLabe 
eIii- t , JOClit 
she ;i AXIS 
the ^ a^is 


cqs!?i] x rxSurdiLbatt* 
i'i [nii.1 y r« Ififi l !*&fm 
= i>pHTdlJVaL<-r- 

wy.rA\ v ewadmatea and equal 1 cowdinriw 
equal r coordinate ami ^quaJ 2 coordinate* 
aquA r toordinai^ and equal ji exordia aits 


10r2-& flboron The undirecicd difrlanf* hrtwM-ri Ihc two points V | - 1 ) w d 7^) ii given by 

iPjPjj- - r,) 7 

16.1.7 Definition The jrSfi <■} S» flfOif.un in E.' 1 ia the of if] w ^« cootdihit^. uumbon 

fcial&fyiiig i Ijit ebuiilob, 

A ^jefan: \s Lbe graph of id equation so it a . {A graph hke ( 2 ) = 1 h nt* a nuriaot. In |12-T we 
facnuUy detio* ^urfaee' sipudiu- Llh h .-hev^ La §11-1-} t>Jic partaesibu Arurfact- » 1 *^ sphere. 

1IMliiltioEi A sp^rristhe set of -=s!E in ihTtt-dam«i*iotiaJ spa^ pjuld^Liutt from a ftyed pomt. I he 

D?ted point is cslhd Hit eas-tcr of the *ph«e and the rof (ti^ ^L^ihianr disLAiace w called 

the fadiv-i- <d i.lw splLfjn. 5 . 


10.7.9 Theorem An equation of tin 1 sol'*™ of tfuiloF r »n<l orjiitt at (M,f; !-■ 

,\o equation of the sphere with diameter enr! ijoliirs A(A^h[,f| ,1 and fS(A 3 .t ? ,( 2 ) ss {Ejt- in 

(i - A, )(i - ftj)+(If -1, Ks m + (4- - k) - • 

10,2.113 Tkrajrrrn TIk frsph of ft setOTld-d rqner r^fuatk'H ir; r, y, Juld of the fora. 

,1 + ^WH-P* t My H Is 4J -P 
is tittwir a sphere, * point, iht eaipLy *ti. 

IUX3I DefiaiticiEi A wrlw in JA.T-er-dzmrnirattaf space tfAb ordered ■-rsp*a« of real a*inth-er* I ll+i 

s. f p, and 5 arc rnlhflL [J:e r^zapo-aends ol sh-i' X'M"Ll► r r,i, 

Verlcirh; (t- ^ and srf if ^'d oufey t=- = s — w- Th^i poa^<™ 

ttpXitoMif* ibe vetiw A ^ is thfe ^«tcd line «gmcnt fr^:i the oitgirn. t* the 



■ U-7 VBUTQHS IN THREE l>t WESSON At SPACE 7flj 


(Hjiibt {a L ,j. I Kc j f fid ueelee I?, die vizlvi '|W, SJ„ G) aci<3 i± ifruuLrd Iiy 0. 

Tli ft magnitude of the veeior A - (a p , aj, b given by A . - J ^ -a.^ - a - \ 

IIAII a a LFuul only if A = 0 . 

I0JM2 DfdlniiiiHi The dvertion tftyfcja of n non»» w«tar ire the 1 bi« iLiii.Gt tbit JiAvt the snbfttlfesf. 

ujimr^tLi.ive radian nsMaure u, p". 7 rfi ensured frosn ibe positive r, 1 /, and : jLtes. wqjetfjvdy, 
io LllC IMHition fr|Nr™-J:U|.l^tl Of LbO VCCtOt. 

Thufi IIlift dirwliap aiitfi'* fbr Lip. mJ irl^r A - nitc a, j? aqd 7 Wilk & £ a < 4, 

ff £ 3 <, If, JlIhI 0 £ 7 < m ^-icb LIiaI 

rt = iiaTi "~^ra tM1 iiTTi 

Hie th»e auaibfUH r», roy d L Md cos 7 are caEcd, lie dtreefiofl eftsittea of vector A. 
lU.ijrii TbeoHm Jl ctw r±, cos £f. nud my 7 ;iti i - Lie direction cosines of -a vector, ehtn 
cw j ff 4 cw a ^ 4 CtM 2 "-.- — i 

Tb-r defissitiujuj aiat LJuiai^rrw id. ifc^y ^LsOfl fif^ extended* of tht CMFOSpODdmg 

deflaLLjonh frj“ vn LLKM ii? V ,. 

CkfinilboB HA- ft - (l-pAj, Jlj), ml 4 elu tea; at, Lien 

A — U ■= (a, + y 

- A » (-oj. - a,, 

A - li => A + (—'B) ■= {flj - ip n^ — tj.) 

fA- =^ca |l rfl 2 ,m 3 J 

Tbeofrettft rA h;w The kujio direction a* A if e > fl: rJi* n^H^ire rlirv^i.ion If r ■:; o. A]y.x j cA I - r ||iA I! 

TTiwfHii Tie e«Hrd]ft*t» -gf tlw midpoint of the lint n^rnml linking rCisIpiHn I n and 

iK pV«l by 

5= = J( E| 4. r £ > i ^j} - “ |C-J +■ -l) 

'lli+'jir^sn JU.ir.ti E-nys that [Jib ju^Ldcji ™ preset! la cion of the midpoint f of segnatcit t'jP.j ia 
given 111 p - '.p| 4 >f> 2 - ^flofr ^i i;rCij:Lv. l 1 ii ll'ic &aetecu ti- iif lhd i \a\ rft?in Fj t.. E^, th-rii 

P-(I + 

Vj li tic sal uf v^.i(kfe N^#ii|ier w:*Ei addltJoji 4 Jid icilae laultipbinEiOtfi rtnd s^Eisfiw (i^ 

piopartk* gi ven in ThMrcia LH. 2 JI, Thiw Vj ^ j l ;rii| v^tot ^|MiCe. The thlfrc uhjL ViCitm 

i - f 1 , 0 , 0 ) j — {fl, 1 , 0 J t = {13,0,3} 

fcirm ri bass foe v, l^e^uw v+rlm r^ri hr- in -t -rpifl nf rw. Follow^: 

A - (a,.flj - ii! ( 1 . OeOJ + 4 ^ 0 * L0) 4 fl, L) = H 3 i 4 ajj 4 rig.t 

10.2.14 Tli erne hi If the nwtffo wetor A — iTji + (i^ 4 ijt, tlwn tlie usit U h*YinH i,hf Anno xll n-^L^on «* 

A is pjivm- by 

°“iV& + rfr 

^nrrcugj jff.J _ 

In Eiweclms- 1 -5, pointy A r&nd B a-re ^pj>osiT.e ■vernees- uf a tefttajifiirUir ;xu , h!lcS<'PTH^i. bnving its face? pa.raJ^oJ to 
liaft iiLturdiri^ic: s?L^me? In caeb exercise, a) sltr-Ldi ih^ fzguTe n {b) fLod tio coocdin^ses of sic OLbe* tix vstke^. 
(el i’ iju] the L.Mj^r.fi lI id- <!iiftgrir;nJ AU. 

> If Af^ L i n £ . a £ ) and l ^ i ,li 3 j ftjft oj>po»Uo VeftiCn uf 4 pataJlcplpcd ifcVidg ill fiufli pajallet Ld E.Eir ^nrdiu^l^ 

PI4ih4l IfiF’ra n,i?y \crlrx li.-i^ the jfomo ^ -cFj £ |h ; - \ k 2 y % 

li Atmtyt fb) (7 h 3 h ^ (0.0,3}, <t l, 2 . 0 ji. (0.2.3). (7,0.3), (T,tB) 

(0 IaWI i. ,/(7 _ oi s + (5 - o) a + [3 0) 3 = /(9hTs s v^a 

2, A{ 1,1.1); B( 3.4,3)fb-H l r 1.3V OMMUJ), <3.1,1), (3,1,8), (3,4,1) 

(t) I3EI = ^(3 -1) 3 + (4 — I)* + (s - if = yr+m = i/h 




r m VICTORS A NT I PLANES. LIMES. AND SURE ALTS IN SPA CL 


I Aft I = ^( 4 -«f+(fl + lf + {-l+ 3 )^ 3 

A. A - (1,-1,C L, B - m (jJ.a.U), fJ.3,01. £I,M). (I.-Urt, (i 1i*> 

fc) IIB]= ^(3^i> a +(3 + iL 2 + (i^0) a = ^TfiTsS = * 3^/5 

6. lI*TIS? - 3V ^+& 4 4 1 - 3 v / n 

In l lxfrrrtm 7-M, tint (*) tht undirected ^?nw btflwwn |»i»R A -mm 3 6 wid (b} 1.1 k inidjpoint of st^mciiL Aft- 

7. A(U^ SO.Mk EA) iIS I - - if - m - ■+ (12-./iTT7T=v^;t 

(b3 Thi midpoint of scgmeoft AB is [^(3 +■ 1 ?, ^{1 -i- Gf, + 3)J = ^ |}r 

a. A14.-S.3): 

& (a) Apply iTi# Ihe dwtam 

I AH a J(- ‘l ■ II 3 i fS 4 if ► (-5 - 5}* = - fi‘ + f* - 11 

(hi il r a|]j>ly T(i<%hrmi 1 1 .'J.IS 1 « timi ihc rradjHWnL 9 -f AH. rilU: 

iia|(4-s) = t i - Jca - - -f 

llcitM Lin- HlHlpOilll. or All is (]„l). -j}. 

S, At2,-4i,l), B(j, 2.3)- (a) i AB _ yfrlf-Jl’M 4 S>N Cl - V* - . 

(b) Th* 1 midpoint of segment Miis (j{5f + -Jl. jf —1 + J],5( I 4-3!) = (. 

10, B&1+ -ij. &0 Xr|= yte + l^+fl+^+C-l-^ 

(b) Tbr mkl|>wiiL of Kuwait AB a 5 )..-£( ^ 1 jJdS - 4J) = 

11. A(-&,2.L), R{3,7.-S). (a)S^Ift=^(^-4| 1 +f2-7)*+[l+4) ;, = \/^'i-45+J-V^ = ,r v/ 5 
(b") The i 3 inl] 7 uiill tif KfiiitKiit A B is (y( — - 5 - + 3 L jf 2 + 7 J^O - 2 )) ~ (— 1 ,- -^). 

12- Pl*rt lka.1 ike lln«] point* A(l,-I h 5j, B(2 h 1,7J, apt: thf v-rrt5«* of n right RnAn^ln, Finrl it* JLWh 

Apply] PK lhi‘ c^Hr.njf^ Furni'.il.i. m pft 

i ah: Jw i) ! 4 (i s t f +<7 jy'a/n - 


fnrnujla. w ■::■!jl j-lj i 


3fi + 4 


J_1_3_ ml _a_J 

Zi 


m 


3 


\W 




/ 

-J 

- 


/ 

K -* 


c 

w 

-5 




W.‘J VICTORS IX 1'llKKE DIMENSIONAL SPACE 70S 

14. 'll# pout (M.x) m 10 unite from (0.4,9). Tint*. J'(e-0) 1 + (4-41f 1 + (j-fl) J = 10 a - +- a -1«- 

= i ± 9. Tli-poinSi *ti- ffi, i 8( aat| .if). 

15. Ul A = ( ■*3,2.4). Ei - fs>I. a>, r r = (- 13 .J. 6 ). Ih, 

iAHi= y(t+3) a +;t-2)? 4 r2-4^= v ^nTr;=vS 

>A^| = ^M3-H) a +(3-3) 1j ^^ -4) :? =ysi4l--i- */#6 

Ipf = /(-i?-6) 1 -K3-i) ? + (6-#- Ska 1-4+14 - v551_-v>Efi 

IF A, B, C OTT ««** of utliAllgl* thru |AB)+tAC.J > fflCl Hut I A BI + iACJ a. •Jw ■*. a | BtU Hrax* 

&. And ^ site nnr. ih F Vrriicn;- nf a tri Ju;i.u:L^, ,uiH so ill try ^tn r r*>l linear. 

ie. Find the V^rticn* of ibe- tJ^n^lr- IVhflw xi<l*h fii,vr UiLd|KH|ilH il: F(-J, £_Gh anti 

► Lrt Ai B. C b* ifcr vErtfTM rf Um frfiaik, frith 0 |fct trtWfhtfl* of lie, £ to i>.i.ni^nL- irfAG ajwJ k ifc^ 

rmHpolni ofAB. Ttltfl DEAF in a paffllkLagrriwii Jfclrf Umir* iM^tiwn, vc^Con Wr b*Vr 

r? = T>g 

A-f _ *-d 

«--d+«+r- -(3.i 1 3)+(fl4, i i) + (-t 1 i.!i)-(-4,'i.S) 

b- (3.3,3)-{0.3,4} 4 {-1,1.6} ~ (3,0.4) 

4 (0.3.4)1,1,6)^ (4.1,2) 

Tljiis. A = B -(2.0,43 C- (4,4.2) 

17. A={S.-S,3 ), Btt (-1.7,0), C. =(-4 ,0.7) 

A;1 " “ *■ -r- j -' ■ - .i - i iTT5 .. v 7- - - :i v 

^1= i /< a + *_ (-j-Q)‘ +(^~-r) a = -/:«> 4 moTTo- 1/%$ „*y(g| 

1*1- i/m+<I J -=-(?■ 'ti(* + (0-?)>=,V« + +- ■«= 

(b) Til* midpoint of »4g Aft to +T),±(* f 0» = (j, l.ij}. 

Th« midpoint of <uto AC Es - 4),|f-S + S).i(,l+ 7>> = (- [.2, Jjl. 

TieMdpoiBt of aid* !JC is I —+ 0 ).j(0-h 7}) — (- J&g), 

'* |f P " r hr rracl «* *•• <* «“ «»y fiWH I*, l«* *, Ui< a fvf* l t'jpj .usd so p- ,»- u.(p., -p. ■. ,spd «, 
p - <1-*))>, H wj* IF ic- js -c few pjs^ + p,; - ^ 

19, -I r* + C,T T Up 4* L + J - i) 

(z + G* +^G S ) + [p 1 I H}. I Jfl 1 ) + (i J + lo n ft 1 ) - l(t; a - + 1= _ ^JJ 

(J- ■* ^i) a + (j, + JH) 1 -r *- i^G 11 4- ti 2 -f I 5 - JJ) 

(x h3 a +(jf-i)' + (i-|) J = k 
icbtie *, = -{(?. t - l = -Jr, *w| if _ j( C * + || = * j* _«). 

In Ek^tcl^s 20 ?^ p lii-icrnjiijL 1 LUr y:a.jji: ^rL|ir !Njitri^-j:i. 

3flr I + *5 = 1) 

t> Wt compfetE Uk- ^qiuAivft on ihe term^ la y j, T1:m«. 

* 3 + - % + 3 fi J -f r 16 ? 4 5) - in t Lj 

liy IhMwan 3CJ.2.9. ?fe find that ibr ^rapti is & ^Eio-r^ with wnlcr ^ii (0.4, r,-idius - 3^2 unii*. 

2I_ ^+^4^ 4 - 0 

(i s -8=4 ]6H(^+4jr+4)+(.- 2 +^41 — i . te — 4 -!- : 

(*-*i 4 (ji--I-4 (r 4 l) s r- 25 
' l hft i* wjth cesiPjfj L. —2. —L ■ awI r _ i. 



;nfi vhuiojls a.nu flames, likes, and surfaces en si-At l 


2Z y - Ji + 1 fl 

(■r*" s - i) + ty 1 y + -J) 4” 5= +|)~ +i + J f y 

+ (H>M 

I 1st*- p"*|'ph i* iLn 1 Sphct* urith «fltS at (i, j.j) aifc<t !■ — {y/S, 

25. * a — ^ + i"* - h; : - n. 0; #- ? + y 1 - - - IJ. Tlse graph i* th* paint 0.0.3}. 

£4- * 2 + y 2 -f - Bit + 1%^ 4 13 - 0 

& W* the square, 


- S*4M3 + (|^ + 1<to + 35) + (s 1 - 4r + i> = -13 + UH- i 
(* - 4) a + r.j+A) 2 + (* -tfj* - 33 

By Tbcercfn . w find -. hrs: rh? graph is a syber? wilJi venter ^>1 (4. 5-2) And rabies \/32 — 4 oijjlh 

j£&. r 3 +> H r 2 Gj- 4- 2y I? 4- IS — fl 

(ir 7 - Os + 9t +(r* + ^+ !) + (;* Ax + ■() = - Efl + 9 + I +4 

{a: -5-} 1 + (y-T- i}” + (z - - —5. The graph i? thr empty sat¬ 


in Eitttiae 2&. find an equal tan nf ihc *ph^nr ^lisfyini tin- coffidiricm? 

%$, (a) A 4i-T.rr:'*-I^T has estdp&iftttf L*j. <'. ) Mtd E3{ bj., 

\> If P- Is cn the spneie. ihen AH5 ^ n rif/M 1 rif-jL^.^ and ro AP 3 - Bl" — AB\ ih*ii h 

<*-ij) 1 +C* -1,) 1 * (*■-ij) 1 +t* -*&+{*- => <V W*+{%^**r+&-*ir 

J{[r»-(iil + 8,^ + Vll+V (*, H ij’Jf ■ I [= 3 (i x 4 -» 

(b) A dtairtter him uudpfflni* (M, !») iwd (-4,11,71, fr-6){rf + -l> + (* + (i + 5H* - 7) = A 

*7- -e 2 + y J + 3 S -2y + Jji-ft-fl 

r*4 ly 7 - ^ + 1) + (: 2 4 is: + l«> - fl + I t L6 

*“ + [v ■l]i a + (i + 4) 1 = « 

Tin- L.+'iit.-r ftf thr ^ivr-is sphere {0.1. Vi ^ an «qual i^n i?f thr hq-ulT«l Fipti'f’rv- ;t 
^+{ ff »i^ + {r+4) a -& 


2@. Et cmLjuiis the patnVi ,0. U. 4 j. (2-. ],3">. nbd {0,2,5J n.:s• I iis^ ilr, rr-ul^p iu E.h^ y- plant. 

&■ Fniim Tlsn-n-nn llJ.2.1 Tp yVi- 

Kr+Hy + tr+J= '> J ■ r \ - 3 ) 

Hr^Jins^ I.Im* ™nlt*T m it: T.Eih y- p2nrk‘. hiVt -(i — U. ihtlt 

lly+Ji + J- 

IVi- 4ub*l-ilHljr r.lJr - rLM iJnii riti J .rr -:iI iJie i^vhsi ptiiLj".:; 


( 0 . 11 , 4 )^ 

41 +J =-Sfl 

in 

( 2 , 1 . 8 ). 

U + 3 I+J - -14 

( 2 } 

( 0 . 4 , 8 ): 

11 + 01 +J- -40 * 

< 3 } 

4 ( 41 - 10 )= 

J -VI 


Ktihii ( 1 ): 

ll =-U 5 — 6 I-- 2 H 

E = I 


F"fp.nrl ( 2 ): 

W *- 14 - I 2 -JK- 7 ) - -a 



TEin MJLLAiprtn 

i ? + f 3 +; 1 -4vj) - 7i +12 - 0 

Ei. i* M, A - <1,4,31. B - (4,-3,-1}. C - (-5.-3,3). 15 = (-4,1 fi: 

». fa} A-f-SB - (l,S, 3 y+ 5 { 4 ,— 3 ,- 1 } —( 1 , 2 - 3 )-l-fMt,— 15 .—&}= ( 2 E.- 1 S.-?} 

4b) "C- 5D - 7: -'..-3,,i - y--2. 1.6i - 3o. 2i .3!>H IU. -15. -W) - ■.-K, -46.•>) 

( c ) 7CI- .-.Dl-5||(-5,-S.5)| ii|( 4.1.6}||- V& + 4 +»- S^+l-t-* * Ty/S-iyyfii 

|d) | 7f; SDD = J ( 2S. 20,6) II = /SS5 ; «T?I + •’.-, _ yi346 



10,2 VECTORS IN ITIEtLE DIMENSIONAL SPACE ~U7 


30, (*j 2A G - 2{i,:!_3) - {-S, -3,5) - (2.4,6) +{5.3, -5) -• (7,7. [} 

(b)l2A(-|Cj = 2-/ I ! + 5 j t!| ! - ^5' + +$» = 2\fu. - ^9, (c) 4R+6C-?l> 

* 4(4,-3,-1} + 6{-5.-3,5} -2(-2,1,8) = {16.-12,-'!} + (—Sfli,-1®. 30) + (4, -2,-12} = (-10,-12,14) 
(4) [-WI+(fiOMJl)l . .1 v'-1 2 - :i ; - P + (V'G 4 S a + 6 s - 1\fi 2 - l : + fi? - •iv'w +«v'39 ■• 2i/u 


31* («) C + 3D — 8A — (-fj,-3,3) + S(-2. f ,4) - K{!, 2,3} 

- {-5,-3.5} + {-G,J,1b) *(-4,-16,-24) = {-19, - !6.-3) 

fb) t AllHtC- □> = 11(1,2 r 3)| (4,-3,-1) |{(->, -3,-5} - (-2,1.6}) = -/14 4 + Vl« + » +l{-3. —4 r -l» 
=r -1,-1) ^ V^-7- 13(-3,-4,-1) = 2v/5l{-3,-4.-1) - (-4lV5i*-HV^i. -2^51) 

32. FSnO- is) 3A - JR 4- 0 - IEI>i (tv) lAjC-iBlD 

(t)SA - 2 B + C — 120 = 3( 1,2,3) — 2(4, —3, — 1) + (—J, —1, fl) — 12(-2,1,6} 

- (M.0) + (-9,6.2} + {-6. -»6) -H (24. -12, - 72} « (14, -2, -39) 

W BA|=|{1,2, J) || = i/i" +2 21 + 3 a a/u, [|B|= |(4, -3,-1} J= /I' + l-i) 1 + (-1)* =■ V^E 


Thus, 

IIA 1C - IlHl.Tl- 


: ii/i4{-6.-3,i}- V^Sf-;,],!} = (-6 ■/{* +1 h/26,-3 v'm - v^B.S^/Io- f>/W 


33. <i<A i Rl * i(C • f>j = (l- -,<(1.3.3) I (4, 3. 1)} , *-:( J. 3.3) ■ { 2, l.fi)) = (O.O.u; 
«(3,-l,J}+ fr(-7,-2,11} = {0,0,0}, Fiftf* 5a-7t = 0, -a-24 = 0. and En 4 113 = 0. 
Tlni aaily it* iiii-= ^sirn ikrrr equations n — D nnd A - I? 

M, *A4ffl+rC = D. ^,2,35+^’^ - |J + tf(-S.-3 F 5>- f-Z r l,6) 

-S. Ea-3i-3c --1, 3u-J5+f* -fi, a 1 t ■=■ e-^. 


a +■ - 


m W 


TiS 


Iil EscpcL-i^a 35 36, fiBtJ she? ttrauiej V(EYF. £ )aftd e.bcek by verifying that :hc situ tbdj aqbufin. is i. 

It PJ3.-1.-J)! P,(7 1 2.4J. VCP^j! -(T-3,2 + 1,4+4) = (4,*.»);|| V(| - s/lS -9-r'frS - ,/». 
Th^rotc «e = -±_, ffl, CCB -. - -^ «,d cq»*« - <W,9 +«**7 = ^ +^ + |f - I- 

36. Pi(-M,=); P a (M,i} 

& W| t}RW 


V = (a + M-fi-L^) = (l, -'2,-4) 

Tfc,U6 h 

w * = iv5"l = i 


II v|| = ^/-i* +. (-aj* + (—o}* = c 


W* i‘? “ 




dk _,1 3 

^nrvr^-s 


1VJ 4 ” ‘3 

FWlitera Hint, * 

cos^a O-to^/J + ooe^) =-(U*+(-j)’ + (-D ! = I 

37* Pi(4,-3.-l); Pj(— J.—I,—#), V — (—2 - 4.-4 4 5, —S 4 1} = (-0.-1,-"}! BV|= + l + 4» =■ y^' 

Th US COJ a = Cun J - “5-p 1 — Juul u(H S a + iui 1 ^ - cum S s ^ +- ^ ^ m l, 

38. PJ1.J.3}; Pj,[S.-1.4). V= (2-1.-1 -3,4-5} -{1,-4, -l); IVD ■ V 1 + 15 + 1 ^ 

a "-&&<<»?** to* 1 ? -ip-S+i l 
39- P, - (3,-1,-*), Pj = {7,2.4). Let <!-(*,#,.-). Tben V(P^ a ) -3V(P^}. (4.3.8}^3(»-3 f i,+ I,* + 4}( 

Jr -4 — 4 j 1 Ijl; Sir 0-3 — 3, :t — M: —fr| 3n * 2 = 8, .* — • TllrCufatr. Q i, Ih^ pcwnl i V.IJ. ^j. 



rihs v ecrofts axii e>laxus. ilnls. a\l> sl hi 1- «:es in 5P.«:l 

■4D. (.jjveii £*,(!,3,5) M1<J -1,i) fjitl l]ir (UKril. Ft nu'L i.luit V(i^S) - -'.“Vlf^lV). 

Fxprr^xiiij^ *hr vi cLoo- in Lcniis «f pir^iM*'i .lor*. v,' hnvr 

f * Pi - -2(* Pj) - 'to + 2p r 

3r 1,4) s (A, 1, IQ 

Thus. 

R ■ 

41. F, - (3,2,-3). F ± = (-5,4,2). Lei P 3 e^ Tb«* =. -IVff 5 ^,,)- 

4(-5 3.4 —2.3 + 4) -i(i_■H &,» I. - ‘-ii (-*L1C.34) - <-Jx - l$.-»|F + 2. 4-- +« 

TftM* -1* - if. - -32, j - ^ 4 ia = W. IT ~ -X- +■ G -H - ^ -4- Hr net, F a = -fy 

42 . P,( 7 , 0 ,- 2 ), i^-SPjPj, Pj - Pi = ^ “ fcl> *fts = *Pi - ft* " Pl> = Jt S '" 16 ' 27 > 

P — _ii 111 
1 .1 U- t - 4 1 

Tn tlxficisr* flijinH *-V nx|jn*« v«bor in E ggtffa mapi^ide ,im! direction ccKinrj. 

43. (A) Lei A*-«i + 2j + ?l-TbettHA|i=^J6 + 4 + 9=7« = 7. A-|+f M 
(b) Let A = -Si+j-Sk, TJw» llAll k ^-4 +1 + 9 =■ i/l4 A - 

44. (a) £-$ -)-*;(*>) 8 +ti~*k 

e> a, 3 , uid 7 ajt the dsTKibn njif.lcs f<h L tbf wtetar Y = 'd + &j 4 cl£_ dita 
ttJUi |-^ cos i — j^j -j-^-j! nnrl V-||V||f«»eti-cws^+eft»Tfl£) 

(a) ||2i - 2j + k|| = yf& + +1‘* - 3 

* , _■■> 

Ctffl ^ = j « A - — «e " — 
lllcHifoW. 

25 - 2J -;-1 - 3tgi - li + It) 

(5) || Ji 4 4j St ^st y/3 1 4 1* + (-5)* - j/55 = !»V2 

w_ vH^ *****J|iHp®' 

ThcmJV;™, 

Si 4 tj — "it — ■*■ ^v'^j — 4V^t) 

Iri Farrises, 45 -iliJ 46. find tFir Ml.it ivcter If Jinvitig Hlr ■■■■■■■■■ r .!iivl.jct| m Vffyf'. . 

45- fa) p, = (4,-1, -«), F, - (5: T, -*). (5 - 4,7 +1,-3+ «) = (1,5,4). 

] VCFA) || - i/S + « +1S = t/m - 9- IT = 

(b) P, = (2.5,3), Pj * (—1,7.51. VtFfj = (-4 + S.7-5-5 - !) = (-2,2.2). 

jv(iYfy| = ^4+4+4 ^ i/12 - 2*/l U -4-.-^,^}. 

45. (a) P^S,#,-!), P^-3,5,-1). V- (-3 -3.3-0.-I +■ 1) — (-5,5.0)- IIVII = \^ + S ! = it'- U - 

(b) P^-3,-6,2), F^-3,-9,4). Vs(-3 4'a,-# + M“2}-(*t“^.2).(VI= V^ I +^ r +^= v/5E= 15 /t/s 

II^-eW 

In 47 and 4?, provr Xh r prnfimy if A. H. &vA C ^uiv -vcion of ^nd r atiid d ah- aav 

4 t r 1 ,b^ A = and U — V®? (h^ s^ni« prOfieily ol tfbe rtJtl ittimtEM. 

A + B= {a, +i l ,%4A^s J * y = ^i + “i:^a + ^'*3 + fl !J'” ll+A 

{h) Lei 0 =. tbm A tA - 40,^ +0^ +Q« = A - 

(c) L-’t - A = ( Thru A 4 {-A I (jj 1 l- rt i},*j 4 i. —a a ),«g + {““aB . (fl.ft.dj - 0. 

(d) c(A + B) = r{n L 1 L ^)^«3 + * 3 W 

— ( rff | I ^S'^J — rt ?1 Cfl :i! - t'-v M--J 4 !. r ‘ ; ! r ^?i c ^j.. 1 — f A k rR 



Mj.:- \ I oils IN TUllEL LUMENS JuN Ah SPAi.'K iW 


(i) A4(|i + 0) {A-rBJ + C {MwcLiih*: law) 

(b) (iJ)A — ■r(rfA) [u»oc]ft4if* l*w) 

(e){r4d)A rA+JA ^diRirihiativ*’ law) 

p Lft A “ {4 |i^i«j), B = and C - IVr Apply tlm MkHtltAfl for JubJUton of vi^LUM* and. 

tu-nlar niijltrpJkoSitiTi sjid Ibr .WOflifrtiv* ■ -I disLrihutEYF law* for rcnl mm:kr>. 

■ B - C) - 4({l,,4 a ,4fcl 4 C :| )F - {fflj.Bj, Itj) 4 {frj - ijj 4^, q -‘-tji 

- (^| + +■ r E)"' q 3 1 1 ^a).^ + t*a + c jJ) (L ff i * ^11 + + F ih (^4 fi ;i ; + <7j} 

r(A + B)4C 

(b) (rd)A = (r^lfo,.*,.^} — ((ccT^i^rd^i^lei^ - -- <fu a . da^) 

= 

(c) |[c 4 d}A — (e + dHfl x , ^ = ((* + ^J“| i l c 4 (r 4 4)q.^ -■ {rfl i + da v 4 dk^. 4 dksj 

- (raj. *■ (cfa,, - e(* Tl -j-, Bj, wj — -"A mi A 

In Ij^SrCWCF bit |»ffVr r,h^ tlrtur^m liy aiHilytir jsnninnr!ry 
^S. The four diaffMiiiF of a rctJSanipj laj*ar*ifofpstH*l bi^i pjt'“ oihi*- 
g- Choose iJit wgrdicijiie planes as in figure 3 ftf cl it trjtr. ?4> ihe te^irps raf th« pfr^illefoiwpAd are A{0.O,O), 
U(a.^.c): QaAOJ- lliO.il," : T5fu- In. G«;U h.x \ I ckH.f F and. ::0_&_ui. Brcause each of 4 be diagonals Aft, C*L 

1Xj ? SlK Jia.Vf' ■. jTtL, j6..Jc I -i*£ ljj:d|jv ..i L. they biuret taiL tjliirir. 

W- If F„ Q, JL, S aw four poLnis of It 3 ! ilwa ibr midpoints Ah 13. <\ D of Plj. QR r R£_ JjP fatm a iiAndlrdugtai u. 

p We fa a vc a =. |jfp 4 q). b s |{q 4 r} n c = |(r 4 ■),- i = ^{a 4 p)- Then; fore, All — b-a - — p) — c — 4 = I>d, 

Sir Tb^ foiLF -dia^onal^ <jf a fATEam^ulrtr p.TTr’JlrlnpijvNH! tiflvr 1 fcc 
t> Cfaoo^i? tlKUNH^it^ plants hi FL^uinfl S Hif i '‘--ki hi-i ili^f of rbc rc-cEaDguJai paTAJkpiipAd airoaL 

A|0 h 0jQ) r B{diJ ? r); OC«Aty, H(4.U,^ C(fl^cJt E(a.0,e) tnd The fowdwgOMi* have Uk 

sajtip kegtfar 

IA5k 1 /tfl-CJ !? +{»-6) l 4fc-0) a - y/PiV+r 1 

|CH 1- ifa- tt)* 4- <»-Hj a +(Q - c )> v^ J -^+.' 2 

I Pf* = ^ U) a Hr fi - D) 1 4 (I) - - \J t* + J I +< ! 

|IFi- ^(B-a> s 4 (* I)) 1 htu t}' - \Ai- -4' 4 

52- Three veetois uj a in said iu be indcjN’a^^n.i rT and only if tJe^if iK^iclon rciprrfwr unions do nol lie Ln a 

plant, aftd thme vert&J¥ aiLd K^are :>-jiJ ui f^nn a Ld: the factor space if arid *nly if acij» 

vt^Mir in V 2 an, be wrliteq n« q. linear turn bin a4u>jl uf Mr. II a and Mj. A ifawsr^jn t^o be pro^yd which state 

Ui.Tl- twg v«t^TR form a dtuia foe iLe vector pjM<^ Vj if they bit ipwirpejidjcjsl. SLoIa- IhnL thi* lli^orenj holds 

foe I hr dli rr^ (iyh.f 1 ), and {b. 1,1} by dolfiK -- |i ’' TmIIii-w -ii;- | a) Verify I hat Hie vrclDci aic 

indopendet'it hy yJn»ii:F: I Knl. 3ht position .^pi-Hsc-itM^foiM. Piiv- ^-oplriLrin r; (h : i ■rH'fify Lhrtt till' ViVEem^ rsi-rjpi ri 
lia.'f.k i>y j:hoiv]fi^ thaS SUV vr'tirtt: A r.in Iw wriiten 

A = r {t,o F o)4^i r i > o) t"e<Li r i) (j) 

■where j s aud l are^abtre. \c t PA— tJ.-'i.Sj-, illl-d ibd pari ji:.i lor I'ali^rs of r, je, puwE {, i^O LliaL (1) boMs L 
3> (*) Thr IH.riil-jr.iji fefkrri^niAlJnEii tbe vdelnr-, (L'J.U; Mid <I.],Q) ifO ill iJi«e j.y |jUli ir^ Shftcausr their 2 
rPErLposirqlc grt btfth Him b*ttLlM< IhrJ air JioL eoUipjcoj, ftfaty 4o fM3l Ifo in *ny ath« plarw. The pMilbun 
pepieWTHfttion of thr verlor {1,1,1} is ihE 411 It ■■ r.y j'l;i=ir iH-rmsH’ ili: ? cnmpDnc-nt is not jc-jg. Tbeirfow, 1 ?ia« 
p>:kr:: c ici-r n'jK’c^entations are not eoplsnar pmd i he .'f-Hrior? ire £ndi i^ ;idi ;i!. 

(b) Lot A — (a,fc : e). '-t'e ?h.ow F t!iaS there exist w.ak.r.^r, -. iend t :siid-. ?h.=n 

(a.-fr h r) =i L (l.Q,OJ'4#(L)..0}4f{l.l 1 I) - {?■, 9,0) + (s H ^ (t) 4 {l m) « (r4H- La I f.^> 

CucrcipiwadiEiH <?oni|>iJii^M r.'i «r ft|ifAl w^riurs ftft rS^ual ft-simbers. L huM, 

P _ f + ^+t 

Solving for r „ £, inti f in terctE of -is. 6. and r, obtain 



Tin VECTORS AND E 1 LA NFS, LINES* A SURFACES 1^ SPACE 


r — it —b & ~ k — f £ — r 
TbuE, arty V«(i>T A ran tre WElttCD 
A « ^ 1 . 0 , 0 } + »(U.D}+f{] 4 -l> 

tod the veeltite {i,U.O), <U1,*> M<> (l, l, 11 f«m * 1“»“ foc V -V , r , . , - - 

(f} IF A - (0, 2,S} ihtr. » hive fl ^ 6, t -!, mU- 5. SahntLNllUK these Vfilut* far c, i. Jivn r m'O i«5 

{2}, wts obtain 

r^S 3 ■=■ —7 (-& 

S X (a) Ltl A - (*, *■- r). We shiv* ifr M K a ( 6 > “ J ' a H ' 0 - ~ 

Jr + ( — ii, -S - t = l>: r = Cj I - £ = Vi-»- b, 

Tim, <a, 6.;) " r-lM r l> t- '> - * - W°- = ■&) I t* S' (l. ■ 1.0) «’ ^ 

(b) Set --J, 4 s 3, r i. S in {a}. Then r - S, *■=- 3(i») - (“3) -3 — O'- I - (-2) -'. J J - 

M. iM (?, = (Ulli IS K a *» - p-1,4 M B~ r»-: F r *“ ™*» "f"r rt lh ' * d “ ^ 

liisaik I.1M1 ^ are <0btH|,«. - :>) If rf 1.0,13 ^ .{1, 1. 1>+ f(*. 1. ?) -■ M** r + s - 3l _ «. * +1 - b, *icd 


Ermil^k -sn^l *vu .-'fi sefiEnnaj. :\i Jf r (l.•"!■,!) 

r-I- J|42f -*- Pcrt«, itfl tkirr^ w rw «3uirt* 


>G1, Iticn U h-ftfl 111' 1 Klim* - dir^iun *F A- 


fts ir i.i=i' radlaii «idl ^m:lw»n frnjlfr is inr «rhal i> it J 

p- Ul & l-aduui \HMhiiic or r-L.'li dirMli^i- .u. K Li- at a Wy TW?M-m 10-S-IS ** ti?™ 

a - f.Oi-i," 1 ■',- W m - M» 


C(k|; 5 ft ■+ ftO& 3 & 4 ncwTrjf .. L: “ I: - r ■ t 


5 . 

7? 


10.3 DOT FK^OUDCT 

1UJ I ndidlioD Tb* Jri pnoihi-l uflwo vwhm A anJ H. E^Jr a - IS is drHn«l ^ fdLbiHm: 

L! A- ^ |lfll )=o ] i t (JLji Widfl I AJ *r 5 iwo w 

If A — , a > L . t i 7 +a 3 l n„.L B - (* r - M + *J -*J k *™ l '° vw,J,ra V » 

A - B ^ 0]E 3 + %& 3 + 

SVr noli* LJuit tlsr r|ort pradur^ nr lltMr froJwrf, (?f 1 Tn vesrlOT* tfi fcdif. 

We tis? tHc dflt jifrodiwl lu fitfxl tbs W dorw hy a lorw F t!i*t cajasw a d5apiat«E»ini 

Ml g^j-ccl. Wf have W = F ■ £X 

10,3-t -rhfjwcTTfl If A. II. and C * 1 * any vtaor* in V 2 or V n , r a h£Ji 


(ooiuniut^ iv* taw) 
(diistribtattvo Jaw) 


0) A B—B A 
■ii) A-|li+ C^“ A B-i-A|j3 

ld.3.3 Tkftsrfcm Sf A :-JiriL II nm jur>y VLhrtoTE Ln V s Of V. ( and r im- Ml>‘ SCa^r, iJlf-n 

(L}^A- B) = (cAj-B 
(il) 0 a o 
{ill) A - A - U Af 

104.4 l>rtnitmn Ut A *£]r.! 11 I>C I Ur. iLcnirrc vrtUv-. r.ira Mi-H A :i iwl -■» n " 1 1 ^ ^ ** ' ^" 

■h.i> ' f T C? rr r - : iI,!lL]uh of A arid (>Q 1!- ? br peril j l.inn rv.^ml^ro:. *1 It h*tu€ia 

thf vcctQT? A iiifcd B, df!isut*d hy (A. B|. U didinrd to be tire Anglo of in^itiv? ™rj b£ J WWE| 
OT aiid 53 imprint Ur tbc tniBBle dd«mif«d: tr>- pointE O, I 1 , *ad Q- Tf A - wter* e 

^ A Kaiw, i.Idhil Lf f >0. Line AO?io '^r.^a the widis Jhc r^i^ jjk lf " < lbft ^F 1- ' 

bctww-Jt Lli^ vixiCnrs; has ladian i3rfii!Lr«- E. 

HJA Th«.™> If n <h the radhH mcasute ef Ibe Ftn ¥ le kn»'«n lie A «** “ tbc " 

A - B n || A III BUukg 

, , . ., i 

A ■ H > 0 I r 0 < c A ■ Ei - u if u h A H ■; -b il o ■ < ■■* _ .. 

Wc rtOr ihil <6# dal product ijf Iwo v^turi nni dj^nf oq toorctfRiaie AyUtm, 



10.3 DOT PRODUCT Til 


]0-3.6 J>FwiCi(Hl Tfc-ti VlkJcu* ulfarf parallel if AJUT OtiJy if yrw yf l[it ■.«lor* L: a scalar jjjdtjjdr r-f ihe Pthrr. 
IU AT lUjjjiLtiffli Two v*«qk A - R rtrr Sr-wd ty be and only if A - B = 0. 


Tlir JCflfftr and I'M tor ^rujrrfTrm nf IW vrfl^p A <mty tfo*- nMrtetti vortor R an? given 3jy 

Afi= M Afl 


A iff wtbesortil tu R, In fart, (A A J# ) ■ H = A ^fR R) - A - B A 11 - U 

Ef IT in .x =i:iiI- vrftoj. tilen A t - A ■ U, and Ihr ’■i.'-nLa£ |2raJt-rE.Lbi2 aF A (jULt-ia I’ in ea]lrc| Lfoe- 
r[*r?ipnn^n^ yf l|ie vector A in tltr liscecSign of A* a specif fW Ihr vwlur &ji i <1^ the 

numbers A] -and pltt the-rcmpoiLCEIlS of tl» i A in llie dirrcLjjyi^ yf i ai^f? j, rwittcUvcIy, 


jAJ _ 

In Us^rrbsra I 4. fluid A -II. 

1. (n) {-1,2}■ (-4,3) = (-!)(-*)+ 2(3) - 10 ft) (21 - J) -(1 + 3)) - 2( l) + |-1)J = -l 

*■ w (*■ -J>-4®+(-1)1=4 (b) (-s&y-f-i+ij=(-2H-1)+o(i )=2 

*■ W <1.-|)-4ps) = «(1>+fcsi+C-IH--J i>) (3i-st) (j - j »kj=ftro-3in+(-2H - 9 

4- M A = (4.It,2). B- (5.2, -1); (b) A ~ 3i - 2j + It. n Gi + 7j+2l 

l> rtl't^v i'l’l" ~l i 1 .1 r 1,0.3,1, 

W A - B = (4,®,»-(8,1,-I) + H'J)♦ 0p)+ !tf-l> =• IS 
(M A-B — (Ji-g + *) (ffl + 7j + 2k) a=3(0) + (-2)T + 1(2) = & 


5. i-t = (1.0,0) ■ (1,0,0) = 1(1)40(9)4 0(0) = ] f. j-j = {0, (.0)-(0.1,0) = 0(0)+1(1)+ SKO)^ I 
i-k = (1,0,0)-(0,0,1) - 1(0)40(0) 40(1) = 0 I k = (0.0,1) -(0,0,1) - 0(0)+ 9(0) 4 1(1) — I 

i-k =■ (0,1,0) '(0,0.1) = 0(0)+1(0)+0(1) =0 : ■ j - {1,0,0)- (0.1,9) = 1(0) +0(1) +0[0) - 0 

In. Eiwrt'iaffi! 7 - 10 , prove the theorem for v«-t<wf in V.,. 

^ Let A = ('J- /-i ; K — | G— (e*] ,p,.p 

7 , A-B = (o 1 ,ij s ,n a ).{fr 1 ,i i ,i i3 ) = a 1 t | 4 ®^ +-itjS, ++ ijitj = (i,■ (a,dOjjOj) = B-A 

A- Theorem ]0-3.2(ii) 

t> A-(B+C)^ + ff,.* 3 + e 1 _* a + « a ) 

“ + c L ) 4 4 c 2 ) 4 4 r. 

= +d : c i)"" (4?^ * * 2 * 1 ) ■+ (^3 “ ^^ 3 } fdamUnalLve i<±v, For r^E nuDbnsj 

= (^*1 +a J*i+4W + fai*j+-V5 1 

= A R 4 A e 


9 - ^SSi?> iyl(atssf^ ■. f 1 > - ^ 1*1 + “A+*&-+*<*w 

- (P<*l)kl ■ (ra z )6i + = (rd^ io^, tu-±i ■ (*,,1,.*^) - |>A) It 

10, 0- A = (0,0.0)’ (*[, *J, »]) — Oflj + Oiij + Odj = 0 A • A — (Sj.ajtflj) ’(o 11 a !t .^j) = aj^ + nj^ + - IIAIF 

In fcl>:(4ci«s 11 and 12, iftf h tbcan^B Ihhhhuk A and B. Und 


11. (a) A ~= (4, J)j B — (— 1, —Jt)- A - B = 1 — 3 = L 

11 a 11=+5 a *; I bi= ym = -fi 
w# = rAn^ = lj5"T6^ 

12. O) A = (-2,-J), B.0,2); 

> (»)A'U (-2,-3) (3,2) ^(-3)JH (..J)2= -i 

II All - vV+J ! =V(Jjm ^’/3 7 T2 5 -v'l3 
™ a - A B -6 _ (1 

(Mm - ^ x /r; _ “i3 


rb) A -,>i - 12j; B-di-gj. A’B = 20-36s-tfi 
II a ; - 4 144 - 131 U 11 1 — v Ki '+ a - s 

...._ A B -16 It 
* — 11 Aiiumi ' i3'S _ ”gs 

\b) A ^ 2\ - 4 J, II = -,}j 

■h) A R = (Si 4 4j) ■ ( -i|J - J{0) 4 -K-5J = “20 
AH - V ^44 3 - if£i - 'J. H\ ~ 4 5 2 “ -5 




a- n 

A3IIRI 


. -a _ 2 /r 
’5^ 


13, A = 3i4^J: H - 2i t ^ We wbli Ecu find t so lliaL A-U =fiA[l H.oc^ Jt: & - vJ; - v^v^-i 4 
77 + 48* f - h2 4 - -l£J& - 20 - ft; ■TjJfc 4 S)(* 10)^fffcJfe=-|oft - E 0 

H. Aifid R jLTt (snliflgonaL 0 - (Ti -■ (jti4 Sj) = ^-I2,i =r ±^/l2= ± 2v‘"o 
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Ifi. A - fji — ij A!i 1 1 R fci -j- Gj, --v juice £ jt a -ialaJ. 

(ii) A acid II ,ifc i>r:liu^n-i-l « A 1 E!’'O ft 0 < * J? — D 

fli) A rvhd I) ph:Alkl if p.-ti only sf f -h?fc Li ,n M-^r 4t wh tfiAt 

7 A - !)■ afrii - ■E'j) - JM + ^ij; $p — ir -inrl —sit - fi: - 54 * - S. This ha* ih> r^il ioLlltlQ®. 

14, L i i--.!! k dfuch. ihai A i s - £j and D - ti - GJ have- lappoisitr dSmrlitww. 

► A iqd B Live o^pr^ilj’ cIlfiftioF^ lT A - Fn-T --nin^ n^jilivr mvikir h- 
ki - 2J - c(fci + Gj) - rki -r 6rj 

Ce = —2. thfo c — —^. ftetause i — c± itieii (e— J j.'ir — G. Bkwk c — 1 ^ Q, thin t = 0- 

17-18. A - -Si 4 4j: B «- *j A - B - (-8HI) - A, -51 = 90. l A - y/FT** - Ay/b, ||R I = vV 1 -^ ■ 

. A • B SO . 4JH r _M,«_ si | 112;,% 

a#_ TbT ” “ 7$ * ~ l*P W 1 ' 17 


i Ail 4^ 


19 . The ttmponjtnt of A =■ 5 i - <u in the difet turn of B ■= 7 i + j Ls y jjjy = — ^|jj - ^ V^- 

24 For lhi VeCUkf* A = SI -Aj «i«:t H - 7t+j p find the nppnwl r.f 11ir vep.uiir II in liic duration of VWtW A- 

p, he cein|jripirh*- e;f l.lsr* vvsrlijr IS Ln L)ir iLcrcthorv cjJ VrCUrf B-1* It yL , Ebc IHcaJnj Ka^Wtion OF li A : Hon, 

h u-A _ 39 

isi^n 7 ? ' ^ vv 

|,i Ku’xjait 21 2S. A — (—4,—2.4); B — (3,7. — L : f" = (5. 3.0}> iuef I) - [->.4.— 3), 

n. (*)A-(B4C}-H.-J.4>.((2.7. i>' :«. a,c»-M.- 2 , 4 ).{lk. 4 . r.--ao-s-4 --« 

Cb) (A - UV(C'D) = ((-4. -2,4) -{3,7, -l)J((S.-3.0}-{5.4.-3)) = (S- H-4)(30-12 +0) = (-W)(13) - -**» 
i ( ]A D-S C-([-l.-!,fHi,t-?)|- f(S,I.-l).;«,-a ! «»—'-20-8- L2)-(12-?l-rO) 

-'1.0 — (-9> — -31 

(d)(B XJ'iA 111 - *)» - ({ 2 . 7 . -t) ,{i, - 1 ). <- 4 . - 2 . 4 )){ 2 . ’ ' 1 ) 

= (10 + WS + »)(-■«, -2,4} - { -?0 - 8 - lS){ft 7, -1} - 41 (-4. -2.4) + 40{2,7, -1) - 

- (-164, (S3,1$4H (80,330. -10) = [-34,1W, 124) 

93. (ft) A B t A C = -I, -a, 4 -- ( 3 . 7 .—!)+■(—I. • 3,4) ■ ( 5 , -3,0) - -S - 14 4 V 4 «• * - •« - 44 

( 1 j) (A - B)(B ■ C) -{{— 4 , - 2 , 4 ) ■ { 2 . 7 , - 1 )jf ( 3 . 7 . - 1 ) -{ 5 . $, 0 )) = ( * 8 - 14 - 4 ) 02-21 + 0 ) = {-*X-*) = 2 »* 

(*) (A * B)C * (B • OU = ((-4. -3,4) • (2,7. -1 }>C -M{2.T, -1)' {S. ■ J. 0})I> - 0) - 9{5.4, -») 

- (-20J.42.t7) 

(8) ( 2 A- 3 H> ■ ( 4 G- U) = ((-»,- 4 ,8)+{S, 2 L, -})) ■ ({ 34 .- 12 , 0 }- ( 6 , 4 , -) - {- 2 . 17 , $}- { 19 .- 16 . 3 ) = - 3 * 

23, A'C={-4,-2,4)-{6. 3,0>= 34 + 6 + P ^-IS. I A i - + 4 + IS -6, IICl)- /3*4-0 + 0 = v'S = Jyl 

fj, '• cm 9 ii., — — •')_ = i■ I>1 unnixiurjiL of C ui '.he dilee.1 ton rtf A » IlClIcoa# m 3y)j — ‘ ~ ! 

k ' l|A||||C;|, ^Sv/fT) y/h ^ 

(f) The ]iri(j«-fion nf <1 onto A Is — 4 . — 2 , 4 : - { 2 . L, — 2 ). 

34- Fi ml: (ft) etri S if i is the angle belw wr Ft m:<L l> 

■; ij■ Uip oompQfW4iit R !sl ihn? diHictL-oji ot' U: 

{f.; i-ljd ^*cier of U-csret^ !>- 

0 7BII = f (2,7,-1)0“ V^ + T' + f-ir 3 = y/bi 

||D| - 0^,4, —3) |= yjh* 4 4 J 4 i-$f = y/W 

H n= (J, 7.-1).(5,1, 3) ■ i S{S)+ 7(4) +si-1 « 

(bi The coiBjuiiient of H in the diEKtUm of D os Hr, ~ “ Icjj = 

W “o ~ - ^,4. -3> M • '£) 


it J > A 

Bj “TTST 



! 0 .S DOT PRfiprrTTU 


(b) The V«M-of JKqjMtWn of A P2|ln B if 


Sfi. 0-D-{6.-^0) ■ {5.4.-31 - SCI - 12 +0 - 13. ||CI = \f*Y + D* = V* 

- 1^5 fb; O c = *Jn - Jgl*. -a.0> - -f,0> 

from P[l. -E.—'i i t* tlse sin* ikuwuA( J..-2.2) and i3l -AJjl- 
V{T?>| 1 - 1+l + J8 = ». V(a 3) -{-]?. ;.-1 j. I,V(Atfif _ 144+1$+If = IT* 

jv Tr; v(aT?i| _ m ,/M- 


27, d unit* Lii ihft disranc 
ft 

V{aPi-VJAB1 = 1* —-5 


58. find Uw rfiNLa^c d from sbo ?n:pr. I>{3-S, E> ;a the Jinc ibfoujh th* polite A(l,2 t $} *nd Bi -3. 
& i.«t D be ;Jie foot o' rhe pe^wisdir.iiiif from Y on A fi. fw :ii.r fj^ure. 

A? m - (i,s,9) = { 2 ,a.-s}. i^i p 

IH _ (l,?,£l) - (-4,-1*,- 

Let rL =- f Vf5 ' - AP„ fl | 


|-b-U + «| _ flft 


'(.Atll si> AhHJlJ ci & 
i+- «.t A. L'bcfrTfrrr t-br- 


29l La J = (TCa). C — £4,1, 

^IMo^ram. V(AB) VI Al!) - {0,-2,-L 
paraLLtk^wji t* ^ reriaiijtfe. 

Ml A = (2,^‘i). ft - If- 1-3J, C - (-LW'* L> 


CM -* ADBC is a >\r.'iLli , liJi^rAm. 


l,a}|psS I I + 4 W 14: [ V(AP) 
L. A square units Is ih* jlksa. 


= (~3nV), ft T(] 1 a 1 a>, ft - (3. -1.2). | VI An If* - 
1)P = 25 +16 +1 = <2, V[AP)- V(AB) - li H 4 + 


'A?)j-[ VVAfS); 3 - iVfA?) ■ V(MOJ' 


- y>. mk«) - ( 2ij*= i^/y-rn y= W* 

33 , Ptovl 1 izHlit^ vector* I Ij.iL (hr jwint^ A( — E. I. & 
t. We hove 53 - (2,4.5) - (-2,1, f} - (« r *,-!> 
BecaiBe 3Ef ■ 3C5-4(1 ) + *(-3}+ (-!)(-&) ■ 


Ji. A = 3 i + Si - J 4 . B = -i-2j + 3 k. C = S-J+ 4 k. A 

Ii- ■'A — ' 

Tii* rotiipOiieill of It in liie dipeftimi "I" A - 2il ——— 


1 - i4 - 33 

/r+49 + 141 



7H VECTORS AVT> FLAKES, LINES, AND SURFACES IK SFACt 

J*. Find the cosine nf the arises tlrt irlaai^lf having vsrikt*at A(tt,M), LS(4, L. :.S>, *nrf(:■: L, 1,3). 

[> 'llnonn lO-SJi irquiiet tlif rale illation of tlnw nui£iii inde, «ed >h™ del- protfcwl*, wbib- -r ililtCt application 
of thr law of tmiiarT, n*«U> onjy |V liiTfe magaiLlidr' Wl find 

«=| : B?IU {-s.s,ci)||-i/F+F+ii 1 - 3 -/i 

} ^ i A?!| - £{1 .-2.5)1- vA 1 + +3* - t/H 

r — |lAM 1 = [IN, I.“Sj j = vV hl 2 + 3 ! - 

. 14 + 3S~1* II ^ 11 Jai 
7Mv^ ’ 55 

r .J J_ -1 _ k* I 

tee U = ' 


™» A - 


TiE' 


_ Hi-egg M a a 

?yij - l> 

. _ n 3 + 3 >'- r* _ IS > H zJ K _ _1 _ Jf 

oosC “ iv?? 

31. F ^ if™* 4 -ti +■ *ia Irj) - 4i H- 4\/5j. . . , ■ , Hi (ii 

i.A ]f Vi, fi-Lb is th* wwlc rfoiso by V in moving an object itonf! the * m>s Tiom Ibe otipn to Ibe |MiDt {6,11}. 

thru W,=F,(«jO)-^.4^).{6,0} = Wh , i , 

fb) If W. t ft-lb U the TOt <W by F is movinguiobjwt *Umx the y wolfram -.he it, Hie p«nt (0.6). 

Iliea Wj = F-'O.S} = (4,4^3)-<M) = ^V'3- 

3ft, w — F-D- 1U(™ I*i+ sm HH5 - t-2)S = !*&$? = W*~ Tfct dont is 3& V^ foot-pound*. 

34b F - yfeo-i jei + kin jUj) “ -$i + it/l j- . . 

If W ft-lb "is ibr wo He dope by F ill moving .in object from fbe origin to (—1.—2;, then 
W = F-(-1.-2j- ■:•■ ■%- IS-9V3 * 2.41 

40 . **. by IV verimi F,-*-l rrniJ F, = 4i4-Sf *t»» puticic «r.l «M»d il to tW>v* 

ibrng « flo^bL line from Af2.5} to point B{7.S). ir tlie □agnimde of He Sorota ire m 

^nub ™: diftaiwe is n.iwrareti in f«:. Hrid the wort done by He two fortes vt.iig together, 
p. Thft rfi?,pJacetnejat vrtut 

T> 

XtiT niiiubef of I^U iiiMiiicb i jl tbc w wJc deae by M-jr- uwo fwera in by 

W = + ^a) fc » - [C^i-j) + ( -4S + flj)) ■ Q = ( ■ i + 4j) ■ (5i - 2j) “ (-t )!> + 4< ~ 2> = -1J 

THi* worJ; daaie -“t-l- 'lipppt-pouwi't. 

J||. If SV !r . [Ur M/ufk JtMUT? by !h.u F - M - 'Jj + k Iji itio^iii^ -in fr^in ta P 3 (l.-X^\ 

Ham W - P » V{f7f-j>(3i - i ki(3i - 7J + '£kl ~ 4 U + 2 = W. 

42, W ^ K 1} = (Si - St) - < 4 > 1 M « -*) ■ {" f ^--1)^^ TLr ^ » —-Si fp^putit,^. 

15. far forcr F- rcifi =i ' v'^ Tbr-tefoft 

= = = r = in4ffi^fi4jVSj + EV®t) 

If W P-ll> i=i tiif iIli-ipt 1 j v I" ill £tu>vlr^L lul - TrsHai the otli'iip to (■, —t. 2". Iltfn 

W - F-VfOF) + 4i + 2kj + 

44, |F A Atid K &*r nnriKinn v«tWS, prnV^ ihfll v^Mur A - C & ^ ortJi*fi)05UjJ 1^ B :f r - A ■ B/ll B|p. 

!> rh^ V«:lufe A -ois Witi E art eit-h^nna] if 

(A - tfl) B = & 

K^uw-rioii flj Ls Irur ir.ind uaSy If 
A fl-cB U = M 
A B-diBf-0 

Ehauk I rt ? / Cl, we may (2). whick een^ins nil for c - ] U J « ljue “ 

A-B 


(1- 


(2) 
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<S. A ]3i->-9j ,=»k. B = 4S + Fauin Exen-be t'l. li - (A L> wlhO£Otlii lu A if 

, is ■ A _ Mi ~ '■') — ‘h i ■ (j 21 4- !)j Jfc) ^ + 27 — [ INJ o 

IIA If l*f+Ai + SB - Wf =?M=5 

4ft. A = I Ji + ftj - SI, B - -1 i — ,3j A h frith Ijccrrise 44. A —Jll is » B it' 

, _ !i_A _ -^ ) ■ 'U'i4?j -31} _ ,|S +i!7+. L-, _ ’(i,. „ 

imp ifi-iM'io -—5ci— 

if, (IIBI1A- ! A IB) -(II H||A - A Bi - B 'A ■ Ei A - IA,|H■ | Aj|U =• I Ei f; A f -||A.fl| B|P - (I 
i Jwreforr, the Vrcturs 1 ft LA f II.AIItt AisiJ II 0 U • (I A||Bi-.r K OTlhcrgtmaJ. 

«. Prove itiii if A and B a™ any nonieio vectors and C - II Et |A +1 A ft, then r„V angle S, between A and C line 
[lir hum measure ns tin.- ajigle r ; M.wd 1} and C 

> *41 IJ - j-=^| urul V = |js tile rlinTtiona of A anti B. Tfc®. 

ft _ C _ A II 

HAliilBf I Air i n 

has tJst same Hi ruction jls C- Thus. 

<ot9 WrD _U.|U-V.i j * u-v 

CO!P, “iiuiiinr' ipjir-nmir 
__*m> _ v (D + v )_ uii v 

f I ! v|||i> II nil _ 'fDii 

EW.iua; CW 6 1 — ■mv I);,, the -niR'e Wtwwfi A and C l:.-,r. I he same niensuee as the inji’e :.H « V |, B aj.nl (I. 

IS. IF A «m! B tit two nonrero *,*1 vector*. then ft - *A, If <> is tlie rrutijm mtainre «f Uw ancLe between 

■ i.... A>» *-<**> WA-A] tfAP ...... 

iuiiiibi m™ ii- Wap- isiiAiF- ih «*=• - 

Conversely, if * s; 0 thru rwfl- ^ ^|l| ft '|| " ^ Therefore 

((A 1_T ir) “ A?“* FAI'll U ' Ib? _ 1 ' 4 ■ 1 “ * I!All ' U I n “IIA | A ‘ 

'i tms there Is a scaiai k - I B VIAI surh tJi.n B — J;A and sc A an<i I! are pawilEd. 

if a = rr, theta oos a = —l and B=. -fHB(/|| Al|)A and again A *nd II an parallel. 

Tn EatrcEscs aO-ftf. iirn^e ^ E^Mirem by V#Zt<K aiirilvsk 
Sfl. Th^ 4n«tlaH£ of i*i n-iglt ABC meet ki a poini. 

lcL G U - llt - l ** the from A ix> tlbf madpoiitE of BC Ih«B g - f! *]* +-|flt - ^ = jU 4 !b + !c 

By wr H r^ cJuu 0 ?i|^ ]]ts uu lIw citl.rf mi.bUart*, 

Lnt sitfii.f'iLE }tvm\n.% ih* mklpdiLU of twu ^ uL^i^lr is paialld bo thi^ ihir4 sid^ Aiirf it* knclh k 

sh^fcillT i];r leeigrh. uf l3ic! shi^t stde. 

it V id the rrtidfKMpt erf AT) uul Q the inJdpoEBE of AC, ihrtt kJ = q - p = Ji* ^ t) m 

Tliui l*Q pt p^r^lkE ?v AE3 iiis! lmlf -iti lcpiK,^h- ' ^ ? 

53L ll|ft rf JWi^pafiJjft] si&s a UAparwi is parajfcj do Ulc paralld th*i 

3h knfith ph vriu-half E;ht *r tbc jrjbftih* (sf lJlc- pipuLkl it4cS. 

> A^BCD is a I r-rfevuid with, peiillel si,[„ AH anil EK\ Lrt ii le the rmrlpriuit of ,L,J r AD. tad f Hie n)id|MWlit 
0 , ade Refer tfl the fitiitr- To firrijiliry the twretwjn, We let AEf d«R«le llnr Vector luiving lire directed Una 
A? " 11 "vnwnlatioii, and qmiiailj fi>r mher direered line Hgai.-ntfi. TV odgir, O b not -hew*. 
Beeacac E. ; S iht tunipuini «f segmoni AD, and J' is the jnidpnrtjt of BC\ thnp 

o2 = ^oX + |ot> 


= + 
li follows itijii 

eF - o? - oS = (Jo3+iy?) - (pX + Jon} = 'foif -oJ)t-1(5^ - onl 
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=pTB+$Be <*) 

Hf-rauw' ATS and i X* ;ijt punilkil urA 1 JitH- VtCtoK fea^c tbe iM)U' (IKivliun, lbfiif ft i pcsftki' w*la 5 t sucb tta: 

= (4) 

Sijhr-,r.iLiir.iii(j; ffuati (SI int* (li' V^c h*vc 

k? - *33+jAAf? = i -t<53 

Because "tTP - a sraLsr mulr-ipl, uf AH. “.Li'ii 11' ;■- i<> Ali. riimcTmort. 

= PA9l+jJ|A3bfcjjAtf|+fltAl?J} f*>*> 

^73l+|iftfe (*™*> (4)) 


&3. 1^1 F I* a unit voctor in ihe iincrfw*! Ranting to tbe k(U Id n 1 be ihf> eomplriiieriL of $ { =md Let o 3 be the 

mppltmeat of # a - Thftn A - F + jdi-F ~ ok. a T 4 p cn* - siti - ,u £tn % = 0 

JH. Wt hav* S J-A - B ? > 5 EjLnlraiF ft — j-A. Thru 

0<flM- BP = (^A-B) (fA- H}***A< A ^xA B+B II - r 3 !! AiP - ixA - B 4II B|F 

i 2 ".f cjUfidr^'-ic b?w Fifl" h:kilk. tit- lI i.-aj/iusiKiaiit is □egfl.iirM, i\wa ih„ 

(2A - E)*— 4|]Af|| (J|P <\*t> (A B-= <URBr ft I A ■ tS! < I,AtJ B|| 

55 A + B|P=<A - H (A- Bl - A-A 4 UA ■ B-h B-B -IIAr-iA- 

bS. A nQcf B ar^ DTthogonjil o A ■ B — 0 ■» II A |F + 2A ■ 6 4 ll R if' — I. A f +1 H L I.A R f - A Ir + |l B P 

57. E a mvt; the PdreiktaijJ’flift k-Wr | A 4 33 |p + A E5 ^ - (A I B) ■ (A 4 B) - (A fi) ■ (A - B) 

^(A A + 2A-B4B EJi^lA A JA ■ H I R ■ R) - ;' A 44^H S A I* -■ B 

Tbe geo-metrit, in.tc 4 pKt 9 Himi that a ffcardldosnim*? pwimriH rquak the sum of Ifoe l^ragth of itH dla^mak 
Theecmvcree i? ,-ilw t™*_ IF ^ quadrilateral 0 n? Kr 1 i* wnrli ih;-; its perimeter equads Lite sum of the lengths cif 
life diagonals. then Qhi pJanti pnj*J lrlugpAu' 1 . 

53, Hravr Lh»~ p*fnn£rciiytt idrntitf: Vl. A 4 fi “ I A — BlP — ^f( A 4 B) f A I Bj - (A — BjS* A — 13 1 1 

= |(A.A + iA^4B B)-(A-A-2A-6+&-B)] = J(4A B) = A-B 

W. E a ?, fs ^ : ^TI - I ■ 11 :. ' I-1 " !■■ E3 .■!■■■' I'_ H: B.,. i -: r: ‘ II-. . I - IT 
: IE r 

60. Fli^a ibe to 1 : si revrjinr R — A - S Jm each day tsrf Ui-r- wn*k. 
p Mon- (2&0- SfiO/iLl); - (35.5t. l&.S^&*.!>&} - 
Tuts, (isa.a 10 . 2 L&} ■ gr.c,u. 

Wed.. (400, J 70, l SO/ • ( - 3 -^■>. 121.141. &■. oU) = M ,• i.-11. If l 

tu«: r*. (3ri-n, ] L'iju:- ( T4 .so. i ?. r*i, *v. :si f 3 9. ;.<i 

Vr\. (13jo. 145,3 in ■ ■ (li.(10-1HI,fi 1 7:.J = S^i,0*3 L fkl 

10,4 PLAISIS ANIJ Irt 

10.4.1 DdioitKD [f N i.-i ^ ntwiMto i-eetoe «id ^ i piv^o p^ M > Ltten the w* «f idl b^wjsi^ F ivhkJi 

V.JV^j N Afr o:4h:^n!i.al i> -Irhiu-J Lj;. In- .-■ |i-Ulir tlifu-i!*k 1'^ h^i-iiLg J* (» a ficymai. 

i}ctta r + 

10 - 4-2 [ktkialLon If ^ hi ^ pUne junJ ;l i.hweiailI vottor Lo thr |s-l*n+: is ft (O then *si 

equ&sioji of the piano i-. 

4 - 3 ^) +«{: i u ) = 0 

Theorem 10,4,3 3f a. 4. ^nJ l- soi al] xdro, ihc: pr^>h iM J iii ertuatlwi of ih^ S'ewili djx -i- + *" 4 ri = 0 d 

olriJLi'. And (*. 6. r) ^.a naFfm^L lo V.lk pUui^. 

Jl onr or the u T ±vA c io 11D-4.3 a mto. thru inlaid ^ j?arilk] lo s, 

i>MKrdbziie «xl&. Li iwo tl« a 4. wnJ *' JlTi 1 ^iu. Llsou iIit |>1aIk ih jMtr-idJd to tVro 

xlK^s-s i^d, LiClICi" |Jrrtprni I itf uLnJ m “ 4rJI)' of itl^ fiHin3ai.nl'- UW-t VI 0 lUmETI aT IV^«" tl^' 

jjrji^ilik casn 
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4t = ft 

b = U 
c = 0 

* — ft gqd i = 0 
■j - (1 arwJ t — ft 

l- — ft and r — 0 


J'lutji; h p&filkL t* the j axis. 

] a L:i,ur ] H puf^Url rtc j, 

Phinc is fwiraikl lTi<- t .isls 

PUmt if [wrpcr.dki:lrM W tht ; asla. 
HLiltt ]£■ pH’fhMtdiOillJLr la I lie J]f iLTfis, 
Plai;^ i> [tfcffW-ariiriila-r I,.-. UlC Mis, 


Ift.^.'i rkdiniLsnr All frap-Tf fcfflrfiti ftatf juries k ddliwd to the aJl^Je btfiWttli nONrtfcJ Vrfitrfjfr; nf rLe jihuicK. 

TIuSbe JUK Lwo JingJfr; between lwo pl-IOtti. If taie of Laim* Mtglft? ]5 £, Lhi other £5 The 

«uppki[LurlH Of 0. 

IQ.4.h LViTmikn Two planes are c*aruiVt■! If And only if Llieir ijormal vectors are p-araikl. 

KM.-6 Ekfiaitjoci Tv*n pla^y arc ! pr^p(■nrfrfa^ai , if aim! erily if tin 1 ! : rramwl ri^rtars nre □Tthiou;g"ril. 

LLdc A lirw L Unit eObl&iBri the pciitL (^^1^ fcutj t, |Mjo|je| t4a refhRtWAiJi(j0.nti of Lhfi V«(« 
(a,t,c) has jiflfiimcfri* ?fnoifje*M 


X. — iQ + ni = + 

Li ta-R& tJ ib? r^xthong 

r^AW*-*9** 


o> 

(if) 


■ 0. 


—^- — ^-j^-' 1 and - — vj 5f o 4 0. i 4 * ” L a » -amJ mnitw tqua&HH if s - 0 or 4 - 

3 v +rftCir V— (n, t,c) if rolled jl ifiperf’JjrJhi I>fe (r/r nf the Cine L: %c also nay that [« L |i p c] 5* 4 
- r ^ 1 of litrtrfwip staiWi fnr T.. cV, & 4- 0- is ^Jbq a direction wdor ofT, 

Lm (<v *!,*"[) be direction rcrtcire fpr haoF l j L|, L t and ak ]*ar.a]L*] if 

-*^r 6 2^ 2 ) L, l nr^ are pcrptftdkular if (u 1> t |1 4- 1 }-(u lT i J ,r 2 " = ft, 

Let 3.1 lie l.lLf! ptij-n^ OT +^ + e>—d I) wiLii i:i!r7Flr%| vector .Jrt. ■!:■.. }. if IjViv l. -,i |rft|j«nJiLU lar 
U* piaue M, then <■} n djjrtL:6h V*irJ.r fuj Line L Lf Etrir L ik^> id pL4JLdi- X! Of if J. u 
lirsr^Url (u iher. [o r , b r ,e^‘ j-, -i dibr^ti^ v^rLoc of LIjlh! E. |Tand iibEy if -Jd,.[■>/■ J ■ = D, 

T«r^ iiiiK^ tiial rUv nin« li*’ in ojk pja.no Sw ST riiid iS, 


lkfc;rminjiJiL A Rflcoild tefdrf drTcrnLlijj.nL 1^4 drlliimi Isy 


— atf - ir. 


A tbird-ftfdci dtterminiinL nbay defj[i«i by rajHiJiiJ i:.^ alrinf l n<- Eire [mv; 


°L 1 J 

fln - £| ^ ^ I -1 *S c \ 

2 i * I h c-r 1 £< 

□, ^ Cj I- * 3 3 - 


a l 


SiTnUarly. a fOurl3i order rioi-erminant iR derined "by PK|>nnrlirr nJrHig i 1 !<■ H'-l rii vi ; 
X “S ^ *t ' 




= fl s 

*2 *3 *1 

ff 3 £ 1 

-J 

*. ^5 »4 
C] fl f* 

4«;, 

^ S' 

eH J— 
Jl ^ 

-J 

C L Og 




rf l | 


<f. ^ Ji 


Jj if 3 4f a 


A d-^t-frmiDAD t &f 4 jlv ari a er h-M follovriiq; pTOpuitie^ 

C L > A df^njiLuasiL- isi U iiid OjlSv if .stwne erjY> * Ijutai 0*mbijiaiJ<teL of the others* In, 
jih.p Lleai Ijt+t, a dn^brr.inant Iri zero- jf twe mwo. ate ftquaE. 
n] MiilliplyisiR til'- ■ Irmi nlF of,i rp'.v- by a n jiiiher e IiOjII ifilir;. :hr vaIul 1 4^ tin 1 iSeI^TSimiaui liy r, 

Tiic ioELo»ffLit^ =4Lbul L in Jinnr.il \x‘t*U£c 4fifif i:M[wuufLcig idling the fs^il IOV Wc c4u El^ oiir 
HFipJski ^jiLruUlor^ fo rrvaluale the fci*F BMhtWPkill tfetortEiiaAnt*. Soe K^t:peiw S. 

IkE^rrrrtlnMit Fofm Avi tq-jaE™ ef thr plamo ehiucijli iW lhin- poiins ..t l }, P 

' * ? i- I ' 


0 


3f| 




Pr^jf Kscpiirxlimg by Ulc flr*S row, wc- ^cr ffvln Tliwftpln LI). 1.3 tbaL iSsin Lt Hu: ei|. : jLl.io[| of a plant. 
Pni-thejniore, iF (*■,y n i) — (i-j, jf sr z t ), then ^ f^-.i uf r|nl«- r i ih niriI -nrc I'qnaL. Thui, Pj 
salisfi^* tlve.mu.ir.inti, ^ireiilaffly. I ;, 7 utd P* sitlufy ihe eq _jri| .ifln. 




71* YEt'3'Oft.S AND P LA NFS, MINES, ANT* SURFACES LM SPACE 


laLcmpA Fon*t FT n, I-, ^id l- are Jiudietu aR<l a rr the z intercept, y interrupt, nnri z in1*rC*pi, T«pcfU*dj of 
n plane, hhsn nri WJUUitfll df th* pf*n= in */4 4 tf/G 4 i/r = 3. Set- EswciM 2ft. 

jUp^JLIlEtt: LO -a Platte Tilt diglALKLC Frilli tfaf plaQC 4 na + -rf ^ D lc itir pOtdL Fylj f q, Jflyh -g) i* P v ™ 

|“D+^ + c= 0+U * ., ■ ™ 

1 ■ ,.] —■ 11 ijj -—K !--r-v tiffins w. 

fiW™* fff.J yfn +b +c" _ _ _ 


1 ^ ■ .i- '■ $** ft. 

_ ^c^ + ^+H] _ _ _ ___ 

| dL Ks.erciieb. E-S. fih*1 an equation of ihr phino ranUjfUd£ Lhr puicil P HCld twin* th- vh-.'Ijjf N » * -ie.na:*L Y-tctOT, 

I. Pftl.lfc fl ={1l(.c- J) + Zfo - I)-3(*-3J = fli *-3 + 2y-a-3* + 6 = 0: yr+Sy-ST+l = 0 
3 L |?(-^a-)iM=(<k-S,-3}J*t* + 3)-S(p-3)-3(i--S) “6#+ 13-3s 4* 2-4 JO n- 5s - ftp - Is 4 34 =■ 0 

3- P(G,-F2)i N = (0, 1-1): <H> - 0)4 l(y4 !)-!(=-2) =0; IT+ 1 - *4* = fc JP-* + 3 = 0 

4. P(—1iS); W =- {—7 h —l H l) 

& Wn npiphy Theorem 10-4-2- Tints, -in c^u&ti^i of tfcft plan* is 

-T(*+ !)-(■-»)+ (ff-3) = 0 7jr+j»-r+a*0 

5. Pfi-l,-l>;H=-'+$+4fc-ljT-SJ+3(!)-l)44(- + 0=0;* + 3+to-3 + 4i + 4 = 0;r-^-‘l.--3 = O 

fi, 1,0.0); N - i + k; 1(*- 1) + 0(!r- 9J + 1 (t U) = <h x 4- -1 - 0 

lu 7 And *, ilno sn rt|iiHL=u-i of tikC pl-hEIr CMlAtmtift tit LhTec p™ pain La. 

7. 13\ Th«e*fn J(M-S an rqLutujr <4 1-ltt j^an* j* of live form tf+ by4 ct + l/sO (*> 

Mil the pW tialiuU £3,4,1)> ah (I (-1.-2. a), w* have She three «|i»Li«H 

E l j 3»4tfr4e--d 

F, = Kj 4 3 fi* 4 16c - 

S^:a + 7A-rr -d 51^+2^ -34d 

F ? =, E. 2 + E^; ' 5^ + f - -2d 

E^; -a-2*4 5* «-d 


Jktiw c--|i--^ fl --| SiitelimtuiB ™lu«* mco (1) w* ^r. 

3c + 2p + S;-3»-0 

l j i « : I 5 i t I I a 


| 3 1 E 

I - I I 1 3 
1 Lbl 


Aliwnaiivdy, ^ t \ l i 1 4^ 3 7 1 1 7 l 

j, : 2 1 ; i-■ > ■!"■•*' I---’■ ->-»> 

Lvalu&l k[lft l.hs d^SerzLlLlbaDUi. wc'^^-l tSie 4tqu-!LLi^b ■ *■'} ■ 2 Ij — W1 — U. *11:^1' «< is^uSvBJrtLt l>*i (2)- 


3 ■! 1 

3 7 1 

-i -a i 


-a $ 


SL (0,0,2), '?, 4,1;. -2,3,3) 

^ Hv Thitcitu 10.4-3, ajs KLiiatl&ii of the pi run- of the FnanT, 

jar 3? -if 

We jlO-btfti.1 k±t-f noi»daiLaJ*l uf Elio J>yillt^ a.|it! solve th^ ferttlJtinjt HynLesr! &kt it, F'. rniil ^ m terms of d. 

\[^2y 2rt=-rf 

H('J ,4.1): 2a -. -1ft 4 r - -d 

1 -f, -% -2c 436 - :Er --n 

D — B 4 f ■; 7fr4^r^-2J 

K=1S"2A_ 7& =0 

> L -lE: S-0 

G r=-fcf 

\{B-4Y~C)z 

Jtcil.l d — —l, g^l. ii •- L. 6 =■ U. C = E, jliiJ "to an 'CEjU.-B.-Lroh i? 

x + Sr -1=0 W 

AlEfmAfiW^. wt^pplj Mir (hUfmitvi-i form totlie siern pcunts. 



SM--1 I’LAMH ANI> f.TIVES 2 N 31* 7]fl 


RvAjiwiiEiift L-lair dcirnniBiuah, w* f* tt* T? + J4; - 2* = 0 wtfcA is equivalent t* (1), 

Ih E.^[tL£iss ft M l T^knch the jiLhjit ill*! fitui Lwu Link V«-(0K uorrnnL 10 tbfi pUrfK. 
g. A normjJ vector e<> ll:,- ptecie v* - y + *- 6 _ <| u { 2 , - L n J), IfU.-LS) - v ^TTm - 3 . 

Ewx> unit vetoes ponn*l to Ihr plai^ ju-tt (?. .{_?) Aflat /-^I. 


pW.i,r^. ■=}, 

Ifl. A I!ni™l vector to Ilf *>W -It -4y+2a-9 = ft b { 4 , “4,2^ | (4.— 1,^;.|| - 1 /? 


-4 J +5 2 - | 



'flbt4,-4,i>- |(4.-1,2) 

Htfq™ two abit Vetters normal to the p\*nc ik :md ( J, ?). 

11- A DomiAJ vector to lhe pW 4 * - - 12z - 0 is {4.J.. -I|| 1.3, 1,2) j _ /ifi - &^144 - ]3 

im, Hitlc. v«t*is totbe phM ue Mw | (-A -A-j*), 

12. ^+2^ -4 = 0 

p ^i* 1 cwfliciett of r i* 2 * 70 . Llir jiW ie pasaJkl 10 3 he jc axis, and 

iwpfjitfitukr to Hi# jfi ptarkf. The t ui uace b iV lioe is thr- yz p\wc. 

d^LcirviliMfl by £■ +■ 3- "■ -4 “ 0. TbL lljic- iiit^nMeU Ibc ^ /vh$ at (0.4,0) and 

l3i*- a M [0,0, 2}i Th^- Rgq-r hIs-wi ;| ikrtf.li ill I Ur jjkn-T. Tll-r^Pchl 

10-4.$-, a p ma] LV-i or of tin- ulm L= > - '0.1,^. ! 

II Si II =■ V l* r + -i — - J ' — VU. UEit Js>:hr irirl I V^fUSTS -Mr: 

±^0.U2)= 

13. A DfttiCLAl vector to the pfl^aw Jr 4 2t - G = 0 is (3.0.2). f{3.0,2} J = 0TO + 4 - 0*7 

t«i) u 1 l cl vectors MrfJttil In iti-r pl.>,„. :,rr (-4- U, -4—j- ^ihrl f- n. --JL.V 

W 03 03 y 

H. Unit aotmtik to pUat- r - o 3 ie (O.D„ L) »jh) {ft 0^-1). 

Tn Bm^sh if) SQ. fsnat sn cqUMina of tlKpl4n« smlzMfyii..« lb.- ^Mjiiitloiii, 

15. Lot A — (2,i, ^t). R - f j i - TU^fn ¥{A0) - (3. —3^T> m m. normal voctor to the i>knr. 

H<rCJi.u&; ihe pJt-1^ «HHaiJi£ ;x>:nt. -5.1,1), nq «(uat.ioa *f tin 1 plriTM- is 

(it i- S) - .T-(> 1 ]| -r- - 0^ 5r — + 7-J ■+ l a — ft 

ifi. Par-^leL to lhe: eda-n-" 4^ — 2sp + - I ^ (J anil n(wiiairi 3 IlB T^e fktini [ 3 , s. —1). 
o Asi} 1 p\.w paratLd t u iht- pE^n^ U lie tomi 

Ij- - 2y -r t -r d = it 

Su&H.titqli|j 5 . nwretiunlJ^ of tb& tKHDt w'L- fljhl 
rtiira 

4t - 2y -I- z •* 5. — 0 

17- A iiornial v«tnr t» cbepi*n P * +3 fr- i 7 = fli a (I, J,-r). A nunuil welof U. tbc (wjui,™! ,.W y,iU 

- (-2.2,-B) will bf «tbojj<jinal to (n, *,-■:) » (<.l, t}. (-J. 2, -ft) = ft 

r , + “ b , “ ® (“*)■ Sulv iAa «quitiins (I) ami (S) Kijn H l«ji«o(us)y w C gtt a = - ond* = t A ? i njuition 

or I hr- frcqujTfitf jiI.'ijh- r-i 

Mr“S) + rfy-Q)+-f(i 5> i--0: 5* - y - * - 1 =fl 

IS- P«peadJri.lir to i-* + - - 0 ^nd it + s - U -5 _ ll ai»i conlastiinfi i-1,0,-5). La N - la, fr.r). 

n * Al a -*+f = 0- (7,1,—I) = D — tf! -d. A+ES: 3n -^c = 0 

B - 2A: w 0- OttHl •*«-], *»*, H*-4)+ S(JT-O) T 1 (j •+ S) = 0. ± + j - 2 ^ D 

”■ 1!™*^ ^ r " ,ui r' ^ 11 u. the irx pteiie, • »«Rtul vector has 0 a It, fir*. cmupoMni. 

IJcirc :t !i-w llfcr Inin N = TW.i::-,,- -jir rcj t i J: y;J pjaiii iriJil^.. ,-u : aujti; ad’ nlwuiirf COS l {=) will; |,|>c 

P“J y ™ I^ + 2.- 3 thrir vim; tori iEt4k^ thr arjfih-. Tbrt-?foie 

n^bvc)|P,■“” i+ ^ = 2 l/»“TC a : + + 

Fmril ^lirrh w-C obthln 4-0 AMij 4 i± ll'ht pkpr niiiiL-rurih ths 1 | h. :-a i■ I (2 S 1. J). 

WidrTi 4 — 0. N - {0,0-0 ^1 ^ualiiPh t-: 0i> -2} + ^ in c(: - Ij - fl; r J. 

Wfr«i 4= - jC, N - (fl h -|e l t). An squatioo h 0(i - 2)-|t(p - [)+<?-!) =0L%-Jf-1 = Q. 




7?U VW7TOBS AND PLANES. LINES. ASH SURFACES IK SPACS 1 ' 

21 CoirtiirnDglte point Pt^J. S.-4} to ^ v<xtor *0$)- Motion of 

* ft applyIUMKHI 1&--4-2 with Hk pnicii H—3.S. 4) HA Up |«^*1 **t« W = M**** ** 01 

J(.i + J)Vs(s-$)-*(*+3) =<» l'" 5 * < S-+38-o 

m. >h» M «—«* * T.S "'.X r?,. . 

21. 2I-S-2J-&, 0-c - Ip + 3* +*=*■ «*»,* = “^ _j. ( + (^36 + 4 + 9 : 

. „ ^ a >. -M-.^mlv 

S3. lLr-5» + > s -i-*. p-« + »-».«»»-T^Tv^Ve 5 i i- + ->' vW 


l». 4.0) • •:-1.-7, t) 

23, 3* + 4p » 0 wM* - it + 4= - « - U- ous 0 - 1 tr, *. u/lf-40 +• Id 

34. Find distance from the plate 2t43p— 2 -S- 0 L» i)« inniat (.2.2,-4). 

fl-_*l „ , 

^1=+^ ' v^ + ^-l* 3 . . 

■ i r 114. j. - -50 (i i4 k = LI,?}. Thmc ^ pwn* hi sbc ^vi^n plwi^ say 

*■ |t 2 !gsssg^ S 2 8 S& wS ** L- SW **** ftW 1 *. pUne * f, it 

follow* bv Ji^u-rnjsLr ID I -1 Lfin.; 

H-vtaPt fon.iM-ft.M) „ -jl+MJA_&-..IS./5 

d fSTi __ 11 ( 6 . 11,^1 ^ v™ _ |«g)-«w-fi-*Lii_& 

M, The p^lm (0,0-11) Ilf* in 4a- 8p — * + 0 — 8 ^“ W6Kf t(f ** ” _ - i •■- = jL ^ 9 S 

. . . j c_ o™ , it r-ii, ij* i.i 1 1 —* l>oanl 3ft the 4# -tte" ti = Gi W 

*■ Q^.o".TN- S-f-4 10 *£]*•“■ p£i 1*tfc.«•*■*W™- «*#*** tkrt 

N ■ VfQJ h 1 £&< 11 ■ ■ 3 1 ■ :u ■ ®’_ : i? _ - _ :$ 

j= tnt it^r ■ & 2 

?S. Fidv* th^ inbtiwti* Fpepi the Hfivitiun ota pi** 1 *- r # /| k i /.i «*] 

Z W. «, tiv, n t&M th. a. p. ami .- Ioltk^ of B plate -«*.*, ^Tif jSSJgfl. tfjli 

fn o rl ho on thr Substiiutliv t ' Ltet P° tnia ^ L ^* V W ^ 1 . , . 

&L : tU I + a + * - I. D 4 J. I 0 - 1 »d 0+0 a l - 1- -nm ^ ..... that .rtte P w wuh tbo 

gjvoiii Intercept*- ^ 

lr, liticKUss W 30. find poinmfltik oad «■»>»#>for U« Hn I- =^i»« ^ 

2 9 . T. W .V-V(^) S ( 1 ,- )l «-r^^P l - ^ 
apMtiWS t = 1 ^ It. g - 3 - St. ‘ = '- SjiMOtlri* «!“**■* of L ^j- = ^ ™< - “ *" 

30 , P( 5 , 3 , 2 ), V =( 4 . 1 ,-l>-T = 5 + « r p = 3 + *r s- ^> 

^ on*™ r ^ 

f. i ^ 51 *** 11131 

tb* ^ v« tsn i*,l;2 )- d VCO^ - ( 41 + 10 . 5 t. 3 V> 4 *» H , noc fuo _® _sl « a 
£l - hit + tflftli.j - 0 : Lti^ - If! J - 1 ^ c !■' r — 7 .' *" ■ ir> L ^'■■' , -J^-- ■-' ■ lJ J ^ * 

V^-.J-!aij J f,'* 1 * ' ' f , m ™ r ;*Tia1 ^ rn -It—til 3b-yFnrtiCC.riJf ffliuaiWJB^ « L 

ml direcr-fon nnrnl^Ji of L. so is Hie ptopwtuHval LI* *J- 1J? J 

4^. — JL - And psrAmelnc «iElions a«r- l3 l - s- -|2t n ; = flt- 

lU -12 -S 



rve. a* 


LU.4 PLANES AND LINES IN K :| 721 


J 


* 

is 


of 

in* 

i;;r 

1 St 

rt 


S'dt. S hlCIUftll till- nri^::i .-.nd prrpCIldbCUJjiP In l‘.|ir li- rv hi|V||.» dlEtr! tojL 11III |j]if-rn. [4,?., \ j Add j—J. — J, 1 . 

P> T-^r cj.fi.r hr ji wt of dittf-fi ion, irirnlwrs-gff tb<? T'CqUMrd lili«- T, Bucnssr i:Jif I. :h pctp^iulk iiIjit to thf liltr wilK 
dircitk.il l:ujipfei«r* 11.5 ,1 j, litr vrcfcoT {a.fi.r} E* orlho^nnai iQ vk^t '.|. 2 . | 5 - T =■« 

{fl,fr 1 e)-|^a,]]i* ft 

4e 4 -I- c — (I (i) 

Ikcau« Jjjii L is ;jt:ipi^iiili< iiljit to lIm Jtn- v.-ni: diirtCEjyii numbers [-3.-2,1J_ h&vr 

=0 

—3* — 24 1 4- c — 0 

{l)+{i}s u-frZc=D 
m)+4(2y r -ft + T* = 0 

ihm. n = -2c, I = |p. Wc call* ta eJirmmU <*■ fraction and obiain (-1,3,2J a* a am. af <lij«cJh» 

number, for I.. Because I, mnUiins l|sc origin, we u>- ;ij--(irli^i-|r rr|imtiou» fj j will (*„_ jo. !», 

TKuSu pAntntrlrk oqf^alipfls far I. sjr 

± - -11 y = « 2 =t 2/ 

yse iy^jjiKtrir rf|iEnr.tort 3 (Jlj Eo obtain 
_J_ _ 9 _ ; 

HI 7 “ i 

K> LtL [MhC] br ? srt fff d fa p t c fol rmnihcTJ pF Rf-rauEH? L h peTpcBdif.Lttor Uh Hi* 3 rhr-. bnVaaR dLracEjan 
immbrr? [-5,1. 2} Ahd |2, -3, -4], tWfi 

- Qe -5a+ft+2c = &; fr+Sc^fl* 

■ (5.— 3.— 4 } — 6 : 2a — 3b — 4r — 6 : 3A j- 4^ 2a 

Stitvanj; tor ^ and C. ublti'n }, - -da- -C - Vr:. I I m-; ;.-i, da. y a I ...- a. *til erf direction jLU 2 LLbjf> *>f L. 

i& Nm’ prDpciTiKbfinP *4 [2.-]ft, in], Hi-L.iiMic’ 1 paulaiiis Ui* ptijni J , -2,0.3). pijaflt*(rpr rt|_u^tLOH.H of L aru 

± = — y — — I 6 &, £ v 5, 4 I3t Mil iVJlEmelrbc 04,11 nltlOEjfi aw J t* ~ — —^-7 — 

c “-I'D- 33 


35. A norniAl v«-ror to tbt pi^nr r + 3si-S:-S=0 b (l.J,-S), Hcbm a of rlimttian nwnlscw B f L m 
[i.A- ■ fi). Berausf I'-i.-^-Stl! is-on L, i.<L «f rHrjtmefric CTjuations of Ij is r _ J 4-(, j, - r ,+3L. r = 2(t 5i. 

SytnirietTzr eqiizii.jnriA ore ^ — '' .. _ x ~ 

E d — IS 


36. TirDUfiJ: thr 1 Hail,-. t^.fl, --1 i jiiu] i^LraJlei to ctxch i,r ifa. plaii^ it - y - z - Q «i<( f + 4-1,- - ft. 

^ Lei {«, & rC ) b^ ilim: llrrfl vprlflp of tliii BiU?. ith: v.-. t4,t . 3.. 1) Ls bare nd :?n: fjJajse £r -Hi-- - - fl, 

and tbt vpttcr r} E« tjw? piano t = Q. tbin (Irl.-l) « wtlw««n4t to fw.t.o), Tbiu 


— e— r — D jjj, 

Hiiinil,iri>. die v*c I*r (1,^,5} b DiKtMd] til Lh+- pLwt-Ji,-,^ - ft, and thus- ^J.3,3) L; urilhL^mal to 
]EciL« 


a E 2 & 4 5^- - ft 




in Sr = 0 
(l)-2W: -F^- lie-ft 


1L‘ t - ■&, tllCJi a - 8 ,'iaici A- | 1 , Tluis = <6. -1J, Jb a ditotl^n, foi 5^ LLsit. We iihc 

paro3=ic%:ic. cqiMf.tJUm (1) wJlL Ju; rLwei poiBft ihe iJimtion VOtEOJ {K, —J l,y} tP obtain 

s-2i+£ jh- - -lit .---n ^ 

wbsrh fqr potametrit eqqsiKmE of tbr liiLr, Wr Ut ^Tnm«ttrio ^cjithtiani f||) to gHUun 
_ y _- +4 
ft --IT- 


37* Wa Uriel! Ip find j^mnwirk «gu:aiipit* for thr line ,, = ' ” = ^ - ( ^ i + - 3?+ 2 

+ -,L‘+-3— II { It. - dz - ip-4 K 

Bimultajieoaialy Fnir j: jl-hH ; ]n leniis I if y, wc sol jr^lp + i 4- Hanre ^mewk ^naiitww 3EV 

*_! - T'i j.. I _ Hi 

r 7 = 0 i- Y p_i tr — 3 -_,T 

— 3T" - y - 11 ! ^ “ jj J i j; - = "|^ , sulHPACtii^ | frotr 1 each; 




VICTORS AND PLANES, LINKS, AM) HdRFAUiS i'i SPAC'E 

t+1 ii-M jr- a f a y + H _ i "»-3 . j 


jp — 1 - 4 3 r 2 ^ + 'Ji = J; jf - —5d —4 - bl - 14. is 4 - life ■* —-*f " 

The Jim* friftfidr bcc<nw ^placing 1 with 2-s yield* iVmiiw *4' 

The line s(* - 3> ■ JjEw ■ + l) “ * 3™™' ™ ^uilUms ? - 3 4 Jl 

Sutwiltating isi tV ♦njuatboa aJ tb* plant j — 2jt 4 = == G r «£■ 

(3 + 2E) — ^(—5 + 3-0 4 (-l+4t) =.#. TferneXiM-e- LLc line lies-in lh* pEitnc?. 

Prow l*Alt Ik- lint 1+ I = Fifsir llwpln** Ji %jf-r = l 

We *m<t its; wy#iioiis of ib^ foe fci parauwini-. fefftin by «4tLii^ 1 — I. Tn«* 


43. bquha.i-5nEi& of ibe given Uifit aie | jr-s-p-s-f—1=0 T 

pfcrminatiug 1 betwwn she t.™ rqwuioiu- we obUsiii 3jr 4 4 
FiimimAiitg jf between the butt* c^Ailon* wr 1* - 

EliiniuitJJIg : beEwxeifc fchf Iwn rtiiJJiiiwita «e obtain 4 ^ 

Ttlrtc Arr ^qualJDllti r>f tlM* projecting plflJM". 


i - U Hi. -tqiLi ?fllcAl|y-i i f 3 = Cl 
1 — Q itf., ri|L,L^[ii.:Tji:lv ^ w * 1 — U 
.rid the thr« proiiH-c-i ri^ ]>>:!<■. 

■, tbe fott *- 2-J+4, : = -3T-i-4 1 = 

y, j — -j 4 4 nil il j* =s r/ 4 7. ^ - y- s - ^| 4 1 . 
Ire 1 % 1 „ I; amt (Ij.-J) 1 Thp 3n ^ ^ l;>rLwfTrt 




10.4 PLANES AND LINES W R 2 m 


"n L. xrrr.itjf-x 47 ftinS find an cqidtiofl of the plate tuiilaiiiiiiK Ih* 4 jgi WH dl l.rTarfliig. line*. 


47- 


'-=£ ^ + 3 . t + . . fSoi + 2v+s-!-2-fl 

T d, - e r r -— 

PiMJib^rk equations of Cht fir*L I i ir-i- nr* * = 4( 42 , ^ =■ - £ -3, r = $t - £. t - D give* the i^inl (?_-!, -2) 
which heJ*fip m ilie second Liibe;, f = I jSvfk i.he point j-S. —4. t) which do** na|. F'or any value oF 
(5r I- 2?j 4 : + 2) -§- t{i ^ + 2 - ~ |) =: 0 u ft pin* ™utaining tfift strand Line. Because p-Jasu: C coriminx l[ik 
fwinl jft.-4.li the Hkdnd thw r kftvr ^f4j.! | vf 4H ] - T 4 *[ft - 1 -1; 4 2{ J| t; _ U: 13-1U-0; 
Jr = ]■*. Eienee an eqiuitiMl 1? f C ip fir + 4 2) - i/ f Jr 1 ) s U; D r 7p - 3/4 7 - ft. 


1&- 


Ik™se the mfflJfffttorfr nhc wm- ip bctlh hne*. m.- -.- = ! m t P(fl,3. I) » on Swtb lirire E.n M fa.fi.e) Ek" -l 
ifcunVint vrr.lor nf iV TTqnirod JHrtSiir. A i3am-ti OT vector oF gIk first line is A - {?,,T I ) and a dirrviinn ver ier of 
the Strand line b; R — (I, . I'. l-Seva.ii-;r--ne pJane tt>BLiiiris the 5in«. N is. oM bo£0iwl to bot-h A Ari^f B. 'Uni:-. 

(24,i> 

3*+J6+tf^fl (j) 

in] 

(Ik 

* - * + ^ - 9 fa; 

&a4-le = n 
(l)-a(Sj: M — r ~ |) 

CbnnpiQjf e — vre u-IfLun N — •" 1, T . r i-J Applying TWoWm HLI.1 will: N and Ijir ]wipl Pin.2.1 uv pv-l rvu 

eqoatkm of she plont 

ix +(s-4) + 5(z- 1} = ft 
4 j ~ ^ — It — 


49- The g>van Ji dps 
Einc tor £ and ^ 


iQ<s have oqt-l—M f. j/ + /' # iind , '% l M 5 = U 1 fJlf «3 lja *w>™* nf *«* 

■d & i 12 LcrsELi cif - *f gjcL the ^yDli'^cUk equations — J ' _ ' - ai:tl j - - ——^ — ■'—‘ 

3 - a ; 

ikcanK* :^..Al] w ft. wl" dk/rkEion JiumbrF* For tftch line.. Lhe Imei- dilt: j i-^l rJalLi 1 .!. h'-ur liny VA-llft 1 nF Hr, 

— 2jf— 3r+ l) + ki — Jr —■=■ ft in a plane ron1a.inf”K t-lli 1 El^l- line, fireoupa lhe Ei , -: L ni|' h-: 3 jaljijh* n-niLt 

roc'Mn th^ poilit 9) nf the^ecoild line. frmsl iiL-n- 

Itfrl) ” i(i)-3(9)+ l] + ^(- l Qf -13! r,t - ft; ^ 

Eiefif^ Ml <jqufttkyft of tEie yl^ir- ie (fti-S*-,!* 4 l) — |(k- y- x) - 4r + 2$- -p-A- ft. 


BD. I I.-: ]in^ 


Ji ■ 3 


v4 “T^- — ^4“ = ~p [-5. 1 l/for direnHLOD nWHlber* and ji?r paj^llrL 


I _ r -T 1 

P1«K6 conl-iininr, ■Le Tcmi line are ^ 42 - bz + ^l>; r ■ ;>:- ^ D ind ? _ | — f nr I 2*4 7 j- 0 ^nd 

het&cs (ir - 5x - IS)4 t(;j42i47)-9- Secaase the tequited fdiLEie r miLsi eenNtin Lhe pottll (,T —1.31 irf th^ 
setflQd line, w Jmkvc [a-«(A} - IB] + *(-t42(3)+7j = 9; -30- <J.i _ 0: i ^ i3. Hmtf an nquaiion ^C is 
(± - - 16) + ^({r + 2i —'i - fi: 1* - 1% 4 b; +19 _ (1 


§1. Wc vrish t& find t.h 1 ' inU'TWClioil of atiH- 4r y i i; T> ^ 0 and lh-^ Him — 


l2 _ E ±* - 7 - I - 


-lr 


i W + 2, ^ - —2f — 3i r — 7E ■+ Li itl>EinK i|q?»k rlie »-T|iml ion pf Lhf pLtnr we \ 


5{4l4JJ-{-2f -a;42(Ti4lJ- 15 


1- — Gh 43 — D; I - - ■"■. Thr |>IV’I£ of rnl^^rction i 


52. Find eqnalionfi a >F th^ liii-- (hrcnEgtl the point -Jl.-J. i^erpmclseular Ln ihc- |L:h- ‘A r - — Jjir — - nnd pmaLlel 
11iri pljne iH 1 / 7 — 0. 

L^i l>r ft ■djrae.Lju:i vec.tnr nf ch?- [-e^oired line. T/mnwtTio oqjaoi-ioos erf L-Ik- gifvu linn sre 

*_£_ A 
l ' 3 1 

eIihi E.bh vectoi {J,-, |J. 1) is a dL^iintj verLnr For 1 hr ^ivcn Line, iiccausc ■£, i 1} iif: Orl liuiloiinr \o tfaea 



?2\ VlX'J'OJ-tS AMJ FLANKS. UNFA AM) SURFACES IN SFA<L-K 


^ 4 Ji + f ■= 0 

jjO + it- 4- 6.: = A Ci) 

ftucausie LIk- Vti UJff (] r J T —1) it tVttK14l <4 the plttAi 1 x f if - □, Llirn (E fc l T — 1} t* fliLhogoniLl Id rj H 4 id 

[JlUB 

ji HI- - c — -l) 


£1) - S<3T>s -d+#r -fl 
*4 Sc = 9 

f.lm^iup; c - ], Wc Jiiid - (9.-P r l) ti A dilcrinn YfCtOf &F LKv rcquunl IiI m-, P«T*SfeftHit cqiuThOfii^ oF 

t3w liar nrr alrtaanmJ bun E) vr'nh ti* pvfsi pain I [ I.-1.1) mPI-H t hir 4-i r^fl i«fi VitttflT (9. -$. :}■ Thus 
J! = 1 +&£ = -1 -fit ; - 1 4 ( 

53. IkratiHr tlir liinR L Interact* tbri : ajoh U «attWsi Lbr poihi (U. 0. -- g )- Bcvai***: Lhc poiut ^3.6,in alw on lr ji 

rjf -iSirccC ic-;i rjumbcn c4" T. IPi £3.6. ■! -’ij, A norinnl vi+ttoT f« I Ilf pl.nif j- — ^pi — 5? - 6 = 0 B (L-— 

fertta L a putllrL to thi* pW, flfeMfc-^ *Q = 1 ■ A «* of direction 
numbers of I. is I Wi and another set is [ L L * 1). Because {3.6.4) i* ™ I.. symmetric f^val of L ate 

J-3 „ 5 “5 _ i-A 

54, CM -3 r 7.4) I* a EKitEiL of lbr Hn-r. v - (^-2,)} id A V^tOE ilP Lbflltis. M||-*“ V'V*- ?- 4i S = \/5?. 

= ot^ ‘j = = Vm~l = 

$$. Q(?,i n o) Is * paint of tb* line - - V ^ fSA S} in a vwtw i» the h**, P(-li3,-]) i? tiw R ivm poinr.. 

d v^^=v«PT=\/f-i^ 

56. l-'ind *qnp.iinn» of the Lhur EJhrougfi tingia, fi^ri^EdituJaj to the liae - - - - IV 3. «id ijiini^r^tu^g 

t-ifc-0 JiDt ft ^ 2* -I 1, ; 2 i f 2- 

t’ ]jiiE. I. be ibu ccq'jjjcJ 3ibc fttirl 3 fL 1 .1 be Sh.r :Lne Ji - r ■ 1. r — v 4 2 thui siiLTiHriil^ 1- Tf P(o, fi.f) U Ert 

posEil of ibtairMCllerai tlwcn t-hc fCHTdin-nfr? o>f P -s,ii'*fv tl;-*- fT^UfctiOT^ nf I ,. T1>-5S. W* Ltl X — 0, Jf ~ Mtd 

; r in Iht rqumiors oT 1... flhtaimnc 

t s ) 

r = -+2 _ . <=) 

hz\+ I. camLdiLia: tJjt 4llkd |K>IDt P. Uwil Lli^- vkLlH V|t>F) i- a nLlp« j .idii v*r lot of linr T.. 

La'L E.o. b<- Ltw Lilir j- — -,■ J h ■ = 'J.if Wtr. ‘RckL H^irinictcj^ cqiraLiq^is nf 3r a - .SciSvLn^ r^ch eqiiril ii-rti fe>r we 
Jtii'/r 

r 4 -S = i ^n-d y — ; 4 3) 

' ITVUS. FyiiLTUKlric -‘qurh.l" !.-i if. 0!^ SE't 

ll*h** n A QLItiZtiou v«i« of lirft 1.^ iu (!. I.'i). lifi-iujic lib^- \. ■ i^rj^ndifijEiir la Uuc L-,, iiaj; elirt^E-WHl vp?M>r 

uf L id Ofllho^ORIhJ Ijf^ n diieclion v^riof I .. Ttni'i 

(1,1,2} feM = o 

ra +i4?f = ft |J> 

SutwtLtuftim? from (L‘ ar.t\ nio (31 obtaio 
i.+(3ki-rL)+S(ii + 3^.0 
a = — J ^ — -L *_1 

VVi" ana |]m- (Ltmlluil (-],-!,■} ind the t^i^ili to wrSLn: Ibf Ryoimrifir ^uatiiai^ uf 3., wEikli **-c 


x _ i r _ 2 



J'M PI VS 85 AM} LJM5K BN R* 72- r , 


p a ] _ - 4H _ 


57. The givHi lift** m = * wk! — rjl _l|, ] = — a. Tht two Kts of dKratkra fliuntras 

3] IIt ”■3*2] are euk |3r-;>|>uri aijn^l L and so the- Janes an? nor. ^ir^Hrl. Para rue trk equations of ttw 

iin«5 are L 3 : i = &! +1, $ = -fci ±X & -31 - L nnrl L^: * = s + 2, 9 = -Sa- 1 T e = 2s- 3 

ir tri a jwiinl of Intersection iv^ muni b*v* ie ^ l - a - 2. -2i + 2 - -3« - 1, 3J 1 ._ "is - 3 

Tier fpml Iwo KLU 4 t] 4 Hfui hove ihr UbLqur soludion i Q Hint a ]. | Ki-^r vj|]u:c$ de nut -tiUihSv Ihr- thin! 
«pMf»Tl, SO 6Eif two 3rnr?i do nn£ jiilCT^rri. Tbu# \hw-y nor- *kr<r, 

Jf 0 z L 

WJ. With l - 0 and 1 :n L fcl a ud tl.^ giv^is, ** I be plane * “ } - - [ftp 4 Uy - 34$ -lUOof 


5S. W?lh I - 0 end 1 :n L tl .\tu[ t[i* gr4 | he plane * ^ j | - -l(te * Up - 2kt - ■1 i 3 — 0 erf 

3 -A —5 1 

&? "p - 13* + 27 0. Sdbttitij ti lr£ ftvltt L-,. £(ri + 2) - 7( -te - L) +■ I ^ 3) + 27 = 0. 52s = 0, * - 0 
And «o rJne plane emck 5b, Q(2 ? -l,-3). V- 2), Tlw Him Is =r = =-±fi_ 

59 P Owo— a ficunI in ih^ pJarK &£+% ■--c= + d!, -, tt, mlj ]■ - (ft.lj, ■J A /i") And jl poim in pLa&d 
OF + iijf 4 FS + tfj = N. >mjr Q = {£J. \ — fa L fl,r) ii iHr-Miird CiO the piN-ilk’J plan a. If d iijilLi i\ Llir 

dissane* i hr- frfwift Hlkii 

, H ■ VI qp) fr- e) ■ {0.0. (4, - rf*)/c) d, - rf, 

"BSH "rS^l-77T77? 


Ill’ll Va-+(,*+#• 

6W. Ptow th« Tll<' Uradii«-t(d distance from the \t\nAir as: 4 &y 4 Ij to th^ pwiiini P, ■ ^ rj . i lf given by 

| gJ^4 6p 0 4rg Q j d| 

^ + v +f 2 

► E: ' iM *!ti E-^IIL th Uk! ptajMr, tUftB JUT, +fcp B 4^ = -dL T5e reqidi«l diirtatiee ii Ui< itollftl 

of jheK^,ir prpjH'LllijtJ 

nr, _l N ' ,; ft^1 -tu.!f|-jra-i!--ull | 1 - <•*„ “ **»D ” £ -*o J 

|Wjvl " IN* " VsTFT? -- 77777? 

iUft - f-*| *r u + *»o' "-L, -!- !l 
"• ^“ 5 + , ! ” 

41- Sf ^he i"wi> HJiH*r.hij-! mimbers a and b nrr -irr.?. iher. jj - ^. axsd : — ,y D . 

10,3 cross PRomroT 

h 

ID^,.! l>fifiitn.it| Tf A = (rj 1 .rjj.^j- t ; juuJ H tLeb Liu p-rPrfucf or A. Aikd R, lij- 

A x 13, giVi'n hji 

A x R r ^ tlHj&j, <t^] 4,A 37 At fr 2 * fljAj} 



*7 


L 



h 

f ! 


i 

i 

k 

= 


a a 

% 


ip. 


*5 


: he operation of tHas prbdurt W v^lo-ts is nesthcr comm^Eaijve □ or jutturJAbj-vg. .ir>r3 
di^x-jitL dd cli4i Hkrjrfii.alLott of the < oor^Li i..*i[-£- fly^wsu. fjowiwcr, cross ntolclpCL-cacL-on uf 
vwler* ia-di»lflbutLVTc w-tb Ti-prcl ki vnr.U^ Addlltjon. PtillheEjiLOre. £.ca2ar ehifeLEijalinHiion 
■snd croas; niull'iidic-niC-i^i nrr rtvi^rintivr. Vl'e fiirikiijiv i-L/Llr l^h:^ js£r^pr-':ci in ti:c 
fell i>^i n,y: “hoK-ems. 

]D-ri-2 Th^jfi;fri If A J=: jdLV V«iOt sn V 3 , e.liri:i 
(i) A « A - 0 
ii) o Jc A - 0 
(iii) AxO-ft 

Ifl.5.3 ThwH-ens If A rind R air nay v-rrUirj, in 
AxB -JBk A ' 



7» VECTORS AKU PLANES, LEWS, AXD SURFACES IN SPACE 



iD-i.-S Tbcarcih l r " A. Si. -mu! 0 aur aisy vuel^-r^ 191 V.|, tLni 

Ax(»+cj AkU^ AkC and (is-tcjx A li*A|CxA 

IQ.b.b TWwrajl Ef A Anri K mu An_- L^u LL V-j 5.1 ir! a: j.-j a dC dii'.C. UWCI 

{Si (tA)xB - AnfrB) 

(la) A) j£ li — «(AxB) 

i*i=D Uj-i 

j si L — —Je j*j^=0 jxl=i 

k x I =■ j * j = ■ 1 X fc _ 0 

1 hf rrrrL'. nriidur.L uf cif-.iL 'jilII V-'OCtor w:i!i :i?rPll ia- lLc ^-cC l-»jr 9- F-n* li^iin: iLluslfhE-^ 
way Eaj iciisEJubcf llrc tfigil*- flf tl>e riiasajbkbg mX. rEOf* |ire*JiJrta taf I h* ulktL VfwWtfc The 
Ciwm |wo floniHxiLitivc vwVdt* ill c-hf pc&jliiT- (cxvm^rlij^twiac) diretliun. is 

ihr foert vK^f, The Cttntf pr 4 >duei oF twio TPS'tnc* 111 Urt sedative dirrctiitfl is fcbf 
Dtgath t ef h he nrtil Y&A H* + 

TVtfcin {Scalar Tyipif PwalLift) If A. K. luntl C atm VttrtUrrH Ell Vy. th*r. 

a ■ ii * c = a * r - rr 

rF A = H = *isd then the sratar iriph siruduts is 

piron by 

I *1 

A-IIkC- ij A, *3 
1 *1 ^ , 

IflUS,? Thflwem (Vector Triple Product) IF A, B, and C arr vt* ztiit* in V^ L thm 

Ax(BxC^(A C)B (A BJC aiJ fAxB)sC=(C A)fl-(C BSA 

Iteiprm I*t lh:>ih . 1 * : (u^WI d&l rcmvIC^jwiiE — (uutey do's ad}ac£j> 11 rftniGl* 

IBJjrB Thwr-cm If A and B we two Ytfciora in Vj and 0 is ihr naeasiire of iht iuafcio tw^woen A and, B, 
then 

= A k B li — A B h-jai el 

H'l.Ji, 1 !) Tk^n^pi Tf A and IJ aTf iwa mwifiTK rn V^. A -n ig B ace poswUrl if and only if A x If = D- 

EO.i. Id Tbrarcin If A 4 hd R are Iwa ve-nCoTN in \'-. lli-nn I-In’ vi<tLnr A x R L- ■ ■rUnj^rafYi Em»(1i A And B. 
Thu*, 

(AxB)-A —B uni (AxH)- H 

■IWquc Of h, fufn 1 I" ik| I i■ l I aL a \iuinl >' Trii^i t^j- 0 mas^if^dc II O? X F ■ 

AffJi Juwd Volume If e^|ri«stm*lbuJBI of iht vif UsT * A ;^n I R Lwu adjiCcaL. sid« of & |iAiiillfloLjriJ!L F 

iL tnfl-Jkgh 1 iJwfl Ihr (: -.L-.iir?! uL llr ■ .Li i .l of I 1 J9 A ■ B i:,"_ij E |lf CPpraSUCT of klw 1 ■" ■' ■ ■ 

T itLpAxBtl IT :i-j j:■■:■ ■ _iI r i. ■:.•■;■.«■ ■- ■■ •:■ A. 1^. ,::■: (’ nr Mr- - ->■ " ■ ■■ ■ i - 

a iwalihrlDpLjKrl P (it a Irlrahedroii T, tbfill tJw ULCa^JTr of ihr VOlUfiV: of P is I A K B- 
and ibe measure oF tbc volume of T ^ ^ A x B - C . 

Lot L be i line Y«itl; dihstrioi!. vwtw L. and in V Ik a ixtitrL If 4 & * n Y ixwoi on ihr 

liee L: cltcfL Uw mutdaperiod di?aanci fc Use V auii i.li-r Idir: L L j^ytia by 

|l*v(F3)|| 

* ITCI ”' 


Ezpnri.w.': 7$. r 


111 Ex«robwt 0 L^ks.A-ll.fra), B {4,^-l} h C«(-^-^Q P D=C-f,].e} k ES^{4 l 0 P -7) l wL F = (0^J). 

' 3 j fc | 


1. A* FK-f 


r. DxE- 


2 S 
—3 -1 

i fc 

i e 

-7 


- _r r - (M - ^ j-(—4)1 _=. {-7, 1 % -4) 


s 'S Vu 




A >: B + A *C 


. Ifti CROSS FROlWCi .27 

< j t : i j If 

3- <G*DMExK)- r, -3 & ■. < ( _7 

^ \ 0 ! 0 2 [ 

- lay . i-"p-fi)ki‘{Mii-^j+flk} 

*- Fiiid (Cx Ej ■ >'II x F] 

I® J ^lr_*tl(p:<:l tl a I 


C^E- -/. -a 5 


= t(-5X“0 - Af#t - [(-&)| ~7) -4(DK4It-fjS - —3]|Jle a 21| - t!ij + 12b 


i j k 

P * F - -1 i li 

0 2 \ 


-* ■ L_ 
(i s r 


I ti 4 -Ik 


(Cx t)'(i)xl') - (2li- tij+ l£k) .(-Ui+ 3 j It>-41(_11)+;_1!5)2+ :2.;-4) - :iuy 

j j * 

A- — (Bx A) ■= — A -3 —I = —(—7,—13.11) {7,13, 11) — AkBi footu Ih- rm.k of Escrcisc 1, 

] 2 3 

i j t 

0. Ak(B + <3) = {1,2,*)k( L, -6,4) — I 2 i =S6i Vj • -sit 



| -1 -6 

i j i 

i i 

12 3 

1+12 3 

4 —3—1 

-J i 


i j fc 

7. Tfc-3 : {cA}xB = 3 S 9 = {-« + 27)i-(-3-.10)j M 9 - 2*)k = (2I.39.-J3) 

4 -3 -l 


Ax (t&) — l 9 J =i-S+37ji-(-3-36)j + {-9-24)l = (31,3*.-S3) 

12 -9 -3 

B. VtfJiV 'l‘Jl-i!or<: 7 i j fW vri:l^r\ A and B ijld t: — 

* -a, ,i) 

= j \ \ -[-3-iH l *H * if- »* + **-- 


e(AKB)_3f(l,S,a>i,{4, .1 ])) 

- 3(71+ E3j - L ttj = 2li + 3SJ - Aik - (cAl x B 

I ! j y I 


9. A-a*C-(t f J,3}. 4 -3-1 =(i,9,*J-( 1&-3.-.:ail-5),-l2-iS) = (l 1 2 J 3}-{-]t.-J,n.-2J) 

-4 —3 3 

- -18 - 30-39 m -t!*, I’m-m Emcc^ J. AkS'Cu (7.13, ] [)-(-1,-3,5)-J8 39 -JS--12S 

• i 1 i j k 

10. Ax(B mC l M 4 3 i _ -13.-2?} _ j •’ j -v U,-2T h 2l) 


(A• C)»-fA-B)C-(-0, 3,0})U ((I. !! r 3) - {4.—J, — [)) —4{+, -3,—i) + 5{—5, —3,4) ={—9, —27,71) 


748 VVX7F0KS AKT) Pl.ANES. LINES. AND .H G Eth'ACtiS IK RPACU 

11. (A ^ B1 x (C - D) = ({1.2-3} + [-K i.lS}} 

i 5 k 

- 3-12 -.(1+H, '33) 

-3-4-1 i j l 

(D-C)x(A-r H) = ({-!,l,S>-(-a J -3 1 5)jM(a,-l,4)= 3 * 1 Ptf+fc {jfr-B},-3-W) 

b “L ? 

12. Eind ||Ax HftrxDll 

* AxB“(],S,3}x(4,-S.-l}-l 12 3, jj \ - {: i|f+ \ -3 k ~ 7i + l ^~ llk 

A —A —1 


C*D^{ , -S -3 j 


! \ fc-7i+l$j-LIk 

"I — J 


fi f-|:* * f J«--S6#s&«* 


[A^BBIICxDI^ >/i 2 + l$* 4 LlVi3* + 20 s 4 b - 1 Vl &aa 

13. {ji‘i A ■=■ Thefl 

J x A — (0.0,0} x {4 ] ,a J ,o s } = -0 ■ i*. 0 ■ «j ■ fli> -{M.*} - » 

A*»= («,.**,*,} X {0.0.0} = ■ 13 ■ *j ■ D.*, ■ 0 - 1] ■ 0.™, ■ fl “3 -0} = 1°' - • 

1 i j 1 _ 

M. (>)AxB= i ; *flh= ^0*+ 16 + 4S4 


_ J 7 I 

3 5 3 


«■ s “^S i+ ^ 1 B = sis ;+ V5 j+Bo ““ A B ^ " i ‘ 


I j fc 


^“ ff =wslb i-H i+ i fc l-4+l-H 


w-'-iaiT'ns^n"* 1 rvrr,TI 

1 Vs 7? 7a I _ l _. 

{bl *- fjfjjJL - A ■ H ^ ^ l ^ = - 3 . & < 0 £ *■«» ^ = +%/^ _ y “ 

16. that eTir- ^ukdiLUrcenRl li-iiniii^ vertices at P(1J.3), C^(- J i.], -1), Rf-5.4.03- juiJ S(^6.4,-H) Is * 

pajilLflopraJIl antS CiihE ll=> urt'a. 

&■ We (IS* 1 |M>si LCLI31 RILlb CStJltillflnA. 

Wj - 4 - p _ (-4. I, —I) —{1.1,3} = {-3,0,4} 
p5-P-t= (-5,4.0}-(1.1.3) -{-«.3,-3) 

Ki? _ i-r =- (-S.4,-4) - (-6,4,0) - {-3.0, -4) 

Fto&w* P 4 - fts f . then Pt^SR I', '- |iiirxJ!do«r4IU, Mwetwtj- 

i i k 

PtJ x:Pit = 0 l 0 = 15i+JSi-lHt 

0 I) l 

and 

IF3xK : Uf Hi + 15j-Bk!|- y.-M 4 225+Hi = v'T^ = 15 

Ttumfoiw itt im nf pswllclofcnun PQSR i» 15^3 "on™ urtits. 
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IT. Let P * (1,-S^J, Q = (4.3.-I], ft ■ (S.3,1). S = (5.T, -3). Ike^uM * (3,M> = V(R?), PQRS is a 

twaJMpgr&Tn TV TIM SHI fc Hii (hr .ura of P(J&iS I* 

V(FB)|!=|| 3 3 |-|«i + ij + 7k|-^rMTS= v® 


IS. nr™ = | FQ x PS | 


3 -2 ft |^l-IH-l2j+SltH + - ]? 

£13-1 


19. Ui A (0,2.3), D ■= (4,ft, -2], C ^ 

||v(A0)3<V(ffi}i!-a 3 -1 

j t 4 -2 


r J. ’flu: Eiirautifv l.l:-r Jijcirt -of Ipib-UljLr AUL" L£ 

-y ;r3t. ss.fft)g=g{» l id.ijj||= ytSSTTIie + tw r /BS i^/a 


i I I 

0 1 3 

-I 1 0 


—a — J Hr t 


20- Fbd Lhcarea ofiluc Iriar^k havlmi vr.rr.ire*;.-il P(4 ,o.G). and {1(3.3.51, 

& TV are 1 * of PQ R i* ],! Q? * (Jit | 

QE r x^t^(»-«r)x(r-q)=(0',M)x(-l.l,»} = 

' cjH j — /TTTTT =. 

iltatt tbe ate* of n-i Kj.r'Ef PQR is square trail*, 

Tn Kxe'rcisw 2i and 22. US* the f[(MS pJiXlLPCr fo hurl rin fiqii.ili^n nf srn« p|anr rontruniufT rI IlM'i- poiirK 
2L Let A ■= R ■= (—ft, £ T ftJ. C = (ft,-!.— 1). A itorraal v&tLOr for tlir gplmi* nf A. 8. C is 

. _, i j It 

V(Alis *. V(At..) = ft -1 4 - {-3 r z.— 7). Steatite point A Ires m ihe plane. an equation is 

5 2 -:e 

- a(ff + 23 4- 2fj -2) ~7(= - 2} = ft br ^ f. 7* - 0 


23, AfV.4.ft). il(3,0.4). C'ft 3.4]l W = aS* A?-1 I) -I 4 

v g ^ 

«(r - 2) 4 -i(ir- -i-3fr - 0) - ft ftj 4 4 ji +3.-'- 24 = 0 

£3. I I: r Rivirp pLine* j? - ^ 4 . ± - 0 till 4 jr- 4 * - j - n hate- i iurNirtl vrrLqn-, A = (L 11 } ,- fc ri<! 
H _ (2, I . I . The- cir cjL|qT«| plAa^ £’ hftfl nunn-il v^tor aj5hDp>n.i| *4* Ulh' Hi- Sitf h. A i k-eijtyr la 
i j k 
AxB= 1 -I I 
i 2 s -i 

3(* - -I) 4 % “ft) + 3* + a) = ft; S* + Gy + ftz 8 = ftiJC + !4i+2-2 = ft 

24. Find a unit wwt |>*rpeMlrciilar to the plane eujifoiijLift PtJ - 1 - bluH Fit 2\ ■ j - k 

^ 1 j j 


- (• 13. S. ti). Jw ^ (ft, 4,3) 


— {3,6,3). coniwos tLe point \ 0.—£), an eqimtHni in 


S = ^ ftj-3kM£2i-j-k 


k 

1 3 -2 

2 “I -3 p 

By TtwoPfin 10.5.10 Ihr vp*tm- N if Dormal (« the ptuH containmisi >n?ri FS. ir n it vftrfon? -it 


U = 


N 


m = * *;fe tM+ * +7k) 

In ExeKtWS ^5 27, iitld ft irnat vr%-|.:^ prrprnriimlrir zq the pilflne ilir*.IEl? ch» imim.-: P, Q. -nirl R 
£b. —15, Qf b J,‘l.-2). tit 11.1,4). A jnsumJ uteot ui !.h<* pinine iff" p, Q, and R is 

J k 

- S3-r Sj - Skill H|| = 9||i+j-k||- V L + 4 ■ =&V5 


N - Vi.l^x- Vi 'Pti 
H^!;iv uillL normal ^cetors art ± 


^3 2 -3 

C -1 $ 
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i j t 

Q(2. 2, 1), Hi N - -1 -5 -1 |“ (-7,-JS P —3-3K 

-n | 

II N'| - y'Ty I ST ift5 - v^l — S V^- U “ ±(^V-v'3- sVS-iV^} 

27, p = (l. n.'Z].. tj - ft J =. A norm-n; vin-Loj iu iLl 1 plain: m J J - Q- sad 11 is 

i j t __— - 

Pi = Vf?5) x V( Fit) 2 -S 2 — -Si i Sj f -1^ l!K|.-^|L+ ij + kj " V ] 1 A 4 1 ■" L v 6 

5 -1 -I | 

Hesit# unit nomtai trusts *fc i _ + ft J “ 5 ^‘ - i ^jr'- 1 ~-i+ ^J- 

"23, FIshJ the vtoSume rtf tki 1 jiJuaLLi'tuptirfn--J 1 =-t.o iny, 1 f 'Q. I'll, Niil tar [km?iL^ l" 1- ; 1,-..■ j , Q(3 J r? l 3} l W(»,l , h .' 

iaid 8(5,5, t), 

e* (UMi -{S.3,-1) 


B= PR — <2-1,^—(L.S.d: - (1. 44) 

C=H - (2,:,5J-<LJU) -tW4) 

llhe bkirnhrE bf tbluC unilH in liar wlumr <>F Lli.r swi«F!*-l<-pipod Li | A W P ■ (’l 
% 2 -»] 

A * B ■ C - 1 J 2 - S 

1 -I t 

Thu* voEufiio of to prj^lld&Tpiptd ii 1 -r^bic ®sil 

W L Lit A ~ VfF3> = S + 3j + 2L B - - Si 4 j- k_ Q = V(P?) = i-^j + t Tb* me™* of to ?4U*4 ** 

par^li^l-jnrjuw] PC£Rh is 

1 i k 

j A x B ■ Cl— I A 2 

2 1 -L 


30. TTi hi jvl-nn-n bus * qmi iron 


]|. hjt.'.-i ,«-v ;i -.1 - I'. |J 1...l p^pnjdrtuW ^L-,ljncr brtWrrh Mir L*u Jtfvtn, iImVi- iaiir*-. 

31. lie give® lhe ate ^ ^ = 3£ J 1 “ 33p A vwl0f nwip|fll ^ £ 

Nik 

N = (544) *(4.2,-3)- 5 3 2 

I 4 2 -3 

A = i* 112 , ■ L) in a | ki.ciL udf LJilt fim IjTi 

The Iirtaaufs of lhr" diuiMLfi’ IjrtwwijL the ]■*«■ il the vrtine ptojerSIon nf V( AFi) "n> If 
V(A«)’ N _ f-3,-3.4) ■(-«,«. Ji j» 
i Nf s^ri 3v/hi 


= ■: IN1 — yTtfi +■ 5W+4 = i/T« - j,/w 

r ^|jil B : -2--], :!■: 15 J pollaS «f hljfrMXoud, 


-C j = |(-4i + Si - r.lt) - (i - ^1 + k) I ™ l-S-10 - s I - 3H 

F J - L 

! | \ 2 \ | --4x-LSj f -]2?4^ = 0t;^+^+4j-n-tt 

J E -1 1 


3 ^. 


It! 

“i ■ 





L, T,{ZHo-J)irt4li)-(543.Z> JUT- ripFVM-IiEKn vmlur^ friT the Fli&I ami M^cLi:id, IkJl^. 'liL-T vf rSor 

i j t 

ff-L^Ljs 2 -A -3 ={l r -IH,2ft) 

5 3 a 

li p^j]»i 1 du:Li ]&£ 1 L 0 - ffrMl nf Ihi- liiji's. fisc Li r>l Li in- <-*|iSjui.a Ltw? [kmpi! Pp, 1 -^, 1 ' and Mir line 

Louiiim tte poial P^l, S.-3L. The 111 *.™-,?.- csf M-c prn^0^H*r dbUftc* Bcft™™ tlw lilacs w tb* aW>lut* 
vrial 1 i| 1 ~ Hjr thr M-JLlru prisjf^ciwn vf T\ P 2 0® ^ P n ?-; — \** 'i. '^- VifJ LjJte 

iw-iyi^il |{i,-if>.»).g,8.-aa| _ eur 

1 ^ ii ' _ _.. 

Thus, the pffrp4tld.lcul4T distJtnce brlffmi " mi 1 Sine? if L0 l : /v J03B uniis. 




33- Hfi.it (O' - 1ST.* Ip-lb 


34. 30('S)mii POT 177.3 iji-ll 
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,, iJjA * IS I _ I A B-I.'iTl 9 
^ ~TH “(A 


36- IK A flDd B Am rrrlors in V,,, f>mxe LkiL A ■ K A x H j - f a . 

&■ l-rsi A — {ii : atiiJ II BwnniKK a dpt^rminaat Ss D ifiwu ^rt- t<fuaS. c-be-n 

«, a- : 

A 'As If ; f" I — li 


37. By Tti IDJi.l. (A - M)xfA4 B) = (A - B)x A-i-f A - B)> B - Ax A IJ* A I-AkR-RxB 

- )-A*D-AxB + (l - ii;A x 14: 

3S. A = Vf5P). B = V{ixfr. *nd C »lA Tktt V(pg — B- A and V(H) - C - A. A n<HTO#J vtriut to I lie 
plan* of P. Q -and R h V( PQi x V(FR1 

*(B - A)x(C-Af - [R- A) fc C - (B — A) x A - R y C AvO If x A - A x A = BxC+ Cx A 4 A * B 
In Ruttife* 39- -1* in A - {s^a 7 . u„ ; . R- *wl <1 ' i-'"i; •■“j) ■ 

A Hi B-C) ^ <> |? i , i s ,r , ! 3 ) x\i, I f,4^,i L 4-c^;; 

- r rf 2 ) , 4 r 1 ) - o 1 (Aj 4 | iJ 2 - r. 7 \ n.^ - r, | J 

- “ rj sh 4 /l 2 r 2 + ^1 “ ■KOi^oA - ^r: ;| ;- 

;. J 2 d__ - • .i s li 3 _rj L *J - <i ^ ) 4 - =V- r 4^j ■ '*]^SI^-L^Z “ a 2^l) 

( A H- B; + f A X Q iLtsd 

{B+C)hA _ X(P4C)|= -[A v P3 | A x C ■ -(A* B)-|AxlJ) = 11* B + (■■: A 

*0 Pfflvi? Thwwc-jtL 3Q-6r6. 

^ i.*i. A — (H L ,w a , ra^)- and JS (6|,frj) be juiy Lwa vcclorm in niitl lr< f bt iii>- dcilij. Vr> u*t rhr f-Mt thftl 

multiplying t3u- ftltitiiRialn of a row by R flliRlLcf r rmilUrijM thf 1 \-l|i?i- id Uir r|r|rniiiBajil by r. 'ilnjp, 

! i j It ■ J * I 

(cA)j< B-(rdT ll 4rffl 2l rji 3 }x{tP 1 j ca, TJLj = d G s d-, ^ (|J 

„ , + , . , .. , I fr l ^ *4 

i f02a 1.1 j wn jpi M!i»i)t4ud«l>‘ 

(f A) X 11 - £{{«,, Sj, flj) x (*,, l^, ftj}) = H A x II;. 

Ai>plyina Tfu- dctoniiuni fdIo ip tli- Milr^f M'T,' «l (l ). DTP Rl'-I 

I i j k 

[r\) x. B - ^ ~ {ra-!, a-j. {tfrp, cAji, H=. s ) = A x i r'Rj 

r *| rt 3 

i I. A - ® v C - (d, - (i v (fj ,11., ) ■ |||. L '/‘ :| - ^' a ,4 a '-, & A r 3 ,A, r, ^, 

= 6 s^i 4rJ ^i'Vi - ^'".i/ t ^^ 2 ^--!y i:■ 

A S H ■C - -juj - {Cj- flj lVj,rJ L tj fl z & 1 ) - 

- VsJ +«i(Vi - 4 - Vb) = A - Rii 0 

■13L chftKt Mir- ase* » ibu B - ^L, C - ^I + cjJ, A - #- ^ + ^fc_ Then Bx C = ^&.k and 

Ax. U> C) = {dji f ■ K &jC^t _ - ia. t, c.jj - o^' 1 ' - "^3 w-iuk 

lA ■ C)M — I A lf)t; “ (4 s Cj 4 fljC s ^-| i - piplj Jkji T rj} p-mvlif? (]). 

41 For a pwalk]f»|NH], TfdliHie = gr« of ba&exlwijrHt ,uiH *<■ hciriir- — — >'^!J J l^_ lJ — J \ ; { -'_ 

j(H A)h(C-AH : 

J i J l- A - V(Ol S i, B - ViOQ.. C-VUK). I'li# aj-^i dK criangSr PQJt i£ Imlf Hhr arwa oC * TvvralLdo^rajn ^'sUe TQ 
Md PR^ s^Mcat ticks, ihai i* V{W'i x V ptj)| - ijj(B A j x {C - Aj, 
d.^. (AkBJkC- - iCx(Ax|l>] ^ -{{C B}A (C- A 1 EI' - \i: A>B (C-BIA 

46. AxfUxO + ftH^CxAJ + CxtAxB^-HA’QB- (A ■ BjC] +■ f(B-A)C-{C- A)flJ + -{C-A)Rj 

= ( If ■ C + (] ■ I J; A + \ A ■ C «- C ■ A -i- ( - A ■ I! 4 15 ■ A "f ] — <i A ■ U tf r _; □. (j^viLi^ . f *i-r--: :■ I u'.-a i<3^PM Lj 1 , 

■IV- l ; roca hi. 47, Ax(Bk C )--\#t (Cx A) 4 Cx{Ax IJj = Ash xC Bk{CxA) 

Tkt-£K*:ii ILir-.I ■ I> ix t!Ui‘ .! &□]> Hi*. Ijl-t. I r rr|| ^ ihf-ii-ZO V*CUjE. 
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1U.6 SURFACES 

10.6.1 l^fipiUnn A rjWer (rrtne) b a tfirfitit that ts gcrimied by n Line moving nlaii# a given curve £ In 

inch a way that £t ilvqi fertiaui* |wirdlLrL 4 fi^od Uph |pw« Ibf-ougli ft ft}c«J pttHA, JM 

Pi-rft?:) pot Jyii*g vb fbt plftJW oTC- Tbs htr-vmK E in* Is C,^If<± * S*tm Fnl^J’ of the tobfrft *5ld C b 
called * if?vWrr.r. Any |n*=i1iEMi rtf 4 generator is n rtlttSfl, If C few * r-aiErr C. I il-C til* fflfttwg]l 
C p>iTatLrl To t,he fi^ line (pajainR through ihe vertex! w thr rttti oF tho jurfsKM*- 

10.6.'^ Tbco*™n Etf L h PtpT-J I PIC Hi STO ru. I ^pac^-, ill* ^r^spii Otf 4R equation l±L 1WO Ol iht; lUretr variables -l, y. ™a - :a 

a cylinder whnu* rulings are parallel lo IV a*ts associate wir.h iii* missis r^d whe*e 

directrix IS Ea djjw Lb the plane /Lisocid-t^d with tin* twti wtnbiiro JiJppwirieiR in ihc cqubt-iOiL 
Th* p|rapt rtf rt u^< Mjualteii In a ertm 1 wjlit verier nt llu* "Mptl, 

TV iFilrnhwci-ton of .1 plnnn with ^1 mrfarr ir- nil led ,1 r *trt( srrfr^n *f thr surface. 

10.0.3- Definition If a p3?uue curve is revolved nJunut » fixed line lying he the plane of th* curve, the airfoil 

generated is r^ried n £ur/*r* 0/ r*vnfci»w- Tlia fixed line is called the hh *be ^rfaee ol 

revolution, and the plane cSfye fe called (he j?cn-rraxir?j rtm. 

TLfi following Hlrtsi Ti lat three types of ^iLrfica of revolution. 


(hirveiu thf 

revolved about 

Depl--u-s 

tay 

j;jf plh.nr- 

£ axlj 

J 3 

y : + - 

^ A^i a 


1 t 3 

M plftjkr 

J J_\LS 

.1 

L' ? 4 -- J 

i axdf- 

> 

r‘4- Si 5 

#7 pljuin 

[.■ axit 

r axu 

.2 

> 

/- 1 r a 
3C J 4- tf 3 


Qu*dric Mikih If \£% K ji. fl. apd C ^ 0, Lhf graph of th* equation 

A** I V+C^- ] « 

is: ffy mrnetnc VCILIl reEpOCL UMJ*rh rtf t&£ Coordinate planes- ftad is Called ft -CCJiirc/ f*d i-Jrtc. If A. 
B_ and (' are all jwsaiive, 1h* ’tapb of Lq • J1 Ls ^11 e^ip^osi. L*o of lhn iLUKibers A. l^^ and 
C are pwilavn and one u grftpb *f (1) is an fJJjjdu: hypcfbAteii frj pne witli 

Jtiit. tufrapaudiug 10- l-.hr s-ftriable rtiuoM; flwllirirnt In rwigativc. If rt*ii> «f lh^ li umber* A. E. 
■bcid C ih jioflljvfr .ind i'vu arr rr^a-ti^e. tbr g?n|jji uf 1 1) w r^n Ayp-CTFoi'w-rf i>f i IcO ifirtfa 

with uh eormEjwcidpng trt the vartahk whn^r rorfltrLeut is positive. If A r B. and, ( are -ill 
dcpitivr, the pii of fl| i*; the en*ntj *e'L 
If A ^ (I and 11 ^ U- sh^ginpbsrpf i3ic equatwos 

; = y = Air‘-|-IL* + CII) 

rrtbWUSL lh^ origin and iyutEuetfk with nflptfel to iwfl of I he HWtdinnle |dftj>r but arc UCL 
:.l LLme-LriC Wilb nap^cl ihu l]m' i iHjpdijLutc phTTW 1 rrnfrfWjM?lM-lillfl in ihr Lmj r-qimrrd v.iri-'hlr^- If 
A mini R *re either both jxwztiv^ -?r both negative, lb*- Rfft-pt'K <?f P’q^. (ILi are eWryfir 
with axis f^rrr^pnttdEng to thr vnri,-':jk tb;L r is not squared. If -A And B have 
^ppO^Lt« sipofii. the craphs ol (II * ;uy kypt ritutii’ pttr&b&loids w:'.i: -s \\i crt!?£jipodding to ilie 
variable that 1? nor. sqiias-i'cL 

If A > 0 aisd B > 0, Lite graphs of Old hoiiio*Hai**His, nquiilcns 

S i - As* 4 Rtf 3 JI 2 = A-I" 3 + Hr 1 -n s - + Di* /UD 

u^: f^rpirr r.'in,r:4 ivilh fl*1g cprpcf^Ondiaj hi 1 h«* isrtJ-Vled variable. Tf A — B, we llftvr fl Tiphi- 

rkenlftr einm- aad wrlinnK |!-rr-|>rnLII cilIat w the psjs run cirrlea. IT A i B. ;m:rv ^ue twu 

diTCrntiov? will: rinruEir Hs^riuU5. 

TIh 1 jLVfif 1 IcLrtad of onv sWi and the hyperbolas pkirANibuid a±v drtubly n:!rd aurf^ct;. See 

Kxoreise ‘fp- The volume 0 : *d ftllapsHiid of ajiELpajtai. a, and ir- |9rutr. LlibS. Lhc VOlOJEl*? (ft a 

spfceie ■«£ rJwliiM r i^- ISt-e Kvrreise 311, 


jfcECTciacJ IQ^5 _ __ 

In fS^«Kise-= 1 4. ■sketch itr ehws^ticm of th& j^iven n-ylinder in r'ne iodwaArd pl^te 

r V ?J ' J 

L The emu aeclion of the eyEiirf^ "NT = If in the jcy pl^Ac b the- fillipw ^p+ = E. 

2. The orwK n ? f lLi^t cylinder ^ - 4 in the yr plane i^ Hi-^ Lyjsrrl^UL 1 * - g^/d - :- 


3, L'hc- ins-iifwi of _ - n' in Lhc- jz plans is the ^raph of <hii r^poncbtiid funcL’on- 
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ih* crLhm section wf the cylinder in tbo xtj plnx* ran^is of iwo ba5f-lines. See ihe — 1 —*-■ 

f^gllic. TLit Cylinder il.-^ir rotirfU?U Of lU'O Jl-JlU- pL:-L!u:r: per[ lend joy Jar Iq F.hr £Jj plan*: 

In Exercises 5 J2, sketch r.lee cy| i ndrvr having thr* equation. 

■&. it" ■+■ — 16* bad JUJisgE- pa±aJhj Uj iht r die dinfrl.UK 'sn i X}/ plane L5 

t \io *rl I ipsK- ^-- ^-— ]. 

5- Tb* cylinder i = aira ^ Iww ruling* |Mithl!e] u> the = ami: Uw dtrrttrLs tn the p* p!w: ^ tM 
7. y - ■ v j IlA* ri jJ i l i,ii -; par-uhi-1 \n iiw r. jus is; the directrix ifi the jjrJ plane eOBSSHS nJ the Jeli e=. ^ 
6. = | 

ir The LiLtcti:i.\. lij the zi pSi-mt^ u i he Hyperbola whose cqu&Liou is z 2 — a? — -3. 

Tiv Tuliujji of thr eyiinslei 1 are paj-.illcL so eJu 1 ^ asci-i. Tl^ n^iir*- a dkeleli 

of ibe cyljiwJpf. 

9L Tbe cylinder s — 2x r haa iia euIld^m [MtrallrJ \/.r Lint y wds, jiwI iis direcArix. in 4 
tk* r- plane m lira jsjvrjiisoli r 1 ^ kr. j 

IOl The cylinder i 1 - Ay 1 Has- its mliiigh I hardy III I'.* x ,i *■.•:. JLm: il.-c 11 icrclri x in ■■ /." / '\i. - 

the gz piaaue uuuialai of the Mne* - - i ^ r ? l 

|i_ The cylinder p = ecsh. x has its rulings parallel to ih t i axii, and ibe directrix 1 ^i4yx/ 
ml ihrt xy iiiruir! i* thtt gr.ijiti of i,b* Hyperbolic function- "/ 

12. i?= f ' - 

j> Tlie ruUngc are paraJiel to the - axis. The dlntuix it the curve x* ^ in the 

zy pUitie. The; figure k1 1 ■>lv>-. a ^jt^Erli il| Lii« rylinilr-r. 

^; 

In Exercises 1^ 20. find an equatec>ti oF tbt Murfan-M of p^->-i»Iii[]li:i i- ral^I b;- 
revo/rbg the flvtc plant curi't aboui 4b t lii-dica^ed axis. Hkvtdt cbt surface. 

13. — ty, about Lhe ji asJs. We replace x J yiitb x' -t ± j - -iy 

H- x" +^z J = ]^. about the ? asis, Wo replace x ! vriib a -“ — y z \ st 3 - y 3 — 4z* 16 

NL X 2 4 d: 2 — 16, abosil I He x ,ijck- We cep^ar^ + 5 with 4 4 4sT 4 4z^ - 16 


G. j- 1 " - lym Ll.# yy pHtiiw, H_hi._.i lln- j h* : i. 
EJeca.usc vfr wuh 10 Xi! |J_:L4:e j; ? wiEji y J a 4 : 


Wi- fbal :-.u| I|jifi- (he t'L| Motion tin 


Th* e^ui^ ion o-f the surface of ic^ olutioo is 
i + = LSte l +: J ) 

The shows a sketch. 

1T„ y — lz, ?ihoui the y axis- We square to get — 9r 2 . then tcplacc j »ttb 

4 eo get y* = -h 6; 2 

k-6- tly 3 - — M -3, I He r Tixix. ^eptarr- y J vr.rh z J - y" ho ge? 

3e 3 + SJh 2 - i 1 - 144 

!$■ y- sin x, sbout the j asss, Sciuan.' t* get ^ rfcpUco y 2 wt;ii 

j/ 1 ^ r 3 to net. Jf 2 + ~ sin ~t. 

20. y 3 ^ s in itn- p\^\ *h*nt 1 Hr ,- 
* We y 2 by X 2 + y 2 , Thus, 

4 

is an rquation of the aurffloe o$ wyoLution. The figure shew* a sbetcii i.i 

Ilf lllK Mxf.Uir;. ‘T’ 




7‘M \ Itf’l'ORS \ND PT.AKFS. LIN IS. AND SC H f Ah'S IN :-4',v; I 


. FjkJ a e i r-!ii!ratn^ 

31. Tbr sph^r* * J * u j 4 s' 16 c sul kic ubtaii;™ Jui .1 ■ Iri.«r. <>r revwliitiqtfb tii fifes WAVs: 
Itj n^-olvlns J' 2 4 " 1$ in Liar* r> plain 1 aboul r rutin nr tlm y ftKH, 

by Mi'ir-olTEnp - t-G La tlw ir plain: abosit the =: Of tlfe€ 5 «!W, an<! 

by rrveilveng y* + r* - Hi- in thr jyz plane allOLJl tbr £ SKI* the r jJiis. 

22, .r* 4 ^ = V. fti-™l*e jt' £ — ill xp f»lrW =r 2 - y Tii if plant y ?isi^. 


23 


* 2 4 £ 7 


frvtJv* = 4 in xi p4?tne Of JT* “- 2 - 4 in Jtr pl&tit* *lwut Z «U5 


_ ,, 

* Tfer iXW (if c^V^iitnui L tJsc X i.'tai, Wfl *4H *ivt will] clL&ut jy — * ^ 1) s f 

iir jy - ■— # x in Lh« ary pl-QiK’: Of r 2 - 4 1 ' r nr r =■ r r itr r — —f 1 sn ^Slf F- pljuii 1 - 

Tfe* fkffnre *?IV^ A flSwtcJl 0? the siirfrur. 

Z.1 TLc cqaativli X 7 4 |jj | Jin.c ihr y Aifh *■:. it- Ji&l* (J f evolution *--\4 4a 4 PWT^Li^fl 
cltifVr Fitter = ||r| vr in lh'- xy pl-FW ™r -* = (Vi mi IliK Jtri pi-Mi-f- 

26. -La: 1 + 9y 7 -f S: 3 - Use aJtJii tff hrvtriuLien in tie j Ails. W- <'"P ?-lAPL wjlti 

4x 7 + = U of Sty 2 + 4a 1 ^ P P 

27. ± 2 + : y - The :-_j-lL=. of revoLulLon ;* iln- y nxl*. j Ji* GHiHrtiitK |,|trv * i* - 1 - 

yr ^ s If « y — --Si La thr xy p.iutr; or r 1 = .yr 2 «'f a “ ,p r j - ita in Fill w y- P^Pl*. 

2ft. 4*^ + 4^- ; - 9 

i- WV <-iJb ik* cquaciijai itn 

4^+^ -“ = 9 



Til* ftSfeF or Teviplnticm if ihw z -n-xiiw Wf car Ft Ft?! witll ‘la- 2 - z ■ 
Ttif- sJitCiw^ n fiihHcii uf 1 l;v s gU;p£ftt<- 


r=a. 


■ 3 or 4y' 

[;i lixeMcM* ’in *ad 3Q h iihiiLdi llha .4^K|l0fl *ilb oaw ul lfe«* fijuFta n*nir ilir ilnrtw. 



23. (n} Si^-V “ Wl* - w 
(vj hjpETbaluuf ij-f ujk illOCi 


(bj r« J -2r _ in 

(iii] by]?rrl>oLlC paciboltnd 


(c.)Sy-y+ 36^-0 

■; vi dliptir 



[dl or ? + is 1 - (!j( 

(i) dliptk- p*taI ilAillI 



(*) tfr 2 *■ dj? + SSi 1 - 3fl 

firtj 



{11 9j- t -^-W?* = S* 
■ j\ i hyprrV 1 l i >i'l rhf I ^ri- 








io.t bviu'ac;es 


m (ft) 4 x 2 - + = n 

(iiil rlliplif fct^f 


(bj 3s- J i Ti J s fcx 
(v) nlSirptlr |i.lt^i ijinl>ih:r| 


«}2 6*^ .Jj/ 7 + ’ J + 100 

(i) Hypr-rh^loiH of Iwp 



f '-'i) bypeftx&lEc paj-abdipid 



(cj^x 5 ^ V-i a 

* i v Itj, pirrbi.hlnid nf 


-HJ00 



(0 25r- - 100 — 4^ J 
lii'l rllijisi'i'l 



In 3S-I2, akeub the p-nph gtf tlw PiuMim unci 1 wnn- Ui« miFFimi. 

3E. (x ? + + j : 1 — 35; £ + +■ |jr = L The U an tSIipwLd ivitb -JjjL-aiuri Z, 2, ftiL-d 4i 


3*2. 4x*-9^ 7^ = 36 

c* LA - idkiji uii bulb sid-is. ut tht- _gi v«:pi f-quaik^ni IUy 30 -. wf olx-aLn. 

i> S 35 

C'Odn-pWfSa^ lilt- ^ii-hlifrli ^'itli 0 I. k * 1 c-cs-i-irl 1 iri»- <li n ^raph is rin rllipiir 

hy^tbotok! *\ two *iih the j msf tbs traravGise Het&iaee 

Z - ±3 wh-tD — {0_Q I. Uk wrhlctM of tils' ;ivper:mlnii! p-sr . — lit,^0j- 

t'f x — L t i > i vet l*v<- 

\f* .1 _ jvi s ^ _ ^3 t 

4 ^3tl O' 5 JP/'i- l;, + 314^/3 - 1) ~ 1 


an rlliijj^H 1 11 ? ^‘■irn^rjir*; 

(^raph. 


2^/V/P - 1 f rvd 5^4-V-l Ttlf flpJTr flElQWF tlK 


53. 4i r +Sr- i z -;S6^ + ^--^- 1 



Comparbjj with. (I). ve c on«£ indv lvh<i fruifAO u tHljrist. Tiy;.H , j , ]mldd nf <»:■ ■■• sh+wr. ivHask ilk is w 1 Hr- x *xl*_ 


54. 4* 1 - iy 2 +■ - s - From (! . she imfra it «in elliptic livpvibetojd oF «ir *brrt. whnm 1 rftin In tba jf fcnfc 


35. JT ^ i £ = 0 :y uf type (III) viLli A - D - 1, Tlx barfacc u a fL^lil-eirfolal dune wLsw* nJiii :‘ C-bc ^ ato. 






“iG VKf A Xl> PE- A VS l.lNFS. AND &T ft F ACTS IN Sr 1 A(■ Ji 


■j - 2 2 

^ TV k Of type (111) with A - b - I *V ^ “ 5^'.^.,' 

ri K lLL-E:iKu]aJ t^nlL CrtM ^cLLeti m LJw pLan* J3 * * * 0 ■' m 

L jj^ e ^2 4 . ; J - £*_ ] Jii- %u:c itu&w* Lhf E^i l’! 1 - 

27. ^ 4 - 4 = 4 * Si of type M. an r 111 !*^ pamVlaH «1»» ■*» ■" lb * * J 

Jfi. fv + ^ = 4-‘ 1» uf lypr (Tl), Ml -llilH.ic pauiholoW w]wj».‘ wi» i* *tic ; a**. 

39. f. : 1 -Dj E*of c>pir (III}. a b^WEs piuaboJoid whosf Mis '*fit jr a™. 
3tS 

Ip ij_,j ~ 

& Hn-Aifcie ^ J t 4" - V^O - 2v^ . riuv,- iwatc Mir cq^tjeu. uf hlw » 


Uk* fpfartHtfllm 



1 2 

if D» El = aip « =■ -^gi ‘ 

T-prrjcnt « Eolation of i !■* Jr anti = «3ifs ”i IV s* pLiuie ot b,:- • } H'. J ) Iwrora**^ 
x 1 — 2t/&5 

iririekuiiunMi'! cylbider- TV diiwiri* i> the pn™Vli, s 3 - 2V*? in th ; 

*„ pto« a»d tin- mWi art parallel to th« = «in, TV «•»» *•» ^ sU, *“- 

4L <*4i 6 J>„V- ll T“Tfl ‘ T ^ L T - T ' (l) - “ rlliE,llt S’='l i *f bol « i ' 1 ,,f tWD *«* wb “* Jut,s “* thc » ‘ m - 

45. 5v 3 - 4: a + U» - 0: -4 T “ * " oF 1yp * W' " t JT* rbrfle P^ 1 * uSaid w >*“ ™ “ ^ * W '’ a ‘ 

«. S.MK»ttas IV «,^n * =1 - V <* 1 * PW into tV «*»W / -** - ^ ^ *•» ****** 

obtain e h 1. ;>rnji:ctkir. (rftfct inunction oil tjha *y pJ»“= 

M «■ *>*. lpTlt fa 

Tb ^ ^ ^ ^ ^ 5f 

^ > 2 /t 3 - 2 - |< i/2. ]|«i« tfcc in I e.-sottkm i» an tlli|“= IJ 1 <.! Jtl V'S- [r U I =1 lt '» » t^nboti. 

«|= V2, it b a Mihglc ptinnL If I* l> A ^ mlafaction a trrtpty, 

^ b) Tisf in[etsefn(m L-i ^ if - 1 <: 6J! ^ < I; 14r ■ < I ■ 

f[nd tfit and ibft fbcos d( i.Ilk u^srabolA lAal j iht«BflripM> et L:i1 ' 

piaaie r =r ? tfltk Uk hjnwWl'i^ |Hn^boivi£l ~ / 4 - s ^- 

Wf )cl jf = 2 So »rtt* rpitwg ^a uatWfV 131 

aiWJiinJd fcHJH- TLtla, tiavr 

l)ir Ctasa aitJ^ of ni-- klvclj hlK^c In pkw ^ - 2 L-, a |Vir*bciU witii 
,. <n *X TV p^aboU ti.TF n^L't pAT,illrl 10 th-' z «CM an<3 

dnw&wd, Bwphpw f- -t Hen ih ft f«w '■* P**^* J® 

. 1* ^ Tk- fi?.i:Et Stow* Utf S? V ^ :| 1‘vpeTb? :r Ane 

right L-s Use f.riM* s^cEon ip tEnf plane u~'2. . y 

^ a«Mbli nK At cq^tEon of tilt pU.n, * = 1 - lo tte * f he ^^ 1i£ “V T = 

£_ I = L -* -aflflfj, + IJ. I^axuw = 1 1 - iwdhl io tfw ih^ iingtctiw, if ^ tlK E 4t 
Tht Lis is pjrf to IV , ab -«i tv IvnatKda 0^ V >V 'i—lior, ^ tV l^t.vr rid* of tV IT 
p — j£o ihef&eu^ n ai {3 K 0,D}- 


if! 




LU.ti SURt'ACtS m 


* • > = 3 rnrrls £ + ^ * £ - I in £ + & + * " 1 ■ T +1 " 25 > ^ + 1 ~ ! ' *»" - <¥% ~ S* 

■# 7 - Any pcilnl on ^ - 9 r* = ■$& 4 + j 1 =" — €** — 5 z 2 - 3 $ — y{r 4 r) (j 7 - r) - 36 * 

pliu^: Lhf L-Ik: forin z- 4 z = t mnol be the sphere 4 j“ - 4£ 2 4 4^ — 54-(j - ^). and. ihc- 
StiittwC' lOei 4 Lp£ -il gd-nur _:■ 1 J . 1 i-:>l iw a t» rii-rU 1 . !>i j c 1 i IrLrI a . Tnr pSais.it. jt : - i. 

,t a 

■t?- Show ih*i, %&r\\ puird of (a) the bypHi-j b*J]c paiaboJokl - aiiii i'bl she-eJJsptie hypcibolobd of one shed 

J «J Ji _ _ _ ( &_ u* f 

^ 4 -77 - - I !% ikr itil^rswLinn d" I wx> lim 1 * lying ^nlirc-ly pc the f -11 rfere. 

0" P C 

l> |» Wt f^tOT S-In 1 givr^II ^lUrttlpil. 

(l-Jfi- 5 )-; 

l-nr nn\- v?lnf of *, cArh poim of >he Iiof iniersecIlAn of the plsuire 

^-|-A| *H-I |+| = f (I) 

lULlififLc* Ike cfjuJUbDD dJ List: li>[w*?]:Hi-l!iii p.Tjjiliul^id, turn I sun l]ir ijsir ]L1 -. ml.iiidj, in jL. {.ToitvejsicJy., fitch gwJitt of 
I lir ]Ki hi Lull-jit! dcLfmiora a v.ilur ol Jb, ^jtnaLjjijlY, fui iiiiy JL-, enurli paLnl. ul‘ \hc Li j l l* c*f ip Icracclion of Ehr pUun'H 

ttJ ^ Tn* wd \1 — £ = -i* (2) 

1- -C c ,)■ a m I ' 

lies in (be hypet-bolit pAj3.bi>ldd. 

(b) iVe Ajiange r n.c- riven equatlcai so th^.t^iicb .-'ulf. in Uin dh'JtfrfciHtf uf l-.vu &::d clit-n fsetot. Ttius. 

?-?=' 5 : ( 1 - 1 X 5 +?)=C 1 ^+§ 

t"<?r Aliy v id m- chf t t r-.u'li! «f t\w Iitif’ nf i rateir^-Lson of f.h^ pLm^^ 

S“i = K 1 “ D ““ S 2 + K 1 +f) 

sat-ifflM the squ^licii oi rli? hyptrl>n:■:>[■:; of ojk sictL. artd -so tht sine LU-s (-jiliivLy in il. CcuvaRl^ each poinL 
of i-tM: biyptrboLoki dc'.cm-un^i a. ■■ilLrf uf t. 5-iinil*rly, fur miy vaIuv poini of *'-u j imr of iiiLcrwliori 

□ f !]•«■ p]AJI-f7l 

5 +!-"<>-sHl-i-A(i-*i) 

Li-rs irn l!l« }himl>njmd. 

Thf ^1 lipoid In j- 7 + '^ 4 j- = 3; 4 ^ - ] rr V \ jilwir uf iflijiWHd ac ^ - -u-,, Q <^ < (1 u 4 

cudo^l by an «tLLptfc whose srttLULOt^ Live bsa^bii J - u E 2 und .‘ly 1 ''] - k/ 'tlwjiefort- Lf V coblr 

UUilfe s 1 * r tic - %oLumo of the cJikMulti. 

v = Mt . 0 S - u*\ V - ^ irj^t'= ^ _ i) = Si 


■Ifl 


S0. EUipsoiil ^ + ^4 -^j-dtee is ^ 4 ^ — 1 ■ 




A l-W rti-M 

of shiBiiAX-ra u' = Ai/i - s 2 /e 2 and ^ £ ^/l^Tz*J?:* And A = = ira4{I - 

V = 5Tii J *<« -^* = 


- 1, 


51- The Hlijrtie p*riUttJ-]&iJ la * ■ 4 ^ > u) . A [t3:ui' ! inp Hhf Eln 1 ax 

± = n'_, 0 < □■_ < fi. ^ *n ellipse of uy-|r iuui 

If V mhir uniSff h tbf vifti mi? of soiid, 

fi2. Sk^^el'i chi* s'i rfarf yf r^vftlipHon pen^jai^d by ib^ Ermcr.m 


r — 3- nFlj ^ ablaut llie j 


^ \l'btc y - 3, j — 0 wJ *4 z—!-3c. The [Ijrdte shoves Uit surface, 

catted 4 . p$e > u.dospji<i , e. which l&as Application in :KKi<i!:rbt:iv»i gemu-rljy. 





V:i* VECTORS AND PLANES, LINES, ASJJ2SUU ACES i N SPACE 


%UA{.rUau.i‘.6:i.\ Hitrcild far Ch&fttcr 10_ 


In A -- -ii —4y. B — 3 t "j- C" 9i - 

L. 3R-7A — J(i + 7j) —T(4i —Oj) =H + llj +4Vj --2SI+ «3i 

1 5B - 8C= FyfH-7]) - 3j»i - .tj] - Si + 35j - m + 15j = -22i+S>tlj 

x riB-TAi-? »!« ^a?I{Op- v^s+awfl = 

4. FindllSB 3C|| 

t. iu-aC = ?Ki+4j)-a<9i-r»j>-:.3-3j i-tl i isj^ -«i4 5tij= 2[-tii + 2sj) 

Tllrli |-- --_ 

!?>& - scII= hji-uf -a 35* = 2V™* 

5 , tars] I "A II- sr»1 - Til All = 3/f+« - T^/iTT^ - -ti/^ 1 - 7 ^ - 

ft, |5B|-|5C||= 5SBI^J||CL = +«-3^/«E h 2S = -3v^0S - *1/™ 

7_ ; A - B} -C- [( 4 i- 6 j)- (i+ 7|>1 - (Hi - &j> = (Si - &j) - l&i - &j« t 27 + tt = !>ir 
8. llnd{A-H)K .. _ 

* (A - B)C = |{4i - fij ] - (i 4- rj)]C = Ml ) - 1-fi)"P = -«* - « - -^2. + lMj 

|. ?A 4 B = 9i - fy. I2A + B| = ^/^+ (-$)* = >/I5i. T&r unit wuo e i - ^i- 

1ft. fiwap flHvqKNKfll^.cUa^ a =j^ni. H = Ti-j. ^ — y^ J ! = \ - ,!L LI — ± 

(1_ A - AB + f?Cr -U - tj “ A(1 t Tj) - ih.9i - rjj - [h 4- SJt)i H <7ft - *±}h '' I 1>* = ^ Th “ e - 

Tlttt*. ft - *hdi * 4= 

12., Find jtfAljura A ane J; sucJj. r.hpL A A 4 - -C. 

e> ^?Libitj’LIL.i i;l. IHr givriii vrtbbrii A, B, ttwj C i'lLlo th* cCiLLaL:^rJ *A + AH— C, Euo*: 
ft-t-li - 35? I £(i4 "j> = -[fll- 5j) 

(qft 4 *}1 4 ' ^Gft 4 - -$i ■-■ &j 

Tbadkf 

4i + i “ -9 
-6A + 7fe = & 

SoI'tjiJ fit A tad t otown 

7(1} - (*): t\k - -<8, A = -S 

3(11 4 3(31; m*-17, J5 m= —i 

i. H (41 fijl-(i+7j) 
y.i I'hf;--.il--i- i.: -■ • -n <; A io R - 


14. C> — 


C- A _ (- &j) ■ (4i - 6jj _ 


66 


v i + ■*-' 


-3» _ 


,jt ITaF " |]'ti - @j|| Tis 


15, Tb* vrtUw pr^nM.k.n of A m\jo R i? —— H"4— J '^ F +"~ ~W 11 1 “M 1 ~W* 


\m 

Sfi. ^njd 1^4* vtrrrtr ol Coiilo A. 

^ The ibft vetdot proj.^cl.wTi of C mu* A is- by 

f . O-A* l»-SJH 4 i «. Mi 

G * lAlr - 4 !^ 'W 1 J “itr sni 

_ . .. .. A,l_(<-®'t5+H -Ji_ JIjW 

17. lit ^mpnnFnl ml B Mi IBS Qsrtctson A li: yjjj “ —-“ ~^o ~ 

m ,1 f-i , A-C _ tit __M__JIlVL^TS 


MISCELLANEOUS EXERCISES KUSt ( HAPTLfi M 7JW 


I& 20. E.r-E- A s -2i “ aarl I! - Jji L-j .ui>:5 lei fl l«- lli^ Iwtwflen A and B- A ^ 

show tfmt no * exists mtrli that S — Jr. 

* Wrhuu 

<ew d - rtiiku - rT™ 

[ A ill B;| -s- 4 

Flirt SwHHMfft, 

, cos §*}* = t-ijf* - 5 ind (era iTj' - t i) ; = ; 

Th^, in rttbfit 

Ws -i 


4A --iQJi - 100. 


2S(P+4) ■! 

4*4^-40*1+100) - 2&(A a +-i) 

I^ 2 - U5HA-2S4 =*0 

k - jtfftft i Jtf JS) * 13,96 gr (•&? 

Ubtause b?ih of Jibuti- iot> & Mgalj.w fc both adni^ti foe 0 - ^ Wl J * - Lf hu go nofatirti. 

In 21-30 A = -i ■*■ 3j + 2k, B = 3i 4 j - 4k, C s %Q * # -M = &■ “ 3 J- ^ v « ljlar 111 r ■ 

SI. flC4 4D t- i(L -y jj 2k) 4 4(3j - k] - 5i - 2j - tii + 3j ■ 12ft 4 l?j - 4t- 5i 4 2j = i 4 2fij - ifik 

22 , JA-+B + C = 3(-i+tf+ 2k)-2(2i + j"4k)4{i-i-!j-ak) = -3i4P? 463 i- 4i-3i+«fc + i + 4-31 

- -<ii + 4j + 12k 


S3, DUxO- i3i-t)^2l4j-4k; xii +2j SI- =“ |3J - fc> 
24. yAxO-COxEl 

> AkC=H+ 5 + 2k) K(i + ^-2k) = 


i J 3= 
-13 2 - 

I S -J 


i j k 

Z l -1 
i 2 “2 


3 2 

2 -2 


^(®-li)-(e3 + Wt) - "3 


-I 2 

1 -2 


-3 3 
\ 2 


h 


-lOi-Ok 


D>rE-(3j-k)x(»-3U^ 


Thus* 


I J IL 

l* 3 -1 
5 -2 0 


- “2i ■ 5| - IMe 


(AxC)-(PkE) = ( loi Wt)-(-W- 5 j- L*fc) 

k 


25h : A X mil D w i:! 


1 j k 

-13 2 

2 I -4 


I i 

□ 3-1 

5-2 0 


Si + 5j+ 10k 

-1-I4I- 7k| -2i-£j-l3t|- \/l4 a 4 jV2 2 4S 2 # & 


-7^/5^-S -7VT27Q 

2G. 2B-0+ 3Q-» - 2(2i+j— 4fc)-(i— 2j Ik) + 3-13j -1 -(Si-2j)*=-2(12} + = 6 

»• *.- ti?- 1l ' i4 ^.”-g:. ) - ,tl - 


ih ; i WTTO 

Sfi. FiikI tlt^ wjilaT kvqjeclwn of C onifl D- 
& | v ^riLir pr^>jori?f>n nf C unln R L- L[LVtls Ih^ 

° idi r^Tiyi 


a +ti - ill) = +2j -») = ki + 2i-2fc) 

IC r I # 4 S 4 + 2* s 

||a-idIf ( *’ “S5+T s * j) " »’ + » 


74* VECTORS AMD FLAKES, LIMES- AND SjtlEJ' AC R5 IN HP ACT 


In ilxfirises Jl-jfl, tiiert l£ only (me w-ny i.h-a-1 t rrn-.iiLULiifuL «iprr-*-iLDfl can Ik- ulltJuin-J by innerting li-iren thru 1 —., 
iDBCrl Liter |janiLiL!n.na and rind llm jnjiientrti rn.-Iur ut itnlaJ ir A .3. 1. t}. W ( 5,C (A, $, -t). 

31, AH.D-A(D'C) (3,-’,*]({ 6,7,2}'(A,ft, 1» “{5.-2.“iH*® +J|S “*> = 

*t Is B n»<i C «r» vttttw, BC e wft drfnrf. On Ad otlirr toad, A B i» * «du pnetwt -itb tl* 

y**Loe C Vf lirtfiiii'd. Thu*. t/iki- 

(A • B)C = ({3, -2, A) ■ (-4,7,2) }CJ — -21 (d. 6,1) ;=■ (-SW. - i 26,2 L) 

33. A+B-C= (A+ B)-C»((S f ~4 t 'l) + t-S,7.3})-(<S,-l) = (-?,6,*}■(<.«.-L) = “! + KI-f = l« 

34. »■ A-C= B ■ <A - C) = (-5,7.2)- «3,-2,4) - =■ t-*,7,2> • (- 1 , -#, 6 } - -At 

35. AxB'A + B-t; — {A*R}-(A+JJ-C} = ((2,-2.4}* (-5,7-21) -((3,-2,4) 4 (-5, 7.2} - (4,«, -1)) 

- {-32,-26,11} -i-0.-l,T] = ISIS + 71 = 195 

36. AxB-CxA 

a Jli.il- Ax 13 and Cx A att ■.ftttrs, *ad ilie dot prmlun of Iwo vprujm is defim-d. Uus, "r hiVe 
lit i j t 

A xB = | 1 2 4 | = —S2t-4$j +1 It C»A= I « 1 *1* L9j-2fik 


i j b 

C*A= V ti 1 = Z2i LSj-2ftk 

3 -3 4 


{A « If) (Ok A) p (-42. -£6,11) ■ (22. -19. «) ~ -49* 

3T. TV it&ph <rf * = 3 iu R 1* * grainy Lb R* it In * *i(*i&hi SLl^: ie it h -p. stfftPir-e 

,1£. The gr-n-ph of x — 0 and y - 3 ia K' 5 re a exheiU Lu St* it is a \iac. 

tSmctec* 4& dwcribi- 111 W'h Ih* ikiL m R 3 ratbfcin* the ecpiairop or p*ii of cqaailoes. Sk^li lbt gr*pb- 
39- T lu: £|apll rtf ia I hr f 



\\is-At- ripr syirtmetl-LC tqpatimis of Ibf bn*- that cOHC-sIds tV ariffitl and ->- 

rn^nriepsaiioDF of tV veetor f 1,1, L)- TV figure skw* tV line -i - 

>11. The gr^pJt j r * 4 i--. a circle in (M f-Ltm* or iwO™ - fruUind ai ihc 

42. jr 3 - j* - 0 iu 4 i epIiiHkj with ttilinji pwilkL s^> IV j- Ur pwtAtaf ts a hypp-rhoJa in chr v = idaxe. 

43. The 6T&^l fc cjf x if la LV ^ "• nl-xr 3 In- jry jJ^ 5 ir A.nd UMtiwrl-nitt l i L|i 3 ? l wlK ^ l . 1 ^ ** ~ ^ 

44. * s +* a + r*=.25 3 

^ e hti -i iiub is a sphftrt wit-L ceat^T ^il lLl- origin uluI r.tUius i. Sw ihr E1 K ii( 4% ..! y / -l 1.V-/ ,>. 

4*. Tb« Jiit-Aptl Hjf r 1 w Tt 1 - IS I nn: pmndKikiL-i o; bi^vu|uLi^li gpinsicd |j : - ? .'j k;/-r 

Kvolving x J - oi ^ = 9r aImlh. Ibc = ^*3^ t 

4E, r" 2 + j/ 2 - ^ as a riRhi-^rtiiLsx wnr aJtis is *b^ = s^kiS- 

47. The gE*i>h of f 7 ,V 2 =■ i*; the cigbr. riwiiEur rws^RrrAie^ >V 1 = 

by F^v-nlvinK tV Lines - — y 4>r j — m iht* pLa'n 1 nr ibe 

|iffe£i x s ; or —■ —* in the r- pSanr. "■ 1 


mir 




4S. r 2 4 e 2 = 4 ... . 

». Hcr^ifftn tli^w La 119 shrill ™ujnin£ y, (fee arapjii * * cylinder tu.lq^s 

P*t*J3e3 to the axis. The dirH-frl* is * clttIp in Uk pU-u: otn^r 

At tV oippin ind iadLu? 3- Si*e the LiEnn*.. 

Jl*. r V-N 2 4-7D 2 - -?--rrn r-r.4 JlHf - 104.40 
ft>) sin n - TOsLb 12if/l04-4 - JiflflT, a “ ^-50' 

]&^ 2 IlS^- tJWL 1 . (,r v 
50. fOKL. ^ Y“l rr"^0 " 







MlScKLJ.AS Icy US KXICIICISES FOR CHAPTER 10 741 


51. FF Vi f(-lb 1ft iFif> ^wk, W — [3D 'J-iT.UD atn Jw) ■ (-2 ■- 3 J (i) - EBO cm- jjf + ID *in -[*■ 

52. l'J:t iOmpfiLS> kruLLlin ij pfu airplane Is ! “ Aiid iLfr Airs|.n.vcF is ”ltt rni. :ir. Jf a >virid i> blawiiip, Vrmi llm 

*i J6 mi/br whit ait [he plain*’* ^roujid s’w^rJ ajh 3 (b. cout^V 

^ LtL oS = be il|f plftflp'* r^r iflflcilt. IkcfcilH LJ _rr ifc ]nr. tltp lIL r^ Sicufe tif [Tee Id 

sr Mrs ir. hi nt 

-ZMrj-^aoo.as ir)- -$idO 

Thf wind vp^-tcr i& (36,0). Thu* the planed ground vrlnr/.y is V - {23G.&2, - 51.40) 

[A) Uhl-mi^ _ ^_ 

: V | = \/23^2 2 +4jL. tir“ - 2llA r h 
the- ptem** ground speed b alx>uL 213 ml/hr 
b) li&caizie 

$or-te-\-«uoyai(.») - mj&' 

the planeF couh* h- anoiit LQlV, 

53. P( '5 lift j) I* nil Ihi? Lilac 1 Li .Touch ( -3,5,1] pcTp^iMitrulAf to i\\w. xi pliuKv tf A = ^-2,0,0), j PA || ^ 33j 

^/{-i+ z) 2 ■+ (JJ -o) - ' f ■; l -«)* - i$; 11 V s +1 = l«9: ti ! -1«;. H - ± /16' 

Tires, ihc required points ar* l|-3.-y/lfi“J) aiwI (-2, - ■</ 157,1)- 

54. $p-brrr iv\. los;p diameter U cad point* [3,5,—1) (-1,7,4); {*■- + I) + - 7) + (- 4 4)[s--4) — 

55. The fpvcn nphi-rr hi* the ^ps4l JuU f 2 + y : - :* -+ Ij -|- l r y — rt-i 4 10 tl. r.Lul i.-, 

f* fl I- ^ ' n I fr* + Z&+ 1) +1: 1 -0: + #) - -ID + ■! -M 49i (* 4 2} 2 4 tfli + l} 3 4 (£ 3)* = 1 

Tb-.-i Ui* ^T|jiim! splinri' ^ ■!- r,- . J y . fp 4 1 4 [4 -:t; 2 I- 3 ". E^rv.L.j.- '—1,2,51 II-. .R. 

M +#-M2 4 l} 3 4(5 -3J? - ^ - 17- An is (j 42) 3 +( ¥ + I) 3 + = 17. 

b6. i'nwf’ thflt Ihr P(4, E. —3), Qf! r .fl,'! 't, R.(-1.3 h D) sue- tho Vtfiicps of a ^.iii fiawl Ihtt .xi+ii liF 

ihr 

^ V{H) = CirO, 1) - (4, !,-!)■( «*, i. 3) 

V(FH; - (4,5,0} - (4,1,-1}- 

Ttiii^, 

V(PQ} ■ V(pst} = ( -:-, t. J). (u, 2. t} D 

Tliui \nruif V(FtJ) is »riiitfjpim] Lo v«Um ViPjl). uid Juana; L|ir InJijigle hw s righi iuigi<:- at P. Alio, 

IV{PC$)| = |{-a,-],2}{ = /**+!“+4’ - 3 

i|v(H}l-I{o, J i.i}li-v^ 

Ap^lyLag ihr. fwrmik For f-hn- ^-.'i »>f a tri. j iriKh , _ wi* find tbr .htoo to w 'v-f - |\^5 wpiAfs yiiitK. 

57. L be qnrface- J 1 " ti5v« 1 h»" y -tki 1 : rv r - iuch n'vctijUfri' jL|hJ it ^,4-hi r.LE.j n-^ <-i i fvn It r^her j' — oj 

X = *** wit jta fh^ I}' pkfflt an J =^«; = i is 'sn := in (hr pLapp, 

53. Rctfllv# !ij 3 “ 35 itho^lt r aids; Erp^aec : 2 a'Stb ^ + j? u, p^t. | 

&S- IT (3, 3} And (5,--a, 5} an- QrLlu>gttis?d tbfEI -(3 % f, -£} ■ (i.—3. i) - 0: J.j - Lr - .4 - Ik; c - ,J. 

5D. SHliw iEijU l.hrrr- arf rcpff<¥CriilAkHia Of iht slirH<- ■-nrlor.-- A - ji 3- j - 
B - i 4 Zj — 'Ik. iiid C - —13 4 2] + k v.4i ,\ch fri-m a i rianglt. 
t H^pretKjfiLaiionsi of ihc iftctors rorsu a tdaaftJe [f did» eajj]i w cJk: aero vrrN>r or il 
dM df ihd Vfcftoti is t l|r hurl <j[ Ihr wLl&rt C ^(x BtdfiJUid 

A+ C - (5i 45 —ik}+ fli +^i + k) s± t F 3j - H 
ibi» art rtprKwntalions of ihv thai form !Ji<* fi^arp 

«. A - (a.D,-A), »- (-3.4.-5». V(aS) -ri - Sj- -k: j VIABJ|| - ^4* +36 + 4 

n (*}4* » =- 1—> ***& = -T7> ™»7-- r= i /^-«l 

, 7 . j . V'?§ v ■ ™* 

'll) — —y= l — —j k ;s 4 ho 1 i ni r vector iiatinff Tht sain* d i rwiiun jtd \ r f A Ti). 




•« VE( 'TOHS AND PLANES, f-l N ES. AND SWWU-KS IN SPACE 


32. A Bt 

» Bi'ratliw U ilsiiI C Jin V*Cl»n, IHT U nol drfinnjl. On I 
vpvi.-r C Li dtJliird. Thus. >t tilin’ 

(A - BjC (fi. -i.i) -t-5,7.• ili l,*, IS - 

33. A + B -C - ( A 4 ») ■ C = ((3, -?.*) * {-5.1.SJj -<4,5. 

M. H A-C - 

AkBA 4 H C - lAxBj-lA^B-C) - <CS, 

= {-S*-JB,Ul-<-«.-I.T) - lJi + Sf 4 T7 = 3M 


hand, A ■ H in .1 ™l*r wb«? [waduct with ih« 


3„Ti 1 - vMltOH. 


.■AxBL-fCjc *)-{ ^32,-20. SI?-(32. &-W)- W 
37. The gTJipt uf x - 3 in Ft I* f-- ^hit \ aCL K 2 - U- n itf&igjil Mill" i|L Jt 3 H n n IsliLfii'. 

Tile gjapfi of = fi ruitl y - 3 in ft" i* a. pe-Lm; m If 1 It bi * Lure. 

EfctfeLtHs JH3. describe in ™fetfte wt in K 3 wtjrfying ibe tf|i»Lidn or pair of equation*. Sktfdi tit graph 
Jft. Tfcir CfApb cf _ ? 1* 13^ x iiiSi t" 


t- DttAUK 
ff = ff — =. 

ih-ret nr^ symm*L rlc eqtiaiton? & i he ■.Lnt thaa c 
srcpre&cti i^Lums of El-t viccM^r (1,!, 3|. 'IJw 


:on tains thfc origin and 
■ . i ;tiry r Vb the Jine-- 


if 3 - P - 0 i* a cylinder will. nitlkfla jMrdlfrJ tu Pile JT ad* 1^ i&L*n\M V a *iJF« 

The jE/iph * = y i:> liLL plaiL-r [wrp^RdicuUt l ^ 1 ^?"! r rj Jdjjpv .Lpu| Ljitrrte-L'tin-fi Phi 

-h. i“ + + t* = %> ^ 

> Tht gmjsk L* ii ipheft wish center fit [tr 1 nrjd rudjto £. &t the ripitrt. 

U, Ttc Rpt|Ji nl i 1 + ^ = 9r ia the paxabofoid nf evolution ^wienoed by 
r^.voJvioLfi je* = w Si 2 - y' about lb* £ aicb. 

4 

j(G_ a s + ^ = z 2 as a riRht-CLnmltir oqm wbow is 1b hi a™. ■> 

d7. The jp*pl 3 i=f a J - f 2 = r 2 r s' 1 - ./ - : 3 if, r.lir ri*li] ^SITSTJinr mim ^TU’littd 
by ?iboiil ibt f «CB liw lims af = jr or ^ - -jr m ibr pUirt cw tbt 

Lint? r — 1 or J- — - - ill llae rz plane. 


iLi^'re is no term con LajEiijie: ^ the r.rji|di ii a cyLindn 
pwTLllel in Lh-c Fiiiis. TLih directiL\is .atirde in tk j-- p‘^c 
At lJlc ojse'h ■fuu3 rcd.LiiS’ 2 . Set ik- figure- 



MIStELLANl-XWS VXVAU isrs YOU i HAI-rt-K 5U74L 


5L If I i* ihe wnrk. W = {30H!bD JOtl sin |p) ■ (-2 - 3.7 - - -15* i'<« J* 4 30 tLb |ir 

- = 90%/^*= JHT.TSh 

52, The OTHQjhas* heaehtift uf au itirjd?LiDi! is 107" and iis airspwi is 210 zm/hr. If a emiu! lx fr Lowing fwm ibs w?n 

it S£jni/iir, v*k*L an* -.&i ktie plinr'-j gr-QUtui i|X^rl ,iud (hi il.-. cour^'? 

° OP — ^ tfc* [ilMix: h i air velocity. Bacuie (h* nn^H heading l a 10 r, i ht diraelkm oJ 0 B it- 

w mr -17'- Thu, 

i 3 =3ii?rr^[ ir)-wqjR * 3 - aiOninMr;. - -SM& 

Thi- wind vi-rr.iir i* (36.0). Tines tiw phut's penrnil vdonly is V - (23fi.S2,-GL-10) 

(a) Effwitf-*'- 

EVI - 344.85 

the plant's p^uuuel «pttd iri aluml L¥ 1 fk im/hr 

it?) 

SD 1 -Un“ 1 (-(JJv40/S36.fii) - lOi.UT 
she plane s touirv is about 30 "**, 

1 ) Is nm the Hew tbro^b (“3,5* 1 ) pbtpcbdjeiiJflj In the i: plmje. tf A w {- 2 , 0 , 0 ^ |FA"| - 13* 

0-3 + 2)* 4 (!) - 9)* + (l - C)“ = !$; L + ^ + L - 169; jf - 13”; S - = /i&7 

ThuSs ih-P rwiiircrnsil plunks act (-S.y'VS?.]. and .:-3.- v /i«7.l), 

H. Sphere -k\hqhh ffifiTTlimir tlm ^ailfwinlP (3,3. 1)1 1 ,7. ■! I: | £ - Hj 4 ] | 4 [jj - -5 “ 7) 4 [-T + 4)(£ - 4J ss 0, 

Thr Uji^en tfpheit has IJe u^lj-llIijli 17 s +-' ■ 1 j* ■ "Itj l|> 1 ]0 — 0 , ifaal Ls 

iT S + 4* + 41 +■ (i* S + 2j* 4 i) - (:- - 6.- + J) _ -10 - 1 + I + ft (.- > 2) s + (i H t) 1 ( i .1 3)* s 4 

Thun I Sic rrqisircri sphere S is (x + 2) J * ( y * V ; 3 - ■: .ij ? - ■- 1 , Bctaijm' | -4.2>h) is "'■ S, 

M + 2 ) 2 + (®+l>* + (S • 3)* - i- 4 : 1 ^ - 17. Am «i|in1i»n is <j: l)*4(? 3!* sa. 17 

Fifl, Peravf ih^ %h+ [Kiiti^v H(4 P 1, *]), Q('J,.Q, l) h 11(4.3.0) me- ifie I i , etlir-rt ijf a ri^jlu Lziauj^o and JjjsJ ibe iril of 
the krianjfle. 

► V( VQi - (2,0, |) (4.1. L) s { -% - t,S) 

V(r5)=,(4 r 3,0)-(4,I.-ti = lO,S 1 L) 

Tfcwi, 

v(P5) V(i*it) <-3.-i.2;..».*i> t 

Tbi* vpclflj V(it|;i is.*rthafjdi>aJ tov^-i^r V'^Ti/, and ilii- iiIailkN: )i,i.sa r:«l:i aoglf , 3 . 1 , l 1 , Also. 

||V{P3)|= H-2. - 1 . 2 }J - VJ I + i :f + 2 1 »3 

jjyfrSl' -J{0.2. l)|!= yfi 

Applying ihc EofinuEi hi- rhe?imn nf a Lrianak. Jin<l r.hn »7I'» Ln : n> :,«;n ^/a. _ e^jMATC uiiitHI.. 

57, Thr AUtM-re z 2 4 j 3 ■ 1 ^ h.u. ihr Jy .t. i!.. nvjji ^ feV^Lbli*ll klaui >l ^rl.i-l j.Li li^ i 11 1 h r j. i'|l | |rr j- ? _ cu 

J —W J *• in th# JfJ pljinp or pp ’ u_ Oj i “ —H^ w in > he pr plane-, 

5S. R,4!vu[vr IJi^^ -« ii 1 lift ab.au t j 1 .**;*: w^.|« f ^,-t Sj m + Ay* T -1-' y ” 3d- 

59. If {9,^—3) W! wc erdw^tetal lI^ci -(3,4-, (5, -4,1} — ft: 15 - -If -3 = 0; t-=r J. 




7-V2 VICTORS AND PLANES. LINES, AND MUttFAOftS IN NPAtlE 


I; a + 2fr + S* = 5 
J; *-l-3c**G 
K: -tl+M 4^ = -8 


L - I - j! 

M = I t K: 

M - l-s 


3* t &r *r -1 

3 * 471 ’ = -a 

2c =-2 


Thru *■ 9 -I, * = }, a*:3jP 

S3, h ={7,-1,$}, » = (-M.1). A-B= + L + £5 - 

(?ij The scdar pnqrt( 4 Mi of U «ato A ti — ~^= - 

{b> Tfce VK!M prcytrlLua of H ehl« A A - -^*{7. —I, a) = * “ £>■ 

$4. Fiad u of the plro rufrtalBks pMlJ (U,-3) an-lft 1,3) aod -ticb d*n «c* iuten-cl tfae J **>*- 

j, Lrt P = tl," ■ 3 )*(hI Q - (3,1.2), Wr- have (he urt4*f 

V(PQ3 - 2i tij I iifc - 

wJiow r^r^si-iHALiosii aic jwralttJ to the plan*- Because tht pUne Js- puatLet t*> ifae r ussis rajrfcKiilatiofi* £ 
tbr ilis.Il vecior i m pardLul to the plane. 'lliewfc.rr i * V£3 J Q) l* wl ** ^ P'^ Hi w * «*» 

H ixVfRj) = ix{2t-Sj h ?*) - -Sj—«1 e 
Apjaljms '1'b«rf«fi ]0-4.2 with ih* nc^mat lvcinr N aswE ^hetwliit P, obtain 
0(r-!)-&(*-7) -(?('=-&!-0 
Sjr+fcr- IT- 0 

$5. L*t T. be ihe pl*u* tJimvsh ihr point* P(—1.2.IV Qtl.4*P|, Ei1, -1 » 3j- {i) V{I^) “ (^2,-1} w»d 

i j t 

V(PK) =(2 r 4,2). A normil vwtofrto Lis V{p4)k V{pB)^i 2 2 “ X — » —“ 10t 

L contain*: E*; **> ah equation k L{*-r LJ tiifj S) - lEJ(i - 1) - ft: -r - bp l -' l -“ 1 - n 

(b| fhiLJULsu L contain* I* ihc equaLioH Ihlh tlw hum +■ [) + b(p - 2) +$U - i) = 

Because Q end R lie nti L, {£ -• = —IiF’ * = llenra ‘ “ * 

-id*+»+|et»-2) + <i='* t) = 0i + IO= + 2J=-0 

sr>- N =p,2,l)-(-J.D.d)= {6,a.-sj, «*-■) +Sty♦ 5) srflito+3v-3*-i» = o 
(57 N - ia 4 nomi.xl wr.lJir lu the pLau-r < 11 ^ ir coJitiiitix tlx^ V( ti,3, *2)- It a. Liml- IP- Dir f3»LA3icf> 

f™m the orrEin O Ly iIl* plioe. thnt J - ||iK|| - j_ lfi ‘ >^' L0 V " 

fu-d twv us.il. oribpfWI^ i - aj. - -Ik ;^id vtbusc npfcMAlifeUinM IU* Iwt.^Ii-] tu the- yz jjLuvn. 

b- fcf LIip Priprv^edt 4 ei*ln of ■% ■-I"CLct .-lt- pnrA VI 1 h 1 l!h<- p: Sh^ii l-:r- vnrtn-r i'' ortteopos^ lo the TJJlit TH^-inr 

i, T^uw WT vrEint osiit vretarn thnA mt urihopond 1,0 both i uut th# pVEH vect« We find r.hr tjees 

[wedact 

N-ixd-Aj+ttl) “ Hi-* 

Thee the unit v*tK>K atc 

Hirfisl-** ,_ 

69. A = (2.2,1), B = (M,-1). P -frS A-*). V(A1*) - (2.1.-S), V(aW) — {2,1,-i^, || V(AB) | = */* +1 +A = i. 

Ifd unjti b tbe dbunrr IWjjI 1* !0 line ;ual 0 i - tlf l*tw«ii line. AU iinH A V. Uwi 


ViAl 5 « 


^L> 2 4 -sUi-aJ (S-«fc||-|-i-iB-*l.-VT + *+ : '*» 
* S 1 —2 


cT — I AHkotf 


. . |J{-^-W>+S(&3+44| , 3 

7H. ni£t«iw Ewm 9i- J J5M-0=+4^ -fl to (-3,3,u) b — ^ | + ^ _l “11 


MlSCLLLA NEOUE EXERCISES FOR OliAPTEft 1U 7^3 


71, A = 2i4j + k, B = ^i-3j + 5fc. IAI-= n/4 + J + ti ^iBlw ^/jfl434o = 

(a) If 8 in; the between A and. B. -dcjs 0 - li 1 ) ' "“^5} _ S - ^ * 5 __ J. /£ 

[A Hi Hi \iijx ™ 

■■ J k 


(b)‘fAx B| = 


■ J * 

a i 3 
4 -3 & 


I*! - lot _^M4se-iflo-- V 200 - i(V^ 


^~ fTiHril " “f.ti/” = v* ! ™ fl =*^ — iBfl - + \Z^I - * ^ - - S^ 5 ' Tl "’ k 

72. ThAr tbr liTiw 

m 

Aft: Bier**- inuv iuid I1 :llJ Uu* db tain re-: EwMwrtfl, {belli. 

t T.I-I r,! !in (hn fiftd Hut iKbd L 2 be tbr second JEne. U*t*i*iw t|jr <i5fttflkUL (J.2,2> f*f 3.-, h hot A 3 iiuSl!jjle 

of tbr dir«-c! icici H+fUit (2„3i \ ) fnr I ,, Ibp btW* an; not parallel, And wJmj Ebr dizain;*- Iffiw-HK’n Ihen is slmttia 
hr pwiitvf, thfe? proofs the lines aft-' afee*\ Wt Ei*ve point Ln ian* L t and point in Hsi* 

Lg- The tli^rjinre bnworn ihe I i nes k the absolute vaine oF tbp sr.i]^ir pnodertiosi of vector V(P B r T ) on -a vettor 
N whose itprtstnt&lij&Jis- ase jjtr'ijtndirijbir in lwj>i h Ike L| and tine L 2 . Wt have 

vi;pTP t ) si+TH-Jt 

We for W I be rroob. p-rodlKl of the -direction, vectors. fox Liner. T.| and S.^. Tlni - Yb^ i^kr 

i j k 

W= 1 2 2 --4i + 3j~k 

7 3 l 

Th-tfi the dfc&LMl-CC between the Lijwi:; l* given hy 

kn^l ., 

T N!l v^Tj^T? “vie 

7J. Th* lines * 1 — ^ ^ - ~ mul ^ j ^ — *~^ J l |alI ' ! din*imi* A — {1 ,Sl 2J and {4^^, L). 


The diT-Wlion ftf ii line L ]5er|irti<!:riil^Lr iO tJlJfM 1-6 A a B - L 2 J - ( -1,3^ -J), 

2 3 1 

Because t eOTllANI" ili^iirigin, ryininctnc pulcI pftrvnetj^ r^iunlona arc 
~ — 2Tj ajid JT — —p — TiJ, - — f 

7A Hl-J,S,SJ. Q(-l.-X4), *> =4(1,-4.1). £+1 = ^ = i^L f -r -3 * {, p = 5 - 4t, i - ? 41 

75. Til.' Riven liij« jut L: ^ and V: ~ B*«!uih! lie pom! (2,-3,-5) irf l 

]ifci ut\ i! stud ihr point-(—l t -2.1) of M lie^ oiv L. Lbc Sidcs coindde. 

Ttir Find 3J1 «qfua4#03i uf tlm s ?l™ne rmtfiwning tJ» iiiM = -(sr 4 5)=. +2) and tlw jwinl (SiO k -4}< 

^ Because p*umii?tric: equations od" tfie j^Lven iine are 
jt-34 2* 

witls t — 0 .Mid \ — 1 »ie .get cbe puLiiEd (3, S, J j) ind (5.—ft,—5} cf ibe pJ^ino- Uwiig. these wLcii ibe L'i^-eo 
fKKJil (kEI,-dk g pl Ihe cqeiitjol-j 

* if z L 

3 ” S « - - 

& -S - 5 1 ” y 


-5 -2 i 3 . 

—6 “& 3 r - ii - 

*} -4 1 r P - 

17i-2^ + 12i-37 - 0 


-2 I 

$ ^ 1 


1 -& -2 

—5 1 ff 4 

£ -6 1 

s - 

5 -& —5 

“4 E 

a P 1 


5 n m 



-.14 VECTORS AM) Pi ANES. LINES, AND !il'bCKAU^ IN' AO t. 


3 ^ } j ^ jj" ’■" | g 

77. <rf Ik «Wp«lW V+T*jff I isthsdUpSC .^+y + 5; = l: 

~ t *X- ■ 4; 4 - I "bee* « ! s 3S Mid 6? = & Tfi* meant* nf th* at™ « = s^lWSS* 

«t 25 !j 2 y 2b (3 

m Attji = «(«.?+«) =|8i- litf-1*1= </«'♦- m/555 <q ni»M 


:,. “ LZ 


| v:r3) ^ v([ 5 Ef:.-V(P?1 - 


'■ rii^--i:-ii r«r 0^ ‘he v 

-Oltame of the 


i i k 


!= 

i -4 a 
-a -i - i 

-{-2,-2^) 


-; (7.-S.-18}- j-s,-i,«)1^ I-W +i« -a*l=a* 


60- Pnavf b* mtor Mial^is thut the dij^nn^K uf a fjaralkltigrJun MSfTirv-j.il oiLcr. 

> Ui OARC 1* a proll^um wUh V(oJj = V(W) = A aad V(0$> = V(X3) = C. Tl* P«>»» 
I iau£i of Lbc midl»lT3li of dia^ma-ih £>13 iMld AC -ii'- 


^Vfot) - |-;Vi'OA) -4 v- aBj] - ^ a + o 

V.OAi + iV(Ail) - A 4 i[V(fj?) - V(A^1] - A I- \{C - A) - U - O 

'Wv* r.h-* 1 1-xq nu^iit roiiKid*; ™ llic dlac^pnl^ fif fl paH^lklH^fYaiB buKTi. Dtbcr- 

ln gbpreirti Ri «ld 8T n If* A - WP a'L + ^r aj anil B - rr.^ jfi ■+■ mil J'ij. A anrl P an* nml- v^(&re. 
flj, - J) s- A, K| = A ■ P - frns? flr.sin ft) ■ (cm ;?,-=iii 0} - m " *» + **" " **B J 

sa. |4u(« - i A X Wl »|| (*o» •».«« a, D> X («rt .A rim A#)]- |f®,(Uln w«M 6 n»<.«»0)|| 

^ I niii 18 pa4 ^ — <Oi fr pm ^ I 

81 jJ A -_ a t i + cy UbtQ A i = *]. A -J - rt 2 , A v k -= * a *H'J hu A - (A ■ i)i 4(A jE + (A ■ k)fc 

fl*_ Dl Aaadflb& v^iws in Vj. r,. ^ and b* tUittiion riMiji^ of A, d s? d 3 - ^jd ^ bu tonxUw 
of B, If 

tj c 2 

prove tbfli A «htL i) parjillfl. 
d- SjtL 



TH^b 

c i -td l c 2 ^t^2 rj-liJ-j 
mid SO 

nwausf- £,, £ 3 , suh) Cj aic<fir«t™L coaiare of A »ni d,- d^. Mid i, we diwtH.u o^iys of U 1h*n 

\ =|| AlkrMfW and B 

y fu ,, L f |) at ,ti (3> It foUovsi Hurt A is a wjilsr multiple of 8 «od htnir Um;>- *x* paralld- 


S5_ l^jaaigc'i? Mcnlhy. We vzr. Tln.-ottim IU -t-ft 10.^.V 

(A k B) -(Cx O) = A IM xfCx D}] \ • [IB ■ D)H - i.B • <?H>! - f A - B}(B D) (A ■ 1)1(B ■ C) - 


A-CA-0 
T*-C U-U i 


Rfi. 1 'siriii ivi^Uion r^pT^iHAlions. lh" r.ivea jELplic^ 

4-3. -~(b K-b — ilc-B;. f--c- ?l ^ <-■} 
or, (quiv^ttly. 

ThrieToHH 

Ti!+W+r0-(*-*)+(f-b)+{d c —a+jb'fgt) + t>+H +! J* -!r ir b *1 = ® 



E L_E V E N 


VECTOR-VALUED FUNCTIONS 


11-1 VECTOR VAJUJi® FUNCTIONS AND dims fN R* 

11.14 IJcfiltftUm U-t /, j, and h br pfinj-valued Junctions ef a nil tarinbV f. Thea (litre j„ a m£t6r. natmr.4 
K. defined fc-v 

whm^ ? is. any number Lit Ihir il^im common In /. ?l *jtd A. Tf A - IJ, ttf- ape in Ihr plane. 
OpcialsL-u^ [111 vwlor-vih*^ fbnrtioaa ar* defined in siie oLvkhi:* war, 

L E.1..I EJtJjniLii>ii Let R k r vector^ vaJeiwC funeiitut ■n-bnse tnin--nClo ji vaLns r\-r given by 

i 

I hen. lao AbpzS s/ Bjfi) ijj f a- is defiji+nJ tiv 

JitnK<^ - [jjni/cojft4 JEiin^JJJ + [Jin.;•(/j.Jt 

li JimA{l»JLll ejris* 

r “ ■ “« P—‘■fl 

11-1,4 DelTamiiaD The vetted allied fiuwil*iL & j* ;ll tbt junto n if pukS only jf iti* following EhtM 

r vri ■:3111 l: - r . .ire -HLlLffittf; 

Ll) Kl g) esisH^ 

(ii) jinn ft(0 esi6 (k; 

(wE) Jim RIO - Hfc) 

Infill llniD A CHniiT 1:L the elf A, ■CuthllilUiiLI!. Vgf EOT-Y&lttotl FlJCLCtdOIL 

r.JEr'i-fisai IJ.I 

111 3 g, find f-lht dulriflJ:i of IJic yEtlor- rahm l fiihrlenn, 

lr D ™MV*)i+ v^-^ij -1Jwn( 1/ e) n Dranv^i -> i = ^ ^p}nr{f 

2. DomH^ -I- ayi * (f - t>" B j] = n Pom^ - 1 ) _1 _ Y\ r {r f, 1 ] „ \t / s ) 

1 Dnnnjwo -1 ji + |ft(i + tSJ =5 Eks B s(ajn" 1 1 }n 15opi[3ii(/ 4 I )\ - [-1, IJn {l > — 1} - ( —I, || 

*- RC*) - («a " 3 J|i + (Stt " l i )j 
^ Bccnu±e 

Anri 

Uom ( 1 f ) - (-o^ - r j Lr \l. 4oe| 

LJwn LSomfRJ ■rciosisD of ihe lwo namtos -] aad L 

5l - V4 - ij 4- raft fV] - [-», -™3nt-,^,4[n {i / *»} - [-^D)u(fl r #)Ufu,-5] 

6. nwhiVcT^j»1 d■!~31 +y* + t.t- B>fc] = K-«,^]ui3 h +®)]nt#^d}nR=(-w,-3 ]u{3,-h») 

t. HWn rii- /iTTj+ HI +4fc= {1 * tx}nr-^djn {i /-4) -m. <.□(-»,«)ur«. T ju(*.dj 
6. ik.O - inn ri 4 ^ e |I/|2 4 r>lk 

t- We 

I>ojii(iiQ rj - [i £ [± + |)»J wbejTf i i* *fty Inl^KT 

and 

nwrifx/jTl 5 ) - [-4+] 

AT^d 

Dom (j+i) S: ^ 

iJwailie jit it |.s7. iheii 


Ms VBOTORrVAtVED FUNCTIONS 


In ExrrcHUK*-^ find (*:• *F-GXOi W {»»-<=)(!>; <c) 'F O; ■!): (d i (J'*6)l<) 

En y.^ttisa. ivu>. rmd- (4) ijrm-, 00 </«*)(tj? «ne° s)(f): »'')<«" j)W 

a f ■ ii + l.i’-U-U, cissd-M.i + i) H “ r.4.r-tt, G «(r.** - <•-*} , . - 

» (*> F + C - (21, (V^J (M F-G = fi.t ! - 2, -2) ► U) F + G~ W-l 1 -J S - ftt^) * “ST^^jf 


(c) F <; =n - ll+(**-0+(*-!) = 3,1 -* f 

i j k 

(4) FxG =1 1 + 1 t*—l i —l dl J 

t-1 1 ( + 1 

= (r a + ( 2 - £f)I--lti+pi- f 3 +* a )t - t- 

ig.c-i^t) e s M* /(*) a 

t- = + + 5 :a]i 

3J + 1,1 .-M’-LJ ( b 1/ 

(<)FW»=I* + M* + *W) 

11. F =*wfi-sin (j+&,<?-sn fi-5-■“ 
c> (ft) Y + G - [tm' + sin I )i 1 {«* * - si n f 15 > < :l > f 

(b) F - £j - (c*j * - ®Ln t]£- {css £ i- tin +■ 2^ t ‘ 

(e} T ■ 0 = cob t Ain I - *in l J *- — -£ 2 fc) ^ 

i j k 

(d) FxG - cftsi —sin i l MU 

sLd £ CW £ -t 

= ([siii t — cos f Jl -l- t{tic\ £ 4 r [j -r L - '■* 

|S_ /(f)-rin i ; ^i^ekT 1 ! ifi. /{N 

c- (*) /(iirtr’l - Mi IP t cca li +■ f Ain Ik * l*) ) 

(b] /{t )Gp) - ain 2 ri + *En i cue -f xln Ik (b) j 

M *(&)) = VTTi - ij +SJ1 _1 A K -' k 

(d) G(sf01 = + \A~ i J i -»iii _1 fk = IJ 

In Em^mi 17 1M, Einrl HiF limit. if it tk^Lk- 


if) f-Q = - 

1 J k 

fd) F y G =■ 4 i' f l £ 3 - 
i 5 - 4 -4 

s (-<* 4iiJ^ 32,f* -»(■**■ IS,-I' 1 +di 3 - 16) 
14. j W-t-i 

=■ III) /(OFtlJ - (2 + -(< + W 

lb) /t*5G0)=(?3?'^ i+2 >'i -^ 

(d) <HsCt» = (i + 

13. F ua Or ™ wc fi - tiu* + <t 

> (*)F4Gs 2^ ti + (I — 2)k 
fbl F Un (i—tf +2)k 

[r j F CJ _ kc 3 C - Un 3 i H £ - + 1 

i j t 

(4J Fxfisl wc t ian ( -3 

ftfte I -t?u I i 

-[t -2)lxrt (1-(J+ 2j*ec Ij -2tWl t mcc tk 
16, fit] - cof £i 

(ft) /(f)F(O = 5 + sin £j - 2 co* £k, t/jtr 

fb) f[t) G(J) = 1- sin fj + J M £t. + 

) Vf§i t )) - i«(cw -T £Ji + tan{JT^" L £ Jj - ilk 

=ii/i')i+(v / r77 j /tu-2t 
■ d) -(l/e)i- (VI -1* All +■ cW'ek 


is, i + 7=^1 +1 (+ l It J - ( ]<«vi, i < - Dp + W + Ot ^ -2' 

IS. Un^Eiii Ji + «s ij + — ( -n 

M. R(t)= 1 =^§-*1+^ + 6'^; UiElfci) 


1 — CO& I _ I 


jim Hil) = 0i-h Ij-;- lk = j-i-k 


2 L j i inr^fyi+s|pf, i Y*f k '°-- u 4 

Hr^? 4 T^^ +, '?ffE k > - 2i+ la« + “* 

23. iimfi^^ + E^j+U +() l ^‘k] = e{i+i + k) 


IJ.[ VECTOR VALIU) FUNCTIONS? AND CURVE? !\ R :l 747 


3M- R(t) = —-+ *inla rj + et«h {fcL LiinR/4} 

Z -« [» 


!?■ HttCiiJlSr 

tb(t 


lira 

t—r0 

tbra 


i 

* r —mu I 


|imft(i 1 ] — ! i 4-runli flj 4 re^Fi (!l -= i ■ Je 

In fkuetm detcrinjM lhrt nuisthiTS wJtkli thi VHWp»l-4liM!d fisziS’tiGn M CnWLttJltitrtLS, 

25, r 4 ia(i — ljd 4 f 2 j^k Sfi. (f — J ji 4 —' --j I | ~ |-fc 27. cos fi4 s« fj 4 tau fk 

i> fli 2 )U pi, +oc) t> j^O.3) * fl j£ ft 4 g)-r. £ 15 «jv int^t} 

2B. Ri.') — i<rn T-fi ijizi tVJ -^ -pql *(Sf 

► *rW tAi^nt fifcnrtscm ijs coiUltiums (KK^t it fcliK *dd muHiplcs pf l*, ^ colanE-m? if cmULRaoih* txtxpi ui 

□w es^jn multiples of ^r. 'itits Ft is roniinimis except aL^-£ n wltrr* I- is anj integer. 


29. 




^i + ^j + ik LffjlO „ , 

jr ( _ ^ Jill rftr'j.l Jinzniwrs. 




r■'■■ - i - , 1_ , n. 
? J 4 . 1 


if r 7*0 

If t- fl 


ail number 


Cn E-xtrches. il 42. Sfket^h the ftrapfci of [Jk vecxot-i-albKl funri icwi. 


31- K• l) - f-i i (?+ ] J 



34 . R| () - 3 crnsli ,q 4 3 tin b <j 



37. R ’ iM li -+ alb £j ^ il, [O n ?rJ 




± 5 rr 



sa VECTOR VA1.1 : 1-13 FITTEOTIOWS 


^stk- liurvc Willi 4?Af of i Iih ijA'Ol viewing S><* 1111 *- 

(4_M) ft) 


KlWrciHca -33- ■«, much rjuTi fflfeph fa3< t&). ( c; " r tbe 
^•KrrtW* 57 ► W |llJ 

. Efttras* W , 


<*) (1*} I.U-U.L^. 

in) (LUJ, JO) (*) triWi® 

(«J l-iMtQ) 0*) f“.<UG) 

Ebrliisiit Thwmn if (11-' !■ and V(E) 4EC fm:i;C]«l& «■ 


^1$. Bixrenr Si ► 

4fl. Exjdr-Ofrt 47 &■ 

In Exmctta 47 4fl b ^ruv. .. , . . .— 

» ut W)- V t ftH + f 1 + 0*0* •»• V-:f ■ — V,Li:■! >'■ S'.TIJ - l s( i:L 

47. jjmJU + VJ= lim[{U, + V t ]i+(U a + V^+[U a -r VjjkJ 

[jjnttV, + V, iji < (jiiinr, .+ v,)jj-Sfend'i + V :l )lt 

-[limtf, + LiitiVji+[gfflttj + SjiVjJ f [jim'!j + JSMYj) 

= [(lirr>U 1 ii - rlimUjfltl + KjlinV,)!4 (jlmV 4 l* I (||irtV 3 }]tJ 

= lintU + ItnaV 

ir.it 

4B. ll^I^ t :■ ■ W)] - jfcmu(0 ■ i j 

» lil^taw-v j>]-J inifiJiCOVLW+tWnVjii) CjfijVjUH 

- Jiraiu ,(i}V,(01 + jnn[L' 2 .ff)V I (()J + Jial^itO^O! 

Bm0,(0 |in»V t (i> * jjmfjfi Sm V,f! i l [in.Iyi) LiW V 3 t f} 

-[^hl^fjlH lin.U a ((l}4 Unif^tjkHjrmV^fU-^ jin;'V f >j 4 Lm.V^'kl 

9 |inV(0<bnW 

49. Ji*nJU v Vl= V 3 Vj)i + (U 3 V, - - (Vl*i- U*ViM 

= IJJtiCOfjV*- + IftrafDjYt-y.V a >]|4- [jim<tJ 1 V 3 - T^V',)]* 

= IJirttUlimV, - liuiUjlimVjli * IJjjMlfJfaiVj - nmU,[imVjj 4- |Jimir t »nY l - 
_ [tjjwL,)! 4 if**# ~ (JtaVjll-t 

zz |in;U X ]i:ri V 

Sft - limi(/vj)i4 (/Vafi+(/V»lki i y-1*m(/V,Hi+ 1 JS 3 </V,)li*[li"*!/ v ,i.k 

+caw/KjtwVi)| + +(}» v a^l 


(.[hfLDiUQP Ii.3.1) 
(LT 4} 


aji-d Ss^' I > k 1 10. j«> ii II VII — vV-V 


s 

4 

,4 

z 






:!-- 0\JLCL LL S Ob' VKi TOR-VALUED l- l NO'1 rO*S US) 


U-3 CALCULUS OF VECTOft-VAl.ilKD FUNCTIONS 


Tli-e defijiLltoti uf i3l* Eberiwiiiv* of a v-eeior-valiied fuu.Li.HMj. 4l£ft£m i .lability of a-■'fccior- 
^'■aJucd fuQiitLOJi.. iijiJ tin.- iWJiLkfctl-LViLlLvL: uf ;l v«cEur vidwri function are sLmht&i Uj ibc 

f-’hJTiTnfkhii ^irtij; clH : ni L-OL'ii foa P-r,i| .Li Inn I f irrn-1 ai-.i- K 


M-2.t LxfiEiiieou I: ft a i^cinr-vahecd function., rJwiii ilif of It \? anoEhei vec tot-valued 

fuaiCl ion. dtJtoEnd hj ft J nn<f dcfsiLtd bv 

Q Rip 




Link 

,V~n 
if \hr= limit r?:Kts. 

The nciEaliuri f^ft{£ ) finEnelumrs tie™ id place □=' ft r t'I). 


11.2.S Theorem If fti* a v^vUm-- vsdural Fnm-EM-m Hrfrnrtl l>v 

" (i) 

\.htn 

if/^lOi /(*)■ * J iO **hA- For each Kpiacejrtcm of f, ib«d Ijv^Lhjei at E.ht j vector lt- r |j 0 

ih iLl i.':l^ Lhn- I . i ii i£f'ri|, llJtC tlJ ibf furV-T whiiTii - VmEsi-r ^UAttthtt C-H 

11.5.3 E^cfuutiofi. A v-dcloj- vnlmd FirriL-impi i? said to be di/firt-Ktiahlf. un a. interval if fifffji ss^sl? fir all 
vat I its* oT t ill Ihi- interval. 

WblJ* Itl^- ENr#H-Vfl||an l.hnrjfir| ri rloCJf 3LDt fltffld l\ii V[ffUlpT-\ .ilut'tl f UZJC LJOJLi. eJiC 

difFetriilieilimL fnrrn'jl.ii- For a vih-L^t- onlupri funrKion nirr s; mi Lip to tW rojji^p-:>:vd«|qE 
diffcTCEltiaSltm forr■ > iln-s far ,i pr*]-va]ued ftiiH’ti. 

T| P 2,d Thr^i-nm If It -ind Q tu* diffe ren liable Vcttur vaJ u-i-d fiLriftlun:, ngi .xn Ltilefvdl, LJ'jCH it-«Q: is 
diffrrcnlirihfc nn tk inU'^vsE, And 

P«[«fO + WJj=D ( ^) + D f Q(0 

11 -2-5 rhowcm Tf R nan! Q nre tUf&Kfl&Mlblf- vwt^pr-veltled !'LZn■:!i■:■ l i h. dei . ij. 11 1 1*:r^ jl|, | linn R Q \r. 
diffc pm Stable OR I Tin- inlU'rvn.l., and 

D r ;a<t)-(JfO!= [Ll r H(OT-<*f)+ R(/|-!n [ QiO. 

I L2 L fi Tfcenrrm (f R l? Ji diEFettsi liable Teflon- vji|hihJ fufieljon en an micrVal hi$d / ]* a -tfirff’friili&Mi? 
N-al vulurH function Wi Ihtthilerval, thrn 

i>i[/(<m-ivw«o+/(OD 4 B(o 

T 1.2,7 Thetirmn If It ^,nc| (J dilTe-rratiabk VDfto'- vn|i:n| fij|H-l,i*>ii.> dei an iaii-'rv^l, t.hesi ft.Q is 
dtlT+TYnl Lib Jr nil tk iSiti-J-V?aE. and 

kQ££)] — \l\ R^i ft*. Q{T1 - Ri f) x ’ TJ,Q; ()] 

It- TV™™ |||.-.I i" IF % vertor-vai:r-rl fimrlJon a?i4 * IF ^ l^d-valir^rl fuiwriron. IT fr’Vjfr}) 

po;i5t5aod .^(£! exists, iWn |> r T£A^]) exisr^aing is gii^a bv 

ll.2.fll rbrhCHefn II K ,1 dlffe-miti*bk YW-tar-i-thied fTn^'inn nn sn in-tf-rval .‘Iuj | fti'd'J || U com-taut fuE- 

( m the uibfirvAJ, ibpji the vectors K(aihl D E R{£) orihogoML. 

11.2,10 SftrftpiiWiJ If Qin I*|k >-orior-i alu^d fttHCtfrun ^vrn bv 

tkn [-ia Enfcjrcf r.hr efr^udf rofcjvfllfriMin ^ to Q(r- nr? d^nfd by 

|g(rW( = i [f{()rf(4i| ? (0rft+i f JifiVi »nd 
| g(i>rfx-i f /(Odf+j jfriJi + lj sdi 

Fisrllirf pTOpCTlics *F :r:r rrr-iis Rjvvn in i^KrrneiHt* fiG G-T. 

I L.5.11 Thisw™ Lei the catv-j- C have- Ehe rawr eqo^iiyn R(F> - /^ J )i + Oj 4 A(i}t ^heri- f\ / ar?rl h* 

w cnntsnuous on Lhu eltaed iuLrtn'al If L is ills Shi^-Is n?f arr Eif 0 From she point 
Eo Eli k |x>i n I H(4?« Uwn 

*■ - 



V ECTOR- V A 1,1? FT> PI 1 NCTIOttS 


tt-$ ------” 

Em KicFci-^ ■ 10i fi-TiJ fl‘ ! 0 R lil. 

L a(0 a ii + r l jj- R r (0 - i - *“*i HTO ^ J j 
£ jj#$=^3}i +(21 + i* «l<> = m* a. = 3i 

3i = i=ij +£=% ^ [1 -S(t++(i ISO = ‘M* 41) _1 I + “■'('» -"*!<+ ir > -« 

(I. lift) 5(1*4 4 )T t + y/T- 5*1 

lv R'(t) ~-2e(i a + “ s 0 -l/S j 

4 . m) * ,«L +[ n *j * i* H/(0 = a 3 * + r'i+-i*. t > ( 1 . R'W - *" - 1_, j+ *■ 1 > & - 

*. ** = «■ *i+^ «+it *V> - *4 *wi♦ «&+* - -*«* i+1 "* ta " J , 

_ _ ,-.It> . _L_-Ij= , U 1 — 1 1 A 1 I -- J * I t - — ■“ .. ^_ "*■ T -5-. J. 


7. I - £J +^ + (1 _ 

a. R;n-iy 3J t ^ + 2^43-^ 

O R^iJ — 3r ;iT i 4 6r- V i - 3(l& 2)2 r *t 

at TO-a. w»l.<»«-<"‘v *'(•) - > +■»«+■ _! v *'('1 ■“ “-“^0- 2rI ‘ 

In Emtouss 11-1A find U ) || ^ 1 t||- 

11, Rn'j - {l - l)i4 (a - L)j ___ d( _ fi 4( _ 3 

* ||R(f|lh v /(( l^ + d-l) 1 = vfo 2 -« + 6. I>JW0B- 4i y ai j_ ((+ J = y/yt-u * S 

12, itfQ = fts r + l E+(f" - _ __ _ _ 

(h 10(41] - ^iV + i f - 1jW 1 + +1 + «"-2i’ E + i = VS 51 +* 

itlLC, 

Djiwoh^ ,t( + 2 > _1 ^=^fc _ _^ 

1J. R(j) =4in 311+ tm UJj+fc^k- f,«(f) |= \Ma' J 2' +«0>'w ■» J l-" r - /l +4 ‘^- n i^ R(i 'i 

w. m= vTOi + +ft B«0l-V¥ + M-^-l+7»VS*l 1>J*£*)! = V5 ^(0 

15, d.[b(»hqcm] -D-lff 1 + f 3 + = P*+ J! + so'*-(-2'^ > a ^ 

+ D ( Q(t) - ** *P)I+P +*w*+aeli-<a + s^=^+^+^'>i +*-*-*"* 

is, n ( [R(() ■ tK.iH = n,fCi 2 + ^(f 3 +- < { - +r *'^ 

at lit + Jyl ?+^ ^^ e ++ a*^ - (1 -!*PVM + <4 *j C« - « ,d 

= |(ist -S- f*>t-r’ — 2e‘) -(1 - +t(i 1 ’ ■’Dftf 2 
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t* 


li- Eanfcim ]S flilrf 20, R(i ■ - -,i| : J/] ajid Q'() s-iti 3 ll 4 2ij_ 

36. li ctiTy TEif^rcm tl.-vl !W liif revab ft, .ini-: Q. 

& i > r [Ki! <) + Q( i ij - D f [(™ 2ti - d ri Sfji j [mu 3 ri 4 ^r } jl 

- D f l(tc® 21 4 £in a t)i 4 (-sin 21 - cos 2 dj 

- (-2 sin ?d+ 2 EED I cos lTi4 ■ 2 tlk 2? 2 sin Vdjj 

and 

IV*0 r DjQfn - 2fL -ala 2ij) 4 l^in^i 4 c« l!dj) 

- ( - urn 3fi - 3 2<ji 4 (2 hi jl i nr, di 2 : yn Uf|) 

- (—2 mu 2d 4 3 JRn lew Mi 4 f-S ro* 2f ? xia 2fjj 

rind by comparing Fq*. (3) *nd (2) *<■ vnifr Thcmsm It.2.^ That lt , 

^|IM)+Q(«]^ £?,«(*>+ D r QfO 

Xrr'rty Tbr^rrsn 3 3 , 2 ^ for thp viM-r^ns 

d! *■ tiff f 'i — (cOj 2 fi — dn 2(Ji *■ fri ii a Ji 4 rrts 2 fj) 

= cos 2 i - si i? £d top 2 f 

Vilm-mi - sLa^r-3 yin 2t} 4cos31(2sin I to« £} - [an 2l(-2 sin + 2f(2 cos2d)] 

_ “2 -sin z r abi ’ll 4 2 sr I cos ? cos 2d 4 2 ii n i c<k z J 2 

Brtju|»r 

D^cos Jli-wi 2 ij) 

- -2 sin 2ii — 2cot< 2 fj 

c-Ikh 

[I- 1 -2 *i m 2 f S 2 cm 2 fj> ■ faisrfi 4 to? 2fj} 

- --2 *in 7 d sJu 2e - 3 oi^ji 

KyrllmiHtn b 

V £ Q .'} = h E (ib 2 ?i 4 ■?*" 2 * 5 ) 

- 2 sin f ro* -■*■ -2 sin 2 ?j 

slid thus 

H(2) - [D f Q(t)l ^ (a-'-s 2f1 - srn 2^j} - (2 sin d ^ ii - 2 sin 2tj) 

- 2 ran (cos u c^jd 2r -r 2 siii*2d 

By JLiMins ih t cuir^.-.jkns.iirig &dcs of Vxp. ^ 2 ) and ( 3 j we u]»L;sin 
l^mb 4ll(0 ■ — ‘■■ 2 ^in a i sin It —■ 2 ?m 3 2 -( - 1 - 2 iuil t do* 1 cc^ 4 2 dn.^'Et 

iWid 1 »J rimipjTlnE Ksf - U) aqj f -11 -av verify Jh^crcrn 34 1 , 47 . TtiJii n, 

D^mo - Qfi j] i [i> r ife£fjj - Q(f) 4 m ■ [Dgq(t >1 

In f.K-rri-w-h- LT t J l! ;md 2-?, R(.f " = - sin f| 4 +HJ L. -j fl ridt Q{fj _ ri4 2*jl> t } 4 3c 

IT. C 1 ,* fa t) - Q(4)] - DJi-jKin ;4r^ E]i 4 [cw i - 2 ^-iii 4 -j - ( —ijjb 2 d 4 Elt 

ftte= J dn t)i 4 >:-sin ^ 4 2 fftv fU 4 k ifc 

D t R\t +D J Qifi) = (a cos ti-xm ^ ^cos£rl] ^i 42 ^/j)-,]) 

2k D e [ILff) > Qft).' - T> p {2 Hti f £ - 2 din t m i - sin 23} = f^in 2t — 3 

H 1 Q - R.- Q' = (2 a® ii -sin ij - 2cos 2?i) -(cos 4 2sin t] + k) 4 


tn 


( 2 ) 


(j) 

P) 

(3) 

(i) 

a) 


* (?jfin f t 1 ™ -hEci 2rk)- i -«fi ci 4 2 coh rj> 

- ^ - 2 ELJL'f - L- 23 J - (-2fiin a f 4 2 co ^ 1 1 _ 2 ^ ^ 


»- ^[^0*0(0]= D. 


■ i fc 

3 ^in d cos £ —sin 2/ 
cos J 2 sin I i 


= D i'J..™ t + 2*li*L -IN M 2 salt (-i(ia 2t cot 0j4 f 1 sirj J J cos^Jk 

- f—lin » +4 ot 2? dni+2qn ‘a msiJI+(-Jws t- 2cm 21 cos I+sia 21 an ()j + lO sin tk 

i j k 

2 cite t — aj|il-2cos2l 
! t 2 dn t 1 

- f-Htt 3 + -t ™ 2d sin f]i 4 (-■? ^ 2^ -2 e™ 2i eon (Jj + 5 *jn ! «« Ik 

Kx D f Q- (?siri rii-™^-atn Effc) k (~™ li 4 2 ai* ;j| = 2sin 2tc<*~ fi4sn 2d *in rt 4 & Hin 1 cqf i 
and (2)4(S) =f!)L 


D e R,m - (2 cos ii - atn ij 2 o® k C3 t 


m 


m 

m 
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Ju f.x rarest IS. 22 4tld W, IV <J ~ "l -i' 1 "] -’t «id Of') - /‘J - ^^“It 

IS. DjHR+CJI - 11,11+D,Q = I « f }i4 ■ ■ l2^ f • ■ ( jj -i-1 : 

33 . ■Q + H-CJT^Sfe* . , ., . . 

®. & r iII jQ- t R J * d ! ft kQ' - 1 '!' )> -!I'l'' -2r'y IV- t 

23. /(Cj - ruiSf, Kit) - i *i.i 2ri-i«£-Sfj + 1 no liik 

- T> f Tr, tin It fijf 2ii - :w 2< i*c •Ifj J ■« ™*2i'll 

— + ;2 sin 2f s«- 4< \ cos Hi «r '1i tan -J£Jj / It ■ /Ft 

M. Vffifv Thcaicm 1144 For tke faurtiM** /(O - *<1> = («*4-3)4 + J • 3‘k 

» DJ/ft)RfO] - rj ,[(<■■" + (Sr'li 4 ir^j 4 JO) 1 ] - (ft® )■ + <*’ J + 3(1+ ln S P;^ ( l * 

/'(t)R(f' + /(<)ft'(0-r f [(4 3i +3!i+3* 7 ‘j-FS-2 l t] 4 r J j( tr + i> )■ ' fe j+*> 2)3 tj 
* » (4r 4i + 2o')i-?k 4 ‘j+ 3(1 + 18 f&tfk 

CottipafLriB H) and (2) r we Jtavt verified Theorem I L.~-i>. 

In Kswwrm 27 and tig, vrrifj- Theorem J15.lt f*r the jpvtn fmOJwA 

ti. m) -- «-rt+h <* and K f i - ,f - "«+“??+? 

K"o) = i + 3*j + p-’JL 1 J (Jill )|A'N: - (i l 2o'j + ■ 'kw - i t3l J - k 

28. F{£>) - sin <fi +COS sij + <?k aild ft(i) = sir. ’( 

o D^FCACO) = DiC<S+V7^+sd. Jl ;k) U) 

W* tl*V* ] 

<2) — rwr- i — !>1 is. <it j ■+ k V i, i I — — ; —— : 

f'WW/ft} = (V'TTi - ti - ky-j^— ~ (3) 

Cftmjwirins i l) .ind (2), tvt bow v-ntf^d Tbeoprm W-%&- 

In p*«c™k 29-31. ict Itfil - /,Wi+>,(l)3 ■ M'* “d Q(ri * M 4 >k- 

3». D.[itft) + Q(0I= D,{{/,(i)S 4 j,(/li + *,( ( W + [/*(<)! + 4 M*») 

— (//to+ fi'm? + v< 0 - .»/■:<)]]+tvti )+mq 

— (C)l+ [fiVtjl + f 2 (l)j + (IJl = D[R(. f j “ l - l r'4( ! ' i 

3(t. D-f/Bllrr l)j// p + /j(J+/J^I3=r(/ , /,+// l 5* ' (/'ffj + /iPi'li + (AI +/ A 1> 

31. S tic otnrivnfiw of It - / Q is an iriunfdE.1,1/’ ra5is«|iifnOr of lilt foUowirtB dttfnninnjil UjloIcIiI, V.il«i vlt US£ (Ju; 
min tfexivaUve of a p'tyiTiCt. v:f- tbr l.lntv U-n«s veslicaJly. 

J/, i i JJH5; ^H5; nl 

J 1 fln 


H {; s 5 s ft H {; i h 5; i 

= I \[/y L ^ L - / 1 / vff r ' I 4 /] lO / a j t Jl i. 

= lr^A a - - / ife 4 / \9^ + + /i srf| 

4 ~ /j2 Tft s - /l-- r ^. r 4 /15^2 + /-iAi R ^ ■'! 

' /' / V / J A / * M 

= ! f ) ?T 4 // Sl H -S + A Si \ 


// 9i' + A 01 

j i. *■£..'■ 


if Mft rq)lit.v-r /, A *ilh i. j. 


: firjsl 4irtnr:!mn.i4il :s D I^jl .-..- d. ? 11.- lU’m- tI-iVp ut' 4 cc-s5nn1 te 


Pio^ Thrt*Knj LI 

t> Wt hivf if- = K(Ij iiuiJ “ /(S-^ ■+ <"L -5 >j ■ 

A pr-lv]jLji. Lbt'fhiin naLr f^r VfllllifJ fiUiftlL.IL, ttm nh-l^ill 

D.HWfl )m VtKM + + fitoft] = [D ( /W)li+ |D t ^0)Ji +{l> ( WO)Jk 

_ jl>^/(d)D^+piaj(W|d]) + [DJtfdjD(dIk -- 
_ r) # [/(0)L + ffW)j - jk]I3 ( c> = R'fti ()‘!i|0 
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]n EiiafCCWS 33 40. Sind Gfie mofli gi.ilehhj Vrcttrf-- ‘.-aliH’d frincti.D!L nfho-o dnri r.ituvr- fens- the River. fuurl .on vidue, 

33. i|Ian (rfl-ij -■■ J/ - i'IiJek i |-rC|]i - (Id + — Injsee ft — inJl| 4- C 

34. j [{f a - 9Ji +C2f^ -Sj)i + (1»- Si]* + C 

Mr I,*l ft'ffl - Tlwi, BfO - j| .'%! + j f. ■ — |^*i ■ 11 1 - ' IB+C. 

M. -Ul~LJ 

4 + r I - 

► let R'(<j - in ti + f j j Then R( r) -1 f In f i(t + j J t 2 dt - (f In I • ! )t 4 J- I^ + C. 

37. [[^i + ^- i^kjrf* - ^*1 + (^ + Je*)k - C 

3 ft- [ 3 e 5 - V r j ■+ i" J k^j- f — ,j -H e f k + C 

3 ft. j [titfl fl 4 pht JCj +■ = Irij-W'i- 1 ^ 4 -lnjm- t ^ l-nil Eft 1 llj-fll - G 


4ft, r sin £i - d -cot (j - tk 
[■ Wr us* liiE«grM,JoiL fry paui*. L«E 

U = 1 Jv I 4 n£j + CO*Tj 

rfir —dl F= —TOfl ft + HB Hj 


f [i(*W if t cew y)+ e« Ei + $in (j) - f[-wa il +ain ■+ Jb T k 


— (— l Cut* f + £i n Ij i — j £ a jji i -j- at& t j -f- + C 


If. R(3} + JV(i)rfj =(2p- 5j>+ | i (r E i = (ft. | 1 m| r + 

41. r(ii - J R T i;r>ir = ij^ 3 r di-jj a^r dr - ar)i + §( 2 i + Ain aiij-M' 

R (^3 --Hl-j'ifi+fj + GC - -Jsri - Tj. Tbhii IL(r> - j(f - [»Lt> - r;l + (r + ££ - rtf 

43. R(0) 4- •= ti —j + lt> -I- J" te^sin f cos (j - ^k)di — (i - j 4- k) +jjV^ anff -.JfS +siia (j - 

— f^'^fniPI E — r-iW E) ‘- + (^in t J tf + (J r ( )l 




c suit! K(n — Si — !Sj -f "ji, find It.:;). 


j> Rjfll a WM+ | Vf*Wt - R(0>+ - tan 

= (* -3i +5»)+[l4i + l |+ldo*s f I +^|J| 2 - I Ijj - (Id! + 11+4)1 + (!n|^ I . - JJj + (jy t 2 — LI - 5>l 

In EucrtBCK 15 flud 4ft. -g.) -nnd ft Cwlcwnn of e-4r R^ij: >\h) R^?)-- R r (f>, [s^rpht! the ra^H. 

45. R(£) — <oa (i + fiio ^|. R r (E) = —&Fin fi tj. PnrAin^irir fct R' aw a- — —»Tts f Mud y — «« i: a 

r.-irij^inn rqunr.i™ if j- - ' 1- if" — + roz'i — L unit czuete, R( T" - R'f £'< - -C^M f sin £ f cos t — 0 

1'Jilt Kpt^SOlUAliOiJ &r havirijt. iljf inil.imt \xmi \ ril K: i if iiiong I hi* hn_ipi-nl. ..zir bi I.Im- circle al R/ C |): 

thf [KM^LOD KpJtttftL-tULOEi. ftf is- !!li: tadiuA <if lli« clttlc ^lucii la pfirpcjidaCiikj 16 iJie lai^gCiit [JttJc. 

46. R^r -c£^h .'i Kinh tj. H r f£l =^mb It - era]; Ej FAf&j^ctitc e^uiiiwis for R. ftTO r = rosh f, y = ■ ^inb fr 4 
tatLesiiD HjLLafirM ir^— y- = c^wlrf — sluh 2 : - E. t > I, ItvfterJxfJa. Rj:; ■ £t' J) — Ld&li £ SldIl I = x:iih 'It 


In Excrcifcs 47 and 43, if a ts the radian measnre of the- angle brtwa R(2) nod tjfl). find UjuLE}. 

47, R(£) - Sf 11 ! -4^^ — c 2i {3i “ 4j 1 and Qfjl ^ Ge^j. R (t) \hc aaiue direction as Xi - 4j aad Q(l) bas il»r 
SftTie d ii*cL iyn j. Thus w ,i wustMl ?uie| t> | u|£) r ft. 
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trivets K*t) = lit ■ l i* i Ji and 0(0“ frL- 

fr llir «letrl v-Ati vr- ^iil iiu; r*i*t at 2 — R berattH'.*- Q reverse ir.u 
ULidkrctlrfJ aJSfcb 1 ^Bfsrrlir^ aSsmpl.ly l*riwevii d«cre^ing Hud ulM 
mill ji(-T) Mjlid, 

_ , VP)-QW 

CD " ,(t) "lWoMo 

TW t . 

a(i) - cm" 1 ~y ~— 

r i i 

| W4UM 1 ll .1 ? : - t/| tl Lbi73L 


dirrcclME HiMtd at t — it Lw'rmrKi 1 'hr 
■easing [iore, 1 he figorr: ^iu^ h divMi'A 


yt^+Ti 1 -1 f f 2 +1 


2 ^ 2*1 


Eft Eficr<i^« Ii9 52. find ElietxJttl Lp/ip:^ L elf are frottt J, l? J ftlir e ‘ * fV * 
A. Et(tj — {(+ ill—+ift— 20t.|ft(Q|-||i-^ -2ij = /mr + 4 

L= f* |D*Rmti<~ f S v^T 4 i S Ji= 2 f’ t Jj?+fdl^s[iJ?Tj 


= v21 v i lci<2 + + ] - j In j - v/2] + ,- tj lr)i‘ + t/21) 

50 , R {0 -*io 2 fi+co* 2 rj + 2 t 3 n l* |,H'( 0 |= |l «™ srt -* 95,1 S< J + 

= V*+*< t - J*(4 =$■$[<+**)***£* '$00* -*} 

51. R(f ■ S± - 3 Hill <i + 3 (H- (V. I R'(i 11 - J«(' (2 i ~ ;i cat fj-a htn A j 


f 3$( + 9 cm 1 ( + 9tiin i l - Z^At 4 1 


Si + + (, ( 3 - 1 

t- R'(t) - 2Ji+{l+( ? )j-{l-t ? )t 

|| R'(l)1 - ^ t (1 V 2? Z (*) - {t - ?i- +■ f 1 ) - 

Ltt J V 5 t*+<*)* = vfik*+&*)|‘*» ly® 

In f\s-iM-ci-Ha; AS- Likt KENT 1q ajjphuJtiiiJitir Lu 4 (UgjliJ Lilli Iwagth L of iff flOfll t ( (4» I 

Si »m-li + i*j + r’lu Kit) = j + L?tj 4 Si 1 *, La f "1 U r l EjJrfl- f ’ ■/! * 4 * z + BtV( 


ifl +3^ H (*) - I +e J > 


/2r' r -M a Jt = 


55- ft( r ■ - ciia ti ™^lli Jj* f J k. Jt 1 .^) - --tiii d ^tob rj + Ji s k. L - J || R'fci - | 

tttn - sic 2iL h «m i i 1 ^*: f x = (h ij = ■ 
t K f {t) ^ 2 ^ 2 £i - Li &in 24 ] + ^” 1 /1£ k 

|pt>| = ^(w^+S^+ls 

RmiuAe [| R. r ( t) | is uu bo lid dad al 0, ibc arc Length integral is improper- W? l ffE ( 
pr^p^T i EVi^ts nr* 1 WTNTj 

L = f 4 J* + 3-Jf - , A +-L(3it ^ f yifr?TTcfu = 6-4W3 ~ ^ 

Tlic vjduct fif thr is +■ ^ hl + l ti v it?j j 

67. DjR J (0-fl(l)J - Rf(0-R(lr-Vll. , ti/-a , (tJ - K # UJ -K40 4 |^)|f- 
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**• WO ’ W<) - | h(fi p **{«,•. ftfereMLaUiw. K' i)■ H/i)4 HO. Rf(f)« !»p )*'(<) =s- it;r ■ If- 1 ) - 0 

J*, Protn Tfcwo*m 1 i.2.15. 1 >|~j.’. - L>,[/(i)" 1 R,' ti] - -/( 1 1‘ '/'(OUt? -1-/(0 1 R'(il = V* ~“ 

(iO. P*ovc thftLi if h, and D arc cotit-LJuLt- v«Li>rr, jihlI / and f aw Enwgta.bJe ftajHltaife*, ibf-n 

JW{I) + BjflJJrfi - A [mu + B ' 

(ffmt: HKpr^-=^ A %nd B in infirm vf i. J, -tiid k.) 

> Bwriifftr A jira-l K arc constant vwtot*. tl.r.rr are ctutstwite sm:b ihat 
A = q: s i + unci B — Xi 13 -+ t> j + fyja 

Thersfur-K 


j|A/(C)4f»y(l)]<f! 

- [f(n,i4 (tjj 4 +(^,1 — 4jjj - 4jfcJj(0y< 

= J[^/tO+i 1 srfO)i+(« I /[O+MOli-(VI0 +M'I(WJ 

" 1 [+ j^[etj f{i[njjfl} 4 ijjt(DtiinLtion Il_?.10) 

= (“ijW' + *j| + +*a|.d( 0 * 

-4f**&* l nw * m * mm l m* - a \ 

BLLrt. at*) = / t (()i + ?1 (JJi4A 1 (()k and Q( 1) = /,(1 )i 4 5j <i]j 4 JLjfjjfc. If then J n '(l) =/,'(l), 

Rf ThrOrena 4rOi, gfetTfr hrr Ortxltuu Jt,. t r na Hfijcl] thfci / t (!) = k. 

ffiW = ^(0 + ^ ^j(^) — 4 wt and to f) — Q(iH- K whew ft = ii +lj + mk. 

U-f C5(fj tny of It Ifu-JL ¥*{•). IK Kswiswr ttf, U i) =. j-7 f i ■ U. 

M, Ut = , 5i( f)J t i|/)|(.B™I), I'fttaJifB d| j r [/(m|i 4 rfuti 4 *(«&}<*» 

-(•>! ^/(toJrfTf^ 4 (D 4 j ?<w>fu)j ~ (i.),J r *{i ( )4 -/(rji 4 J(ijj 4 A(l)fc - Kj;m 
M r l w the Lbeotonkt uf FIs-rTri^i^ 4i3 ^o ptovi- tfti- fi^jiiwEEiu; ib^crrm tb^-i C-Orretijs-oiidf- l& t!^- --.n nin.l 

rurdifirrifnlaj tbco^CIft -ffT t]bc tiilr.nlu^ ■ - I! :^c fuactiulL Et ^ iioril trii:Li.:r: ni( r.ti^ (-(.oiiod irslcival anft If 

l^^ji Ls zmv ifitid-tiLvauve of Ron [ii h fr{, tlm J Jt^y]dei - F;4i)-F.;dj. 

► Hfwaw* 1 by liypolJtc^ii E^f), 4 m> 4 3r> bit, 1^ m l^f}, i.t futEuw^ Twn Ejwtcuw 62 ibftt 

l?(t)= ( KJf«)iJ^4-C 

wliecft G is a ^onstajtt lEtlOi. _fl.ii r-uilyrivs ^K :a jL 

F(*) - T{a) Tr(|Vn)*i +^)-( f + C)= | Vt^u 

11.3 THf’ irSiT TANGENT AM? UNIT NORMAL VICTORS ANI 1 ARC LENGTB AS A PARAMFrTEft 
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M.OVlnp Tlitidr-al The fcii.rt hfrconcnirci r,-^ r J irr- 3*ji I In cur.-' (' is j'JVfil by 1!( I) = T'. 3 ] x N|.'; ' 1 III* jj-.LiiOa it r hu-virig 
8. N. -Mid T EW rvsportLvr- fio-tt^.iI vrrhsrs ar«r ''-■•*■ vxra Jrctrijj, In m ,irA jr^n-iiu I pfufri- 

If P, /, flT, =Wtd A ^in 1 iTril v.-dund fisticEli.wts And RL is the vector-value*! J\isricti.oii defined by 

K(0- K(il[/{(li+JfOj*fcfOfcl 
iltt-ij ihf oj&gnilucte «>f III 0 is given hy 

|rco|—iho l^/i:^ sjrtJ:.r+i«o] 2 

Fiadke T and N We nwy multiply ^ ^wJ 't by auy jjeeJtsve Fkartion Mur* (l < und |lij. w Ks«rr u* 4. 

Foi H. -^e illiljf use fofllowEn^ of the quotient nrlc, , 

D[ -gL = D t oww.r ^ - nflw^r^ - 

11_3^3 Theorem If the vectw ^qiKir.inpn »f ft eimC i* Kj*) - f{*)\ 4 ?{#]} 4- h(i)k, irlieic s uosE-s i* th* bcti^Lh of 
trL- Iiwtisourrd from * fhBJlKiLlsr point F 0 oei C tu tbe paint P„ shed t3n fc mslLl UJogefll vcrior trf £1 
at P k rfv«l hv T(^ — D R(rf} if It exists, Puitbcnnorc 

OEMSSf+ttf-’ » 

JIdix A curve v- • < t-.f ■ lim □□ a eySLoder oe cone and tut* ihs detneAu under cuqsiaeil If ihe 

cylinder i* dituUr. wr: hai'p a eTne 6 tij+ j Arfir with equation ft = w eita. £i 4 - u aSei ^ 4 clt, Whitts is 
t drett; if c — tf. Ste LnCMises * f!'. A rn-JiicnJ ir/rx h&a veu-ut ion II ■ QfPcm ft + otf^bil's Tj + ee k 
wlsirli in n b|;irithink spiral ife — 0- Se* 1 ksprcLw : ii ff, 

£irfrn. m I /, ,T {Starred Diimbm refer to Fare-rises 11 -4_) ___ _ 

r.n K^rtisri ] 6, find Tfl], TTjJ, tf-iji «5j«Leh * portion of The curve leprete.’i rations of Ti^J and ^{fj- 

Eai !:Kerri'*?a V 6™, IMr Hie ItifniuU K - |t i;!l itlj find lh(? cgrVaLule K: Eilril tile rudin* C*f ctimturr P- Skrith It r 

eurv* ? unit tAiigetit. vector, amt circle csf eurvaturr. _ ^ 

L it-3 Cl n fi+3«n fj^ t t -ifn. R- -ajdu Ci +4^ £j. IIhIIss I r^=f - 3- r S' - S: ^||= ‘ Mh + ^ 

THjjt l - -i. T - -Nsw ti “Sfin Tj N because I Til = H - t. -} 

r. K- T : 1/:.R | - ^ p p — H- -i be cajve h a nrdr n-f c^liu^ J; it. fei it^ oft'Li circic of cyn'iUn^. 

4 h ^ 

2. R = cos 3fi 4 sia 3£j: t - \t. I? = 3 sin f 3 M}. !! R|| - 

T’ = K/|| it! =r -tsiu SJ£4C«* SjCj. T(Jff)=-L + -. ^3 cos 3ti - 3 siu 34 |lt|k 3\/^^£ + SSI# = 3- 

N^TVft! —to# in - kin 34 NCl»l - -j. 

2*. K-[ r H/1(tt^2^ 3 'P = K”^' nirvr " w a Its C-UU deck of mrvUurf. 

3. R = h sin li 4 ij; fl C £ < ^ J, — ^r. R — v.^' |i 4j- (»n I JR- ^ coe li 4 an -£j = f Wpiust ir. Ln a. unit vector. 

T{|-? — j. T - —s-iu Ji 4eoa ?j — M because Ll is a unit v«:tor- Pii^Tj - ■ i 

r. K-!Tf/|R]-}-I. P- ^ - I. 

4. lift) = - in ij' -J* < t <^Ti ^ - n , 

» «(t «0 = i+=Hl \ J 

Eacauii ccc f > ft tti. then \ / 

Icos l)O i i) = rcys fi -pM™ |j - T(f) _i__^>^ —* * 

bec*n#tf- it Ham th-r «ime dsjersion nnd tl r- n unit wtnr 

T(0)=i 

D t T(0= rill i? + e*M (j = WW 
because it is & unit vretor- 

Th-fi figure shows * portloo of the curve, T(0) .in«l N;H j iOLd rbc circle of curvature for F.him-cl^h 4 k . 

4*. Rffl) — Ll j Bid)! - l/l+tin a lt = I 

K.sltUa.Uj/1 =1 p=-l/K-[ 

TlJO'i - fti 7 0)-pN{0) -i 



11.1 I H t UMr I AM. 1 VI Wl> IFNri NORM \l VEX'I OKS VSI' \B( I.KM i! 1 ! AS A PAHA METE R ”V 


&. «(ij = 0,^1) = (I 2 -J )>+■'!}. 

IW» II - = W+ 1 ? - **- L ,J1 ' ! * f SJJi) I = ?7T 1 * ?>T j - .■*(* * J + & 

II Wl- i/t7^+Stt£ =7^'F^^^ 7F) = 77tT7V , '^ i = 


!l OjlWfl 


/ (f£j_ a y, fl tji .Hx- 2 ,!77i \ i|J - x 

V(i 1 + 1 J* + ((’ +1 f "0 3 + J (f^I) 3 ' 1 r + 

i(7j]| if*4i} fl ’p F+T i" + i f ^ 


v. K ■= ||Tr2)||4(2j||-+D=8-p = fe^f 


6. R-±A+|fr f > Os », = I. Si4 t^j. 1= R/l = i + &f£l- ’/!+?- 

_1 ' = . * 1,.., 4_!_1 


ys + r* TTTi 




IbI~V (S +OH =- ji -5 ■*■ J j. N(l) : 

x/r + J vi* + i 


-y + -y 


— - r' Vj - _^_LL_ a= -(i+j 

(J + Pp* (1 


|s(i)S= yi 1 +t 2 -ys.J t( 1 }| = -^yi* + 1 * = | K = l , ri/tlitt=i-i»=^:=^ 

In T-10. find T(l) Bud N(f). In EixmiKS II It. find Lhr moving trihedral at < - (j. In Eitcncarj 15 and 

16, find. the mewing at any [hi-nlc,. In Rfieteh&s IT 22, Eke-d HfHa-tkHJi# nf tltt otdjijJitiDg. i edify jug, mu! 

iHirmiJ At t — t 3 . In KotHw; 3l 36, finr! an i*r|ri^i.i ... -ht having with -ire l*n£ih ^ as a 

where s increases- will] ( train I = 0 l Ohu^ck by iwLaR Eyq. (S). In Ejocrcasts 7 # -t0% use site formula K. — |T|/|| K-i 
H'lil ihr ftiirvftl-iir* K; In 11* M\ tbe fertnufci K£0 - RmR^Ir P 

In Kxtttizti 7, Il h 17. $l h 7*, I "• R — (sin I -1 cos : ii + iyos i f sin i)j + 

7. ft - ( nin rl + I w ry, l > 0, l - ft/f - pin CL + m (ji — X t - tm ri - nin Ij 7i. 

ll h I7 a i L --^r. Rf^r] 1 - i-^rj + 2t T(Jt) = \, hottolaL: -e - 1- N(^) - -j, nrctifying; jf = §* 

R«ijtr) ^ i x >—j J — -k. oEciaLatLDg: ? — 2 
31. j ^ | III! — rn/sto^FT«s?i = J- s = j ^ Ju = f — ^/2a 

ft — DBd H 'i/l*- dLEI ij ■ V k 


i i n — ii j i^H-nn — j j ^ 

li: R — (rapi f. + ( ^ 2 } 1 4 (tft® ( — ( aitt t^f- | Rx R = taal! 0 ~ I - 

an i + £ i 1 ou=f 1 — l slti I U 

k sIIrxrI/IIrP-i 1 /! 1 - i/i 

b. Emtcs$« 8. S2, 32. and, ]2 - , the cnn-c is tfie ciT^u^T h(*lii foy — wn 3?i-co* ISlj - -Ufc 

8. — 3 cm 3(K ■+ ^ sin 3lj + 41 

i] mt)\ = ysicra'jf i + to = y;i ■» in - r, 

TfO ■ ||^*j j = s «iH adil i «n 3 u + Jk 

■inji) —| ni n. srJ + f cot 3rj 
T(i)/j = - vn. +™ 3lj - W(t) 

12. H T - 3-. T^—) - ? - 4 Asa ffj - fk - -^j 

N(j 7T I — -sin 7TI -f cos nj - -j 

B(i*) = T^r) k N^O = (- li + gfc) x 1 jl = {1 + |k 



7fjS VliCTOft- V ALCED FUNCTIONS 


S®L : - sin :t i - £Cns :"j -!- IrTfc - j -«- ^k, 

A ntfrm&3 t& In nptuljuling pSftTi>? « SUC^x) - {4.Q.LI}. Ah -r^Eiismi i* *r 4- 3(r - j) m G- 

A iiocrtiAl vet tor So rectifying pUi-nr :-= N{£r) — {fJ, I.D). Ah ttjiialton is y - l = 0- 

A iwrmaJ verier io the normal p\$m is 5T(|t) — (—3 n !L4). An tijuaikm i* —^x+4(i -^} =• ft- 
331. & = | H{i j | = 5. i = ['|| for*) |^l = £f, dlu if 


ItJj.■•'!■ •=■ sill - tf?:-- |jJ 4 ■£*](, 

FUm-jji^ /(.*) - sin la, $if) — —cos h. aii*£ fc(s , ‘ji — ±s r 

fW + A*f 4 A'W 2 - (j a® Iff + (|™ = &(«** }* +■ sin 1 1*)+ s = 1 

r. k - i'xlUftll - J/& — 

12,* fof) = -9 >.iii 3fi + 9 ct» Idj. 

i J k 

j it( f) :* Hi f} || 3 eba 3f S aiiL 111 4 = ] - W et* :ki - J* mil + 57k | - Ti 

| -9 sin 3* 9 3t G 

Kd>=lifoo * fooM fwp - «/* - * 

In Eumm 9, 13, 19, 33. *-. ar.d 13'. It = i > t > 0. 

9, R - ij + ^t. I R/t - J + (t m -0 I J 1 - T - -J|| -4-pj * 

*=-■ - - B -(14 iV /4 t- >i l k. N - —jpf—j4 -J—Jt 

(l+i 3 ) 3 ^ fi+tV' 0*+1 0 4i 

is. i i = i.T l i)--l 5 ]+-ijL n :)-—^ + 4;t B(i) = TCi)xM;i) = s 

19- R( I) — i -i-^H-ik- oscuJatiiigj B(l) = i, x - 1 = ft. itctilyingf 0?ft(l) = —j +1, —Ly 
noting 0aT[i)_j+t » 

S 3 , k =|r|UiVi+ * - J Wl + w a du = j(l *™ a > J ^“im+i’f- 1 ], i = Y/JsT+Tr^^T 

~ i + i) 1/s iit+jK 4 * + n 1 ' 1 - 


s^. k = Him nil = i + ?= 


(i+ n Vi 


*(i +1 1 ) 5 ''* 


i j k 


la: a^j^2iicjtxfil= o j! i 2 =rh 2 i!-* 2 . k -IrxrI/IIrIP - + tV =-W 

I o I 2f Jfl ^ E F 1 

In ^suftretw’j ]fl, S4 r lii, 34, iHfcd 14", Llw tuTvt is ll* eem i«iJ hHU Ft — r ii + t f i i u + 

ID. From S9-2, It = V^Ac*<1 + Jr)i + y^Atep + Jxli+ 1 - 1 *, II Ftj “ r 1 ^2 rcs 3 (I + > f 2 + I a 

T — ^rre^r > Jtt)i -■ y l ^5asi|(£-(-Jn t }j+ T - — t +Jp)i + )i- ^ - —*1^(14^)!+ cas(i-|-jj-)j 

H, i L = 0. T(0}+ y/lS + & ‘V^ 1 ^^+ k i’ K ^ 1 = ■4^<)- JW)■='TIO) * J &-I -,3 4 3k) 

IS. mo) = i -i- k. - 06(9) - {J, 1, -3) t (i - 1) + if - ^ - l) = 0- i*tiiEVl^ = H r 1. &}■ 

+ 9. normalr 0T = U-11K (*- IJ + tf + (:-!) =0 

34. i_I&||= 

ft = -4 i j(cnis lri(|v^ff+ t)i + Bin ln(j ■ IS + 

iw k = jT|r| it|| - Vis - k^~‘ 






ELK r H K UNIT TANULVr AND l .NCI NOkUAJ. VECTORS AND ARC LENGTH AS A PARAMETER 75£) 


14* It =■ r sin f |I -j- £ + Jii:L Ijj 4 r r |f P ft - -V 4 J 3 L Il4 COfi l] 4 1 *L 

- j, „ fc 5 i k 

II flu ltt= f^COt f — tin I) £ -I- fiLLi J!) r‘ 

“If-r^Kljl t 7-r ,E TKKT- l r* 

=|^(aflf -tfi - c Jf (&in i +K = 1 kx R HI ftp = 

in Ekcksms I S. 21 and 55. It - cos-^ai-i- - 2k. 0 < r <L 

15. it - -3 ttM 1 * ill! £i * 5 Mn a ( WKI ^ R/5 T=EI ( eg» ? _ vj- H < 4n fj-T. T-mjs |r ■ «:n ij - Ni II — Tit h - I 

£L t x osculitkijt: R(|i) - -L - -2. resctil™.!*: VW=(li 3.0}, 

(p“ I'fi'i +(9 -jv^) = t norm" 1 : v^T= (—U ( «>, -C*-^H-lsr-V 2 ) = 11 
a*. A = I! K|| ^ 5 »n / i, •> = j U d rfMn i>-■ — ’ i 4 fi 2 -L- - ‘ jIb 1 !, i]l < = r - \/l sift'f = y^J - J-s 

It-(I -^)* /a i4(§(!) J/a j t Mt 

III Lip, ;u-iiF 3C, ft*!} “ iWi i'i 4 linli tj * Ife. 

16. R( r ■ = sob ii +cffik ij - k 

|| lft(f}|| — Vsinh"i 4 t ■ ‘/'Z - \fl tosb i 

T(0 - k/ll k( — ^/S(twih rl + j + *jw1i tk) 

Tf(} - JV^Emh^i-sKti t wtnh fk !> 

iY'fti] - wch ?i - tank it - N- f) 

Iwiriut* _ 

[j [(ft) || — -L tanli"f — I 

1 j k 

U(f), ^ T{l} * H[ () a U^El 3. L i i. liltb li k-j W«|] 

ftMrti t W -tanh f 

152. m 0. R^U) ™ L gkuJai*: ratify: N(&) « i, ? - L = Q, iitmu&h T{0) s j 4 k. p+ ; =(} 

as. ™ Tcwih f 

{* — Pi H4 ii;> |rfrj =. | n/5 {■emIi n ^ ^ p.L;=t| « — ^ ^]nl| ^ 

s|n,b I — 

ewih i - ^/ssIidb^JC -4- L - ^x 2 4 1 

Hj] a ) — * T li- -i-“b =ii n b ! ( )k 

/{*)= ^ + i, f(t) L . ^ 

TOf. mr . i*'wi-• *»*j^ 4 [ St 5 -' 

23, T(Jt) = |v^S(-2i4k): H(^r) = -j: Bfir) = x+ 2z - 4 - <>; rtct.lfyE n gi y - ir 

NOHJihl? ?t. -: + 2 = 0 

24. Rind tht -cosine- or tlte Atiglr bcL^mli llw v+^clnr. 1 ; Ri^) Ttt j rnr ihr CUftf H (i" 1 3£)j- 

E- DfB<0 =ttfi + (St a -3tf 

| U T R(i} j - v^ser + tfi 4 ”-15 ?Zg _ + ]nr a + !j :.i(r+i; 

iv,j = D ^. < .) m j + >;-» j 
H^2»=2i^2j.T(2i-|i-|-^j 

tfao cosine lit lb R|2^ Jiml Tl!2) » gjv"*ii Key 

Wl-T^j H'jil-j SI pr, 

[BES)tT(2H| v'Nl+lrl) 3*5 V * 


CM d' — 


7«j vwfOR v*i.irEnFi:s<rriO!ss 


25. R.= '3sin li +sn 2<j + n>s 3Jjt, *;= ?cosrt + 2 tcs (j-isin ilk. Rig*) = {I. *^ r ) = (0- 'i- J > 

.„ a it-A _ v'- 1 ± Wl _ _ a , /-> 7;l 

0 i ftp) ad §mm 7$ si 

26. ft = rtM2ei-Hj+2un Sft 11= % A*n-J =-3j+4L ms 0 = j * A^irS/fl |=-f 

27. R=(4-3l*)i+(f a -M]S. At 1= ], fe = + - 6L ft- -$i+G*j - Si + fij, 

c*s J = (-4>4 s/ 5<-I +J) - Jv5. * = J* 

| r E^rrhMd 3S*tid 2&, espJ^s ilir *h: !mgth ftinCttoEi ->r (, where 3 iT^re-w* with I Iran i - H, 

The egdoid R(0 = ?(t-jin i]i+2(l - ™ <15 _ _ 

c ^ - f 3(E ~*og tji+ 2 an UK - 3)/V- PO* *)* + = 2^(1-«*W - 2 v ''-3 «u a ^ ’4*ln Jl 

kf U< ! < 2c, Thru 

t. J" =. | 4 sin |n rftJ ^ M» jij■= raiss-jf) 

Because s = 16- when f, — 2c, if 2* ^ i e 4 t, Jlwn 
i ™ Ifi + S;] -2:r)l= 10 4fifl 

In RciwrsL 

t tt IS((/^1 + i[l - (-1 ^ ! 'Wa jf] 

29, R(4 = ii ■+ < 3/: i- Af») = i + 

\'j l»“ - j'v'T*^ *j - § J’ M 4 SuJ^K = j 7 H + Bu^ - jW + £K) J/J - £ 

30. /(i) pJUff* + 8> ip - 4 ft 3 , f(f) = .Uc-' a + 4 *(*) = * 


/'(f)* ^KSTs + *} 1/3 - k/i J|(2T« + S) -t A (2-y 


'<--■■ - •■' ; I ,: 


■- 13'- J (2Ti + 3^ ,„ ?/3 

j^fle = IK 37 * + *'<*>= 0 (/ J )**|$*+(*'>*= L 

37_ T-1 — —ri-1 —a HE ! j - '■■ r^- Jj - k) ■ k — —^4-, * consist 

ya 3 + 3 Vn £ + 1 

IF a particle move* «i ?i line, Lkuit T is eonsiam and asTHI -inc! Jmih nu dijyctiem. 'I'hu-s N )s uD^firt^d. 
11.4 CUItVATUHE 


t>irval«re if T« / ) Is the tiiilc langcc-, vector ;o * c*it™ C Jin ?i fjo^t P, e is she mc ler-gr.h tnrtuural 

TruLi] a)l iffbilfaeLly C.inHw'!! (HJin'- *P. t* P, * ij^rr,-HM‘N -T,^ ? HKffJ^N, Ehrji fwmn- 
stalit K(f), eaLkd the cprp^iaT^. 

& # TC0 - < A 3 

> u:;h.e[mere. a -yc?0ac “(?■!- r^ll«i ti.e tor*t&fi. 

D,B*0 “ - r(0W0 IB] 

D,M( *) = - K( f}T (■ r(i,)M (<3) 

p^quntiolvi <fA‘. f RI. fC "I to^e^r L-nmwn r i5 FrerwtlV fcninuias. 

PrjilcwLcifl am: =:onie f^TiJiuj^E for il:e cuT-;ilnre. 

“""Hi « 


r , n - I 
W1 |«<I)F 


Tl:i-i. J i |i| il i-!2, tJ^PTEirw* 


in IEm: PEnatC K(l) = 


Jiy-jx 
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if ^ = f {±) or j — 

vs , I tfixfdy *f 

K{¥) — —- r or ™- I ($1 

Folar Oordiij-ai*? Lei a polar equaUcHi of .i r.ir rvr lw r = r(fl |. If ,’J k the anjde from live radius vnu)t m 

'-Li- L^|L(jr?it line, lUgjl lihli j — r/( ilr/dtff ILLIhJ LEl4! rurV.Hjiil [■+' i-. 

K| „ m | l > 4Wr/a)‘.^/»*)| 

[r 2 +i;D r r i ,'rffl) J f /i 

■Ciftltf Of Curvature Tlift J'4Tr|e OBI iht CMC4.V£ 2 id* of (" dial timgsrsl lc> t .\l 1 \j\y) :md wIlOK radjus it ^ 
ifl falkd Ibt: etreJ^ */ r« remind ot PSfwJpfpn£ «fck The center of this circle is- Gaffed 

tti4i MiltT ttf mniflfwrr and is gh'fll by Jl c . - R + j»N — (t cJ ]f r ) wfe*re {mc F.aterr.i>r ^ 


„ _ i + Wfe? 

' dv<te ! ” 


y c = v + 


f + 


x,=^g + <*r^ = > 4^- +t -^ 

’['he Lot i:^ of tlu- cfrftr of curvature ctf <.' is cilfed ibe ti-ato.2: oF (\ 


jEwrgww f _ 

For Em-dHscb i 14. see EsercLv^ 3'-M" oF Escrows 11.3 

l:i I \: -< :■-■-.■■ II and _ri, ooiLtpuLO Use ^ :j; .,t! ..:■' ;il ■ :■■ iiiilN alerj poiSll ■■ □£ h _ J{ X tf. /, It " 

is. k l! + f a j + f*k A‘ l - 0. |'l„ i + ¥(j — :sf 3 k - i, S = VJ I Sit ^ tj. K sflk^kMlHil 1 llJfcH/llU 8 -5 
IB, mo =T'i + f“'j“ fk; r-C 

p R{i) = «';-*" r i4i ajO> = s—j — k 


RiOJ-I-j-l 

a<»> = i + j 

I-|| i4 j t-3M = vT r 


|R(0)iriUQ)||= 1 -1 1 =||-;4j + 5!*l= s 

1 J 0 

|*Whv'i I +i* = V? 

K(t! ] = i ft( 0 ) X RtP] H A< 0 ) \f = l iA 


[n Ejicmwft 17-26. find the eisfvairirf K and iEir iwdzuLi uf tmvtAup hi ihr print, Sketch inwlioti* af Lhf 
curve and Lao^l Ilia;, and, 1JH* circle ofcuivatuK at tU £i yth |H-i:ni. 

IT ^ — L N — . J_ . rff L djv _| _ -j J d-jy ’J 

l + t’ ' 1 J - I’ ift (I + 0 1 ’ dt (] , i f ft? ~ fl +I jJ' Zif 


ted 3 ? dVjfc _ dX. _ i 

3F ji? (1+irtl-IJ* fi + r^i 0 s 




li r ir ! i: - .' ' 


, -3(1 + O' 1 ;! - Q* - 2(1 *»* ift 1 - I)- 1 __"^C l - e] 9 [l -0 j !(l+<)+{! -01 

((1f] f 1 41 4«+(j 3 +4^ 


ZTZJTZT&i~ fil-lal-iMt J ' h ™ fore k !°^ at,d ^**3 =h& 


L T'H 1 - £ 11 yai-rr 

~ (l + 12( 1 + Sf , J w ~ (I Mp 5 ' *"* 

IS- ± = + e -1 r y = - e _f . j _ v _ t* — e ” \ -y — Lr — - 


- ifj ! 

: i> 3 + yV^ 


; [(, 17 - 2++ |»w+2 " (at> + r^^ = KfM “ aH ^ =5 





r 6 J J! VhXTOIt VAUJED tTNCHONS 


1 


fl+ Jji/*) : 


At (<M) h K ^ aii^ £ - 

30, ^ r^li) 

f- We iiavr- 4 prariLEELetrir <VqLLR.i: ic-H'-i 

f = f ? jir*■ * 3 

f.Vilctilalliitf derivatives and evaJua*ir<g jil l 


Th« eurv*tufe if ^ivE-n Isy 


The T?tfl.tua of tcivasiire l-e* Lbe rrripnKaJ trf ib* cui-vaiuEri ^ 


T& &Qd tlwecnBei rpTva'.'ire i'.r. 


*c = x - f i“ i-§-j = sr »c = s ■ " = ; * §* -« 

The ftgurt 4hAh£ jxwlLoqs of itee e-urvr oarl ;.: j -r^i-m Line-. Mid ihv cjhjc o f cuTVftiisrr at (J-gJ. 


[1 tl+^P* 

£=VSind 

_,-Z ,■ _ _ r - 2 

[! +{Jjr/^) a f /11 (]+i- a ]i*' 


As {«.]> K 


[[ +;4u!<i*n 


! I +«B*5)' 


Al l ' Y '^ 1 ' K “(t + «,* "(14|P " W ^ “ d ' ' TV ' 

2,. 3«i (0,2} 

is- We put rbe e^uazioL of ciie tllip^e ; J .n r-! .tii-iJiard \\jiul aini w.TLLe puuuetrk e^iuLtiimM. 


j? is 3 cos I y = 

IV> piN 1 dmvjiiivi's and u-ali^dEt! &L t 


The curvature k givwi bv 


t± a +rr* H-^f+or " ¥ 

The TaddUS cf cuiv^.‘.r-r- i* r.h« njeijjsrittfd of the c-UTV^iursT-: |F - |[- = 

The- center of rin-vaJEirH 1 L-, at (If, —-jL 

S'Iii* H^uj-c .-diuwb puiliOBb i jt (he Clirvfl will l.hj^i'i." LLijl-. and the cir-rk i-.ijrialunr at '.y, - ). 
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. j^dL \ . A- -1 r t 2 

‘ ‘ ~ ^ w ~ ' «¥ - tys- l dP 4[j-l} 3 '*’ ” [l + (TJ/SJ*) vt [1 + [ s/a f* 1 * ” a f l/J 

At (MV K - - Jj5 = ^v^ir ™* P ® yv"- 

' , J, * ,. Jl, .. i . .. k '/'V l_ _ .1 _. 4 ft 


■J<k X - tan y. At y — ^ = aec , |f = Si ^ = 2 Mjt S jr tan jr = 4. K 

p 


fi+ f dz/dtf] v - (1 + 2T 


lit Ex*r?L** 27 2H. find l]w rndiuH of curvature at anr f^rral. 
.„, -_-i_ dy _ i rjr_ j 


fi+ffiT ( 1 *nb’) i, '\ _p-v» 

pi: T37TT _ 1*1 ~ " IjI J*l 


fi-^r 


SB. 


4 .£££&*£. t* x»mci)>0 

■Jr &*£ I 


_ i _ [I + ( dyfdxf f ■?* _ (1 Ttan 3 a> a ^ _ _ \ay?x\ _ jM J 

^ IT ' 1 — K(zj«c 2 * wr Z j »« T 


2y. The: hyperbola It j t^ 2 — LO. £j - Si-.'- - 0; jp 


av _ ^-a-r , x 

&-J& * ^ 4 »"*& _. 4 J *y ^-yi 

U' .J_ * 4i . - ’'" 


4Vt 

Sis’ - * sip' 


■ M - I0 as- U ’E-s?j?"« -/ -? 

♦$jf 0 K£T 

I j 2 I tl r ] 576 


* - t3H“ , 5f, J' - taJi 


Js _:•*&** . 
t, -=- — SK- — 7z - aec j: 1 

* rf-- 


[1 + f Dr.^r] - 7 ' 1 _ ■ ■ - *rc*T\ tf * 
n Z J 2^£jtfiiLz| 


31. Thp pwdM* ,V» 4 ^ ^ - fl; !»,„ = C - —P*- ~~ 1 “'^~ lf2 - 

p |p>V| -— *' * ' 

i'J. rhe Iq^rilEiiiur *pir^ RJ>; - f* i f^DH rj 

E> = r^ift a ^ i 

± = t *■ yirt (> iU - I'ljftM J -*ms f) 

jE = ■Zc'ra ^ iy ^ -iA*n i 

j - yi | | -2p !l «n i(ct*a i -i- sio i) - t(faa i-gin Jjj 

K! ' (1 “ ti* + j 3 } 3 ^ 9 i|au(f I Q 3 ]^ 1 

_ fe JJ |nini t m i ■+ alb ? f r w 3 !! f ™ f | _ ,_ _ 2 _ I 

~ ?[c«^ -i- 2 gq= i siti I + Pin 2 f -=-^ck= j I - ? «* (tin t + san 3 ff^ c r C2) 3 ^" 

TElm, 

^(0=^ vW 


7*4 VECTOR-VALUED l-LWriO^S 


IT The cwlood r — a(^ — san fJ, jjr =. a( 1 - cos I)- 1 - 2.), x r t? a sin tt y* a ein. 2, =-* top *- 

_ [ji , ffiV* _ [<t\l - w tf + 

p 1 “ i-x i |4i f)n]iirrtK f| - i-lmii l)(niHii 2}j 

(a 1 — Sa 1 ^ i 4 <Aiii a (_ [ga^ l - to* j y®/* 


! A« £ — a 2 ™ 2 E - a^sip - E | | a^cce J - ] J | 

,3 


<r(l -tfWLj) 


J4 Tte tracttlx. Let 1—an. j =. t - a Unh(f/a) - <ru - a L4uli ta, y = o sKlt( 2/cr) = a =*r.h u. W-c reduce 
Mnih T *j — 1 — tfluh^iyi, j — G— c i«}i i u — it tajih ^H. ii — a ’uth , 3i * r*nli w. 

i - 2a -wcrra Utah v — So^iuf i b .'l - tajsii 3 ir), t? — liEm-vI/i u nauiT u- swh J w) — *n st*ch u(2 ;aoh'y 1} 

[i 3 i - *i*h a u UynfcMr^ ™[fl a iArtli I iti i,ft - |fl*I#inh 1 ii| 

Ii-rj i$\— Unlh S e - X) 4 2 pttJi ’i E.imIi ra(l,nnFi TJ “ t*nb 3 u)| — a^tamih 2 !! wrlv H | 

f — ^ ■, 14f siatti \* I - | *infc£f /*) \ 

l*H-If- 

Id ISufcwM 30 33, find 4 point on Uic *fr«5 twvt at wbids 111* curVMw* ip an. *b»hJlC .., 

K'ir) > U if r** < 1 fiml K'f x) C 0 iT f 7j > J. then K Ji 4 * an ahnohiir ifmxisfi mu ralut ^hen 
j= ^ln 2 strict ^ = y| = ^rV^. 

35- *-t 2 -*z +3 

& -i^ 2 *- 2 

ir d*‘ 

jdVrf**] _ >1 _ 2 _ 

K “ _ _ JJ + <** - “ [1 + 1(X - 1 

Beams* I + 4£* -^lf hat an absolute min inrun as r - ;. ir.m-, ^ Fi** an nb^ute maslnnim. at x =\ r If 
j - — 1, ysil TtiK, tlip airmaic is an nJrMiJistr j-uLenuju ai iki- ikj^cl Llh^i ^ = (i - I ) a 4 2 

r'- ;l |Huabaia .mi] r.Fi^ - , (l,2> ts 1 tic: varies of Lbe paratwi? 

37. R<0 - (Jt - ^}i 4- (f- - OJ- ^ = 3i - 3 ? V - *" - L. r ~ ± *" ~ Q r j = 2f : - 2, 

j 4 I" Ji-a-s .tjh ^bsuSuLe auiuisektiLii wLdit ( - Q ai | -3.-1). *0 K Has 4D absolute m^KSWinm r.Fi^w. 

_ Jj .'.. fttaa'I |dn±| 

j3r S3 [l+(4W<U) 2 ? fl []4to rsf TJ 

When t =\t7 r ijn-, f^r any hi^r ti, iii« EiiErri^rjiiuj Ii4d an 4h*oStiK majckmani iwuJ ihf dwwtmostOr su 
*l^+nhnr EFfciikimuin. f(Mi* K Fi***f1 ntmalnip tiiuthniUn- 

3fl. The circle curvature is cirrD j-^) a + (jr- ^l 2 - r 2 au^h £b4t y, ^ have she v=di«s nn on 

ihe ^tjive. DLffepaniiaun^ e,^Ec£ wilb ieap«t w z we get 

m - *,) - *>+ [Vr - 1)/ t 0 

-1 - (yf + (Vj. - »>/ - (t: fsr £ - ^}/ = i h {s^) v 

SoEvjjiS fof i, j? iuid j;„ jf Wr Jji'i 

j/[i u^ 2 ] . .i+(irt* 

r £ = i-- mk! y ( - a +— —jf — 
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Ea Kiwtiafe-1l) IL^ nnrl i.’br Jiurv-aAure K. she radium uf L-urvACisrt: p, .and iEh; center of cur^-aC-ure al tho given pcLnl* 
Sknljrti I \vr cijtfvr *11*3 LW rtfv’lr oF rurVftlNfr. 

40- s- iQ^tuoj 

t“ Wi b*we J . 

*f_l « <J 2 V 1 3- 

s . __ 

VfllL-ji i— J x wf gH I ■ 


ffi 


* 9 4 v 


K- l^i )ft ,JL.d,4 = ^ M fV_ 

The COOr-diEaw* *f the MilWr uf cur^alii™ %1 (|.fl) sun- J^tvefi Sbv 

-__ +t*!lf‘t*\ i ] _ , ill + i*l ., , 1 _„ , | z + | _ „ 

*'"*-5W- jW ^+-^=-2 

The eoetei: □! ^urfeiLtujv- L_s !i,— 2f- The figuie show* [ac curve aid Lht cictje of turvatuic as [1,0}. 

4 t- a = J-* - r 7 \ / — -Se' 1 - - '1. AL (ftjftj, y - 15. *f* — 0, iy* — 2, aud hail. 1 

K _ _ !L - 1-31 -* ._! - . ifli-H/ft . [t -t-0 3 ] n 

K rr . Ltwn 11 _l niS75 “ 2> P ~2' ‘ - ,S “ -2 -B ’ 


" ii+<m m 2 ~ iiToF 5 " 3 ' " *' " “ 2 

y f — V +-- 0 — -—r— “ — Tlte o«il«r of curval iitt, is at fU. ^}, 

<S. JJ = TCK. *, / _ -sin IT. 4 f = —cad *. Ai (£7,3). jr - j, ji' — 1 -ft , 5/ = . I, and w<> haw 

.■■ - 1^1_i_ i _ r i. i 7 C 

n+<*'*]»'*" ft +w n ^ r ‘ ' “ “ “ * 5 ^ T%/ “ 

i + tiff I t + J . , - 

y r “ V + y — ^ 4-j— — -3, llli CfBI lt of L i:rv;tLure is, jtl (jtt — — &)- 

~1 

la Ee«c dsfis find lb* ^(widinales. of ^he ceuUr uf i-urvaLun: ai.Lm lkiu^. 

43. ^ 


j'[l+(/)'"] 

! aa - J —U**J«!+Vp_:ta*2f 


fc - ^ ^V ]/i + ■ 0757575 c 

Tlti- rtffur^-, i.fct^ renter oE cuTi'atLPf as (3 j +2j+ n — ^j:> 1 ' .r' 1 '■'; - (Jv + 2p, - 

y 3 -- d J j. 

^ S^lvin^ fnr j, ?md difTfi^lfcatinit, bavr 

y = a =0 1 A V^x" 1 ^ x - =0^! - S / 3 

Jr ■'■ Jj* 

'lilt foordloatea of [be twi^r o>f cEirv^iuTe Arc gjverj bv 

W^)[l + (rfj/rfrjf*] _ \fi m * J/3 [l + (io Vl -'- 3/3 ^] 

H& “pvo 

= x t -Jxf I I ia ‘ /S x 4 ^) - . 4 fr + ** = |r - ^^x"' 






.. • ‘+w «r ... '-r j j ' ■ i ^ 1 - 1 

J - - - * _pis?m 

. ^/V/S - ir iJ,:1 ± l/:l -^- 3f3 x J '' :l - 





i. =a ^ l - 


(— v$\n -ri 2 cw*^ £ sin I - cra. 2 *J - o J sio i _ ^ _ rt 2 - 3, 

Wi|irh "-3fr- -(— — ~ 


TM VECTOR VALUED FUNCTIONS 

45, i^|) - a tr 4 ftiti fj. Parasnttrk equsifona of the dlEp^e at* x = .x ros f And j ^ L FodJovLug ttic 
ton if r>ipji^ jui in tbs of Exccei** htjt with ttt§«& l& i, y* eel Uw tj§tem 

l^-±)+^- fl >={i) 4 +|i) a ' 0 >F ' «-'* 

f - —a p-in f, £ s rr euH fI ^ t COS f, fi -& wib * 
xp* - pJ:* - (-42 U3k J I 1 ! ^ sin M - (& n* f ] —0 CM I* Ab 

It tub ({tt J &iu J M-fr T fOS'Jt fl S r<»[(l iLh"(’ _ a t 4.' _H., 

*r=»*W**-^-----;- -S—^ 1 

(—a sin (jf d*JSIl*t -Hi’n(k5*J| i 3 sin [(] — COS*(j - u^sin^i J? - .- J i F 

jr. -frun (+-3-- --r ~~r ~ sm 

Th* tvoEuCf is a squashed rct-roid. 

4IL Asiroad z - o «rw 1J '2 g . y = c sirf.. & > t>- . ^ y , 

t- * a -So w* 2 t lift f n M 3*«n^t*ftP f- lii {t*j|fk \ "7 

6 — 3a^*f sin^f + BiE 4 ? era 2 f] 1 ' '= 3a[sjn 1 j cqSC^inri 4 rw^ij] \ y IT ,■ 

- jflihL / CM i >«. * = 3d(2 tun I *in 3 r - jj - 3aC *Lh i mPt \ / \ / 

jrS * IF ” 9cj2 f(fsm*-sin 3 f) - (sin^cos 1!){2«s* sin 1 * - ™rfj) >^ l - 

m -.Sta^niii 3 * ™ 4 | +»in 4 e sos 1 !) - -3 o' j mii *i r^j. ■* /t""* 

K = | iy - pi ]/^ - Stalin 2 ( /ST^aua^i cwP't = I / .sin I ce* i) / \ '/ \ 

= 2/(Ja 4ui JO: lUriwfc. i Jl£ /P = p^ j i/( ™Sti^U- 2 l c« s i) = - L / _J L_ \ 

C - |a l^ 3 * - {3a Bin 2 * toe fJ(-l)Ji + [a fua^ 4 J^cus 2 *#i. Ol-]111- ~ \ 

To bbdw tbe evolulc bh an iatt-Dud twi« U’i.rg.E- wi- :«riaU- asm -5-'j' to u nr.d v. t'h^s _ 

v = + S sir^J f + :i ain t 4 co^t) = STT^ftk 14 «» 0 = sb_ (■ +1*) 

L . = 2 _t ^tsf - rj = ^™ 1 ^ a ?i^Ln 3 r - S sin a i era * 4 3 sib i Wi -tas 3 !) - 1 - ™ f/ = 8*+^J. 

. a j .. . 1 a ^ ^ 4 5 4 .p _ j _ fit ., _ _ 125 



J _ Y 

w 

g r 




—A 


. L 1 ■' si n r 4 hM E ) 3 — 2a sin 3 ( i — j") 
' J ^.mLs! n f - era tl' 1 = co**(* 4^x). 




.jt,t e ==i +g 


47 - 9 = Ai * =^ 3 . jf - i V - ^ - 5, #* - - 5- K - - ^^sfi = (1 I 

_l + t/3?_ ! 4 _i! . _ „ =UJ .,_ 1 '., 

C —-T?—— — T — IJ- i r — ^ — ^ J 3 — -gf! 3k — ^ ^ J 6 1 -i “ 1 ^ 

y ? 

48. Stuo^r \h.&t ^uivAiiite oF a Line is al wrry ^>ui;iD. 

> Ati equation 4 ittiigHt lin^ k y - fNj 1 4 1^. y - m. - 0. U j^wnt i r.y). *fp Itftvi 1 

K - I/I _ 0 _ 0 

49, Tlw *f eufvnLur^ k iRh Nmk (cw wlikK Lfee vilnes of y, |^^ y* »1 ^ = Q eqiuJ 

ihosr of lHp rnrrK y - s T . Ul an equation of i!i« circle h^ 


| s S B W^ ' "ST 


{? Jl) 4 4 I \j - ±) ~ - r J . Ifceiin&c <y ■ 


L, Ws; have 


4 - t) ff p - 0; (tf-h J 4(p^%' / =£°=l 1 H so «rliave -ft 4(1- 

I + (ff*T 4 (j - i ly'* — 0. / - I, we have 1 + 1 4(1 - 

Therefore t-^A - -7. p 1 - S And the rqiEnl'nMi i^ (jf 4 41,^ - Z) 2, ~ 

iOr the totfrofik for euiTaliTir in pfflnr coohli!iat>.. : 

< r *i 14 $Y r f X in ftr etip # _ * 4 v/r' _ , 

t ^ ^ = fe/g : ^ ^ g - r »■> * -1 - ■>//)^ g- " “ ; ’ 

= 9 + 0 = i? + lut-VM. = l+f( rrti - + W*^I =(/ + - rr *W. fi + 

K(*) _ ldy'/.iPj/(J^e> - (.r 5 + 2r" - rtf)/(r 4 + r^J 3/i 
In KiH!ttii«i 5I-&4, find ihu enevatoK ajuj th«? raditm ofeiirvntuic- at lUt ihcficnUyl int\ui of sha iwkr euevc. 
5L r = 4 CN3S m || - -S flin Stf, ^ = -16 ™ 2fl. 

At r =? 4 eos J = ^ v^i - -S ^iti £-^ ^ - 36 tf,tf f - ' s 


-ft + (l-t)-0. 
I t L + {1 — t) “ 0, 


_4 £f - 
4 "^ 


„ f2 v^l 3 4^-4) 1 -(ay^M-S t /5) _ I ;jH | 1? 2 ,^3/5 

[{?V 5 '^ 4 f-t) 1 ] 3 ^ i J-lfi i ' ^ /L -■' 
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S-2- r — ] — sin $\ & _ £J 
& We have- 

%= rc>s& 


Wh«n * — ij. we- Jjf-t 
r=i *= ■ * 


Thn.%, 


dr^ 


= D 


Ilfru-Pj 


P+W^P” “ [l>+ (_!)*]*/* *W 
> = ^ = ^5 


SI r- asr 3 jft. = a see* |fl tan |0. - u sec 1 jS tM 1 +■ ^osec 1 At # ^ |* f 

f* 01 ™ 3 | - 4a: = hi ia*i | — 4V^*- “£=ascc 1 ^Can :f |+^a6« l -£ = 12aSu = 20*, 

(4a)*-3t4 1 fe) a -t4»Htt.l . iftf + tt.’-am’ aa.* _. _ lfi 

[(4a) 1 + (4^fp " (lSo*+ dSa 1 ) 1 ' 1 rfa? " ' ~ 

54, *^ = 1.^^ = ,.^=,. ^-fl.K 

{a 3 + o 3 Jr /1 ^ 

5&, [K(d)] a = | T V r t 1 jf = D,T(i) D,T{d| and by Theorem I (.3.3, T(0 = DJWl), Because -Hi) is a unit vector. 
0 = T£f) Lri.r. i'JicMViw 

n - D.‘T{r)- i>,t\ 0] = n/r. i) n t<*' + 'P0-d/t :i - K(x/ J + n,it(f ■ D^llfc 

timer DjIKi) ■ L),’R(J - -{K((jr r . 

55, Phw^ Thi^w^:i3 IM-2- 

& VVt have by ths eb&ln nrb 

it —H ^ vT 
K " cb Si “ rfJ 

R=HTf iT^ tfT + l 2 KN 
firca-we T x T =■ 0. wr b&vr 

RkR- ^K-TkH) - ifi KB 

T Sfflil Fi -Vn IINil- v^lcit?.. ihrp 

ft 1=1* and llltx R! = |.«Pk =|| RpK 

SdLvL^^ t K, we find J'^l 1 1 Ilf Li Lkf ThtSirctlll 

„ hrxrs 

"ffip 

&T. jr.i.^,* Jjg««Wi§i 


K: 






1 F ryjih'^ 1 



d- _ 

13-■ - 


rash 


_5__ A 

^,L J £ 


<T 

ll-c-iiAiliM jy «ntth ^ I:-*--: ni|> nbfitiute mittliilUJU a*. ffU), h fcuin Jiri iLbnoEuL * 1 EtLhKLCLLUUL iJicfir. 

M. ft . a era fi + a rin (j + felt, a > tJ. It = -4 «m fi + n rra Fj + b, R — n« fj - d rifl fj 

— | ciI) i::i ill - oi i!j — ii J l — |- a 4 — riv^^ ■* ft - ' 

K - II itx kP/l lip - oV^+iVty/^+P]? _ •/(»* a i l ) 

&S. K —-U— — -—j=——~—;-- lin? an abf(*Ji!ir nuyeimum value of Jh- when v fa. — t>i -J*. i — a. 

r “ 0 fti i q; “ &/ 


I 

i 

t 

—n sin t 

IT £04 1 

b 

-a ow £ 

-a sjb. f 

0 
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11.5 CURVILIMKAR StOTlO-N 

ILSlI Dtfinjtsoii Lti C the curve hiding v<*.ior equAiitm 

If a- particle is nL-OVjng jdong c kei EliM iLh puiikitiQ ai -lLjJ f Irfi 1 1 -• i- in- LJlli yo.iJL! 

0-^(0)- ^Eld then l hi-” velocity ml nr V( *' '• ami Ih* attdoatioil VCrtDT A( 0 r -h* 
point F are dcM hy 

v<l) - fc r (f - /'n)i + Jl'f r|j -+-Vf 

Mi) = V'(! • - = /"(f )i + /fill * A"| (}k 

iniiizJ Value HrtV&r&ail^ Iho ftbfltW ouUUtUrfLS, W4t hfeve 

V (0 Vi>;i+ AC.il JJN Piiiid Hfr) it; -a ] 4 J * V( fc)** 

If a representation of (be wctocily v-pt-inc V ■'| 4s chosesi so that it® mii:»l pcmtl Li the curve 
C, then the is La^enr 10 C at aJ] L The Krrraurr «f the of the pwtkle *4 

t is ;l feaJ&T rtJl-d is 1 £k magnitude tlf thf velm-lly Vwitif. BdiCiAliflL- the numher nf unitH an the 

speed is ds/dt. we hav* 

*f} 5= $ =1 V(0|| - 

■| •:■■ LI i ■ - 11 -!. l ; i 11 ■.«■■■;,,; 11 :In , ?--r :i ■! i i . 11 .■': S' I Y.r ■■' 1 . 1 : 11 - 111 i-rVi 

and the unis norma] wdw a* fol.iiwf^ 


A^)=A T {l)T{t t + A x V:SU) 
v/lfrtjt- 

Aj-( 1 1 = \n thr ttJt-bJ ru:rn^£tm4E of &CC el? ration 

dv 
and 

A.y(f) — Kl r‘(^ r — ^ is the romper r,t of secdcraijGh- 

Li f&liews chat 

A.v(f) - vfAWMMoF K0) - A^(t |Mif 

rUoar Xiution If 

T = di -r Aj 
Ihfh 

f-H + Jj irA-ja>0 

if otherw ise 

Lf a representation of the iu^rderKtiun verier A’:;- ehoecta so shat Ets Ici^ia] point in on the 
Cbrve C t then tht ttpraeaucion ii difrewd towwd Uk “imide" a? ifenenv* sick of llw curve, 
lf a- ptojwlile is shot fimn a pin having angl* of eEavation of measure a with a mu^^le 
v-ckodty of '-a chtft the pMqflloft wtt*f of ihc pfojeclile HL l m LH RCd) 1 given by 

R't ? — ly^pos cm + ffsvjpin ra ■ )j - j-| 4 j,j Vf— ^orw tye 4- ■; v^ait ti - tri !j 
& Li rpaxinmni when 1 —'f — 1 ^ 3 '“' ! sin n. i'fcf it- i(!Tl J — v u ^jf~'SLSI If* 


' v pS 

wbere : : fi/^-r 1 is the ?inci-li^r?tii^n thie mi th^ forrt- id ^Tuv^y (.9 — K . 


iHrmw JA5 


Jrs KoceieiSOS L—lot the jMis Ekmi ft [Mtrlkle ac 1 ■:hv i 1 j in Itid xy pljiijy at [ijjie f uiiili _h g^vuJL, fa) E'md V( 4 ), Aj(E^ 
’■'<)- 1 VC 01 ar[ > _ | A{E) ■ (b) rind V(? -, : a:id A(d.i and (c) nkiHrh tiwar TepTeMiJitatiOAs oil ~r.v particle*® path 


i. m = i t 2 +^ +ii-2 )a 
v<c) - v^+T; «(t) = 2 

+ t y = i 

u<()= /T71?i a(t) = ? 

J, «fi) siaK 2li + ? =sirj 343 ; l £ 


a) VW=B<0=2fi+j; 

(b) W-6i+j 

w v{i)B*(0“J+*ai 

(b) V(l) = i4^ 

■a) V — FI - — IQ silt 2 ii ■ 5 eos 


A m = V«)=2ii 
A(3) = 2i 
*(/)« V(i) 1= y ; 

A - V — —EO ecw 2H — \ 7 sin 2fjE 


^ = t'jTo + $ <:l* s 2 £; a = 4 t/ 2S aB*2(+4dn J 8f (b) V(iwJ = -10is A(^i - -I2j 




It.Si (.TkVJLJM-.AH. MOTION 71,3 


► («t Vff) ^ to'i - --fe-fo 


(bj V(<) 


The fifttir* iwth {-a hypPEbnln) ,wl rtpitPHriAtiwi - 1-1 ■ 

irrL'It'riit ihnj V-CCUkTS at \j h — l) r 

1,-1* 2 {a) V(E> — + AlO 

ff i a(t] ■ <Vl + IS? 1 (bj V(lfl 3)=tfl Si ACln 

| fc - I) (*) V£i) Hi t ) - 2^ r i + fa*] M *) 

(b) VjOJn:2l 4 3j A(0J 

f£i) - t^i'J - i-iau rj A£ £jl 


J*+8lf 


7* lt{T : fi + (It. see rj; t, - 

v{t i m JTT^t s |sre Jt = sal- 
0. EVJJ = 3({ etM()i+2[:i wnIJS^, 


fb) V(f *) - 2(i)i - 2{-^H = i -s- ’Ar A(^f 3 tt 2(4 Ai 2jp = + i 2 - Vf 

(ctmj^=asu-^ji+ni-^.(s+v5)i+j A 

T-K figUM iltews tin? Hr rnUrjmJJii mill ro|Ui l »ri^..kLiyj:? lil' 11:«- v-tI-ck'ICa .v:hl - —1 ^—- 

aix^fcTatlrtis ac- ‘ [ + y ] ■ 

9. KjYi = [I* + 3t}i 4(1 1, - \ la) V(r) - U[i) = (2i - 3ii - (Hi M,t . - VfO = 31 - «j 

I _: y' : |3d T3} 1 + anif 3 v r -]ltl' £ + i’Ji +5; a - Sv/FTF - 2/)» (NJ V(})*(i 3j; A($) * 3i- fij 
id. + =l (*) vio^Rto-yJL-i + Jo AtOaVfr)- 

v - ,/(«+2^+^ *= A 1 +*r* * 5 flo v <i>- S*+ £» *0) — |i+ii 

En EhttHiiH* 1] J$, t'hr iMidlim* R mT * mewing in Bjjiwe -it Eim^ H unit* u given. Fiitd Vf*|)*. At^} 

v[l^) a.-:lI rtfmsesHai terns of line vntore dm i.h^ pitrLirU' 1 * patlL. 

11. H =r 2 ™ £| + 2 tiiu Ij + ii: (, - Jt V - k —2 sin £i + 2 ™ t} i k - -2i + k 


]j, Rt^j k:f ! 

t vw-ftco-i + d + A 


V(2j — i+ 2j + 4le =J > Ck 

v(3) = fv(a)[- v r i' i + 3 i ► 't J = v^T 

Kt3| = H + 2i l Si 

Tfar fjjficnr slinwp. tlir p«lii puh^ (if h !I •_- 'oclothy 

MCekr^li^Cl ;al 

I3_ K=(i + £X 3 ^"2i;i|^a(i- i)k; ( L 2 V - ft - i 



_._Li 

Cuts 

#5 ft 7J 1 

-oij - 


r 


-^ s Ti ■ 


■i F 

/ 


V — K — \/i’ , co 5 <'f + jip-r + |rJJ-r« 1 h = i-rj + k 

= *Ji 



77(t V LI -fOK- v A l LI ED F UNCTIONS 

t5- H _ ri +. fj + c r t t| — 6 

A- V . - 3s'«*(/ +1 »)l * jAiini + 4 «'t • 3** 

16. HfO = fr 3 + 1 r'i + M1 - ( s lf + rju.- 1 *; (, = 1 

i> Vf () - ttfJI - HI* 4- I r^i+'-itii + + (1 * ( T )- 5 k 

A(i) = = *3I J - Oft 1 + ir*1 +3(1 - l=)(l + i 2 }~ 2 i ~ if(l + 

V(l) = -$i+j+$k A(IJ=ii + it 

t(l)s|V(i]J» y^.+ !+i Iv^T R{l)=3l+1o,Si+H 

Thv llfjup --l-Kiwt i.hr jwith *nd ttp KwnUnions of \lw v.-|<wi(^ nt\d 
jsCL^rrtt&Liii Vi*Him jle (-0.2-}. U.&tf, 0-T9). 

Ijl KtiiiiMH 1“ 24, fun} it vhtIcip «qimUeui (rf (fw tbw given e^y*i>oit iiid initial! e-occUtloas, 

17. ftfx) - Him + Vsij^ij « 3i 4- 2j + [ [»> h ir 3 j * f* + S}j]i* 

Jw Jw 

4 2j ~-[-(n + I) l ! 4 (jW 3 f fljjf “ t -1 ^ f (Jf 1 4- ( k'l)i 

i«. HJt) itn) + V[h| 6« -3i + ' *1^“ • 1 H+ 

-4i -3j +[(«*- u)l-;iii~ l ]5 - (» a — 

to. V((> = V{0H- ["'a^uJJii -tm + j + |Vl+2t a,, j)*»=ii+j + ;-<- , l+J« !,, 5^t3-c- t )i+(|i ? *+Jlj 

mo- K(0) + f'vMAi-% + [_'u«- '-*}i 1 (Je* + -i« + : (3« + 

20, A:t) — 2 m 2xi - LS sin 2t j, V(\) I -r j, jt^il KjLj> = 

> V(4)^Vtfl)+J A(*)J«-i+i+ | fs™liii+sa1ii?ia)dir^ui i ™in iwl 

= (sin 2f 4 I hi -#- (!-cm 2f)j 

K(0 = + I V{ti)d!i = ii-±t+ Msih 3„ V 1 ji + (S - cos 3t)j 

= - jj -1 f—j fos 2t< — u)i -s- (2 b — ^ sin Isijj^ = ■ J- i+ Hi4 I'll — j£iu 

21r R^O -R( D) + [ V( 4iV« - i -l- 2} + f (i +j - 32sA)^ir = i ■= J /j + : wi 4 ~lv$ - 16^^ k J—f(4l)i+(2X+'2S - ISt 1 ^ 

Ja Ji? 

a. R( 0 = H(») + | *V(uVu -- ?j 4- k + jjfTi 1 + 2vli + -inj + Su’klrfii = ^ + k+[(|ifV u*)i + i^j + u’k £ 

= (^+(*)i+ft s +2^-Kl a -J-l)k 

n. Vit) = V(0)+ f f A(;ttW«=2i+3j+ [ I (6»«i + l2w^ + k)d« = 2i + 3j+[3ii J i-Mtt s i+i I tt 
Jo JU 

= (3^ + 2)! 4 (4^+5]j + tt r HfO =Ji(0)+ | l Vfti^dii--1t+ ^[(Ju 3 +S)i-f-f4u 3 -s-3)i + utWri 

- 4l4[(v 3 + £v)5 -f {v Ji +J«]j+-|hi 2 i| r | - 3r]| 4 (J: 1 + ^ t 

21.. Alt) - V(0} = 4i4lj, R^l -f.ftt 

i> Vf f 1 - V; 0 j + 'AjS )du - 4i + 1j 4 * (-32kJrfu - -1 i 4 Sj - %2tV 

lt(^-tt{0)4 J l V(u)(?u-Mt+ | r [4i4lj-32tLkK u ^ C&k + [l™4 4aj - lGi^kJ = 1ii+ llj 4 (SO - 



H gn rr 
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Ip Eiiimas '23 30, find Vji). A(l), T(i}, N(0= ||V(i)| A^l), and Kfl); M<l dwtr values when t = (, 

Skrifli Tin 1 i"irv<' -iml fi^iPcwiiraHml* (if A{<i) aad it» L.ip(j.trtl«3 and norroai tom pomtoh. 

2S, SyiJ-pt+SH+l^-IllJ. V(J) = l!i + 2ij A(i) - 9 V =1 V{t)|| = \A + 4f 2 -5i/H<*- 


_ 2 1 ^ t _ Ttt\ — -^- ^ —- -H——L-j. 

} '' fD e j) 2 '7T77 5 i(i+» a i 2[i + i 3 * 3 ' J v 1 Bwin 7T+i 2 VT 4 ? 

Pffti - ri-.x } b^BUSf A(l) >0. 

vl + i v 1 I r 


vp) =r 2 *+^ a( 2) -as* ?(a} = * + ^g* 


1(2; - ^i + ^=j- IIV.;2) i - V4 Mf = 


Sfi. Rfn (f - m+f’J. V(0 -i + 2lj. A(f - 3 i -I V(!)| = Vi < '•< . A T (f)=.a - 


\/TTTi^ 


A.vio - V W>IP IM0]'= V M ,- s ^ - /j^p=Tifer 

2 1 _ 2 Tft , _ v < f l_ 

HD “—- - Tm1» - (]+ T(t, ~|v(orvT:v vCT 


t-.■, t _ A .^ f ? ... a , I _ S 

■ ' 7T7P T+Tr “ <i + «= r v* 

V{1) = i + 2j- A( IJ = !j- T(l) = ^/5(i+?iS 


N(l ii/S(-2Ui> | V(lj || - (A 


£?. Hj. = i — S mh 3:i + 5 sin 3Jj- V(^J ~ -IS *iifc Sf| # it* ce* M0 - "1 ^ “*■ 3ri - 43 ^hs 3-Cj, 

D,* - f V<() U- li^-sia +™-,1i - IS. 'lYl) = |~~q| =• -Kin J(i+ tm Wj. 

H(f) = -ra 3fi - cu bcc«is<; N(0 - A(i) > fi- A T (l) = D t a j = D|(.15J * 

A*{t> = ytAf<)f-PM# = v|a{ 0F" j A(0 I - - -13 

K(l) = :=■ — L V(jir) — -1 ism + 15 tt*f *j - - t->j. A|±t) - -45 cos tl - 45 wfc *J — 4SL 

'ftjp) — -sin id ^tos rj = -j- N(^e) — —&» ii -sin xj = L | V(ji) ||= I&. 


26- ftlf) - Sl^+St^j: i, = I 

» v(i) — ft(i) — cii+c^j ACi)-V(tj = eui 2 ^ 

* E [ Vfi)|| - «/<*+ & - 4 i h/l*”i 4 - fir7l + f ! 

\\t h*v* simpLifi^ r>>- aniiuia^ rltfi tpo^) fponi nhe Last *n«l i.-i-t y i.ibs^qu.«it ^xprcs^inn. 


h -- vf * r >? ■ v=« V A’ * ^ 3 ) T+ ;’i - 

K{0 = + ” et(i+V)^ 

V(l) 6li + Cr> i+[j 

I V£0 Wu> VTt? 

N{J. - bKftUK K(() ■ A(f - ^ iL=j > 0 



Sy^lilinirag t — 1 iti f*th Fotmu2a. ivr flbisin 

Vfl)=$i + «i Afl)=(i+l?j Tjl^i^i+j) N{i) = ^(-i+j> 


m VECTOR-VALUED FUNCTIONS 


|V(1)|=WS A T f!) = 9^ A, v (l) = Vv *0) = ^ 

it'll =-ti + *j- Titi? FiguMs sb^^ lh«curv« jn=d she v«tore will, t^rsnjufti poiui £3„2l- 

29. K(t'js<-'U< 3- V(«) ~ t*i - r“‘J. A(i) (‘i +1 -l >. LV" II V[ 0 II" ■/'*' + 

Nf!) ^C~* r *“* H(i} ‘ A(f j - °- Ar(<) " D,J * * 


A„«) - v/!A(f)f - ^ + «“*' - 




[D^) J ^* w +e- n '' +'~ 


_3f i 


W- i-j. AW - l*j.TC0)-^i- N(«)=r-^l + J^j. 

1V(0>1= /2. A r (0i - !>- M*> = ifi- K(«J " ^ 

JO. H(iJ— cos (*1 + 1511 J'j- V((} — -2(til! i'i4 2) W! < J i A<fj - >2 sin I s -<<*«» i ; ii+ r-4l*sLn f^li 
, w||V{(:H = 3(sbii{IJ, A r -- 'i - 2«nW- AjjCO “ ■MU* - 4 t*- = I. 

T(l) = JiliJ. -*«« (')(-*“ + t 7 j). N(<) - -run t-i • sifi f 7 j Ww** N(i)-A{J) >2 > 9 

i x - V 71 ’ V(i|)^ ^{-i-*■!>• , i'([ [ ) = iV5(-i+j). H)^) - —4v^c* 4 J> 

v^f. A T (i!) -S. AjM) - *, KC(,> = I 

Ita Etoerdm 31 -3ti. wr?^ Alt) a A T {t^Ti t) ^ A iV <f}N (*) without computing l\i} and B(0- 

31. R = ft+^+ i+2(j+L A=^.*'=|Y||= -*-4 i 2 + f — v / ^ + 2- A r = * ^4p— 

y^TFT^- I* *<* - DZ-*a£_ a-^ ' 42 ^ 

A " = V l|A!f “ “ F - ^- V«^2' v^ 1 + 2 v4r a + 2 

3S. R(i)*-f _r i+e l i+ v^ik 

» V(<) = ftl(<)=-«' 1 i4Vj + A(I^V(/J=f- i i+c 1 j 

»-1 '/e~“* TA T = » - -o" J + o' 

A w (f>= v Jj|A(n!p- A.^ 1 )’ =. </i = 2 A{() = (-*"' +. f vno + atffO 

33 , H (0 = I +■ f nlli f}i H-(pin- I - £ *** f )j 4 - 2 lt« i I> H, 

V(*)= D ( R(() - f-£tn i+siul+lens I>i+ (coa *-cos * +■ £ sin l)j = I cm *i ■ i win Q 

A(l) = (casl-i flin t + l - i nin iI^^hl i-H Mt t) 1 

- - 'ir«in I ram f + ^ajst 2 f -i- I- nidi J r + i ? ™ ? ( - +■ + f^fjin 3 ! 4 ew^fl 

= i/T*?* % = (V|t)|= y/Pcvfi -+ fWf ^ A r - I>j 2 ^ = 1. 

A w fn » v /||A(iHf I -rA r !t)P = v fl 413 >- ] = - If: = *- ^_ 

34. R= 2l a H-( : 'j+4ft V +2l.i4-ik. A-4i-i-&i = |V|| = 2^/4^ + i* + 4 = 2 ^Sr 1 ~ 4, 

-7$TT *»- 


A(i1 — V{fJ ~ f J i+c'j 

A-t = ¥ - -c" -1 + e 1 




■t 
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■L R= 1*i 4- (fe *+ ijj + (gf* —Ijfc. ¥-2(1 + 1^+ A - 2i + 20 + jffj. 

* = I vi ^ i) =■ v^F+Ti^+l - + ik A r = if = i\/§t 

Aft - v I A F A r * - <J 4 . T? Mf a -8*- -2, A - ?V'2fT+ Si* 

'$$- R(fii s T rw ft 4 f- -^n- i,j * £k 
Br Vf/1 - ft(0 - <™ * - IsJii JM , .;^,3 r ■ / ™ Jjjy : k 

AftfJ = V(0 “■ (“2 *m J -* i e*» J)i + (2«* i -1 din ijjj 
5 — j] V{t)[ — -^006 E — I uq l} J 4 - (ain I 4 r «hs £} 2 + I = v‘- 4 ? = 


A^)=y- 




Ajwt*J = n/ll |P - 


= ,/(—2Hiai l-£ftH lj* + (2«is f -tsin if -^-— 7 - — ./-a +;- 1 - 

V __ ? + j j V s + 4‘ V 3-h ; J 

v'iS-i-f* V 2 + i 1 
37 . TIjsj- tfi Thnurcm I 1 . 2 ..$. 

3 ®. K taa ti-r stuh 2t) 4 st-ch Tic. V - mc*t\ — 2 r.w -. 2 rj - Ki^ih .' Ijmh tV. 

A £ K* 7 .r UJif f4 yiali 1(2 c.aii]L*f —■ 1 1 . V f D ’} ■ A UJ - i 4 2j)-(-kJ -0 

39. K-fi + ( a j - r 1 *. it - i +■ k 3f-k. T -.- L . .. , -(i - ;$Jj . J^kl. 

■i/e +-§r 4&r 

it _ [-41 — EK^jj + [ J J - |Hjt 4 ]} + (fl,r 4 l£p)k &(n = i + J-1- i- T( t] “ JL^i 4 2j - 31^. 
i j k 

*(1 j - -221- Ltfj -r tRk. b = ( 5 3 - |4{'3i ^ 4 k i- OWMing: 3(-r 1J jfr I} 4 I > = U 


■tO. Phupc 13Kir- for tEN- r.wl»iecl nrhir R,(£) - i 5 4 ("J + *' l k. ;; f / D. no t^o of Itie vetto-TS K(J). V(? ■. Fmd A(i) are 
ertlugmal. 

> V(() = 1+244 31^ A(f3-2j4 6fk 

Twa vofiCifi jn: orLiiufiu:iAl if ^.iid j:■ r 1 1 v if ilitird^' u aero-. 

m () - Vf() = (r v k i ■j h ■ (i - 3fj 4- a r s k) - t + ?r s + — f( I 4 2i 2 + 3 i 4 ) 

Beaus* r # n mid ^i d 4 21" 4 | - i (fi - i) a > (J, then KiJ - V r [£J / 0 
R(i)- A(0= (di | f 2 j f ^>-(^4 + - ?r 7 i i -3^3 

IkcaiLso £ 3 / 0 aiid 3 £^ — J >0, tJiett R(i)-A[O#0- 

v(0-A<tj“(i+a^+3A}-ra+e(fc) -u -> e^V- 

l^riui^r 4 ^ U and. 4 4 1SJ 2 >0. tlwu Vlff^ - Afl} / fl. TIiilk iwj two of th* v^t^rs «rtho,gpiL3Jr 

4L (n> V(0) = cos {wi + 320 sin ± srj - 264K /a 4 3 COv® 

W) «»•» = /<"»' to - ,J *r 1 t = 3200 11 >J j„«, - ^*in*i» “ -,^r - ?, " 800 fl 

(fl ¥(2Tj ^ - I'M s/?j: id H = ' u - lao tlf** Ifi) Wft) + !360\/2 - !i76)j: 

VfS)- IWy^+^BAv 1 ^- 192)i;iHfSj -toijm - (h) y = i -^ 


44. I>l V(0) - 1W rn'- -i i IfiL' tin <01 4- >!> v 75j lL'i JU.' • - -r(*'ri -I- ylj'i Sflfi t (fiil-,/,11 I 


fc)4T=2 


_ tnSin a _ 


Sy^ >.<■• F4IW* - 2o - ™■( JlOOy^ ft * «»-» ft 


f p l B TT‘t “ faa ft tO V t 2T ) - »B- i^T) s. tr Q - 1W fc/aw 

fg) Rtd ) ~ 3Si'i + fiaciy^ - 'iTlii)j: Vf-i) - KOi + (80y^- 12B& ijM) = i/a^-4- (80 v ^- \lfif 
= * 8ft.* ft/«N wt ¥ = 80v^3 ^ ~^ 
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iiriyii'tiJr vliI emulate lu mbciotii ;b) plot the pal Si of 5 hr project i> in dal uphI*- anti i*l nfcetcli you -w-n. (dj 
Whal do L&e dots. w 3 L you about the speed oF Ituc projcciik? 

43. k^Pfjw 13- $£? abe figur-e, ubovc kfi. 

44. Enrafit42 

^ tli EKfTciAp 1^, we Ffmad Lhe parametric eqUBlitflt* of L h i- pnLh thr pnajfetLh Lch ^ 

* - S0< and ^ = S9y5l - W 2 

A BtfPSfh of tb*' pkrt. in d^H m«ie Jfc ibowii above right. The 4mi& juw viewer jl the vertex, iodfettiag ibfci lh* 
project Lie's speed is least iiierc- 


45. v- & - 1600. c* = >\f. At i sr^. Rffj = (!-tBQQeofi3)(Oi + (y6-!-t.’ IGQO »n 

Sn^-4; Ifir* -SOOr - 0& = 0, freest*# i > 0, i — + y/5^ * &D -I hi ljl '’ ef IHjfchk 

The snmbef pf f«-r i^ki: is -r 20,MB*/S F BMn/lSS ^ W,*^ 

46, T«p = dW - ~-sia in, a a 2* — 3ET, = KT40P 3* - * *-?S£ 

17. Ai ; s*e. It fl = v^eoe nii - (v^^in ms- v^rtw rtl and y feiiL in d — 16^ a 

Btt&liSi tAic s*h#-. L£ ^OUU ft. Iln-n -r - UflLW wlii-n jy - fj. When y - li. t - ^— «td f-btfl 

vJVm -:r rtJ£: -. . ,, 

2ntm - — ^ t v u ^m o eiw fr = E$\QQn \i) 


tlriutt Ihft ifltjtimiP p 1 lie:pill j*. IOPO ft, tlsrii jr ~ LOOd when U r j/ = U! v^hji p - 3-2J - D; 

V = «j»0 <3> 

From ■ Lj and ['ll Wf <.bu:- Ion rv — ;■!. “T'herH:r4jrf- *rn re - ^4- From wre 

Vj^ = lb«m; Vj = IJCWlly 1 ^ ss Hnn:L' LW ujuisEf -ipeod of the gun bs 4ft3- fl f*w- 


14, A M* i 1 - l3irowdi Mon-QflLjlfy F?oii| (Ju 1 l»;> cj! -i e3sSF L! jt fl high h iwll ii-nti^j of 5fl Find Ite 

I'iKiC i?F flight of ^h'- I^'lII rmd l.l>r* (?iKrju;rje frnrri rl.r iha-ie u-f r.ht: eLLF:’ xo the point where thp ^-l! i ImJi 4 s. 

& \Vd W*i 


( 7 -t6; 1=4 

i be lime of fisghS ■• sooOnd^ aj J ihp h*fii*fiiAl distiu-;c ia 1(M) — '!{}Q feel- 


411. y(i)= iis-|y^i.-ifif 1 + n cuff ^i$/i+^I]aj«taop«. <as 

50. V fl - la, o - U'. 'J,, = 6U. It f] - thf fT+ (fifl +■ Ifif ahi h - Ifi-rjj - I5C? ■ f«M - rfii 2 Jj At f and * - 1ST. 

y = 60 - W 2 , Sr* ^ = 0: W- lfif =?(fc t 2 =-^ I ^ *« ai imput, ^ 2^C >4S 

51. = 50, ft = G4F- R(j) - f - 00 co& SO 4 ! + {% + l - Gtl sin 60‘ - Ifiifij = 30 li + (S: i- - 1<M 2 ^ Ai t b« and 

# = JOt, jp = fj i - ItU 2 . I'hp baH ihc’ btfitdiDf; ^Imti t — S, that hk ytfbeto C=|. When c^|, 

y — ^ P¥ 17, IJi, L cAts$e y > I), ih« ImJI dut» hit the bulLdiog. 

V(0=^R(I)^3&L + (5CK^™^)I: V(|)-Mtf (30^/5-?li ^ , 

If tf drgTe+% ih the fllTw-titiH df The 15*11 when it hit?, tfcwi inn * “ ^ ^ ^ 0-S43I; ^ * 10J' 
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A haskerba^ player is ±i a horiraBtal distance o: 11 fret from iht raitcr of * b^sk«t 10 ftvt from the ground 
I>c<cfth;pr Lb* ilagE-c a M ivlikh should tSif«w tfl* ImLI -ir &n ilUlt*-! HpPtd nf 
abov* the Ocibf. 

p l'lif bftiliet Si -B Awe he- he-ml The Tquatian-. of motion ^■r*' 

*:( 1 1 — 2-S{*rt* tt)t and y( J) = SFSijsjsfi n-J: - ] @f 1 * 

The ball jeaclicy the basket when r — E i -an*! .y — J 3 hen 

II erjl; i 


: + ^8 


35fwi -lii-^—! 

II eau hjl - 3.0576 ian 2 a - J.OSit 


Wr h*ve the quadratic tquitiM 

4 - .3,0976 - 11 i*n ^ +■ 7-tt3 "£ 

11 ± \fl I* - 4(3.0576)(7.097SJ- 

«.E C: 


or M4TO 


2(3.0576 


Stir ahtfiilrl IJhw 11m 1 kill cil -i-ii -«ntflr i»r 09," nr -(O' 

t( 0 = «*v"£f - too if f - - 3v^- rff} 40v^ 


v/ll 2W, 2a feel fr-orfl Eh^ pin 


0 wheift £ 


$i. Beeptira f*uigr — “J-flin ian^ maximum wbrn zip 2n — 1. ?n — 9ff, « = '3V- 

5^. Ifaiform circular KwtLon. EL(f> = r cos *^i •+ r sin ( 4 J Vfii — f:h ufj i t u -jIj. r ^ || VO — 

r^-i/sLa^d + «oa^irfl = rij (bj A(0 = -rw*™ w/i - r^Aiii ufj = -u 2 11(f) » the dSttsclloti ts apposite, 
{*:> T — V/t- — -n;n uti 4- eo* jlj. N = T /■+■ ■* -cm *ri -sin *fi- Aj — v - 0. A^-f*) “ II A s - r« 2 
(d) If ^ dwblftd, A,y is quadrijplttrl. 


.Ifz-s^fillaneiiid k/trn.hr-* 


In ttJScPtiid l 'I. find the decals e>f the v*tc<it-v*lu*d (untEjon. 

L ■ .J - fj) = 1 Chrai( = {f ^ 3} T > Dj - [0,5 ) U (3, +*) 

t Dwn[l).(f +1)5 + * no»>[ln(l + I Jj n IW^ 4 ) -{(>-]} n {t it fl} = t-l.a>UfD, 4<») 

i Damira. 1| + ^/4J 4 -lj + = t !> ^}n|Et| < 2} = [-2, -?»,-! 

4_ ■ J —r \ |l ''y ■» ClU I i'j ^ ^ li 

► tJoiiitlt) - Oomf ^3^7*)nDom(un ftn (*ni{j4-r) = M£ < £ nf t ? i* * ^>1 ft {t f i} 

= [-3,-J*JU(-^.l)U(L^OUi^r.Sl 

Jn Es«reisci $ $. Elad ihe Ladieaied limit, ifit exists. 

*■ jsifrh*+ft) - Vdrh 1+ ~ $ + b 


u- Wt apply LTIdpitai’a rale to che middle tecni. T lie JJmt is 

llnif(l •* 4Ji *■ —■ 1 +|(-1i) = Si+j 

»-A li|i f ; 

Th I’khWHit-. 0 - 12 s determine L|*r * T - Whirh -hr vrw-'nr-v.ilurd fimriicKn hi rtrtititlUtHUJi, 


■i + tn £J + 

















m vF*TfOR-VALH p:i> h U > f:TIONS 

Ifl. lijMtS+ i., 1 J 4 ’/l ^ + £ ± 3.f^{-i <*< !}“ (-1.1) 


J—^ ±e cral *I«!W al I = I- 'fluts, it *ftn(*numi* tilt ( * «)■ 

ik Fxitowi 1 J SC, nkfleh Hw RTiipbtif thfl wctoMrtJi^ function- 

ii. i(t)^vii+(i + ifa 




£*«£»** I* 


EKMfiM! |4 


S3 


... 20. flTtl Dj|Kif>jwd j C r KJii:« i- 

i)i + V - 3-1 u+f*i. n.JV-i; 


|2‘fH-3eg+«|“ - 
a&. n<t) -ra 2A.+- sjo’j 
*■ i> ( ftn*)|= 
l j]l [ R((>i=f l 

21. a<) = mo)+ [Y- 


iii ■*• 4 mi 2!J 4 Jlh[ ■ \/Tiii 

i3i Q4[luui 


It") 4 


SriL + ^r 


4 

ft 

IG 

■ i 

i i > 

J 

VL-* 

-L 0 -5 / 

riT 

5 





MtSCl Ol'S EXEttOSES t'Ott i.!llA.PTER JL 777 

24, if R'tO - J(j - 2 sin *Jk and R|flJ = 1, find Rj : j_ 

► Hid) S Kj]OH I RV)^«“l 4 ; Ilf L 4 it»Su^—coa ^u|-^*iiL 
-Jo . In ' jr 

= i i I [u i pin 2 u)i -^ sin + ro* 2 vJt^. J* +J si» 2 £ 4 1 ji 4 ^Ln ?ij 4 - 1)1 
In E^wr]fMW 2 & -Uirl 2 ft. find the exswl leilftfJi rtf nn- T. fmzn to f 3 . 

25. 1 ft' — |I ■ CO® ( - ? MN I>.)| + fain H £ nos t )y + k j — VT+ £' + i- L— | ' '\/t ~ + 2dt — J-rv^T'T^ - -skill -1 J^3T 

3 BL j|a'(i)J=[|— 3 i+‘fj + 2 fl'|= t/ 25 + 4 ?. L= J^Vs+irtff = 3 ^f+Ssinh _s *f 

lu Exfffcbw 27 And 26 , use NIKT fl net to four figidficaiiL digits Ihe it-nglJa of JL fhjtct tj Lu J 3 _ 

* 1 - 

- - i\/i 4 fcjitb " J i/l - see 111 1 -L — IJ-tUKDilj^ s 13 'JU 5 L 51 

y2 

2a. Ftfi;- - cot £i 4 liLli £j 4 fj — £): t 2 = 

* IfttoM fj 4 <CMC lj 4 'ir 3 * || - vfan J f +fj^ i Ir^ = \/[ I .la - 44 
L- ; ^ Vj - 22.253 ft 22.2* 

lispnR \[\T.. Trh gri the exact iaJ*jc. Jet tT - 1 4 V I( _ Ttwji 

Jii _ _ . j. 


-1 If™ 
And .-rf.i , 

■ yi4 


-17 -sSMIT* te£M-*tei|8 




1 1 VT+4<^*1 4 ,/&+! 

J-U Exercise* 2!* -kjliJ 30, firwJ Tftj sad. Ws;t); aiso T„-f 3 j mid N^ij) their it presentations At I — J B . ]□ 

Exurcaftsi 31-3d, Find 'Wl N[£f. In Excreta 35 3$, find Hh* tno^RK irihfdrsl 44 Ld i^ufttiofipi lJ it* pdpuir^ *1 t ^ i r 

In Exercises aitd 40. ih* nrr length s as n fmcijon of £ nieasured fmm f. — Hj*. In Exorcises -SJ 44, fic-d aii 

witwiLiori of rise eupv r bwii^ ai ru pftt4flirU-T. Ij» 4S And 46, fitid ih^ tlWUUK K, the t'.mitiun 4>f 

^ wtd lbs emter of ttitv-aLun? ajL J — in Ejcrciset 47 50, juat K. 

i9»nd4S. R(()-4c 2, i + fj. + J-^0 = -rtl—<***$tf{4>-«%dOi^ni—ti-^'j) 

Vf 4 S 4 E 

be^auyr N - K,= t** > 0. At C = E» 2, c ,E = T — -l^i 4 —N =—7=i-~j. x — 2 n w = ln2. i — 4 

Vl^ i|/SF ^17 v'VT 

jMlK^J gL^I , = ^ g= ^ = ^+1* ^-17 

|7»7 » p ^ I5 TT^ 4(W-1W r 

* c -1 - jc = a -1<- yj. = f. a 4 H ,v J- ic « In 2 +-1(-^) = In 3 - £ 

3(. «, *nd «. H<t> - l i i4^ J & fl. R(il = Ufi + E Ri'(} j - (V^T+t 5 . T(c) = -^■'—^i + ij). » - 1 i + 2(j. 

NfO --7-I—J-S + Zj) tKC^tor N'R= —> B. T(!) - -WaUj). N(l) x U i + 2j) 
v< + « v4 + r vi v» 

* - | W-i + ““J’* - + u*jp' s ;* - jfM +i a ) s/J - Sj. an 4 s = (4 + i T f ' n -, t - ((3j+ 

«f*) = K 3 " + • <$ + j{(3« + Al i - l, z S 1, J = ^ j) s 2, jj s i, I =. ■>. $ m 3 . 

„ \i-i-ii\ (W-K2j| , ,W S- + i * i ,. t . , 

_ (i > + ^ ^ + j *ffi ~ # S T * “ irf -1. * e - * -► » l-« T )»^ 




77$ VEC'TOR-VA 1.1"ED FUNCTIONS 


31 , 35 39 , and 4 T- H(l) - ■M a i + 2tL fc(i) = 1*1 + 20 + 2 k- 1 | *t<) |j= l/( , + 4£ 1 + 4 w t * + 2 , 

r + 2 r+r t*+3 

-S<r- 4 ) + 3 (ir- ]>-<■=■-■*} = *i N(i) = ji + 3 (*-^)+(iT- l)- 3 (s- 3 ) *=% 

*U>-S»4>i 11 j^* 3 + 9M*= s j3 +«- 

K-miAik^ 

aa, 3$, w ( ud 18 - R(0 ie*i-»- + Ilk _ _ 

^ ««}= e 'i-3 e -‘i+ik |n t >i=vy“+fc^+<=‘ , +*"' i 

W>- J - (V+V^ -’ _3 ~-«,■+*-¥ J V + W 

***"*''* m 7$SF 

Nil) si , t j liH SJ-^-^'Jk) 




_ r ; .. r -ifl + 3e -s, ]i + + *&+{&' *4^1 = p t + 1 ?f -i f -' ac '' i ' + £, J + 


tf+U’T 

RHM~i + 2j 

B(0) = -§!+$+i|k 
N(Ui-*i-rgj-s*k 

IW-M-? 1 


An nfiuition <>r Lhe (Ktidatiag [>l*n* is i{x - 1) + (s/ - 2) + 2; = 0 

An equation of ih* rwiify i isfl plan? i* ~ I i 1 2 ( t/ — 2 } + i ' fl 

At equnlinp t*i line JinJhil*! pkMK t» (j' — t J ■ 3 f]f " K) “ 37 = 0 


®t0= , Jr H^mf||dw = |V+ar«yi«»«“- ~ S-tt'* 


k = \-iuM m ___ 

33 , JT, 13 , and «- K(T) A 3 Sin 2 ri + Ifj 4 Jw 4 *. *0 ’ U ” 6 fin 21 k. | ft(i) \ - i/® - in _ 1 <f\?. 

T(r) —^(3 211 | h n * «ui m Ht) - -jfe. Min 218 -CP. 3*). | TT(t)| = -fe HO = ™ - «* 2tk 


B(r tiTU)kH(I): 


-JJ S «M 2f 4t -3 sm 2i = - 
V L5 j-sin^i fl ™ 


! cw — nlj ■ ? 3ii« 1^0 ‘ -**■■ 


IVQ) - _1_(-si * »j> i Mcotiaings -It + 3y - <*: W#) - -* ^ayinm 7 = 3: T( 0 > - -J—1»+ •»• 

HOfm*tr V 3r' J | 2 V = 0, * . f J R(«5 ^m - - 5V 1 = 

»fM) = 3 siLti ^■''T3#l y^vT^jj 4 3 C11'- ^/i3itK-|t(nyjfei)J-^ 



i UAN£Oitt t:x3£it( :ist;H int* chapter ii rra 


H jum! W- R(ij =3(ros f + lain fjL+S(sin t-lew (Jj + 4k, 1 >*. — Sf cos fi+3laln l}, ||tt(l)[| = SM 

TV} = oa*li l iin tJ.T(0 ~ -»» 11+ ro. tj - N{t). K 1tU;.r^,R(t)1i- 1/(31} 

■i!- tut) - w+^at + ai.t) - ii -r t?i + i) ,/1 j. 1= jmW+i= i/' Ji + 17 ‘ 

* - v^IT+T; (iv - \Qi + IT)*/ 1 -^IT) 3 / 2 : 3h ■:■ it y/T7 = {it i ?i - (3i > 17 

R( +j - [?<> + !" s/uf /3 - M i i - iffffc - I T-h/Tt] w * I 

44, El{?- 3 («m 1 - ( ftin (11 - 3(sin a - t ck (Jj - 3L. ; > 0 
» ■St™ ft i gi^in rj {&/(/)[ = - 3i 


* = jj| W »>|f»W - |jsid JU a |u 3 £ = ^ 1 = V 4» 

PM - ■+ y ^ ‘ r| yv-ff 3 c&e^/jdjj - life 


&1 P y 111 I, wilier? > Or j/ ^ 4! r *. K * -ii-IIP - A 

ti+WP (i + x-Y /? ^ + n 3 ^ 

|: _ (* 3 + a - 3*V 4 I) 1 /3 _ J a +1 - 3r* ^ I „ i T l 
- ■; (^ + 1? ^ + 1#* 

Sfti D r K = Or ^ Urcausc D J >flifC<i:< and D^. < 6 if x > then K has ao aleolul^ tnaii- 

mtiJn valti* whwn t. «‘J" 114181 y - In ■ J.- = J, la 2 tad K — -^-/Q-r tf 1 ^ 2 - -L^- -^|- -2_ - 2^, 

S3- L-‘ ii5d. the cuEvaiiitt at iz?.y |HjiLm ^ Ms* bw^i^ri pf i!he p&ramelTie Jwp^rboLa ± - a *kJj ( &j?d n — l siftli i. 

^ TasinivC 

jp = ii cosh i Jr - ^ duh i 

l^-J^I H« Akwll iHfruinh l}-(*no»h l)(a ftaJ>l)| _jaij_ 

fi 2 J- ^y 3 / 2 (a I Miih I l + l/ I rqsh , () 3 ' fI (n^sinli 1 ! + i> i m!iJi a l) 3 ^ 

!>a and S5. a- = Sr, y = i 1 it. x ^ 6t, ii - 3f s - 3. > - S, y - 6f. 


- p-2j«i2: i -> - 3 + •*.*_ 90 _ ? ..,, 7-t i’- it ! 

M } " [i(2) 2 - ,:, v '•■■■' “ •i2* + lV / * SS* 75 " «’ PUJ “ “ ‘ 


a (; = i-ffr-l*-^9) - -%-. y t _ 5, + ci - ;-t ‘{ts} = 31? 

- r Kl PtFiil hG. h':nd t\ir nirvntlli^, TAfJjlM of lilfil kfiBti.T Ihf I'.hfl-jUur* (i' £1 ^ e ] Ol lh! T m 5/ -T - ' At t h->> 

EKfiui -;Cl, [). f>Wr^-.h ?. [railton o$ the tuTve ftoJ the circle of narvaiui* at djat irai^L 

c »'=/(«)- -i 4 L 


l/l _ i 
(i ^ 


rfm = i 

^i =25/t 


c a*y p|ri..^n»-«/.«».:|(..l) - 2, !>, -))+.■-1-S“S 

Th^ fif'litr slLLiwri \h* riinrir one -click of tutvalnie ,iL (0,1 |. 



t oc iifiucc sdiow^ Liar curve OHO. CiniWtJI eatV-BiQrc At ^P. [J. j 3 ^ i i ? ^ 

T:i Faem-w 47 and 58, Snd Vtl), Aff), ]V{t} |, ||A i)|[ V| J . Ai. t- In E*rwisre 67 and 68. find TTlJ. N(r). A, 11), 
Aw(l), K10- Find tin- tObriirulA} valwfii whfii t-i-l, SliMita fcptcMii.tji[!ajui tif V(l). A(|). A HI Kll( t}, fliwi 
A iV [l)K(l) on thi! patti. 

57 and 67. H(i) — SJi+ (4i - 1 s )]. V(l) = 3i + f4 ~ai)j. A(i) = -2J. | V(i)J = ^3’ + (4-il)* - -fit 1 - 101 + 27. 

Si + ^j. A(l)*, -ai. TfO •» , , 1 -ai • ••! JUil--XU) - . , -- -l - ■ Sj ii - 3 j|. 

V 4(' - i 6f - \Zdr 561 4 -ii 


A T (f)-V(()- 


VAt ! ■■ Itt 1 35 


A w (t) = vW- A t 2 = Ja 1 *?-** + % = .... 6., . 

V ' V 4l*~ IS1 + 35 Vdr-16l+» 




. Si i Y ROTOR-VALl ED FUNCTfONS 


' II V(*ir fn*-ief+ asf /r 
56 and ea. ly? - - V; i > 

e. V(i) = K(l) = l* ( i-lr f j 

A(iJ = V( 0 = 3 f‘i 4 3 f -1 j 

^)-|v W | = vOTiT® 

V(l) _ Sr'i—ISf-'j 

™“TvfoH 

N(!) = f N - A = 6 > Ol 


^T0( = -^(ii4Z])-N(J) = 




V(l)-3ri-a*“ J j*S.4fi l.lUj i=; 

AO) - 2fi + Jr' l j«S.«i4 l-SUj % 

IIViUNv^Ts? 5 T 


2'i 


l/lr 2 + fti - 

^^grrsp 


a w (<) W ^AP-A r J - 1,' (4^ = 


MD = 


Kftl _ A .v< t > __Si. 

- Htf 


k<1> = ( ^ 4 Lv 3 


Tiltfigure-sbvw^ ttw 1 hyperbolaand V| { 1 , Af. . A;. IJTfl) <-- I'-lj■ i — ].6_j nod A v■ 1^4) 4 2. i.'j- 

In £rar<is» 69 ajsd TO. fuicL A r (<) and A y U ! and write A{() : AjH ijTf I) 4 A w (OWO- I'Ain’i Cud T(l) and N(IJl 
59. It a SH 4 t*j 4 t“*k. V = A=t , j + t' < h- n^PVli V4 f t Jr + *~* r - At** 1 rf V, _i, 


a»=Jap-a/=> 1 


> . <?* -TTt-4< _ fe4jf" >-ir^ 

f+? r 4V t4c 1, 4r JI 




TO- H ^ f 7 i I- 2<j I 3ls- V ” J izi+ ^j. A - Si. t 


■ *yr + i= a t - ■: - 


A iV - 0 Af - a t 3 - ^4 - 2y 


* * I 1 * I i + 3 - A = - J= T + 2 /'j f T L w 

i! J +I v'r+1 V 


In FIsvieises 71 acid "E, Had !a vdwiiy^ wcHmnnn, (hr ^*^1, (*■. lADgtnml. fiom:aJ aompoisciats of juncwkr&iioo. 
TL ftjYl = tcrih 2ri + aM 2fj V(J) = E tinh ?>i + ’1 3|j, A{t) * >1 «4i 2ti+ * *LbH 2(J. 

|V(I)| %/5^n^271 Ti^h^Ef - 2v^uifr*2i+ 1-0*1^31 - 2y^i3Hf - &V 

A r {tj n D f ^ = j] .f ah4r | Ail) || - /if* codriM H ;6fjnSi J 2( - 

VCO*K 4i_ r — --— <1* ■ 


A*m_ v /|au ; j >,. 10 ;* ^i6< 0 

T3. R(0 =(2 Mui -1 - - 1 . | 4 | 3 |j 4 2k 


i ±t 16 sinli^ < _ a / OKh ~-t ( - sEtij^JJ _ . / I _ 4 

y « Vnosli 'll ^iv^jTv 


. 1 } V[i) = fell - i-i 


i 4 i + r 


_A. . 9(1 — t* I. 


(10 « - II V(*) l - ij-f^vA 1 - ^ +( 3( 3* = 1 

(t) A r = i = 0 and m A v = II Al = /[-StP + (1 -77 - —^ 

TJ and 74. V<,= is#en* SITi 4 ISO «in 3Qj _ 4 75j (a) R - 75^15 - |WI- Id^H (t») jy — 0 whea 1 - ^ 

= 7&v^ * 6W ft (t) Jrigj) - ^17 * s ‘-® ft W SP^ nf “ 150 lt / ser - Tht 

d(4i*rn r|iu:r Uk VtMC (Itti JttlJl ill.iirftllnjl thj' >l>rtd j» IrtiM tll*w. 











MrmrixuNEOus icxLftOistxs s-o&t chaptkk 11 ?$i 


2 "i 

V>- Hibftr -S-xin 26 - -^-an fT> SOO, n fl > = #Sit# fl/scc 

7fi. L-iisd the m&xJjELuuj i^ii^Lr Touched by a pro-jecr-Lle of .speed bv fr*i p<x second and angle of Hkv fl ci.u:i ti. 

p Wf mtiph-ti* Ehr 

<?*- 

Henee ih* maxTaii 

77. (a) # = 20- 2d .sin 2S‘< - 1«(* = 0 *ieu 1 - if-2-1 sin 25' + i/v^n^iV r ISaft) as 0,6ft sec 

tpfc-)#= 20«*K{0,n45): (MMl 

76. W,-r2*-J5! J =f wh«lf-^v/5« J.« ft* (1i) r - W.\y/h - My* - K-3* ft 
79- R- ft - & =>■ D. ft|P — 0 Ei is constant and ma [lie particle moves, in a circle. 

■&G- If a. parckk i* moving a Jong a -curve. lUoder wh»i rsm 1 1iuri will ibe ar-cek ration vector and chc unit tan cent 
verier have Uw 1*11$* OF OppCnriUt dil*f LJOrn,? 
p For some sc&L&r function oj(£) hx Lave 

»(iJ = tt(r)T (0 

Different isllng with respect to i, 

A(r)=R(f)=^^JKO+<() , rio;' 

I'his ■■■ ill . .7\s- l!i« Mirrir nr r j -»r: : : ■■ flsr rrior T if Ami ory ' T- ■ .= Thus T ''■ : ■ i c-o:.-^V ■.- l r-..j t 

and tbe curve is ji Jbir. 

SI- From Etfrreisr I M.&G, T and IS Iwr the dirwtiMt of V and V s A- TJi** M hw t$R direction of 
(V k A) s V = (V - V iA — fV - A) V. Dividing by the Atn^iitTi.dc gi vs a unit vectBi. 

52, ISeeauic- lie scalar usple product in a determinant, eJui ftduLr. L* irnmKdnRc bum Ercrci&e ll.i.ISi 


Hq'WEem lbevcr?KrtL 

'*R»J , , •jf-ninV^ , v^oa^a vfaa 1 * gf m 

T“ nai+ Ji ) + if ' 3v-5“l 

i - i . *V| 

Height is. —:—— feet. 


T WEL V_E 

DIFFERENTIAL CALCULUS OF FUNCTIONS OF MORE THAN ONE 

VARIABLE 


12,1 FUNCTIONS OK MORE THAN ONE VARIABLE 

bet P an ordered jvur of (x,y), run I bfft ; U a I Hifilwf. A /fcifttlwn I've 

L; a get of vfdrjni s^ir-, of lb fcusm {F,: in whir-h a* two djsUnrt imir.-, tave the bnt^ 
fLESt clerrwBi. Tii-e of All posable rcpWmwiis of F is caffled Lb« damatn of the function, and 
the ?eft of all poBflibic values of - is- railed Lhc run^e of llte functifflm Tie- v£|-|ahJfii jt and y aro 
the ifldffeadenl umiHsik and z --t the Jepeadritf t.-ariofcfo. U / -t functiou of 5 wo variable, 
then w* 1 denote tin- function value of / irt f a by rithier f{P) or A p^yn-rwiwJ /warti^B f 

u f two variables a- and ^ m th« su..c of teims of (.he form rt"y m whew c ^ :* rnal number and n 
juihI ttj jt«r uornicgative integer?- The if^rce of a trim is '.hs sain of the oxpocwail*: the Jargon 
dcgT-w :* tb-H d^gi^c of f. If oil tcrni^ h*vv- Lhe same deRjee, / i s Aottttfpejrcpy-F 

13t,I T J f Winj tWw! The set of *JJ ordered n-lapl** of real cnimbth & C*Had iIit n-J j m ea j rpfi 4 ^ HKnifar and ^ 
denoted by R FJ , Eaoh ordered ft-mp£e (x,. f 2 ... n r n ) i* c&.ltd a pwnt m the n-dinscnsionHl 
number 

12.1.2 Ddmilivn A /irpjrfioa #/ it vmM* is a srl uf utiJered paift of l5w AlM (P-iTu) in w hirlt t?o distinct 
ordered pair^ hjive iJie uuric Hr*! ckjnet.^ whew F b a poifli Its n-dirtw»tan«l DUmbtr *p*m and 
li} iri a number. The «4 of ?dl L:e values of P is riiEli^i thu J&jrmn of Uk furuzuou, and 
the h>:r of aSE pofssibJ*' -izduies of n- is tailed the "srctf* of Lbe function. 

S2.J.3 Definition Ef / is a funcr.imi of a variable and f? js a fnne&bti of two tnrinhb: then tlse cffmfPSifr 

/itrjrlwn /*j Si the function of 1 w* varlablrt di?finr<l by t/ *) - /C^ f: i*W ^ 
domain af / ■> j? ihe set of aJ] poinb^ (x^l in the domain of j ; ^ c h that j-(x.tf) is in ih^ 
domain of /. 

1-2.1 ^ Dcfiuplhcir If / j K n finictson of a einRie vaiiabSr and f "& ^ fuTuction of n vamhlA^ tli^T, lhc ccmp^rtr 
/i¥3ip(apn / o^ ju. function n warmlhlsi d|pfi;tc4 hv 
(/ ° S)C*|. ^2i ■ ■ n X ti) = /(^^ *- 2 ' — J n) J 

Ajid the domain t?f /oj w tjie set aJS points (j l ,^ .-O in the domain of j that 

?fi L . is in Ibe domain of/ 

XZtIJm If / LH a fuD«tion Ofrw* vulabkt, (hen U* |^mpb of / il (hr m 4 of idi points iti R 3 for 

whi^h (f.^) is a poiat in tbt dtoriAin of / and ^ — f (x,y). 

Thus, ibe gra^-h of a funcssor. of iwio vaFiabW ™ •'- wnfnt-t lu R -3 . Becan^e i hen- :s *i:Sy one vatue 
of i- for each. repJa^rnbwst ^f (==,fs 1 * ffunt the domain 1-H^ fiizwitl^n, i Line peiptnd?cid?ir Lo the 
J'l,*- ptfiJir i.r, U^rwreC- 1 ; iJir Mpffarr ih mt rriH^lt- I-Ij.iJs: viK |^oin‘l- 

12-1-& l>eliuiUoo if / ^ a function of b ^itriahits, iben the prapk of / E* tbe set of all [uunth (x^. _' 2s „^e rj1 tu) in 
ft* 1 1 ff*r wtiivlt {jr lEJ e 2r _._, £ k ) is a poini in the domain of / anH ™ — /(* lr ^ ? -i^ n i 

Let C Ik lb imer&Klion of the furfsw - =/(*-3f) and she pLm« r — Ir. The projection -J-f CJ on 
the #f plane, ibu ih the graph *f /(Jt.y^ = *. calhnJ Sli^ for >rl fuiT-r of Ihr funclRm / at 4f. 
Level curves .im t/dJfd ^l^U£po^rftf^e4 , if / s L-. e -* ekruic potential- Tb- .-^i uf til level eurvr^ 

□f / at A if t — A-. i.. fc n Is tailed a ca-rtfeu?- rn.Tp :h« fa act ion /. If ihe numbe-ts, fe 1 . ^ 

.... it are e^tlilSy ^|iaetd. then the rcsullrng, r-Hjotou^ map indicates the i^wpness oi the ss-nit-faaof’ 
tji^.1 is the graph of /. Closely s|iw-n«I unnEouT indirAl-r I hat the r^rfacr .? widely 

Spie* teaswar carve* lndii'4iii j llrtl the frtsrfwrt is ncsl «Sii»p; Arid A contour “tune thM ih n 
legion ir.-:icic.i'S djat Lhe i^'-nph ! i ^-- Sluj]]ajSv, faaccio^-^ tJLn-fl vajunbie^ nave .' t -3 xurftiteA. 
The (itsi-tfr of tonic serr.foii tnr quadric su^f^e Q ^ the st5 of pohitv EhncM;sj.h ir.enc arc oti 

lira™ Irtra^nt Li’j Q. 



IS.I HTV I (ON Si UK MOIUl TUAN ONE VARIABLE 


(e) 


<-li + 1J 


(d) [ s (i.if.*)f - [si J- - i,y + a..')] 1 = (4 - X 7 -J- - f.) - [-1 - (.r T 2} 2 - (y + af - j*j 

— — af _d£ - p 2 p j" 1, i- 4 j- * 4 ± ^ + 4y +•^ -- ij* +1^ + fi 

4. Lei the fuiicEkHi / uf thfr^ varinhW e, and - ht” lL*; j+c-loI 1 nil n-rd^rfd futirs of the form \ V 


^ + Jr + z* - 9 “ J **+* 

tM /<i.a,3){ <3»> /a-ifis (*) /{- 

> (a) We ]*: r - L h y = and i 3. Thus, 


m tseretsea i „[} L ijflimmne the dortkain uf / :wid ^eceb the diim^n j-lk a re-fii«n in K 1 ' * -j- «.Itl.-^ t ih -■:l cuzn'tv r.ii incft- 
Miv pwt of the bouusUrv not in the domain and koIkI comes to indicate of thr bucmclnry in I he domaiB. 

5 /(l '^? ;{».i 

► l>orn(/) ~ {(ff, Jf) | J* 4 ^ / L}, the hi of a]] |xwhe.-. y) in ft" except w\ the rLEfli* ^- a + y* — | , 

^ /(*'?) = ■!_ j- yj 

a IJamf/) — {(* ,y) | j? 2 - [f 3 " / 4} h the nT nli paints {r,*}) in K -i ea^e-fil tbc^ on I he drcle z 2 4- - 4_ 

T. /(a,#) = i/j - y' 

> Dujn(/) - {(i.y) ! 1 — ^ > 0}, ih^ .%et of all points (;t,j) in ft 2 inside o? on the eireJe x 2 + y- — L 

6 /(J\y) — ■)/[& — z 2 - Sjr* 

yy 

& Jtacnw ihe aqur* :ewM of a itegftUtf* hhijiIm 1 .- n twi rei*!;, I he t-^Lgr of Lhr 

exprroyLOE. irneier the *idi™| si^\ mnst be greaiee iJia.:i Lhr Lo Ktro. That Ea 


^4 y<]& (j) 

Thi- domain of th^ ronniun / is the of ail poioia (x^-j U.al utt^fy (1 j Lbe 
^r-± r >h of [hi-^siM L« i he- recoil in if^ xy [hj^ne ibat is inside ur ozt rh^ dli]** 
jj S /I 6 4 iP /4 — I. pls s'inwri ]n the Fi^LLEe. 






Tfi-l Olt'FEREN I'|AL GALi l LUS Ob r L NOTIONS "* IRAN ONL ^ AfchWILF 


g, /u.vj — v-"■ . r ^ 1 

& T>0fcifc(/) - fl-ff-JM 1 ] ! * 2 - 

10. /U r y!_ v'^-4^ + 
> Ik*s«i:'/) --[i-f,!.'} V" 

11- /(j.y) = - 1 

fr TkMli{/) - ((J, V) i i* 4 

15. /<*,!■)- 


iT > Si, the v '. -n.il l&jaiiU ir.j/) i;i R. 3 OIS and Luridc She hyp^rhipLi j <:j - jv" - l 


16), the set of ail points (is.jj in R" 11 fin and outside the hypeifcoln % 


theta 

^4iy 1 >ie (3) M^..J.. ■,. ■ .1.. >M 

Tli* domain of / is the sts of all po*nE* tfcit, saiisfy (I). This is she region In the -i - 1 2 i^| 

xp plane lh*i » on *t outside the ellipse f 2 fl$ + ff 2 ^t =■ L> a* s&own Ld the figure-1/'; 

1 MH 

»■ /<*- V) * Tpjrj ,. . fcfMM 

The Hnsnifuas of / ia [( 2 -.^ ; -r 1 I- j/ 3 < I| s tJi^ *>f ail |wj]slc& ■; t.p} m Ft" in-^dr the eirtlt r 1 4- y* — l- 
H. /(*-irt= y ' r . 

*/lfi—it 2 - Jjf s _ _ 9 . * 

■» TV donsjua of / in <( r.p) [ r 1 + V < £€>. the kl of nil poLni* la IS iwtofl the d 1 i|i*A r* + - »- 

15. - '\ " h \. I>™{/ - {(r : y) b / = *]. She set of nil points (?,y] in ft* n<a on iV iin«a y-ii. 


lu - F+i 

*■ The cSpinalb of / connisl* of all fioiiiu . il rla^ ,ry \4m\* txzvpx lM* on the liin' 

.1 + y — |f, pis iduvAMi in liir figure. 

17. f{*ty) = *™r s (i — a {). The domain of / is {(*< j) | -1 £ z — ¥ S l}i thi set of 
all posmt!! fj"..sO in It* oh -md h^h^rrh the lliiwt ^ r■“■ L and jf — i + !■ 

L^. /. r, y) - lni>' k b jr). Thi- tloPFiftin <»r / .- | y > -j 2 ]s ihe^t of ^ll pojist> 

(j\p) in R 2 omaldft the paiaboU y — 

i'Sl. /[ r, 51) !n(r# — l). The domain of / i* *jf > lj - the scs of all poins.-- 

(#, |i) Ld R‘‘ iPtfide ih-e hv pet bo Lit zy I. 

£0. /(t. v) “ + y} 

& JJccM^e SIh 1 - dnmjtin r>f llitr In verse sine function is j ■ l, LJ-. iVi duiEnin of / ts 

Hf t v) 11 ■■+»[< 1? 

f Jisr.i blip rhupE.iiii \n llir m-e oF all oh ul bviwwiL LIlf juvrufleE Ijni's 

r. + it ^ 1 iud j ^ ^ - i 
Set the figure- 

in F^rri.^ 212 ^. determine the donnaLa of / Kid ^wrribs ris » m-^buo Ln R' 1 She %ri 
af |j<-TniCn in ebe domain. 

t> The domasn of / h {^x,j E =) |i-jf-: ^-D), thf ?x4 cf Fill ( Miin^ i>,y. r' ? in A 3 not on tht plajie ±-*r-* = k 

52, /Er,&,r) = ^- - 

p Tin- doEELfdi' of / is y f tkw; set of all points -} i' 1 ^ 1>Ml *“ tht p^T^t^hc ryUnder ^ 

23. f{t t ^ ;) = 6 - x 3 - V -£ a . Tit domain of / is fesuz) | ^ 4 ^ < S6>- U»ft ** of ail points 

fx, r/, r> in R 3 -un nnd inside the eELipswd X 1 / 1 G + !fV‘L + * S AS =. E 
















12-1 FIIXCTJONS Of MOKE 1'flAN ONt VARlAULK TW 


/i>.jr,-->= >/9 — r J 

fr Tin* flum.iin Wiisisis of thr points C«f R" J fur v bict 
f > U 

or, equivalently, 

^+^ + ^<9 

The domain ts the se5 o i points inside dr on a .qjihnn ! 1 (>f radius 3 n'jiiirTrd ihe ojjgjD. 

3S, /(i, ;} - Bin" 1 * 4» *ia 1 ^4Nin“ 1 :, The JohiaIo *f / h ffi h y, ?) ! I J l< l, |yj<. I, !s|< l), tin* i«M. vrf nil 

points Iei IS . 3 on and inside rite cuIh; |,£j ^ E. y <L|s|<L 

26. /(t. _y n r) = la a: + In + In Dom(/) — {(x,p,z) | x > ft, 37 > 0, j > 0]. the (ir-yfc oe^nt in 

27. /l« Tjri OsknC4 /J+NM 

fr IJofti(/) — ((x, y, *} j x 2 4 y* <_ 4}. I bn Wit of nil poinU i[j, >_ :] \n li'* inside the circular cylinder x i + y* -4. 

2S. /(a,y, =)- xz iO£ _L iy — ]) 

* Rhtjuiht ihr. cFfimriin of the inverse cosine function h - 1 .1 =. we imtsfi. JiA'i'r 

-i £ 0 1 - i < l 

0 < Sf 1 < 2 

The iciomoir: b the sei ot' points of K 3 on, and btlwwiti lii+- [urAiErl plinpw y - -y'!r oihJ y - ^/5. 

In Ejwrcbf* 2 & 36, dewrmt&e the domain erf / And afcewli tiff praph of/. 

Iil (■’seirebea-JT .46, Nkf-u-h ?. rootoui map of / sooting the level casvei ai the given nciLubecs. 

29 and 37, — x 2 — y 2 . Tlbe doaigauir. of / b i.be «t of points of R 3 on and iiasid.t the drctc 

-§- y M = 16.. TIM 1 p.r.vpii ^f - = t/T 6 y- i- the lop half of the sphere ^ 4 y* — .*- 1 - 16. If ^ t 

“ LG - r ? yr; r 1 + y ? — IP - k‘. 'flu 1 Ir'-’r] cufveH ntr elri'lrp. rrhli-r-rl *i. i h«r fifigiai of fadiitj v^lG - t", 

i: = Q n 1, J, 5, -t (a jKUll). 

30 and 3E. /(st ? y) = 6 — ?-r — 2y. Dom(/}-R ? . The graph of ;= 6 — 2 r+ 2 j ts a plane. If i = Jb we have 

t — 6 — p = 1 + Jt — 3. The level, curves ihi r.he liaiset for ,t - 3(1, G r i!, 0, -2, - 6 . —10- 

JI and 3&, /(jf,jfi — W —Thr ([■pELLAis of / i« llw OCt of Oil polflTi of R-*. TH# firnph Cif 

7 = 16 « - p 2 is a hyper bolk pa jahoiJMd. If x — Jb we hxv^ fc = J6 - - y 2 ; *r + p 1 = 16 -1, The lev*l 

curves are drclea r>f ^zilius Y r f ^ “ 16 ^ a poiat), 12. 7. D. -2(1. 

32, /l>,jiJ =1 VUH) - 2iif 1 -■tjp i 

O t«l .- = /{*,^. Tlteji ; 

251 1 +4 y 1 + - 3 = ton . 

V + 25 + fifi ' 1 

Because ->6, iJtr gmpfi of ihc fuELdioiL / Li that past uf ,-ici 4'lli|Hn:»id uf 'S^j; i.'VT.I 

s^jriiaxea 2, 5 , a-nd |IJ. that 1 & BOX below Lbe ry yhti\¥. n -no- ^howri ill iti^ fix M r«- '"-" r -id a 

The domain of / ts f[.c,p) | 100 - 2~sZ Z - > 0} = {(*. jf) 1 2b x 2 4 4^ < 16U]. " 

r.ho set of jKjiriLs In lli^ xy plnnr- in.?«dr n: the ellipse j",'■; - I . Mote 

that llip ddttLi^ft of / in tV pFojwimn clp i hi* jplan*' of lh* -.^rfarn* 4|1 i» tin? ^.r^ph flf /■ 

53 and 4J. — z n — The domain of / is lIlc srl rill |Hiinl.s (x,j]| nf R 14 , 'fh^ graph of -■ ~x a •■ is a 

hypfirbolie |»AfnlKtloid- If - — t, iW kvd curves aic the hyperbolas — 16. 5. 4. 0 n —4, -St —16. 

34. /(* h |r) ^ 34d - Ea 2 — ISjr 2 . Tlbr durnnlh / v.i the «?l or *31 patht^ (>.p) of It 3 . "Ilff grnph of 
r = 1^4 - 6 ^“ - 16p J ^ an elliptical parAMwd- 

35. /(£, y) — ^x 2 4 fly 3 . The domain of / Is the sen of ai-i puijic^ ; x\ y) of R". Th+i ^taph of j ■lj i + 9p 2 Is an- 
elliptical paraboloid. 







LUS OF FUNCTIONS Ol' MOH.E THAN GNF VARlAlil.i 


T h is: fUl eLLpsc r^.i 3 lrj-+Hi ii the cri fci :s 0 -f 9 ' 
THr wrniriy^ for the psvrn values of k afre r 


jv • 1 -■? arid - 

;hnvMi Mi llie tni-k- the skc\.r h 


42. The level eiervi-M ara the Sin^ ■* + y — k . k — lth S. 6-. v f' 

43 . /(*•, if) = Jti* + ir*i-. ir / - * Vic h*v« * = J 0 T + jfa ** I V s - 
•ofigin of tju^Ilsk t 6 n 4, 2 : 0- 

44. /(*,?) = [i-3)/(v+2)^ "■ I- 5-i <>* ~h ~{- -1h -2. nri 

b If l(x.y) = i. then 


4r-3 = fcw+^jr^-a 

■i l Si 4 3-. jy 2 i 

Thu* «*£b Rjaph pj= -n. 11 n* with Lhe point (3.-2) 4*t«ed. TSie figute HlriWh 
ihe cod. tour isutp obtain «1 t>y letting, i: cake on each *f th« value*- 

/(r, ?l r) = £** If / = i we have Jt — *■?/ - hi k. The Jcvel pin^i aie hyperhnh 

nmfat * - U 2, E, 4. i, In t = 0 (the ««*), In 2- l. in 4. -In 2, “U “In 4. 

/(i.y) - In ry- If / -L * W4f Iinv4- k - Id £}i\ - * fr , The kwl cufvhim ait fcypei 

iinaJraDtE whose asymptotes arc the foj 0 h I, 2, 4 n — l E —1, -4- 

= j--f,AfO-*/i-*£*) -A ■' : '- i ' Vil_ ■■ l ^0 

(W ) = /tM> - 9 - S -« w, /1 iff* 

(4) S«A* / *\J» - = *1*1* - 3)) = ffii- r - ^ - <A* * - ! 


jfc 

r/ioo -1 ! 

i/io'0 - I s 

Ii/lM-t* 

Q 

1 u 

2 

5 

2 

<i/S5*t r !i 

l.» 

4.0 

4 

VN ; S W ft.2 

1-33 

46 

6 

a 

l.t 

4 

e 

0 

1.2 

3 

10 

0 

U 

0 





>a.j funi -riot* o>- mori; liian one \ auabli: «• 



48, OLvca ftt.y) - x/f. <f(i) - x*. fe» 

* (a) (Ao/Jfi.l)iAUl[2,lJ)»J^ F ) = 
(bj /Cj( 2),A(4)J - /p* ,/4) = fil.2) 


Ejperclfn -19 an<J SO, fkjd A ^ / nf md L?a domain. 

. /(I)_fcrU* s(i, 9 j. yrria - s i; n *.0 = (»*$*,») = /(/i - 3 £=i?) = an-yi 

The rl^npintn of li is [t-r. i/) | x 2 ■> jy 2 < J. R^trh i>f r.h&sft | point* (±.,7^! *bfc= i*l the domain of £ and Jp( JC, gjr) i* in 
[- L _ll which la- the domain of /. 

M- /(f) - t f : af^y) - v Ift #, h{* n £) - (/ - t v lri r - « H . x ^ CJ. 

In Exorcise SJ-b^, match the function with one of ifco ^urfac-cw -aj-fd) **-id wctli osu of the contour maps (i)-fi*) r 
2 

SI- /(gjif) ~ j On the sr axisL y ■=■ D and z — 1 while on lie jT alae r — 0 asid ~ = 1 . crruniiig n rlfr. M llw 

origin Thus fl^Ljpf |t:.. It / - k wf hAv i: r - Jtx~ + p* - 1 . *r" the level curv^ nrr ]ib^> 

x + jr 1 

intersecting at She origin, with the origin deleted, iigur^ (Lu.} ^ ^ 

*■ Ai v^r ^ppr^nth Liar Ink j ■=■y — 0 in tli* 1 £ppl»ti 

graph is- symmetric with respect to the piano ^ , 


* + Sf = ^ 1^3im-£3|t*y L-3LUI -ti ___ ;- : --™- 1 

T^iIlu,, 1-lw IfcV-t*] nil-v'e Jin" linM iiFunllrr] \aj t + jr — 0, -2 D I Z 

JUH s[|£JWSL in fl^Un 1 (i). (jf| W\ 

S3, ft : 0 note the periodic bthinor rtf th« rcrcioc OTIfve Hrf^Lying «*poaienl?it.lly as If [Utrnaia^; 

figure (a) a If / _ k wc itavt k — c v cos !■: c r — Jfc i<c i-l u — hi i* see £ l This Ls fj^uic liv}. 

M- *in f+f<rt|r, W# hOt^ iht periwik in Ih^ rlit^rli^ nr' hntli nX*> ih fig up*- {?}. EJ" /“fl. 

sift x =! -*5* +fr) + r - ifOf ^ - J ™ Jiff - y B 

y - j — fn - i}*-, These diagonal lines foini a grid sc^HLraUng the gioopF o: curves in figure (ii)- 

&5, l.rtt d^lhLr.s i:h" ihfl nm\. when I hr widlii ir- x fl Finn ihe hioip t ~i• y ft. tli« Volume la- Ifi ft^, the 

depth mutt be 1(i/x0 tt* - Sfs'ust of t*p} + a l{{V*l sf front) + J if< 0 « fef other wilr) 

sa^.a + e + <>! - 


-"^.ihx;“ H-iftr^ + aSy: 

56. A retUjiguW box wiibout a top h to rniide ai a cost of for ihe material- Th* tiiaterhJ for th^ iKut-twn 
Jfl.ll jKir »i|ianxr fixjt iuid lii^ rruit^fln] Fu# thr |n.-i *i|U&re foot, (a) FLdd a uiathcmatk^l 

cnode) {i@r for the Vplum* of the box tm a fune<Lon of Hir dimeEiBtioFiA fif the laoUnm. Slntfi the domain of ihe 
ftiifieib&n. (b) Whai it the volume of the boy If the bottom is a aquatc of side J fL? 

> Let. V(t,^ 1 fi 3 5s+- the voSuifLr wlstn ch« In-jL^th neid width am x ft and y ft. and the height is h ft- 
(a) Because the cost is 810, wt ha^T 

Ltl =J 2{to*l r >F fnptil) -l Efrtsd. of : idr f (er^t of haltorn) 
id = 2(0 $&)*h 4- + O-lSxjr 

[Q - U.flh(x f y} 4iUixy 








7S> lUtTUOMl-U CAH l.« OF I I'.S< •: IONS Oh' MORE I'HAN ONt VARIABLE 


v t*» = r, v h = *>"■*>" 

Th-c Wiune is 21.625 ft 1 

87 ud M. jt » 4(8-1 - SyJ. V = tv: a pjrtfi - r. - 3 fl ), V(],2J, 1.25) = L) 0.78I2S ft S . 

S - 2<*y + y; + -i) - ?[xjj + it* + sK* - * ■ 5yS]. S(l.as,l - 2(1,35 J + s.as) - 5.878 ft'. 

The domain of each function is I hr £n=ing,lf: buundttl fry the coordinate axes ^id 12 h j . Use i* 4 — 6 

SSL Y{x, y) = " 1 ir Vffei er) = V we lifli-e £ - z* - ? 2 = ^ *“+0 1 =9-^4. Tltf «rui | khI^iii tial 

' - *3 - f—- - l v J 

V? cipcSew eeiilwral ftl iht origin radltw y ^ - J6/V 1 , V — 16, E2 n ft, 4, 

i/i 3/J 

KL A prodadli™ fujirLkm / fot a commodity has function tfnluw*— -^ r -' ^ 

where a; ax:d jr give the amounts of iwn inputs. Draw a couloir map of / vimwmy, i:- 
ihe eois*tant product <ur*tt at 16. 11* S, 4. nnri 2. t{ \ 

* If / s Jt h then fr h \ \ 

i=*‘V ! *h\ 'v, *.,* 


=- fhlxy 

^ = -=-^ 

&V 

I he ihuwa Lbr: constant product curv+si for t - IS, 13, A. 4, and 2. 




| -f _ ^ 4 . — 

Th« fieur* ihowa Lhe constant product caiv-es (or IS, 12, A 4 F and 2. _i . r . r ^ 

L 2 3 J i b 7 B 

61. a .=. gzy. The ojiitt-oai product e-vr™ for ± -3Q, 24. IS, 12. and 6 aor the first tpaadranl brandies of tb* 
hvgwrtwlM xy - ^4 B acy = 3, srn ^ 2, and = 1. Thr cur vr ts feslpkttd to the hrst ctuad™t ItWHi# 

j > ft fcnd ^ > l). 

G2. I:" = b t ihf-Ti r - 1, Ac eJJipse centered <li Mie ihri^iii uf jurjjsiaxra i/U* and 

i — 12, 5B. 4= 1, and Q Igwdnt), 

5J. t = i- 1 4-y 2 ■+ ^ - ln(4/it). The k^-eL surface? are sphrrei of tadLut tJUSCa/F). ^ = 4. 2, li J. 

§4, TIlo elw.tTic putemL'd ,tI a point (j, y.ij ip UiroixlimeDSJOQa!! 7par« )*■ V(* r y,i^ voles where V|> t y,r) = 

—-tt— - Tot level ssirficcs o‘ J V arc- rc^zp^fcn^irti 1 t-rfart-.i. D^i-i-tbe these surfaces 2-, l, nurl 

/i^2 ^ -S^ J- iH 

& Sf V(j L ir^) = k, then 


y' ItJ ■■ - ■: — - 


V 4 r =| 

ICj; 1 4 -Ijy^ + 

■r a , It* ;* . x 

m/k 2 Ufkr 

Thus the equipotent fdrfu« are- rlfcrp^s>idH of RrtissaB^ £/K -i/ir riud ft/* fur * - 4. 3. E. .j. 

uhi eu and continuity oi^ RUNcmoNS or wor>: than onk vaiuaulk 

We. I e^nsid*r funitlous of iwo variabltt. The c r B((^ji Vok r ) ^ set of all points 

in the plant that arc inside the circk wilh c^ntrr ai. t he point \J S >. v :x l and Tadzvs r. Thii?;js 
t^oirit (e p fir) in hi B((*p Fq); rJ if nnd only sf ^/{* — ~ fy}* < ^ 

12,2.5- Defiiylioo L^t f h* * funri™ of two visibles that is dcTmed on soon* ojm™ disk rj, tiitept 

possibly at the point (Jr^.jfy) iM=rlf. Then i3w icrm'I p/ as i app™fl.c£e* i^p: 3TpJ 3¥ C 

written as 

aim /(iiijst 

if for any ^ > 0, hrnrt-ver suralfr ilier* esirii^ r. l' > I) snch that 
if El < tJ[x - + (p ^ then | /(e. p\ — L | < -r 


■ J.-> LIMITS AM) (’ON-TINl I i V OF FUNC HONS OF MORE THAN ONE VARIABLE 7-vh 


T^-.l S !ir ?i .^ 1 - 1 . of points in Ihr pUne A point (jTy. h said 1o he an pomt 

Of S if and only if every open db4 IHU^. cmilftiii*. iufmit-ety nuiiiy |jftinlftef.% 

Wc now extend to fujLcLiorih ui two vari^blEr. lJu* ncu^oi of tHir-^.T-d feLrwiiii for fumlsojiH <»f 
two v* nobles- 

IS.,2.8 Dcfinitioa Let f De a. function defined mi sst of poiaixs in R 2 ?u:d let U 1h # D j ^ 311 accumolatloQ point 
of £?■ Then the Itttii! *>/ fix.p) ** (TfJJrihflfAfj (*ij. p* 5 zj £. li WTlU^n 
Sim /<* T ri-L 

(P in 5) 

if fm iiny r > 0, bnwrvrr small. fhep 1 exists * * :-■ 0 svef tfcat 
Lf D < I _T t xt) -|| C ^ atrtd O, tf) £ S Uk-ei | f (*. j-j - E, < < 

If S k E;ir domain of /-, ihh ■- ^ 1 ^ dofiniiivn of Limii i=« advjtrnwd cjJcuLus. This dislLueEion is 
LLlusEii^cd in liCKicise 24. 

Theorem S-uppKo that the function / is defined for ii! points od an open disk Laving Its center At 
except p-^ibly rti (f Cr r-,.,1 ilwdf, 
lira /(r, - L 

C^irJ-SflrWjr , 

Juh3 5 k siny r-^L nf po-inti; jd l£~ having (j^, jt,, | jlh Wksmvlalicin point- 'Hieh 

f ?“}*= L 

0**J-W-0) 

(PinJl) 

Til 1 - ronlrapodi ivr of tlm rh^K^n may be used io prove a limit Hot* not exist, 

L2.2.10 Theorem If e::v function / had dEffctaiLE Limits a;: Approaches (;f a? Sb! through distinct sees o^ 

Points having an accumulation point, then 

11m dm trot Cfcisl. 

-f*i}iVo3 

I 'si 1 * liiinii tl5Hnr«it* for fn nri.in-w of orn- ^riaWr, vr {th mi n.cn nLodilVaJ-ifsn^ apjsl y 't> f m: r I ic>nr, 
of two variitilts. W# also Lin* fol]uwing Lh*M«n tie Il;u5i of a coci^poeIec- 

rimrbiii?n of va^iaLI-ps, 

12il$ Thiwrcffl [f p i* n funotion of two vAFmkkltrn nnd lim = JS. mid / » * fiinoti'ozi of n 
vjwsablo oojitiiLuons at 6, theo 

]im (/ 0 ,|[^)Tili)o 


(r. dM*q* Vq) ^ 7 


W-c- may |>e aHf to fLod the Ihaii of a fosscikin of twth v-juriaLLf* by Applyiri^ l]at limit thwJrtm 
fr>r a fimoticjn nf ninr v^ri^blr logti.hcT v:\\h \ ke^rrm I2!.' x ? .6. Lf ihronans sk ihry do. 

i"i>i when kith the numerator -md d^nuiTilirtlwr of a fr.vUoi hnv« limit z*ro h Uien 

tiie follow ing Hlrj» uiay iomKjmt« lie onod iu If hm oclfltp h 

i.s, 

1- Let S| ^ flf points on ^ curve contaamag (Jt; Uh J and find L ]H it Et exisU5 h ^htre 

Lj - lip /(i.jf) 

C*.SrJM*ci:T @ 3 

£^»| S|) 

2 If l- ; PWt dpijt lizvi di^ noi ex,U\, 

ir-sri—( j:,;,. M 1 ,;, I 

3 _ ir Lj dcK^r; exist, iLeo 1st ^ be; a $si. oi pocnj!-^ ehp a diiTrreint cujTiTe eontanijng, (^ P 3 fg)-. fiJ'd 

find L. 2 . it it «hcrr 

l-a“, 7U.fr) 

l*V !r J—(*|j|, Vul 

^"S 3 J 

■^. If L 2 does not sxLt r oj iF E n L 2 , then litiL (r. r , ) data nol exist. 

£ a-.#]— (r^s/pl 

If L. L 2 , try use EDefinilkm 12.2., r P with T. b, - (It is slill possible tha.t Lhc limit 
do« POi esbthj 

En tn<^e of F\st*T.:ir*7- U a ^ t tfir nuriNTfiicv i* h£>mafe*«Mift of decree r^L and the denoniLna^or 
is hom-jgejieoas of deoiee n. iheo the Limil at (Li.U) exists and is T<m> if m > n dtjes sioe 

exist if rn < n:, 
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|2_3_I2 Definition The function / of Era vAi-iabJes * and y is said in refitiwtipus uf fAc pciat if and 

op | v ir i]h i follftviginj; itifn 1 fttiirliliEPiFi at*: haljifini; 

{i} 

(ii) tEm 

(iii) 

(*■ .it-fagil^ . ■ . , I , 

!f a function / of two v^flablcH ^ rinKrtmlmiwu* at 11 ik- poult IAq.JtoJ tfcl *l 
lina /^.e,!, 1 ;-exists, i He-p / [-i siiid tli haw a re rn.0rjc.6Jr olz.-i- l--!■ -ttftn wci.r/ ar. (■iqjJTq) because 

if’/ J muSinri si *. that /(a 0f lh)= , lim /(*.») titn the new Functicii w 

‘■(s'p.T’pl 

C0flliiui4ti4 at If r.im ribccmlLnttUy it nut raHOVAra, it W am 

12.2.13 Theorem Ef / and ^ arc two fanriitHis cos:i±iitioLi& at lJio poiftt tbeu 

fi) / + j is continuous at (jc^Sfofc 

(ii) /“f is at (jQ’V&h 

(iJi) /j i* cetitLnwtti at |.r L|1 in,-,}; 

(iv) //■? Es continuous ai (Ta-tf,}- 1 - provided that 

] 2,2, II TheMum A polynomial fiatvtiktfi itf iivo virilbLefl ii <oiilinii&oa Al- every poim- :i? R\ 

12JL15 Th«w™i A ratL odaI fuwiion of two vm-jables L GQDtJuu™ af. rv*Ty pomi in its durtiAlti, 

I2r2-1T TtrfsiwfSD Suppose tJsat / is-» fcattfW) of a slitf^e variable and ^ is & function of I wo VArLabtcs s-neb ihat 
p is H-mninusHJFt Al :- e -\f Q ) and / is ernttinu™: at 0(*| J: p ls 3- Then Ah r composite 1 functioEi / ^i 
it* ttmtinOOUt At 

Til* 1 - faJItmin^ extend the deLIniisn^rs nml to funcKbOUS nC i-ntwir Thiidl two i p «iAblr^- 

I2_2.1 Definition If P{^ a^J adiI arc tw points in R" r then the durance between l> and 

A is pita by 

IIP-Al-^/(P] ^ + i^a -+■ -t + (**“o fl ) a 

12.2.2 Definition If A as a poinl in R n su?d r is d positive number, ihm iht iafJ G(A' r) is Lli^ b^l of aJJ 
FMiiEsiLf. F in IT.^ £i4ch &Eiat ? P - A < r. 

17£A Mnulkm Let / be a fybrlion e*f n variakrif- thnl in defin^J ikuhf »?rn ! ei ball H[A; rj, eyrrpr potiflibltf 

&1 ihr point A iE'twn the lim«i uf Jfp) a* P apjyruffrAr# A V. % writt«!i ^im^/(P) w b 

if tot any i> 0, hwxmr smsll, thr ^jiista af >D such thai 
5f!|P-Aj<^ then '/[P)-L|<c 

12.2.7 IMtnltioB A point V in wild ^ an -aCa^-rr pvtnt of a ^rt S of poiuL^ in Et ri if every c>prn ball 
H(Pip) mnLLins snf^itdy poults of S, 

12.2_til IVticiitiou Suppose that / ;e a function of -n VAriabdes i-rd A is a point in Fi 7 '. J h«n / is -said to 
GQniiwwmj at point A if and only if the Mowing three conditions arc satisfied; 

( 1 ) /(A) esLats: 

(ill ^/(^) 

(ill) Em/(PJ=/(A>. 

r—i A 

12.2.Ifi Definition A fusion oF n variables is smrs tn hr ™uriT;ni?Utf f>n ^-n epcji kbit if it ^ contiimous at every 
pclM Of tbv Jaall 

£rierei^C.t fi.f 1 _ _ __ _ 

In fawidgn 14, rv.ilusite Ebe limit by Uie of liftiit ifvrarrn^;. 

1 ‘ . Ii.. 13J-* + «*r - M _ li«L + ^ + (f. = 12 + 6 “ 1 “ 0 


[i.tHWI 


lisn (a± 3 - 2xy + j 1 ' 1 ) = 


= Lidi 5 


t*,v\ 


{-2V*) - K +fi 


lim 2^ 4 lirii 


,5->: -gj + 1 G -20 



im um t*s rtMiHJoNiiNum ur i- u motions o* moke than one vamable t-;m 

Jim (3* —2p} 

3 . gg 

i-' 1 ! -1 

frri-fr-O 

4« Jim L- ?/i 3 + 2ij 

Jfcsri-HW __ 

* i, n 

5. k™ 4=£=i£ = lim r^u-i^o 

«. «„ u-i^-d.-!)^ Iim 

- lf^+ijf-l)- /J is - l ) 5 ? 1 -r! 

= 13* = 

(j.jHJ. El 

In ExerTim-n 7 KQ, ■emaklieb th< limit by finding 4 t > 0 s-uda dirt Uefmitim I2r2.!j hold*, 

7 . Because 11 — 4 ^ ta defined ai tv«y pidifit (tiA any open dUk wol«^ at (J, 2 j wS 31 *aip 4 y lias fim 

E«£|ijLKtllKttt j:F ORfinilinri iS.SS- T’n ptovr Mitt lilTi (3 J - 4^) - 1, wc must show ll^al far .iny 4-> 0 

there oksfI? a £ > ft such tfiAt _5?’*^ ‘^' 2t 

f[Sj - Ay - I [< t tf^iir 0 < 0x - 3) a i (y 2) 3 < A (I) 

13* -4„~l|-|3(i -3) -%- 5)| < sir 3| -H|ir ■?;<3 v /(j : 3? ~ (j, - + -1 y/(T - 3)? + 

Thus | Sr — 4y — 1 j < 2£ -M£ — 7^ whenever ft < yfs. - S| 2 - i tj - 2) 2 <1. Heine* if £ — st*iem«»l (I) lipids. 

8. lisn (5x + 4^S^-S 

{*!rHHMF 

► Because 5i-— -ly Is defied everyuW*, it k defined on aa. ooen did; havtng as Lis eenlef. W't usr ihe 

Cauchy-ScW-ara inequality: 


h*i + «A|£ v o l i+a j I v^ ;!+ 

TEimk If 

o <||i>.jf)- (i-i)||- +1?+{ s -i?<t 


|(G*+4srM-ftH=|8(* *$+¥*- 1)[< t it}** (v-i) J < i/U 6 

Thermo re* Lf i r /\/lI then f{5x+4^)-(-$)[< 

9. Rt?<:?ii]se i& defied at every paint (x.^J. any elbsk centered fil (—1-3) will ^albFy the fitisl 

H^tiiiwnrut tJefiidsioM \%lLh* T* ftnctvr HhA« lirn (Jr - = - 9, «e muH diew tb*t for any i > 0 

there eiti eLs i ^ >■ ft thni foi yh— 

| - 2^ + 91 c c when^'tj D < tJ{± + J ^ - 7) 2 v. h {3 ] 

|3*-Sy+9|»j»(*+lJ -S( P -*3)| < 3)1 •(• |.■ t Jy .. arSitiA ** I ^ ^ - 3) ? + J ^/{r ^ n T + fy - 3)^ 

Thus i 2^ f U | £ 3* f — Zb when (W D < ^(p + 2) 2 + (u — 3) y < Thn^ if ^ if I) liuliK 

Id- BcqhK ii — % is ekfined al tieiy p oinL any op en disk aencefed ;t; (2_4j will satisfy Lh* first 

requirement at Mnilinn If 0 < t/(t- ~2)F +{y- Aj 2 < 6 t then by the CflTJchy-SkhwMz loc^uaJIty 

|(S*-3jf)-f-2)|=(S<j IS) ,% i)\< i/P + ^ + (y -4)* < V^<! 

Therefore*, if j .- — Ltwju | — 3iyJ — (—2) < t. 
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Tii TZxticizts 11-16, pr^VP ih*l lim f U u) m* **<^1. 

2 . t <*■ &M0.0) ^ 2 . 

11. LLm ^= lisii — Iseil I — U litm At—U rd - ^ Imti [™I j - — t 

li.jfH0.6j r^ + ff 3 r—0 (». yHpUJj X* + If ST-* £r' 

(y=0) (i=9) 

^3 * 

Hpt iiiij-n 1]^ limits are m4 equal, lim *. ' -, dnm C1,ri ^i*U 

r»^H^sjr ¥ +ir 

12. /{x,^ = —■ r — 

J- + i) 

I> Wr sii* TL&ocetn 12,2.1$ wjiji S, - \U-y) :K - &! ^ f?2 “ : -■ f j) I * - -O- 

ji‘ j 

Lim - ■ “ [Nl ^ ** lim11 - 3 

(r. 4 Jf■ ■= -<J x 2 

tv=9j 2 

lleei —-—n — lim -? — 3irn 0 - 9 

(.r, ri^fo.d|r* f y 2 *-» ,/ v-n 

(*-*! ■> 


Bs^cuflie (lic^ EkFEbit'i odt liJJb T —7 30 l ^■ Jt| 1 

lid! f ' y ' .. - :im '1= lim 0 = 0; lim 7 -^- 7 ^ = !in * rr^JS “ ■*"> 5 “ 4 

(* r v)-iu,u| (i^+v V '(i.vHMKi^irT *-*(* +IT 4 ) 3 *-®“ S 


J \f 

Utcaiis* I i mi is bk not ccual. lim —'—■—r - , do^ Jbot ^xini, 

l*.J I M°.°K^~Vr . „„ . 

it I- £Uh=£V+^ =|lnli ! =1 . J]l = l: )im * + 3 ;* * fa ^ = lirn 0 = 0 

1**0} (»r«iSi 


ii , .-_ x 4 + 3x*V 4i*5i J 

RhAAUU Lticse Lm.LLt-5 3-1* TWt PEIlSa.1, Ifcfll -“V " ' -1:1 - 

(t.iHw) (r' + sr) 


does ekh flcbt. 


Is " |p p y)H0,0j 0 " i-!l -Lf 1 * ^ 


I _ ! 

. I A 


Ifres* limits are dp! equal* lira , —e—=- 577 docs act mjs*- 

I^H(0.0){z e +r) J 

15. 4 ^ 4 

i +1 

t IVe uie Theorem 12,2.1ft n]\]i S E - | y - 'J; ^r-d £3 - <1-r-.vi I y = -r}- 

Hm , — — Lini -A;- — Jimfl — 0 
(^f. u ?“-£a.D)j L + ^ ^ 

LLtti -.---■ . = lim ' ; ” Ijhi i "■:. 

(i, y\i -(O.Qfa 1 ^ 4 j / 4 ^ 

<y=r| ^ ; 


Betaii-se (hr&- Limits ;v, 


• nut priiial. 3im * * -. docs 


In limriAa IT^O, prevetlifflj lim /(x, eiiisk*. 

17. pir-pve :hat ^ "*" T ? — I). v*u that Fot aay « > U 1 hm -a J > i? £ud; Lb;d 

i>. pO-io.o) r T + jr 

J + J % - < c 0 < -r i 

I /" + r 

+ + _ yp- 7 . ,f * - f , d». < 1 } UddH. 

x 2 + y £ “ Jf - 4- y 3 “ * 4 iT 



t£. int-ov* \\m.\ lim 

-w 


15.2 LIMITS AND (TINT INI 11'V OF FILN< T'lONfi 01 MORE TtlA.S OKE VAKIAUU' TM 


I ~~ ttr w-c show tho-l for any h > u r.hrrr k ^ £ > 0 sin-h ihal 


1$L Til 


(x, irH(6.U» r 3 t ? 

A * A < f ^hencwr 15 < ^ 

at*+jT 

J ' ~*~ ^ ^ ^ + ^ — v^ j 2 -“-t.' 2 - If * — l, then Eunlck. 

^ + 3T + ST 

_-i 


TTp 


+ 


(n 


orovrt ilijir. lim — ~ - ft, we iJuH that fcis- inv f > Q there is a ^ > ft such ihstf 


> i < e “whercevec ft < < £ 

/* 3 4 £ 3 


( 1 ) 


I—-U ~*~ yJ — t/x 3 + y 2 - Hmcf, if £ = i. then it-^teintnt (1) hoMs, 

! v^-^i i/^+r vV 1 r 

a. /(*„) = 4 ±£l 

V 1 + ir 

► lim *1 e ^ J5 j - % j^i = 0 
i P. 0>y ^£* 4 V* V™ I ^ I 

jrrf> 

Therefore, if lim /(^hir) rxisi*, theft lim f[£ n g)^ 0. We use tkfiniijon 12.2.5 td prove r.hiU. thr 
(x.ffHtoV rr,s.i-(0,0J ■ 

limit In 0 . Foe ati^ 1 * > 0. muf-t find a 5 > 0 sued lhal 

| 'jii2if^|< * wheuevet ft < y/r J 4 jj |J < ji (I) 

lk«Ht5eij| < yV ■+ y" andfytS t/* 2 + ™S by the iria;igt* inequality | r + 2y|J1+ |^3f|, then 

+ i/rt + tf'W***'/- . yrrm 

7 TO»r'#JF- 77 T 7 - 3v/ - +w 

Henec. if £ — jf, then statemenl fl) holds. 

Jn Ffccrdw* 21^24, del ermine if the limit 

Xi 

2 t- prevf iHal lim ~5-1 - ft, v.'H idtciw lhal fur 4Ja> ^ > fl there bi^d such that 


rV 


? t 

•V 

^T7 


■<; r wh<!i)f Vef |J < 'i/ s 1 4 - j' < ^ 

— * ^ — < —- ^ ^ ~ ^ . Th«7tFoi* if t — y*r, siajcm^no {1! holds- 


(I) 




; + y*' 


2 1 

22. y* <, i 4 4 jA (fi^ii fl < f ^ . < j^ 3 . Ttrr-.oii'K- fiih — n. i|^jv by the wUe^r ih^em 

■ “ V* # / crJ—£*.u]l 


1. 

urn “"p 1 1 "j — tJi- 


23* lim Itm - hm dm noi rxkr. 


. Thn-rrSc4r lim 




7 doei not ertM. 
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24 L IliTj —c-IT 


t Li-i /[j, ^ i — : —r. Because x 3 ■+ _ (j + y ){*■* — ry + E*) P the domain of consist all [Njinia of ft J 

-c +]T 

except thow on the Line - - u ~ l> Therefore / is ncA defined on. mlv Op*u disk cent-Hisd at tb* oripn and so 
tbr limit do*s not exist we^nfditig lo npfttiir.ion 1?.?.$. To sJkpw thp limit does not exist osinR- lhr 1 nrjvnnred 
rfi-flni tinan. we um point e*wdlft&te^ f - r ion 3. y - r sto 4 ksi 
*V _ (fWsXrW*), r (wWs 

t* + jr r^cos^i 1 + cce^tf + sin 3 ? 

IfoCAUST for *ny fixed v^lur of r, no matter How email, I hr v-Orr nf -IEra expremlori is «»Ip 1 tr*rLij' laifif vhen 

U EifflJ J-r, llmt lilJl f(f ¥ if \*!-«-■ -Hit r-sihl- 

U-viMhOl 

In ExenCbSCS show the appljc-alfora rrl'Ttwonrrn 13.2.6 rind the limit. 

25. because tan -l E is continuous it t — 1 eE follows by Theorem 12-2-6 tha-l 

lim tan” 1 ^ — yin -t f lim 5 - 4tT 

C**fP?3L2> 41 ^ 

36. Bn-numi EFm (* - gr] In 2 - In 2 = In | auri ** is eoiiuunosLS a: j — in ;?. follow* l>y IteewMI 

, 2 , . . ^ 

I2.lt.fi t.hAt hin e r y — i L j;|i lim 1 * - ^ )i _ %--sp(ln if) - . 

1*. sr?“( Lii 3.4n f) Ibl S-b J) 7 3 " * 

2V. HnAUM! y^I l-i ciM i L i iLii i jij,~i at t — 4- i| fuliuhv.-f by Tlifurrjli L 3---G LA .a l 

l/sr —4jf “ / Sr -4]/ - lA-4-4-2 

a Herons*: 

t . r ,H-!,3| (il + 5 5,!) ^ - 1U +!= - ¥ 

and js TonEinnonn a! any fioninl^T-fr. arrl beOTP aE J. il S r nJEnt\'s by Tnpmrnni l?.2.ii tSm’ 

=“ 6 

In Eierciscs 29-62, deteimiire- sll points al which the function Ls continuous. 

7 

29. ~ ^-T 1 m A rMfoffud riiheriMii 4 iIwel by TbeWEEi 12.? J 5, / in ^oiifimtoiui nt- every polnl in 

ita doEnAlti, vrhieh Ls ((EtJtJ f ? ^ 1} T Thus / contlnnous at ep«y point (x,y) In R" thai ^ uol oa> Jin-e y — 1. 

30. F£ff,gr) = is eonttmio^ at sV^ty point iu that ia jim on die line jr = Jf. 

31. 6l%-,y) s j- i■>*! i ^J. lEneAii^ |* iri #i haiioaaJ 3«:-ih, ihcn by I'lirnti'fu J2-2>16 it- Ln eohisnuoua At. 

every point in tes doroain which is -j{x ? jr} [ t -f &}- T.^l /(i) — sin 4- Becwiwe tin; sit? function is amUHUu^ 
everywhere, :.hen / is continuous at all . r . The function ft in ie>: composiu- foneLLOti /o^ P wJiich, b^’ Theorem 
12-2-17 in MUEimsmss At Wets paiaiE \T.Tf) ni ihjit riniL cna Lk ^ ^kik_ 

5L2 r to V 

p- because xw J > U if ? > 0 and y U. and line naiutai Logaritfimic function is continuous at cvti^" positive 
nsrrrdwfr, / naiititiuouK nl Hvp=ry [xh&S fo tf^ fim Mid fouilh quadrant. 

■33- frr.y) = * f' f ■ U«4 H« / sh ^ faisftital {IjfiftiMk, ttwft by Ihtforem 13-2.14. / U eontiauwjm At every pedm 

iit LL^ dNitViaiiL, ivhich i:- ■ .t,|/; t/ ^!!rT I hi:::, / .■ ru: .inucj-ii:. a! every EMjinl -r,.y^ iii tt'“ :luI <j;l liiie jr “ 2x. 
m ji . - ■S-P.'j ^ “ h & 1 :. .. .... ^ _^+ : l- if. .V h ..=2 n , k. .jip:—^ -i , „2 _ i ^ 


M. j j-. y) - J . —: ia continuous except if 1-6 - P - 4jr - (I. tliat is. except on the ellipse Aj - 3 4 y 2 - ]^. 
16 — z* - Ay* 


L2.2 LIMITS AMD COW TIN I I TV OF FI 'Si T LON.H ( H MORE '1 HAN ONE VAIUA0I I 


35, = lu(25 - jc 2 - p*)* Lr4 hf^y) = 2& - f 1 - ii 2 , Bccawse A is * polynomial ffejoetinn. then by Theorem 

E 2,2. VI it is continuous at every point in R 5 . Let /(f) - In £. because the namtal lyjj&ril limit: Fuhetir&n » 
continuous at alt p-c-s: ej-vc- numbers, then f i* eontinunup n: all / > 0- Thr function jc .n tin 1 roEs:[*hSi te Fiipeiiem 
/o^ B whirh by Thcw^i S2-2.17 eon timber ret every ijoins i£,^) in R' inside Ihr cjtcLl 1 z 2 - y~ — £5. 

J6. f(T.,y)^tx*-\± + s) 

(► The ItaveWc cosine futiCtLoti k tTftflllitfffll j At rvrfy poihl in ih^ o|h:ei mkrvAl { — 3., Ip. Thus.. / is eotilifunins 
<?-vr*ry point in tbe ?;trip ((-n n y) | -1 <j + y< 1). 


fk4£- if ii,l/) 4- (D.0| 

r. — ( v f! + M 3 , If (x.i/1 ± (0,0) / L-s rnnf.in uoilh. at 1 1 . y). ITqtu Exercise 19 wr have 

Jim —7 / ^_ _ <J - /(Gjft), Thus. / U eontimiihu «i {ft.U). IJenec,/ as continuous ?*i ovm (mint in II'. 

[^.^hln-ni \/z* + W 1 


[O i( = 


& From KscajnpSft 7, 


,z.^[0.0) 


) = (0,0? 

A{i.jJdoes nut estkt. EJtJic-L / is -continuous at sv^ry poirai of e.xeepc (0,UJ 


39. /(*,|y) = J^TF r u ' S *‘ V } ^ ^ (0.P) / it sofitiuuou* (r b j[). T*pt if / s* efliutmiww al ((KO), 

[* if (*,*) = {<MI) 

11 m f(z.y) — EEm 7 ' ^, - Elm — lim - Jin? /(^ tf) d*** j mt ™* because ibis 
U-uH(®.Q} |r,«.fll * 3 + Jr 2 n— T f i f. ? /i-.(O.OS 

(fr-*) Cu-^3 

limit dip*- nor. cxLiii. / b; uoi EonLiimotii At (.0,(1 j. Thu*/ is eojistrayou* at jioibt (/ L y} / (0,0} 5n R - - 

«- /<.,> Jft? 

|& if(^y) = (0.0) 

Dr |n Rxflicise l& Lt was sbown that 
Lim = 0 

l.^ii? -^ r O) + ^ 

IWriu^p /lU.Pl “ o, ihiTi r.hi! Ilir«- riHnlil.i^li^ llcfilliLit?;. 12.2.12 inf •Otwfted AsaH h^rirr / ir- eonLunmH a! 
If i:J a ,y D > $ <0>0) r tli^n by I hAi»mii I2.ll.lh, / Jr, 111i-tiEiii r .?ur. {jCp P 3f£j?- Therefore. / o eontiniwus 

Nivei-y wltifj-if. 


si- - ( l *i+i»i ,r ' S7,f! 7 ff (j:,^ f (o.o> a is 
l It if (*i|f) «U» 


is continuous *' r.y}. To show that G i^ ctfai tin nous 


at (0 n 0) vte rnitsl &W* atiftJt lim r^lsEfi and k to .jfOjOj - W which ]¥ donr by ^hnwinj ihjit 

(jr.ifWO.O) " 

far uny t > tl Ltnif?! Is a .:> 0 sueb t hat 

I it.xi,. l !•< < 'vhcmiwr Q < \/r ! + i ! < i (I) 


Thtwforc, If ^ - ( hiatciitciil (3 ) hold*, lienee ft k cnaLtimscui^ nl fvtiry point in R 3 . 


TINS DIFFERENTIAL OALtl LL r S OF FACTIONS Of MORI. LJEAN ONE VARIABLE 


4S. F(i.y) Bmuwi 1 (}i 3 l+Jjf , |> 3/;v and . p*<d**l + |jf 1 |l w < ii™ 

3+V 11!<■ Mjurrte Ui4w4!i;i. I' i* l’.::-m1jjlu4>lm jlL ■ [1,0) ,kud Ij■.- 11■: ■ ■ v^. j y point in ft 1 , < kHIlnri WlT-ll EKffttf# 24- 

4-3. /(x„ji) — —r-^ By T turns 12.2. L5 and 12.2J 7 the region of contimnty of / j£ iftr <wt of all points 

in ft' 2 for 1.6 -.*? - y 2 > 0. Thb It the %v% of all point* ifl 14 J that arr in>UU> l-Tat* eirelr jc 2 + jr 1 ■ Hi. 


/(*,*)■ 


V^-t^-4 


Bcewfeisr pl>,y) — ,p I* contlnUittii* ai all points at» K 2 arid j 2 - -1 is continuous *1 all fj.j/") for 

which 

i:* — :. 2 —4 > 0 
T 2 > ■t 

then, by Theorem I2.2,li(iv), / ie continuous at aJ3 pointE in ihc interior of t£■« hyperbola. — y 1 = 4. 




-. By Thins 12 ,'>ATt and l £.2.37 the region of continuity of / h t\w wi of aJJ polntt 


VMI^ + ^-W 

(j.if) in R 2 for which lx 2 — 9^ - > Cl the rf! of ail points in ft 2 that are outside Ihe ellipse 47 2 - fly 1 = 36 

46* /(* n tr) - j f "j ■ M roQtlatwu* if - p 5 > 0. ttmt it. fcp*idr the elerie ** 1 y 2 =? tf. 

V f J - j - jf 

4 ? /(*iff) =m _1 (^)- If f(l) = s*c *£, Mbe dom*-un of g ^ (f J||| > |} n hj*I £ is continuous on its domain. Thus 
ihe legion of continuity of / is tho scs of aiJ poin;s (z^p) in i?“ fo: which zp | > 1. 


46. 


/(=n y) - Efll^ + y 2 -flJ-Jn(3 - J j -y 2 ) 

Because l3ie natural logarithmic function is defined for putilrr number* wily, flz.it) i* cSrHssed only whm 
both 

X 2 + y 7 - 9 > o rind 1 - X 2 - y 1 > 0 
or, equivalently, only irhen both 
j 2 f y 2 > 9 and j 2 t 

wIlLcJl is ifoposalUk. TLm, / is- eou^iL-nOiLs aL m pniut of h. J . 

ftot* ik fuactiwi IdI{ 3 f 2 + y 2 ■ 9)/f I - - ^ 2 ]i] is rontiauotjs in ilvr sary Iws | I < x 2 + 3 ^ < 9}- 


49. /I z, pj - sin A {z — - ln(zy) 

► if jj(i!) — lin”^ the domain of g. w {J ?; £ | < 3 J and g iki mttiauoui on sli domaJj). If h(f) s hi C, she doiainia of 
h i? (f | f > D}, ^nd h Is continuous on Its domain. Therefore / is continuous at aR poluta (,jc,^^ in R a for 
whkh |x — r^j < ■ jum3 x»/ > 0- TW \!$\ ih^ poir^s in ihe Eret and tblid quodr^nls for which r - y \ < 1, 


TpO„ /{jt, it) = sin ” l (J'y) ooaitlh uous i f xy ; < J. 

{ «in(i + y] .. r ., ... fmi lf t /d 

iTFJ V ^ * Lrt t[t) = 1, * jf t _ q wl l«t =■ * + !F- TV" 

1 if r + y — 0 ^ 

f [z-ty) - (froyj(i.y), Ghwrve th^ |ii(i h[i) — jim— 1 — J - h(y). ‘‘E'hus. h b rontinuou^ 0. raMi mjir.fnnoi]?. 

everywhere t\#t* Th^ donkiuiL of g m R 3 and g, if conliuuous on it n domain. Therefore hy Theorem Hilt / in 
continuous at oil points in K 1 . 





L i.I.MlTS AMI COM IN LIT V Q¥ J-TMTIONK OF' MOR.E THAN ONE VARIABLE 7*7 


«- /(* 


l*-if if*-If 


*■ fjy Theorem 12.2. Ih. / i n uonlinnoitu ftl t^U pniut* not an 111 * 1 Itn-t 1 y 

Lei {* 0 fc |f a ) be a point such that — ^ D . Let S 2 l>t Lb* Jiaue y - £ and the jest os' it 5 . 

lira L /(ff.p)=iim(K-x}-D 

fov)—(jfrUb) 

1! J3 

ILeil jT(r ? y)- !i:» J _ * ~ Um (r-rpj “ ^o + ^ D - 

[r.l)h£^V (i.irMa^lto) y r a l 

Thu* / a ctmtinnABi iF r n —0, that La ,hI thr ofiRiiM. and / « discontinuous al any other pqini* uf line jy “ *- 

In EKertises 33-50, / it diudHiLLt'iuciUf at ibe otigli btwausc /{O.fl) does not txisL. Determine if 1 lie di^OftUnuRy u 
ietu-ovible or essential- Jf the diecoaiinoity is removable, nddiue /{fl,0) so that Hi# n«w Function is etmtinuous. 

53. /{*.*) = - r -- . j 
J' + F 

& lim -*—-5. — lim —., - ILm | = ]im 1y --—= = llstt “= SSifl — J — — 1 

J 2 + ti> + sT *-0 3^ jc ^ u,i * ** + ffjr+s' 1 r ^“ * *-" 

[V=*Y (sM=-0 

Because ibeu limits are not eaual* lim ——~—.-. does not exist- TlimFfls^, the di^antinutty Is 

™«UUL » a + *y+|^ 

M- /{x,iyi — -s-i—3. Eeeel -=-^—= — lifts -=^ — Eleei — dots uol txiit, Thus the djseoolinuily 3t essenlfol- 
' x J +y2 ImHMI x ? + y 2 sr-0x ? r-*> * 


/( x h y) - Cx I- yjflts j -j. I da * I < I. thra 0 < | fU r. I/ 1 ) | £ ] * + If f ^ ^ ^lim ^ ^ lx + jf) " 0* li 

fid lows t'fH JECL I Lr! MllirV^r! 1.1 IrllJf rtll EIulL I in I f \ J, Tf J ~ jf IK EUilllC /{O = 0) V 0 tll^ tlbeOjll i JlkiLL V J± P CmO^Cd. 

W- /<*>»>--y™3 
* + ff 

► In Exrrdw 21 it wju> ^liowai tFi«i lirn /(r, yj =0. like tlssewitirliiity at ibr may t>u enncxv^d 

hj- definiii& f(Q. DJ =0. KyMn.O) 

57. 1 j"^ n ■ j. hm ~ a Lim 0—0: lira “T“™1 — ^^5. —r “ ]tfet i i 

**+■1^ ^iRu^r+tr »—6t° (j.dM 0 '®] j* + it z 

, , E^t 

Beea-ose the&r two lintLf^ ahft dot ^oisaJ, In?: —^—: does not ekl^. Thus, the- discontLauiiv csseotiaJ 

x 4 ' + V * 

v/j^+v 3 i/r # 1 J VJ +Jf 

If v.'+i dd-fm+i /(0,0) = I, 1 ibft diiKn^tiiiuily ?s rfnm-cdr 

From the itmnm wp get Eer: /(f. y} — 0, U dftfsji* 1 /(0-0 j — 0, tb« distojitiftuhy is removed. 

(jr r y3MCl.<4 

fill. Ui) f-rivw n dtifinilim. JtiiEbilnr lo Drllciil-ion 12.2.5p «f (he limit rtf A fo.rcC.tion uf tFliec variables as ft point 
(JtJ.'.JJ JvppfCNLehc^ 4 point 

(b) OLvf 4 (trfmiuM. similar to Ltefinstbsi I2.2.S, ol th>- limit of a fuiiciioi* of ihert 1 vjL-iali!^ /e* jl |km»e. 
[x.~ | jp[l*TKH.H^krrn a prtir:t in A ^jXirirK: hn-t rtf pftjJEtS S ill R^. 

*■ (a} Lei, / br- a fund ion of lb?™- vAnabk.^ rs ctr-fin^l nr ^cjnid 1 di-sA. H([x f|r y . ), rV exoept possibly at 

I lie jKoiil \ Xj- , jVj-,. jl - ,-, j Then 

. - L 

if for any I > 0 ? brtwrvec smalL ihert exists, a l > [) such tliac 


79> DIFFERENT IAL \ LI'S OF FUNCTIONS OF MORE TliAN ONE V ARIABLE 


iffl < i/[* - *^f + ^-|4|F+(s-£b^<^ Aw |/(3f,?P^))-l j<f 

(b) L+t / bt i fu.rN'1 aim ■irHn^fl ma \ m-l jxuitE* Lei R x iuiJ 3^L l>r mi lepdiEtiulmicni |wsni of S. 

Then 

lim 

[j-.jj-rHi* 0 -%^ 

(P 

if fer Any ofl. h&w«v*f wndl, ihta# wlnu n £ > Q such Ul.h 
U 0 < II (x lfll ;> - r fl }|| < & and (z.y, x) € - 1 i Ii«u i/(x,y, - 1- 1.1 < t 

fil. (fi) A theorem atm i La* tu Ifoofettn f^?r a func-.Loii of thi-w variables ia: 

Suppose ihm (,tw iillHtHKQ / ia dcillKl! For ill 1 *ointr« nai .‘Ln nprn ball having its GCllkf ii 

piNHMbJy hi. fiPn^n%Aft) iMk nod Um /(a.&.j) L 

l>.lk*H*0. UQ. r^) 

If S- is -finv --Tt wf laLMisis lit R' k iutvinp OflijflnS&J ?ia accumulation point, Ibcfi 
lim /(^i exists A-L-iri aJ^iv^ has she vain* L. 

l j .y^H(vvV 

rr.i t 5j 

(b) A tbw«m slmUaj eg ThMKffl 12 , 2 , 11 ) for a fwinfEioii of 1 Jin* v^maMi-i ^ 

tf Lbn ruucEion / bits diffe-ienl \izv.ils -os (i.y.: approaches i-Cq,^^) iltEou^h iwo distinct acts of points 
having : D ) as an accumulation poiiat, tJwji lim docs not cjusi- 

Jn Etortciwrt S 2 fii, iw 1 ikfiiaiifoiiH mad lh«ws*rii^ nf Ev $Q GJL te pr*** that liffl d<^ Btf exwt. 

1,1 ''■''■'’-tjt?? 

3- 

*■ ( ».y.^C.O.o/ (l ‘ 1 '' il “ i!S 7 ~ i **** ** I * U ' IVn ,, M ^ C */ f *' * ^ n0t C ’ a **- 

** + „*_-* ,v xW-~* 

fi3 - **ii3r:—1^-4- Lire kS = lirt l 1 ” s i >i m -n— ~n- -i = ]im —1- = lim{-l> = -l 


I U-L.n i>.v tbf^f two IkEEtfelK ATr II Ili 4 l r|linl, J:^i 


i-1^ do™ js^: rsUt. 


* 1 —A’l A„n| t 

64. 

r + y + 

Is an acctimulatloFi point of Ihr jsK? | r — n) and f(ff, ;’| 1 j ■= p ~ t). Fmrthmnm^. 


Jim 

r='J 


/(^i 5) “ Hm ; ^ j = 0 

1 *)—(ci.cir'r' 1 + ; 


Inn /(j,p.£)=lim~-‘ 

i*^j 

Brtaudci linsitfi fioe *|ua 1, Ui^ii lim /(J-y* r| dooa not txut. 

[jt, b,±)^-(n 1 n 1 Dj 

j 2 t 3 n 2,2--i t 

lim ~3 ~“^e“ — ^ = Jmvi —£— lim [I = tfc ]jin J —-— Itm -^— Lim | ~ ^ 

(j. jj. d) r e + y J — z G j- fi i-’D |a p, =j—LfD.o.oji 4 4 3 x-*A 3 3 

^- 0 ,*= 0 j fj-y j) 

. ... . AM 


ItcaiLni- tiw-re- two limit* Ar<- DOl CtJUi!. 


{^y, iJ-d'Mlft) j' 1 4 y - i h 


; dtwiJi linl CStini, 


In Es^n ibtfe: fifi a^tl : ft“T L ifac definition in F^ieif^ §Tk?l) to prove chat lim i7j «/ ;L e^i&la. 

<iR r Ttf prove hm ; 2 - 0. , w<’ fiJmw (h&L fur uny e > 0 thre* is- a J > 0 hucli tbAt 

iir,sp. fHdO.O r &) x 1 + y* + ^ 


EJ* + ii ! 


•0 < i/iriyfyT 1 < i 


’/ + «* LI P /S H I'*-- 3 . i * ft* . , J I . 1 . 
x* ni? + p|- - P;7TP~ - v * +ir ^ < 24 

li^nc^ 1 if r- — .^r. then flal«utiit (1) MeK 



12,2 LIMITS AND CONTINUITY Of LTV.'lTOflS Ol MORE THAN OlST V ARIA RLE 7» 


s.y + t: -f 


G7„ TLh prove Jim —■— — ■ 

±>-(0.0.0) yV + ^ f- =* 

< c wbentv** U < +- + rJ < ^ 


- 0, we show tha 5 ; for any f > 13 “V*rn in it 3 > 0 such tha* 


r tj + "■ jfi 

- : - • 


(I) 


1 " + *=**=. 

I s/f 2 + p* + - a + bjM - 1 


Ht-ticeir ■ .= Je, c-hvi. si*.t«rru'.ni (!l holds. 

6J& (a) The ftmci-Jcn / of thtee vaiiabha *, ]/- - k ™L I* be coatL oootjf a! itw p^att (r Q .^^ 0 ) if &r.d only if she 
following three caudal kri;* nr?’ f*Alisllei3i 

(1) fKiM*! {ii) lint ft.?,-*/**) r:*4hi« (iit> j|p> /(^. Sh = ) - fy} 

(jf. pr.jM^%^o) 

(b) if / and p an- two fomttkHH etHaunuooF. at ibe iMiifi l 

(i) / + j is eotitLoucnis. at t“) / - S " s «ft?tiiu»ufi P) /? p a( 

U v > j7fl i* Wiii«wu» ** (f Q ^^|X provided <b.iL / U- 

(t:} fnupjxiHr lLnlo / i* a fiivLc-tjoa of * niggle variable and $ i * -t fuarrian of L-hw variable# s^ch that 3 b 
continue*)* (:r ni and / is con tiny mi* «i y(* a? Jr<^Thm lh* eoropoeite foucUon. ts coniinqmvN 

^ (^□^5 r = D ). 

In Ex*re,Lsce 69 T2. uk ihe definitton* and throPcJin- nf FxnnW i& dri Crispin* wlwm I he Amnion k mnlimiiOii*, 


69- ■ 


By Fjc. fiS(b)iLvji ant! (rj, Lhe j^Lon of mnliouiiy of / is ihe vH £hf aJJ [ioiiiSs 


‘ = 1. 


-) in for wfairJi x 2 -j- y 2 4 z 7 1 ^ 0. flli^ s*l of all points in R J e™^Lde the spbete x 2 + jf S J 

7D r /(&,£, 3 )c tn(^(5 -Ir 1 -y 3 - Hi 1 ). Applying Fn. It? ihe n^r^d JoEsritlLmte we Me (hfti / if 

™n&itiuaLiii when 3ti -1 A .v' ^-= J ^ 0, tJ^t is, Edr jwintv pn^dr- eUijwflid J 1^ |T -9^ ~ i6“ 


„ „ f . ; J T- - 3 if ^^^(0,0,0) 

Tl- +Sr + - 

if {*if.-) = 0*0) 


Thft fiinelton / k eool:fiuoux *1 ***** poim Ix.^.r) in ft' 1 for which {*,,5r^) ^ (0%H,0J hceaiisr ii n ft rniioewd 

funcliftB. \V± sEin^ vJsat / h also continue tvs ,-y slljl/l) bv j..:ovin.g lifti - '\- 

____.. s*. t I-—s-rO. 

I -O m .« l trffwrri If.,/ t 4- n J -C- 7^1^ r-^- -k - 

0< 4 


3fS.- i-"»'- l . 3(7 ^ + ^ -TP 1 ) 3 n/^T 

x' ; - i / J .- 1 - r + i J " i 1 y ! * 


7^ 

+ J- !f- + IT + r- 

JJiM-flijhf liiu ‘J* + u*+ =0, it folLuwa by Ust squwac T'lnirn'jji iJiai 

| Jr „,i)-(O,0.P| . _ 

Sn, / is tuniiiL^cijLS at atL poinis in K - 


lim /(.F n y, ^) - 13. 


T3 a 


-=) -tx* 4 if’ t r 

[(i- if(*,ff,i)=(0A 


The func'ion / is conlinnoiiK m. r^ii^ry |ir>ijji Ln ft' fr fftr wEii(:.:i i-r. ;! -/- I13.U.U; '. is a rational 

function. Wr. show that / is not crnitinnon* ™r. (f).Cl,ft^ by coosidering: tb* sets I P — 0- * — 

[(i,y,5)| y -= U, ^ - ?). eAf h cif wIiLcIl Itfui (O.flLQ) *& flh «<umylnUgn jxMiLt. 

lift. = i 

(t, v ,z)-^OlO.OJ * -□ ar J {X^z } *-0 2x 

==ti\ C#=0.^=a-> 

iSt^aipiVT' liiiiil^ Jiitr not equal. / ts tontioueui everywhere *3tcept 



HWt DIH'KHKM l A|. CAI I l J.I'S OK Fntn'IONS OF WORK THAN ONE VARIABLE 


j x IfV+4>*£.-3 


lim q(r^j\ ~ liiu 3 — IS 
t LfM V i !■*&• 

>34 


IT < !S then lim • Jim - 4^) - t % a =; tffuJfo)- 

Tf T 0 + > 3 then lim J^if) = Um 3 = sriJ^ifo). 

ITitjs, t} is CMliUOua $i id] point* (r^^) for vfhirJ? ^ +- 1 ^ ^ 5, 

Consider the poiniK for wliidi _--- + ly (l 2 ;t. 

lim “ ■«“ ^-ly 1 ! - , hm S--5: iim i(^v) - ( J 3 “ :i 

t* e .n 0 ) (f, (j.fcrJ— 

|^+4b> 3 ««) (x 3 +4y*>5f 

Rrrjfji*r tlsftw two Simits art not equal coadiKf* ihm hm rh*« iwt exist. Tlios G is 

(j-.iriH^ r ,iV n l _ 

■fecEmliiiuous at ;d: points (j d .^ (j ) for ^bkh * O 3 +% 0 J Hratc G in miitintiuuK at a!I fwlnts of R except 
tbc*e oft Lb*- *3%** * J 4 4jf J - S, 

F{x, a J - J**- 3 «^ lF *!“ ^ “ *■ <f l*.if) » iiwkl? *fee tij]>er!»ta i J -3{jt It™ F « comtjuioua because it 

I 5 if x J — 3y > ] 

ii-A polynwni*]; if (x.v) i*-ciul-sidcf il ;■■ romlnuona focca-iisc il b a constanl. For (i n , y p ) on th<* HyjicrbnErL, r.hr 

limit From twin lit inrudf in i whIlf thf limb from poitm outiEd* l*^\ thus ihr limit ds*w hoi rmi. 

<*, 0 ) jfour) x ^0 D) x— Or srtJnO) sfE-tlj 

1 Bf = 0) 


r~ lirn 


^/fU) flU) 


■A'Jikh .il^ H'viisi.v H e'- Say {iii) lint limite *re uraqiiiL 


^rtursi^u)"^!) —. ' — ’ 

w 

lM PARTIAL DERIVATIVES 

12,3.1 iJdiitiliw t-Ait / \*r 4 FutieLiof! ^ j And y. Tht parUul 4sril>$livt *f f rrjj^cJ ^ j- w 

chiil fijnciiooL, -d^ftolK! by D]/, iticb. that Hi function vitlu#- a.r any p*im C^f. ]Ji chr ... 

of / is gb en by 

D. f{ *^ rn ik±^tJ^l= mt&i 

h u -■ j 

If limit ^KJitA Similarly, ih* p&rkttl uj / wtib fnxytet fo jj ii tbftl fujictUici, 

tienoiJtd by suirli ;hsiL ira fi:iirsLuci i-alnf: »a ajty tKilut in f-h^ dnunst-in of / ^ giv^ti hy 

ri ,,. ,. lr .. /(r r a*}-/(r, P ) 

Di/(t ’ s,= 42 c— a?— - isn —^— 

if thin lliiii^ nmU,. 

‘i'iniTta art' ivlcLouli iMlaiitjEih foj pAru^t dfrivalivr function vidq^. tf - /ir.y), ihtn 

D 1 /(x,5)-/ 1 tJf,ir)=/ ir tJf,li)=^ = || and = fit*#) - ^ 

lie do no- usually li-ive cn apply Dprinil-Kin '2.^.1 tu fiftd th<- paiiial dcfivalh'[5 of a 
function, ‘S'* fmd LliltV-rcqii&tp with fr*jwct la i-. ^llli |/ hr^HMlnl ivr ind 

□s^ the- difTtrenHatKin foxniulay fr »t ordinary il»-riv:i.iiTu find D lt /(j.|h) t dlffflfenliatc with 
rrapwl Id wll.b x re^Etd^d ai; & fiorja^ant, ust tht diffmatiatioD IwmitEa* fot ordinary 
dsrtvatlvesx 

TIip line lad^pnt U? vli* euryfl tirai b the IhlcfMtftati of lh? niri«p - - wid lb 1 ? plant 

£ - J^u thi pflnl U u . y D i/(?0h!^]) [0, l.Dj/(i^^)] fop A fcftt Of ^lr«tjon aumbcf|. 

ThuSv fqy?Uio;w of ili« Ini* a±f 
* ^ + D ifl*u- ^u )(V ~ We-) 

The Eiii’e uta^eni \& the eur-v* i3laS is the interwetion of th r =nTfat-,c’ .- — /ix.r.i) rtnd iLe nlatie 
V-Vq th* point tuw few * tel *1 tSiroeii<?h tniiui*fn. 

ThlliS ^tiial^EnjK <if 1V Line aiL* 

H =-9d *— *Q + J^/^U’VoX 1 -^ 

Partial rtmvg.tivre for fuiirttioiiR of mure variabies arc defan.ee av follows. 


12.3 P«TtXL »”'!> 


fonciUm V4l«« «*W **' k ? «" tlw ft™™ ../(*!-*«. f -'' 

Ar t 


= JjV* 


Ihr f(mnii!.v Fur ordinary tliffcresliatie* if 


if thii limit exists. 

SJ 5 SUS^-ASSS- «*» -.- - v 

*- - &*&£ . 

,s rrpmenl.(l by «fh of Ibr toUe*inH urri^lioD--. 

»«. «.**,« .1. .,»<»■. i. *. 1-. «- •*«**.»£? JET* 5*SS5 

SHirtiaS-rfintrnil^ing twice wLth fpsi^cl l* ■ p 

nvUtim _ 

_ r &f 

0,(0,/) D X1 / /ei Ut ^~2 

Tbr «™kt ,*rlU d.rivativ* ,'f / obtain, by p^iaWilTW^ «** •** "*“ l * * 
J* p.ph^hlrLl by each of tf* fejjowiilg hnl.ilKos, 

D;(l> 1 /) Pj?/ /k |f ?J!y 7^ L t v 

The» is aether possible mixsl I # RStnt * f * b - v ^ V’ ^ * ** 

fbtiwia* LWem JtakA, it toufei trtt* (but not aJway&J that / 21 . - fir f v x ~ t%C * 

iaj.3 Ttw^m (KqudHfr of ffliwd p**ti*JO Supp™* ih« / » ft faction ofwo vw “ bt " * *"■ * 

aTWdisk BU^jfcfcr) rod J, ff «e *h* d*fi n «3 ro B. FurLh*™^ *>JUI-«* 

/ TI . Ls cnDtumw* at (f Dr ^l. TF.«. J ,{ff 0 aff<,) 4k3hs ™ E “/**'-> y o)-_ . .. 

A part^J dtffm'aUiMl equation has pfiilinl derivative* with iwpett. to more than variable. 

« I > v *’ V nJ s r ■ fl^W _ i| p ■ oJiiis I I — flL A SoUiLitB b Kanfinnit* §*t FiseTCiffti 

IjqiL-inca Equban m K. d i-s -.,■ m I* 11 s a3t + + s„J 


4£J 53- 


fa 


^fgnfU^ JJ ? ______—-- * 

En Exercises 1 6, apply definition 12-5-1 to find i hi- pwtid derivative. 

1 f ' J 'I '_ 

" _*'? " ..’ /(x + ir,t)-/(^3f)_ r (6x + SAj*J5f-7)-t6r+^-7) _ Bm CA* _ nm«=* 

.D,/(a; 1 3f)= Jwn^--"’"ij, “ Aj- js A£ n 




If - J- 


2- /(a,s) “ -ix a -5iy- 0,/(^rir) — 

= jaK=^ - + *> - w=®* 


- lifji 
l—o 


t-i,. J 3 i< 3,H'4.'* 3gg) 


a. /{x,iy)=3£5 Kr-ir*i 


D 1 /(^§r3 - Um 

^■y-^O 


flMJt ■+ Ay)-/(*: Ef) _ |- - Aji 4 H z - <3f 4 Ap)^ - ■+ ^ 


■iff 


n ::::. 


x lim 

ijf—□ 


3x.v t«M ir - t> r- - J/ : --y ^ v - I^V' ? 3ia-6«4y 


— lim 

iy-Q 


Ay 

(3 x-2s ~ Ay)Ay 

Si - 


- li ln ; Jgj- „ 2p _ = 3x -2s- ALlran»*ii 1 'tly- by fuJimuia [4). 

ftg.t'i -■ ffx.t.1 . (*»,■ + to - i•*) - (3J4F !• (i-r - »*) _ „. 

D 3 /(x.y) = lim ^^*4 -iS i -?=f-- "® * -1 


— LLm lir - + j)] - 3 jt — -i - 



*50i DIFFERENTIAL CALCIXU5i OF fUNCTSONS OF MOKE 1HAONE VARIABLE 


4. ts?~Ss+ 0:i>a/(*n;j) , , 

.. /(*.* +Aji) -fix. y) .... Wiv + A #! -- r >(d + 4*) + fr.- kr “■>» ♦*>] 

o^u) m Jta.-^-- JJ®,-4y 


- Dm 

h . X# 7 + L iz3 Ab + At/) 2 - - o Ajf 4 $ - xt/ — - 6 A,*"’ + *A y - -1.' 

=$£—-Si—-■& ^ 

=■ I i ni fJjfji 4 -5) “ ^ 

iff—-B 


_ a f fsr + A , Jlt+M’ + si’- t/**+V* 

5. = V^+d 7 - R |/('.d) = L‘ m '-^-- - '™ "ijr 

■\ r ~i r "**■ _i_J. — •■ 


4 Sfi • y^~H Lr 7 !-L \/(x 4 A *]* 4 4 i/" : + 

_ ii-llo ”" Aj( v /fr - 4 -il]3 V .y- 4 ^*7 i^) 

a: 2 -a- 2 jAs + (Ax)" 4 g 2 - - y * _ y _ 5 \z 4 A x__ _ 2 t_ _ x._ 

“ "ci ArJ/{i'+ ”}^4 *r* 4 v'r^ Tjj^j A*4 Ar^V’ji + •/*' 4 V- ^ p + Jj2 

3r + 2 Jr „ 1 tal-Sk f4 3iA .. t* + M * 1 -j) -1* + ^H* 1 - ») i t _ (3* a +iK*-^._ 

3* " XV ■ $$ (icj^—x^-id 


= Lien 


2j*+£ 


2x^4* 

,2 _ ,,12 


(f* - ») (*’ - v? 

In Es&creiseH. f- ID, tpfdy llofinttioii I $.3,2 to feud the pvtfftl 

r. /t J r, Sl i)= S **y-W+ V’ 

O,/(*,fti) = j™] 0 -Ajr-' 

xHv + Ad)-Wt + Aw) J < Wv t-AyU-uV-jsj •/ ■ -jj-) 


An 


= Hm 

iv-a ^ + x a _ 3 ^ _ fi Z y±y - 3 x(Av ) 3 4 + ^Tijf - ± J 1 I + St^ - 2 ;r/_- 

- s# 

Hm - Am - _ |i[(| (s J _ (jj, _ + S;) - j.* - $*,, t 3- 

A#—0 

- /(JT, 5. -} ,. A - 3sv a 4 ?ci - (' z*# - W 1 ' + 

Aheroati^ if, -) — Jjm -—-—-= lirn — 


ir-lr 


Liuj 

t |r - , u 


r V 


lim 


- j,] - 3*^ + 3^ - rt _ - j _ ^ ^.,.] . ^ _ t.,, x v. 


8. /(i, 61,4 - z 1 *4^ + 9=': IV(if n D,-‘> 

*• D,/fx,ff.r. - Inn - < --- 

6*—ft A* 

t 1 + axAx i IJjfx 5 


— Jam 

kU-*! 


\{x \ -\xf + *y 2 - 3j a ] - 


A* 


- If [I 


,. A^(ar + Aj;] .. Jrl , . , 

— |un -j—- m IrntL (2i 4 As) “ -t 

As 


Ar—n 


As 

§. = TIfr* 4 VSf - yrl 4 srf 

^ ^ ,, + Ar,() 

n+/(? ? yi = Lliii -. p -- 

Lir—O 

4 Ar] 4 y-J 4 j(r 4 Arji 4 JlV 4 - !X’^ l 4 iri,■ 

- [Lrtl —-- ----A^— 

Ar-# 

., jf^r+ i as* 4 ^vf - y<A^ 4 4 - ap* 1 - ■■i»-g ffi 

= Lim -~. --2p — 

:^.feW±m^= Lim [^^ + ^ = ^ + ,,(4^ 

lir—-n jIt—‘-C- 


L2.> l J AK'l IAL !>KRi\ AllVBfi t-D! 


lO r -r - Sfiur 1 — ivu? + 

fcl (3r*sf 4 * t 2 ; - 2f a: 3 - C;u* - Sew 3 ) - (3r 2 j ( 4 *t 2 b ■- Sfru fc T - tlW 4 3^) 

^ ....—-rz-E-— ——--—— 

= Mm ]At J 1 ^ t |,a ? Z m~ p i “ l™!®* 5 - 2*u(r 4 u)— ffw] = — 4ftJt L — tm 

tei ‘Eiwidj*™ It and El /{^,^) 

.mowj). lim ta p-ffai>-»-i-«) . 

1 a,ji Aa-0 Ajr 


= liin = fiifi (l 4 Ax} — 4 




,:... /(*■!> ~/(^i 


;b) D 1 /at) = ^ 4 - -~y 


Lliil 

T— 2 


_,. s 'K-£ 


^r 


= ILm VN-“ n “f* + 3 -- 4 


f -a * 


i-*? 


.»,_. /{x + A^jf) — /(x, jr) _ (*4 Ax) 2 -^ 2 -J^-Sy 8 ) 

(0 V(*-ri - nm* - ^ . - A k ^- 

lira + _ iira ^At^Ajs) 1 _ |jm ^ + - 2l . Tbus at D,/(x t yJ - *. 


A.L-—U 


■Sj: 


Ax-0 


Vi, I'jjid E) l»}" frT; r-LpuFyliift f- «mihi 1^ (2^ fb5 applying formula (4), and applying drfinaljtrai !2i t Mid 

thfn -F 4 xi hJ v bv 2 4ftd 1. frtp^iivrL>'. 

iLir, 1 —HJ Afc Ay ‘Mb 


& 3 J 


= lill 


■1-9-5 SAy-9taff) J 4 5 


- Lim (-14-ft Ay ) = 13 


^ Ay 


■IS 


All—^ 




Ay -0 


Ab—& Air 

Thu* D^Aa. I > = -1611 > “ -16- 

Id Exflrci^es L&-54, find liu phirtijii drrLv&tit’fi b? bj&LdifijJ ili DUt 0-Jir of (be variable rrmatanl. .\t\il App'lyibjj 
ttaeGTtms for OEdircary differentiation 

5 f + j, L[^-x 3 ]-A{x-i-yHg^ -X s -J 


14- 


-xy 


Sy Vs^ 5 

ItL »,/(«,*) = g^j.«ln 91 mb S4| t Bin ad(2)J = - 2 Hi n 3W un 2* 


16. /{r^} — r a ciK- ft Jjm fc. Z^(r n 5’j 
fr %%> flifffeiTEitlALi! wllli rtipett to S ^fitb r regarded as a contlaat. Thus. 

/^I'r.i?) = r-^i n ^ - 3r Kpr 2 tf 

"• 5 ^^ 4 1 ’" 1 " »] : = [•"'©!" 1 *''"■[?(-?)]"' 1 “ T-i! -“’t - *) 

IS. - -r"‘ *m{ + -1^ 



*tH D L R KER RN TS A I, f A U.' U I,US Ot H_ NOl LONS Ol- MO RE ILJ .A^ L V AltLAJJL t 


2ft. u - Lan s (irjiar/>; ^ 

fr Wt* (lifTrcmlHUi 1 wir.li i^fMeri lo ir- ■* ic hi ?, j^nod : held rewssifAhi Ttm-. 

L^l _1_ Or *l _ 

^ " ' - ( zyuc f A? J r+? P 3 z 2 fJ ’ 
ai, /jfi.y. = ^\4.nyz - ln< 2 *jl-')] - iiy -+- - f 

22. ^-(f^sinh :?i - f^cosh 2r) — 2e’ ,|, (sc6h 'M -slab 'hr) 


23 , f 3 (x f if,;r- 




I 


_3X£^_ 

S??+7 i 


Jl- 4 :- r i>^. & --.iii ; — "j >::i i:-. * f&A*) 

t- Wt d i ffttiiJic Li^er with to f? v:’.h. t And <:'■ held constant. '£ hm, 

= 4r\(JS & — M r 5LH tf sin 

2$. /{r H ^) e 0 - p- 3 m„ $ 

& fa) / ± {- San & — 2r sin &\ - :iIi ~2h/’1 ain -t - 1 --2^i(JV5) = ■•! 

(b) /,(f ,fl) = r se^tf - r**ce fl; / 2 (3 P «) = 3 sat 2 * - 5 ms r = S(-l^ - 9j-I}^ 12 

26. /(a, p, r) = c 1 ** + Mlf +■ :) (a) /, jx,ir, i) a jV**; /, (3. !UT I = 0 

(b> /j{t,c,2) = /alf-M) = I 

Id Exciclsvs 27 and 2d, find and /jf^cy). 

27. /(l.y) — j Eei sitl r rfl; so - In sin j 1 . /(j-.j} — — J In sin t cfT: so /^(x.j) - —Ln £111 £. 

28- jV^d* 

> The; ft Hit Fundamental Ihnotsin of tlbn caJcuJt-s pLVfS- the itwsezJjve with ttspetr. to the upper Limn. It' wt hold 
? ronsl-ani ?jvd diffcrt 1 !^ talc with respect to w t get 
/>>*>-*“* 

If wp hold ^ ctsn&Unl And dsfferealtate with respect to r, we mu£L first natcreSLinge the limits of inttegnir.lon, 
Thua 

- -f™* 

tn EiercifliM 3d f») find 0 lt /(^. y,h (h) find! D-_ r -J(z, -y). mid ft) *h&w Usai D u /(jj, v) - D^ L /(Tiir}u 


W = - J? - r >: D ls /(<.»= ^ 

30. /f>, ji) — ir 3 — 3 * 2 ?j -I iv 1 

(b) - -a* S + 2^; J = Si 

31 . /{#,50 r 1J ilh tj 

(b) -e’^osjf. D- i .J{x.y) - -f^sanj/ 

32. f(x,y) = t- rfv + l*Z 

fr Srrttplrfyin^. /(j j h y) r we hitv^i in (|uidivitri ] ,*ihd J, 

/{j: n ^J * e - + InJ _v! — Era x I 

Ron co. 


W i>,/(*^) = f ■+ ’s : D nnx.»> - 

(c) jr) = ••; l ’~,y D;j/(T. 5 f) - “J- + -* k 

fa) 6 ^ ^ s^: = I 2 r- 0 S 

( £ ) n> pl /(a:,ir>= -ftr-'-ijr; D 31 /(r. jj) — -6r + 2v 

- 2*^«rt S': D, C /'V. tfi 

(0 *Wf^y) - ^ r cm 3d D.j/fz.jf) = 2f 5i coa j,' 




m 



12.3 PARTIAL DbJNJYA JIVES SOi 


fa'i We p«t:al-diffcrcnSieU on both of (1) with resprri ;« r . 

®nf{r-V) = jS~ r/V +^ 

(bj Wc [Hatial-dsffcT«3lzait on both sirfrecil with rrsikx-: ^ if. 

n X r , N . _ -T . X J-/5! , - Tty . —2x _ X — f^. _ .-*/* _ ] 

fe jr # 1 -V 7 / 7 

(c) \W [tftfLiJtl LtfcffWniiiaAi- LhJi bulli btLinia of (I ! with lO J/. 

«w«*> - H&”*+- (£ - ?>-"* 

Wt (.HUfEial^lifTtpeL-itiitt on trath of (2) v,-\rh rmpn-.i k> i-. 

»..**.*>■* - ft- f>-"> 

From (3) md (4) wo 5hflir tha-t jr) ■= 

33 . /(*,*) =. (j> 7 + 7)mt _l ^ 

O W - 2r. tan -1 -; + = 2i ian -l § - y 

r, - 2 = 2 *“^I~ 

fb) Dj/(i,y) ■= 'in lm“ l K + [i 2 + , -jy 1 

**■«• &H&+'-■&+£$'&$ 

M. W*#—r* $, H 1VW.Io v ,.^ - S) - 

n __ 6 * ■ ^ 

11 rV^”^J (*’ I ->|P^“ 

3 




y i-^/rV - V^-V ' f*’-V> 

,., P ,. r , -a ... /r . L ., 

W 0 ,,/^-V) - —[TITpTi v . 1 , 7 )^ " 0 « /(x '” 

55- I(x,y) = 4r stnb y + 3y tosii r 

fa) D,/(i»s) - 4 nirils jr +■ iiisil'i t : j/(w. y) ■= 3.iy iitttli x 

fhj Dj/fx.Jf) = 4iP r«wh if — iL 4 ;Wall |-; Djj/fft j) — -tx iiijlb y 
(c) ^ rttrih H S siinh *. U^/ix, l) — 4 cosh y 4 o smh x 

36. /(x.y) - xcos 

Dj/tr.y) - -x sin j/-* r 

U) From (I) wft rtbiain l> |] /{j; 1 £j - -^f r 

(b) Froa» (2). obudu I> 37 /(x, jj ■ — —x co^ y 

(?) h'njiii (I), w<' obutiw - -SiLti 

Fro«a (2) h «*: obuuci t?j|/(-T^,i] = -s^fi y - p* 

Thrs ]> 12 /- r, y) - D 2] /l t. y). 


Pi 

(4) 


{U 

(2) 



StH> DTFFEttEHtriAL CALCULUS OF FfXCTIOSK Of MORE FHaM (WE VARIABLE 


vlT- /|>, p/j - /cm j + ian S iT]n jO 

c- (*) E i /( x. sri ™ |r + , ^ j| [la Jfk F ” iT^j/lu 

1 t -P [It 1 J 

(b) Dj/(i,Sf» = -f'sn 5 +tfttt- 1 a(i) D 2 z /(*,|f) = Sees y 
It} Dtj/far)« -^tn jf 4 * 0 2 ,/(t, - -''»•» v -+ - 1 


w ... • ^i+i*y 

38 . = 3 *test#-}fsiii _ V 


w r , , . -1*' 

o <*) Di/(*-») = J ^ stl y- ^ = -9 - (1 _ ,fry1^ “ (1 


(b) Dj/(*,|i) - 3j«inh - 3*eoib >J [f) Ou/C*,*)) =. 3 ranlt y- pm = Vnffrl/) 

|r. FxfltClMS JU -'|j L Gjut Ili« ifidicawd pari ini jjrri vatSVlS. 

S3. = 2**Jf + 3~V J .Jrrf 1 

» (*} /,<*,*) - ta’y + 10*^ - 3#*f /istr.-y) = *t J + Wxjf ■ ■ »JR 4 J - J + 

(b) /,<*.») = 2i* + lfcru -4fep; /„(*.?) = 6J 3 + 211 x 3 ) - 6y: /«,(*.*) “ *- c 4 20* 

40, Gfosr) = SjV + S^ + Si; {a) fli) G^fx.Jf) 

o (i) C„(*, \t] - = 5 A + lW 

<£*(*,»> = CG^sJJ, = fa 5 4 30^5 
G f¥ ,{*.*) = {«„(*,»», = l^ + Mxy 

(M G„( = I®* 3 * 4 W 

rr^ ¥ (t,jr} = (G^T.pft, - 18f 1 4 60x!) 

«. /{x,j,x)=SK r +x^ + f = (4-^4^; / 9 ^d,4-^ 

42- j(t. if, r} - sin *|)i (a) &. ■'} = x: tw tyf, jjj(*,!).x) - 1 1 « xjrx - x 2 *: stn xff* 

[b) JtC*, V" z ) ~ S* ri>i **' $ll( p > M> = * ™ s *1*~ **J* S ssn r * i 

43- — wV# e* (a} /,(».;) = 2(rcw «*; /vi^'-fO - -'iur'^fi r 1 ; / 12 /u.:) = f" 

fb] / a (w,9) - -fifVsl* r*; / 2 j(i*,i} *= -2iiT T dn**; /„ 2 (w‘.x} = -Stuc’W# r' <= 

44. /(»,t.'} - In <M<b-if); (a) l: ib> / »> 

* ■» “1 - - ^-0 “ ~ 11 
/„„(«>!'] = {/«,( *■> vL “ “KC i (« - *’l 
/w,/ 1 ',’') ^ t/„„("■ *))* “ 4 - c)wil(u - «) 

l.b) 

/ V JK,T!) = “)) u - a« J (“ “ v) 

/„„>,!■) - - -% we^-tjtaatif-p} 

45. jtr.i-,0 - Ml*-Ms 2 -it*) 

2(- 20 ri # ,1 _ —3t20r<)(fa) _ 32QifaI 

* W - r -i + ^i_ 4( » : J ^ r ‘^ - j,y + 4? 5 I Y {r * T .4» 5 - (r=4 4x 3 - W 

(b) Sn {r,t .() - Th * 1 ™ k 

^"liflr _ - iMr 3 4- I-t* - _ I’Jjfs* - IS/ 1 >^Qrt 2 

+ ,| f 5 _ :? |i^ + ( f J i4 s ^ ii 4 ) 3 (t 5 + ■ 5c i !e p ^ ~ 



is.s partial derivatives sot 


« ts , . -1 , t 3$-' , hr -S4i}*t J r , , t62g 3 ^ i f t +9**#***) + It* 3 

m ****~ ,4B *** /f = 7 +^W w J » = a --(T 7 W 7 ?- 

fb\ f tx r -1 - ’- l(1 + * , V**J -rtW*Vl 3i{J -9* : yVi , J ■ S1«W 

( b> - s»--“ n+s,V ^> 2 ' f '**- ~ —(TTOT— 

"• ..*{+i4tg*.g» = {-3(-£WH'“iftWK*J~i- 1 -«■ 

AB. Given u — * J j> 4 + s 1 *. Verify T '*£ + ^ - (x + J + j?) 1 . 

► ^ 1 + 1 -^^) + ^ + 3 ,«) + (JT + *»> = U+ V + *) ! 


49. “ \n{z 

% +i?) 




|u _ 

2i . 

s^_ 

2(- : 


: i 

H 

C-l 

! 

on 

1 

Ss ■ 

*+f 

dx? 


fr ! 4 j ! )t 



"in , 

^ u = 

3(x J 

► »*) - ivSM 

Vi 7 - 2,^ 



5y 2 


P+p*) r 



0, ujx.ji)Can L j — 3 tail'' y, - 


it _ --2y . A 3*3 rfu 

ir : n J 4 Ar" a (x* 4 jr J J 2 


■ % r 

“7+? 



—lip 


TT^nfi- -t ‘ 


+ jr ? ! 

I 5- ip? 

ilvLl^'C ^ . n T 

i 

tK^^) ^lAD w| 

p. J 

- ^ 



* jf i-s 

1^ 

fa 

i 

-i-^-U- 



i-j-fif/*) 1 




£« _ 1 ■' M X J +j‘ f -r{?xJ H 3 -* 3 -^- ^ 

1 •+ x J ' i^ + jr 1 )' C^ = 4 V 3 ) 2 

;j>n •2x-2x^ ->~- J-' -ij'ji^J _ ax J 4- + 2_-y : 

fa* (r -ry- 1 ) 2 yz 1 -nr? ’ ~ (r’+y *) 5 

8v _i m 


dn .. 1 m 

<V l+fo/ipw 


f* 1 i jrr (**■!■ (TP 


i43f - 2x 2{I- + vy — itjiWiy) —Ig* + 6gji* - 3 j 9 jf - 2 j;/ g* u 


LI . J*U . 


V (^ + »T 






a* 2 fll* V 


5£ rifi.jr} - c r fin y c f ct>« z 
u, ^ fr^pJn y i 

u ET = ^ — f y cofi z 

and 

u = i\ x «ie tj + *^chu( jr 


JF 

Auni»K [hr Hii-rrihri^ <kT ( IJ iuul (VI,. we obliJII 


H l £*= -1 3 _ fe 2 -^-* 2 

' ' (*» + ,»♦ 5 <x 1 + I , J + : 1 ^ ? (7 + ^ + i 2 )''*' 

s»ta*T. £f - ** d r“ = "=/vi »- iw™ 

^J 1 (±" — rj j + r J )■ ■■ (r‘ + y J + J 2 ]^' * 

C^l _ 2 j _ — Sf^ ~- J -t -t" -~~ - Vv~ J' g 

?? 3?' S?“ + 

M. :Sei_r 2 +:ifi - ft. \V+- hnJfl T rn?i^lJiri1 Anri d i flfr refill it f- impLkttly with ^[W' 1,0 jv r 




SO!. DIFFERENTIAL CALCULUS OF FUNCTIONS OF MORE THAN ONE VARIABLE 
J5. T - T 2 + Jf 2 . Tfurpliirr - Hi. At I2.I.5). ^ ~ J- 

Sfi. Find rt| U aiiciM of l be Ubt tEvr furw ai mlarMn'lloA of thr- *urhr, a* I ^ a w,lh lh * P ,,rtl( ’ 

5 f — 2 at ibe pntol (1,2,$)^ 

tr We ti-otrl y r^wlont and differentiate imptir.ll.ly ^ilb reapeel -r £»□ both *h3*s of the eq«r«tioti. 1 hus 

3a F Sag-l» 

gj=-f 

At the point ( 1 , 2 . 3 ), wr hnv# 

£s-i 

9x 5 

i h.Ui. F--1 q 1LiLrtt-i of the LLnf SUT 



t>i^ rAtc of 


e = 1) and p~ 2 

67 . r M EM -\ P - V- g = J * «nd g - -S P . Al the pftinl (3.:). g = ‘ g ~ "«■ lkBW - 

rtiAri^e of iIk cihrnpcratnre wilJa respect to thr disT-anc* rnov^d, in the direction of *he poHLsi^^- -r n-iit it 
-4 deg/etu and in th* direction of th* p^tivc j/ i* -£ deg/rnt- 

Gai Law: PW fcT, ^V(P.T) ■ £t<P.V) • ^P(T.V) = v^jr) “ H ^ ~ W ” -1 


&8. 


fi-d+ir*' 


mW ti , J_.' 

M a> f IW [ r J 

"?l(i + ») E41 -(i + ] '} 1 J 

[—r . 


When i - 8. £7- “ ^ 
AV sp ^ Ar 


1 r )-vt _ 

Otci3^i.ofi» 


■■+.;■' ;i . • :•' 


-1 


I0I>~ '->l 1 1 

T[(Tl 7 j? 


(b) [f I - O-Ofi, At - 0-0 1 Mid t - 8, Him 


:-^4.4. Ilcocj-, the pr^wrl value dappro* innately tSI.-lG, (c) 

‘F^O+ 9- W«* f = lnt Ltl6) = ^TTw^' w Tf < ^ S' A < - -1 

And e K g_U* r AV Sa ~ Al - ~ Vj 4 P««& 1 ■" 4wju,wJ l> >’ 

60. Suppose liras 10,000* dtiftm is the inventory cart Led Id * *sace employing y ckil^. P doJJars as she: waikiy 
liroEil of tlw atr>f^, and 

p = SOW + 240JP+ 20>r(x-^ir}- lt(* - ^ , _ s | P . . .A 

wher^ 1 ^<j< 25 Afid 3 < ir < 12, present the inv**wry ts ?38ftiO0& Lhei't: «f S- clerks (nj rmo in* 
hisiantanwy^TaLC ef cbai^c of P per unit diAftfi* In jt if y r^^uins coDdwit- {b) Use t hr- r^dt of pari (si) lo 
find t-he appffOKimal* in vr«tly profit in th* invanmy oh^ug* Siam $t 80,000 to «200,'000 aad Uk 

number of rlrrN r+tivun* fixml »1 6. (c) Find l hr iDUBnOnwis rate of rhvn& of i 1 j*t mi it I'li^nse m 
rem^inv r»:rd <U 1*. (d) tJw Midi of pii« w fiiwl ihr appcffitmune flawr i» ^ vaMy P«fn if the 
number of ctrrt* is hicreiEed from 6 ■so EQ and ili^ iri^ntory remains fijml at $180,000. 
fr- , a) We h«Ld y trjnstiQi. and dlffertmiatc with respect to -r. 

iy fcfi.8) - 2<Jy - 30(* - 12)];;“**«8) - 30(18 - l4J * « 

TSie iaitutueowa of riL^= of H is S- 1 ^ for each SlO,n«<l inrre*- in iitv#nldfy- W f i'lhe «ppn>9iim»1« 

change in profit v.-hH-n the Invenlary L-i iuLreascd by 2s00,0(lif - - :* : — '^0- 

( C J We hold r consLanl aad rtlffcreiiciakE with r^pect to .v 

ty IS, S) s + 2*lt h| ^^]J^ K 240 *• 30('1«I “ ») s -10 

Tbe tnsiaOiaMUfeona rate of change is a dfteraast m pin-fil. uf S40 for each addiMoruU r3rrk. {d) fwu Jiddstiond 
derks ^'i]3 n dfcPeas* of al^^s. 2'!8^0) — $^0- 

«. /(*,v)=fe£ (>) ; j{0<6) _ j Lr ^ ii£^_ f J --? = «a 5 ={fr »a 1 = 1 

[ft if (x.il) = (0,0) 

(10 /,r<L0>- lkn ^-:i [ — - 2^|r^ - £s 1 = ! 



l-j.a fa K'i IAI. iikrjvativbs noa 


In 02 Anil 03 , /(r,|t) — i 7 H jf 11 + l<1, U - 

ra , n f f xm * rn f**** **#* 

S3, (■)' If (*,*) ^ (0.0), /^.sr) - ~ i ~^ + ^ y ~ —" = [*??? If z ^°" Al*®) = = -a 

W /*W» - linj /(0af yZo' O Q) = liin o - o 

G4_ for the funrclftn Lhf Example II, show tha-i / ljf is. diw-unt iituoiiii &L (H. 01 and twitfe Htt hypothesis, of ESii^rem 
L 2-3-3 is o<rt satisfied if Erg L j/ 0 ) = 

& 'I'He function of RxAnnj^ -1 m defined b> 


\i\ - ==5- = -2 




4 w n m 

^ if (*,a 


I,3f) ?= i&.Oj 


Jf) =<«■•) 


We ilifliv lliAt Inn / 1 4 (r,j;) 4«« Mi edii. IT (j.jr) yi (11,1)). U»e« 

{r„ ff )—(o,dS 

r , , (*S * tf*X3* : ’# - A- f A - V)<s*> _ A + a*V - If* 

“-J?T7p-i^-A 4 




+ jfflj 4 + 12r V-Jjf 4 ) - it\ j. «x V - A Wf* 3 ± A _ x r 4 9 *V-B*V-j£ 


(sr + jr) 


<r 2 + IrT 


Along the -r axJt. w* hara 

,& 

Lm r, = 3im ±- — 1 

ti.lfl-ici.o/ 12 - V> ~lij ; 6 

( V H>) 

w'hiEe along the jy axis »f have 

—,■3 

ttm = li^s- —t-— -i 

(=.*MW 12 V * j/> 

{a«0) 

DcCAUK the** twe At* net m&aI, llwn l-:si /. ,*>. ul d^i not rxiii. lErnee /,« in riineonlinlitiHii at 


In Fxtrtbsws Eft S7. fijifi / 12 |0. D) and / 3t (W,0) if th^y exist- 

„ „ , [-£*■* . , n±*Jto- (0.0) .. «_. o-o _A 

*S. /(i.tlS -it^ + y* . /,(&,(« - Inn -j£T - * 0 

U' ir(- rV ) = (0,l>) r “ : 

ir, / a, mm> - A h» - E -“ ^' iZiF7i?= “ P 


/j ; (0,0) — Lim 
A& 1 —C- 




i ^ 'whidi tUie3]i 1 4 idfiai. Similarly, /ji{ft«0) dwK*j p L Kxiil. 


BIO DIFFERENTIAL CALCULI'S OF FUNCTIONS OF MOHF HI AN ONE VaSUAULL 


Jo ;((»,?)> ro,o) 

* I* P. fJM - K» - I»J j(L^J-")-» 

licr iLJ! - 0. Sifflilttfl)'. } 3 ) (OhO) ~ 0- 


67. f(x, <j) = 


Hot lim O^JU# 

J if niliCT t. — fl (FT y =■ 0 1 ' ii( _ Jn A-i 4 j-—O 


.. Jt***-m#) . (^W^-sW^-o 

tf ?J ^ On /j<0rVj = li»i -3^-- hm --- - 


lini [Ar)l*n~ 


UT i' > ■ ^-r 


i'SHft A/ T =0 “ &a J S,M& “ ~ ¥ 1 + <J7/^) 2 'Haft^ 


l u 


„ „ „ -Ay - Cl 

Eeaet / 13 { 0 J 1 )- Jim —^——-t-—— - — I mi —^-= -l- 

12 Ay-O *3? Ay-fr A V 

In a similar wp grS /-j(0,Cl) — 0 and if t ^ fl, / 7 f r,(l) “ Then 

- um />£?«=£84! = Grn " I 

21 Ar-fl Ax—*0 Ax 

■63. Prove that if / is a. fund ion. of lt%-e> laia-hlra rutd alE Lb« i.'.uilii derivatives of the fp-uftt oMm- arc con.t-im.iou5 
tin iiiilir w\hh\ dLsk, blieit C 5 1 E jvt/ — D 11 7lf' 

e> IVucfn S^.3,3 says tbai wc may insert lUnge jjdjiwit subset ipca. Applying thrt^ limn wf g*.* 

_ ^5212-f “ ^?nj^ ” D i3J]■/ 

69. S - 2W 0 , H u -\ H: - 1.4W tM U _D;j . When W - 70 and H = 1.8, 

{HfV cm 

Jfjp - ** 09-13. Tba kutLwp oiw dnwi»o O.fliHi! iii’Ae of weight. 

_(l.-lK fll^yi-A cri '■ 3s 6.-12. Tim sutfae* are* ehauses fi.-S2 rei J /m of freight. 


12.4 I WFKItfiNTI ABILITY AHOTIIK TOTAL UlFt KRENTIAl 

1%AA TVfiniii^n if / i-* $ fticietinn of xwo variables x and y r thou iht TnfrTirjrTFJ of f nl the: poiat (ifrjlfj) 
■denoted by Ais given by 
&f{* O’Fo) " /(* 0 + Aar t i- o +AjJ-/(i o> y ( J 

12.-1.2 Dtfmtltnfl If / ska funrlitti of iv.a variabdn f &:id y and InrrfWfli of / fil (r^y^) ran ftrlttcn a*. 

i/[*o-Sbl - + LyC%-W^ -! *jAs 

wlirrr *j :uiJ an? fuiictioDS oF At and Ay such that <^0 ^jhI —0 us i At. Ay>—^6,01. 

t-b^ll / bt 1.13 l>s JtT/i: t-nh fia rf-E ai ! x rjI yf-, [>. 

In S.^3 =oei 12.7 fcf ibo 1 .’.' th-M u fuCj<tLoti )n diff-rmuiubk if and only if ill graph h-v a rjuigml 
pliiiLe and wbos? is th** u*iaJ difFetenital given bdo* 

12.4.3 IMiajlioe If f if difft-r^tiLiable a: int iltffzrtRttal is th-e frirrl.i^n 

(J/(T.y.Aj. Ay) = D,/{^y)Ax + Dj/tsr.arJAj 

oi, if /(J.y.), 



12,4.3 TI^hwk IF a fufli£[]t>n / oF two variables :s difFrtrrni.ij-ive m. a ijoint. it is continuous at tiioi ;n.C- 

12.4.-t llpfiiKiii r. 4 - 1 - / lw a funetioH of two x aiitl y. Si* 5 ?|.k?m- \h*\ D -1 / Mid Dj/ bji open 

disk ;r|i aud arid T)^/ coufiuiL-L-iit- at. E 1 ^, ihtn / i-^ diJTtiiMtiiblf at F u 

z> essstKiic+t of D-|/ and D^/ 

Note tJiai eouLLnuiiy of Dj/ and i}$f ^ diffrr«nLiability uf ^jdafiity of / 


2^ DIP F EftEN'TI A £11 LIT Y AND I'HL 'lO'l'AL DEfFEMftrriAL S3 1 


but no other impliefttion* exitfi ^rn^ng. iliw four properties. 

I hr dcfiailiWis extend !he preceding roneepU to functions of n variable. 

12-4.fi IhJdJikLtrjih Jf / i-, n. r'iiri-n to n of ty variables r Jr i 2 .r jL and P la the point (r 3 , x, 2 ,. then liw 

ttUffttr? til t;//AL P bi ^iv‘rtn h\ 

A/fP) - /fij 4 Aj- V r a +Ar a .j n + it J -/fP) 

ia.-17 ITtrlihRlFnir If / r- ft fMMrtspii l\\c 71 VAftlUiMi 7 s . t. n ftnd She jatremetit Gf / fti live IhchmL P e*Ji 

lw WTklltiE). PIS 

- OJfl-JAr, 4 DjffPjAfj + • • - 4 D„/(P)A* rt 

+ f,Ai l +1^1+- +r 1L Ai„ 

whtt* f|—43% ^ 0i .. .. fn^O a*(Aj\, A* a .Ax rt )—«(D,0.0) 

l.hrfl / H «jd la be di//fJVhi3(]Aff ftt p, 

F7,4,& Definition Ef f is a Function of the ti variables t,. t 2 . x n and / Es d Ltfere si; table at P, Lheii th-e fof-ffi 

diffrmlial nT / i.-- The fniLrlanir d/ having fnnrr.rnii vaJue? pj v-pts hy 

d/fK.Ai^A^.iO - !>,/{(-) A* t + 4-4 l> n /(P)ir B 

nr, *f it f ...ij 



IVcrvjjc^ ]{!. 


I, /(t, y) = 3 j 7 + 2xi/- s , 7 

► {a} A/(M> = /{T + Ar,4-*Ay) -/(M) - 3(1 - 2(1 4 A*)M-r AyF - (1 + Ay) 3 - ~ H) 

= a + GAr + afAj-} 11 + * - 6 Ax 1- 5Ay t 2Ax Ay lb - (Ay)* 4 a 

= 3(Ax) J + j\'j - ■ Ay)* + ] 4 At - fiAy 

(b) When At — D.G3 -nikd Ay tr -0 L 02, yrr hav-e 

A/(1,4) = 3tO-03) a + mWH- fl ^)-tO-^) , + 14(0-03) "CC-O-OS) 

- G.G027 - 0jM(2 - O-GOO* - 0,42 + 0,12 - 0.5411 

(c) d/(1.4.Az. Ay) - 0,/[l 7 -flAa + Dj/(l r 4)Aj. WiiPn - - t and v - 4, 

u s/i J -t'.' — f J + ? ? — l‘f and Dj/J-r.f/' 1 =■ 2r -2)i — -G. Iliu* d/fl,4.Ai,Atf) — UAi -f>Ay, 

(ii) rf/{ m, 0.03,-ti.ofl) »(o,03j-(H-ixw) - a.'ta + o.is = ojh 

i j &jry + V 

i- fa) -1) = /(a 4 A*, -1 + Ajfl - M,- 1 ) = iii 4 ix -I- S<S + iry -1 + A y)+ 4( -1 + irf 1 — 2 

(b) Wh*n Ar - -Q.Oi ajitl A v — w* have 

a/(X i;i - 2(-u.tn ,‘~S(hch KO-OSj + 'KO-OSj 1 +f,Di i * 2(<}. ua) - u.uioa 

(cjrf/(2, —!. , Ay) = Dj/fS. —I)Ac 4 —I)Ay. W lift,, j - 2 and j — -1, 

f>! —4r + Gj —Sand D 3 /(i,ji — 5x+ 6jr — '2. Tlius Ar.— ISAi 1 -2A(i 

Itl)d/(2, 1, 0.135,0.02) =4[- 11.01} 4 2(13.02)- l 

3. jufir.y) - ^"{n) A S (2, 4) = ff(2- Aj.- 4+ Ajf) - <j(2,-4) - (2 4 + A S )^ +AjrK ”*' ,4, “ 1 +■ 3r '* 

(b) VV hc-Ei At — — IJ_ ] -anil Atyt= Ei-2. wm hiLvi L 

Aj(2. —0 - {£ “ 0,1 K-l 4 tf.2 )^^- 1)( " 4 +c> - 1J + Be”* ^ {l .0)< -S.S)e f3 ** - -Ck,O026 

(c) dj(2 1 -4 i A» 1 Aris0 1 flp l - p)Ax + D^S,-l)Ay. 

S«c«we ^jul E) 3 y(i,^| - + rV JB , ^ f^ v * 

l,A_r,Ay) -f-1i!' J1 4,12e"*)Ax 4(2^*- ESe^)Ay ^ 2Se -s Ar - 14e^A^ 

!^!) dy(2, i- -0.1.0.-2) - Me" s (-1LI - 1^ _S (D.2^ = -$.0* - - -il.noi 0 


4. Ef fits. j/I - it 4 - w)■ Find; [-i -Vi^.O). she incie^eiil of h at (-LG *, (b) Ai'j^.O: wlirn At =-fl,D4 and 

Av = t}.03: Cr} ^1(3,0, At. Ay). Uw cfttal dlf^Mtlal of 4 at ;M); (d) i^X0,0.04,0.03). 

^ (a) We ftjspl > S it? I he gjvcn funetton Ji mth it^.y^) — (3.0 >- Thus, 


- ftf3 + Ai-. Ay) - ft(3,0) - 


3 4 At -j- A iy 
3 4 Ax Ay 



ib| We tubvtiLuLh 1 Aj- — EI.IM and A-. e? inn' tli-- rrviijll uibtniin*<l in pat4 (a) t-o f.«-s 


~ m ~ 


flaOI99 


(e) We appiy DeSnilioa 12.4.rj to Ihr fuitelikm . f l_ 


fi-12 DIFFER KNTIA J, f fc A[.ri‘LUK OF f L! r :■] LONS OL : MOILE 1I1AA OMl V A 1 IS AH E. K 


^ +^a 9 = fe^£bfc± » W + 

3ar t*-*)' 4 (z^yr f j ■ r 

Sub^ttE-utin*. x - # *nd jf * (l, wf aln.^Ui 

, , HA*+ 30) At, ?Ay 
JA(3,0,AxAyW- f3 _ 0 .j-= — 

Id) Wc subelBGiitc A-e “U.O'l .and Ay — 0.03 inlo \\u± be^ull ub^iiiiod in part (o), 

- d.02 

Ot»WTv« LhaT Lb* nftAuk a? fwifL (d) Is approximaitLY equal. to- e|w r-rs-iiEi af |*att {b j. 

5l /(x, V: *} ~ *3f + M y - 1 

* (a) A/{4.t.*3 = /{4 + Af>l + Atf«&+As) - WUJ - (* + Jrf)( 1 fc A*) + h[(L + A*)(& + At- (4 + [n ^ 
Ax + 4 Ay - A? Ay * lh( I + Ay) + Infi I A? - Iei -> 

(t'j Whtii A_e - ft.02, Ay — IJ.U4. and A- t = 0-&3, wv have 

A/(4,1..5 J = 0.02 4 0,16 4 0.0008 - M1.0-1) + hi* -LOT) - In 5 *? 0.214003 

(cl < 1 /( 4 , 1 . 5 . A*, Ay, Ax- - D 1 /( 4 . 1 .o)A?’ 4 Dj/( 4 . 1 , 5 )Ap + l.ii.-Ai. When jt - 4 , y - I, - ■= 5 , 

= l. IIj/lx.l^XX f|= S, *H<I Th« 

d/f 4 , I ,i, ir, Al 1 , A.-} - A_r — 5 Aq/ + j-A_- 

(d) d/(4,1.5,O.DJ,G.lU. -0.03} - ft-OO 4 -5(0-0<« I -4.;—0-03) - 0.02 4 

6. x ? y 4 itp - i 3 . (*) AGf-3,0,2) - t*(-* 4i*. A*.2 h Af) «( -3.0,2) 

= t-S + Ax)*Aj4 2H»4i*)A»i2 + Ju}- £2*A;) :| S 

- -3 Ay - l 2 Af - J?ATir-6(Ar} 3 4 2 A±AyA_- - > Acf 
(b) Wh*n Ax = O.0I. Ay - 0.03, A: = -ML kt Si.ive 

AC( $,»*) = Wtull) 1 - ll?(—0.011 - 2((l.(ll >1 —D.D1)— 6f-*.01) a ^ 2(0-01 )(0.03)(-0.01) -!-U Olf-0 031 

(cl j/O(-J,0,2,Ax.Ay.Ai}-rJ^i-S.O.ijAj-►D^(-A 1 0 1 21Ay4DiG(-:i.O,2)A:. IVlim x-S. pal. 

i x 2, = 3*ir4 2jii =0, DjG(i, **)-.# 4?®* - -3, = 2*?-^ = -4*. TW 

dG( -3,0, % Ar, As, A.-) -a At, - 12 A: 

In Efirvraiaci 7 14. find tb* trial diffrrw-iril rfu=. 

7. w» 4x* - jrii a 4 3y - 7. U 4 ^ * - £ I2* 3 - »»)* I (3 * by*** 

S. yi _ Tf tiua — 2xy 

p- fr'yom Dcfinkitm 12,4-5 Ji^v-r 

drii = ^'rfr 4 ^“<fy = ( 2 jpy - 2y)d* 4 (tM ^ 

S. in = jt cufc ^ - iy Jti - ^7^' - '!cas p - y coy xld^ - (-x ^rq j - s]ie 

10, n. = ^ + f- tf. dw - ^ + ^f|r - Jj- + - £-^}dy 


11. ci' — t + t*}. ^4 - tJx -t 4^- Jjy -h-rr - di 

2r *r ^ ■ _ 2xdk+^Jy1-2, d, 

i^ + lf^+i 2 ^ + ^4^ j^ + y E 4- 3 

«. tu = rFjTPi 

& Ey Dnfinuifin 12.4.^, 

Jti -_ | } &w d L _ ( J + v + -K??)- Jjp J jr j (j + 3M-^Kjj)- | (j4 y -j- ~ J = 


4 ^ + - 


^ *S (* + ^+i) s 

4- = )d-r 4 -n-■:X - X \4hj TJ-iU-iiJJ: 

'“(r+jr + i) 4 




(x + y + j)* 


■ - £.. dv = !**• + gdto + ^1- - tail-'.' rfx - '£ rfy t ( t ; ;j 4 0f.- 


-«oa xx. eft- = + ! t ^ a i l + jjv^ 


- - alti x=i + x^ yT cf^ + (iFf^ 4- x c*i 



13,4 iilK*'i-KENTIAHH.I ST AN]> THE TOTAL DIFFERENTIAL 813 


la Exercises 15 IS, prove lhat / is flHTrJ* a Liable ai alJ pomls in ite dwJiabi: by each ihe fbilowlDgj 

(ii Find (li) lintt am ^ eud kq <- x w lW iSie rtjii.'iliiFti uf Definition 12.4-2 {c) sih&K: llw 

fl^d th* <j U nuini lil |:rtri (M I-k>Mi a^sprc^rli K*ru ^ A]/'— (U.01. 

/t*rlfl=*V **? , 

& (je) A/(J:,5) =/•(* 4 -ir-il 4 Ay) -/(*,!)) - (* — -i;.'; - 4 -ix ■■: y + A-jr 

= 1(xy - jr)ix 4 (-z 7 - ?-r)A.,| 4 (jfAr 4 ArAylAx l- - Ai)Ag 

(hi.) *nd &,/(*,»} *x l -ir. H*nfc <, = vbx. 4 ArA# nnd i a = 2*ic-3Ar 

c L -"i ^ _ |jrn ■ w.y/t 4- \r \y'i — Oi Litn i m Lim ~ — t) 

( ir. ij^Ji—|r>,Q'| 3 

it /(■<■, sO- Ij i 4 3 i i 1 

» (a) A/(J^I !fg) - /(*(, - A*.JU - diT) /(Ij. y 5 > 

= + A* f+ %c + A|f fl-1% H 3V) , 

— 2*^ + 4x 0 A* 4 2|if) ! 4 SjlJj 1 4 SpgAy + 3(^9)' - Slg - 

- -1 iroAJ- + BSoAv 4 2 i(Aj 7) 2 4 3(Ay) 1 { l 5 

lb) He eqij-fj-tlpn of Il^fimli<?ri 12.4.2 states t-bai 

Ayfxo.ygi ■* l >)/(!■!)• JfglAif 4 K tjAs 

Partiad-iMffoienlUtl.ifl ilic fii'-'fii funtlLnn, wc »uiw 

Di/^D>>b>-^ g» 

SnIiHlltuliviD; from E^e r3), f3), ajirt v\) iialo 1,2;-. w 
4*ijA* + Gs^Ay + 2(Ar) J 4 J}(Air) 1 = t-Tgi* ■!■ taoAp + r i-ir *C s Aj? 

HAj) 1 4 3(Ajf) l = f]A x + f i- i 9' ^ 

Equation s5> wi]] \w ?_n identity if 
^ z 2Ar iiri 1 1 

<c) Uw *, = Jfa» 2Ai ~ 0 Km „ <i = =« 


n. ~ 

p- fa) “ /(* + “ Ay) /E*iff) 

_ + ji( A-k — j At 

— ~ M ~ tftar + ^") "** + 

(h) - ^*“1 Pi/(*->) = -^r- TllW!t - 

_¥tir+Ay} y 

ir - A ri ,HP 


y + Aj “ )f 


yi;^ + Aj?) 


AA*- v) - IV(t, y)A* - u 3 /[«, j»Ay 


"’ r rffCv+AS T ^!f+A S > 

y(if + Ay) y'ty+Ay) 


1/iV +■ Ay) 


link 


(AJ.Ami -o.oi y*[if I 


yft+Ap) 


18 . /l>, W A/{*, j 3 = /|> 4 -Ax,d + Afl) - /l^y) = 
(b) Dt/Iz,^) - --^aiid D 5 /(T n3r J = i. Tlius. A/(r,y) 


j 3 (j + A*) ■+ i*) 

■Mnd kc) fj—41- and —0 as At„ 


H-.-i DIFFERED I'JAL CALC? U’S OK FU-N CHONS (»' .VIOiEh 1'ilAN OM V -\lt[A 1 = 1 F 


in EjxrdfGS E.I-k Theorem 12.4.4 So prove that the fundi™ is diffetentobte *11 points in its domain. 

19- y) ^ 2x 4 - - * 2 tj a . The domain of <i i* all point* in. R. 3 esccpt (13^0 

D lf {x,yJ ■ «**-6xy 1 -3*' 4 Sf*:l)tffa.*) - 

At ah points in the domain of ?, D 3 s *nd e'jdir ruud, ftins tMitlniaoiia; so g is d.LLTc-r<-ii!^i^>14/ by 5 l;m 13-4.4- 

- 


e* The (tonkin 




in of / is thi- wf of nil jwjints |^,.y) not on the pfit.-ihaLk rj = ]/", Tin- F^r?;*! derivative* of / atr 

3f + tiy} - 1- 4 -j )(2*! * 24y + 






C^ + M 2 


c^+fly) 3 

Doth Djf and D^/ gofltimto*is ai ev^ty point ld the domain of /- Tii^rcifnr^. by Thcoran 12.4.4, $ is 
rliffai-eniiable at &EE points in its domain. 

21. /(.J.#) =3 En j*\f | S r-jji j-. I hr ftnmftin / in tli^ ftp?A Olid third qufrdrMlIJ lft II*. 

Eii/(^^.l - $ ■ j. 1 - -1/ +-»tut# j: = ~ +5 ™ D 2 /u.ir) - 3 - ^ ■ S 

dr. jili ]uink in the doittatn of /, U r f and X) 2 f exist and are oontimipys; a/i& djiferenttabk by Ttm-12-4-4- 
5K. jf{£,y) =* mm j| + <11 is Tti* 1 domain of / is 0 ]] point* net on either :vni>. 

-p«*;-; !il1 ^ Md ^™“f+ ^ si£l ^ 

At aJ] poim* in 'h* domain of/. D 3 / and U^/ exist and are continuous ™ / i* d i nfcnuEt L&bLe by Thm, 12.4,4. 
23. A( f», y) = la-rs~ 1 {t + ' I hr dom.ii n nf A i* (( *, 0 ) | * f y). 

= —7/— 3 - 7—C* = rr—3 — 

4 l+^-ry.l" (^-f) l + (j +I/) s rr - 1 /) 

At nil polrnt in the -domain of h. L)|A paid D-.i^ esist a.nrl -cvuLlnn^ns: so is diffcraitiabk by Thm- 12.4.4. 
34, - y hi jp-™ 

p? The domain of $ {(-Siy!-1 s > 0 And y ~t 0}- TLc pLirclaJ dttlvatives of j -axe 

D|S(i>S) = ^r^ = f-| “ d l>2St* f ^= »({*■.») = In» +5 

Siotbi r? l? nirii I > a j? ntr ^rrtUiinious .it iivurv ^jipit in i3t<- iloeti^iei gf j. Ihepekre, bff Tbcofrm 12.4.4, j i» 
diffeifonLiable at all points Ln ilK domain. 

23. /(ff. y) — - zc~^ v r The domain of / is alJ ^f R". 

Ai all point* in the domain of /k D 3 /wd D 2 / ex=j«t and are eontEnuou*; so / k dtffrftmkbfc by Thm. 12-4-4- 

26. f{z, gr) — y + e - y, lichrn&ifr of / is AiS *T K J . 

D = "ie^ain y — 2e -Jr £<M. an-d = t^toa y y 

At all poiols in the domain of /- D L / and D 3 / exist and art continuous: so / Is difkrenUabEc by Thm. 13-4.4- 


27 /(* „i J " lfl ' f' _l 
7Tr ' f,fW [2 ifx^laswJV# 


„ .. /(I + ix.l)-/(U) (i + Ax^i-2)-0 , 

Di/{I>1) = >nL Xj -- - Jiw - aJ-= 1 

0 l f(i,u- .!!±>± 4 pa=i., 

!J 1 Ar^c Ay Aj 

R :L r. lim /(j;. _ iim 2 = 2 r. D — /(l.l) .%& f Es diaemtimioua ai I.E j and so hdl differt-niwlik r.htfrfc. 

iJ-nji—TO-'I'I jrjl 


12 A mm: tti: NT! ABILITY AMJ LHF TOTAL EMFFfcR i:\TIA1. fi] r . 


*«**»**■> 


Pnw* lUiai n t /((|,Oj ami I rail but D,/ an-i Dv/ -are aot condnuous at (D,0*. 

-« v)= 77 ° 

If (filO ^ -M}, by Lbr (tUiLirtiL ml*. 


pf . .. (^ + s=H6^J~(3^XSx) W 

Dl/(Ay} -- <777? -- 17+7' 


lim IUi,*)- ILai a£ r-!j ? *D 1 t0,0) 

[y=*J 

L)m"n Oj/ p n*rt H L>n I miiHjnr- ^ 

« =in -—= >n V = 0 

If (sr,y] r ItUfi- fcy quotient TUtt. 
n fl -, , _ i>* : /X^ ? ) (S* 3 ^) _ 3* 4 -3*V 

D l'^v> --(Vt + pi'ji-“ "^rrPyT 

because . ^ 

lim I>,/fx, s i - lim %- - * / n,m, 0 J 
U, T x 4 *' 

Eh^n D ; ,/ i? ual tOtJlinuou* rtl (#.0). 

f^ert]s*s 23 and 30, |>.-u^- that ]>-|_T {IX Hj &ttA D ? / !':■, 0) «*i*i i^t / is. tiai diffsetitiable ax (0,13). 

». /(.,„] a^lKMI 

|e if t»,w> = £&,0J 

D t /(l},0) = lin / <J,0} ~|[’ <0,D) = lim ^ = 0 D^ffO.O) = = 0 

X — 4f -T — U #■—*0 -*■ ir—M."l 


y— Cl y - (l 


but ^ Eim ( ?; / / in il..i rcmiinuuuit f*l [O.fi/ mul w diHV?3Eil&bl* Mut* 1 , 


m/(,.,)-W7 


1# if = (O.ft) 

n,/(0,•) - in' — jzrir — ! = iim °f Q = « r? 3 /fik0) 




Bui _ lim /(j. y) r li m ^ /(0, D)s / it not coaliiiufHu al (0,0) aci-d m nui differ^ liable ihtr-t. 


Is Lraiciscs 31 and 32, prov< that / Is dilfar-raitiabl* at all in R 3 by doing *aeh oF Lh* f^llo^viai^i (a) Fi:ml 

i/Cjvy.rjE (bl rlfHl _-!ii - ^ ahd -i- that ih* f^uALitMi PermltlflB i2A.^ h^-Ldi; (ej i|w>w ih^L tla* 4 V aad 

FgueliI lei pil-t b-j All k<t-u -as ■ A^, Ay, Ai ‘—'(fl.O: 0)- 

31- = jrr: 77 H 7* 

(a) ^ /(t + J + # ir) - /fciM) 

- -I 4 Ay ^ - (* + £x)U ± Ai) 4'!- + Ad 2 - (f^ - rz - 3 S ^ 

= 4 jAy+ ■ lip)(Aj) T,- ^As - ,-Af £ A *)( A;) + A? + { Aj:) 3 - + rz - ; 3 

- jAy + yAz - j?A: - iAj + 4 •; A_2ll A^j - (Aj)( Aj) + (A;) a 

- (f - r} At -4 4(2;- Az - Ar Ax 4 Ax Ay 4 A^A- 
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(b) = 2 = *. = 2* - TIilc. <, - -A-. <2 - A*, i, - Ax- 

■ Cl lint „ tint [-A:) = 0: ,, , jini*«. ‘l = A lin ' is " 0! 

LLlU “ Kiel Ax = 

It follow* r^TSECL Definirion 12.1 .B 1 1^1 / L-; ditferiBiiaote at *11 ]it K . 


32, 

fr l*) 

= /(x + A±, ff + A^; + At)~/(J£ 1 g.z) 

-[%4 A^z + ArJ-a^ + iyjtr + Ar^-pr-i-V*] * - , t % _ . a n , 

- 3 t 2 Ar 4- -lx; At 4 4;rA.xAr + "2l{ At I "it Ax) 2 A_- - Pp: A; 3y ( Az\ - 3: Ay -■ fiiAjfA; - 3 A y( At) (1 > 

(b) Ft ffl-il lb? equation of Dtffmiliaii I5L4.7 ^ilJi 1 = 3 
t t Ar +<jAjP4^Ai 5= A/l>, ^ r ‘^ " T 

Mitig partial dfriv#*Jw*flf /, wc oUnn ^ , 


O l f(x 9 ^±)M^4xsAr D,Ji£^s)A^- -3r*AjP = (^i 3 -) 

SuhatkCiUiiig fmm (3j juid [ 3 } iiilo (2h wp [tel 
f,Ax4 r .~Au + f-jA: s JtAtAj + 2i{A*} i -I 5(AxrA; lijrlAs) 1 - 2A^Az r 
= (4tAt + 2tAj: 4 ^ArArJAx + - fifePlAy 4- [-30^1*7 

Equaling corresponding coefiicLcnlFnf As., Ay, oud A in the above. w-etahe 
(l - 4iAx + 2rAi- + 2 AtAt ( 3 - -5;At - 3f Ai *a = " 

(e} Since fflch term eonlaan:* at k*sl otic fotf-rt »f Ax, Ay, of Af. -nil Apprw^ii fct-ro *"■ Ax. Ay, At}— HS.Q.U). 
In ,hs. 33 *<Ld 34, prove that Dj/iM^h B a /(flAft) vMisL bul / k n«l. ditewitwbfc *■ M)- 

„ ff i J- , * y [ Z ■ Lf{T,^T)/^Q,fl : D) 

33. /(*p y. *} = i x' 4 

\q iri«-i^=l = (o»'u-aj 

.. ^ ^ _ 1= _ n*Mi- mm _ ,=« u.. . - A 


H lim ^ 


WM) - ,^^.9: »^<LW) ■ lint 

< b ^ fa*#=H£i = ^zA-i* (> = /t<ul ' 0) 

*:r=ir=^J 

’t^TCfor^ / n di^H intin litHK at and so / b d^l difTewiltablfl at (Q.y.S>). 

, X I- -T—s in*,*,2l#fM,£>) 
l& ir(« t V l x}«^.0} 


/Q|J.rWW) _ l; .„i-l n 
J_-0 t-4 a 


,. 10| / CT . l M )) ,ll s ^_ffi a. i i a V = fe°-’ 

D./IO^I.M-Si 4 s = lm ” 


n f .u-iu-1 - f.u.iMfl .. -o-y A 

= £a=o;=j«a i-i = = 0 


Jb) 3ii« ™ liin ^7 — iitti 1 “ I ^ 0 “ /■iO.D.UJ. 

IHC0.0.QJ J"'* 3r r -^ f ' 


Tbercforo / di^rjlinnoua ai (0.0t0f, ^L-d m / i^not cliff^rpn^ulik at (IMI.O}- 
3 S, t metefs 1* ibe length, u m the width, uid m (he lieiplit uf lli« sohd- If V ia the volume njf the solid, then 
V jt dV - ^ d£ + dNf - ^ dk - ti'/j- dt ► Wj d aj- - da 


With £ = ^ df = O.OS. it = a, du- ■= OB, k = 4, Ah ~ B.03. we ha^e 
^ ^ Lfi0 + 2.5^ + 3-30 ^ 7.«- A V tt 7,3G. 

hi f«t, AV - (*.UB)(5 WM'iHifi)- l-Si(W) ■ 7.17. 


12.4 DIFFKStEN L IABILITY AMi E HE TOTAL l>Eh'FIiREJJTLAL 65T 


36. L'e e the toSal differential to Jmd appiemmaceh the ricam-m error in cakaJating tb-c arr-i of ?i right triangle 

from til* lengths of Lb? kgn if llirV nfr tnc L vuml m hr- Q tin sihd & Cln fwl*ftClively + with a pcwsjbk «IM Of 

04 «m £ot each measiari-mmr. ALm> find tho a p proa E maw p*r«nt ercor. 

> Let jr cm and p cm be the lengths of the legs of a right triangle and lei A cm 2 b* ! hr Th*n 

A =^Jf 

We take Ihc total differential of A. Thug, 

dA~jg*4 +J,d ? 

We are giran that x — S E 5 =■ 3 1 | dx| < 0.1, and ]dy| <04. Using tho triangle incquacilv- ive have 
dA I < |{*; 4r|+|g* 4 ^ 1(0.l}+3<0.1} - a.T 

Tluw. LIik jjimIbl .'JIUJ ill tivUglrtijsifi iIil- aim u ittjjfosijuairi) 0.7 ««i i . Brefuiiw A - 4W)li — 2fl. pwnl 
■error ]£ found by 

^ “ 0-03* 

Thus, the error ifr approsEm^lely 2.9% of the ealtlllAtcd tITOT. 

37 - Let £ cm be the length of the hypotenuse and 2 cm and p -an be 1 he leriftil^ =rf tin*- lt^±_ 

£ - */r 2 4 jf*- d£ — - 1 ---dr 4 51 dp. Let t fl_ y — ^ dtt — 0. i. and *l!p - ft. I. Th*it 


( = yr J 4 y 2 - d£ — - r -•“■- dr 4 * dp. Let sf = fi T ^ — S t dje — 0. | L and ri!p - &. I . Than 

V:j 3 + ir 3 y+ if 1 

*=4|((*o.i) + ft(±fci)= ±m the RtcatCVl error in eahwlnling Lhe kngth of t}*e 

|^poL«nuie is 0.14 cm. ^ — ± D.Dl-b and so I he approximate percent emw is 1.45£. 

ft PV - fcTj P feTV -1 . if I ! H ~‘*l „ A ' : .--~—I -1 <* J v |<H, r 4 : v 1 -1 - *.351 + «.S* = l.« 


a-» fA-Wf (A-W'jr 

: " 5B^ia - *K I * W j^ - •■« |+| g-aral = ^ ^ - * 

j. r. rift 


, dW Le; A - JU. = ]tt, cl A - ± 0-01 and dW 4 0.1M. Th«i 


Thfi zi|k|jrt>.itrrMLL^ rrJatiw ^Tror pf ^ - 4 _ 4CJ,04>u;l ± th&WH. 

■40. A wooden box is to b* m*4.r nf Igrub^r r.hai L- | Ln. chic.k. TL? inside Es kj be 6 fiL the inside i*-L-dlh is in 

be 3 ft: ihc inside depth is to be 4 EL and the oox is to no lop- IV tb* Utud rfEEFfir^ntia] to find the 
rruiJoanK^int erfIncmher lobe used in til* bos. 

> Let j ft Ik 1 ihr kttffth, |i ft width, i ft be thr depth, &iid ft ’ 1 he the volume 4 sf a rrffthjkgiilrtr 1 h»x. TImui 
V = rp^ 

We have r-= R, p =-3. arsd i = 4. The thickness of the box is | Ln = ^ft. Thus, taJc* = = " ™w! 

Cf^ — ,y Bwvuise tlterr r- mp for a hr hrt/ , we rf." - j 1 ^. Hrurr, 

rfv = ^-4.^+ £:,/: 

ir- Jx 4 J-- dp -rTtjtlz- 3- ‘t -^4 4 -^ 46 - 3--^ "> 

TheKfore. appuoximatrly a ft 3 of lumber is needed. 


Al- let lhe dmiciyiojrt ef ejtie crat? hr x mi. h p m, ^ in. (f A ni ,J i» t*UE Mirfw^ Aren. 

A + p^}^ dA - ^|{p 4 --}dx 4 (if 4 -}dy 4 (J- 4 

Let * = 3, dx = ± p = 4 S rfjf = ±0.005, ^ = 5, and dz — ±- fl.fHfo. Tht-ii 

dA riA = 2[9( i O-OOT.) 4 «(± O-Ofl^) + ?[± 0 jW)I = ± 0.240 

The 5 ^T^ J ■^.!r-:■! jpriq^ibk ^fr^r in !hr ^rponn 1 nf ■'vinct iiiw’rl ff*r rriirt oral? 1 i 1 - iip(iruxlliiASrly El .24 lu*. ThlLH. the 
grentwi. (Nwiblfl r-rm^ in r.h^ (rf th? <-u*! irf w^udi ftw manitfaeiuring, 10,0013 eealrM 1 ^ 

10,00(K0.24)^2) - $7300. 
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In Eserrisfls 42 4i. we stunr that a fuoelioB / may br iliffprciaiiiblr al a point, even though it is not mnirm.uiihiy 
il i ff<-:rntiattle liscre, ivhrt'’ 


f(*” Sy 1 )*"!—nr-w il (f-y)/fOiOJ 

V* + s 

[a = (0,0) 

42, Find A/(fcQ). Set (S> below. , , ^ 

43. i.>]/i«,iij - a Jimi ]> J I0.it:- = ft; Knsr rt,- aud btbow If (j-iiv f- I Nr fnrniuldt. f l>i Jiffr'miELK.nuiL 

fo xs \„—)—„— *— ^.L iffr,y}/{0,0) 

if fr,)r> - (i>.0) 


»,/<«♦*)-] 0 

(5j _iLti—r—i-<■»——;!-if |>,j) f (0,0) 

J J /ra+B-J ,/t 3 + y-S v*- - y- 

Dl/^y) = [ 0 ,f u,0t 

44. Prove tb*i / »tfcrfitrsiti«M» *1 (0.0) by u*tis$ IMlniUmi 12.4-2 Mrl llhr ft*It* of Emkuoi 42 an4 «, 

> Hy [JeftniLiun 12.4.2 wr must find so r L usd. an whrrr < t uuj <„ *m funet.liiii* of Ar and Ay mtH that 
Fj-tfl ms d {Aj, Asf)—(G, P j aa-d whtrf f ( wd f 3 sattsfr the «|UftJ.i»p 

A/(0,0) = Di/fQ, P)Af + D,/(0.U)Ay + < j if 4- < 2 Ay f 1 ' 

By SlnflrutliiH 2-AL . 

A/(0,O) = /< Ax, Ay ) ~/{0,0) a JfAr) 1 + (Ap^H-w-— , , **? 


and hi 1 Definition 15.4.1, 


Jt^T-r-ri^y 


D^fO.B) = I in i ^ 0 ’ 0 " - lim -—3T^ f - lim ie>i TAp 

1 At—0 J* At- 0 “ Ar-U i" 


- L <L Atn.—^—; C 1 
1 An 

Um5H 

—! A j | < ‘ A-r i s: ^ ^ | < i At | 

TtiPDCfOE^. by the ^qn«TP ihrorriH, 

lim | A* ! Mil. - 1 —. - n 

A# 4 I A* I 

Tliuft, 

0^(0,0) = 0 

TnltrctaugpnK * and jj. find ^]hi 

!>,/{O h O)^0 

Subslilutipj; ffum Dq*. {^) K ( 3 -), ml {■*!) h\k> (I), -«f# 

it As) 2 +; Ay y* si n f - 1 = <, Aa: 4- ^Ay 

tf+ {*»}> 

KqUAl irah ■!“■ i ■ nn idrnii^y it 

t — bill —3 -!- 1 Jirii! “ Ay ^- =7 

JfAr J 1 + fAj ) 2 s/fA ^) 2 + (As ,) 1 

IJroiu^ v > 


—1< alti , n ■ 

...» 

—I Aj ] < 11 <l i;c l 

5l3Ul 


H A V 1<l a <|Ay: 

h>y |.hr Ltjrttffrm, 

Jim ( p —0 aJfcd lim l^. — 0 

Ttifiiffoie. by l?„ j 1,2, / B.<£flt£etit4lbk *1 fO,yy 


(3) 

(1) 

(5) 
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45 Jjiii D,/(*.y)= lim f^isin tB® 2i sin ^ - (1 Im- tbe SKiueft** liutaieni Vul lira cos- 

' (r.w)-IO.Oi r-n 1 *- V * ' *-fi 4 

jSS'^Sist. TtKKtof*, lim □«/<»,*) tiam not wd *° Oj/ i* <U«ohI,liiikhm. at (U.O). Ill * iritriilftr **S 
wr. rrnree that lim O.JiT.a) ths*. not tail by sbctainj lim; lim nj(f<y') daca wrt mmi, 

|>~O r y>«) 


ziff* 1 if) 




4fii ;T + JT 

u 1 


If {*,» / (Ci-O), D,/(T.y) = D ' /i:00:i = "i* ^ “ST - * 

If (Art / (0,0), iVir.iT) = D,/(0.0) - Jhm* ig ~ ~ ~ “iT ' 

Both D t / and L> 2j T PKrat «□ every open disk «nt*rH Wlj. To £*w? w D,/ is cmiEitiuous si (0-0) we will 
Htl-OV that lim “ 0, 


/W)"M . j- 3 „ 0 - 0-. 


Si-H«V-|f >jlf[4 J 3 l + U»L 6(^+jT L _ e^+5 

r^ + y 2 ) 3 ;- " W? t s') 1 


IVtrfwr. if tf ^.1 P,/(r.y I i < « whenswir 0 < <-1 and « (j *>,/(*■*) - O' > V “ 

fonLifjiKHE 4 t (0,0). Similarly, tJj/ i« mnlijuunia at (0,0). Hence, fey H>™iem 12.“M / “3 diff«™i.ahle at (M)- 

*t. Let r=]u.^) -(0,0.0 )]- v^+V+7 1 . 

I ft if (r,^) =3 (0.0,0) 

_ . + y' i + i 1 )- rjr-V T ) _ ■t'.'PjlJ^M'll 

B (x.y.i) ^ (0,0,01, tlwa = --- ~ 4 - ji "I 

n« „ , /I r.O.U) - /(O,l),0) v ft 

| £>i/(*,ftZ) I £ - Sr—0 u r—0 and D,/(O,O.0) = Ihj -J33--*-4 * “ 0i 

a™«»pUD« D na at (0.0,U). Jtf 'Him 112,4. / It difTeramiahlc at (0,0,0). 

115THE CHAIN llUt.K FOR. FUNCTIONS Or MORK THAN ONE VARIABLE 

115 ) tk*roi (Th* Chain Kttlr'!- If « i* a efiffori'»iW*k (mwtion «f t wnl v< drliwd l»y * /(Ay), ainl 

x - fir,s), y ~ <S(r,s) »hi *r/fr, 3a/<k, flv/#r, and ihy/Oi all rsial, than u is a f.inai.an of 

r snd ■¥ and 

I? il&' <*■ 

llTl-V ' K % 'Tv . , 

F In 'I Ji^F'Tfm l?-S.l both x Bifid y arc tHSfcrrtntiaMe of tbc smfilin- vaiiabk t n tben .1 

is a Function off ml ifc# totil dcriv.il in-- «" '1 v.ilh r^pect to f is by 

rJ t r.'z riT Oil dT 

The ch?iin tuLc may tw 1 Hi^tsadti:! to fynn-.iwia of thi-r^ ur more vgriabLei as- fo 
115.2 TImkb (Tlir Ctnciol Ch.iin Rule) Svpnnm that •» fc» a diff™tiab)r Riutkn of the 4 v«3iiWe* 

x ftfi^ ,-Afh of the* vnirUbkt hi In turn 4 f-msrtiim ol'the rn vafihhJH y v 

Suppose fisriSift that c^wrli ol ttm m?t p-inLii Jariv^liv^ 1, --■« 'JJ j - b, L, .... 

?tt) cjdsra. 'I'her n Es ^ fusiolton of . 
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flii _ on ftn . a« d*i. , a. 

dy, til, cty| iiz, ihj t ' <fy, 

rUt An , £*2 , S(i_ _ mm Ju r ^n 

fJv^ fir, 25^ S*> 'Vj i** n ^’J-. 


JhL V* £% . -fa ^ ^ JhL . ?*■. 

tfy.n “ ^1 ’ SJJU *to M1 ‘ 

[fin Theorem 12 5 * *wh -r^ i* a. d’ST*ro.jitLa3Mr Junction of X,. tSu-i: u := a timcLio-n of I, :-td th** 
toUw dcriviifiEvt! of u with reaped to £ sh given lay 

If, 1 , a + (2J 

ji! i.'/ 3 5T< JSje^ ^ iJfp, >1? 

If i also appear* (UCpIkitly ]n u. then w* mini jliM lIh- ix-im i« K-i|»- (3) «(id {!). Src 

Eaartl&es IS, 21, aad 22, 

The next two theorem* fceil ijh ho* to calculate derive iv^ ctf fiEiu:licffl& dtfiEwsi implicitly. 

114.J Theorem Ltt F(r b jr) b* jl fund tan defined lit an »|srn dbfc &[(*(], ifoUO Wth LFiAt F hu cotitinkiOUt tint 
partis! derivative in H and flunl F^.ppf - 0- F^j{j D! ^) f. 0- TVu hkStdo tom* fintalkr di*k 
ihr.w. & a unique function y — /-'x i s;ith thai |’( i.jr) zz ft, h*a a continuous 
rtemtUivc ejjvcn by 
dy _ 

2* FjfiTyJ 

ll-M Tkiirnii Let Ffoif,*) be a function defined In m: open bail B((s^. 5 to-iudi that Y has cvniimwM 
Hral, FMLThlitl derivatives m B snd that Fz rj ) — 0, l' ± (^ fl- Than usaidc some 
ittttlltt dbfc there es a umq^ir fiinn tan - ^ f{i i,p) ™h that -0- - 

hw partial dcrivul i^ by 




r-H b; 


i and *| n - vj 5 ;-r 


Ckuehy-Ricmann if li — / .r, I/ ]■ ;S'| r r - — iy( -r ^rj, 1]i, ('.lui.l 1 V - HjvILI-iLl Ij cqi;a;:nri.v iir, Tj T — - ^ ajld l 1 , — —U.y 

Sk^iviih H 4 42, and 51. 

A.y<friJsr.i: 7.?. 5 

|n KueceiaeB- l-fiu find the- Ladkated parliat dorivAi]v^ by two m^itifrta: (ai use the chain rule and fh) make the 
Mub^HtijI I^ris for r ,inrl p ljpfurt h] IfT-fc 1 r^; il i-h =L=t'L. 

L (f Ji* - ph I - 4r - *: |f S F + J j 

(bj -u = (3r - s) 2 — (r 4- — ^ - 6rs ■ r 2 - 4r* - — Ifls^e — -Is 2 * l6r - — tOf — 

1. U — 3jt - 4 y 7 i * — Apf: ^ - 3 ?p 3 Eif 

(b) El - 2q) 2 m l^pq-^Sp 4 + *&p\ - 16^. ^ =■ M lp 3 + 15 P 4 |S ^ 

^ <») £=fe£+g£- 

(It) II = S[> - L-)* + ( 3 *- K*)(r + #}- 2 tr + f 3 (lir - - (r + a) 

= t23- 1 -3fiI L i + 2Ti*+2^ , - rs-if 1 -2r J -Arr-i^ + 8r— - 12r ? -4lrs - 22** + 5r— 10* 

^ = 24, - 41* + ii; 2“ = -4lr + 44t - 10, 
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4- u — x - " T _v 2 ; r — cosh r cos i: ^ — tiab r ejji t; $a/#r; flu/dp 

*■ <*> $^tk'^ 4 ij;'5r = 2x*Uhr<«( + < 

— —f h - li sJi r re* ijrfqnh r cck I 4- 2(sinbi r sir: ikosh f t-j:. t 

If" 7E 1X + S ■ 5? " _2± '** r * in 14 ^** r «* ' 

— f" can. ljr*«h r f - 2(*inh r -«.;4t - r >-i | lU r o* I 

(b) SubslHutiag £wfi*fl fb rti^Ft'niialsng, v ,»c have 
u = ajdi a r ctk+ 3 i + sinliV sin 2 I 

da/dr = 2 eoah r sinJi r coe 2 * - 1 - 2sinb r c-otb r sin 1 ! du/fll — -2 cosher eon £ Bin I — 2 sinh^ sin i ro% t 
The ttiultj of {aj ;*iid (b) a^jrrr. 

5 t fj - r u,/j ; j- -- ir co& L |f - 4r sin ( 

11 frMHMj ** 0 +< * ;r ( 0 4 * *>=* 5 rc** *■' - * ™*> 
fc " M + ® jb -*]jf *J)^ *'') 4 '■*(&*' t<w '> * <+fe“'t 

(h) « = <***" l / fc «* * - «* tm *. f? - ij; f£ = 3r* L “' 1 w *i r 

dr tfi 

ft. V - tz 2 jf: j f.os ^ sin jr - *V 

► Wfjf- £&+8ffil'' WJ ’^-* i ™ -’ <> 1 ff * lx Jf 1 % S = ^ J ^“* 1 «» o + « a ( aV > 

(b) V = x(«’xsii/* A’ 

t san 1 t c f {—2 cue i flitr it 3 +i few 2 z z); ^ — x tpk^z ^|J i?jn < cos I c* +an ! l« l ) 

In 7-l-fc, find ^!k- .■.i.Lir.LN'i.l jjafiml! d^rivASinK* by mdnn (h* idirwu rot*. 

7. ti - j- 3 + x ~ r 2 -+ y - Sr - 

* S - fcfc+ft i - **- +aX3r> 4 J(S)=2rf3j 4 + 3 ' 

f xw - *<-» - U7* + 9) -ar 

S. t£ - iy + xi -i- ± — y — r 2 -**- r ; = (r - &)*: dufdr: fotjfis 

01 dr 'W + §i'$r - fr + 'M + C** ■]( Sr ) •* 

it = ii 1 si + ■ a * + ^7 ■ 'ih ”* +2}r ^ 4 (j 4 ’X -s *>' +y>(" s » r - j J 

9, ii - flitt“ 5 (3r H-^); t: - r 1 ^: jj = ^in- 


6n;" + Ji r> 

h/i - '> - W 


” 'Tnta? 11 ''' 1 *Trxifer^’ s 

10. n = sin zy; r — jr — ^ 2 r“* 

* m = § w k S?(■ ® (cto ^ J3 “ r + J(r< “ 1 ' 

11. u — finslL ■■; jt = 5-r 2 ^; = fe’ r 

& f? - ^ ^ ^ -- “ ah If-p) 6 ^ f h5,lh = r } sJ " h r * 1 ! 

fi = lifr 4 ^ $£ =i “ l 1 1 *^)^ 4 ^ ^) 6rT ' = § 0 ^" r 5 ) = f 
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12. it — u ; i- = Un 3 ( r&f ); aj — tn [Sr? jj?*); cfo/rj^ Oufftl 

c Wp> hftvt* y = En a 4 lN(Sr *- Til mi 

_ flir , d>U % _ -jj *t _-n_ 

t?r “ iSir trr .jty 5r I -\ 

i>^tj _ 5 j.- . flu <hr _ □ - ■ H .—ii I 

ffs "* Sr 3a 3* ' j[ _j. r 2 ^t 2 * 

& = BiAtkfe.-™ 

dff tfr pj £?£J ■di'd | -|- 3^ 1 ■> J - 

IS. h — z 3 4- jf 3 +■ ; s ; i — r sd ^ tyS tf; _y — r san $ sin 2 — f co? o 

^•-fS + SvS + to 5l - a™ 4 <n tf +S* to * to # * S* w * 

$=$* to ’ to to ■+ ^ $= 2Ir ********r «•#*w- : ** sin * 

H. u = i a jji * - *J _1 ; p - i - w" - . tip ” + B^y P + «*r r " 2#^#"' + fV I 1 *V 

U A =s “A + “fri'i + = ‘to^(- r *~*) + + i 3 yf-J r c _F ) 

In EncrtJEes IS IS. find llir iul?il derivative dvjtli by Kwy nir'.lmcli: (n'- I'se the chain rule; (Ii) m.ik? the 
gubtliliitionH faf j Atld y (And bfftw dilWn Limine 

15. nr = pr J + a ” era Ii y = si n f 

* W f t = J£ ^ ^ = (** + ^H- 3 ** 1 0 + 0 = i*t«»' -® *) +^C*™ |-sin i) 

(b) u^«nf e™ * + era f f® 5 ” 1 

^ i, Mua f ^ ! +*in ( ^ s (-sLb I) -i!o f c** 1 + i ^ l {c« I) = /*“ '(m f - 41^1) ^^ Nln *(«ps 4 i - sin C) 

16. n — 1 n J:^ + I ~ Jr = C ~ 1 

We have u = In j 4 In ^ p j/ 2 - 

W jf+ g*g-^4(J »to>-‘')--V +< /+^X-^)- ,f 

11> | SiiilK-il.il riling Uir t. jujiI y. VrU 

ti — In t* 4- In c -1 + (f“ ( )* = I — I + « ^ — t 21 
dpi _ » -Jl 


17. -j - 'Jx r +tf l ~+x i ; x - Ian (■; y = <wJ; ? - sin t; 0 < L < ^r. (a.) ^ + ^ 

- . * (^i) +. . . > if - ,. -, . <«*<) = ****y-i**”* 4 . 

y/if^ 4 p a + j! 11 + V 2 + + SP^ + * 3 

(b) w = y/^p+ cA^t + ei *i » Viajl 1 ! 4-T — ™ j e« f I ^ £«: l L = see I Uut f, 

I -ff. u = * ~^~ f i = S -rii ci g — Lli l = 

(. + ^ Jnt J„_(l 4-3rosi + 

- (Lnf-c')* 

Eft Ks^fCa^ 1^2^. fieuH lli^ iolnl drri%n(ifrfr tiu/di lay u^cie i4h- drain rule. 


iy. U — Irtll 


; r = ]]L f; j = f 


I / JVVl 

df ^ 3a Jf ' ^ iJl ‘ f\ jW 
I + -j 


l+ " i(^7?} + ^7 “ 


20. u _ xy + 4 j — f cw tj jf — I sin l; z — 2 


II 2 i + 1* J ^ iJ+Cif+*K^t+t*» 



ia .5 the chain rcle for fw noss of more than one v armble k* 


= lnJ = Ir. L j'l = g* ^ 4- §t'M +&&^- J-iH +U 


if 4 ( 4 J 4 t + y - X _ r 4 1? - 2 i‘ •+ J fj n 

Hir+i)* " itir+*r 


-iJC “tfx tii r 




]\ to + I) - (x 4 f) 

w to+i) a 


2?. id — ln(x 2 * + (*); x = i sin f; jr — tos t 

tht _Sitdar_ l tfir _ 2x n . ^ . ^ -■. > V 

j. -—, -j? 4 vr \ f m y, ■> r - -. ta* n i , . ,, uti ij 4 -y 

dt tlf dt 0 J/ ITP Vi x ! 4 y 2 + 4 4 y J + r 

In Escrow 33-26,. usr Ibraretn. 12.5.3: = t'ornpare \rtth iht indicated cxcfdsc in Emt-chcs 2.9. 

t . Tl ilj 

24. 22 3 y 4 W* _ 3; Eramiae 2d 
i?r W-* haw F- x, — 2r^r/ - - 5 - ft. 

dy __ F r (x. ?j) _ 

^ J “ rjxtpj = 

We gt! ike same icsuJi as ErardM 1 2.9.24 wiiJa :*=s work. 


. . sso jf - J/ Nlll x 

S& X >m y +,««! * 1 = 0- w v + r() , . 


25, m-X . }/) T, 1 -HTT X = ft 


4ir _ —jsLei (x + if”) — r; •-•ox x 


^ ..* 1 ' ? "■ -rfx-**<**+ ew x ™ w ^ dr - -*[n\r + 3f)-sin* 

111 ExweiKf 57-5 tl- juwwrti* lH*1 tbr tfflMAtioH df-fifi-ta I U« filler i<>h ■ ■* .- ,*ilri <i. 1 : 11- 1 ? i1i/r)iT n!-"1 by (ku 

i iiTir.tiHiLl.-;: {jh.) k’Mi Tlimr^in I '1. ii.t- (b) ihff«rrnl|Jt!-e !niplk]l|y, 

27. 3a 1 + » I +j 1 -3g&+4ji-lfi=0(a)^ = - ?. f ) ? ' -- <i - t J - , ^ f ' l " l S 

^ F r (-c^,* T ) 2; + 4i 2s 4- 4* 

(!0 ft* ( 5.- £ »a ‘ -«f k ^ « *: Sf - ^ iShS' -» T ' u il ** + **%-*$«“ ^FT^' 


3S- z = (x 2 + y 2 ^in j-" 

fr (n]j Wr hnvr Ffj:, r) = (^ 2 l p 3 £=Tn x- ,s = 0. By THw?TTm i2.S.d L 
,i.- _ r, -v. h : 2 j Hbi i; 4 ij j: 

lJx T^xTyTiJ 


r/a,ar.tj 


F b {*^ h j) ‘ ^ + jf J kc« ix-1 

[b) For Litat y as a fMiSEanL aad dsflfrpi^LLaKx *e boiii sldK with paapMT :o x. By the pradti^i fm]*. 

r ^z , jH^ssin jtx"! tNx 2 iy’ , i . y n, -A*?) 7- ..-v 

— ={x" + i' )—^—— 4 suixz- -y-r 4-(™«)lr 

- r J^ 4 j/^iicys. 4 + liif- ^ili Xi 

Solving for wc kavt 

- [e{ j s 4 jr 2 }c(H r : — s (c * + « — 2^ sin z l 

[1 - x{e* 4- y a )«* 4 ^ 2 >t0* x; + hlEl Jf 

i{ 4 j: + 2x slti x_- 

$ T - [ — x{x 2 4 S^'yasi T.- 

for c3i/%. wf Pcgflrd x jlv 4 cdn’-i^iH 1 . -iiid difFfrentiale o-u !^lh flinJr:-< wish, r^ix'ft W -j. "I'hu*. 

[ 1 - 4 y 2 J-E-'-= 2^r ?in x^ 


gr ajil3 

1 - 4 £z 


824 wrrMNTi*!, oautitlus of functions of more than onk variable 

„ riu~ Q W*'*'*) ?,Zi - 3yz 3L0 St 7_ z. 

|f£ (‘‘Oft 3 s?ii 5 — fl- aj T 1 r \ — "** i p ]*n^ ,, 

« T$*€* Vv - ioa^3P7 ^gTKin^JrJ x 

^ h t g*« Iw 

3f f‘i (j" P* - ? xy I z ri,r CGS Iez —3jj/ sLb St 5 

{b) + z<f 3r; + 3 x -!l(3- 4 3* - 0 

(^t rrj 'eoe 3 jj - %r ri "*iq s V; ^ = ; 

€ w ™ l*r + + ry ^Jco& 3z? 4 3xrj^jt |h = 0 


. lU J1- - jj-yj 4 Ort5siS.£-= STBi + 1 

-3«y«Hita4)fr - -(*i^ + IJwtfSsM; - .j " . — - , ^ i 

' W ztyNuHtJfar; 3*pnn3j4- 3;ryL5tfi3^J - X£r 

ai ‘ “** fik XCT ~ "i *i Z. ~ 3 4 ^ Th F -fea^ dir _ a F £ 1^,7 - T'J*ilf-) f w *(l+^} 

31. I = /{i-r -*v>- Lft a Ihcrv -^ - t>/« and ^ ^ ““J „- 

Tlt^C** « |j+ 4 - o 

35. If / is a dilFnmii^A luntUna of tw variables a ini! c. iet a-i-j .uni v — y-i and prove that 
H* — ?f, jj — s-} satisfies 1 he rqii^tion r .* tf-r + ^r/% f>. 

fr We hjivr : - /(tJpU). Rv ("h* 1 c.T|«n rule* 

|§ - /iK-)&+/4"-*)fi - /.<".») - /*<™> < 1J 

LUlrf 

- /j (“*■+/ A u - e )|| - -/1( “i p)+/i ( 

Adrlinj iti* fftcnib^ia (1) «tel {-), wrrobtAin i |ir iI^lf^l! r^ula 

33. u _ f{x s y)i -t = n?«b v nis bj.’C it — i^'uii c sin ti 

“ ' i,A " CMw 3l5 +e#A * MlB *S 


= V- 4^- + - -Ci»h y sLq tr l^ + SLIill 11 

Sir (?x Pic- cry out-' cfx 


cos u 

<nr 


In 3 ^ -W. IW! tbf wrend pjirlinl drtiy.iLivf Iv-p in I KUbHlilUt^;; 0 ?) t 3 ST -rlsihTlP l-ulr. 

3^. u — t^coa z, z ^ 2i, y — <* 

► v =. c«: 2 L if ( — !l!ir ( (( rnis 2 i -an 2 l). td iJ; = St 1 ( 2 ^cot i( — 4 t sdii 2 i — «w St) 

(l>) K = fj = ^+|* ^ - -Ain *(5} + <*«• = 2f*li «* i -m *) 

$ - &&&+) - **4- - - - m*m,m .«-*^* 

3*- a — 3»DI - “flf 1 - 1 ' -W r , and. y - ic ' 

(a) a - 3(iK r H^“ T ) - - 6 ik"‘ - irV 1 ', p - <w r “’ + Str^' 2 * 

£S = «si r -* + fef 11 - 4 + Cisr'-* - Sf-** = + ij - S» -J * =4 riM'-* + 6iw' - ' - «« '* 

lr» gjf = |S ^ = a^T) + (Sr- SjOc-. 0 = fc-'f&O *■ Jsrf^') + (3 - 2k>'- 3 • c-J*- 

= toi/” 1 + - Re" 1-1 - LW' * + 6r^ r ” - - ft#^ 2i 


J3-5. nu: RULk; toil L MM XLONS Of MOllE ILIAN ONL V AHlAliLL- SZ3 


7i — 3-rp - 4?/. x — 2$r*. §f = ? i" “*i 

» f h) ti - Spfftf)(n" # ) - 4(fi ‘I 1 =■ fl t\df r-i 1 r V " ,rM 

Than, 




U«1M 


- -Gri^ a + [j.Sk* 


-Afk 


s -4 t*^-' + 6«'“‘ - <*'“* 


(ii) liv ljsItif. t-hn.' ch^Jiv ni-if- n WK Livp 

3w _ 3u _ Se , 
tfr Si S* fly Sr 


+ tf'-'+ICr<r- 1 ' 

p 

- 3si + (?£ - % y~* = 4- (3x — %)rr 


KiiUirtl iJifTrrmii.ijLt^i^ *iih h^i^i u»a acn! n-.n.y, 'In- fwn^.i tap ilir-fWK&ijvr at a pr.-LM-i. w>- ulit&jlfc 




1 + - SyH-(f ft j 


6c r ( - rif" # + y) + {fo F - fr* + (&r - * j,)(■ ■ r"') 

=■ -(ffl '" 1 + 6 r T + tf r "'+lrr !j - Sir"* + S^r"' 

In LKfEciscs 159, ti — 'i\2 l - 4^ j — -r cos &\ — -p- -e:h 

37, > *.) u =■ Up*™ 2 # + 4r ? *]o 3 fr — I Sr cos^fl ! Sr stn ? 0; = IS tos 2 ^ + $ wn 3 ^ — 10 + fl 

(b) ^ = ^ 4 jj- ^j-jf — i$j «m 4 -4 % fwn d s I $r e-jtVfl + Sr esua^tf; - LS «)@ a fl“ + S (5n*0 — 10<»% ■+■ G 

JS. (*) v - 9r W* + 4r Wfl - r 2 [|( I + «« 20}* 3| I - 2#a - 3fl)r 

|j{ - -Shrill 30; ^ - -SOrW » 

(b) 4-j — T 5 "jv ■+ -it" “J - ISr(-r uin 6 ) T Sf(rnK frj “ t(— liJj sill S -t-Sji rm 9): 


W 


j — rf-lSf-r sin 0 - LSt cos fl +S(r ux^AJcoa fl + F j -sio fl)] 


-i 

39. (pi) k — 0«- ? rrri S fl | ■li- J, iaBi ,,, fl; \J[ = l iV F -ui fl | Mr 3 F?7i 1? Cor-fl = fl re-'- fl 


# TJ 

STM 


— -7D? 1 eLcl fl fot- fl - - [Op fiti 2fl 


(fc) ^ ^ ^ ^ ^ -r ?in fl) + Sp( r TO A) — — IHr ^jt fl(r tf) + ftr «r:<js fl( r ^rn fl) 


- — iOr^liB fl con fl. — 20 p mu fl «>* fl - -IOr nin 7fl. 

^0- StJ^po&? / 13 4 fiLnrtJ*n of r, Sf m .-:: 1 1 _- *1 k: u - /(x.jf.r). If s — f^in & Octf. fl, ^ r sill ij S3!l fl. 

an d j = t cos expiess flu/flr. an-d fl fc j/8fl in tcrnis of $ u/3i. 3n/d^ t and ou/flc. 

** is* = t I J! ' K + ^ 4 s 4 ™* * I jh*. O nilt D I iw „ 

Or Off i}r it# Or i)i ttr Sff .9ir </? 


fl3i _ , flu ^lr fl i,- fl; _ flh 

^ S5 Si ^ci S? 

& - L _a_ & Si _l 3* - L ^ u r - _■]■_ . (??L_ *- h a, ^ ^ jq 

— ljr T^ _!_ 7Z7‘^- TTr'^ - -~nZ r ^ mu IV +-^^1 ^ rOfi 


- ^~r cob- if} 8 — ^r- sin $ 


3® 


flsi 


flfl " 9t W^0y W ‘ flf _ 3ff‘ 

43, b — + j 3 J; v r- lAn -, {jJ 

_ r . _ 1 1 _ j Therefore 

i-^ + ^3v- 1+ m + 


fll£__ 

flx '-2 jt 3 + IT 


fli( _ [ jy > fr _ - 

% ^ ” p+p' S* " 2 a: 2 ” r- + -J 


" - '"■ 1 lr Pi-I'.^h- ^ ?J “ * h ' 


43- ft'^idiv tfirmajin nqiinl-.Lnn iis polar rrM>rcbnjar=: s x - r oik :\ : — rsin fl. 

t a r -r _l i- # - (u x x T -=- ) - r~ } \, r ^ { tt^cob fl 4- w^eei tf) -r -1 {-t^r siii ? + ^ ¥ r } 

= f 'V “ 1 ^ 4 ( y if + )^3Ta fl = W i 0 = fj 

n r + r _1 Er a {r.y^ r — i v a T ) + r"II ^vcm A — fl) - f -1 ! ■■ u^r bin A + i^r cos -fl) 

— -+■ Ei kcs fl + (v - ujsin fl _ Q - tt _ (J 



K3f. [)J v V i:i ;hn e ial c aj.ci ■ u :s or f> n rn io ns of m on r ri ean on k vah lablf: 


-13. At t min. Jel z tiis be ih* length of ibc first leg. rj em the lenp/.li tb« ™a«d kg, and. 0 fbcLlme ‘be me;w«rt? 
£>f live *n|(k 4 pf>Olfi|p ill*? li»^ oF jjjf em, Tti*rri 

* _-i y_<t&_m4x &$dy_ rfi . # 

'- 1 " 5-K ?Z757 + ?Z7 

At tbt fiivrn instant * = 10, 1, 12, ^ = -2, so^ = ^|(l) f “ -|f- tott ttc m ™ 111 ' 

the rtnftle k deeiettnjng aC 4 rate at « rurl/min, 

44. IVaiet in- flowing into a Unk in the form of * ti^Ert drrulaj- tilindet at the iat* of eei'/nmu. Tht tank is 
ftiTetr-lsis!^ in .sadi n wa>‘ that eves i bough it remains Qrinddfw^, at radius is intrcasiiij? ai l.h^ rJic<: L>f 0.2 
(en/min. Hob- i*sl is the siirfhr* of the waler rising when 5tie radius h -! m aei*] th<- volume of water m Eh? 
Uilik in- St>r m 1 ? 

b Aft«r i minutes,, the radios of tbe !ad1i i* r sm-icr*, die ilrfrth. of the vfttceT it A su«l du: volume &f the 

wa^er is V m" 1 - We sylve ihe volume fomiuJa For 


h e £r' 3 V 

Bce-Mi*e 0-3 cip« - \Um ti l, «'h ar« &vvti 

<§f = & suiiE & = 0.002 
Ol 0 d£ 

Wi d'lkulxce- Uj the ehoin fulr Afid rf-llLp-liluCr r — 2 AJad V u 2#*-. J Jill--, 

% = WTt + K^ v ST + 1r " ! w)=*1 -*i*W#*) + M *)}» «-» 

Thu?, the surface oF the water is rLsins' at iJlc r-pHeofU-l& mt-ira |iiir EaEmuie. 

4k At t min. fcs h on hr Lb'- height of Ihe cylinder t mi iLa rA^uiH rt;ul V -rui 3 volume- 
v Jr , 5V JA _ s dr , . ..sJA 

V = at A; Jf = g 4 g£ ^ - 3-rt $+ - ^ 

Bwau^e A = SO, ^ = -10, r = E6, ^ then ^ = 3T(Ifi)f50H4} + e(l^) 3 (-10) - 

Fhtisi At Tin-- (jjrvrri iitrltiul the volume is InCrcJfjng at h Jate of J^ LUt ettL 3 /iiEEEi. 


■16- 

Ac 

i min. 

h iZJjj and 

r tm aie 


V - 

- 




rfV 

' /-v Jr 

d\ ,'tt? 

l/.> . fir 


7t 

rfl 

■■' “ 

:. r - 

47. 

PV 

- jfeTj \ 

V!\ .JV 
“ P ^ 

_ #V JT 
ai-f di H ' 


Rtocause it — 

1.2. T -300. -J t - - j, 


— *L0 n 37=-.V h-aw. r-«0. 

12 r Li! L 


Ihfcauec it - 1.2. T _ JW. f 1 - 6, - -tM. then ^ ^(J) - ^r- 

llcitCf al Ihe given iuManl the volume in At a mir-vf [,r» Lir-em/mSo. 


{—0-11 = 1-0- 


^8. A i«aU mahfl-s au an^le of mvisure jsr -wiEh the ground. A ^ddci oS length 20 ft Uimiu^ ^-j/iLeihI. the 

wall and ]1s top is shtiisg down the w^tt at the tw nf J ft/^. Hhsw I> iIlk ^tn-a uf the t?ian^e formed by 
the Sadrist-, iht ^iilt and chr gunijn] elinri^ihg whrii the ladder males ah ififlk of radians with tbr- Eninnd? 
p After t minute iht «f the |ndd?f ni*- v irr: ft*-- m I hr- And E-h^ hurt torn 1h f ladder iiiAh'^ an of (? 

with tin 1 ^«-hiem1 .lei 1 1 (lw? area b: A fl^. St-u- C.Lm: li^uru. J-'ilkiU eJje 1 UkW tiF &Lnfrt, . 

Kr. t> sin |r ^/S s/j \ X,. 

D«*U4i iJst iijik k butw«n ihT WSJJ ««l tllr In dtlri 11 r - [& + | - Jj-T - S, thwi J \ X? 

A = J(20)r sinf^T - 4J = "^sin fl ?Ln(^w - \ 

^ » % ft - 6 »»fi- > « e ■ fl >^7 ^ 

VVhefa W — r n wr 1 hAvr 

f 3i = ^onsi*- sin |n - ™ 4*]^ - * 

Tims, Ilit- trF.iEi.u;It: b; inoseiJnj and ab :j-lm Id not ebangiiLg, 
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44 ^ . git _ QJ v -iSV\ a fy-lgv\ - y-jgv 3V . v -i &V ■ v -l3V &\ v -i o z v _ 
(W"#? m ffl! m ffP/ <JPfiT dPfcT ifi tfP tflriV 


M. (P + iVT^KV ■ *> - RT, (-’{P.V.Ti - P + aV® - RT(V - 0 

vV-f)* 


1 — 

l <A 

1 df/oi 

-niv-tr 1 

-- 

V£H- 

V t?p/cFV " 

v -JjoV^ + RTjV 


1 fifV _ 

1 r)VJr>P i 

1 

K — 

VSP“ 

V ViP/;jV ~ V 

-SaV'-mir -*>■ 

If a 


_ R.V 4 _ ! 
RTV 4 1’ 

1 - V 11 - V 

RTV® PiT 


V 3 {V 


RV*(V -*) 
RTV' 1 —"2ofV -b)- 
■'■■■ _ v^v-br 
■ k) 1 ~ K.TV 1 - 2n{V -t)* 


V 3 (V - If 

1.2 


5L 


(dmngun to polar tooirdlnatw) n - /"(e, [t) k r - t ton ft, Aiad j - +* riin ff. Then 

®=s S+1# @ »sJ-“■“«+l< r ”* ,,ra 

Mill! i|i!j ir«j (]) hy and ( J J! -\v : -^i-n I *nii Arirliiift. nblJtln 

r cos 6 ^ - an 6 <g - «*=<? - r siif tf); = & «“ * ^ 

Multiplying (1) by r ^n & ('2;' by eon & and addlnp;, we &feKaln 

SS, Stipn***' that u ~~ fi-.y;- — J-.c.*.■- ^±ljlcL / iix* y and tbeir fust and ■ : ^*nd ii.tni.'iJ d^rivALlv^ .itr eojiUnii- 
«U3t ?ra¥P [haL if u find a; SaitMy lltn f’ftlidjV Ritmjmsi e^ualittD*. t-hey flteo Kit inf v J^jslar*:^ h^iu^-Ljuij (§ 12 . 3 ;!*. 
v The Gautfey-Ri^m miti n-rr 

SHS -i—fe <*> 

P^rr.isi-rfif^'LKiiilAT.lns wi^Si to r on boih sides of line first equation in (1), ^litaiii 

&p ‘ PWfjr 

PltExLlri-diRcrcntiAbitiA with re*i*cfi fca // on liolii ddr.-i of itir seeniid in ^ 3 ), wr obtain 

~~ #S? 

j *n<1 <1* |in *4 *4*3 p* rtf ad tfc-rivatives are eontinaoiis. then = eft/thfl?/. Thus* 

Eq.f3) ti; equivalent to 

i^ii w 

£y 2 ~ 

Adding iJie rttejiib^ts uf (2) and < 4 ^ we obtain 

&+£h = o 

iJi* ity" 

^htcii is LapJaie’s filiation. SimLtiirty, »( m*v [»ri inl-HiffwintihUe with It* 9 on lk>r.L fddrt *r th* Ihl 

t'HuAtitjri in (1.) and ijaftLaJ-diffitre.itia&r with fnpfft to .- on both c i< 3 oF oK t!if semod (nquriijoii in (1)- We 
obtain 

A _t?t . t)-i _ fPu 

ipK ff 

Rtvausf / and its first JU*rl flTiwd ptkfMttl 1 letivaiive.s art* raaltliMtoUft, iJudt it/r)yiJf — u/tfc$y. Tins, if we 
inlil i 3 i.tr iireissijt/fc of Eq.i 5 ), tiit tfiiiit ii LapSact's equation for the function v: 

#>v . 9\ , 


m 


(3) 








j*2S DlFFFRF.vnAL CALC.IUHJS OP F^Nf TIONS OF MORI HI AN ONE VARIABLE 


12 .& IHKECnlOHAL DKftlVA'l WFE ANSI RRAfflECfTS 

12.&.1 Dtiflnfclion l^rl / Iw m fwK^M rtf lirt» varSibli* r Mid If U U thfi unit vrtWr ^ i tin 0j. thfB 

l hr Jzj-rn/iswjJ Ji .■ j w/zt r of / 33L i]hs of EJ, denoted l» O^/, ■ * by 

/(T+Acw^ + AiaSJ-/(*,5) 

= -ft- ' - 

if th la limit tx iila. 

12j 6.1 Thwniin If _f La a dJffrfftnti&bta function «f * sunl j/, :=jllJ LI —-era l ^in dj, th*n 

= /J*iS)«ies 3 + / s (^ sf)an 0 

12JL3 IMnitson If / IK n funckiuti njf two variables z and y And / r and ndri, then Lhc. gradunl of /. 
‘FhhjIhJ by V/ (igndj*tirl /"l cm drlb-ini by 

The 1 ; ^radifitic of / can be u*ed to find eh* dj*e*iionaL deriviUivr- 
If / ]E a diflrnutiablfi function of z- arid w and U jsn unit vtc»r t then 

12.&4 ThttHtm Ut / bo a JWticwi nf tuh* vaplubjon Abd d i IWsil iublr ut wbew v/(* n ,iy /fl 

Let U be any unit vi*ciw, *ri that 1 >,ls a function of II. 

( 1 ) T 3 ll- cctivimtij-n value of Dy/fr* b |v/" j j, &Hji]iih! wh*n U has the wne 
direction as 

l‘ii) Thi 1 riiittaiiiihi111 vnlnif of ,.yo) -|^/!* 0 i^|)||- 4U*ifltfd whea U has the 

uppcri-il*: difrtEioii of JJy). 

We extend the definition of a directorial derivative m a fittitlioii oF three vario-blcas, 

12 . 6 .& Ddivriiw Trft / be a function of three vnrbhlej it. ir_ and r If U is tb" unil ^xclor 
COi it + < 0 * + f.OS ■-k SlspRi thy ■rffFTf fI fdtj ff|! ffJWt^frl ! 1 of / til til ' 1 difCttioE] oF fJ- 

denoU'd by Dj./i 5 a £iven by 

/[x 4 A cos n n j /4 ft z)) 

.*/(*,**> =1,0.--ft- 

if thu limit nisl^. 


12.6.6 Theorem If / tfi * (S^«efliiabJf funeELop of in and ’ und U - cri f- cm rtj i ww “>h* limn 

/xt^STi-)«““ +/ s ( 2 'i^-} eM ^ + ■- 

12 1 6.7 UefssiLttoi] Ff / h n fi.jnettofL oF three variables y. ond - mul I^ f y - and f. exist, then lbs 

jradrinf of /, den^l^ by V/ \s ddlnmE by 
^/(r, 5fi ?) = +/Jt,5i,4U t fj.x,v*:lk 

If U is a unit vector in R'^. then 

D u ffc wV ^ = UrVfi*. Vr z) 

Eitrcifcf lSr$ _ ___ , ____ . __ 

In IlKoiriMr* } d, fihd Ibr ■lipt'Otiojuii drdvalivr c4 tltr fiincUOtl in thr diwlioa of the unit v«Vw || by umsek th^ 

appropriate Deft nit ion i*vu u-r VirLfy voile ctflu.Lt by applying Tbeorvin L 3.6.2 or Theorvin 12.6.6. 

1- /(a*-iff) — 2r J + 5jft U - eos ^?ri t sin |srj 

j- + ft r^xs jit, y + A sin jtr) — / : j. y) . iii'f 4 J )* +■ y - ) ) 3 _ -F ) 

* %/<*-*) * - 1 —s — i ^— 1 r ~ 

= lim ^ + ^ = Li.,(2v^+ A + 5v^ir+ 

2\Z2j + 6^/ifij; _ 

!>_[//■( r* p) = /,(x,p)sirt \t + Jn - fxifJt/5) + WWJV2") + ^ 

2_ yfijjf) = ^J -2 U - «j« +sin "ffj 

yfx — ft cot ^n.y + A sin in) — jrf^.y) + ^j) j -4(jr 4 

P Dyffji.p) = lirir- i - 7< -^- JT 


_ ]]jn - - -r- — :: (J 3T 4 yh — ^ V' — 3 A ) - iff- 'Ivin 

h —^ ^^ 

D r ^^ 5 ) = jJat.yJfio&iirH-j^sjMn - Gz{\) -&s(jV^)= 3 ar- 4 v-^ 


1 £G L:iHL( J [OMAL DERIX ATIVES AiSL> tiRAIHENTS VJtf 


Af j\ y.:) — ^ -f.^-4 : 3 j EJ - co* +* era ^jj + cos 

„ l ,.. . „.. M*-t-i e« *«!>" + i eo» Jf) 

t - ug--—-—- — --—-- 

= itt<i- - - -j— 1 -- lMrt(3r+ jl + V^Jf+it+^-O _ 3*+ i/2p+ i- 

Uyft*.!/.:) = .' s * 1 .yj.v,.-Kc«{ir t \(i, jr,:}™ jjx -Se{“) | Sy(Jv^)-^-C—jf) 

- 3x + t/^IT + 'f - 

4. f(x. z) = ^4 ; U :. ir 4 ij + £k 

^ W* uw Dtfitrittoti ] 2.6.4 with 
* — 1 eoa ^ eos 7 ^ * 


F) r = Jim- 


■ -- ——- 

(«(* f + ■>)(* > |aj t (jp * i*)(* +^)i-[4i 3 -aar+i»l 


Sz 1 + — + yz # Jfts 4^,^ — ftx 2 + 2sy — 


„ ® x ^+S* i + 1 Ar „ .*, , J , 1! I 

~ £fi- 1 - - 77 v j +?= 

N-ext-s v?c apply Ibeortm ] 15.6_6_ ^Vt have 

fj *,¥,*) = 12j- =■ + * - jr 

SutwUlUltn^ intrt ilir form■ lift fjf 111 * th$nrcj(K 

*£+fs =f*+|? 

TiseTutt, Lht! nucEik nf using TMinjtropL ]2-6-& agrees vrith th? result of applying Tbrorrm 12.6.6, 


- o^x, rt ,it m J—-1—_#,tf| 

^ li.„ Ei■?* ;/ + V* = Jim-iS--- W fi»-£—„-iz_ 

h-4 h(X - srXi -f- - I^A) ft-iO A{r - jfKjs - !/ - j|A) AW# (K - - if - }^) I^(x pi)- 

^ + ^'’ 3 <n) - "ir^ 

«- - ^4-j: V - s u J^ 4 **■> / ] jr ' J ' lfl 

^ li.rt tf—_-_ LJ\_ fe 


~ ^ ^ j7 a + -y-i^ 




^ [fr+|Ap 4 (ir - |A) B J'^+ Si 2 j U 2 +*rF _ 

%/(*.„}= l-^T7^-P =i3r^ 

1b £*jerri&frs 7 L t, flswd e;.c jjwuiLeaii uf 11 ir- fuju i mi.. 

7- /(x, !f) - 'tT 11 - 3xy T}', ^/( I. a. - -1 rJ [x.y, 2 J - (Klt - 3jji + (2jf - IrJi 

T + 

fr Wc apply Dfifiniliena 17,14. Tlntf h 

= J J^srJi+J^sli 

(x 3 +^)(3T) - (XJ.M2*). . f** i - (■rsH*!')- ~^y + y-r . - 

&T7f 1 — pT?f ' J + [S + v 2 ? 



H3' DlFt'ttHCVflAL CAL L Lt'S <>!■'1-1 V 1'IOiS OK M.01U-. IHASHJM VUtlAULU 


>■ = Inv^Ty 7 = | ln t^ 7 + ir 3 )- Vtfix, v) — sjl*, lf)< + Sy{-r-y'.'j = -p * p 

lit. /(*,$) _V'Unfcj, - fJ,x,vHi+ fJ.s.v'H Jr 1 “*-< *8}ii + ,H«n fej 

11- /(*,»>*) - V/fir,#,*} =/ r (x, S-.-)i.+/ ~= - 7TT35 * 

{J + tf * jf 

1j£. /li'j.y.i) : lb (i + gf) 

Wcftpply Ekfuiitioji llt.S.ir Ttm*, 

V/(r, y.*) = />.+ /,,<*, y^Ji + /_-<*.y,--)k- ^ 4 3 !□ U + 

13‘ ;. 

* :■} - :)t i 0 ^*, p ,,:)3 * “ - ^wh 1 -i - 2r r 'V^J *■ : tnn 

11_ gi_x*jf r -) — r?'fnisL ^ - *:u£ Vy{.£,^. i i - — jrJ: -i- ,ri + f 2 ~yisL yj + 2f“~)'&jn Z - COS 

In FAtrdM-s 31 22. find the valoc of the diiMtEonal derivative at pom: P n fur l3w Function in the diccei™ of U 

IS* Sz^i V *i + nili "j-1 

Jv 7/fcp) p*-*ji s ) | -4*|j: - -fii+Sj. U^/{L -»=0-V/(t,-S) "»i +-«l+S))=# 

16. j.y) — 3rV-4y i - zjy: U — coy ‘t i - *in -r j; I 1 .,. - (0,3) 
t- UV ftfJpLj 1 fh’liTiEtEinL 1 2.fi.2. VVr 1 l:'sVC 

M*'&) E “ IT |j|f*.lf} “ *** + Hfl - IT 

And buenusw we aif given lh*t 

U = CW5 -Jri t^Ed |rj 

w* l:Lk« 8 = |e. Tlrfrtfijrt, by Definition E2.fi .2, 

I^r/sC r ' art “ ,-(*t if}*** ^ *« > km 

. . Oj’fjr - lrf£« 7IT + + sy - J )<n» J-r = fSwV ]/)(-’ s/i ) + (3* 1 * t- 9y iXlv^) 

Substituting iht woidinahs of the given point (fl.-H*. ^’e have 


*M<*- 3) * MKjv^ (Z4)(i/S )=v Vi 

17, fl<x, j) “ U = V Vfii, j;) — ?j J ian t- t J n linn J jrj, 

Vj(jTT, 2) - S UUI !K 3 -t '1 Ll^l 3 |lj - SjV5 .T: 1 ; -i- -1( n/jrj — r^v^i- 12J 
!)&£<£«,2) ir- T= (-l^i-Lij)-(J2Vs*+ 2j) - -IK-6 = -\2 

IS, f(i,g) _ M 3 *; V r/-.x 3!l ii-J« if M.O [ ../(3.£l)^ r/OMO U ^ (i-i-4i) ■ ili + ^/^ = { + 2i/i 

19. fcjr, ’j, r) - othil' t;j) si nix?:: 0 — ~ 5 *+fi + $<• 

p, VA(x n y,i) = ?)i ^ * B (x.jr, iji 1 - • vsirfxj)! + [*jt suj(xy) 1 : ™k(jt-I(| +■ ?/ ru^3-)l 

V«(»,9,-a) « 0 « + [-S .(I - J. |J3 +ul*> 3j. Ily'K-' D. 3j = tl VA(3.0.“3) = t : ^i+5i + ^ (-aa = -s 


20. /(x.jy.z) = In (z 2 + ^ + ;*) (J s -U - -U - -U ir (t.3,2) 

is W# Live V* V 3 V3 


t> liVo have 
Thun, 

/JI,3,2)-4 Ml, 




■2 3 f ■ r ' V’ “ ^ 7 


j - + ^ + r 






/Jl S-3J-? 


Applying T^ieweiu 13.6-^. have 

D if {i.3.2) - (»+ / # 0,S J 2)s«tf+/^l,i,2)a« r - f = 

Sir = r ^HMI 3]^ ‘U 5= ™( —j!j*H + 1HIL( 1 I 2 T]j 

V/fT,jr) = / T ix,H)i + /^x r? Tj = -4r*’irt» -ir-^in 3gj. vn-fr.fi) = -:^ !i i 
I> (r/i-Tf lr ' ,, i “ i+^n 


W. - CM 3* CM 3f, iic* it; l) - iv^l-J - In 

t> rp(j,yi j) - -S ^ in 2 j; cn>s^j(Enh J=i - 3cb* 2 j- >:■ 3ysiisb -irj —-Leoa2i MiSy ooah 4:1 
D,fjP(tir,(l,rj;, _ Vj(ir,0.0; - U - - j + t' - 



JlMi DIKLC *1LOM AL DERIVATIVES AMD fIRAMENTti NSI 


b Lxcrciscs 13 26. find ■» -jSi* grwfeiii of / -ll P a^ri rbj thf of of / in thr dir^-fion of U at P. 

23 -, /fjr\ 0 ) - jt 1 A t , U - ]jtri 4 ',-j - ii + 

W - 2*1-4j; vft-2,2) = ~4i "4j 

(b) Dfcr/( -1'. '£) = (U +1 /3j} • <-4i - -Jj) - -2 - 2 

21- /(*,},) = r Ijry r P = <2.1): tJ = J-i - £ 

<► (h) V/U.jr) = J r ir<y)i + /„fx,irfc = I Sf« to,, j 

Thus, 

V/C2,3)=Se^ + .lr 4 j 

(tar Tht rAEe <nf <:hfriiC!- af l.h« Funr 1 km in l.hn r;:m:r.mri riT I.] a 1 P is ^iv^r: Ehv 

' U - V/<2.1} = ($ - 

St /<*,*,*}-j^ + x s - 4 *t; U-4l-£j + fk 

► W V/(x a y^) = -4zi+ 2ici + (2^ -4^)kr 1 .1 ,-3-) = -l2i+?j + 14k 

(b) n v f{-2, L, 3 ) = f = i — = j + = it - (- 12 i 4 2\ + l-ikj - -I ?-^+*3 - £ 

as. f{£,f.t)-3j* + V + 'AK-(I.M)s u 

W v/(*,**j = i 6 x= +/ ♦ **:■++ a»k; v/( 1 , i, v, ■-■. a + 3 + 2 k 

(b) C rj /(I t l.l>- {l^lj-iv^kMSi+:tj+3!k}- |v^i - 4/7 

27. /'!x.}f) = x 1 4y. The ttvd curves of / at #. 4. 0, -4. anti -8 aie, respectively, ihe parnlwrlne r :i — 1 1 ; - IS. 
r‘ — 1y — 4, x 11 - 4p - ®. x" 4y - “4, njul x 1 • ly — •■ S, 

2*. Draw a fontuur rti»]i showing 'he level turve-v of [lie lijjirli.jn of Kxerfiie 2-3 At iC K . l. r — r _fc . Also shore 
til*- ™]3irv-rti I ill.Mill gf V/{2, ]) lumrng \u i niiL^kJ point ai (2,1)e *7 

& The fiirKtiun <?f Ejtettiw; 24 is d^fin^d by /!>.■•/) — * ,lr6 \ If /fx,p) — * h , tbrn ff n/jog 

i 1 ** — tf* si k ¥ k -» S, i. &, —4, -A. If i’ y 0. 3li«*-* Aw / Vv 

equllutcraJ b> ! pt[Ixflas pa^LCJ^ lltHsugb Lbe jjfrint | If 4 Lbta j 

a^id the levd cus-\ r s toffiiis-ts of iht lin^ t — 0 ^id r,i — 0- ih&i i^, iiit -^T'T . ~ L V^~"V J . ± = 

b«™« " 

^/(2k J} ^ m$i + SI9t4j 

[ Lm ! rt^ufes-ho^'^ lIjh; Irvi’L CVitvea. Anil a n i --|irfc^!sLTlrrjEi ^ 1 -sW.!)- 

Id Exercises 2S 32, find l) r / jll CEic ikiEcjI P F at whidfe V is a unii 4 j:, rlk- hlin-rtloo eF PQ. Also ah P fiad 

Ibp’ rriAj: ill naan <?f _ w . b 

»r /(if, IT) ''fwr'iR 1* - (0,1); Q = V(f'Q) - (i <u 1} = (3,4): | V(Pt))j= ^11 FT# = S» 

liicrtfort:, a unit. v«toi Ln the directioa of PCJ ts IT — j i 4-5 j. 
v/fx-p) - / t (x,sr)i+/ sr (x, y)j - e'tAJi v/.;o.::. -1 j + |j. 


0^0,1. ^»+j 

r fht- tliasiniii:!: of D 


30. /(*,jfJ r r co^ y + -:^i.: it: Pf 1,0) b Q(-a h 3). rq - <1 |>- A,3) (I,ri) - -4i4 3j. |PQ| - V 1* + 3 a - 

y i J — /jJ + /j - {* r ct* v ^ ]i + [-e'aln p #. # y slEi 

V/{ 1,0) = {•■ - 1 ;*"t + sin. ]j. 1 \'/TlV 1) = ~P 4 y) ■ |(f - roi ] )i * Lj | = -U 3 ros j i 3 ^ixi i) 

Tsi+' tltiudniun! of Dp/(0- J) Ls i - •JhVftK !) 2 4Mn z ! - i/^TTf. cue 1 + I. 

31. /(^ 1 J f ,r^=x-3w+^ a :4 , -(3,l,-3): Qs (ID,7.41 
V(FQ) = (10 - 3,7 - 1,4 + 3) = (7,$ r 6>; 

Therefore, a nnil verltrr iri tire ilirertin:i of T^Q bt IT — “i — fc. 

-4 2sk. HrnH 1 , V/flL],-2) — i - 2j -Ik Eterpefan' 

%/<tu^> = ^i+£j + £k)'(i-33. -Ik, = , T , |f» 


/■■iy H- W f 36 


Xb iJiudimirii of Dy/(3 f I 


1+4+16 


**! DWHiHKSTIAI, CAU’I MJS OF WNCTIOSS OF UORF J UAX IWK YAJUJUlLL 


i*. /Cr.ff.s)*' 5 e i s m. Cl( *.3,4] 

i> Wp find !_br- ^.rudirnl tywinr. TImi*. 

17/0, p fc =) = = (Mr- 4e)*+.Si|-4il£ 

Rrnr^, 

1 iiml t| H -i mi it vector in llir ii? rQ. Wr ! ■. >■ 

TQ _ q - p _ f-fi^.4) -{1,1,-3) - -mi + ^ - fit 


|P(J| =■ vVi - 4 + 36 = v'hl - 1J 

Thus, 

u-TQ/linsi 

From (]) Jind (2) wr obtain 

Dy/13,1.-2J = 0 - V/(3.1, -2) = ±(-9H- 4 6k) ■ (Mi + % - ]&) = -W 

TEi* rriiiiuiJiiiLL vk]ih' uf D r , ttLlaijlrtS >■■ Ij iii U ha s 5br dlKCUon of ’P/fS-l, 5), is 

] V/(3, l.-3)|f = n Mi + 3i - l$fc II = ,/Tsfi +7+ 144 -S 

»> /(*.>)-<?**•*“ Wn.j)- + fjL **#- + ;s> + 


3*<r*!! V 


U) 


m 


Vf{ 1,3) - - .Je 6 ! + (|irr s +Jc fr )i, Lr! U - w? 0i + fcn Fj. We s«k the vaJues of 9 for *bkh 
V/f 1 , 3 } ‘ 13 “ 0 ; J + + M)mh - ffc -ft» J +(r + £)»i& A = 0 ; imi fl - j 

Tlu'rtflm ^ — tana -1 — and cJ — uji"' —r - t. 

.St + 1 St + I 

34. fas) ■- i^ + V S + Vpf*,*) = -fi 3 +lf + 3r Vl f« - M)- W-3J = <Jj0i ■ 3j> 

(.1) U = cn> + -in |rj. 1)^(3, g) - - + $)♦ ( \i + $V^f) --&“!+ VS) 

fa) The niAgniLude La 2j || - — 4 j^/l3 lcl tbe dirccEioa of (Si ■» J.i;. 

3h- T = + Iij. (a) Vltf+jr) = Tj[r. p)i + T tf (r_ jJj _ (Gt + 2#}1 + ijj; VT(1 -6) =5if G). Tins number of 

fSsrgrcTE p^r vnctat ifl the maximum T*tc of <;brings of T (3, -$) i* f VT(S r -5) J “ ’/SP- + 3* “ 6 v/^ 

(b) Thf lauwbELMm r4f« *f chwiRr &f T uocii n»i in Hi*- dlRWlibft bf ^ , ’l'(3. IS) - fii I bj A uni I- v«rt«ir in ihh 
diiwiSon is f 

3fS. Th-n CKiii|Hfrahjrti \a T(x n ]y n r] il+tj^wtv At hjiv puljLt {r 1 5 , ,r]i in tlife’nrrdiE^tL^Lonai space arid — 

M/fj s 4 jr-fr+i)* OUiantc 3a Ihmei jred in iniheft. Find; (a} ihr r^ir of ■fhatiRp -c»f *bff tnmiwmiure a.r. th? 
point {3, -?. ?.! ici the dijnfijou of ill*’ Yrctfrf Ji 4 Sj bk. and (bj 1 ht ilinwtiH'Si and of t||r 

ffiie of ^hAii^e of T nt -1,2] 

& B^trjicisti 


“i'C*. y, t) = 

nh^n 


+ ?j* + r J + $ 


VT(x,z) = f T {: f, ^ =li + lb - Jt 

-ISP* r , 


130-- 


Hnnta, 

VT(S t '2,2) = 


_ — b - ' V _j - _j J_ j ,-i F - _; 

{ji' 1 + j^ 1 + r a + J) a (jp -1 + j/* + : T 4 Sr ’ (? + i/ a + ?4- Z}* 

— gg -pi-v^-jp-n+m 


a! Ekcayw ■ -23 + Sj - $k I - v'A - 3 ■■* *56 r, ^ «nit v«w in the dim-iio^ of ~2i + 3j is givrrs by 

u-ft-a+»-ek) (2) 

kfi^n^r, fn>m (3^ o ,nd (1), ^o«bijJn 

D^T(3, -2.-j; - U ■ Vf(3. -a, 2} - H-l\ + 3j J5t f- j^){3i 2j + 2k) = g 
T'twncfffre, Urt tornpcralniT i* in^rra^inE ?rl the rnir of jwr iisrh. 

(b) Tim grtaLwil ralr of rlinnet 1 of T 3 b in thir (Lin'ttiOh of VJ'(-k —2 1 .>. Urnt «. in i3|p cSEtecUoii of 
-3i + 2j --k- Its nsagniindc is in ,;i-^j4 2L|| [^VTf. Tlrn^. r.ht? r^lt: of fhni#f in teir ^lEtiseiaLujt 

^ about S -21 d^gi-Bts pei- inth. 


12.* 1>IH» r l [ONAl- t)Ek.lVATl Vf'N AND ClIADlENTS S» 


IT. 

t 00 11 _ + tin Jij = ^v/5' +% 'f Vji.irP - v,(-r. ?fli - =. Jf- JI rtH2sii-2f ™>2*J 

V Vffl.Jr) - -2c a cos J-ri - 2^nin i*j «• r Jj. I h* 1 ritti* «f [li-u^ uf V m ih* |Ksifti (Q.-|r) in i-li« dinrtliui 0* U 
is DyV(0.|T) = TJ - W(G,f*P ^ 1 |j) \ -2ft = -I- (N The (re**et rate of change iJ V at IG,^) ocxnir* 

in the direction of VVffcbr)- 1 hr direttirm i* Hint of the untt vector -j And its magnitude i* 1. 

JjL i _ 1200 - ls J - 2y 2 - T- = -firi tjyj Vs( 10. of - GQi - l^j (a) S*KpP«M«nl mi dnrftidll (31 -- j)/ 

{b) Vi; -1 — 60: ascending Gfl rricier* for each meter &nit (*) V: ■ -(i = -40/ 

(c) lev*J Is oritiopmal: ± (i + 3 j]/-^T0 

1JL7 TANGENT S'LANES AND NORMALS TO SURFACE 

Su/Iaces The gjaph jrf a wmtinuous function * * Mirihct. / is difTfiFfmlsablr it If 

only if the gjr-'ipb of z—J\r.tf) Sias a Laug^tn- p-iane al I he equation o-i :he 

Uwig^t plane is 

- h - ?s - / a t*0* Pj* f _ *u) +WuH* “ *o) 

‘3 V jumph of o fusetiun is « -.i^m- i.**| ta&c of the pww^trk suifaro r ' /<u .l i r y - 0 [im J. 
r — .; rj.t) wherr /, aj-d h arc conii: - ml* itiid p-jir-i^-ciriJjt:U>Li Is one-lcM>ri«, thar is. 
clcst'rarE vnlnKM of y. i j fpve distinct values of r jt_ y. - ;. Tints, the cylinder - tf 3 , v.-barh 

eniiraot be repTcscnEcd in the Vb?m j — /‘(j'-j), eaaii Ew repfesrut>rd as j: = & ow n, if — d- mu if. 
$ = <■. ii £ u -l 2* and the np[wt* j 1 " - y 2 * j 2 — a 2 tun to riipiwFitod n> j - « ™ w Nan r, 
^ a sjjl 'y sLn r-. - - a eoh r. fl < i; < 2 *, » < r < t, fCotnpnre wixh eyJinelrtrjd rezu! H]a^tkAi 
ooojdtnat^E in |l2.t.) ftfiE>nrs«'Ltatiop^ *jkti ^ w«e used to prepare ihr coni|iul£t 

grAfihira a* the Ust. T'b- gnd? ^i- in mm ilgarra rcpm^lt oquaDy sp^w^J vaaMte of each 
parameter- 

Siiplnrr f. ff, Mid h have ]n.i£iiAl ^itb Ftapeet !o u -■om! i , Sf r sp Md fOiiM*Ot, 

IiIih'.i Kl_ /(li, ?■>!: + Ljk is a rurv^ rmd H^=/Ju,h)p r + 5s ji 

vkIjw Lan^:Li co ihc cunrr'. Ai>rl hecice lo h*‘ snrfan'. SlfLiiLaTly. Lhe^ vector 
R^. - / v (dL,i')i + + A^jfo.eJk is tauj^ni t* ttie surface. If, in actdiUOfL, /. j, and n are 

tliflrtentUbJe, Ihris ail llw in 8hr ..iirfnce He m * pW whoMP nomwJ v«*or ir 

n ^ ft„ y R. m . if, in additLon, u i- enisiisriu^iis, chn'si llie nrprK^iiiiiliciii i> ojlo-Iooik il n V - CL 
Often ^-e can rfiimnit* iJie parameters n and v juu i express ihe surfnc^ in tho fwnii 

*) — 0- 

12.7.1 Definitietfi A v^nr 11ml b ^ftho^ond to a IftligrtU tr^tor of every ciai^ C ih^jn^h a paint P a ofi * 
fciofaec M Lh a rerlftrlO K a; E b fl . 

12.7-2 Thflnnvo If eio equation of a surface § & F(-r,if, -) - fl, where F is differentiable and F £ , F s , -Utd F a ara 
not -all nl the |nnlnt PgiJ j (J ) on S, the;jj a nomtal vector to 5 a! is Jjrr ^ii^- 

l5L7.fi Th™ram If an equation ef ft «n* C i# where F b i^NntiiUe arid F r «td are not 

both -eem- at Hu- pfitWI -Pqf^ S^) ffn fJ_ ll^n n^ruad vcttoF T rtl P LI b 

12L7.3 Definition 3F a-i equation of a s^itIath S i.. : F(z.^.. - LL then the tunyent ptene of S at a jtuaaLt 
r n I.J ;; . U:y - T q) is ^ pl^Lin- tlaruli^b P a JaSviji^w ri^rrnd vnrlor VE '.7^)- 
An tqu.irinri of th^ UJn^eul pl-inr I >i-fiiiiCHvri L '2, 7.3 h 
V 0 . ?<| 3 U-r )■ i tx ' 1^13 d- {-b - J(Wt I - D 
E^r. «jDzvAli r ial3y. 

pj;v-ci )< 1 - s-,)+ty- u>(p * f y 1 ,!' ^ - IJ 

Two inrfaecs Are EnnjcnS al ;t polui P -f Ihry common tangeni pEnnc at P «. 

rquiraluntLy, theif IlftHTuU veeion: hi I 1 ncr- twalld. 

L2.7d tf Vfmi tinn 0tiif lO a SCirface b a: -L [khu: P d Ojl ih I he ! 6r n j -h r*au^h F fJ paLa^.cl to a normal 

vocloc to S at Pfl- 

|f an equation oE~ ihc MU^e S h - 0. then parjirnotrie equations of ihr norirutl Vint 

to S-At F^(TQh are 

f"J^+ ~ 5fn + : - -n + lL, -^!j'Iqii--n' 1 
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12,7.5 DdLtiiliou 1 hr iaT 2 --frJ fme to a curve C nl point I h pj 3 ; i the lint through Pp purrsEL-'i la jl Irjuigent vector 

to C! at ^ 

ir lifer nine 3H IV inn-ratios. of two iofhcti wltll normal vrttum N, Ami l.h*ri a 
tatiiijrjil iik i(m: curvr h parallel to N s xN^. 

ExtniMt ?£.7 

Tr Kscitfuics 1 12, fihil rtu equation of th* Ullgflil |j».vh- .iml i-^qi i- £ i i ?■ ■- . ■ if I hr hntiiin. Sijir I* the lortacc *1 ik pain I. 

1. I h* J 56 W 1 L surtax la the sphere jd + ^ - - 1 _ J 7. Lei Lf-r.y.i i x* 4 4 17. 

ETfrlFi*) -aii + apj *2rt Vfft-i)) Mi-fi+Bk. A norma] vector is 2i - 2j 4 3t At (2,-2.3.. 
ao equation of the tangent plane h if x - i) - 2(y + 2) 4 ^ - 3) - Ch; £x - *jt 4 3; = 17- 

aytMhtLH.fir oF th* normal Ian* nt* r ~-“ .. 

2. The fii veu itirfitLv i^, r||i|r-iii| ■Ij j1 4 if* 4-- J - IM*. In Fjr,.- * - 4x" ^ - 2; 3 - i(j 

VF(je, y, 4 ) - &z\ 4 !2jJ 4-I VF (1, —% 3) = fci -|j ■- LTifc A not mat vector is 2i —j4- 3 k- At (1 n —2. 
j^a equation of the Ungcr-t j4asie L? 2.z - ]) - [y4 2J 4 3(z 3j = Or ?/ p 3: U = 0: 

symmetric equations of iLe noftn-tl !Lhf ajc r 'J/ - 1 " ?. 

S, LJh given surface is the frat^boJmd of revolution x 1 4 jr* - 3r 2. Lt-l 1 — s 2 4 y~ 3^ ■■ 3, 

V F( *, y,rj - 2xi h 2:yj - 3fc VF( -2. -fjft) - -J i - 85 - 3k Ai [ 2, -4 ,&). 

an equation of the lahgeiit plane is -4(z 4 2) - K[y 4 -I] - -lit - ftl - 0; fx - % + 3- 4 22 = 0; 


^■(pissLL'i.ri* i i it uat i £ ?ris nf sh«- luifiis&J Line arc 


*A1 M-i r - ti 


4. F + / - -- = (55 (^-1,2) 

p Let 1‘ he the-fyiietion ?Zrnr.rt3 hy 

Th*ii 

vt'{x,^,z) - 2xi 4 2^j - iL-k 

A norm-at io Ihe hvperboEoid of one slwct F(^ j.;) — Q at (3. -1.2) is giv^ji ty 
VF[l t -l^)=$\-'2S.-Atk 

3i—j —5k 

Thus, at [3. —1.2; aii rtjtjjiEiijM <jf tlie langent plane 15 
3(*-3)-(ff+L)-2<4-*)-0 

3x - ^ - 0 

An ^ "yjrmifSrt* equaliotii of the nml liur are 
x:-3 = ST jj _ - 2 

h. Tli* ^tven stirlace is v = e'eos Let 4"- : _t-_ ±) — < J eos ; - y, 

- pJ ^Ji -a i ^11 rfc; rfV;Lc.O) fi-j + Oh. Ai 
equal ion tlie Uisl^isi pJtuir Ls *{j I) {y t) 4 0t4 — & ^ 

symmeiik ^irjir.LDEis of ibe Dormal line art: -~ J — - f ^ 

6, The given .Mitfarr i 5 .- = ^s^ti :fy, Lrt — r^En .-. 

VFU, ifiZ) -ISyfe 4 -V^i'd^ k, V0, E) {3,0.-14 At (0, >,| ) h 

an equation of the tangent pUn« is 3x - - L) = Q; 3 j - ^ 4 1 — 0; 

sx^rti«r.ric eqnalions of ihe no^imaJ Line ate ~' — r ” I. y = j[«- 

7. I hr Riven Mjrterr Lh the pM^n^lk cylinder X 5 - 12y. L. 1 F(x h v.;« - x 2 LV* 

r<?.ar,4 = r-s 4 Ofc Wfe n a P 3j - + At (e,3,3>, 

an equaiion of the- iajjgent s d*nr is -1) - lSt# -3) 4 fl[- - 3] - ft; x - - 3 = U; 


symEELeLiie eqitaiioiis of thr norcn nl 1 iix- are 


± _ 6 _ 5 - j 
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g. , = ^* + t ^{l.l.2J 

> Let l‘ tw iHr function Jc-fl n^rl hy 






I V 


1/1 


I) = K' /Ji +4» -1 ^ - 1 

A nor hi a. I t« Lh« ftraph of F( jr..y. r! - 0 at (1, ] .2) by 

Jj-l 

iti 

i+j- t!L 

Thus, at (I. I,"2J an equation of tlw tangent plane Is 

(*-!)+<*- l)-2(*-3) = « 

r + y- £i+2s0 

jinct eymmctik i?qiiaiicne oi ih^ ntirtual Line arc 
X-1 _ g~l -z - 2 

& Ttrt finfffac# i* j: 1 ^ + jr 1 - 1- Ln H»* 9 - =) = ^ + & 1/i + -'' * - 4 - 

VFf ^ a j « prl/l| + l /^ + VF(4* ]»[) = + £| + A normal vector it i + 2j + 21- At (4; 1, Hi 

an equation of the talent plan" i$ l* - 4 %{$ - l) + ?U - 1) = Q; * + £* - G = °r 

■ymmetric equation* of ti» dothm! Jim: nr^ ? ”p' J “ Nr- 

10. The eivenj surface is zz~ - t% 2 - — IS. L*4 -3- 

VF(±,y.r) = (ir7 - p 3 )i-(2zp + 4 a JI + (* 2 - 2:gj)fc VF(G--2 r 3) — -4i — Sj + 1 At (0. -2,3], 
an cqymi^rt of the iuprnL |tWne "ii —^ + 2) + 12(2 - 3)- Oi - 


l + 13 r - *4 - Al 


sym ni^iFtf equation* ill* u&rawJ tint we ■ 


~r 


31. The given rarl**:* Ik ; 


> 14. Let F(x l3 r. --) = i 


+ y"- r 

-| r ^ 1 / 3 i + | s ,-F/3j + l,-i/3|- ^F{—£ > 27 1 1) — , |i-|-|j+^k_ Normal: -3i + 3j f 61- Ai (-S.2T, 1), 

an figuMkm nF tile? lan^ent p]ati£ M “31 s + B) 4 'ilp 2T) 4 fi[: — 1) = 0i 3^ - — G * I 84 “ fl; 

, . , . .z 4 ft tf - 27 = - L 

eyinmrinr rqubuous of the nartnvl line are —j - 11 - ^ ■ 

1^_ Jr 1 /* +2 ] J ra - B; (15A9) 

^ Let, F tlir funet3on rfeiin-rrl l:y 

ft,.*, 

VF{^^.x}=|jr" 3/ H+|t W *k 

A nnrrnAl iti the paralnlic cylinder FI £, fj, t] =11 *1 (2^2,91 ii given by 
Wp5^S> = ^i+^ 
or 

?L+^k 

Thus, at nn eq^tatkm of the iaugeQt is 

%-25) +of--9)^0 

Ancl nymmetric ^iiMtimpi #f the iwiriftl line *te 
~f n y_Z 

in ll-20 h if tke Iwe> surfaces inloreect in a curve, land equotioias &j the UmechL Line to the tune 

ifilejtwrfion a’i thr giv-pi -olnti if the t™ n«irfriLeh ji:* latiflein -nl tl'.*- B^fih (wim, prove il 

IJL j a + y a -^ - jf 7 + 1 = -2: (3, --3,9). Lei F(jr, j,,*) - + y J - 8 And 

Gfc,if" - - -2 Then ^Ffr, g,i) - 2zi + 2jJ - k uul = r - 2^j-'^t 


k 

-I 
■1 0 


^ ^ VF(2 P -2>Q) - ■li — 4j ti n ? - Vfl( J 2,-2.01 - i + 4J 4 ftt. n, ^ v z - | 4 -4 -1 

. ,. *—2 y + - t 

Equations oF the tangent iLtie of the curve ol ioi*rsectLon w --^ — _| — 


- ft-ji-M, 
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14, Til* given i-UEfiCiit F(s.y.z) — - 2z j I — II .and C.a- r. if, z) — j^ 2 ? j/* -* — • I. 

Then W(x,y ? ;) - 2 j:i + Syj - 2fc aail VGJr, jy L — 2x\ 4 - Jfj — 2 jL 

O l VF(0.L l) 2j — 2k; □,. VG[OJ, I] = (J 2fc. Minium- n t n^,, !hr rufcrFftfHtn ate iaeij^mI m (0, LI)-. 

15, A - j: 2 and y = x*, » = J$- - s ; tet F(*,y n i) zz ? wf 

C(^ n ^ n r) — t 3 - 16. Then VF(r,y, j) — 2zi — j and VG [f. y. ;) - j — 2zk. 

i j k 

*1 = Sfr'( 4 t l 6 ,Q) = 6 i ]:n 2 = VG(-M 4 , 0 )- j. n 3 ^ s * -l 0 

0 1 0 

EqiiAtmnc n! the i-.sjj£cni line of lhe curve oF iniersccrLon £:e j — A. y — 16. 

IS. t = 2 4 ruff T^-, y = t j pi n TJ!r- (3*1.2) 

► Ut F Afld C. tw tbn- fuaicEjpraM dcfifrrd hv 

F(j, y, z) = i 4 <StiS fyx — r < 3 (*, 5 ^ z]i — ] — San J z- - y 

We Lav* 

VF(i,y. ;} = -i - t± sin eysj - rysifl ityzk VG(»-yrf) — its m* 3fj:i - j + tx cos irr-rk 

W| ?.rm^4 a 

Hj- VF(3J.2)- -i N a -ttS(!M r l)-*vl-j+3irfc 

lmii» the normal H t to the surface F(a, y,z) —i\ and a In- normal tn th* ^iirf^nr 0| -r n = | — D a™ not 
|3AC;±11^l. 1 lie Sci rfai^.v- in L^r-^'.L esi aciEtit?. A titii k.i'JkE Tjij I l=Ls cijri*: 1ft gtYfih b_- 

N 1 * JNIj — f —i) ^ (2t\ - j 4 hI~| _ :\7rl + k 
5yJiii»titric i-V-n in'J of lire LriHj^rtil Shir at (3, ]<2) fire 


IT- if - 2vz 4 i, - =. jr® - Sufi + 1 ? - 3; (0.2.1' 

& L^t :l - r^fijn 2*z * ^ 4"2 nnd C T t j, y, z) — - Lnfj" - I j - z - 3, 


= Bin j i-l!eir :r M jjnd - - 77 [— i + -W k- 


a } -P VF(0,^,1) ^ -j+2ll; » Vf^O, 2, J) = -i 4 -tj - I- H| * nj 3r fl - I liiT ^ (1 - -2 jj-k. 

|-1 4 I 

Ecuiatlous of Ihe Jisw -of tbe eurve of inteisec tiaca are | _f 


13l 1'he pven scnTace? ate 1(2.^ - j-" —-3-rj + ;/ -1 - 0 atid G -r.i/,zj — -i -?j 2 - 5^ 4 27 — 0. 

VF(q; K p,i) - 5^r)i 4 ( -3 t 4 2yii - k and VC'fr.y, z) Ati 4 Ifyj - -[k 

\ i k 

Dl = VF(a n 2, II) = Si 7j ki njj = VU\\. 2J1J= 4i-^ 3 -3L n t kh, ^ « -T -I = IT! 4 

4 -4 -3 

F^fjaticiai^ the line of llie rutve of inUftrCtion arc - ^■ l — ” — " “J *. 


19, I 1 4 ,? 3 4 4? - 6, ^4^4 i 3 -6;4j - fti (D.-l,aj 
& Let F(r,y ? r) -= j ? 4* 3 44i 1 and G-'z.^ z} - i i +if I 4: 1 -6z-^7. 

VP(Tsy, z) — 2 sl t 4j 4 J;k anti S"Gi-r,y t :!■ - 2jj 4 2 jq. 4 (2: - O'k, 
n 1 - VtW-1,21 - ni*.04>1k nnd o* - V(3(0^l,2) - pi -?}^2k - 

lE^uee Bj s* [wrni^l co &, azid sc. tiw lurtflcea aie ratigtnr at i0. —1,2). Tar.genx siiifac-rs sn&y have ^ cujve of 

inlsrftrtftic’Mi. bill iulrlinj?. tin 1 tItkI i^rjiiittimi U* l.w’rc l-hr- :-jfrir;iL, we gn 4 4 - 2z 4 — 0; 

42(j)r 4 1)^ 4 — 2) 3 ^ 0, aod so the stiriae® Lotsiscet oaiy at (fl.— I_ J i]i, 


20. e* 4 y* + - 1 - 4 pi - 4 e (fci h 2) 

& L$t F' a«d G be the fiinciwtut ddlJaed by 

F{ri Jn ?) “ ** + p 2 + - S And G( 4 r, y, - J - - J 

\V« h?Lve 

VFfi,y, j) - iii 4 2jij ^ 2ik TG(j,y.;) - tj H yl 

We thie 

Nj - W(&,3,2>= 4j 44k %= VCJ0^,2) + 2k 

IS^ — th^- Rpmt=il verlciR to Eht* ^larfnrra 7HF. J?}trallrE arid SeG the siti-faeee aje EAflgetit at {U, 2,2), 


13.7 TANGENT PLAN 1-5 AND NORMALS J O SURFACES £27 


In Eaerdws 21-24, use the gradient to find aj l fiqttBfljga of the toegent lint- to the curve at the indicated point. 

2L F(x,y) =9^ ■■ V - | = 0. W(r.yL= VF(L2) - 271 - 12}. 27i> - ]) - I2^'~2j=ft; &r-4y^ | 

75. F(:r. jf) = Uyr'* + / - 3? = 0. W(r.ir] s Bar 1 * t i^j- VF(1,3> 84) + 32j, 2{* - IK f y - 2) -fcSc + jf- 1 

22. F(a: ? ^} — 2z 3 4 2y a - 3^f=0- VF(*i ?j] m (ft*? -%)£ 4 (fi# 2 -flrlj. Vb'j 1.2) = —I2i+ 15j. 

-4(x -1) +5{ff -2) ll ft -4c.4 - fi 

34. {!,-&) 

& Let r h* lJi^ fun-ctioa defined by 
f'(.^: if) = J 1 + 2*tf - a 1 - ■! 

We have 

= >2jJ1 * (2* 2j/]j 

A ItOTfluJ VPCtpr Lr; 

VF(* -2) = + Wj 

Ad eqaatJQii uf (he laii^rtt Jirirt bi 
7£=^1S3+l!f5, + 21=U 
7* + 2y —10 0 

EL The jpven spheres aie i 3 + ^ i + : 1 - a:^ and (r - ii)- 4 |r? 4 - 1 = (b - *l}*_ 

Let F(i.v,ir) — i 1 4«mI G (■£,£, ;) — fr - b)^ 4|^-4^ i - (b - a) 1 . 

VF(=r,y^}= M 4 + 2?k end VtHr.yij) 2U - bji 4 2^4 2tk. a, - VF[a, 0J- - 2*i and 

b 7 -■ VG(i*0 P OJ - V(* bU = fl ~ ' ttj. JInner n h ;-a parallel i* c, r and w the uptime* a*e ’.onijeE:!: tt (a^G.-fr.. 

Tanpml spherrti eanitoi have a funv of SnuneCEian. 

2G_ f[x,yvz) ■= ijr -56 = 0; G(jj,WlC) —41^ 4 y 3 43r s — IDS = 0L VF(ar. y,±J — 4 rrj 4 aryk. 

VGfc.y. *} - &ci + 2|® * J-fi-L U] - VFf3 1 ft. lij - !2i 4 fij ( :Afe- n, - Vf ;<S, C.Vl - V li - 1^ * UGfc = 2n, 

37. The sulfate + p* 1 4 i* perpend i*U I ju- 5^ rvwy lunulhT *rf I In- fan»fr of surT-v^- 

x* 4 (4c - 2)y~ — r = J — 5 — lj i%\. iliT point ( ] H ~ J.2.. it dieis j^uie lli-.lI vh-evUu* aft-orUi^Hul. 

Let Ffje,y,r) = t 2 -+ 1^-4 ajid G{x,y, t) = ^ 4 (4c - -ca 2 4 1. 

VF |>, p. i i — 2ri 4 (3y 2 -- 2^}j - 2^k and Vf-; j-. .. . '■ 2sai - :«I'r I 1 jjJ '."T_-t. 

I^!i b, TOH.-L3.5-r*-4(2c~ h] 4cfc- Th™ 

« L ■ n y — 4 4 4('^ — 1 j — ^1 —ll mj S|. itcid n -2 * m ocr hogoaal 

28. Frovt that evi±ry normal line to the sphere ^ 4- j 2 4- 1 2 - a 2 I,hr 0 * 1 ^ r.he eontef of the- sphere, 

a Let F(^. p. r'l _ - a 1 . Tlicci VF(r,:.» : | _: 4 2v} 4 2 ■: kj^!Ld w :i norhiJll 11 nr 1o thr -^pEifir il-r 

point P(r b jr*r) hu tbt iitfle direction «* the pEMir.inn teeior V{5rJ>& +tL iknee ihe nofrnal tine 

passes through (> r 1 !s^ centfir of ilw spheie, 

1-jOi IBX'l'KISMA OF FUNCTIONS OF TWO VAJtlAliLiiS 


I2.SJ IMlhitmri I lm firnrrir.n / of %vr<> vajisiblf^ ir.!'l ly ml irjtirimtmp uifyc on il* domain ih 

ibr -ny 1^** if ihcfc t% some Srt*Lpt in Dwiieh lEiat /(j^-.^) > /{J.y) fur all pci'm ta 

LEI 1). / Lr H^lid L* Ijkvft hji .:■!.■ s.;'j 1,1 Jh mtHiPEURj rJar wei lie- lLueei; j A]i V> ::i l*ir .ny pLinr if thejn i^: 

™tne ]ininL ID D sueb thti /(x n . ^ ri ;i lor aM points (j.y) La [ 5 . 

12^-3 'File fuiKtlon / of t*ro var-iablnc 1 -^ ^:H to liavr- a Fftorate Jfirtrii'mirr? ai Uh point (£yn 3 /<|i 

if ihnfr rxinEji .in (ejk’Il dhk «Neh (hat /ir^i > f^r uLL pb the 

disk That ire in Erie d^riwtm <■!' /. / is flair; ;& haw h relative uiu^Mi dciCj UaJiJ-i 1 aE th* poinl 
(*0i?o) if f-Lere exists an open d\*l K^)' T ) ih-n /[je D .1 </(r.y) i'o? all ii,y) in 

the open disk that .v( in l.be d^?niM 3 L of /. 

Umbkcb Sf /(c,p) ejthitfl ftt ftlt ptdht« in «5cn.<! open 4t*Jt / baa * PelaLi^ cXUertiimi M 

{xp.vyi, w«l and /^*,,&■,;.) EhtJL 

/ B (^3r 0 J-0 

12^.4 TJcrimEn>n If lit aJ] points: in some Qpesi Hp^fe the point h a critic*! 

ftoini of / if tain* of iler hiElnv’in^ eopidltiujL^ J mM*: 

(«) fA^lfo) - U itnd y D ) - 1 ]; 



DEfFUHLMIAL (.IAU I LUH OJ I'U'SCTIONS OF HORK Tfl AR 0\ K VARIABLE 


It E5 not possible to test n rrilicji.: [tonsE Chf /> r.y} frii relative eXtFfifiii-H. i'_\ nsiiift or:! 1 , the fisril- 

order par* i-il deriv4(W« tff /. 

I&S.fi 'Hinmnn (Second Derivative lesL) Let / be a d ] lit! ren liable L'unruoa ol two variable* -r and a ■awh i.hai 
/ and / T are diUMtidiabk iu sueau open disk R((a.Suppose fusth-ei that (J 

anrl /^j] = U- l>i th^ ftf.^zan nf / 

OfMI = /„(M}/ W <*> M /,„*(•.*> = 

Tli«ii 

ft) / Ism a relative nvniTuvrn value at (cl,£) if 
D(o,i) > D and / Ja.fr) > D or / w >ft 
i[EE) / lsft^a fi^Futtvi maximum value at (rj.fi) if 
E)(^|J > fl and / J*,fr) C U or / C V 

ilii) ]■- r.n-L jl rebilivr: ♦‘KtnfBEiumi if Dl/i,i') < IL 

i iv) bio conclusion r-cgajdtog relative reurcma can be mad*- if IKzi, fr) = 0- 
The 1 Wv*| ni.rVf’K «f / ffentir ^-[• jl aff* 1 fliv^h append! MiaLv*iy by 

- ft/J* + 2/Jb J 2 ) vbe** h Mid k-y™h. 

If D(a..f j < 0, rticn the graph -of /■ ? t rj) LL« or. both side* he" it* r.9Lng*»i plan* At (a,frj. Wc call 
At Left a point a. J&ypirlafie ptfinl of ih* sntf*M. Every point of a hyperbolic paiaboSoid if a 
hyperbolae point. If D(^i)<0 al a Critical point, as in i\l\) n.bn'Vr, ihr hy]*r.i-bcdEe gwlnt is 
F4lLh'd a i a rifle jrci'vL 

F a t>; n ir^Tiiiarff pnin-i nf ;t sr*I R if evr'ry o|jr-rk d^iJi rr ii li-imi at P ^t.\ifbi Al kadi ont polciL of 
R and one poinl nos of K. A art is rAurd tf it contains all of its boundary iwintaL A i-mi is 
tu-rmrirri if it L; ninUimi in imiir «pk*Ei e 1 Lsk. "Thr interior LkT ru; <]3i£pt-£ IS a region that is 
boeinded but not clo^i: a parabola with ht. interior ib a ct^sou that ivcjp^’rl I ml houjid«h 
The cojilinudUfi funflton — r i + y i d?»r> ruvl hnvr mi al^jtuu- rri^hiiiiiiin valur cm. eiklicr 

of tw'j flats. Thm both by poiluaifn on R r.’-i* -h hernial rot ths fo-JJowing theorem. 

12jE.G UKorem (Ejctrcme V'aLue IlitoFeni lOj funriiona of Two Variables 1 Let E-! bt a eJosed. and bounded 
rc^io:i ia '-Ik atid ki / be a fiaftf lino of vn.fiobk-H llial is eonUnuous on It. Then 

thw ii ^ b'Ait bnr Lft R wh*t* f b^> ?ui alwelui^ jn^dmum v*fyi? ^d At k*is one twin! 
izi wh«i- / hr-is nn abwtata minimum value- 

Recausr au absolult citrenjiun i- :l ndati r cfetternuju, i: EdLLnws from Tbco-Nime I2.S.3 and 

l^.-S.S Hi.it r i h'■: hn 15ani■ oi f>: ftiriEttimi / <hti im-Inmi .inE£ Ik'-i iuI rlrnii.nin I) iLrv n HahJliphiJin ai»il .t 

tftiflimtJHl wbkh ore ^i-th^r 

(i) at i point of the boundary of &; 
fiEj at an interior iwIr.Lof I> whkli b-A iLrltjeal jjoin:. 

Suppo^ fix*#) can be exprcs&ed *5 ot where $ and -irr peraitive-. Ef 

Jt-'o) > ri-r) flint Aljr«) > A(») »V« ?(/„> + <«*■*) > J)(x)+4W «n! tir^MUn) 5 H-rW), thrt 
iH h 'fic absolute mudnuun of / ts she sum or product of the maxima of j and bet LxerciEfrj 
'21 zsjzrl In E^prrer -wn 1 |umY the FoUnwing {.heorvnbS stJttisj in -3- 

Maximum Product of a set of po^tivo numbers of constant sum is when faeSors are equal. 

Vlminmin Sum nf n ^rl «f pnmhvr nicrn hers nf ™n«-L.nr. J ptr^ .iCl i:. v. h* , :i ;nf||Lq APi' 

K^trr«SK!iiujL I.lei* Tb^ rt^nKfcuiL lisn- L*f y ink s fas iiN* ae\ -of diilA e'm'AeiIS i_t,_ r;| |, l .... ^x ai . "r ai | oblattiod 


from lhc method of k-T-st- squirt? is y t jz^ + A. where 



Th* lefipawan for * w w for iKr •aunn iiq nf d.fer:i in-i-inih i-^ hlel r.hu wur«* Uflui. 


/„!**) 


VIA EXTRlM \ OF FUNCTIONS OF I WO VARIABLES m 




i i Es*rdn*?« 1 ft. find miy j^kllve eXIttiuft by finding tHn cniicaJ |h» 1 mtn wnd applylfip. DHIntlinn 

I- JU-!/)- v/l4-^-Vi/,= 


: = 0, s — ft 


-- +1. r - El. / _ .-^ 

^5i G^r^-p= v v/lti - t 

/(0,O) - > y'lti- ** " ?/ £ fftf Any / hah an absolute- moxiffnifti Jit (ft, D). 


s. ftt.t) - JW7WT9. /, = 


•, 11. uo,/ 5 


« 0, s-fl 


pp+i r * “ V^+a^+9 

/;&. Dj — v'y £ V^ J ■ t- & for ! -r^F / hat art absolute miiiirfluin sli (OJJ). 

3, f{t,p) = x 7 + jr ? 4* - Sp + 10. /, - ?j-4 JJ -= 4* 

/(J,. r ,i) - [j fl 1 + [y - -tt a - 4 > - I - /(i. 1)- / ha* ttci nb*6htc minimum ft' (!M.)■ 

4- ./{jv n £r) — 2 + 2x + fiy — J' - p 3 

p To lw?n^ Llir critical point, vcc Ed - Sic- partijil derivatives to 0. 

Solving for -r nnii ?j, fitful 
x — 1 y =.% 

To-apply Definitions I^-^.L ]2.^.2, vie calculate- 

/ri, II - /(*,*} - 12 - (2 + 2* * «» - t 1 - Jr 1 ! 

Because /(J, 1} > /fx,y> For any (r.yj, we conclude 1 that / l'»v- fui nliMtlutr jiiiximum ’■‘aUie «f 1? it (3. *)- 

e - fc ST - 0 


5 , MU -> 9 - vTO^Ti. /, = - ^uV-,^ T=* ** *'4 

= S - T^t- l) 5 4 y? < 9 — /( 1,0) fbr wj (^aVF / has an absolute minirmmi ai (t^OJU 

6. f(x,y) = b y* + i - /, - 
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/(j;,jy) - + ,!i |J + L > l -/(0.0' fflt any (*_ j«. / J^a* an absolute EFtmtimim vnlm* (ft.li) 


lo Ejt&rcii^ 7 !S r determine ihe relative ts,i?ema of /. Lf Ihere nny, itrn3 luxate any sad-dlt points, 

7. /(j,si) - I s + JI 3 - 5x ? + jr - 1. f T {^n) - te 2 - 12* /jp^-v) “ ? S + 1 

/„(*. w = ex -1 a /„ J>, *> - ? /«<*,») - I» 

/,lr. jr) - 0: a* 1 - lir i(| 3x(x _ l) = (: X = Ik, isl, fjr,y} iy + l -0: y = 

'['tie critical points of / n-ri- (Li n -|-) Jinn! {-1 n —4;. Thr /^ulis of appJyLQS ilte srrond alisrivs*l_ivi* vt^l ac, these 
|-kh nis &tp. summarized in the lbLLogins table. 

CHtkjJ point f n } fii f t J n - S_ fajgclTMwn 

f0,-J) -12 2 (I -24 -i hkWJx point 

(4. —j) 12 S fk 2-t —!2l relative iuinimu m .aJite 

6. Mu)- 

t» Fit*ti wr -app 1 ,}" 1>efiniti«i to fitwl rju-h rf.lif,,! polnl. 

3W=3«{x J) 

= -«tf - I2S = -«(y + 2) 

IF f r (z-.y< — U, i.Tiein x — I. 

IT Z,.^, ») = 0- thRH y - -2. 

J livn foev, ! 1. 2) in i!.r willy «riiif*l pwinl. Iky Tli^hSiii 32 '.:k, if / h-a- a jeUtive *KiferriBin, 4 L,r. wt-Lir at 
tlie c.riiieiJ [xiiriL {1.-21. We appiv the seiontWertvalive i«; n> sleiatiiuiae Lf f Itaa a icliUive eitTarmim at 
( 1 ,- 2 ). 

/«(*-?> = 36 / K (*-»l= 64 /xpt*,irt=0 

tie CAUGHT 

= H( -64)- 0* = -M-m <• 

t>y TEi+^H^rn |->.^.; : >(ijs. wi* totidudr tlint / dfti noL llAfr ;l irtljiLive- nx.lrtti*.urLl 41 ll.- 'J). 3 lirfftfors, ihc 
Function / not Itaiy- a rdaliv® otrermsm ni any point . 



SJO DIFFEftKXTIAL CALCOUJ3 OF FWNCTKWS OF MOBB 'i'llAN ON f. VAR! A HI,F 


9- -S i *-* , + i£*-4j + 3 /,(»,„)=-& +3 = = I / y (^,vl = ^-4=a,l,= 2 

IsJf'V) - - /jjfojf)- 2 & 

D(*ip) - ■ -2)2 \r -8 < ft. 'IW erilieaf pflipji (1,2) i* -l t^ukllr point, 

1ft- /{*, *t) — -r 2 - y 2 + fty - + 2h f j) = &+5=0xi=-4 Jyt t i - & = l>. ir = —4 

f r j .^$) = 2 . f yu {x,v) - -- 

Pfr, ti) ii 2(“2) — >= ^ < 0, nw aititnl |xu»l (—3. —1) is * «nd«ilf point 

II- | vr + rw ‘ ! X {*.S>)-- ii-Jf !„<.*'#) = 

■x i" Jf 

S') - pi f m t*> V) - - J pr /*#>v> = 1 

ft; j / b ■= ft: ft4 +" ft; <14 + 4j * ft: * ■ ^ — Hi. Critical point: 8 I ft) 

Critical pm S it/ rj _ / w L/^-/^ 2 / CoDdusioik _ 

— E 23 —^ 13 “12 relative maximum Vahic 

/(jf.p), t J --[^ + |r , -4 S i 

► We cadcu!*** the pwlW derlv-i^yC* And set llitrfl eq ft. 

IJx^y) — 2x 4y = ft (1) 

/ B (*rir)- -t* + 3ff 2 +4=fi (2) 

SatvSiyt ( 1 ) f#>|- 4- Aflti in £ 2 ), wr 3 +^; 

V -Bf4 
(a s -2Ks-2)=» 

f 

y " 2, * I 

/**(*' p) = 3 / u-vi f ' p ) - fi & /^- y) - -4 

The critical points nf / ?Ft (£, j) and (4,2), The results of applying tbe sertEKi-dcrivaiiw- lest &l these paLois 
jure summarised Ln Ihe Vollfrrfing UbCe. 

Cntiiniit irwwt/ / w /, v f Tr f vv “ /»/ / <Wl«wpn _ 

{^) S 4 -4 3(4}-£ —i) 2 —-S ;p s-iddle point 

(4.2) 2 12 -4 3(12) —(—4]P — ft U relative, minimarn 


1^ /(4■ if) = **& 1 - - i- /*(«i p) = 4Jr 3 - 4 S- I 4 “ ft** " to 1 

P) = P] “ /^P- V) - - 4? 

f z (x. vl “ ft 7 - 2 j r ~ ft; £j-( 4 ^ - rj - U; y — ft of -r - 4 jy 
Or,- Efc V -4 i F - 1 = ft- W* = ft r 4p* - 1 - Sfc s = ±\ 

Ifr =i 4^, i-Sr 7 rfiii- 2 i =ft; l J ir,r 7 s: ti Sin polulion, Ufitkal pnmt^: (ft.Il And (ft. J). 

< fritted point /„ /„ / JP J rw f vlt -f W v (^iidLiwKin 

(O.-j) —3 0 4 -16 saddle poiat 

(ft h -i) 2 ft -4 -IG .Kufidle pomt 

14- /(if.y) - y 1 - + 3x J - /Jiiff) - I* + Bp - fl. ^ - -2p / v (#. = ftlT 1 - 82p a + ^ ^ 0 

ft - 4y rs - 12^ - Ifii/ -Sj^fsy 1 - 3u - 4) + I) 

- 4 f^tt} - E?i 2 - 34> = 12ii(af- 2) f (*,y) = & 

Critical pwnL _ fjj / wa , / Jg / Jy ~ / CocnJ^icin 

(0,0) 4 ft a ft-0 z 7-04 ft saddle point 

{•-SM) 4 H ^3 -1M AbsoIhLe Tflsmcnu 

{~2 7 - j) 4 2ft 8 16 -3 relaliv#-jnisniiiEitrn 




12.!* H.vi ]U:UA OF FUNCTIONS OF TWO VARIABLES 6-11 


li /(a art = J 3 +r + S ff ' 
fw*i*V)=** „ 

Cntiotl p*ial/ rj . 


■{"■^n-n-.li! k: .-.n 


rrE^liv* minimum 
aaddte f-c-iRt 
riJMJtllp (^int 
relative maximum 


* JV A j “ ™n /„( A t *) “ 'T* V 

HitviK 

/jfa.iO* H /Jx.jjf - ^(fin 2 iH 4Wr - r )ls > u 

then /, and are neref both 0. WecoacSudf tL-iiC ibere are no e rltleaJ point* For the finortio'n /. / ix 

eontimtoua *\ #\vty jxiiail iti R s , by Thnurrm IJJU cuiidinir t.h:il. / ci»-> not Ijav l - relative extremuns. 
5« Figure 124.14b in tbe text, 

17. /<*.*>=£M««P /*(*$ - «” 

fefetf) - If**™ jUft.!f)=A" /j *r V) = f '* + Sfff* 1 

/ M = ft = I®; S' = 0- / F = -0: :nr ry — Ij; Jl = 0- Crith-?il pvinl: (0,0) 

A i (Cv.O), / JV a *—1: lieae* (0.(1) in ti uddk point, 

IS. /(*.*> = ** <V -1&rp /,{•*.»)= SJ’* 185)- 

0 = 3(£* 2 f-li 

fzJZ'Sf) = ^x 

Critic^ point/ 


QsnrSiwMift 


MuddLe poiui 

:r-Ln.i vft mrn:miEs» va]i* 


In Exepdwp LB 24, find ihe-aUoLutt r-xlT^ma uf tin 1 Fiineticm on th t dooed l>Mwl«t region H. 

IB, TJw fniir-lion of Kxr A; K = ■■ tin* 4rmn p.MUr rrgjo-ia *■■'■ wriirt* X I,!)) |i(-1 U), <'(U,^!. 

> The absolute EtLlujJjjU 3 J] b -4 At (2,4J r Lb* @nJy tqUtiw fritirAl [H)L[it. Wa Luftk for I hr- alxittliit* maximum on 

ilie boundary. /(r, ?/) — ■ 2 )~ -i-fo I } 1 1 is jgrealrst ,i( ebr point furthest from ( 2 . ?j: it hns ihe vajuc 16 

al each of lhe ndicea, v 

SO, The fttEKiiwi of Exfo^n 4; R Ik the ukrtflukr repsjtem wliaa khSauh ilw oam, "N. 

the 0 axis, jsnd the line x ■+ j — 5. / Xf /—i j\ 

& From Exercise 4, the absolute maximum lx 12 At ■ = .3j ? only ipLrriu^ f 4 

eritieAl |ioijil- EfKjk fnr the *hsoLuio minimum on the boundar. 1 . Ikcause | 

n*, jt)-is if it* if) \ '.Vi , 

/ b Lua>.l cbe jjujjLt furth*Ht fnapn |J T .4| I'liiri ilk- vrriitx [ 6 . 01 . b^-r _^\l 1 - 1 \ 1 1 * 

figure TIsk niinirmiii] value is X. " ^ \ 

12-[4 2 + 3 2 S= -13- - ^ 

21. /£l. y) - 2|j a — JV! R k I fir Ffl^i'iiSI hn.ilnM lay Ibr [i--vr-il'"-lri if is* 1 niiil l.hr linp y S 4. 

E> / r = + y - — r - o. Tilt only efiiicaJ poim b ( 0 , 0 ). ~ ti, f yv ^ U., f jy „ 3 , L> _ !L (10 - I 3 < 0 , 

a saddEe poani. Tbua t b* extrema art or. tb* lyiiuiiJ^rv. 

On Jf - 4, / - fe’ + -2 < T < a. f’=6x + i. ft-2) - 4. /f—§) - - /( 2 ) - 2(4 

Oji y-x\f - Sr* + j J , -2 £ ± s 3. /' - to + 3^ - 3x(J + x). /(—2) - 4. /fO) - 0, /(2) - 20, 

Til u* tin' «foulut» tn4uimun I* 20 »l (2.4) «ld ifac 4bMlbU: lwiftimum U al (-^.4). 

22. /ix,^) — t j ■ 2 xt) 4 2jfi It )■; i.he rt-grnr, hflujiflrd by ’-m.- i; — 4— : J and oht i aiii. 

D. /, - 2 ? - 2 ? - 0, /„ = -2* +2. Tbf MitifftL point is (1,1). /„= 2, = 0. = -3, D = 2(0) -(-2f < 0 

a .sisctillr |Joiht. Tlatl^ 111* -x.trrtELii ^rr :pis Lbi- ':jiju mJ.ir>. 

On v - D. / j t 1 . --2 < t < 2r f Ita* * ulnimuffl of U at (t and a imxLiuiiii vf -1 -at + ». 

On j = 4-^/-2?-?-«j+«.-2£x£-S. /■ ^1(j + l)(3*-4i- /(-2) = /f2)-4. 

/(—I] — 1^. — .jt. Ihas. the atEoiu(jc mi^nmn is 13 at (— 1-IL) and the absolute miaEnmni is €1 at (0,0). 



M2 DIFFEUENXlAL CALCULUS OF FUNCTIONS Or MORE L LEAN OM VARIANT 


S3- /■! x, y) — 'j 1 - x 2 - 3y; R is Lh* r^gbim Ihrtu ndtd 3iV the eil-eh + (if - 1 — 3 - 

/j ~ -£* = 0. / V - 3= S(y IMlH-1). niff critical Point* *rr 10. I> am I (ft, -1>. / #J = IK / - Gp, 

/ = Q h ts = U ah Wrt I-. psinte. /(IK k) = 2. /(Q* I) = 2. If x 2 - ) £ r / ~ y* - r/ y, U < p < 2 

f S* ft* - 2y - y = (# +iXftt- I). m = lip “ i 

The fllvsnlutc maximoni P 2 al (U. f) arid thf nhsnlnli: mini murn Ls -2 AS (0,-1 K 

'£!< /{&,!!) — Mh j- l Mil yl K h II I’ fr-ftkii luflllHlul by Uni Hquarr Iklivblfl Vertices at (Q.W). -ft). CO. * I -aJlci 

[■ RtfrAUM^ 4#U H 

0 < sin t < I bjkL < fin p < I 

then the aKm> 1 u 1 -k imtaiirimn vaIue rtf / H 3 + I = "2 at and llwr absolute uiujjrmirtl value of / b 

0 + 0 ^ 0 at fl), (0, sr j. (jf t 0) and (*, it}, 

2S. Lei iff, y, sad ? the ihmr positive number* who®* iuin l* 24. L*i S' Iw lh^ir jinwlnrt^ 

j + y -|- i = "24; e = 24 - -r - y. Thru F( *-, y) - xyx = xy (24 - * - y) = — x 1 # - 

If ±- > 24 or y > 24 or .*■ = 0 or y — 0 r then P < 0, lienee Ihe maximum of P occurs at a crtiic-ai point inside 

thn- aqu^nr U C r < !/4, H < 24. 

Pj{*11 1 ) ■ 21,ij 1 -Tr.y- > s K y (*,$) - £1* - -e J - r ixy 

i/( 21 - ajr - j^> ^ 0, P B (jr,jy = 8ti(24-r r i!f) - 0, 

Pl<;rjLur^ 0 r y > fl, ifit cisaly -critkaJ point is (S.S) wtdeh gai'es thr .nh^litE^ rn.Lvimum. 

Ttito i — &j aad so thr three po^iliTr nnn?3^t:rp nre A. iuid S. AittiiiBtii r f-Ly fc see Es^ftL'w 2C- 

25. Fsnd the ■* pMilivi? pumberi wEiow prddurt in ^urh \hnl their mm k M «tn*H si^ 
s. Supp<^ n bibbers, iff si-ot aJi tn^hal. We EepJAjtt the smalS^t -^y x. j-jad t In- kfftsa, say y by two [imisber^. 
<j and xy^ vrif.h iliftsantp VV'r shn^w Lhai the sum L> detreAsod’. In Fact 

(z + y) — -r- J — ^ ^ ^ -— ~ —— — ™Prr^niBn s. t3w- s^:aJ l^sL Mid y is tbc largest-, then 

> 0 ,inil y —rj >0. Sisii'n iwh intraaiKO nw lam of a. lei ji- mw\ n or dretealili^ -sum wx 

.itciee at the caee of all twmj eqjaJ. In part-ietilK, i? iIvr pivwtuet uf lIjt^ positive nurniheis is 24. thr -^tirii k 
lea^l wfi^n qgjnber ^ ^/24. Tn- prove the other tfurawm, we replace jf and by trfo laumbers a and 
j —y — d "with the same sum and show the p-iodurt b iitcrcwrH. In facL. nfr + y — al—xy — (a f i(y - <i)> tt- 

27, Lcl w unhi tw the Itom :h^ fXiiril (I, -2.3;* n iis the plnnr 

3r + ^y r — 5; ^ ^ + 2|f —■ S. 'i hrtt 

«,* = (X - l)*+.( # + 2}* + (z - S> 3 ; .r 1 = (t- 1) 5 +(ar +■ Z? +<3^+ *>-*? 

w will be a mii.in^Lni w hea a? is a minimum, wt stet the absolute minimum raf.ie if 
f(x, v) = {*- X)*+0 - 2> s 4 (*r 4 2? H)*. Bwaunr /(*,?>> Ill) when ie - l)' + (tf + 2) i > IDO 

the minimum miuiL nreur at miliol poinl inude (Ihi cirrJe (r- 3)*4 (51 —2) s — 1W. 

- 2(*-1)-e2tt«+2> - 6)(3) - Jdr * I2jr ■ 50. ! t U .ifj = 0; ltl? T Sy- 25 
/J?,40 = 5(ff + 2K 7 RH3) = ifi*+10J- 2a- f^s) - a- 61+5$i = h 

The -0?ly 'Tricicr-J.l pLiinl (y^. — “I which must b^ t’riR ahwlute criiisimum. Then i — ■—. 

Thriefoip. the poim in the p34tae dotrtt i& (1.-2^) b {JJ, * ■’’hd ilir tninliiim dbuttH'i’ i-. 

V r (w-»>*+H+ 2 ) , *6S s)* = £v11 

2fi. Find the points oil tbe surface y*' ■?; - 4 tb?t -ire closest i-> nTi^in and find \hr. minlinnm distance, 

o l/rl F lit- Ihf Mjsibiv nf ihr tiitmbff *if unilh lK^weeai the origin and any point (r,^.oh the hyperftetoid «f 

one k|j«fI y f -xy - 4. 1 kr distance i* .1 111 iJi|tCLUIii wbeti I- Li .-. 111 MhhIILM 111 ■ U> hftvr 

F = X* + + j 3 = *■* + ^ + 4 

F,-2r^r ... F t -2i + r 

Therefore, x = 0 and : i 0 ii the only crtti.-c?i] point ihf llae funeLi-an. and when j , 1 — : — FJ. we hove F = 4r W« 
?.ho’.v i h*T 2 b thf miriimufit vhlue of F. CoaiJda a ^phure nf rwEiii^ 3 wlilvh hiuiikwia ilir ir plane 

in a cLreSe of radius 3- This circle- w ith ir.s iistcTioi- k idufw*d aiid bnutidcd =^r. H. and to. hy TLirnfens F' 

h mr An Ab-sotute rciinimuBi value on K. Because 1 has the value 3 on Lhe Ixisintlarv of R And 3 Ia gleaner iJjaji 
2. then the absolute miTHtnum of F on R riiimot ocnir xwi lluc houndar-. Hence, the absnlnte- rni^iEmirn uf F 
On R fttu^t oeem al the critical point. MotroVrf. si aJ; pf>itil^ TPiil-sidc K. the critical poml 

xLvrx the *h^o|ittf iriininiimi VFiliir nf V fu-r nil |winLn. Furllirrri.buni, if x - tl -Ljjd i - M, liavr y* ™ 4. Thui 

i hr mifliiJiLlpiL [Ibitnjjrr of 2 tn-cur-i ;iE '.he polul-S. fU.'J. U) aud U. 2,0}-. 

ALTEItNATE SOLUTlt>i^: Compkdng the square on x, V.’« have 
F = (x+Jt) 3 +|i s -M>4 ' 




il.V LXlKilJlA UJ- I -1 St HONS Oi HVO VARIABLES 


U, Him It < D. Jk'iicr 


Jl. It = z 1 }fU - x - fi) — ez 1 ^ 1 -x’ 1 ]/ - x 1 !/*, z >0, y > U. If z >e, g! > A z — IJ. a 

The tnudl&uiji w« icmhi un:ur A r.rillrjd jM.Inl luxsH«i Jk s^uiip^ It < x < I) < 3/ < r. 

ft z = 2cj&f* - 3 i s &i 3 - ir^ and — Sox 1 # 2 — — 1^ 2 y 3 . 

H f ^ 0: - 3* - Zsf) - 0; - 2# = c, R y = Or *V(3r - 3j ■ dy) -i Or 3.r + 1* _ 

The only otlkfel fallen, b when x = ^£, ^ lUfttn the re»pGrt*e b wlie* mg #f drug A ku& 

Jc nig of drug B La injecud. 

52_ Sn|>|ifiM' r .hM t hr ,1 Uf-T *h^ irijcrtion of x mg of adienahn the trajwjL^- R uni&a, aid R - - ±)af whtinc 

f ifi A pOtf-itJVt Cu-hsl .‘i hi _ Wll&l VriJ i **■■ nr x nail J -A ill rmm 1 I, hi* mr-i^im^im dt^mieimc? 
i" Let 

Jtff, !) = »"*{*-*)* 

PijtiaJ^diffrj^iriAr.iEig,, itnc c?h-1?iin 

BjfM) - 0 - Of"V - *)* V - a*) 

tf R|(J,x) - 'I, 11 ei*i 1 rillier ls|,.*sil|#izr If Rjft,*) 0. then J-iUirr ( fl nr z V- ’i'lw oilbil jjoiiilt 

(0,0), (<U), WWl ('l,jr). 

The cfom™ oF R is ihr closed but unbounded set i > fl p & < x j_ To ibrjw ih*l 

R(\.k) -= ^:" ] i 

Li- ail itbfrolu tfi nlAXtinuni v.il u-n, inrr-adrT I r I- n - i rind bounded ftel 1 , 

{(t 4 }: 0<t<^ n<* <*} 

On ih-o throe s£d«i <>f the boundary, i — fl.. -r - 0 . and r — r, I ha* i-Lh- value tl, Shaium: 
then on th t aid*. 1 t — 2, im liav<r 

Ri ^ ^ S = - x )* ^ ^“V ^ 0_0T^^ < R( L, ^) 

Tluih R W fln nielli* mftsimitra v»Jue or 0 which nV4K occur Aii the Emtfior criek^ Hwinin pMFth^rmwf, 
kcaup Dj(Jf w J = (L <0 f > 1, iben U d«-f^[og for i> 1. Tbcrcfoic! for any point (i ± j£) 

HJuLsida oF n vkk haw 

x) - U- 1 ff - £ :-t < 2r ~*fo - rr}r C R(?. J:) 

Tbuh 1 Ja^ Harts i in uft 1 on il \> ait hI^hLh- iiuiruftnuftt For the rntir^ rloiniun of Fl. Thettfor^, 11:^ 

UWJPmum tArciif^ t ~ I wid j = 'y 

AlternAiivHy, It(i. t) — whett ~ ii _! , I > U and A.(x) ~ (-r — x)x, fl < x <. c-. Bftc-aijsf* § i-limJ h apr 

positive, tvc- ma^LniLE^ eaca funetiois ntf|iaraL^;v. 

BeCAUW- y{l) > 0 wku 0 < i < 1 hi 4 3^I) < 0 if t > 1, Ihta j hM on abwlute maxtmutfi \ti\uc wbn 1 = 1, 

A'(t) e= r 

Bccatisr > 0 if 0<|f <±t and A r i'x) < fl if < x < r, tlim ft Sia^ -in o&solulr- sn?ixicnnrn i^liac when 

x — ]/:. T- lv B. has ,m aFj^oI 11 1 ^ masiniiim viilnr wiien ^ " and ^ - ^r. 



S 41 nil' If UK VI IA J. CAI.l.:t UJS HE H Xcn'UJVSOF MORE THAN ONE VARIABLE 


J.3. l^el S(, Sw and ?li In' tlw- nrirnth-r ul" ijiiLLk ih llie- htaigth. ^idtEi, and height, respectively, of llv* JiMaitakpLpcd 

P. Then in the fttfrt eCUbt ihr vrfitt gf P w *U (l.w.hj. ShiGr this p*lm J# Wi lh* lipoid, 

+ ^+4^’' ® h" " J{-4 — — w^), If V cubic unju« i* the the volume of P, ibeo. 

v ^ - £Ml. Let. 

/(g, W> - V 2 - 04 FV* 2 - 4-C 2 - - ftp 4 ) 

The domain of / k iSi<e cLo'iod rcgscwi, honndm h-v the r-lll-pi^ -tf^ -!- t. m ‘ — 4, :uiil fit.'*’. — 0 cm 1 lit boundary^ 
lienee the mnxciamEn *e wk ithphE m-rnr .si jlm s ssti-r il*f poiii 1 : 

/,(£ t w) = 144{&Ew 2 - IfrrV 2fw% /Jf.w} - lllf^^ sfSv -IfM) 

/a(£ t w) — Ac 23&0 vj 2 (4 - Si? 1 - tji 3- ) = Op R£^ + = 4 (i — 4* of tt- — fl pma Wctitoy point) 

/J^n) - ft: 07fl£ a w(2 - 2£ 3 -«£) -0; 2d 3 4^ = 2 

H>rier £ 2 — ^ and — J r The only «-cici! , .il paid l, md thus thf abiAlutc maxiin Pin valu#, h when £ = W3<1 

tii s -4^ Tito ^ s j - J) - 3; It - tnd 0if majdmum volume k V^') ss 

Alternatively, because she imm 3G£ - — f Jtir 2 4-L's 1 ’ is a ccu^ai^ thr- pmrlur: " ^,TfifO(Uti ,2 ){4h i i is grea|j«yi 

wh*n the t^rms are equal, and *0 W a = IN-* “ ih a “ 12,, £ *■ i/ p« m - 2/\/^ ^ = 

Let fft, ia ft, and ft ft he (h*- taigllu width. and Jli*j a^l le. i*r Lhe bos, and ft 1 tlie volume. Then 

M£w + JMim + 2*h}=l(k 3«to+ratti+ 12«A= Becauw i-h« flHri ts constanl, iht ^nxiuci 

43?V 2 — h wken 1?i/c - I^iiA — 43'ii J y? s ^ — {™S? n £wk = 

f = luthjtv = ] ,^ = tr, ^ - lutA/u^ - |V2- 

35. I.ft. if I, Ji ft, and /■• fl tie- llu- Jt:u^llt P widt]L r and Leigh I, rrt-lfcfCtLvuly, tif ihe b*X, Lcl t r «nts 3ie E?:e e-JMI. of Ui* 
materials. TlueiL 

irji/i - 16- A - ?inr| r - lSfte- 4- IGtuft + [ 12-fA - lSfiuc 4 f y - ' ” J 

If d^lOOD aM ? i > 0-1, ot £>0.1 Mid ir > [Oilft. ;ben ?: > ]tf<JD4*)P-n “ IW Tf f<f>.L. ih™ 

C£ 254/(0,1) - 25M:"if wtf 1, ih*n C > UH/(Q.l) - ]a24L ih-' ifcieluhi eoklimtm vtd^i ^ C mirn 

oeeit? at a eri l poini in r.h« uisersur of iJn- squ-ue Cl.J 1 < l l.'UO, U-l < ii ,: - 1000- 

^ =ret-j *^ 5 

I’hl! njtty rriLiefil |■«pj||B. and tieair-r l\i* Mlihin i"i ^.i-, in wJieit C ■ "j nad tr — ?. Then h “■ !i and 

C = 

^SrStipptise iti.iL T dsg3MS I& tlie temperature ai anv- poim c*n the sphere r i 4v 2 l = 4, pind 

T — lOOfy 3 ^:, Find tW aitd le*At LempetaiEuTcs and the points on I he spkn? wfirw- fhej o«ur. 

*■ Octanw - 1 — - ; J . '[' is a fanrtson *f 4 and ; aad 

T(jf,r) = I0fl»jr(4-X 1 -J*); (Ii 

Thus, 

T b (aj 5} = t0D[*3{ X 2 - a )] - - EOO_-f^ + r 2 -4) 

And 

T 4 (f, 5J s {00l»{ -k) + *(4 - j :1 - - IOOjK^^4^-4) 

If - fl AiLd T,(r r j) — 0. we have 

_^ + r 2 ~d)-S) 43) 

jOj -2 4 x 2 - i ) = 0 (1) 

if ; - P, then t>tnn Eq, (3) wc ffti j: I|?m - ±2. 

If - -0, then froHi Eq- (2) - - 0 or t - ± '2 

If x f 0 and t -f Cl, then we have 

3ar 2 -=-^-4=0 and Sr 2 4 x 2 - 4. — 0 W 

Tht 1 ^stmlons of K^Pk HJ nrr J- a + 1 and - - ± t. Wf hw i !■) Ms find (be value efT al eiwrh criiitaE 

Thm 

1(4,0) =0 T(0,3) = 0 T(0,-21^0 'J^.OI-U T(-3LOj-=0 

sind 

T(1 lI) = T(-S,-l} - 20ft 
T(lp-I)-T(-I r l)- -MO 

ESeoause ^ 4 ^ <4 ^ s tissed autd bounded ^-i nnc| T ba* ilu^ mlur 0 -nn ilir htminl^y, ilw utaaQinr* 
[EEiXvi ruum and minimum values of T are found at tbe critical p^ini-Ss FurtEi*i , iiiQfe , l ^ — !iil when j — ±1 4od 
z - ±]. Th^-mfiM^. 300 deletes is the p™Eeat and thb tdnpw^une it dw poLntE 


UXI'ltKMA ()!' I-TNCITONK OF TWO VALUABLES m 


(1, (->1. ± v^'— 1}- The IdRsi tauper&l.prv hi —"IJO0 sfcjiiws., w:i icJi gctur; al the iWSflLs 

(V ± V^i-u and 

| bnnwn jvi?|y, the offtrou T becm *i the maximum of T J , 

I" 1 = 2&00 

hSrtrptus^ 1 3 m^ mij n i i if the factors 
2 i ! +^+Jf* + ^ J -S 

ti .i c-ijei^t-imiit, it ih- product i* ftrirfilf'i? wh-rn the fatten aw rtpiAL that w whm 

& V -^*=^8) =3 

* - ± 1 , if - ± * — ±1 

which IwhaL* tu the sjtnif ronc^m-m. 

57. Whcft lift 1 ptftdttCtiOd sm f tho tofmAodily r+*|Mlt™ j- n i-'^rliinr 1 hmtra hinI jj (■’[Min huurv Llm rrv-i of priwIueJ-mh 

is given by fix, p) = ix* - 6i y + £f + 30^, at > 0. y > Cl, 

/*{*, y) — Br^ — py - 0: [J — r J and /^h'x.yj t &r + U: -dJS 4 2x 7 = 0; J — 0 t 3 

I hr rrir-Ml points arc- U.0) and i".9'j_ /m,0) - m and f ^9) - 173- No* /fx,jy? - 

Tf*>IO, /(*,*)> 100(31) ~5»- 16WS-4T3: Jf0S*<10 tad if>64lhm 

—■»[ tnrij -+■ (4o)* +■ wu = 300 > *173, Once Lb* .bioiitiLc ihtaSmutn mun «««* at -s triik&l pe4w 

inside the reet-an^e tl £ x < 19, 0 S iJ ^ ^■ : t s -. Fki e*, ai (A. y ). 

38- The unit profits are j - 4U and jj — aO. 

I' - (i! - 40X9200 “ 50*+ 3%) + ft - WX25JI - 3S#) - SOM* K 2-ttjp Wx* 4-tacy »if* l«MWP 
r, = 3050 - 1(h)# + My _ 0 . „ 3S0 + r.Qjf - 50* • 0. 


P^+l%--i2W- 


Mi - 0 , 7. - 34. P. + 21^ - -«50 - !)0j> =. 0. s ^ S9 


i* TZ — '■ LKJ. — 50. — 50. L> - 12-59I"® >9. Tli« drillr^.l i^jiiir. Is si r+rJ.il iv^ -^nxlnmii'i. P is si 

quadric ii b afae 1 an ahsaiu^ 1 msutiimiH^ Sell ‘hr first at 8^-3. the second at SS9 for a protit of S^9.0S-" h . 

KniTrM'K -1^ -ItU only j.ftmniiin^ a^-i ettd <td en a ^EeiilJsw rflU U? n.*e4 r Rv«y 
tjrai wii]] be explicitly iiiflirAil'd. NecjAt-'-r- dumb^ra sirt* nstr-r^d 5y followiisg the number with the -r/—| key, 
Aoswers aye piveci ten 3 dibits. 

39. Let x be the ui( itt bn of 20-year periods-since 1021. abd Lid y br the vaJur uf thft pninlin vpjits aft^r 1^25 

in h^nrl reels of doski?. 

*__I_5 J 


-SB 


I Ml 


-jjff- .U J dJ'i - yi<i ' il-*. “ 6 - =®f, £ *,* = U, rn = = 60.1, 

'™ ,=i ==] 11 ; i (i*H-t ) 


. psr-cs.iKfi) „„ „ . ... , 

p — - 3 — --= -9.9. Ihe i^j^rtiion libr Si** the equator; ^ — 66 , if - 


9.0. 


Wfnjn j ^ = 06-S w 4 - 9,J> ■= iVtA, su !u 5901 tin: fnltiflfijt *UJ be worth $!£5^!i0- 


40. A I99L modil i-jir #as as ?i ysed car in 1992 Ear Iis. vpJve wi$ 5B.200 ii? 1093, 3-i. 7Ll0 in 1084 and 

S4,-8C | 0 in 1900. Use the method of 1 *vl-;L Ki|uarw: iq estjTnatr That its value ^ras Ln ]!ff9Cj. 

S> Let u d&Jiar* br 1 hr Vaiu« of iliP rjii 1 yp-.u ^ af|^»r 1991. Wr Ihi^f ?i “ -1 n4*.il 

r i - J J 5 " 2 *3 - 3 x 4 - 3 

■J| - 6 . 8 CK} = C ,200 3 f 3 - 5,74 >0 = 4,SQ0 

E = 11 E Vi - 23-500 E X, 2 - J9 E .-.ft - 60.300 

iiPl .-1 ■=] J- 3 

HulsHtittiUnit into cquatlw {l) mad fil], we kibtaj.r 

r ' L - ^ V - -494 apd b =U^3S0fl -(H94 )k Llj - 7235 

*1 .X TJ J “ X 3 


Thus the repress LOS 1 lijjie fur lli« cSnlji pnint.^; -s 

V - -Wt -fr J2M 

lirenutc 3 - (in then 


31 = -494x4 4 7254 - 52-Vs 

f>ui efl-tijuate (hf the Vr-i! :e of r.fie C 3 J >n 1995 is S5300. 



Stf DIFFERENTIAL CALCULUS OF FUNCTIONS OF MORE THAN ONK VAtUABLF 


jr (Wflck number) 12 3 4 5 

~j {AllendanM/lTlBysO 4?~41 33 AS' 

, x (5x594- 15 xt 10) ,-.{910 


[=l 1=1 


: — 15 - E^-sau 

i~i[ «=J 


, , (5«594-15*810) ,, , CJj<wa.fi*ir,> 

f*>* -5- 

The re£H 3 Hittn line has the equation |jr — -.3-.<S±-r 52.3. Wlim j = 6- jf = -3-0 kG + £2-0 — $1.2. exp^d*d 

attendance- t'o-j the si sib w*rk is - 0n_y - 3rJ0. 

(b) We find she JJne far predict! tag x. Eyf - WW* m 13 " 77 — ' ^ -..- g . - 

i-T — J 1 L 1 . 

ft - (I5-S-0L273 > 21Q)/5 — 14.5. 1 hr r^r^iirm lint trfui Iht equation x = -0-273y + H-£- This i* not thi^ auw 

line as in part (aj. Whro y - 23.B, j- = -13.273 x22L3 4 14-5 - ft,35- The film will play wit L hr ninth wee!;, 

rtSSLf 3s SnSr4-S»" - r - £«• .S'. - *■ £- - **• 

y - «*■ & 

TSLr rpghcw-ioTt line has the equation 5 ^ 9-333*—77.1. (!>1 When 4 = SOQ, y — £-235x100 -7i.0$ HY- 


_ MM ^ 407 - 3 f,, S>, = ,897.4, £*^1*0* 

jf (tnL..™:L’ 37? 6 3&U-':' 4il 325,8 g ^ £ 1 p=l 

£,.* _ . . ,.,i ls m = (5xw««.s5-i»r^*UTo.a) = ^ 0423 (= msto-s + ms.*!^ = m% 

ffi 1 ' ' (5K?dS4S4.t6~10974 a ) b * , „ 

I |-.n rcKFr.v.ifcMi LUm* hJut 1 ||h- 4 iLj is .hi ici-iii jj- ’ - t f>!54.7, II ■* - 34 (M. v “ “0.423 xJ-iu 4 1 BS3.- = 3-90.8. 


The score ojl a student‘s cDiTanc* ejtaaELLciALlcib used to predict il-r itucknt’s grade-pom I J^erA^e at Tht 
nf ihr- CmsFinuih v*sa*. The folJo^iag table gives tb* flAta for six students, where x b; the test store and ^ ia 
tbe fifade point average- [a) Find aji tquatlou of the kstc^siots lim* Fiji I lie data, (h - Predict rlii- ^nde-poiat 
Avwa^ ftVttftg* <sf II aiodetiL ^vlv*^ is. 

Student | SukSt-ol '2 Student 3 Student ^ Stnlmt a Si^ideoi e 
x 52 ¥1 73. US 79 

v 3.4 3-7 S.l 3.-S 2-^ 3.& 

a We brwf n = H iucd 

£*,=506 .£>,-= 1«4 £**-«,4?4 £*^-1559.0 

l— t e— C J—l 8=3 

Substituting, in tv eciuftiiosta (l) ft^d >11]. ^rt obtain 

_ Ok 1350 - M * . tf J. - fl . Dfifj and 5 - (18.1 “ -2.419 

6 *43424-509* 

Tbciefon', the r^re^jacs Jinn ia 

n - Oiml* -2.419 

(b] Sul>stiluS.infi t — ¥?. wc 

P = 0,0047 xSft- 2-439 ~ \2S 

VV<! simile Ull> iitudeftt's ^rirb-|Mnnt TO tw 3,2. 


t I'shuusar.d units] 05 72 32 SO 100 _ A .„,.*. r- ,,, n A . r 

.Uo^wao 35 42 43 W §**^14, ^1 = 409, = ^ 

* _ (5*!»234 ■W9«*1*>_.„ , (SIA-O.SISSKOM), „„ 

-s- - ^ 13 ‘ 

The regjrej&len LLtie haa Ibt cqijnUon # — 0.-&33-T — 2B.13. y(lD5)-= bli.32. Profit will li# about SG^.3O0- 
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TFm 1 

n'Efv^pnsi p 

-■ir-v ■ .>.. ei|iFn,lKi-l 


33.75fln lr) - 30^ 

2S. 

y(i^ 

- 33.75 x 

In 45 - 

30,2#- 
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12,a EXTK15MA OF KIJK.TIONS Of TWO VAKI■■‘■17 



' In r - 1 V V V - 4, D - R (ll. m U .Vwm inaiimum; 1 P ** 111F 

L' ii",—UUU.U! P(14 JO*— lOfrs. Priwlnw MM W* 1. » -fUrf *. ** 1*°* *?*■«< 

;^^:r *: ,r" 

l^t / b* tfc? fmiriigii Ji-nitfd by L , 

• ••■•■' ■■■■"■ ; j ,„,. .— '■■ ■ j .^i*. . 

sintk the tiuiiiniurii value £* V W* poi" 1 wutr ‘ J 

/ WK set I hr. partial tktivalWeE «J™3 !C 0. Thui (l} 

//*,*)■* ‘^W - - W. *- 0 (2) 

feierirJj • Qorr Z&JZ hVd) and (2). - * “ “« V * »■ « (l) * » W ’ d ** 

(S) by *- This recite in (1) 

aAsy-d^ir-W*-0 (4) 

- Sf’jr - «*/ - 0 

SuUtTttflias t<|. <*] f™« (*>• wr hllvr 

-SPy+^-O 

Dividim-fi «™ W.h side* by -*?/. wpr ^ L 

— ^ -n^ — 0 

H ” r 

Subfci.il rfiug y - -f mm Ecu (1), 

3aV-4J 5 -3**=v 
2 *^ = 

*- |v/3a 

.,, . .* . ,A fa iJS-l ^ 1*,* is an .ihaSuK maximum value- Because the d™«ain / B the dosed 

St-L£dU%*s?«J /*r *• •*■ ♦ » *’■'*'»• *“ 1 h ” “ 

Sgr?+r h it w i«i« * .....*->*. *-*»» <*•* 

.1 _ ^ _ p 3 - u 3 - 5" 3 - 3 ?' - 3“‘ 

Hrincci 

Ttffrfo^^ y - r itnd we camitfcucLt btiAL V h** * if lh# U " l ** of " wbe ‘ 

Altern^'^riy, "bpc^use lb** sum of ih* factor* of 

V 3 = *W 

if- th<? fflfipiuifvt 

when it - cqu^- «* ^ V ^ * 

maximum volume if ll* bra is in the ahapt of * cube. 

49 bet f, w ami h be the Diiinber ef units in (hr length, width au.i heigbl of Hie W Let S “If** 

' Mirfaee ^ (S in n ewunt) »d V cubit uniu Itn vnbimr. 

" 1 *i ■'■ ? n. .I; .I 


ffi . slL- -4 e= *-£££ ** -«»-■»-»>-• 

MMu'r 5<>»w\«v.«a»(VWVShi>-“' l “ i '" ■ *" 

h = wrf v = If I > 1« VS ™d * > 0-1 VS « i > 0-1 t/S «d - i "A tb “ 



V - ^ ^ 0,1 v £ ^ ^ < Wit Mld MmUariy if t <■ 0.1 V^- the 


m DIFFKHKNTUL CAUTMJH OF FI 'Nf LIONS OF MOBi. THAN OM. VARIABLE 
£w(S- iw) 

Hi+») iw ‘“ "™ 4VB * T - W 

abtoUiM. 1 inuumiiin volume wriip* it « cm tea I potoi in# 14* the wjunrr 0.1 ^ 

0 -ly^S < w < ltt^S, Ihai ta when f:«:h = 

Ah ^hri m^y, 1 ^ 311 m £ir -§■ 2 £ft + 2 Wj. is a tbt product 4V 2 = (CvJ( 2 £ft)f 2 ti;A) Ea greatest, 

wlirii the l«ws afft ThiiH-. Cit- — 20h — 2ti ft. E/ft — 2/ir — "i/£, t tiftF — Si2;L 

50. Unit |nofitt p - 2 n ^ — L. F -a (p - 2j( 11 It p SfJ + (fl I)(IB- £p -1?J t7 p + 2% - 2p* - - 3^ - 4l 

F p s]7 4p 4f = U, V 7 = 2ft - 4p-^ - Q. ^P F -SF, - -I -4p - U,p - - J, f^-P, = -9 + 3f “ « t ? = ? 
Because ibe only critical podui is uol in ibe th* maximum is on Lnr tHiundaxy. If p = fl, 

P 2S? - 3^ - -1L. P' - 26 - Eg - Q. q 4p, P -4*. If ? = 0. 3 j p 2-p 1 - 4 L < 0. Thus. the m^imirm pmfil 
oecurt Eflbe staplers 4rc and a bn* nf rfUipW *4ls for SH P 1& 

51- If V/ - Ui - Uj, then a normal vector >« lIli- [dame La. (0,1),]). iEL.it as the plant i* hwriwnlol, 

55. Obtain Equation (I) Omu fE^V + fZ^ ■= X- isffi *nd + ui — Esr;- 

>i=j ' ^i=.s f i—r ■■ _ t ■* a=J 

> Wr omit lie- firmly Mulli.pl) Llir fin-i rq uni tab. by r. awL Il:r ^mhlI by to get 

..( Jl *;*).« Ir -i( £ * ■)& - n£*^ ( 

.Sulrffaet to g^ft 

["'. Z j:. 1 } - '• E ^j 3 >" l> E f .!/, - E'i E >,■; 

Divide to get cqmiurm {-' 

53- Weggwt a tiitiipltie prooT that (3) and (t) giv^ thalvlr jmiumu'ipccl valic L>f /. 

I = if ^ I = if X = S& v=7 = 4x - ^ =iy - ^ 

Twrj / - EMa- i^-]‘ » + rut* ■ 


J=! 


Eleiicc / is kasi when ft ■ and ?.■■ - 




E^ i?ti - ^ ■>E* 3 ;.- : - E-t a £j? e 

I_:__ r—g _U=J_ 1=1 

*,r 


Ei^-nP 


nZ^ 3 - 

»■ t 

12.S -SUPPLEMENT 

1 . S^uvr r £ w-~. (ii ') of Tlitoru-itl I'i.-^.D. 

a- We KTr. pwn tl = f xx L-i f h\J rjrj i^h) - f > fl and /^ja, b) --L Jh Lzi ^1,^) - -/(-C-j/}- 

Th«. 0F 

uf chif tiiiju;c[LL r ^ tiAii a relative ttiinimcun vedue At (e.ft). T^nr^/ un-i a ttjulw masdmum. value at (s, 6), 

2* If O(a.ft) ^ 0 then the discrijTUJiwvt of the tight st<le of Eq.ij ID). {2/^P ^^ 5 ^ = - 4D(n., ft) n fe jjofljtivtp 

and •<(# the tifljtc. ft3i.Lt factors into two d^'LEK 1 : ;:rscor fad™- whic:i rl<".r T Hi.Fne two Tiij'-r through ii.i). Jn twp 
ol the «*lor*. tbt m jwpilevit And in I wo ll h negisfive. 11(19* is neilhet pi nitin iiHMirniim 

no? & r^laiivi minlmuin. 


12.9 LAtlHAN^K MUI TIPUKKS 

Ef / an-d -J rirr d]ffri-pnfcL-ihk Ti3Z|4~l-s-'r:;i nf r, y. arnJ r. 1]ii jl thr"- critical numbers of / 5 'ifbJfHrt in 
the rMJ?Lfc:r-iicit y(j’ L y.: -|3S. .1 r-■ Jiiiinnfl 'tie crt;:c*f pm Ilf. of I hr fuilfttiuH F d^filJcd *• fotlOW*. 

Ffjj^.e-Aj = /UnSIn-) T Vl-^IV:-! 1 

^u-te iLai ibe eondltaoo i; 0 M|nivakiLL to the eoustiaint. 

Stapes*- iliac at the emLcal pool J- D. 1 hen we ran find ft-/Hz ,™J ny/Si either by 
dllT-eTcntfatccg jr Smpliritly ^r by *Rpbitt|j( Tli^i-nn 12.4.3 lo $, «V-r e A? i 7 ,nw ^valnatn /^, / r 
/jj, and / rtf Afld apply iln’ *^cojlc 1 ckfEvwBvt 1+-^ Hirtaroiii c2JU5). ^ dir+H-t ittf. fui 

relative eraemA tising cetcrminoni^ of 3id and 4rh onler r»t> he found in ImwIs 011 ni^tkcnw4i 
cal econontks- It fn?sy be difficult ;u p.-ovi- that absolute «Ut*itia fW Rxeniiwi 1C_ 

IT Wc Use F TO ftlld the CFLticAl TiEirr.h^T!; rif f *•* an- usj:n'. ■■ 1 1 iClELOd of La mm^jpj'irrj. 

The method riny I"- r^^Ndefl m rnducfn inrw?: ihma one cgaiifAinti TtlP*f iho ^rilkaJ numlwisof 
/ MibjiH-i (a r.h*: nunsirrcidLs l,«.j — U .^jkJ h\r t p r z) at^ *a»n&s& tlw: etitical jaumtwrs cd G 
ileilmNd follows. 

r;( x, y. -,A.|I | - /{x, y. -1 - A$> x. y. _ - pfl [ X . i 


LA 0 Jt.A % E ! K M (: J. li PLIL P S 


Llirast.? }£, 1 ? 


In Eaercift^ I 4 . yj*r Laesj*m£r multiuser* to fmd ihc eriticnl poiftu <jf (be funtitan t& th-r cotiHrwiu, 

■ - ./(*. y) “ J 1 " y J ■ *nd r' 1 ' + if* 4■/ - £1. J-! x r y, A} 25 -V 1 - 0 * + A{ r + 1 / 11 - >y), 

5h^J — 2* + 2A*; F ? {x n ^,A) — —2g 4 - 4): F A (j,y,A) = x 2 + y 1 - 4y 

Setting Fpt-F.y-.A) = D, ^e get A=I or i —Ol Siting F(x,^,AJ —0 w* see Hint A—1 is iiftjXteaiblft. 
SeLLttig F a (x, y, A) i H and with x = 0 vfp gel if-d and ju - 4, lltftCC the criiieaJ points arc (0,0) and ftf,4). 


2- — -Ij 3 — ty l 4 .J Atid Jj*|>, s/l - -T 11 t % = (i, F(x,y fc A) _ 4x J ' 4 'dy" 4- 5 i A(x J j sj* 2y). 

F x {x,y,AJ — + - 2x(4 4A}: E — 4jf j- 2Ay — 'J&jp - A) —0. Fioni F £ , rLtber x — Q -ind from y. 

If = 0 or p =. 2 which satisfy t' v -with A = -2; of A — -4, nisd Irani F , y — fl so x — 0 from y. Thus {0 r Q) aed 
(0u2) £ir sh*: ctLtLdo-E points, 

3- f[x , sf, ^) - x 2 4 y* 4 *\ and 3r-%f + x- 4“ 0. F{ j. y, r, A} - j* 4 y 3 4 r 3 + A( 3x 4 : 4) . 

F 2 = 3j + 3A = D: - 2A = O; F s = 2* + A = 0‘ F* = Jx- 2* + a: —4 = 0 

ScJvLng omultsi^iHi^ we get A * x = 5. $ = - J, and - = 3 - Hence Vbr critical pmnt is (^—ii). 


4 , /(juy.i) — f * 4 }/ 2 4 i* with Goiudniiiit y j* 3 ■=■ I 

i* Let — x J - y i 3. Lti I' l?r th& funeibun defined by 


F(x : y. -..A] - /(x, 3 ,x ; + A f/ (x. Vn - 

— x" 4- sr 4 .i 5 + Aj 2 — Aif J 4 a 
IV'c fjr L d the critical [.*>] it:.-, of the faction F. T.^: 

hy=. jr> , A) = -r + lAx - 2x( t 4 A) - 0 (11 

>y ; T, jf, y. A) k 'At* - ^ -2y{\- A) = D (2) 

Tjx^Jb^Hx^Q (3) 

F A (l.Jf,r.l) =i= /|1 = [J fH) 

Fwm (3) Iir*i hr r «; —l J . Ffnin (2 I FuiVr h--?i h^f- X = I ---r y - II Wr f^r-r'. i; '.■ \*n-.n .<-• I hcsi. \-*~ i‘4) vrtarjld 

require itxi j* 4 J - 0, wbiiti i* impOM^bie, Jf A - I m Kq. J), ^ x - 0. HulWPlUting x « 0 pel (1) s 

we brtVft Vt l ~ 0. ^ = x. I. Fhfivfojc, (UJ.O) and (D. L.0; .^io thecriiLcaJ points. 


In LscrcL-ge o K r us* L^fplfi miittipftlS rind Ijjc abooluic ewliemHi of / Ecsl»irrt Us iHr ri>rwt!rg.inl- Ab? find Uye 

pgot5 at wbkb tbc cStrcma‘xcui. In 1 \ercif«s ^ ■?. ■' >il r.h« ... = -li id mini;! mi in !l« frgLoii. 

/(S.y) " x s + |f, AWl x 2 + y 3 ■5-$. F[j t ^A) r a +)t + A(x ! - 

F T (x l j fn ^ = 2x4SAr^0’ P -• l T 2Ay-0: F A (x, y..U - x 3 ^ y 3 - 0 - ft 

Sebrng these equatkMia 3unultAii*iiiis]y : we gel i3^ solnTjur.s: 

x = f>, if — 3 t A ■= - r - IJ, y - A = ^ r - !• ■■/io, P _ ^ X — —1; t — — j^/3&, p - X - -I 

/(0.41-) —1) - ylS. aijMsIulr minmutriiE /( ^ nhno|yir nbaxinmin 

^ /t*i y) = J 3 4 p* <. &. / r — L J X — ft. ■= I =0. Tlirn- arr isrt rrilarn( |>iji Tim hfdn|i|L«= Aff-p 

tbo&S Gtl tltfr L'.ju iacl h.t v p^v^ri in 5_ 


5. /(^, 5f] = -r ? y and j( j, s^) x 2 4 Sp 3 - 2--1. F( x. y, A1 - 4 Ai'x'^ 4- $v 2 - 24)s 

” '^ry + 3Aj 2jr| h y 4 A>.- Or F w (i!^.A( — *P 3 4 3f^y ftp Ef J IS. iIicn fr^nii . 1 r- ^ + ^5. 

Ef A = -y, thc-n from F & , x - — I Gar“,. 4Jtd fioxn j, y iff - ±t /(ft h ± v^) — ft? /f = 4. 3) — 4. absolute 
maximum; f\ 14, -3 ; - -4. absolute miuLmum. 

3 ft. /(x.rf) — x a jr rimj x -3 - jy 2 < 24. / x — "2xy - U: /^ — r J -■ 0, The oulv cjlticaL point L- iO,0J. /' 0> - 0. The 
Absolute eXtfprnA ^rr Ehow 1 011 the imuKtary piven in Fj«. fl. 


?- f[r. lT j,z) ~ xyz, iirnl T~ b ^ - <U* - -t /i>, p. ■-_ A | z: X7 f t * A(j- ; t 4 4,”' 4). 

F a — J/4 4 - 0; — -2j ; A. F v — — IpA — ft: X^x- — —(y^A. F. =■ xy 4 RrA - 0: ^x- — — I'-'A 

Hence ^ - 4i\ >f - 2z\ And -i_- 3 - S(Jp) 44- 2 : -J; r' 2 x :'x i JJ. Then x = ± v .'f . - 1 v ^. 

” ^“V^ 1 Vs ' 1v 1 1 V *' = ^ V'^ 1 “ ' t> v '^ 

y'i ’ yJ T v 1 ' 1 ^' 1 - ‘ y ^ 1 - y 3 ■■ _ yt 1 - - |r, ' _ v s r y's" _ ~ ~\^~ y'I n v s ■ - ^ 

If > ^ 0. -me have 6 additional critical points { = 1.0.ft), (0. =3.0), (0,ft. 11; at ^'liicb / - ft. 

H.-’i-.-mi :^ 1 Ihi- rchl^itfnShl wE i.s Hc^ard Atid hmmd-'d, / Jirui! p^Srrrnh, Snkrii ,iL tile- eritkaJ pcvihlr*. Tlrliee / ll-M ft 
- - j ""j- -’- L e 2 :. ■.! i ll inline LbP " yl' aEW J a 01 iiaiirtuj.ii vnliii' of - ^ i/’TT- 

11. /(x,^ rp: ? x* 43y^ 44^^ < -1. — Q: — rz — ft: /_. — xy - 0. F^ach point oF each a 

nril.H-nl |Hiin L asm I / — M. Tin: stl^^liil-r e-K hreiiKA sijt" iImjni- 1 ^ Hin zhr tHnin^lnry jjyvfln hi Fsx ?_ 



DLt’Jf’EttK'N i'EAL IIALCUIUS Of I LNCTIOXS £)L ; MORE lEiAX OX L V'AltlA ULi 


8L /(s. whh eonstfratiii. 4 3T* 4 ^ = 1. 

* Let p^x-jjy.z) = i Jf* | Jr^ - 1, Lri. F hf I Up fanrtinn dpfirKsi hy 

= /(r»y.=) 4 Adj,^) 

= ^ :c -I- f t 1 + + A^ 3 -f A:■ 2 - A 


Wr fin^ i br rril jm! points of l.h<- fianrE.rH.in F- \ 
r^ff, fi< i,A} = i- s +a*jt^n 

a> 

- ^*+«» - -2*> 

pi 

VJy.j, r.i.A) ^ ^XJS-4 2:A: - 2^fi4 X) 

pi 

-« 

w 

Ftocii <3!i. eiilicr 7 =. ft m z = - X. 

If ? 3 = CJhi (hm frrnn F>;. i L |v rirJiH 1 ? 



F = Oi then tiff. (4), & = ± I. er 

A = Ifc l tan frnippp (2J, y - fl *jsd from M} x - +1 

IF x — -A, then from Eq. ([} 7* :x a jfA 2 and fros? Fhj. (2) lJj-=-r 

ijf — H: th«n from I), — I — fl. A 4 -|y^ ® I— Tand - 3 = ^ or 

y - —JA: thu from f^), A 2 + 4 2A ? - 1 — 0. X 2 s ^ 

W* Ugt ita critical pointed ifte v-alura of / and our c^nchMMPr Th& figure shew* the court mini Jind tta kvrf 
sitjfK* fOJ / - 1 tiUgcO! it (0. l.CJ;. 

* X '= A 

Q I 13 J ] AJEfejuTiil# Phutxjiifupi 

0 t 41 i E slImjIiiu- rniniiiliPiB 

I • 0 ft 0 

-i b fl ft a 

JjVS e f/f -f/S ^ 

0 -f/s - sV5 gV^ 

-j>3 & y$ yi -|t/3 

3 _^_ 3 V^ —;> 3 




v^i 



v^T 


-J/2 

-s 

75T 

2 

73T 

»3 

_2 

5V? 

3 



n/31 

v^i 

v^l 

V^i 

-3 


3j/f 


«‘P 

/n 

'’'Ml 

v^T 

V3i 


/l>. 


4 ,^+^+ 

Z 2 <1_ 



t> >Vf find the critical points of /. 

- 1 r A 

/J*;ir,4»3v z -0 

/3*,S,j) - J2 - 0 

finis. any j>f m ut r>f 4 Sir x nJns Ex a rritlrjJ jjoinl. R?tfS.lLSi: /(.£■-y, i - ) — ft if X = i = 0, Ibt abaoJutf extrema BK 
Shew on !ta boundary flivc-n in Ksfjctw 

lu iiXHireJ&efl 13 and M. find the abaoltju mtci.Lmum value of /; and Id E*. J5 and lfi h find lb? abraiule mucin ium r 
It. J{x k y. 3 } = i 2 4- iy 2 f z 1 , and ^3 - |. A) - ^ + jf 2 -r x *4 \{x^z - I). 

F r (x ; ^=.A) - 2a: + Ayz =^2*?= -A±yi - -JL V^r.y. 2 . Ai - 2^ 4 At; - 0- 2y* = »JUy^ = -JL 
=. 2z 4 Af;- - Ui 2a* - =. ■ X. 

Ikiitc'jti /' jr" -= K f.n 1 1 syz ^ ! itr Im-vt* Hit f'Htjr crttU'-nJ ^n^iir> (], E. J) p (1, -L — E>. 

(- L, J „ — 1 i„ ajid (-1. -1, t k Ai tath *F tbi.'se poLDid /{jc-, v, i i “ 3 whkh ^ 4-b^ 1 min in mm of /. 



ElMi LAIiRANi 4 V\ VI UJ.TIPUEKE ASl 


\A. And J 3 -5- + z J - -5 /(x,y,-,^ - Jj,- 4 A-:> 5 4y i + I 3 -l}. 

F* = ir* 1 -ItA = 01 arjft - -2 j ? JL K v j: 4 EjrA - 0; - -2^- F ± - xy4 ft*A - Q: t|: - -*: 1 * 

Hnn<N+ — j ? 3 s '*■ “ ^ L , f — ± \z/^- At 4 44« 4-—. 4—-—, / |v'^ — . "++. + — 4. 44-, 

/ - -gv^- If A = o, wr b*vs ( ±^0*n (0, ±2.0), (0,(1. ±2 Ja* which / =0. Tb^ minimum i* 

l&r = JF + 5T+ ^and ■* -f ff i + £ a = fl. /(£,&_?, A) = *4 + ; + ^ + ^ + i S -3). 

F # = 1 +2Alt ss Us 4f * I/3i- F « ] 4 2Aff = H: j = l/n. F, = I 4 2kt = U; i: = |/*A. S7 = Sf - - 

= J , +^ + i S -fl-0; sc 3 4^+^^0=0! r= ± */i 

CrLtie-al points ait ( y^S. V^). (- v^i - - \/5) ■ /(v^- \/3} = 3 v^ r /(-V^^'V^i,-</*) = -&yf. 

Eieeause Hi* tOnsLriucil se-L is dnsed .ind tmunded., / ri.n.-; exr.nisste vajups, rL^niiml ;il the ondrAl p^nuli. 
Therefor, ihe maainmm value of / is 3-\/3. 

10. /{4!, - m with + yi 72, j a 0, F > 0, J > 0, 

d | hf rniraERtEut- -Hfl. is it hyp>erlH»h»fd of Im* s^n-'ts |:-jsr iIjHfvw'I ajihI qsiraEjt the rcKKninMiJLL? pi Ant'S eel lilt 

IiypeE-bolas up — 72, — 24, and — ,16. Betause It ts wh bounded- ver ntusL- prom- there is an alwoSat^ 

maximum. If t = jf zz =, L}ien Ijqr 2 — 72 n jfc = 2%/^ = > 4l- -N«w sImiiv l.ha.1 / has Sina.Net 

vjiluiih »uuitb- u ciTiain amt huundiil n-J. We Mklv * 1 ilit i^uH-raant tnr I and subKlihil^ in /. 'Iltrft 

If 


72 ’ 


■£^- and / — litcaudL" E-bc 


■l ■ -- tALTu J — ^■iTTC-;- 

jr 4 Jf J ■ Jj- t jr 


EnaiiiiiuLii is positive, vft Lave ay <36 and / < 36 t ^; , 
36 - 72 "'" 


is on or outside she square S - '0.20J k |(J.20‘. vhtn f < • ^jj —32A Tiiejefni^, / to n scaxinnim at 

an inletioi point *F S, t:-.^: i?. m.1 k trTljtftl punu. 

Ltl F Fit Ihe fmncliofl dtflntEl by 

F(±, y, l l ,A — JTyr - ^:2jry -j- 3 ?c 4 pr - "2 | 

\S'* find tit etiEttal joints of the fiincEioii t . 

F r (T, jf 1 ? T A)= A( J iy hS;) = 0 (I) 

* jfi + A(li + a}= n ( 2 ) 

+ A(3jf + V) s;0 (3) 

Fa(*>h,-■ A) - 3-fF4 3fr4-^f - T 2 - 0 (- 1 ) 

Wc mu3lj|4y of Eq, (1) by a. Eq. f2> by y. and Eq. (31 by Tbis rtsuks in 
j^!£ 4 A(2rv - Sac-sf) - 0 
ayr -4 Af^jrjr t yif) - U 
4 A(3xz 4 ” 0 

From kqs. (b) and (61 vireeonelude that 

3x: = F 

^ ^ y 

Fiom Vniiw- rC) arid (7) hr conduct* (Fi!. 

2 xy = Zxz 

'=i 

SiEEwr.if.m.inij frrmi (Sj -i rM (if) snto -A), -vre have 

‘l\Ww * + - Tl - P 

'i)P = n 



Theit % = fi. i =■ 2, and x ■=■ 4 and cbf ir^udrnuffi vti1-.iv is /(2.6, 1) = (2){&H^) — ^8' 

AUernativdy. ronsider 6/ 2 — (2ajJ(JTz)(^iJ. Ewiiu^- the sum of the Facers Is coiiE^ani (72} tJie 

p.ruSiii l h . irhrn they rr|icai„ IfiWHitlj: minsrdl^l- ,? tS \\J\? I 1 ? nnd f'J> 

U i- mIhjw hijv, r.u y,p,j|jli ilif mjpitraini- Slrul ^45N ihrnim|dtr Kurfwn 
*}f + grr 4 - l 

Subetitutt i - u4^ } ff- a-ii, dlul cuEnpIttt Hie Lqiuirf Lu sJluw llsal we bate n hypetboEoid uF trt'ij sheets. 

u* 4 2uz - r 2 ~ I 

Vniw { t, + ■ j J - »fT'p, r J f r J — j t wliirli If-vU in 

u 4 ^ — sec r r £ = taji t sin s ? f — lan r eos a 
The [WLrjur;^ ri r i^mii:nn< are 
* si (u 4 i ? 4 t: - i - see e 4 r -aii r e«v> * - talk r sin s 
,y s ( & 4 - ) - * t - r Ulei r ^ r.mai r n 

z — Lint r !.lti ^ 

for suHact of our pjoblfiji. multiply the formi?;^ ‘"or -■, r hy 2 -^/ 3 , 6 -^ 5 . -y^- 



sr«’l I>l FFEKJ-..N HAL CAU'VLUS OF FI NATIONS Of M OR T TITAN ON K VAIMAEJI.H 


IT- JU.^z) -^ + V + Hi A f*. at l; (V xtr - 3; (c) r -= 1. 

ikfiilJHe i, Mid hl'llfC /{*.!/.-?h Wl W k iirknlTajilj liO ElLiUriircimi BO- Wt I Ilf rniiciil jkhilkN 

lo.j^tvr minim*. 

(a) Tpi — 1. /T-C, A) j 3 4- 4y 2 - 16 s* + - L). 

T J = 2x + yzl - q- 2A - -xyzJL F^ = &y + **A - Oj !^ 3 = F 2 - 3Sr 4-xyA = D; J2* 3 '= -xy^. 

A - iqr 3 : x - ±4: and y 3 — 4 ? 3 l y = = '2-- From xyr - I wr have ( + 4r){ i2^)j — I ■ = - ± j- 
IJ«aus^ jtj= 1 , tbt 4cnfkd poigi* wn (M, I, l) fc (1, - I, (-2.3, \) ( m £* I.JK 

At ff^h uf thr.-tv, f{T,if,z) - 4 + 4 + 4 - 12. 1 'Jbffr|V.rn, l.foe rnwi.rr . / j* 52. 

( 1 >) jpy = 1 . /(x, y. z, A i — x 2 + 4 y‘ — IG_- J - A( xy — I >. 

= 2r + V — 0; Si 2 - -A*sf, F„ = 8ir + AipQ: 3y J - -A**- it* = V: r= ±2jr, F, = 32? =0; ?= 0- 
From j;p — 1. if Jt= 2p, 2J) 1 = ], j - ± Ls/2: x — -2y is impossible, The 2 critical point" mi 1 (y2> 

«'[( {-\h .At •■Tfii, /(c,jr,:) "i, Hence. the iiiiniitiutn uftluo of / 1 “ 4. 

{c) x - 1. /{i.ir.i.A) ~t‘ + V + l** 1 + A(* - 1J 

= 2i + A = 0_ = 3*jr — 0; ^ — 0. F 5 = — Ch r — 0- Thus ihe critical jwi ai is {1. fl r Q). 

[hx&use / ! LQ. 0) — I, tltf mini mum vain? of / is i. 


18l Ut w uaiis h* tk dist*^ fi&tti ibt point {1,3.0) to tk jwinE (.e h y,--) In ih* jplw 4J +■ - - " t- w ^ * 

miisimiim v?h#fi lu s and has no inaxmniin. 1 - A — (* - E) T +■ 3)”+ =“- 

F(*,9,z. *) = fcr l) 3 - (a - 3f - 1 -^ + ^lr + 2.j- . - 5) 

r*-‘ 

1(1 


;2(i-lJ+lA = 0,1 -2A. t\= 2(jf J] 4 2A = 0, V = 3 - A. F, - 2jr-A =0. - - jA- 
- HA) + 2(4 - A) - JA = 5, m-^A - 5, A - gL x - fo, ft = n. 5 “ ^ tl«»f«c. f h-™ U»r ctiiir J 


point 


iIld al thi£ P 01 ^ 1 “ = “ 0* + (5?”3 )i 3 + (^) 5 = ^Vai- 


1 A Let «i units be the distawe &Mn (be point ( 1 ,— 1 ,— 1 ) to the point fjc h j»:) in lht; f.Ijuik x + <iy -j- 3: ^ 2. n; has- 
* minimum when u ' 1 docs, and has m> maAiinum- Id /Ip, v. r] - ir' — \t - a- (p 4-1S 5 + (r + i t*. 
F(r,j;,j < A) = (*-l} 1l + (s+ t^+Ir + t^+Ats + ^+^-aj 

F T = 2 (ir-l) + A “ft *= l^tV ^ = 2(^4 H+ 4 A -«; s = -t -SA. F,- »(* + 1 > +3A = 0 i : = -1 -|A 
(1 -^A) + 4 (-I - 2 A) +3(-l -!>.) = ?; A = =i|, jr - - -^. Tbetefoie, / h^i the tchieal point 

(£4,-4) xnd at this point .r - /(!§- 1)» + + If 4 , - ^ 4-7)2 ^ ^ X,i + (lfl» 4 .(i|p _ 

2 *, Find Lk 4pci BMaiwr dUtairff from tk w Eo a poti^i Lk j ; 3 + 4y 3 16 

^ 5-Hiprifl \si a clf^-nd mid l>»iiLid«d sFr« dbLititt lias a Riajci aium an d ^ mininanm »hkh lk^nts al 

a criiscal pcint. Tk distanc-e from n-r ijlit ro Any iwbii ] Lx,ir) 1 ^ v- 2 "" — unit*. BnauEf- Lrosl anti 

|KAIf 4 t diitan^ca CK^ur at tk poiii!* where l]Le square of t*if di^tcincr hn^ tis r-stTPinm kt 
/{x,y) s + * f 7 

Wt HLust find tin 1 [mjLtjl-% whiTP tlhp fujbCtjiifl / 3Ln±. Ltiv ttjfLffUii. nuty^ct lu tin- consti:*iiH 

x J + 4y 3 = 

lAii T Iwtk fi:;n: I I'.m i defitL+td hx 

FfpPt yi A) - j- a + p 2 + + 4y* - 3&3 1 

W* find ik CTitStal poiuu Ik F, ki 

Fj(f v y* A) - ix +■ 2 Ajc = 2jt{1 + A) - 0 
f^.y, A) te + 0Ay - \ + -U) - 0 

From Eq.(2} either x 0 -or A — -1. 

If x — q* iiu'ift fcflm (I;* wi* iiavf y — J. 2 and fxoiJL Bq- (^P w, »' Imv^ A - J-. 

If X - 1. I hen ^rom ltV| ! w-r havv y = 0 wnl from Idi j - (S ) lutvn t - r A. 

We Jist eadi erilseal \*tum oF F, iJlc '-almc of v 1 ^' t-Jp and ouf eoftelusion. Nir.* ih^i pxtrKiri^i «cur m ite 

IfElds (if .nrri. 


ti) 


( 2 ) 

(5) 


jTT- 3 


q 

o 

4 

-4 


absoluEe m^Lmnir. 
absoJ^Ee minim ijtji 
abnolMlf rnHKlrnuiit 

iLr^riiiLp 111 ■ i x::: i a J331 


12.3 LAGRANtiE MULTIPLIERS £57- 


31. Lc-C. u; un:Ss he the distinct from (be origin iu a point c»n ihr dEs^rd Sr^ + dj^ + r 2 ■ !5fi. Thw 

HI i putrid i* a <3»«1 Mid bounds wi w there ^ for h- auiahicd at the tjfremi rf iji% Let 

S !L^ J* +J/* + t*. FflS.R ? n Ji) " i* +M 4 +■ Z~ ■+ + ■'St/" -p 4* - 3ft) 

F r (:r.. v, z. A) - Vt. t 1 0i_ r — \)- jc = ft r>r A — ,?. E 5r . J"v .y f ■:. AJ - 2^ +■ &Ay = Q? j = ft otr \ J, 

y, j fc k ) = 2 c + 2 Ai = 0 ; i = ft oe A = - 1 . FJ>,r i ; A) - 44 ^ 4^-36 = Q. 

j'hr iHrrf pcv^ihEr ^nliilmnr, Uf: 

A - -,J h y = ft, r - D; 9# 7 3 ft ft: j = JL a, OitifJiL poirn ■ i|LM>_U j hehI (- 2 , ft, DJ. w - 2 . 

r = ft A ^ -| r .£ — Ll; 4 y? - 3 ft r,Ut ¥ = +». point* ( 0 . 3 * 0 ) jLud ( 0 r - 3 , D). □ _ 3 . 

L — 36 = ft; x =: ±ft. Cri-Lir.il [Kriril.s (ft r ft r 6) iind [(Lft r -ft), iu = G_ 
rhtrefore, she kail distance from the ori^tn to a point on the ellipsoid ;s 3 n.nd the nrw_iei-;r. dis-liuictn i* G. The 

pOttltS 4'0. = 3. ft) »Jr hiddlr ptriraU of /, 

22. / - 2x J + 3jf J + ** $ - ft r ¥ 23^ + 35^44* +A(j + y 4---ft) 

F = 4sc + A = r^-lA; F p =ftff4 A-0,^- F r = fc + A = ft, r = 

— ”A-gA —jA — 5, A —-jY- * — |y_ y - - — 7Y- Although the constraint scl is a plane which b 

tin bounded. the Level surface ate ellipsoids and it es dear l ha* ^ome am.Tiir^i ejlipWI ^nebes ibe ptone. 


23. | jr^ 4 ’ f . and r | 2y I 3v — 6> and r 


.V 




/t-n, y,r, X, fi) — x" 4 + =" + A(ir — 2'j 4 3J - ft! 4 pt-r - y - - 4 I) 

The constraint set » a line, etosed but tin bounded, so / mmimirrn 3s:;-_ n<> mn xi rnum. 

F tf ss 2ir + A + ^ » p; J-= .|A J|L F 42A- f j = flu -A*k F t -n 2a +3a-^i= &! f = -|A + 


F a -i + ?H3;-S -Ot -7A + 2^^-&. + l = - 1 


V * 

- ik -E 

3 - ^ 


=li^=V = & T*“ tyilki ! k 

) 2 - — .'. -.viiLcEi is thr mijiFruuin e^lneof f. 


Z1 


■ A wilb 


.-,. l: ii 1C ._ - L^d’ . . Cl . . z f. u\ Y2 Y £ mi _1 !:t 

- t^ + tigr+ tn) 2 - ,k. ft. 

tW 1 LnfiTBB(P niijlli|>3ii-r« u> find li^ iitwolnin miittnium fniKt^m vnlw of / If f[?. y .; 
the two coniUPAintH 

:f + JSr + = =l f 1 } 

3x-2y+:^.-4 (2) 

Tlsr Hini^raiiiF \x 1.1 ir listr frhrnml hjr E„hft irtlerr=rrri<>ii uT l^rp pbiri-rj;; it> ■di^^hCi' flO-lll the Qli^ln attains an 
absolute lalttJjaimE at pPsM, hri V bi- tin? fmsti-l^rt ddiaed by 

F{x^ s, A,|i) - 4 - s 1 + A(j + v + 2i - 1) + ,h(3j: 2jr 4 z 4 4) 

Thtn 

F r ( z:. . A. p) ~ Sz: + X ■§* - ft 

*■„[*, p.tAni o 

F a (i?.R = 2^ t 2A 4 }* = tJ 
We isoU-e hcj;. (3) t'oi :-. t.^j. {4} for y- -lijiI ¥.t. ■; - r j i for : 

X= -|(i+3p) 

i _ -i-Oil+M 

Substitutiiat tbom Eqs. : Si. (7), and : b) icito ■' 1). 

-|{A4 3#t}-^.A-2 f i>-(2A+ i .>-l - LI 
-4-3ji-A+ip-44-%fi-2=0 
ftA-r3.fi " -2 

Sabstituting ftem Eqs. (6) h (7), and (tf) Lni-o (3j. wr grt 
- - 3jt} 4 (A- 2/i) - i{2A 4 #r> 4 4 - 0 

-3A - + 2A - Ip - jA - p 4 & ^ 0 

3A-r Mfi - H 

Solving, 

N(Eq. Sj-JfFri. ID): 7W+52 - 0, A - 

fEq. 9) — 2{Eq. 10). -25* + Jil - 0. * - i? 

SubatEtutUifi kite (ft). (71. and [ih 

C^iiliUtlqi / at Ifca rri.ir.il jir.ii.t pries llf Al*nlul* minimun. valhif /( _ y|.354J = (~ '?)* + ( fsl 1 * — ™ 


'E«l 


(31 

(4) 

[»i 

C«) 

(7) 

(6) 


(2 


(10} 




£54 DIFFERENTIAL CALCULUS OF *'tNCTLONS Of MOKt IU.\N OUR VARIABLE 


15- /(x„v,r) -rjf:, jr + y + X = 4, X-jr- - 3- Fix.fr. A.p) = TftZ * A(j: + y + = - 4) p(jt- & - Z-Z). 

f M mip+k+9twQ (l). La» I A (& F t **F+A-^0 £3). — * hy+i-4-0 Hi 

P^sv-f-r-assOtS) 

From (4} and (5) we It&ve 2* - 7 = 0; x = j. From and jflj *pjpt a — -. F rom (4) we get 

ff - h z - J-' fTl tical point is ?l '. J. *)- /& J n [) - =^- 

Cimsidrr -- ninil y nz\ runriitijiui uf i -md denote Dji by / aisd D T ^ by F™tci the constraints. t + r- T + 1 - U. 
t r - y* I - V. Iii‘h*r Ik y 1 * ^ -I. / J x r ^x — jf=v r : 4 xy 4 xy. 

/* rn —if* —X+tf'V+4af = -2x = -7<0 &t P. Uefite /luui Hktlvt jnudmum vdue *1 F- 

25. /(£, Sf, jt> -^t^ + i 3 .i + !( + : = i Uh i + jr - J = 0 (II* P “ * S + V 3 + =* + *(x4 8f + * 1) +l<* + S “ - 

^ 3 #+! + ^ ( 1 ), F | ,= 3 y 1 + A 4 jt = & F fr -= 3 s*+A-/r -0 m .. Front ft) and ( 2 ) we hrt 

Si—3, ; ~ i. From (3) fend (4) wv get x^ y 2 , Ffam li, if y = x: x h x 4 i " 1. x-? J: iF y " -*. 

x r + j = 1. impossible- At the critKAl p»Lni I-, /(^i-j} ” i+i l-* 1 * r *| lh^ derivative wait 

rrtpeti to x. Btbiiw r=| ? h* Vf from (?) or (2), 1 4 — U, ]y — [- / J - 3-c 3 + -3y^y P = 3*“ - 3y _ . 

/ J = Si — finjf 1 = &jt 4 6^r = 5 > LI ill P- Thus h P be an ahatNluic tnijiLtriuin nalu^ 

In : J i-.r I -n<^vr«>^ 1 iMijIljjitwm tnaolve ihr iih3if4ik¥l svsetffet of Yxrn iw # l£jft« 

27. I.rt ir, y, iiad j Lw the iLU 2 ’ihL'j-Sw Then — xyi and a 4-y + ^ - l!-3. x > U, y ^ 0, - > 0- Tltr eaBatrainl 

si L l is a. whir^: is ckii$t:rl J"-ntl l^unrlwl my f |i a ie ui.:.. ee'clUlil ejsd. A ftmULlllim. rhe ClI'lID'iiEiEL b; 0 

attained at a:j points of ibe boundary - w ^ny r.riiicAi point in a maximum. Let 

f(x h y. r, A) xy j + A( x + y + ; - 24 

F, = jrs 4 A = Dj rj; = An- =? jj *h A = U; x^x - * A/. F a - xy 4 A - 0: xyi - Ar. r ^ ,y s 
+ x — 24 ^ Qc Jx =■ Z4. Unee z = B,^ = S, gi-w Lho maiyvniFm = 512 enF f. 

28- F ind t-hmte gHuil.ivt: JLumbe-rs wIsekv: giniHiicr.t is 2-1 Mirls thn.1 Lhei- SfiJm ifi LdiwjLjjl as pOaiibie. 

Let x>0. i^Sbe the AutEtbnL VV> -ivaal to determine x. y. and ; such th^i fci nL-tjon / tldiiid Inv 

ail.-: a minimkim value, subject io thr eoDairaint 

*yj-24 (1) 

IF t > 3. y > 3. : > then / > 1-5 — 4 -r- !5 - §. IticMlaie. If tko roJativc exncmum on ibt closed, and tx>undrd 
«nbc 0 ^ ? J li 3, 0 < c < 3 i? ks -5 ih^-n V J - It must h^ !‘:ir .T^lule- mini mum. E.h--, F I:* 51V functior. 


defiped by 

F|>, y, r, A) “ i + y 4 ? + AjTtv- -1 M] 

Then 

F> hff: i 5 A)-l + A & x=0 (2) 

F w (x,y H ^A)- 1#A^;=0 (3) 

F ,j(x,y,x,A) - l + Ax^ - 0 (4) 

VVc nmJliplj- on, both Tides oF to. (2) by s. on both sidtt oi" Lq. (2) b\ ;.. and ou boiilL ^Ldes of Iio. (4) by ; 
This results in 
j 4 Xryz ~ 0 

9 + Ax^ = 0 (,S) 

= + Axyr5rI3 (7) 

t'Wisti bAjs. {o), (e) n wrc-rwlwtr ljul 

* = V = * (B) 

Snlut-lil-nliiBR. from bp. (s^ iuis> (3) wr jiet 
x^ 2 3 

e - ^24 < i/-17- Z 

Therefor* e*tb aiumlwr is i]lc sum is less iban ^ have ?he absolute mlnimmir- 


2S.. E.^i w mail.*, h* tin* dwt*a« rcosn the fKiint {l,-2,3) to n fw>ir>a .'j-. y,r) in 9ii^ 

:t± -r - 5 — I). w will bn a mtnlmmn wUra w 3 i* n mlfdinum. 

= «* = <* - l) ? + (j + 2)* + (-- J) s 

»•(*,».J,A) - (a-I) s -l-<j + 2^-Mi -3> s +^(3i.+2s- 

P,= S{j: IMJJi = IJ;^I -|A- ^ = 3^+*! + ^ = ^ *=-!-*• F, - ?(- -1) - A - 0: *=3+|J. 

P A - Sx-3^- : --i =: (h .1(1 --jAK'it-2-Jkl -t.l + iA) -3 0; 7A - -3. 

UrbtL A - - 2, j i- J’ . j — J, i — JJ. Al lIjp «iiical [km nl P(",^), 

r - yjl$- l)i77-=+2?+ -3? - &/ii 

Since X, -w! hen<-p /tx.y.r), rrin bf arbil r;Lrily large, W has a ndniirimaa a.1 P. 


u-s LAtfliAWfi MtE/IUi,Milts 855 


30- 


31. 


Find i-hf on Ibe surface- jj j 1 — it 

BrffillM’ (r = ir z ^ - - 1 - -' 2 

F0P,.0. 

F_-3z + Ai=0. = = 


**»•*•lit*»=/ ■ {* *fj = » T Ju+ o 

j: j + i J + f- -4). >\ - - 


4 ih&s art; ie> the vn&n and find Itix minimum distanw- 
|3 + j! r * ■: the Mirfacr is- n hyperboloid of oils sSirrt. 


(A/2)t- If A ^ ± 12, then x = t =. 5, jr = 4, p = ± 


x 1 *-' - ft, ' ~ (£/*)»■ 


d=i2L 


lf A = a, : - -a, y - U. 


^ — 4, x - ±2 i i — T2. d — 2iJ2- IF A =. 2, = = ±, iy — Ifc, -t 2 — A. icEkpi^hlt!. Tl»= minim nm dlstane* is 2 

ai (0, A2.71 

T.pr. W Nl nil*# hr 11 if d^lailCr Ut thr i>rt|”jJL of .1 point ■ j , Jr, t, «.■:. r' | 4jT 


£. mLnimum when ii/ b a minimum. Let /(z, g. -1 - u r - j- j - y" -|- _ 


- l: J -,4 nuid £ ■ - : ■= 0. w will t*- 




0 . 


F(r, ffl - J? 4 j: 1 4 r 1 4 A(t J +■ * ? 2 + 4=* ■ 

f, = 2 * i n* + p = m. t w - J 2jf 4 *jp - -m - o. 

F tf IF/ (2 4 KA}( j - l.-f ^ 1h 0 “ 4? or A = \. Ef; 

= iH 4^ a +- 4 ^ Q, F^ = ^ 

IT 7/ — -1llim 37 l$r - ll; z = l . - Find V.-i*; 1 i II1 .t j ■ 5r J 1 = IJ; Ifhi — I. Therefor* 


' A — J fr- 11 -r i ' VI. I- K.fl ,*f “ i > . a :-i S Tr^..| J i = ' , V.. tf. 1 J- _ U 


+—^ 


f-S _ I-,-J=) *n.l f - -4L, - » - 2 ) 

out! 0 + V -H fiV -4 " 0: lVs ! - t, Tlitinrfuw 

# \ 

mj- / — E. 


Lli« ^ri-tiriii p!<► 11 il ^ -iirr 

3f £ - 0, then O-40-£ — 0i? _ 

* = ±m ^f > ll1 * ^H, ™ , f^ 1015 m K®':^" ^?) 113111 ^ 


no / - 


] U 4 
:i.V7 ■ 


thr eonjilLr*iaiS *r\ dA»rtf I Ijuiindnl. / .ill;iiiis rni.niiiiui 11 At ■% frihk^l point. Elmer V and arr 
clw^Eil ro ihtf And rh* iniftamum diiliiw U 1 

32. EKe-ccisr 3d. A pcft*-igu!!ar box vkStStouL n luji li :u br jjjacSf at :& ctitfL of *LH for [|jr- ctULWfinl. If the m-ac-eT^S 
frir Gti* lxNlU^rri enF 1 br Ttcim lii |ii*-r MqiiAnp fcw>l. ni r : - rilrriji.' -for 'ki* r-iinl™ r<j--ls S|).3fl |H*r ^:[ii:iri' Ttiu!- 

fLfid the dimension* of I he ix>s ofpwtoht votoisir th. U l'^uj !n- ri nrfJe. 
o L*t x ^ ft, mid : ft be tJw 1ti?igtJ| fc fffdlbv xnd of ihr Ehjx, x > 0 k y>0, r>0. HV uauri find x, 0 , x 

so that the volume fuiiftLyn d^fum! L>_\ 

V(i:. 3 r,;)= 4-jfT 

is a maximum, subject so the cflistnint 

0.15x0 + O.^Jf^x£ 4- ?*r) - 00 f 1} 

As In Katefthk 1 T-6, ibr coij»uaiia: -’*1 i.-i 11 1n■!■•■ l im: il» .-. 1 mwcimutti *t a crEtk^l 

poini- I-h F hr thf Tunnion drtaned by 
F(* : ^ i. A) = xyt 4 AfflUJis^y + fLfiftr- 4 0-6%= -10) 

Thrn 

Jr, ■;.A) — 0 : + &,13Ay + O.flflA,' - ft (I) 

F,(x, jr n x.A) ~ xt + ft, 15Ax + 0,6ftAT = ft (4) 

f ± ( x, 0, x, A J — 4- 0.60A x + Cl-fiiiAj = 0 (4) 

We mukiplj on b*th i=k£rjs fij E^- (3) by r n tw; both sides Eq. (^) by Mid on bo'h sid^ (4) by =. 

This rranSis an 

?0x 4 AjfOntiVx^ 4 G.fiOx:] = tl (Sj 

xys 4 I&X 0 4 O.GOp?) = 0 (fl) 

70-T + -f 0.6 %t) = 'LE (t) 

Fram Eipffh) : u s rl ffti. \ fc .- cwneioiir kEial- 

Fpsifn Km. (6) fun I 17), vip Ei jLvr‘ 

0.1^0-0.60? 

0 -4t 

Replfiring x and 0 by -i 3 : in (I j. obtain 
*Jl1S(4tK 4x)+ft.«(4iJx+0.a0{4T)i -3ft 
7.2£ 3 - ia 

r- |v^ 


x - 3 ^ - -y 1/3 ^ 

'! li 1 1 'I. Il»r \-hh, Ihl -1 ,-v «:i 1 1 i.nti- S^k-j- el' : idr L 1/? fi rtfid a Ei^i>“iii. (?T^^/5 ft. 



S3ti DIFFbKfc S L I \ i. 1 AI : : E.l S H .Si TlOjiS W MORE THAN ONK VAlUAULL 


l.c; E ft. ft. h ft hr ihr- JrngiEu widili and height of the bos, Grants is the cost. 

G a Ipfiw- + Sfiwift + ]2fA utd £-ftiiA =l ]G. FRv^i) — l&Eurk Itii'ft 4 1 j££A -* - IG}, 

% =. I Hu. * m + Aufi a; - -A 

5c i-j irt 1-* 1C . 




||«. iu* - US - 0: t(|(K|C» = 1«: £* =■ ^ii f = J. Tkr sriliwl palni in !*<$.«.3). 

EtrCaus^ li'h. -and hcnra f", ran l>t* JtrbilrArLLy Large,. Sl3W A m: niiELU m at P. 

34 . 1 ^ lOUTf^r. if - s 1 H _g 2 k ; J — 4 . F - ElJiJx/r - \{s 2 k + J*- 4 )- E r = iC% J 


F = anajjpu -lAy - J VIiJU4ri-JL>sO- F a IWf# 2 - 2A? - If * = 0. if»0, « s = ibtn 

Gthowta t: A 5= I Mir;, F^: 30%^ - SSOflA = 0. *V = Q’ - “ST- P 

^I 2 + +1^ = 1 n ff - ± \/2 ,x = ±l t f - it (a points). Mas: T = £00 if * = jt, min; -200 if t — -_. 

s Ut £. * f and h be the number of units In the Length. width and height of the "box- T^l V ^ubic units be ,u 

volume wrd 5 ik]uait uhiu ill SUlfftCC «m [S w a r«jEintttiil). 

V - iwh and 5 Gwk ilh ■+ &wtu £ > ft, w > 0, h > 0. /(O.h.Af - CwJ> + Af£w + 2fli + &«h - S), 

wh. < d£j, so V < and V can ho arbitrarily small- -Vny r.niicjd point is a maximum- 

f = wh+JI(w + 210 =0t l+|-_ ■ J|-- £l.-«£ + 2ti> - 0. i + ^ - -jj. 

- t**m+w =m £+f--J ,lFnw i- -A*«—A* i ” -i- 

1 iwrefort 1 - V a [[La^iojum. "when £:^;b ~ E,=l=\- 

Sft, Prove that iht bos hsTinp :bc taigcsi vnhirnr lUd can |>Jaccd m&ido n spiieTr Ik in ■..:t shape of a cul>?- 
^ t.rt X 1 .. |i, ; be the numbre of ileiII'* in the dUiKniior-': of Lhn ]T if aiFiii> ttn* diameirr thr H-piim. 
because ihe \x*x Li Iz-Lse/ibed in the upher*-,, the dtnKoual of the bo* is d uriii-^. Thie« we we want toshnw 

ih^ th* volume funetkm d-pJlnMl 
V(j\:jri *) - *zt- 
siiftp-ct to Ihe eortfl-t^dni 

(3) 

hn* an atisoLuie JisaiLttrtum value if t t — ^ — z, 
l b -ri F lit 1 ; ih* FujirLiuii citfijuid by 
t{xuy. JtA) - -r;v- + A(O.I 5 - 2 ry k-ft.&On k O.fiDy^ — 10} 

TEien 

fj Fj JT, r n A) - 3r; 4 H -tAr — 0 ( 

F B (* 1 j 1 jf 1 4):=«+lXy=o ( 

Pj( Z ^A1 = xv ■+ 2Az ^ fl ( 

We muSlipiv r>n lioi.h -iHl^ of (?; by x, uri l^*~h sides of l.q, ■!«) by j/» an<i i.>i- ijuth sides oJ bq. 14} by 
Tlii-I Neills m 
njz tSSAx* — 0 
jy; + SA.y* - 0 

I7JZ +1Ai 2 = 0 

and wt <-Drrf3^cle that r‘ - y* - ,-v. thus, y - r lEr™--^ \ hv cerii^tfaint M-t cSo^-tl and bound^l, V 

h^ jiii absolute TTlMllfliim value which if him. 4t tlu- etiikal point fb»-r*fbr*u !*js llivin^ ifac largcsl 

volume tlfuiL fjLti Iw pLaefd in a sphere is a.-rsd*'. 

Tji KiCh fcises 37 and 38 we w?*h t.n rriAxiiui^K !■ k*.iI i-j«t ;u ^ — 'Jz — * 4- _ itft- 

37. I; = exp(^v-^ wJ^ffz - H«4UEf J- - X 3y H » canriaul. the product is niAsim.if 

z = :■ 1 j ^ ^ ~ *jr- Thk [KiinS mwinlise*. t' r 

JS. W = 4*^2 * M^yf4?), Because j; + 3 r+y+y + y+-L:is eonstwit, tb^ product b ojiajcimum if 


-I i -IjUI -JO n I' r, . . . -•. i . r ■- ■ r-.mjTT ..u- y — l. « — - t- — ■ 

> a V r} J - j-xCVtfdi'. Ikcause j + 3y4 1-- b cunslaul, (he product is maximum if 

1 j ^ ^ ™ ij- ( i _ ^-. This [Kj-inl miuinli^^ t‘. 

'j. - g.- ^ ^ . ..j. 1- )r Because j — j — . — y — y — '■■ - ^ J CC-nsl-ir.: ■ :i I" ■ :-r:>i! u«:'. t -w M NL.y UM'-ilJL 


r — y — 4; =■ ^ = 3^, = This point ma.vjmtzes 



LACSRAVKI: MULTIPLIERS M7 


39- T - 2-’ ,J -+ y 2 y. Dccfu.» the dish jt 1 + y 2 £ 1 ss dosed and bounded. tJrtrflua ar*’ a! (aided at a critical porn ! 
or a boundwy polu!. AI a c r iticAJ j*oim - Sj- - IJ: j- - ft mid T - - I =■ 0* y - i THLij ^-j. 

On the boundary, z* 1 - tf*, -1 < * < 1 P T Zil - ]y 2 j - y l - y ? - ^ - y. T ri , - 'Zy 1: y ). 

When. jf - — \ r x ■= fl smrf T - 2. When y — t - T - |- When y — 1, j — 0 T — 0. 

Thus the- h'SEKE^i-Al-upr L*-hottest a. 1 thr points ( ± j-^/ij. - J, j Aiirf coldest the |»int (0..v« 

40. if T(j,y) dcgiwH- L i\iv temperAm** 1 .-ii iiuy point, (t, -jj of tin 1 uyp Smlf of a rirfula? di*k, flcflimd J.y 
< 1 and y > 0 and T£r,y) ^ Si 2 - -i I#*! find I hr holiest and rol(lc*l luiiuis lh the refiiuji and the 

LflccsijKr.itiirp ;il thin* poliElS. 

& Because the ie^toii is dosed and. bounded.. ex(re ma arc attuned .> crit.ir.-iE ptimt or a bouiidaj-y poEnt. 

T, - r* f| 

T = -3*4 t0y = 0 

Thus UieonLj ertikal point is (0,lU and T(0. U ■ - U. -which IUTn> out ix> :ic Liu- ak-nj3ij.Ec mjimimm. 

If p — -| < * < 1, then T — 2± 2 , wEiich has a ■kiiiiiiiujjj of fi at Q and a maximum of I at ^ I- 

Ifj- 3 -i- p 2 - l H y >0, Irl 

= ** 4 Jtf|r + iff J + *(** + |l* IJ 

FJ*,*,A) » 4* - ty+ V* = (4 +2A)f - 3|f - 0 (1) 

F {*,}.,A)=-J*+ Hk+ 2 A ? -- 4 *+(JO + 3 i)»-Q {?) 

This bermogeneous linear system has the golutioo (0. U). Oliherwbc. ^olvijirg Fsp fl) and £^) foi we obtain 

# *nd n - 

and hq 

3 ]U-TyI 

-ti S 4 + -10 = 9 

■U J 4iSA + 31^d (S> 

A-«(-7±i V ^} 

<4> 


.Sitt^tL[U[jup(, Into Lji^ rautrftim, we get 

i = P + ^ = i* 4 (-i ± =(4 ± a v^)? 1 

And sn 


J - ± y' 2± 

If we sdfrcl the |Mwil]vc sj^n in (4^ wc dioosc ihtr poejlive rooc. Then 

r ■• f\/s+ i/j. V - iy's- v'2 Jind T i-|v^ 

|after much woefc). If we ciiuose The negatEve sign Ln (!S), tve f boost Lbe atgative rool E'b^i 


x - ~y-£ - & v =i y/2 + -Jx ‘j+^> 

whivJi la III* a forth i Lc mAximtim vjd:n-. 


"I 1 In* trHbf*] poini-H ATr the ei^^aorrierri tif I he rty^u<m 4# ;iy = (3, I- =■ 0. jlemI Ki|. (A) jh- the 
rArtnjijif^rwfir JH^HpJiifJL "Hh: Tl -Eii fAri fiitd ivy using ilic HijjrVr fiiuctLUEL in lfii. p .VIATbtX MATES rucmt: 
otber advanced [*japJjjcs -LaJtaLas-o« can too. 

Akernatlvety, lei jt - eot , y = sin &. 0 < P <_ 

T - 2 - 3 *m eo!< P + S - f 1 + to 10} - 2$ + ^1 “tw W} ■ ~|rifl 2tf - J«i 

^ |" |Vf|V? **b + J-« 2fl) -1 - |t/2 sSb( 2fl 4 Jjr J 

The maylmnm value ofT on l3ia ate. and the afoolutf maximum value, is ^ ^^ 

sin( 2^ -■- hxj _ -1 

i |t = yJT 


■ J + ta I#) — - |y J — \/5 


L U - &in & - J] 11 f.*r ^2 + V '‘2 



m DIFFERENTIAL CALCULUS OF FUNCTIONS; Of MOHi: I'ElAN ONL VAllEABLE 


TElC niininiucTL on ifi^ -w j? ^ > 0 vrheo J - Jy 7 4 'if i r-uicl V “ 

A third tiuff&fitlvr jss l-f rnf>lifv 1' without T-lu»qRiiii^ i.br c4n« train l by UfJhg tbe roLMi&fl of as** furrmiW 


41. Given 7r + 3l5J-M54$+f:=.]ML «e ntas-i-mire = t2jrM3flH4?)sf *b*n 2a--3ir--4s: = £- — ^ — ^ = 30, 
jt = v = ID, ? =7X 

47 P \linirnlit <T ib (fo* + 2f<Q + fa 2 4 4(W| + (3^ + 3M) -=■ ft * 3 +tf* 4 Sir 3 4 I IDO ^utytct I* -jt 4 ^ 4 ; - HDD, 
f =-3i 2 4 ^ + 2 ; 3 + Il«+ *- 100 }l F, = G* A - 0. x = |A. = 2ty — A — y - jA 

F x = 4* - A = 0, - = |A. 4 4 }-A = j^A - 1100, A == llfflL r ^ 200, j - GOO, ; - m 

43, Stt ftiirrvar^ E2.9.2G. 

AfrseeflffJieous irrmse* jfw Cfcapfrr __ 

Ert Exorcises L- *t, dMuH tbr do^nam of/ aud stateh a* a T^io-n in K' «f prams in tht domain, 

I. Til* doiiiwn of / ck (Er.^) l-r 1 * 5 Sr 2 > l<U- wh'bcli in tin* Ml of Ml paints in R 2 

pttHtL'Lc mid obi l3tr ellipse ar 2 / Iti f jr/4 = I, 

t /(i;p) ■= 6 /y ifi - t z - j 2 . :Soiji(/) = {(.t, y) [ x? 4 < US}., U* points in It 31 inside 4lw cird^ r^-r g 1 = L&. 

3 L /tr..jr) — ln(^—jf 3 ). -dam-/) - {(j.Ld | iy > j 3 ]. the set <4 Ml T^nts in R a rtuitb the pArtbo-iu +„■ — r s 

-*■ H**v) - «o" ? (s - ^-p a ) 

& Becaimyi* she dcnTutiu nf Mr, 1 j- is [— „. Lj, Lln-.u % lw d*jiiahi of / is tbe se-t of all 

points (t-w) such, that 

-I £&-* 3 - jp z $ E 
-6 £ -s'* - y 3 < —1 
6 > ^4 > 4 

Titus tJn? domatti is the se-t of aJJ points that ik- either on or btc^etfi the eir-dcs 
r 1 -j-Jl /' 1 ^ 4 And -I- y" - “ Ij of tnd:i 2 And as 'bpV.'h in ' It^iir^ 

S^r y n ?) ^ |y| - I M deliaitd if |y| - r| 7 - 15. Tims th&. dornaiii &f / b the iei of all points {x,p h a} 

hi £xr«p4 tboee oti tlnr pluses if — 4 The of / b (—^e, 4 00 ). 

6 . /(r, sir, Ji — b( jr 3 4 p 3 4 : } - A), domf^/} j - 3 4 p 3 - z* > A), 

the iKwidit in ft' 1 ' ouuidr I he sphere r' 4 j/ a + r;t Lh _^JTlb. 

In Entases 7 aatd 9, deteunino the dojoam of / and akjetth. tJi-u graph of f. / .,.7 ■ ", 

7. /(f, jyr) ^ — UejC Tlnf- dnirh-irn of / » ■([■^■..vl | ^■ r " ; + 9?^ ^ 3^}. ihr ■■■■, ; 1 " 

vi &f Mi pokiLs { j,y) in H* iu wrie mid C 11 ijie ^-KfcLpt*^ jr^/O-p 3 /'1 ■ I. I'he "hri'lV’ 1 

^raph of z = Ij- Up- rs the upper half of the eJJ]p?oi.d , ■.G’^Ms 

x^/y 4 j/74 4 -7'3ti - I - , PMvl 

fi. /(*,*)= “W| 

,► Tin- dotn^iiL uf / tb ril pofet« *4 R 3 - E'be ftraph of / i* iSir- £r«ph Pf tL B 

- - IG ^ 2 a fi>perls«;4k parMwioie!, k- 1 l-ow]| in the figun- 

^ * 

9. /iJ7. y) - ■li i,, 3 y. if / - t ',vr htix* h - ix^V Tbc coii^Uoil f^rnliK L curv^ ar; ^ It. S. 4, 2, 

10r f<E, p) s r 1 4 2^. tf r - k then k - * 3 +■ 7^. The iftstbermnb ate the pMibdhti p _ Jf* - j 3 ). Jt = (L 3. 4^. S- 

In | I 13-1, find 1 indkAiH parti-il iUTivEsi.v^. 

11 . f\x , ir) - 2 x J s - to/ 4 4r - 2 y 



f.i) = 4j;y -- 5ff Z 4 A 

(c) l*j ~ 44) = tjj- 


(Ed Qlft?,?} - 2 ^ 2 - 

iLlj r>aj/£'iW -6 j 


W -v +4) = ^ - fij to - £(ir J - z*v - 5) *4* - 6? 


UISCU I WHOUb KXKRCjrSFS f'OH CHAPTER 12 W# 


(») 11<. i'j(j’.v); (t) (d) (f) /p(4f); (0 /jjfa.y] 

fa) ^ 1 — 2jf) 3 Sf4*' , -'3j;) i, n j tc* - ?*) - ->■■!j- »Ilff( 2 r 1 - 9 )> 

£b) 1-M-Sf) - 0 ff (4x S - 2 V f - - -2y) - itf* 5 - - -U4(2^ J/) 2 


F-cj Applying the result of pact \±1. we obtilu 


r,!^) = D,/|tti jri = ^;. 2 : = «i(2ff a y- +■ 2x(2r* 

SG^jt* - jJfSj 1 - * + B 1 SC13J! 3 - JQjp 2 - 


IX 


35. 


14 


i ■H1 Applying Lb* 1 mull f>r iwt (hi, wr n Hi put? 

= ly 1 { * * ly-^ts * 2 - y?) =t vwm* - y> = «£*«* - 1 ) 

i-r) Appivinr. I 1 Hr 11 cVf piirL : , r i'\. wr H>hl;iin 

/«(*,*) - iy#ws**-jfl*} - («<!iK3)(a^- y)f-n - —l* 2 J>f 2» 9 a) 

Tj AppiyiiiR the pcreull of pail ib'L w obtai n 

- D^r.y) - P^-^fSx 3 -„)*] -(-?■! - y)(4i, - -W2*(2 j-* if) 

<■> /„('•«> - =^ a =-^ 

/(r.jy) = fv J " (.t) J"!,/ =t }p, + Wf.'r 3 ''* “(14 Ii>V: a " (lh) f),/ !2 j ,3 *: 3i " p 

(«) l) r ./ - + ( 1 + t<-*)trt ir ' - (4 r 4 4 r 1 *^” fd) l>, r / - C„. 

y|>.i} — dil(si 3 ) 4 If*. i'ai D,<j(s,i) _ J 4 lr f - (If) n^is.ij -- 3s.f rn- si 1 ! + tr 

0 D, r yi!.Jl = 1 ( ctjstsf 1 ) +1 2 1-2d siiii( 2 }| +-r* - 2< cfs(s).‘ : - iifsf* + <■* 

id) D fl j(*.«) it cots-;■ 4 &t[-( 2 *Sn[*i 2 j) 4 r 1 21 ciik(«I' : - 2 si 3 *tf | (il J 1 — (* 

*fe»j - 1**" 1 4 «f IMfcir* (t*) DW W 

<*> 

(b) D,W,„) - ■ Dj$ - pt®—5• ^} 

... n, 1 ,_ ... _ n / W N _ 4«vV* + P + > - I«V ■ 5r ' _ 'fej 3 ( 2 ** y 4 l 


i) - 




(*"+/r 


. a^ST\ -i*W + \r v- i)f4in V - V) 

W) - OJ^J- '"'’~'"i7T7?-—■ 

■ — <I,V + 1 " + j — Lctjiri 

W /,(*.*> - + 7 (if) /,(r.- -V /T -1 («> - J / jr, ‘ V r i 


1 ^+aV 


/(*,¥) = i*v5 r +7=|i»(^p 77 = /i 1 - 


■i J -‘T3 : -±( 22 ) 


w/»- (jV ;^ )g mi / W1 


2jrf^ 4 + J ! ) ! 4 + -Syfr 1 + v 1 ) 4 l^y _ 

(?T7? &+W ~ (?+?P 


r b r , ... . X* + 1 T + * - 4(V' 4 J 1 -’■ 2 

= ^ + ^^ W n./^ 0 -^yyy^^jy 

(I)} IVf~ ’ t x i + ^ + i 3^ (C> Dj/(;r '»' l} " {x *f ~ 



SCO DIFFERENTIAL CALCULUS OF FUNCTIONS OF MOHE I HAN ONL VALUABLE 


H>. /(J. y.i) = yV A ■ 7 1 ; fa) »}; (b) / p j-r,y. r); (ri / jr,s,i) 

* W “ Jl** + ty: ~ + 3y: - .-*) - -jp r —— 

(Hi /„(*-*«> = t(^ + ^ - ~ 

(«> /*(*■. y.*) - jl * 1 + Syj - - fi _ v ; 

2L /(u,u,w) — Infu 5 + 4t l? . arj: 2 ), /ju 1 r,r/j) - ■■?—-—=. 

tr A A r 5v 


. , EOtv) _ ?Mvu + .. — SpOuifttil) -SSft unu 1 

W * lw' + lV-5^ " (ii 2 


JV . L HStlHfic:) -tf>T£L- 

fht / «* " " («*W-¥ifi* 



atoCHv) 

(^t'Ii"- wy 2 } 2 

(Sl^-r-ll^ —»a": J 


b<^+—-W'^ — 3 |fiu[l 2 i^ + 

- ; L : 4 I? Air 1 ) 1 ** (-11 + ■It' 2 - jhLi 2 )® - 

22 fir, t, e) = lV"’' (4) f t = 4s-( :, f 4 "'' r (h) f rl = + f J -4™- ,Trr ) - 4 i^iV” 1 

= + + - ■t(3-M J +2W t + ItirWir*”" 

at. = ^ = !3i£±?!Li§ w Oj/frAl) = i (b> D,(c) D 13l /(r*f) = 

^3. /(tt,tl| er) = H- eNM ^t.' + St Mill Je £tas- Jjin rJH; 

(») flj/Kfc.io); C^) i£j U ]liS /(u, 

tv (?lJ D^/fWaT,^) — cus 2 t.- H- Sr asm El — 2l£l I ait 4L-) — -2ci: 5JJI St + Ssio Cl — 2ll Iw IT 

(h) w) — D w \ M- + 3 - w n ii - V l.in t.;} — Sr riW U — 2v IM1 Uy 

(c} D fca /{«LP.Cl^ — 13 1 /(Cl. C. u: ! - U w (!in -CfVF '■ 2l : IflTt 'i ■ = 2i= i^r- ntul 

n m /( n s h, n- ) = j > H ( :ik- hth-Vi - 0 

S>. Ft’ — T^_E,I — r^i" -+- ?/* ■ — + Z"jf. ~ 

fe -- 1 -d - *= - 4 . 4 4 . - A {f./- 4 . «—A Tta. t'* SHF'■ "■ 

3ft. Slmw ihft! K iiiiiflts Laa]jutt r * cquiiiMi. 

^ *, = -*S * 2 1 ir + »„ = HP + y l + ^ - ’/ + = ! r s/i 

2 V J — i*" — — Jr'* . 

fa-«A« •■■ •~ i? 7? ♦ .-y-■ “ J v-i ■■■=« 




Similarly, EI W ■ 


]□ 2' JiEpcj 2^, fjanJ .Usd &&0SI l>y two ciH-Lji.^is. 

2 ?* 11 =,^ Infir 1 + ^ a )! * — 2*+ Si, jr = 3-f 

, ri ^ + ^ + ^Lk.^£±|} + S!n(lS4 

1 sr + jrJ 


, _i _ dti 3x , 3a ^ 

w 3? ' sw + ^ m - 7*7^‘ y 


1 r 1 ) 


+ [ ln(l " + ^ ~s^r ’ 2 ,n(l!+ 

fb) ( 4 = (3f-2»)lnf6s 1 +lS? 3 ) 

ft = (3f - + 3 Ia ^ + “‘'J' ft = < 31 - “ 2 **** + I8,ii 


y a ) 





MXSCEit^i ' 




n. B±S^-fLy-V + ^r 

& Wr nsn Hip fhAlu rukr [him, 

Aijb , 

?T %W 

— l^ +v s\n{2^ - 1 ) + 2 ct^gr - it^ jr+SF |f- J <£0 + [-2f- x+ "aiii( J J £v - x) -r * T,fJ '™(2y - J=)K^*) 
= -l j!) 

Add 

#u _ Afil tfx , /to % 

— i)$ "h 5i? JE* 

= [A^+^Blnpy - x) + a ^ 2 #- x)c 1=r+p >lj + I-^^i.n(^-x + e fe+v nK2 j - t! ps 

.= | |)ji r* 1 "* — j) 

l- ur |.h* srt-iKHul meito& v^e rlimm*^ z and jr br-fotr 11411 j 4 MifflEranltnl»h£- LS^JvbH^ 

2 x - 1 - tf — -^li" and 2y - x — ^t 2 
we hove 
n — era 5t 3 


Thus, 1 

ei e — - 10 fr l,# fbTV &f 3 
and. ., 

— HJ-SC 1 ** CfK 5^ 


39 . MB Sx 2 & * * a^I - 'It*; £ rr <***{ ; ‘j - 7*Vi 1 = In 1 

= + +$*** +■ U~ k)P'V) + ( *»~ 

= I R:f!^ ^r, - (jist 5 ” ■r 9xW 4 6lrV *»-rV 
0 ) II s ^rVc^* + 2fVf 3 " 3(h 4>V - 2 lu*4 

_ # r W' +■ 18rW" 4 <Sr s *V" 4 OrW" - fl{lll 4 )fV [Bfl - 2fV" + «H + 'V'* - 9 In ■ l r ' 1 * 1 

& T j J (j 

3fl_ u = a* +•* -^L + 3.7. x = sin 3, - C0£ A, J - s.m 6 

{h) u = *■ -ixn & ■+ .1 cm d -' e + 2 tAfl d. 

31. = xv -i-x 1 ; j: — -4 COS <1 # — 3 Sjzl S 

(») + - (j) + 2r)(—! sin i)4 *(3 *»i) - 3* ftn 1 ~ -1(jf + ^H n 1 

At t = 3^2. V- f 'S $ = 3( 2^)^v'^) - •!<JV'2 + ■! V^Hi v'V) = ^ 


(Tj) tj — l- sin l Gt >5 I — LG cos^l — S sin -i- S+fi cos 
^ _ 12 w *l - SG tin 2t. Al * - J-x, j" = 12 “ ie ^ fl !' “ “ lG 

33!; If/(T, |fJ» 3? 1 + ^e r i fin<E; (») L-hc uwT^m^Fii off / hi (0,2): (tO -l/( U-2) when S* = Grl n»i4 

xiOri (i:) tfap diiTtremial (il r 3); (d) rf/i&,‘i l .-0-3,O-3)h 

- £*) i/(0 f Sl-/(Ax.3 + A S J-/(& 1 3) = (^+(a + A S ,Sr* x -2 

(b} If Ar - -Cl. I and is - U.S, i^rn Ttijm UirresnH gi^'t™ i«ft {a) *rt havr 
A/«i,2J — (-O.l}'' 4 12 4 &.2^ _ri ‘ s = 11.1)! + 2.2#" 411 S«O.WWWi 
(t) djf(*.ii.Ar, A»J = D t /(jr.»J,W f (4» +s*‘')A* ■» t'.Vfl 

Thi.fi, d f[ 0.2, -Vr, Aj) = 2Ai 4 Ay 

{d) I'T^m i||f KAuIt el ten in [M.r'. (cj. we obtain 

- U. i, 0-2 ) - 5( - 0 . i) - fl-i - 0 


33. /(x,y,x) - 2 j.v=. '.a- Jt/<-l.W) - /(-I + Ar.3 ■ 

- 3(-l 4 <ii)(S H Agf — ,sf—1 4 Ar){2 4 A-i' 2 - 2(-l 4 irl(3 + Ajr)(2 4 Ax) - S 
lb} When Ai - (1.02. A'. 1 = —0.01. ajid A; - Wl tlieJi 

A/(- [ .3.2) = - Cl.9flH2.09)* - 5(-0.?3}( ] -98) J 5(“ n.SS)(2.S9)( TS*} “ 5 = -IMTfi 

(s) rtM-1,3,2}, n,/lr, 5 i,j) - »/ Ai' J 2y; ’ -5, U v /<x.K,;) *xjf S« = -H. 

r,/(x,V.l} = -ld»z- 2 ljf - 20 . Tharehjn: 

d/(-l^L.2 r A±.Aj,,A:}= H l /(-l-12)Ax4 + = -5Ax - 14Ajf + 2&Ar. 

(d) ,1/f-l.3,2,0,02. -0.01,-0.1)2? - ■ h(0.02) - 14(0,01) 42*-U.U2) = «M# 



Bfil* D L b-' I J-_K I-; S 1 LA I. OU'I UJS H XtTTONS OF MORI? Hi AN ON!- V : \JU AHJ.H 


34. fU j 7/4 1,ft{x)a^ (.i) (ft ° b )<-S.4) = & = 1| = -2 fl*l *(/( 3 ),*(*))aarfifMJ-1§-1 

(<•> j[/(irMiif)S = + l,ij n ■* jjjrf* 1 + i), (<1) /(ft 0 ii 1 - J'(^j:) - + 1 

Ju EjwrciseE IV-Ji, evaluate the Lizjsii hy sbe ua* of limit theorems, 

35 . lim Ln/^-T-j - 3 ii lira * J ' r l - In e J - £ 

u.wl-lr.nl ^ + R ■ ^ 


35. lim 1 m—= — 7 J - 3 irL llm ——= I - In f 4 - U 

it. wI—lr.nl ^ + V ■ ^ 

w. ]im 

.r. !>)-.(cos 1 4-an y 

^ Because the LEntlt of the denominator is noi zero. w* may .ipply l-h* limit of a quotient- t heorern after 
obtaining sbr lianiU ijf thr numerator ar,d denominator. 

3nM a +* r _ %{&? + ** 1 


ltE[L + ^ ^ W ,1 

^ * r tf) —(D, T/2) X + si n ^ ^ tl + ^ l r 2 

37. lim sin J |^)-siin -t f llru y^) — sin” L i —-v 


In ICrattaf 3W -5 it Httbliih Lb* ttmll by ficidi^S n A >*t for nciv 1 >U uudl Ilia; Mnil-ion l£/iJ> holdr- 
3S. Jim ^ ^(4x — 5p) = 21 

t |-It - by- 21; — m* - i ~*(jf + \/A 2 -r^^£e-d)2+ (IT 1 L P < ^ < e whcmnT* J < r/^/TT 

39. T* BfW biiEl. (S 7 1 - 4v 2 } — —L wp nimw tJi^L for anv f > 0 I krto 1 * a 0 > £J sueh tFiut 

* _ 

|(3bf 2 - ^ 2 } + 4 | <R wt*«*w D < +1 + 3K ^ (1) 

i^r 2 - V + *t : -|^ 2 -^-^(y 3 -4)f<:!jj-2lr-2|+4|^^3|^-3| (!) 

IV? gei an iis^E Hyeutid for v + 3 j nnd ^ - ’£ , n-ntriel ^ £ 3. E hen ^-liriirVE-r 

|x — ? I < 4/^.r — 3;^ + ^ <. I, we JLfcve -I < Jr— 2 < 3. irid fto ^ < £ -i- 2 < 5. Ais® whcnevef 

|jp+ 2|< - 2 ) 2 + (y + S)- 2 < A <■ 1. we have -l< I: —‘s < jy — 2 < - < | ^ 2 \ < 5- 

I Nrdbm, Wlhitevnr El < ^fi-r 3) a \ ($/ + <K Wf luivr 

Hx-Jlx+S +l|s + *lj-S|<3-f-& + 4-i-5 = ?M E3} 

lienee, if £ — min(] < ^e) liten from i 2 ■ ^jsd (3) w> have (I J. 

& For any * > 0. we must find a J > 0 such that_ 

; r* - jp 4- 2 j - 4^r - 10! < e vfbene^-ee 0 c (j- — 3) 1 + — L l 1 c £. 

We use tlae hriailiglp iltrqiaAJity and Ibcn thr (Inurh-V- ISrhwjinr ineqiinJily. 

If 0 < J{ jT-4) j +<v- I? < 4 UH-Ji 

= | (r 2 -«pij-9) - (D s - 5,-f-l) + (*r-S4) - (.«* -*)| - |(r -Jj z -(y-li J - t -»f T - 3] - 6(.v - I ) | 

1 (Jf -3^+(> - I) J +j«i - 3) -C(^- I)| < t *4 V^ T +«V*' - + {J“ ^ < 4 S + 1W£ IW if £ < 1 

— f 

if & — miiwj. j^e) 

In Ftarri-.i-vs ei ‘[-\ t Hnprmrn^ if I hr unit fxiFl-R 


4L U< 




x j + jrf x j + r x^+sT 

4iL &te Exejcise 

43x llm — / ^ - jj ^ — lim 0 “ 0 : Elm ■ ■ J - 

is. v) -(Ci.oll (r + it r v™* ^ - v) - E U . Q\ ■»■ $' 


j-f* -r rr)*". % the xqurri* Llieofr-m llm —\— <k 

R.v)^(^n) xr — t/ 


—% -j - lain v “ K»1 i *■ j 


IJeeav5e "hew nw-io .limits are not ecuaJ. then lim - .-,■docs no- exist.. 

R,^fl t nl i- 


MlfiOM 1 l\«OUS r KEYSES KOH CHAPTER 1’i Ktt 


44. ]ilv 

( r, p)—fH.AJ 


2^ - 4tt 2 y 


& < 


2 r , T'ta*il 

-y J i 

* + &r 


~~ ^ !-* + \ 


Hermit lim 




=■ 0}. Shrn E>y I li w 3H|uiw 4* I liiM-n'Eti 


,. 2t ? 4 4; , ;r 

Mill - r= - r ,— 

[x,y)^[0 .*) r^ + jT 


- D. 


Ih Exercis*^ ti 48., df^ianiw :i.|| |KianUnt which / U cnullnudM^ 

45. i[2 t y) — Because f vs a rational ^ocfki U ^ ai a!I points in Ets domain, Thus-, / is 

' - V . . 

rnnhirinc»nn ,il ?ill jjvun t'- : r, ?f) m R" 1 nut ihh l-lir Iiru^- z — -f 2jr, 

/l> n &i) - l/fw ! £ff,r - i;*# 3 / ii cooLjiiuoiu uniats Iwlh wmiwm ^ 0. I*. unit** * JmA y apt- ^Hui inUi^r*, 


■1 3 


47- /(.¥,?.) -.'r- 

lu if (».») = (0,0) 

EurlhfTiiKtr* 1 , ./{tU)—ft Mid trro» HsiWriN" 4J 


• If !>,jr) i4 '00), /isi rational fundnci anti btnet is -cjud tijsuous. 


Tlwtrnfo^ T / is l'jOSilluuous at aJJ poiitte (z : y) In Hr, 


hui ami hij / \* mntiliwHli ut (0,0)* 

{»* 


«./(„„)= \$$ 

[a if(i ;ff ) = (o,o} 


& / is continuous as all point* :^.ri/(0 s 0) tEien z* -r ly -3 -f fl_ We wisi to dciprmi?!i i w Eif'iE.ht'r 

lim /(i,Sl) = /lO-O)-0. 

lim /(n,w) = lim t — 1 

(*ir}-(W 

1f='l 

_■ * 

lim /fx, tj] — liin —— —I 

iwi-iMr *“* jr' 

Beeaus# ih* rasu-Lcwd Ii cellls ar* loi *C]uaE, Eim /(j B y docs not exisl, so / is rii-wnur.Liiuuu* al (0,0)- 

4r»sH(0|0) 

lit Erat-dscs 49 33, find the value of ihe diKctioriaJ derivative at foi the functto:i in ih^ ilinprr.inn of 1J. 

49, fix*.y} - “"Ixp + 1: li = j- i - ^ j. 

•> -3»10)«f (SI -|(1Q) = J4 

51. ft(a, ji) — t T — ^ios x: U — ^\/Si - 

o v ft(o,« - $v5(i -ooj-iv^e-i) ^ - av^ - 

53, — r 1 - In j^; U — *oa ii +ain flj- P D = (1, -2) 

n- t % Lrst. Sod the vajue of the giadkat of / ihe posnl. I\ r 
W{*«v) - ( 2 i - 4 j^ + ) 

T/(l,-?}-{2 + S+l r -^s{l.li 
We are gj^n that 
IT — (eoi a-.iiji it) = (-1.0) 

This:;, I hr vnliif’ of lh^ meuirtid iliEcriiuno] ilrhi^.iti>r Lf= H.ivii[ b-j 

f> D ;o ,-21 - ■ u - (U.-2 ) ■ II 


- .£^ 2 s - U - + 

- [(jr 1 * - a>- + 2^Ji + (7^- -ifcrH -M v - 3n + - U „ 

ity/{3.1.1)«E(l J*!!)i + {4-S)j-M2-B + KH;'M«(-3)M*)( i' ' ii ,^1“ 



&■! DIFFERENTIAL OAl/TLfIS 0} ITNCTtOJCS OK MOKK FHAN tm VAJtlAHLH 


Id £xercj&c& -ri 37. fjjtd ;,, : :lir ^rjuJiniL • ?r / aL d lV E.) I hr ralr .nF rh;iri4\i> (if / in r.hn . lirrcriij;i «f I) p[- r 
M- — Si" 1 —‘It.)! 1 -, u fnr Ifri - lin Jij — j\/3l \ l) (») — ((J ii/ 1 )! 0^^ 2 j; 

vf( j,i) - zoi + iij i h.) D r ,/(-3.D - r/f-a, ii ■ (j <-a»4 LHji ■ (|V5i'+^} - -uJv/if * » 

55. +,?■£ « - §S + ^v^tj ( a ) Wflpj,} = - 7 ^- 31 +^—j j; V/(l, 1) =£ + £ 


(fr) ITSir 1 Itk irf L'.lNtrivT) id" /(x,y) in ?hr cEirhrl info of if i:l 

I>y/(U)=v/ri, i)'. u M$i + kri ■ <£+^ { +iv 


«* /(*, S'. *>=**-if 2 - *■:. U^a+ Jj+jk; P 0 _ 11.2,3) 
t- U} V/(*, j T r) - -zi + iz - 2vli + (a - *)* 
v/(i.a.3)--3i-i+k 

(h) Vr> liJH-4 

1.2,3) V/(L3.3)-U |_3l_j4kH£+|j+|k) 

Tho function value is dixitttmg at the late of ^ units in the direction of U at Pq. 

W V/(^,=) = (3* a +=!tujl 4 (V + + 7/(2,-1,Q) „ 1*14 3] 4k 

(b) Tin* /(*-y n =) IP thr dint^Mwi of U til (^- | n 0} i* 

In Exercises && *nd hf). delermine the fttativc mtftriia of /. if ^ner^ rv^ -:mj r - 

w. /{*,;)) ^-;{ia+aa 3 TLDi-iip./ J ,^4j-3y4 io-c,/ --*i+iy-i! _o.4/, + ;s/ v -7* + - _a, 

j = -1,1/,4 4/j, = 7j- 14 = 0, |f = ’i. /ju =4 > 13. /^-4, / iu = -3. D=4'4-(-3p = 7>0. rd. min. 

59- /{r,a) — + if + 3*jr. / r i-r.yl = 3^ + 3jr; / v r.y) = 3y = ■* :5i. 

/«■(*. If) a 6l „ /„„(*•*) ~ $<J I,S^V) ~ 3 . 

/J*. sJsOi^ + ysC: a a **. a ft j?+ ff = Ot ** 4 * - 0; *(#*+1) - 0: i = 0. -1, 

The frLtieaJ p*i.nL* ID, ft) fand i -1,-1). VVt the wTuauJ-detlvniivt mi. 

/^(CljOI/y^iOfO) - / ri| s h,0} = D ■ 1 1 i 2 c; 0. Meracr /(0, Uj is not i icLtUivo exl-remom- 

/ xr f-1 - -11 = -6 < 0 and /„(-1* - - - i) - !-[) = ( ~&)i -«) - # - * > 0 

Thernf&re /( — l,— E) - l i* ;i ibU[jv>i* rruajirmin tiling. 

In ExeTdice ou atic fil, ithni / i* iliffrtreurJiHp ^J1 point* \t\ its domain showiDg EVJinjLJon i IT-4,2- hoids, 

60- /(*,?) =T*jf S -4r : + y 3 

& E5y Deft nit ion we mnfit fitid c, And such rh^l 

«,Ai + <jAjr = A/(• Dj/t^j^JAa - IV^diS ip^V (M 

wJbL-pu c 1 —& 4iid i , .j—< 1 nh {6, ij). W r have 

J 

- /(*□ + Air, ^ -E- Ay) - y Q ) 

= [3(^(1 + +- Ayf - ■!(*(, t Ac)* I (y a + Ay) 1 !-F3» a y d :r -4x l j a +y 0 1 l 

“ + 3*fl(4lO J 43|ig a Af + GyjArAy + SAx^Ay} 1 - #,r n A* + SjV 0 Ay A (Ajr}‘ (2) 

K«l, r -ve find, the foJiowto^, 

“ -Sx^A? (J) 

== 4 5y,-,Ay ( 4 ) 

Siit^i.ii.iiiinA: iVom (2) s ■ 15). -and (4) into (1), wooCrtain 
^Asf +< jAjf ■ - I Ax i-3f H I A^)Ay 

r 'fheretW^ vr** ^ ^ Af f 3(Ay ^Jid — Hr.-^AiV + ^-V 1 i ~ r ^ } ^ [Aj p 

TtiUS s / Li [iifFefejiti.a]n!-tr M .ill ::; R/. 


61 . /( = .&) — I>i/(J-ff) - *li<l - 4 ? s ThrfcfrhPr 

A/lx, rt-D^y, y)A=- D s /( T , ? }4y = ^ 


rii,- w ,y>4y = - ^ - -^ + 

{y4Ay) J y* ^ / 

_ -4y~Ax - Ay)" ^ y^Ay t ftryAy 4 ^Ay)* - l . 

i^tic + Ay^ ^ 1 ^ 

In D,Hnitk» l*.4.S V-., = «at.,*= ^ f **»**+ ^ *f' ±^-. 

1 TtM+^rT . . y^+A yf 

As (Ax. Ay t ^ {0.0j, * | ^ G ond ■ If sn / is difFrranliable at 5.. points in its domaiD. 


2 Ay - lixyAv I 1--- Ay)' | yl'A^i" 


MISCELLANEOUS KX GRIMES FOR CHAFTGIl 12 ftS 


C2L sin a \dzin ft I — e l Ja 4 nr^di-|7.M) l (Ml 1 + 3^2(7,14) ^(0-01.) — D-00209 

43, Ltt z mc&a* 1 m tli* taftgth of live eutinft, j) QMtm r.li* width wf Lhr frilmjc;, mid : metric Ihe b^ftht ef llfc? 
room. If {■ ctoUfcTfi Is the cq*I tJtf jflb. ih^n 

C = 2{ijF- + Sj>t + ff) - 4rjf+4 jf+ 2 iy; d<7 = +■ 

Lrr. t — 5. $ - 4. + — 3- df — dj, 1 — - ± Cl-CMt-l. Then 

AC » dc “ afl( ± cmKB i I 22 r 4 n.0O5> 4 sec - &-Q08) ± fl 

T^flpefdK, the grpfiic^; #ftOF an irthiiEiHliiiK Mir <uni of th*? j-"^ >' 33 

$ 4 , Al *- Rival instant* thr l*n$lh cf one a*; of a iwtxnsfc i:- G cm and M is Increasing at the fair of t cm/Sq ibr 
l^^j, of .-inor.bKT sidr of the TttUUgh? ^ 10 cm and it ta dccr^i-nj; at tti£ rale of 2 em/s. fins lb* of 
change oTHif af^a of * Twtjwifllf al Lhe gavrh levant. 

(. A1 J rnonik l,<i I OB and )T «J» I* Lfa* lea*U» or ih# nMo. □* lb>* rwUad* Mid A «n' hr lift -Wrt. W* Mr 
given ibid d*/Jt= 1 Mid Sy/4t - -i will'll I =0 and * = I ft- To find rfA/di ai I lu* iinmiiml. wt ealculnu 
iliy- total dif&ronlliil aftd. eraluai e :E- Thus. 

» 4 S 4 S'>»* 4 ?— 

Th^refoie. ibonrna is decreasing *i iSit- rule of 2cni 3 /* at the given rnwniuii. 

*5. Let r cm. Ik Lti^ radius of *. ntflLb-circulaj ^ylinci-’r and In A -"m Nft* licight. If V tin* is the volume, then 


v- «*. S-fif J:-SS - *-* S ■**■’$ 


When r = », = —5j A — 4Q, = 


12, we have j* - ;ir,;aiM40)(-5) + w -SSOOst, 


XbiUE, *1 :"nr given iucint the volume h decieaerng al tiiv r •>{ 3200. mi'’/min 
(I, if * s A » hnv* ~ 3W IIS* 2 + tt:’ - U. $:/&!/ ~IJU “ 32[(/l«i. V = 8 whS ; 10 8/S 

67. The ideal gas Law: if 1’ *r.m in thn- pifiHurt. V liter* in the vofamr, and T iltTgrerm n i!*e lemptratuie, then 


n-tT dP #P fT > dV _ t dT ItTrfV 
1 - TT* <ST - <ff rff flV ~ST ~ V 3( v T 


ir * = 1.4. V = 3 d, T - 73. 0.3 mil - u >, then J - ^ 


l-tj 


. U =., I ill'll j* : 


i.'h 


Uj73)., 


i.3)i U.W'I. 


Thus line- i-j v^.il in£iiat live Ls deorcasing ril Mia uit of 0.D4- aini/min. 

| B J-;, k . e^-70. find an eqweion of ihn % Ungen; plr.™ 1 -inrl chiuhVwulv of tlie normal Line to iV- .‘lurfaev the jniasiL 

W. : + 2 *jj; {L3,Tj 

e» Let F Ijc ?iit fimctioE. d-rnT nr-cJ by 
F{jf,.y,j> = j 7 + 2±p-i 

Th>ss, the hvprj bohe pariLSmSmil is the craj)h o L F(-c, y,^) 0. Y> f* 

W{1.3.7) «HU -4j k 

Thus, ZtT, i*c"!ijii.iiii caf ilet tangeisl pbn« to ?.[w surface rM i 1 ■!■ < ) i^ 

«z-l)+i( y -3)-(i-T] = 0 
Sz 4 2 y - i- - 7 - G 

.HEM I Njwallons of U» normal fin* 10 the mirfimc nt (1,3,7} Mt 

z -1 _ _ £-_I 

S9. LtS /(x*jf, =) — ** 4 ?ir 4 J - TTmi V/(ir t ^ ,eJ - jbi - 41 Utn^x V/(S, I n 2] = 4i + + k- 

Ati equation of the |elaneal (2. L2) » 

2 ) i Bfo l) + [a-a)*ft4«+lsr + J-l4-0 

If^nalimg of nursttal Isno al (^, t r -) a-f4 1 ^ — ft g.- ™ ~ ^ ■ 

70. Let /(#, = Si? 4 - j? - DfL Then T/ = (6of + 2j?Ja + f2tf - 2^1i- V/( 2.3.4) = 1^5 - 2j. 

|i|iuic: S£af-1)-( V -J>=0t - Ti. Nbfmvl i«Ml (a “2)/9“ * s 4 




S6& iHl-TKKKM'JAL CA1XTLUS Or Hi NATIONS 01 M0m IIIANUM VA IUA&L* 


71- Let ) — r* — 3xy4- jr 2 — r and 0(sf, - 2±r* 4^-3; + 27. 

Vf{z., - (2x - 3y)i + (+ 2jf j - t *iid V'fa l, j: , y. i) - Ui+ 2jjj - ■&,, 

Ut n, — r/( t.-a, 11) Si - 7j - i fthd - ^0: l . -5. LI} - li - tj - Sfc, 
i j k 

n P xn 2 — 3 -7 — ] =17i + 2flj— 4k 

4 -1 -3 

EqwtUott* of fh? Uilitfnrt titir L« ii>r turn of inlenlKtiAn At (K-2,111 jwe 1 - a J ^ ■ 

T2. i-'md equal ions of -'lit urgent LLnr us the enn<' e-F incei-sre-^oo or the auiface _ — 2s 2 -f y 2 4- 1 whh the- \Aax.i 
* — 2 ni tJip pouil (2 r - T B S 4). 

& ItecauFC x — 2, we have 
J # 2 + 13 

SU-i "HU** 2 

Thus Ihe H^juiif.lcnns inf ill* IrLri^i 1 iiL lici#- n.\ (2, — S. | I) nrr 
r — "l atid ^ L I ^ ]] o?, rqitfcvaJeinJj'. z -^2tj - L2 

73, : ^ 1HID - 3^. Lei /(x a y) a EJlHi - 3*y. VfU.y) *- -3yL - 3xj 

; L i] TIi* dhectLLin <jf mL+'ujjkSI jf£r*il! L ni i| 7i0, -. ^^1 is -1 < — — L25 — .- r ifij. 

{b) The jr axis points to ihe south so the dtrectioo of north is j. If Tl — j- I'hon 
D f/ /(f,y'i - f —L2i — l^DJi - (-j) - ;:■• ;- n. Thrfvlbri- r,\u> ei; : i !-■ i-. a-w; ding, 
tt) Let 1/ s= «* fli + a«> 0j, Tt» climber t* Hoveling 4 level ?*;fc when hi* dfawtkn ti 
stat for which T>[j/(jvy3 — 0, ihaL K 

12i IaQjj (m? flp - sin 4)jl - >J: • ]2 cos ISO sin 9 — (li tin 9 — - ^ 

Then Eii-thr* DU ffl — nncE s-iis £ — ■•" ^ t*r c^kh f? — lil .ind mti 4 — --^—-■ 

v'^ vflSS v'^ 

A kvel paih to In elthET of the dictions -Sim i - j or - —i 4 jLmb 

v^29 v^39 

7 A. /(i l3 i) =^ + ^ + 3^ .» /(IM) - 15 s +e(S*)S + 3(&) 2 ~ 113^ £» / r fx F ar) - 2^-6^ 

/ # ( 15.fi) = 2(IB) + 6(S| - 7$ (c) fjr tf /^l5,<i>-ft(1S) + fi(fi)13fi 

In RMPTcisHst 7-5 uw Logrwig^ rruiJijpliers lo find the crilicd poLnt(s) of the function subject to ihe consl-raiol 
and determine thei t nature. 

7h- /(j!,h) = o ! -T 2 V 1 , Md t 2 - 2y z = 5. /(i.^A) = q + r 1 - ^ + A(i J - 2jT-5). 

P v (x 4 VrA) - 7x 4* 2Ar ^ !h j* — l"i 4*r A — - I. t {x k j. X) — 4 Ay “ 0; ^ nr A - 

F*(j\ - 2fl J “ S = 0- If x- =4, -2j/ s - i =r 0 is lmp«ailWe^ If y - 0. - 5 = 0: x = ± \/5- 

I'ht crLtical poEnta aic i v^^Q) and (-v 1 ^. (‘kscicdfif y as, .-, funetLou uf j-. 


Fdo«j the cwstwiat. 2*-^ = « k = Jf- 37 = ^ = *’ jJS 

I'hrrf'fop' / !)w n rrlalhv minim.mi m wuli rrltiral ^jiril mid /(1 10. 

7fi. — z* wiih eojifiirainx z~ - jr — i 

i>- r.flt K Lw l.he fiEiM* I i^n rlffEtifrl liy 

F(*,SJ,J)- J‘ if 4^ + i i + A(l i -m''- I) 

Thru 

+ 2^L+Ai I) 

= 2^ - = iy(] - A) - U 

F ± (j\jm,A) — 2z - 

- t 1 ^ y 2 - 1 - (} 

If A ^ ± l, then frc-rti \ 1), r - tJ; fr-o-m (2), y - 0: from (t). -I - 0. imppowiblc. 

If A = L n then from (1,1. -r — U; from - 4) y 2 ~ -1. LmposstbLe- 
[f A = -1, then from (2), y = Ot from r 2 = 1, x = ±1. 
i hits the critical points (1,0,0) and ( 1. U.U i 
Hersnne jsK/.y} =0 define x n function orjy. then 
dr _ ^ ^ 

Jy ■fj'e?/ tH-r x 

Then 


^ ^ w 2a4* = -kc: = -7-i = I 



.viiy::tLJ_A>L f - - — • - 


/y - * Sit ■= 

/,= 3 = 

l ri\ 

f v ,-« t _ A o? _. 

utl so 4r #*d» tricfeal poim ;l wlnin- inii)iniBra:ih*-'Ranctim ™t«<i i* !. In «neh i* •» 4b»oliwe minimum. 
/(* r y 1 i,A> = y + * i -:!* J -yW + A<35-.r-p^). rt . n 

F .(*. V , A) - J - 4r - A “ 0; - - 4x +■ A. FOi.jr,i. A) »1 4»- A = V; 9 = j(1 - «. 

V (a*, tf,. ; h Xl" ■= ji ■—■ —• A 05 E w — A — (|j x ■= " 7 ^- » — “ 7 ^' 

M - If- * ^ 0 e - ^ - A>-f* = 3ft; -W + 7 - TA - ^ 4W> -«A = 

A = -21- * - -fA = = 9- * ^ JCT -A> = ff! H-21) = *fc * = -f* = 

Th* chikil point i* P<9, E ]., 1ft) aid /(9,1 L.]^j =- -362. ^ 

Cosu^tt -s ft?* a fij|trLi*>p nil' r i**hI V' tlw cowtrai nt, ” — S JLrM ^ 1 ' 

/„-af|-5 = -« « «= /»= '*+%* “*- 3 = - 4 ‘ f ** = % 

i„f vv -/, v a = (-IM-4) - L-3) 1 = 23, R«fltr / tliuv u r*t«lk. mucinwm r* l>, 

7tt_ Si* fci'MICCSf t2-9-^ 

79. Let u> onil* be the distance fir™ Hit point (4. L.2) to a point (i.jr, --} i" Hit plane * y * 2*" - 0- «■ *'iH l * * 
minimum wheel w a t* a minimum! 1>L 
/t,,sr t f> = w*=i(x 4> } +-(sf^)) J +(i-i} ! 

/ ta! .p,z,A) = ^-4)* + t#-^+(*-Sf+At»-it+?i) nl „ , „ 

F J . = 2e-5 + A = ftx=:i(9-A). f, = 2p-S-A = 0i, ff = |<2 + A). F, =&-4 + »~0; * = 2-A- 

F a -1 *- 9 + 2« = Os It* - A) -^Z*A) + at3-A>=l>. A = £ * = , V - i = "1 rtw n°' Bt “ 

~s> l 1 - w = \/W~ + ^ + <“1 ” 2p = \/5s + § t ^' ” 5^' 

Otcetose /{x,p, 2 fj > 19 i>;i or tMbuk Che sphere (x—4 1_ p — l) 3 + (r 2)^ —10, / bw a SMinkcruun at a 

critical point jivsirlr tbt I'lesed set bountU'tl l>y tine intetsection o - r tiii^ ephett and I he petti plant, thar. is at P. 

90- I'm Lagwtfr uiulcij.i-ii'rn to fiad tbt point, on ilit .ubtc ^ - thal in thr^t to the oPiGit 1 - 

I. Because 4 : 7 t» line dislaiiice from lit origin w any point, (x-y, x), we ’■ah to fntl lie absoluit 

min in i uni ViliL£ af IlL-t LUnclJyrj / dripBttd t>y 


rmEy^jftt U> chi 
Z -- £f 2 -^+ 5 


(« 


/ has a mir.L!E.^i 5 i vslys w-ht-cievat /' iiaa a mi^ipi-iairt valui, t 

hr. l]te function deGn«l by 

Fifths) ^J J + li 3 + **+ A^-^-i + S) 

The ejltkal pginUof / »r aijiong tiono of chr *oxiU«y fimrtion F, ‘I Vh 
F r (T,y,x, A) = ‘lx -r 2Ax = 2*{1 +A) = 0 (®) 

Fjjt'i, P,:-A) = 2y « Sly - 2iy(l - AJ - 9 i'3j 

fjf*! “ X.*£. 0 

rmh Chrtt 

: ^iA W 

If A ^ ± I f lh«i Croin (2), af ^ th from t3)i s (J J. z = }- . r 

If A — I. thtTi from (2), ^ = 0^ from (4), r = J: «ncf from (1). v = ± SV®- TheD /v a - *fV^) - jv j fe 
if A - -L Iba fNsm (3), fj = D: fron^ (-1), z - -4: and from (L), af J - -whicli h irftp«ablc. 

Lit pOirttM oil Uir fciyjSrrlKFlif |Wr?lE?4i i l^^d la --ht u (O' - ®® uw 

^hfsws eht surface k.s|iJlhi^ cci^tecci at lb'" ^riRisi ol raoii^ y ‘j laagtat to th+ j >iarfact al rb,t ^KLTrtrtL^. 




0JKPEHEST1AL CALCULUS OF FUNCTIONS OF MORE THAN ONE VARIABLE 


83. I.flt the ihiw number* hr *. ?uk1 100 z y. Let /(z. ^j - r~ 4- y 2 4-{100 - -r - j) 2 - 

/ a (#,Slf) - 4r + 2jj-2OT 0: 4y 4?#-?ftft ft. Thill * V&.y . ijjtt, 100 *-*-^ 

/(y, '-™ 1 ) — —?p^_ If ] x\ > LOft or |p|> 100, then /{x.yj > HUMHI. so / has an atwlatr minimum =li n. criiinl 

point inside the- square |*f£ lOO, |jf|< UJD H i.t. at {^. -™). TUut the Ibiertttunbe£3 Arr -™, and ^ 

Ift Pfi, jJ - 3B* + tiSiH r T * jfp Pj = W U + y =■ fi. P “ (if. 4 * - fpji = 0. frP J 4 V H - 284 - IU = 0, 

■r = 34. p J + 2P y - Itf-Uj; - u. if - IS. p #J - -3, F ? wa , - -*, E 3 J[( - I. D = (-^M—*)— ^ II - m**Emuro 


81. Let 2r, 2s wtd 2l be tl^ measures of the pi" r.he return* uEfcj p&iaJIdpEpeci E^ paiaJJcl ^o the r, ?/ n and ,- 


■jit vertex U *n the dJlpwid j- 2 * fty s 4 r 3 9, Uims r 3 * ft/ 1 + r a - fts h- p ^ ft - ja* - r . ■[ 

/ - {&- ft* 3 —rJuA* - S^r* - fl*V -jPt* 

Ifs > I h g = ft L % > S L Gr I = ft h I hen f < 0- Hnvrc / biji ;tn rdtuiLuU: iftnxijiiiiEEL valut - at a eritieal point Inndv 
ih* racfepgjt 0 < s < 1. 0 < t < 3. 

f t - 1 fct 3 SK?f* 3W 4 = ttiP St 2 ) = 0; 18#* +21* - 9 

f t - l^ 3 l- IHn^-^V = ^ 3 r(S -ft* 1 -42") = 0; ftn 2 4 

SoIvLug MLiuilLaneuuhh fui js* and r w«- get - j, t J - S. •<*■ the «ri!y rritU-.xl |K>im in ]i is which. 

tuu^l give the mayjrrtuiiE. Thfiu r' - r -y^t io iht dini«isjcpns of tbe rectajigul^F p;tr:d]ef>iped of jreateat 
volume 5 -j^ Sy^ fVS hy Sy^. 

84. Thf ^mprr^.tu?i r in '!' Jmy poim (■?■..■vi of the eiifv-n -ts* \ I7.y m = I arid Ti.e, : v) ■-. , 

Find I hr poinr^ «n ibe eurVe tfci+* r*fflprmNf rr Is. al.^ p( rr!fttL*i diud whftfe : i as least. Al^p tin<£ iJk- 

iem|.-rfraluft i', thenr oomta. 

& Lri p tx- thr fund-i^n by 

Then. 

A) - for- 3 + *rA - M t + A) - a - ft (1) 

F fr, j/. A) - 43|j + S4pA - 54^2 + AJ- = 0 (2) 

Fjtfa,**) = W 2 + ] V - 1 ^ 0 (3) 

Fr&m ( J 3) we Jwve either y — ft or A-2. If y - 0. from £3) wt j;e; J- l.J. tf A — “? K rr&ni jl) we s?rt 

x — - j ( AdEEL fr&n'i ^1) wv ^et ty - ± 'HiiLS, the rricjCAl jjaS^is are ( -±- and ( ± ^ Then 

!-«>-2T{ ^) = |T( l i> = s 

Heil-au^ th** e^trvs b= an *JJ]]Jh£' alikfc a e2u^i,\3 arnl bo.andec set. the extrema are amon^ tlir rnSEirr-il pnjnr*.. 
Therefore 1 th^ truudmillti irrrrfH’f.nnj^ is -J", whkh twrtMn. -IF th^ jwEhLft (- J H ± mmI minimum 
lempt£4iur? \=i ft\ v«hirh oc^iir^ Ht the ptirui^ ( ± ^,rl). 

85l Tht tempnatuie Is T decrees at any point (x*jr) and. T(x.|r] — -j-'yr ■ § u dirt&nor is io c*ntime4^T3 


from I hr i?riF.in (a) We wish to find Dg/TQTJl where U - w J.-ts 4 sin ,-“]- 


, _ _ -ftfe 


T v O,3)s^jfi- - IT 


= T * m] ==_ n- =p—/r9? ; ' r “ (S ' 2)= ■ tt 

VT{3.2) = fji - ij. Hn.™ D^TfS.2) = 0 ■ 7T(i2) = ’ f” ni " f « = “HV^~ £ 

The rule ef change uf tlw h>mprr«lir^ jit th« jKrint [^2) In iht dinuctloa of U Is — ^ degto^ ittf CtTU 

{b) DyT(^2j it maximum when, II has llit dix^etlon of VJ ii.2), | ^" 3 {3.?) | - + 1C ^ n'V^ “ u 

The .greaSest ratr ofebamgr of T ^ r3,2) fs yj-^/lldegrew ikt cm in the difresior. of y1^ — \/l3j. 


#6, The baw U x [t hy jr ft, the l^^tl in r ft. TTm:b £# 4 2x: +2ff? 216 (I ). W£ 'icih maximize the vcln-mr 

V - aftjri Let F - AL^ir 4 2*; - 2W 3. F , ^ ^ 4 Afr 4 'JcrJ - U. L + A[ L/: * 2/j) = 0 (2p. 

F =» + l( f -e^)=0 k l + A(l/ 7 + 2/^)=4(l). 54 UA(2/n+^)^&f4>. 

FE*m £2 j AMid (3), y — *- From. {2) and (4). ^ = jr. From (1}_ x J 4 x 3 4x* = 2l6 n ^ = Gy^ - jg, - ■=■ 



Miaroj-ANifious iaurcuses for cmrom ia m 


87. I.H. i: fl, ff II, t ft ]jr Ilip- Impth., widcli. and lirrljiliE of t\\ii ^Mlr. Then 
4* + 4w + 4i — 416; Jt + p 4- i = i — *4 - f «* u 

If V ft J U ilws voJumf of tie bo*, tlwn V - ,- Jfy(Il4 i 5 O " Mi# -p J . 

If j: > M, -T — 0, y > &4, Ar t/ - <t, ifaeb V £ k Hepe* V Ij-«- in abeoJlft^ max..HU Tallin :d J* crrEit.il |>OLUl 

Loside the square- 0 < z < U < a < 54, 

V r = 5% tty ■ is 1 -= f(W - 2x - p> — 0; Sfi* 4- 7 - V4 
V k VIf - / ? - 2cy — t Jy( =11: a 1 1 2y - VI 

'I'fii- nrily rnE-iepd pnirft :-. \ IKJ8J, ih itiL']h £ivfr- ill# 1 il-i'rii ti l! isuil\Le||.I4Jij. Tk di m-en^i OtV» fll lb« traLr glC&iesi 

veihune an- IS ft by ]#R by Ltf ft. 


gft_ A |hwm of wiie L feet Jong is cut into Lhiefr pken. One ]wwIf l*;zit into (be shape of a circle; a jiff* 

U Ism I tmo tfur .■.fiiiiN - uf a *qiiw^i ans1 lire lliml piiKrt ip !■" n( ini* the '--tip* *f mi '^tiaaln.l ■■:n I triangle, How 
should (hr win* Iw* cut mj that thr conshified area of the three figure* .- ir--j sw mjjaJJ -l-t poefiabk, and (b) a** 
Earge as possible. 

c T.^r. r ft be the tadius of the aide, j ft the side of the stpiw^, y fl (hr sriiEfc of the triangle* anq A fl * li:e 
combined ore* of the 1 hr^ fij^urv.v. TIhml 

A - tT* + ** +1 v'V (n 

Because l h*^ csrc umfciewe of (he rjrrj* is 2 tt ft, riir jw r! jj.i n .■ uf the .square is 4z ft. aauJ 1 bn |K-rirr:^r.Mr of tJit 
trLiiiL^ii: is 3y ft. Vr r 1 u3^ have 

L — jtar f 4z- 4 4y, r > ft, j: > ft., y > ft {2J 

W# wjuat to find the «e(icelir of A subject to the eoni-Lrwnt (57- Wr tiw Hie method «f I.ar? nppjr tiaitlr■ pi m-j s* H-e* 
futd tin entjui poijil?, It«E. F \k lhrfuvwiloii dcflivd liv 
F(r,x. y. AJ - ffi * + +i\flE + A(2ir + 4£ 4 3 ? - L ! 

Then 

2ffe + 2^A - 0i r -A 

F^.^^Aji = 2H 4A= Q, j: = 

= jr= -L\/JA 

S;riM-:tiLuT.iH^ tliri Viihirrc fvr r n £, y in W« obtain 

L — -S>-6v^ 

S^lviirg’ fol A Jji vrtri 


- h -O.ML 


a - —■-$ 

2ir+S + 6\/^ 

'fhus. 

r - —X ss 0.04 Er 
f- 2* v QML 
pm 2V3 Afe U.]4L 

SubaiEtuting th^-sc vatues into (li. we bavr 


A = + (-IA) 1 +I V /J!-2 V ^A) 1 - {-&$-4 4 SVI) - +11 +3 ^ 1 ' 


L t 

4i.T4-t-3- 
Because the snr: 


—7— =3 *0-02 L* 

75) , 

r faces c-t 


(3) 


A are ellipsoids, vu Deed only conjpare the value oJ' A a; the critical po-Lnl with 
(hr v-.-ihn’ nf A ;ir I hr r^rr^rr? r>f !n^ leiangte wlikb f-S thv cri’-p'fi of (2). 

If i hi 0 4J»d y • ft. lhm Crtun (2) wr h*Vc r - L/2ir mnd fruiiE (E) vfe obLn-in 

A = Kf ly.ftSL- (1) 


If t 1 — b acid p — P. then x — ' and 

A i= (Jt) a 4 QMl 1 (S) 

If r — 0 jfld j — n, th«i y - -jh 

A=±V^T,S 3 *CMttL ? (8) 

Compsiing the values of A given ii. Iqs, (3). a) and *>.. we cood^He that ihe ir.hiitELMm wunLmtfd in^ 
is Q.ft2L 2 and tJjat it oeeurs wum the radius- is 0.041, ft. the side of Inc square is 0 03L 0. lonf_. m sidr ilit- 
trmn^lr K ft. I ;l, If boe, I he tnndrmseti er>ji>biti™f ;iis- n i - ii >.• -I " ri i tl find it wenri^ wlur:! idl the wire \n u?«H io 
rruLkc i]sp csrrhv 


S9L Set 1 Exercises 12.S.49 and 12.0.3i Fot two different solutions. 



'.1» urt h I-.KHN MAH AIX L LU5S O* FUMTIOXS t>f AlOHSi Til AN QUE VAEUABLL 


90- Find l.hfi prrAit^h *nd 'a'ttX distances From the origin to the curve of Intersection oF the ellipsoid s? l 3y 2 » 

- 30 and the rlli|i1iwi) cent! ji* ss 

We trtk lbc itxLrcina of ^ + y a +■ — y* -i-'Jg-r + a® ^ {y + iV ^bjKt - 2yj + 2i a 30, > 0. 

Ut F = 5-r^ + Afty* + ^j. F s . = I + ijfo +■ MJsdL*, = 1+ ■+ U) - 0- Ti ma ftp + 3 z = 2y +4 j t 


J - ID'i SO :s^ - + 9ft 2 - 30. J 3 - 2, £ - Tt \/ 


±2y/2 l 2 - (f - i/S + S + 6f = ov 2 i L be 


Absolut# maximum. If y “ 0, IhRh r — 0 iuiH if — z — ^ 1-^ If r — 0 ilivu t — 0 and Q ~- - ^/10. iht! JTjJJt, 

«• ;g g * " " ” £•■»■=** fee** £*•«• |v-«» 

(5 x2323-306x^4) t (&1-0mx2Ofl) _ , ._. . s . v . L 

m - --- n,2^r?. t - F - - —0_9-“i |, riie mhwiozi hue □*£■ the tou^io-ti 

a - 0,2*5* - 0,WI. VVlrta x - 42, , _ 0<2£Vx42 - JH1 - IU, the rtjy i* E l <Jny^ 

92!. In the folio^ing tabic, a patients systolic bJood piresuie and corrt^pondinj Sifjirl t*U: ax* given. Mfbcrc * 
mil I miners of mercury ii t hr sysL• ■!:■- blinicL pt-rwir* jyfbd y ;™i.4 Erf? lull .',h h the JiCAEt rale. 

F^serii ] pRtkdt '1 Palkni ft PKktit ■! PaUcflt it P««M 
xmmhg 110 117 133 146 lEb 12? 

y buift/mln 70 74 SO S5 60 77 

(^l) Ftu-d im equaitlou uf the Mfp^res&juu Liue for She data m (be tabic, (b; Use the ceri^m-i linr io estimate s 

patient liwi if llw systolic hlwd S5.' ■■■'■■cur^. 

► [it) r I'h* mm* p^tiuin'd. io fmd thf wfifesaion 14 hc of y oh / ftf< 

E - 745 £>;-*« E^-94.148 E^j, - 5S,087 

!■=: h'=i s=l 1=1 


Thius, wills n — Ij h 


CL y n *4 h 

4i^dM£*) 


[ft H 5e*S? - 748 K 446) 


= U b = l7 


■h-—-=-—= —k -—-—---:- rr*r - — urvi ■ ^ 

"tx f ^f£rj (6X9414^S*) 

t=( \=HI ^ 

i -i[ft,- m E - |{446 - 0-Vt 1? X 748) ■ 6-86.1 

ThercfoTw. *he regrrps-oa Sine 
A! = Gh54I£p t 6.S03 
(b) lfx=*5. then 
y 0_ri412 x fill + fi.fWKt - 33.^7 

Th* 4CtldUJW Of the he*rt fAbn 1* 33 (wAts jjrr minute vthm the bJtMd pm*u?e iH iflSh of 


x(mm/yf/|D0) l 3 i 5 € 
El (kg/b-n / 1'JUi 10 T& 32 44 59 


t! fi {, c a fr 

|-ST - - Et^-1!60, E-.-24-5- E»,-227. 

a D a i=l i=l l=J 


i .? - 134.?6. * w 

( ’ (6 ’ 1 it4 ,U& - lt4Ji a ) « 

Ttic PCfTcstiofL line haa the c^uatLoa y ^ 9*629* - \A62. When x —X 10Uy = 1O0 x {9.639"^ 3 - J -493) = 2?^0. 


*■ >itSLi3 y $?»** k‘-™ 

f4x-4sa3-(t-680«JSS) , *, IX'!' - ..'l *i.3'J. ,., , _ . ,. ... ,. 

prj = -- —- = -1,41, m = i —"-- ->.>l>-9- H/-crrti.uin JjIse; er — —L.^lJ! ^-556.!5 

(Jx^OO-SMi*) 1 

lyiViO) - 256-2 - 1-21 jf !2M - III i:-, SL .^;. t | rjiwi. y( 176) - J16.2 - ] .21 x 17D - DtJ.a stousacd casra. 


MISCELLANEOUS EXERCISE FOR <’llAFTER VI B7I 


U* 

n. /OmtJ =i 

l" 


~? \ s 


if (i. jf)=(0,D) 


(a) /j(i-,05 = lirr, 
itf— 


(b)/ 3 (M)= lirn 

Ap—0 


/U-Ayi-ZMi. 

A* 1 

/■!0-Ajy) - /i|Q-Pl 

iff 


= liiii - 


ll^Ay - a[Ay; z 

J a +Afl 


-0 




- i im 


- ]ll2L 
■All—*0 


5 ’ ~ A;,- 


Ay 


■- fan {—3> - -3 
□ 


96. Verify llwil. = dnh £ silt y Lftpl^xe'ft equation fc& R ; ‘ S ^ s l* 

> iij. — tosh |f sin y 
?Jc xz — 1 *iw y 

tuithmiw« 
s Midi / ?m y 
ei - —aink x sLt| y 

Adding Eqs- (!) wtd (2), ubt^n 

ii rj . + ti^ — S-lnL x SLA y — (—Midi j $hi y) — ft 

9T. f ty + fti 1 ^!/ 1 ) WKd ^ + - r +%prt- 


(i) 

m 








t 0JJ 


9$. (if r, I?) S r%iri ntf, 1c p — raj* n L sin mP. lij - ?rr B fiR *0. - U^J — t )l ,n ^fci FJ0, ir^ - 

r‘ia rT + r(j r +■ kj f — n|n- iJr n nin nf+ oj'"wii itf* — n®r%i,B n6 — D, UjiImii rqumitMi in fmliir ouwhIkhiH 1 ,, 

fl. ufoy,*) = t^+^sto i;. 5;; ^ 5* = Se^^flK 5- 

S& = * 3 ' ,M *«in »« ~i - 16^*^**^ 5f: = •25c 3 * <M *«o 5* 

ih 2 ( fly* 

^T+ + A - f Jr " ,s £in 5 jt(9 +16 - 25} - 0 

3* m/* tit 1 

]00- Verify that n(r,t) — A - i m - w •. where A -and t are arbiliary cor^-Ftants, salr=f:-r* Lhr |whi*I rfEt'farnnltfil 


•pinion for a vifaalirKg u ff - oTn^ 

& ParliisJ-diCPerrnliaU n% u wills nt**:^ \t> i % w? obtain 
a t - — J.*qA slu (i-ii C JtaiLi’ k^- ;■ 
u tt ~ —bra 2 A Kws[k&i ’tenn( kz) 

PartLaJ-differeotiatius n with hfisjwti to *. obsaEn 
rj T - rA f-orfJtrt: Vfo^(tr) 
ej^ — -k 2 A eos(tdr)ain(ij) 

Thais, 

nt^ti^ = — k Z d 2 ,\ I-cMm it(Jfctf) 

Compafing K-qa, fl} Hid (2), wr f^bsain th# 1 result 

ii„ = a a w„ 


Cl) 


m 


d'"u _ r rtfli- - A p' , | T1 /?tl ■ rt^X . J ?t*ff .'l _ ajci“!l 

tP - ~'jr »» T«K- '1J- '> TIltn w “ —t T X^K -£*■ -*)■ * a?- 

1B2_ InteKiian^e z ar^d y in FKe?cis*5 I2.4.,TIJ. 



ST.! DIt't'KHLYJ IAL CAU’I LUS t»' R:«nK»S OF -VlOKt I1IAN OM V \KIAKI t 


/(m,(|,<ii iim \-Si_ i) _ ■ D*/(O,0>O). 

't. r -rfl ■i’ r 


Ar-4 


Aj 4 OAy 4 OAi 


l» if (0,0,0) 

TSiemfthre A/(n,n,g) - n^tnx^)- iV(W,fl)- ivO ) ' D '°) 

" [{ Aj-) 3 +{Air)* + (A -* P^Fm^F+T-^) 1 ; 3 
im Mniii,,n [2 - 17 ik ■ 11 ’ <j “ ° i <j - Tb ™ 

„ , A*[lAi) J + (A*] 1 + (A; + (Asrl a MA*>*| _, A , 

°" |,lS< -« Ax)* + (i)* + (^)V-- 

ITtfiic^ Aft — i l>_n_tl|l. f t — IL A2 eo r z — 0 Kid c 5 — 0 Tbu* / iv diffemiiftbif 1 

f v~ l/w \ 

La. Lxcrcis^s 104 and Ida,. / is the function defined by /(x 7 y — J £ -i^3 + ^ IJ * ^ U 


if x = 0 


104. PmVr Mini / i* iliftcuMilitiftim At liar origin. 

W* w|hl| fo rlrLrrminc wlLrllirr tim / y« -/(D. 0; O'. Itee&utt Ik “0- then 10,0) 

acctumilaltuHi point of Ukcudc y — mr -I ^ r - Fttith^rinOxc. 

lira /{*, = iim-^V-- m " ' /Z \ - —*-g 

D=rju F 

Thti* the restricted limit depends os Fi-t. LLm /(ff. doe? not apd / b disoiniiiLUfua ai ibe origin. 

(*,*»-(*■ n > 

]«$. [J,/(0.0)s tirn 10b '*> - tim SLp£ « fl; n - lint tint Gf-^-O 

tfl(L a - _T(±,^. x ■= F €CxS ff_ y = F ftin £ 


^ u p - u r x r + U^ p - v x im 0 + fcyin tf, tr fi = - uj,-r *1b fl) 4 iy r no* P) 

(-I- r 4 £u r *KLn 3 fl -^u^iEL ™ 

— (^ci^ £ P + si[i ± P)u = . z 4 + titiPsyuJ* = uj* -f ts^ 

ID7, Wfl AF4f pivcn ^-4r — ^ - -jt ? A 2 ^f£) And u — /(jf)plfl. Tbcn ^ Aurf 

= # <i)g = jr{(.)[-*V(x)j- Tfcw jK - - /f*)[-t s l*j(x)i - t 3 s(l)[-i a /i0l = t'£v 

10(4, The p?iTl.i3i] rfiff^irenliil p*|Liitti-mi fi>r a vihri-i; kiii. ^Li-hsf* b Show that if / is a fvrKiiftP i 

wrtsifyEng Uw ■cijU 4 )t;:oxi /^+ A^/ f) and ^ !« .t. fuiiftiej-n f ^itisfying 1 ln“ H'^niUion ^ r< 4 = 0i wku’fp n 

azul A am Lh^a u f{x)$it: ih^ diflWrnl.i-'i! w|i;niion 

& Wr bavir 

- /,'*)sr r { f J 
u ,t = /( r W ( l 

9Mt\ 

3rf0 

“ii = /»f- r W0 
Fit Ftbo^moi*, 

- -^ ? / ^»«l tfer “ d “ aZ (? 

Tbum 

-U - - •*/„«€*) j - ^-a 2 /(*)W'} - 0 

Thefefnrr, ^ and tbc diJTt^ctial oquwtfinr: ^tsi:?3Mi. 


MIStt.LLAtfLUtfc LXLIICISLS EOLL t -JlAKltli i'2 573 

W9 is — /(j: + nf) + ff (, x ol| 

= / r (* + * 0 ^* 4 *0 + /( r al) =/'(* +«*) + */(* at) 

y-j ‘ ■ J* 1 .* — + u( -' Jr !7' r t x * ” a( S = f V fl* ■ 

+ £|-*■ (lEl -H - dOjj^ —ai J - fl/'( a 4 III - «-/(X - irr ) 

|jp = fl/'(' + j * + at] - (l^U - at x - uJ) ~ n-J*(.T + at) T u 2 jf[J- nl J = n"^-" 

I IB. V ==? f) fa) r 2 V r = r*[- r-^r, i) ■+ *“£#^r,fg - i^r.l) -ff(r, E jL Let Jfe 5 = jM* 

a - f- **V„ - p“*[Wr,() + r*„ 4frJ)] fcSrp "V K ( r '0 = ^^rr *^ Jr =0 

(b) ^ - /<*- kr), p ( = /'((- * B * = / # (1 - ^ * r ^ J J (I - fa-)( -Ifc O rr F f(I- Mt" = 

111- ft - II c<rt( *)c-v5l> »l - ■ y). hj,- li m-Q ~ 1 &iei( w ~n~ 1 r}cwr “ 1 y). ft v - II n--? - ?!- -1 ff^ttit - ; - Wn (PLT-fr -1 y) 

4 + K £ fr “ ^EIm I iT^ra” , W^fl , =a " V^tw(jfc;r& V) ■ ■ fl^ J t“V. ^mk^phtis 1 jjGflBlnirft ! y} + 

i^x^aT 2 4^:TrV 2 yo&{jMM _1 z>co^ia?fr _t y) - A 


THIRTEEN 


MULTIPLE INTEGRATION 


13.1 CYLINDRICAL ANTI SPSKRiCAL COORDINATES 


Cylindrical W> take 'kv polar axis w tfw posiKiv^ x: jixbi with the poSai plane ap the -ry Haiit. If 
cylindrical (r,S,z)of a. pai.nl P an* £i vc-n, we u^(- (he equal iuri* 

j - r eon ff (I) 

to uniquely det^rmsn* ilip c-arl-ts-laii cLHhniijL&&fe (if.y. i|i of P- If l.hfl Oot^LAn COOrdiD-avCS of P 

.:■■■ L -1 » ■■ -I t| ■ i. ■ V 111 . -.: ■ ■. .-. ■ ■: 111 ----- - ■--• ■ ■■- ■ ^ -■■■: I.: ■ '|»: II vSi-T - ■ .: ■ r: 11 ■■ !":. - ■ ■■!■■■"■:.:: ^ I 1 ’ 

35 t»- ^VE) 

r *=**+!? laa* = § (II) 

SplwsrtftJ |f uptariii! e&*ldLD.SVM r-.! of poiri! P y,ivrn., wc ism- [Jlr equations 
x = .p da £ p — p sin £ ; — p cof 

t* uniquely de^emssne thr rj^ti-iiapj antdioatBi of FtiriboimOr^. a d£ eyilndfLeal 
coordinaLfsi !.>f P is Riven by 


r —p-tLoei tf— ^ 

(IV) 

if i3i«- Crtre^iftm c«rdiba*r L - &f P are gLvm and P » riot r.l^e o?iffin, 

then *3 h’ r :p];rrirn] 

ttjctdhL&wz aatiFfy 


P— "/■r J 4 ^ ton * “ - 

(V) 

Eo Hpli«icid and qyLbdJiCil cbOEdaii^i ^ +*' Unvn 


if x > ft 


& ifinfSi) if f ^ 13 

(VI) 

yrn -1 i ?;/x) + ~ if X <■ ^ 



Are Ijoneth 


EjTl'ttitfjf S3rS 


f t T ~ * •>’ :■ 

3ii cjhndricAl gmtrdin^lri- I. - ] ^ "*"(^ 7 ) EarrcisL 1 33. 

3ik sphiricil ejpflE(tL04Ji*i, L + ^ tr ^ 


The ■eart-rejM.. cylindrical ftrin] spherical courdioa&e* uf a poL:' P will be de-oewed by 

^r\*i-Lntska r c vUi'iddiVmT ' iBl ^ ® b^itnCiJ- 

l. W Pe>ltadri«l“C3«S**^' Th ** j!f -*>, V - s = 3, ; = Sw - (If,3,5). 

0> ~ 1 = 7 «*§* ■- - \. a - = £A 1 --4 = (-j^/3,-1). 

(e> ^Iijfcikfiir'“ fLLI). 3 = I «w t = cos I, !> = IS5B L = *ij> 1, - ^ t- - (<osl.*wMJ, 

2- W ?*«*» = t 4 ** 1 ' r= </? M 3 =■ tv^. * “ HuT 1 | - p. i - -?• r, yJMlir ^ = 

(b) P 4Nmiiul - <~3s/j.3,e). t yS>?+ #--!!* + ■«•->.«-ft. 

(t> ~ (i, M). r = vT^T ~ v^. Q ^ f - I s ", : “ ^ “ C % /s,^e,l| 

3- (*} l’«tarl«»l “ Tl5< ‘ rl 1 ~ * si" ™ ^ = 'Ai 

1 I iit ifTilci gir = 4( v^Hj) — i/%. i = 4 «kr jTr = — 1-Ji. F ii [v^6,V^i2v^K 

01 p^kuil - <*• i T - *»)- Th*n X - tsln^ CM - U, 

=5^1, i — 4 tea jF■=■ 4(^) = 2. 

w P.piMicsi = ti/fiij'■!!*!• Th(* - - h& 

y =■ V5 sinirptill JTr =|, i - "* v'^f“j V^! — \/3- — V^J) 



iil CYLINhRtCAL AN 13 £PRi!HJC'AL t 'X H JR[513 A J RH N"i 


4» Find a spherical CiXrJdiJSfllvi 03 ;Lkl poiliL iia.vis.tf 1J|<* tf CArLuwiin rtoflpShiaUM: '.L (J. - l % - v /; s ■ 

& Ji} We 1 LKT fnrmulAs (V) JUld fVfl "dLCSt J > 0. Thui. 

v^i T T7 ? = 

< = l» -1 1 s uw -1 (’Y') = - Jr 
Spheric <0Oi4b*teP ar* (2.—|?r n ^3. 


■I?) We ure fogmul^ ! V i 'VI) *-bcr? i < U, Thus* 

P — v'’V i + y 2 + ~ 2 ~ y'f - -1)“ +■ f \/5) 2 - ^ ■ v'* - i 

iff =. Ian -1 j + v = + tt =; — + ■a - - jf 

d = Ofi*’* 1 ^ n —t: — j-f 

p 2^/2 4 

^jjhcEJeAi coordinatt-t mv: 

(t} W« iree lorcuut&L (V] atitt (V[) whoi# £ > 0. IlMia. 


p= v^+F+S 5 ^12 :3v^ 

Spherical coordinate ire f> v - ,! 5 1 ^n.Las>" 1 
5. Prom (I V), r = p sin tf, (*> - <-ijir.^r). 

r^<jtoJr-4fJ) * S,*-|#,i = !,=«§, = 4( J,/*) = '*'&• fWlri«l 2v^>. 

(ty r.phtr^.l = T5wn r - \Zs*in j v^TO = 0, 0 ^ Jr..- = 1/2 m it “ v/S( -1J » 

^yUoMehl _ 

« "rtsAjr.H. Th™ 

r= i-,/3 sin Jr = ?«#$>/£) = = = **£ *» l" = “vft F^um ?* 

«■ « v'F+F-Sv^> * - jp. * = «*-' ™^= ***** - (3/2s^ix) 

(!•)■ Pt^Uodrit* — P “ 1/2^ + S* “ l/is. # = 4 > — CCS " 1 ^ipbtric*] = (v^> jX.COfi .” 1 

W ^(tIIhMhI - — I). p — yj- 1 ■+■ -f* = 6 — ^!f, C 3 (M 1 I’^i^jcil = (Sv'Oij^hCllE 1 ®V^) 

ici kX'eK3.-Mfd 7 J^. find sri iu cylLDdlJcai COOMcElfiMi of thrf surface .usd idhibtil'y Lil ■•. jcurfnuf-. I 'hn rxrSt^i^ii:, 

cylifldrical vtd spberka] fruition of a ^rfa^ ^ ^ill W dc^ed hy $^u*U *\' ^ ntS S , [l( .„„ M . 

7 - B ^ I y* + 4^ - 36. S is an eUtpaoid. ± 2 + y 2 - r 2 , 5^^^^ h r* + 4^ = 16 

JL x a - fl 2 ^S 

t« TKe Eqrfacc 5E * HvjrerLiolic cyl; illK-p -villi fLilitifc;- >^n"r| 1^ thr - n*h I'hr vrf ^vu of I hr hy^rboJa j^i-rcq h>- 
lll$ jy (r*c* of the cybid.er-arc at the poinU fi-3.0). -and 4h* liitea ±x *sv Hit a^-niiilatni of r.hr 
hypcsbolfl. To fii 5 (l .** 1*1 rt[U,vlkiFI in rylchdrir-nJ 4Mj0niiim-Lih>r f.hr tr]iJ,-Kr T by rcc^^ nhid, ^ by 

r sin ff in ibe gi^tn equalioD, Thiss. 
c»* fff - (r nil $}* - $ 

- siiTf?) “ 3 
r'^os ^ = 3 

r £ — !i !=iht ‘■!i l j 

r = + aff 

W. ^ r:ijqckJllJL b- ^ - ^ 2 - :5i. 3 la ,b i:.nxdy:tind ijf rcvuluLicm. Ri™isr - r y , S (grlind|iMl W r' = 



m M LTIPLK ] N TBURA T ION 


1ft- 


if- Qx 2 + 4t, ,J — 3b ,S =■: -Ei-n r-lli|i .:tf- r% BpfAUfce f — ‘ CO ’ ajin! y ~ f ^i-i* 


I i* 36 = 'Mr - 4(rsiii| ^ - r 7 {ft con 2 * * I ■ rVn®*^ + i: 

-*■ ri^ — i-V ^ ?*ii i~l^tfci.1 ir run* 1 . I ?is- a 11 J j" r r- r-nst fl And PJ — 7" PI 13 (?, 


^ryfcinftrkjJ 

IL S it- r 2 t } 1 - S if; ,t=i ■ l.qili*. fiOIK, RLrAiuw x r r us i 1 mid fJ 

^riliiriiirni * - F^fiirL^ - r 2 (F0fl£ 2 0 - r-m i -5’) -\± M . V*CQG '<W? — ^”- 

1*. 

i> IkM-.niPH 1 1 lie given equation is tcynivajc-r^ In ; J — — 1" - (■- : h-f‘ r^u.T^kui b oTtype >M in S«£?i*ti 2 0.7. i.hv?. 

Ette ftiaph i 5 a tight cirsidai etato ‘iLc.h filja *be > *xk K.-: m^!_-u! - r = , n ej lindrkal-CWMllmJMr *qfuattou 

t± r 1 = x 2 , 1 Wau:»' ■ ■i*' T^inl ■>/', ri b : l ip -v- th* ^itt { the graph C^T iSu' 1 equation 15 

lhe saiti-s as the- graph of t = -z. Thus. the graph of - x 2 is. the same -as the g.rstf>la of f — s'., which b ■* 
tj]indjSc*)-C«HEriAlL# MJiHtjfrn al *hr Cnnr f 1 i r{ x — x\ 

In Esxnlm 13 17- rijtd mi equation in ^hprii-Al coordinate of ^ and identify ih+- *urFaci-» 

13^ S rartfril . Ln is J* -f ir" - .V fi - 9- IJ- S to a ipbrK. Bwaii* a-- - jy 2 - - fi* *!ld - pe«*C'- 

^ X. D; f = Si Tiir nrtpt in not tori hy Awarding ti» factor ft 

14, b x 2 + jf 3 = i 2 j* a circular c*ue; x 2 + 3 ^ + r 2 - 2 r r * P 1 — ™s- o = 

O — |:t alid. 0 — |t, iwo Tk upper* <.>f ifce mLVeC £0*10 

lit. S Cortft j fln J1 J 9, ^ l» 4 righT riprulm fjfliuJr r, IWmi i- - s' ,,! - li 5 » lh -'I 1 " 

^pliwrd K (P «>l 0 J “ ?= P ““ ® - a- 

tfi. a 1 + 31*= 4= 

a- Th« JT.-ipSi Cf tbr <-'|iiK(!■>I1 ii a [tMnl«wk>id gf ifvoliilioli wlu.M- Mli- in lln- ? asi*. U'- K'^' n[u.itiQH » 
oquivaJeni 
p * = 3? 

Siabsll-sihiniF' frtiri i (JV} ; , W ub:aiJL 

^ 

Thtif-, either j? - 0 nr 

p sin J d — ^ 

Bfccuac Eq, (1) thr origin {IKO,,^. wr nirt h^rd ^ - ft. (Ijfit .Hphetic-aJHicwrdirj-iiK rtquatjon 

pf the fAraboJodd. of reWutKHi- 

XJ r Is t" l Jj- 2 ■ X 2 ?tx - IL S iK a ^jjfcnrer. BwmHjt j - - rj- + : 3 _ ^- a ftShl -- - 

b r/ 2 - ^ ^ ^in ^ The ortgLo is nn? Eqpi Ehv di^ftpflng fchp farNir p. 

In E*cn-bfifl 22 . find an equal wn In Cnx!«ti*:: cooscLnates. for imp surfer whose eqitftlion ir- K,n«n in cylindrical 
cuordlikai^fi. lii I^ t 'S3CI | i kle|l&l^ii , tjic atirCetTf 1 . <± •? 

i b r — 3 tos ft, S If a drruEaj cylijsder eoDtaining ibe origin, r — cos x + 


IS- S, 


i;F|:n.:lriL*a ! 


19. n> S LiuirkjJ is r = 4- S b a ri^ln ciicular cyliitd?:. Hrtrjin^ j: -^ - r , 

,-l t ■ A 1- U _. I_ .■ _ 1 11 . 


.. ^ -5- tf* - r ! , S^ M is if 2 -r p 3 - LS 

(b) S' y \ in4pir ^ in P i-sr, S b n pljilK lIlfTKLgh f.llf . fuk |l*-rtin«- Inn - j//j. and C^ii 0 — tail j* — i« 
^ 1 — 

2ftl r — 3 + 2 COS 

fr The MJTf*ec‘ b « cytintkr vriiil Mit'fchHK j^kNbiip-l to the- vphosc’ fffr.-r.vrn: I* « hrriJM;r.ii with ^ dcn(, 

Bcrau«i ros # > J - ihea r > 3 - S - ^- fipnev,, iimLtlplyEng by r adop r l.p urigiu *i& an isola^d pt»iui. Thu^ 
-^r ? 3r, r / 0 


f r 


■ Sr fos ff ) 2 ^ 9 P 3 . "/■) 


SMhkni.iMh^ t* - s' + c c«* j. urr* ikhtairt 

f* 1 4- TH ? - 2rj ' - !=i( ir- - y 2 '. Z* - y 1 # 0 
^bich i?? an rtqn^i lyn i:l Cajttsian coon-in-ni-i-s fbr lEn 1 eyLiij-!« L r. 

21. -S- e yLubdrJc-Ad iM rJ<!LiH 3fl p r .eon B fl ■• wn'^i ■ ’ J - ES^aump r ■? x. r &ici 0 tfs w - rJ J* - s " 

In f^rhrbu S3-28 k find an e^iLnukn in- t’nrt^inn MflftBttftifM tor tiw surface w[n&r t-quat-tou e prpn m spherical 
rwrillnaifs. La EseKists-f 3--tl5 ? Mentdfe the ^!.irfaxp. 

3*' s rjiiwiii.:U i» -‘ 3, ln s ^ - e 1 ! ^y 3 W« 5 S) - {r*y*- Stttvwvw i» -A* - f-* ■ '* 1 


U.J rv LLSDJUC'AL AMD (lOOREHN A1TO 677 


^ ^phnical P = H* b 'f a s P hcct - P* “ " '/ “ =* Sr*™™ » ** - jr* * ^ = SI. 

(l>) ^|_ihrriKjJ » fl = ^ 5bi n plum- I Jirongjh i hr r !Jotai;:e t,i- iV ^/r arid t*n ] B ft r#rtFh|n)P b 

E“Jf- 

le) ^K|ritfri il 4,1 ^ ^ * i e !-iii- ^illi vrriF-s nl ' m' ntij^m r s : l.tjl g 1 ' — : I;i;l - t, fcSc^.i 1 .::^ 

r _ ■/? 4“ -" = '/* 1 +Tt i - 
24 p - 9 &£Q 

t- TSk gjver vqu«iin) U wndivakDi to 

P err- fl = 1) 

]"U■ I.'.--p L’tu :'| : J± i !ajl retail ftpiAluOU ihf I hr >IBrfnrr 1 - i.r 

=r=9 

Trie « raj/* in a pLaue jjw[heriilieri|.-u- lo I hr z .Tib 4 «l ! hr fksjfll wYrn- r = M. 

25- ih ^ 4tc«! yi sin « fi. ftetvusari /tain fl = r *nd w i = # J |< J?\ i=- J 1 ’ i / = 30, S IM 

rigbs timj’aT cylinder whose a\i? is 1 J&<-« nxi^. 

23- S iplirTK^l '* P ~ 3 f« 6: fi = 3^ f« <?. S clItw;4jl is 4- y 2 + r - fo: x s -& s 4 (z - = |, * sphere. 

27- is p - 2 i*d (3, Becsuit p - V'j j 4 ^ 4 j“ utd Uui :> - $/*- 3^^^, is 

\ff l 4 JT +?t 4- ;: j ^jr J 4 . J — 

!£H fi = K inn :'i Min ^ ■ 3 - ^01 d 

c- Retijtjsi 1 'D.(U^t) .^.tihil^s Ujp p;iven «|uaLiaa, ilie r^n^ins ihx origki. Ihus, wc m^v muhiply cd both 

Jli.lrr, 3jiV fir Wr bi^Vr 

P 3 — ftp tin & -r 3^ Cufl ^ 

SubetU-iJiLDg from ■![].) jcliJ: (V) i:itu Uu. 1 ^LljuVe, we ftrl 

* J + y 2 + - 2 = Sy + 3- 
J- -Ky 7 - 6jr + 9) + (r* - 3i + |j - ** 

j'^Ks, 3)’ + ^.?) : =f 

whjefi ie iSir- fartrstao ^qua^wn tff a spb^. 


In Kxcrrists 21^ 3'^. maich ihf t^uacjoei, whtdt h in c.v]inJrka3 or spherical cwrdtaatcSs with one of the 

Hyrfv^h 4H1WO in (i) (n}. 

2 ^-. r: l) r - A- A drailar cylinder aT taaftoa 4. Fj^ fill), fh) p — 4 - A sphere «f radius 4 Fig (vi), (c) r — 2 sio ^ 

r a ^ Jr tin 0 ; 4 ^ 4 -1 j 1 - | B ft nrculhf cyllndej: of i-adaux i P oeaW p*d. it ( 0 -, 1 ). ( v ii^)- 

30. (rt) A pbae peitK-nditul-'i! to Ihr iPliiiri-; Fi#r. (ii) [h < <i = 3 “, a hnJfniijrar- I':e ijvi. (f) p 'J f^h 

r 2 =■ Ir oa ft; ± a + ^ — 2 j; (e— IJf* 5 1 = 1^ a cneular c^lirtdrj of r^jhis L, rentrrvJ ai ^3 n 0}- fig- {x}. 

31. (a> p tin Q — it r — i. {’Lrcula. 1 - -ryliricLeT r>f T-mIlus 2l 

Fir, (iif). (h) r 2 =- 4-- t 2 f- pj^boioid of 

rcvotlntloDS I'ig^ {v). 

32. W p 004 : ^ (b) 2 2 +1-* = 4 

6- (i) Wr h*vr -- - 2. r. plan^ prrprnd lealar to thi- : 

iKSS i' tbt point z — 2 sii in FlRiinr (vii.].,^ 

(b) 1V^ have ■+■ j- z + - l b .i ^phrrp cif 

roclj.ix 2 a.-; ^hd-wji, in Fi^ifC ;. 

S3- Prune* llie f:>rnitrhi foi jijt >Dg,th in cylbldTicai *W 

p> E3e.rjmAi! f „ p clm- e, Dj-r = ?wfl Ti^r ■ a-in d? D r fl, 

(Dj*| 2 =TOS ! *riy]? -3l‘sEn Pias^D,r}(D^) - rW^{D,tf} 3 

Eaf4:adrrf! Lf m T >ik r?, I J (if — r-i^ ^ |l f p ^ r ^C4 r' l} r i?, 

'■ fi.yi- = J,iri%n,r: 3 4-if *i» 1 «<»ff(n ( rj(T> r Sj - rWl(M) 4 

Tina (IV) l + ilV) i= iSj'lV 3 « r iij, 3 #>-r f v Uj*i J (alji‘ J # +e*s 3 tf] — ■' I J ( r r + r 10^#)*, 

If L noitE b the IcdrIIi of AK: of C Trtnii! ? — i iu l — i. ilirr IVnTn thr forrn-iLi nf TilWPCm 1 I ."If, 1, 
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34. Prwe ir.e fwtEtula fur ai-c ScE^Lh in spherical owrdiaaiee. 

o + + (inindrin + (fiY* 

— (p f t^in ip rrn r3 - p rud 4«b rJ F — p*iu d &3lfc 0 P r )' +■ [f^JI Q * in ^ 4 sin -i‘ r 4 p 5LU d COS 0 

+ [/frtt £ - ^ Mti 

-• // 2 fem 3 d cos 3 ?- + Eiti'p an^t' - tos 2 ^} 4 j? _ p f ".cusr* co^? 4era^0 sin ,:! ■ skV? 

+ Hn 1 ^ +sin 3 £*4*%) + ^V(tSii o cm # m^ 94 >:m 0 raf 0*^ - »m £ com * J 

sm -cos 0 4 surd sura & cos 0) - p-Wf-sbu £ toe a ein ? cof 0 ' pin ^ ns*; ^sin £ eoe 0) 
- 4 + p 3 0 ,J sin 3 tf 4 0 + 0 4 0 


35. (ij A 6cC of pUUTHlrK nqiiaLiou of Ejsp circuI uj* brli* |] n f ^-tfiip 

Tf ih* tyJindiitai-coopdinatf rrprcw:nl*r.i»nii «f a poaul & {f\l?,j} then r = i 4 if — o toe^r — a^sin i — ^ and 

Ian 0 = f}f? ■= I lilt it, Hi-riLT a . i tL , l uf pJLtfftttietrk rquAtUMiri flf IT f 4 0 -■- L » I. 

{14 Using llse parametric equation; fnmi p-irl ■», l> ( j* 0. D a fl - 1, and D f - - 3- Hi nee 

jf L muse is iht Jengi3i -of wr of H from t ; Q lo 2 - 2ir, wt hive from Ejf«4« l£3 

L s p^O + r^l^l = j ‘V* a + I df - l =■ 2*'i/it i - t 

J6, r-- 14- formula for art ktifth ?□ tpherir^E eowdinatcB Ui fin*? thr |™g*li nf art TroeH ; — ft I - 2rr of Lli-r 
helix havlttj thA.rameLrk e^Lation p — t, It =. t,& = 1?. 

► VY> hflVG 


dt~ 1 Ti J 
Undoct. 


1 ^ = 0 sinfl — ^y*2 


^ **$*= jtv^ 

L« -y — tin" 1 J r = Thifl ^1 4 ji 3 — sec tr; dt - t/2 rtc^ d!u and so 

L = ’ V ^‘ | -sc^u v t^EL n 4 h| s« u 4 tu ^1^ 

We have cas. ■: — ^/2-a- a^-d se< c = \/T"4i^si 3 r — y". - 3^ ji . I bus. 

l - + ..h:,/T 7^ 4 y^r>i 

1A£ DOUBLE INTEGRALS 


13^,1 IMin»lmn> \V> J^-Lrl.ijsc^ri .-. rr^t-ingl? v\\h lin^. pJifaEW iv ttt eidi^. "i'Jlt r?p-fn of .-I pfiriilinn ili tioted 
by | i t ss thu Sentgth ^f ihe Lob^^i- dL-a^otaJ k a itctangiLljLr Nph-m^Lijn of A. 

T.s-I. / he a fdact'OT. ^Gfittcd Ofl -a HtlAIi^ular M SioH K- i hlitnhcr I. a:- Hftifl to 3 hr tin* 

fjmri of Slimy of r,h^ form ^ L ^ pmi^rty ihui foe aoy d > U ihcre 

txisU + ^ >4 i«eb ;hai Hu every p^rL-i Lion i P<r wlikli II A e .uul for .ill iioe.-.ibU- 'i-U-i-Jii.ii^ 
of the point sn l.hr ith mrLrui^Le-, r — I. £.n. 

S. < i 

■=* 3 

If eudfc a iumtut esku, «« writ-e 


3ian ^2 f(u al ■ J'A.A 


r. 


tklSittLiun A rubelLon / of two yjiMa 2»I<->. i* sid 10 M iAtej|fef/r MI 41 rrrl.'ihgnlji: rry.irWL H if / l> dc'Lbrd 
on R and th-e □ umber L of Defijiilinn 13-3-- r*in-ls. '3 hb- EiuitibKT L 3? calkrl lSi« dvnbU 
i£U$ra.i of / on EL. ^nd we w tsu 

. Lim Tfi^w^A - f [ J{r^)dA 
till—n a =] J J ft 

13.2.3 Tbwfcm ^ fknetion t -of Ifo varies.-. :■» i£ij„iuiuuur. a r:uno4 neiiHn; :I.tr nyi^i. I r, ifcien / ii 
inle^tpihle Gri R. 

A fl^SiT-rf rftjitm |£ Gnr*- wEicim Ljui; ndaH tOjlsi&tS of -U finati- number *f Sice Of smrx.tEi rurvHVr. 
Ihtil ,vt jMll-nJ J-OfietElcr lo form n ^ : ni|i'n rlo^iS 

TtiHiLKraji Jf,i fiiDCtion / of Lw£> ^ariahka is bouaded and ewkinnou^ un a i:lG--^d region EL 47 kw[>i. inr a 
!J J af rwiiiftK V4 IzF'.’lr, for rtEiy C > U. j* eoni,iilliNl in :■■ NnWFl pf ■ %- KUill -of the 

inerisar^.s of whose area k ies - ^i?m -, LbrSi / Li SiiEC^rabLe on FL- 


\?JJ. DOT HIM'. 1NTi:(if(.U.S Si* 


13-3.4 "ItKMHiiEL EcL / tw n funrlinn erf I vr® variabLes lhb K . Ji CMljjL^aius it :l A dOs*d ci R in ifcwi rj pSaae 
IUk) /!*,?} 0 for rtJI (f.Jrj ill EL if V(St) p 1 lie narwure nf the M'-jlid S froviiyj (hf legion R, ** 

its arid having Attitude of measure ai the point Isa ft, then 

VtSl ” £/(’<!■ - j f /i>.y)JA 

£t 11—'J t=L J J ^ 

Jp pPHtietjlw. If /{j\y] - I , ttirn ill r lii^-n -fi- S rrf ih^ of R r- gj Vrft by 

A-|j^ A 

35-^-5 Tbi-tynpcn If f is a COQHtaCit aod She ftilietkti / h inTe^r-tibl* un n Jumps! nfttfiuri H_ Mien r/ 1 m inte^rabfe 
on R. juar| 

IN/lAtftt-.JfA 11/ )<*A 

Hhohd If the RitietiuiEM / arid p jtfe intiyvrnble uu a rfo^rd nrpi«n R, thrtn tlsp filhrEiiFh / 4 £T is 
ta*egjablc on It. and 

; . v L/(-r. 5 >> + j(i. jiljtfA - J J ^/(x.y)dA + 41 , 9*1 A 

13^7 Thearcia IT the fuiiflLrtnp / ^mi y r irr inicgfaMc o:i Lli-r closed IrgiOji Et ;i: l-.I /**- Pl u'| J: -y-.r.^l foJ .ill 
fj\^j in K. *hen 

j _/(^11 1 WA > | ^ij{T,y juM 

15-24 TikdUtih C.«E lltt* !nm *iijn / Im* in Liable OFI A C-fo^'d jvgqon EL Alld suppo* L 11l-lt r« s\q4 M 3ff Iwo 
Tiumtaif. such th* r . m ^/{r % jx; < >1 Fni- all !j-. y) in R. R A i:-. ilh- iiw^iim id" the nf 
j-eeiou R. then 

tjjAI ] | i MA 

1 II.2.9 Ttkmuw iliat tlw [huttfob / fosilnvous us the ci^«d I? And tlml p^:^4^kl ft Is 

C^mjiO^d of the Svtq Ft-| SUtaf R. 5 wluccti hn.v* i:i> ft-::-ii-L_s i:i cumin-m-i 

m\. pnrto of llunir Iwiinihirie*. ' I 'hrti 

[ j ^/fx.jrWA [| ^/(jr.rJdil +|| w /f«, V )tfA 

EvnluaLbr^ Le-S f bt 3 eontinU0'LL= fuiKti:?u uf 1 T«- in vai-rnblm s rind y. Lcl R )*■ n T^ie-n ;ti J .hc plant 
thai \s bounded on tbr Idi by the tine j —j-|, twMiEMkd un LIjp bj. the line t■— r^j, 

twnnded below by tb t sEnunlii cur™ y nnd bmindevl aWvc by nmootli cunr. 

^ — J-jC — j- TV?1 ihe double ! SiC tgz n.L uf / -Cjlz R L- «quivn]pjit tu ill ii-.1+M5T;iL rii-ir: 

j i^^va » 

Lri R ii fej^Enii HI ifcr ry thM ip bounded Vinw by the Jfhn y - bminde-d abo-.: 

by the line y — y,. l>ui:iid«L un r.hp ’^-fi. by the- smooth eurve j — and bens tided on shp 

ri^hi-. by iii*r enrvr j „ Thn» 

l K i-s.-; be c^rib^-d froth v\\y\ ^ cr.n the order of intesraticHi. St Es.. - r iff m»\ - r ifi. 

tf ihe JillliI:■ af iiiLe^rAinr+n eonsiiilfi, =0 [hat R is- a reu.lJui|^iiT, Jttul / r^O hv espFW^ed 
ifrr p-nnisci /'J’.f - *J*r)>ir! y l, tSh-o ii'mLni inie^ral eon be rapreMd .1 |inxliirJ 

r r s r y i r 'i r »> 

J r . J ¥i /(*-3l)rfjrrf* - | J| S(r¥J J v A(y)dy 

Improper Stippost: / or R nubnuudec!- 3 ^t lt 3 C ^C-CJ^C-C R be stueh "Juii point of ft. 

eKrepi jionpibJy lEcew 171* & of nrbiirftrly NttioJi ner.^ i>. lei for ^tew ri, Let > 13 be 

eoatLoijQ^ in E^ n f-nr erv-Ji ti. Then y)^A =■ | /(i b ^)dA i T lEir: h-nait exists. 

E'zfrraFfji: 7?-* 


1- Lei /(^ny) — 5^ - J iy 4- L 


(■%r - ajr + ]>dA 




_7 . L3 J* LJ 
=-+-=-t- r- -r t- 


+ ^ + ?f + ^^45 




m MULTIPLE IN I GU.U v I'lON 


2. Lot It AA = I- ™ B = -Ul 5, 0L5. t a - 0-5. 1.5. Ml J | (ji a - 4z)4A 

+ / —CL3.1.5.1 + / -U.5.3,5 1 - /{fl-5,0-5> + /tti-S r t.5j - /iU-i-.SJSj - 2?-> 

Mi mi Mqtll* +2. p,-5,2&. 1)4 Kfciirii s^q(j?-‘2 K v..5^.{Ll|6NT^an Mu* T1-S5. 

In Exercise 1-6. find *ppm«nmai^ v*J«c of the sivrr dunhl- iim^mJ win-re k is i r.* rer.aAfluiai region h*«ng 
tht WtiCM P Q. A is a pa±Uti.D& of Ji- -md fi-J^Up) In th« elikEikilliL of oiwfi JiubrwgJOB, 


3. Lrt “ T J t K- A A = 1- 


/(^) 4 /(.£■ i I + ^ 3 - i > y / (i-1) 4 / : I> 4 /(fi jfl 4 /(|» 's' + J* 1) |^T 4 n- + V 4 i 4 v 4 * 4 I - E>1 - 1 
I. Jf r ( 2 -*-jiWA: P( 0 . 0 ); A: ^ - 2 . ** -I. ft = 2 ,, 

p E'hc shr>ws sh« region 11 which is partitL-ocifil into ft subMgjoaw of equal 

jLFrj A A _ 2*2 --1 MjuOfiT urn in und tin: Bibdjwtfil *1 cwlt n^mn. If / 4* Mir * - 

faTKiion d* fined bv f f j. ir> =. 2 - X - J r then l?* La.vc. jpftpvraTqidc% 4 *-—i-]- 

j jj.~— 

+ L . R CL *, 

«If 0 4 (-£] 4 M) + f- 2 ] + C-« + {- 6 Jj _ L*J. ■ - - - - T 

- ^C—1*1 = -72 1 2 1 4 J * r 

Y$n taii HHf tlir viiin Jkiid ra;wJiiIiljv tf!" riow- Graphic* chk"! ff^r t-sample ilif TT-S2 and I l^ol 

tu aEitortt-at-icaLLv calc (dale j»nd add flrai itrtt wrm^ ivl-i^x** /(z. 3) — 1 - - ^vnd ibccc icints 

;^4f * I* 

I X 1.111 III M!C| (I — it. J.-. 1-3.2; -I- ?' IP *« — ] — S. r. 1, -J. 2 I.! LN L K Is J 2 

fi. E^J * 3^- | I -5- 3ir)dA 

^ /(-IJ^A-p/Et,!)^ + /(3 h I> ■ -i t /(3.3)r^ +/flrl}.| + /(-Sh3] + /{1.^3" ^ + /PM} ■ 1 

— ■ ■ d + 4 ■ I + "6 - 4 + : ^5 ■ -I + 3ft - d + 21 j 4 + 70 ■■4 + 80^ 4 + 9W-4 E3fiS 

6. Lrt I = -ti 1 + $y 2 - AA =2x2 — 4. a - — 1.1. 5- r r - -3, 1. 3. I f li 1 " - A ^ 


6. Lot /{jc, if) = Jrjjf + IjT- AA — 2 x _ — -. a,- — 1.1. 5- r r - - 3, L 3. | j + 1^ , - A ^ 

4[/(l. I ] 4/(I.!) + /(1,3>+ /[3, —1 i h/• J. I?t/!5.-/(A-L)Y f%. I) j /( !>.$)]-5 4H using 
4 it (main - T.f ( !.^2 } + auf» wmjC 1 +3^i LS,2j 4 sum ^q(3a- + 27,r, 

w /(-2.-1JH * /(0.—1>-4 + /C-2,l> ■ 4 + /(0.1) * * + /(a<3) ‘4 f /t-S.SM +/C0.5) -* 

= 6-4-i-0-4 + **>l + D-4+48*4 + a 4+W0’4+#-4 t , 

\ 0 1*1 

*. IJ *(?** - VWA PI - 1 ,- 2)1 qfl.fi): A- r t = v. s . - n„ ^ _ - 1 . [v>*:^k 

y-j - On ^ = 1. y 4 — *> ^ =^Js= 

ft "IIk- fiK^i tr p4w>Wm llh- H which i fc in1<; S2 'H.itiT|pM , i nf 

e^tanl mea A A ^ I X1 — 1 squwe unit, wleh niidpolols (ir^rj)- TLc u E At* 3 - M 1 / 

—^A r t,G, U,5 < 4iid ft,S *ihl the i B -L&. -CI.&. UA. IAp, 2,r Pl . 3A. «i.S ;1h" , i r k" 

If / thn function defintd bv ~ wc ha^t — 1 — a ‘ “ 

[f^.V-WVA ,-vpAfJ 

j* /i-2.i.-s.45 + ;.;-j + /(-■i.i.uwn- A-* v-l. 4)+ji-i.A, ?J| 4 j.^.s. 4) - + /E-^A.iH 

+ H-l.5.-i.i^/S-]^»d t i} + J f<H:i.0*f4/f-i F.fc.s) f jH i.s, £J.fc + /(-L.5^)-/E-a^.4.sJ +ij-Li.SA) 

+ /{-q.s,-i.if + + Ji -« *, q.sii + /i -ilv e ,ij - /| —2.44 + + /(-*4. -*-114 

+ /[&.3.-L.S] 1- /tn y-n + mft.ifM + ffd.fr. I a) „ /ID,-. £.4] ■ /[D.-..3.&1 * /(W.4A3 4 Ao.5,*.i> ' p3CJ.*WV 
wKkh b calcuJa-un *s 
Aunt H L r ri/", j/,-1A.0-3 J) 

4*um «^(2,25y + 3i |2 -y 1 — I _T>, -l_r a _ j i 

\ Km ij 4 5-S, I,)_ 

4 mj 111 seq(.25y - y J . y, - L-h.-^-h. n jKNTK Et 




15.3 DOUBLE JVIDORALS ttl 


In Efiwrctw* §^12. a-ra approumalr value oF tho'doubSc iiuegr.aJ. whew R is the rectauBiiUf region having ihr 

verlkes p ,1:1 ii Q, i j> 4 iwrtHitm of F mh 3 in ft*! Arbitrary a H *ia£ ip i'«It nuhersiML, 

9. Lei /{jc,jr) — r" + y. Because A ,A = 3. f J j^j 3 4- j/)dA 

* [/(. 25^5) + / (L75.D ■ - /(IS.,3S) + /K1) + /; Jo. 1.75. t /(1.25,1.5) + /(2-5,2} * /(3,1 J} I 
(.26* + .5) + L75 J + (3.IS 1 + .SSJ + H a - 1) + (.TS* + L75) + ((,16* + 1.5}4 (3.5* 4^.4 (a 1 41) - SO.75 

10- Lrt /(j,y) - 2- j— tf. afc-JUB# i t A - 4 mvL (2.2) brtofig* lo 1 vwUngki. J J ^{ J * ¥ 

- [/(0,5, l-5j 4/13,1) -/(5-5,0.6J + /{2,2} + /(2,2) 4 /(a. 3)]4 

= [0-3 I « a « 3- - C]-l , -H 

11. IhH /(*, ;/! = rtf J- Jty 7 - Bcttw i,A = l S. J J ■ 3(^)<?A 

*•[/(-S.4J) -5- /(M4»+/(2^«J -I- ;■:- l-SvS-5) + /(M) + /(M> +/(-l,4.5) + /{I.4.5) + /<3,4-5)l4 
.. [n.ri+A.fS + 17 + 111.5 +21+ S.I+W.35+ itu.25+7d.75]4 * 137C 

12. JJ fl (jqr + 3n*WA: H-2.0): Q(M); i: ** - 2: -i, -2; (-2,0): (i^n,) = {0.0): 

- (3,0); K.^)^(-2 2); (- 5 ,^) ^ 1 («r-**) = (“2-4 )i 

-( 2 , 4 ) 

P" If AA is ibc number of sqiuu* unite in wch region. ihcn A A - 2 k 2 — 4. If /{*, ^) — arjj -|- then 

| ..^+3**><A a 4[/(-?.0} + /(M) + A 2 , 0 ) + /{-2.?) 4 /(0,S) + + /{ -2,3) h /IM) 4 /|2.3)| 

ss 4[0 (• (l H> * * + IS + LG 4 -Ht 4 4H - SR] - 72(i 
which is calculated as 

■1 xfflutL w'il£0 11 t. 4,3,2) +win ^(£j-+ 12.n, -3 r a,5H--wii WIj 4 *,:;i 

13. Lei V cubk uieILs lie He wlutfic of Lh* mjImI. A t A a I. Lrt /(r,^) jf 2 , Then. 

V - [ [ ** - 7 JA « /fii) 4 /£!) - /(j.f) 4 /(^) '/(?.*) 4/(J,f) + /{i.a) + /(|.|) 


= ll v'ST 4 %/24G4 s/230 4 v' 1 ™ + 4 \/?X 4 \^0 4 /222 4 1 *> 

I-lL A ; A - !- let /- j,- <1. V - ^(St+b 4 1}JA 

/(.$, j) 4 /(.-M -3) + /(.5-2.A) 4 /{1-5, .5K /f 1.5,1.5) + /(I J, 2 J) = 5,5 4 tf .s 4 7.5 t T,5 4 8-5 4 5 l5 = 45 
15. Ltl V cubic units be ‘.he voLuck* o[ t-Le solid. ii,.4 — 1 Let /(x.s) — Ili ; x J ^ ij *. i'iien 
V S [ f ft ( 1(1 > r ^)dA 4 ft") ■ /(’.j) 4 /(:*, Jl t /Cj[, 

LR. Aphpn:>:,i]i[;'itr Hip tuIiIiivr rhf I-Iip ±^.^I1cS IKHintli't! Uy ihi 1 j iirfiu ^ I Pfoi — +tflf? — --Iji 3 , 1]^ plaEics r — —I 

x - :i n jf— t jjiJ y ■=■ 3- ■S-i'iii the it& pluuL T* Rud an a pp rax [male value of tin* dwthk- imtflgr?^, tafc* 4 

pru"!:Mon cf ■ - .■ r; 1 ---: ■ ■“! ■■ lie j-y - Lii-- fori.I '■*•■ 11-* 4 liri^t x — I. y— I, "y — ■'!. - 'I : -im - ‘ ,S At- lhl 

tesitet uf the -ills i^LtitL . 

> TIip figuii* fltww? rt ’■k"Uli &f liie irgivii B in p-uv- which t« baw q( — " ^ 

the solid, il is divided mto £ sutuertoniEky ^?ch of ww AP* — 2k? - -1 

unit^. IF thp midpoin;* nr* lh^fi Uw u, nr* 1 fl iwd i. and tftt t- ^ 

art -"J, 0. S and 4. Sieving the equation of the sucfaoe fox j ?md seLiiain ^ 

»=/(*.»). «ff _,_ »' . > 

f{r.,H) = 3-Tr* -j=y _ 4_ 

r l'he Qiimbqr t4 euhi^ ltniis in the vojum of ilu?- solid u k H, 


>s -2) + ■* /t0.2> + /(&,<J +■ /(2. -2) + /(2 1 0)+ /(4.2) + /13,4)| - 72.^2 

whirh i^i ci.kuliilraJ as 

-I k («ucu r ->T|(3 - ir z /2£i., j, -2.1,5 ;- I- Kinn n^ii2 - y“/2j.jr. -2. -I. -1-II■■- ^ UvKj 

AVe eujselu-dc that the volume it apprcBomal-ety 7; h .i mhir un il.s. liar eiaex value is zho-ii= tSU.'J ruher unite- 



fcSBl! M L LT! 1 LE 3 ES '1E a : Li A 1TON 


3d Exercises 17 21 1 . ajap-iy 'ltaojessi l-i.2.^ io Fii:d .=, siott-d L^UtY-aL cent-aining tJse value-or ih* 44tkW initial. 

17. Lrt - 2i 4 5^ iWnu^ / ii lihrat. i(» nfcuolul? Inrun areut hi v-netic^ -of ihc wttMiflular region ft- 

fi<w) - § nm = s /fi^i = m?) = 10 

Thefrfftr# U < 5' L2 fwitll in It. BfW*w A - ?, w liiiv* 8 fmfii TIkqichi 

fl -2 <J | ^2* + %)rJA < Ti ■ 5i D < | f ^ ffr 4 Zp)dA < 24 

IB. /[?,!/) = ■- y 2 is t||c *q 1 a 5 fr af Itir dj*4&Jiffrr frtKfil {0;0). It* l™l vnl\W h Q -Hi It* Er^'iil v.ilnp L-i 2 .-U 


(1.1). A = 1- U = 0 1 < 


iV ■ jyVA <*-l = 2 


1& \.r% ~ Bh^ilw f 1 in i-irtfstoiiitf., — L -UnS 4- jru < ( s ' 1 — -f for all (T. Jf) in R. B*tau* A = L. 

we havefrom TJworcia I3.2-& 1 -1 < | J c JJJ ^A £r l; I < J <# 

20_ J" J fitstn z 4 sin ^)dA wbext ft ts the rectan£i:3ar region baviag verlira: ^<I F 03, (tr-.Q-)., -mw! (ft.*), 
c* £st ^ *jj| i +■ y. Betiius* / b Llic num of two ns fi(.ncLi&ffiA rjub of Mhiiicb biifEpj; ft mifliimini v^Ili^* 

of ft aitid maxim utn value of 1 an R, ^ wiix + = and M = t -I- I = £ in Theorem I3J£|L. 

FuTltierh rs-r^. Ji!: Si 1 : '■ r- Ii_r«-JL of ihf- n-giiiii is r’ ii.ni.Lv wV: ha-vr: A fi^ 111 ifcie Lli'/Ormi. !1 mi:<, 

mA < jj < M.V 

bn=tlfB$£fi 

0 < ; • (siu £ 4 sin < 2r 2 
Td jEx-WTWe* 2L 30- flvaluAi? llw 1 Inwgi'iJ. 

3I - jX^ dl= fg[ir^l J ' = ^HT^ = D^‘ fir = I T,1 E = I fM l > = ^- 

5*- | [ d* <in - | ^ j ir - 'J dy - jj- r - H 

«. J* j y*+? d* *, ==\\*vwi -1 Vs+^+ b ! ) w | 

— ^ff2j — 27* 

n t** ^ r j r lj- r l _ ri ,, . .ti 


& | | d |^3r J£ = | Jr tci jrjj" rir = | j(3n r J - Eq 2 )rfr - | = J 

2r ’- i;i:=^-* - jj • -}v-s^vn -’4o ^ -1 

-f-¥)-(H)|-^ 

27. -L 1 — ^ b sy ij'ijjll'I'm: -W-LeJs . r L r >jjrcL Lo III* JJ:W ^ j, 

I,! 1 >-|j' ■ = *UJ> vidsi }' s ^ 1 "* 

S' ^ J Xf-'^dr = J ^ " {\' S - j) “ 

w. 1^,,^ *;»(-1x-v)J ? rfx - | J/3 | - J i/3 t«»(4x-Kjf *r 

- __ n> i ix )iii | MO ix \. ■.in it ] t ^ 3 - 11 (Jj *i« ij* - | wn - ‘. 

3#- i w . > J" ! ''*l«i J r -]r«ot $* *<! - ,- r p v™ = 3 "ill a ™“ V J.,^ ^ s^* + 4* * 1 



13.2 UOVHI.K lVlMBKALSiSMSl 


hi Exercisci 3 I find, Lb* watt vjtduo of tbe £ouLtc Loicsr* 

at, ff {si-'is + i^A 


iff + ^ 


4x)rlA, wluri** h! L* iSuc rttLlLlitfflUl ittfiuij Living vi-rti^ ---0- J.ud (1,3). 

(0-13* W* » -ftr' 


(jr 


x^+lcr- 


(6s + ?5)dx 3. 


(jcy + SjrjdA 


ixy+3y*)dy 


ij hit; x 


3ft. J f flfiQf ri_x -r y)dA T wbwe R it bwiockd by fhe lin** j; - -r .ind x r, and the i axis- 
» TJlc fitfufe ulinWn .1 n-V^tdl nf I hr tv.ftmti IT. whkll i* li*j-,| l " _■ Mnj'W hy t£U" IeEh- 
jjt — llj, !mmj iidrnJ v&kyyv by Lb? fctBc ^ — J.. bounded 031 the feift 'lw E-he* Lirt« -£ - 0 r 
arid butmclbd Ud5 l3li» rifcht b> Ibr li-ILc ■* " f. TlKHrfOfv, 2 l.iv., 

: euriJx + pJtfA - [ [ C04(t dx \ *mr fyi; 


= J (*Tn a f*i ^d- ^ r ^ - 

37+ Swiia (Eif ittbogjrand i* iiyinrnc:Tic with rrvpm u? ;hi- x nurl y 

f f * js =? 4 * =4* [ ^ rfx * - i ■ :i [4 ,y 




dO, Fired Ihr V£s3up1f df thr wlid hau lick'd hy ihr pUiir-i f < ¥l I I, = ft, y 0, JFld 
^ Refer Ip the li^urr twinw. Tin 1 gk-ojfVEioii of il)- *>Jid qjieo iht i# plane is not eo^UinnE 

ptome, and I in- pK&jfecLtore unto lEiv fr.- pJafrt it !iOt e-mlton'Ml ..■ ».hr h.vr in iEh: j: s>L.l::. 
onlf? Lhr pz filnne is can Lasted in th? ill the pi pi-AUC. ilcixe. we H H b? Ill# JN£ 

boiLBded by ihe Unci p = ft, p - t. ; "0. aid i - -T - $p .=j«! Sl-i_ /{p,_) —> + !/: + 1 ST 
volume of the solid, then 

v- fl /|iM)dA= [ f V+ij + l)(if(t*- I ;jf=+ i? + ; ‘ < ii' 


- J u fv(3 -3vl + [3-3jr^ + <3 - 

Thiia, the volume is o eubir ijmt-= 
btenltt l^iTreifV' ^0 


K >;rrcMP V£. 


Ex-rffin* -13 
















i&H MLLJLL'Lt LMUHLATJON 




- 18V3||«k^d fiici 

Alltrciaiivt]>. n. z-alic*; Ls a quatirf di the dtLpet- P - - L J 


Rernsi-rl trrrn 3'li-rn V 


44. Find 1 iv hIhiiN * 1 mtH!^mE,H 3 Bi tin- vniumn wf 1h* ;>:r11«.i?i Hjf 3he flofid bounded by , 
Lhc sphere a? + y 2 + P — Ifi and lying in the drat octaul . 
fr JhM. / Hr lliif Tu 11 ,-rC.imi cl?fi:ird by /(st, 7 ] — ^/"|fi -* £■* -*■ i.’ ? - T^IUC*?! the £4 Lid E"5 

boitDdcd btJow by a region li Id tii-r ry plane and bwmd«l hy 1 he »iLr£aue 

■ — /tr-Jyb HI a bounds by thr Line* ; » V, 1 ■ ^ and the y = 0 Mid 


V- | ( | Vic—■ 

'l u rVaiiii.Ll.i' liu 1 LsiHif StiL^r-id . mu* Picard r iii d.-cuitriiaLt, Lrl y — V^Lb 


then £ = G, and *hvn jr = v 16 - * . (ben £ = and Ih* I rarer 
| o W *{ I# - <» - ^16 - 1 “) | J *\ l + cos 20WP - IL6 - *?&+| sir 2fi ^Jr( 18 - i*J 

AJl-ejjLaS.L'pf Iji, [uj fHtclE va-dut: 4 >f r iJl-L 1 iniarr jftLrgaAl t-epji^acjiLS -A. 4 'iiirtit £>f Iht EUf-M of a GElIc of laditU 
x* wJucfci 1 * - P). jtjjii *s if ttY had u^-rt llleo parnlld U> the ^ pLaiie- Hwiet^ 

V — | (3 G - f 1 ‘\4r - J?r| 16j - j** ^ ^ (? 

Tt™, the voEurri- iif tf»* sulld; to ^ * uEpIc iii»i*. 

Id Exercises 45 4-3. use deubk inte-JTato to find the aiea of die region bounded by the curves in th* ptan* 

^ A " jJ// A " ^ 

M .P-J- --I. ,[ A - P I,= W. 


47. uhr Fi'fiiifew i^ i-yFnm^tfk with u# the * .mmS iy aixes, 






3-2 DOL BLh. IKTEGHAiS 


J-Lht thr r^rr.i:iiiii;p iiiLrgnO an 0 h uve take y - I Sm £. Thus, 

A - a J r/,, lB lajtfV /io ;v5- !«J T ' S (1 

Thcwfow, the ti-ea is ji/ln t- ■ ricjuutre ipeiitti- 


49. S Litno* the vofaltioi in ih* cel ael, 

f r / ji y? r a r fr *fi" iS^T 3 


ff / ^ i-/ r“r fr vt w*r ■ 

To cvnlimir lh|R iulCTprl^ kt J* - lESj, J* — 'J *hr. p — tn H ^ " F ^r 1 , Then 
V = ritr-S [ ^ a? dir rfV = ,t>-,-- ■ (volume of UDlt Sphere] — 3 rcuSc 


To evaluate I hi? uHejprd,, kt f - ay , dx - u dir, y - Fii, 4 - fr <fw« Th^n 


M. dr - jf* ■ ~i — t/. 0 - T 2 — Pjt - -? = ijf * .»fx l). 7 - ] I'p.-jrrt -5j, # = ±2. 

(flj A - , | ^2 r~ = i (3T Let Jl — 0- HD 6 — J\/S- COE. ^ = -y^ 1 

A — y^5 eo* 0- y^5 cw d& =. 2£}4? — j — ^P + ^6tD 2^]^ -| — (j slcT 1 4 I) - J 

— *-\/5 + 5 . (b) A ~ 2* Ij '4 ^\fb^7*d 1 . Let x - f-« ^■ 

A — ■ J \f t) prn 0( \/% sin £ d(J) 3 4 ~ , * 1 “■•rofi ■f + lj sin - !' “ 1 } ^ s:n - ^ |v^ ■+■ 3 

51. TJpr ihiit^Mi^ii Tf 2 “ ir ntld Shi* ]itir IJ intend ,:i 1 ;.- Li-v: cpi nrlxnnt 41 {2.3}» the pufriiwlji idtenetta 

the jt sk;s At (0.0 1 . and the Line interacts the j: ;*j;is a’. (!*.£))_ 

v = 1J j* ~ I "' (4) v - ri^/ 1 '' ’ (* - a J:_ 3 ^ ^ ~i **PJ? ,J/il rfsf 

-| S /M_I5L_V + V + ^Wn A iT >4 1 n: 1 -l--LT, a F- =* lW J ► S^2 „ SST 

J 4j u ITS' | h :4 - 3 y u* — Tt>J- i, —‘—E"“T + I + J - TT 

- S^ w - j.M»* {‘fiff-S' + i-’H- 

■n KsmisPF (a) sltieh ihe solid, the. me^tr* a>f whwe v^Tirno is rcpraentfd by tltc gives iter-ated 

jzii^rnJj (bj rvflbliif.r Uie ignited int«i*raL^ (e- ivria the iti-iaN-tl th^ g\m i-.t r -.-^.trr uf 1 ^ v^lim- tti 

tElf ;-oIS*:l ^ ith 1 ]w Ofdnr of inreprMl.ion- Tmrer.^rd 

&. f 4 rv^pj^x 

Jn }fi .> 

I> (i) The base of ihi 1 - solid tS tJu; ttLiijpJr IjLinnckil Lay lii^ lanrs r = ^ AEI^J 
t - as. nnai by 111 *’ 3in*~. j - jji *jul y — 7 And the »olid i? iHaujHjed Ijy Uw 


■cyhadriciJ fi'diffttg j — va* — The ■Tip n iErw‘ ;;h-mws a^kclcf! of Sfto soihd! 


4» cT-t - -x J y =o 0lx 

= =y 1 


[<:) U‘<- 1 -l■ =._■, rng^j.l n.i- iriaqguSar region io lie pLswie m being bouad by 
Ul^ I i f/ — j h Jf " Vr. and the I j ttf’S 1-^ nnl j- — n. ThrcFf-nre, 






f Vo*-T i dy dje= [ f - t^dt. rfy 

Join Jtt .-■ v 

M. 0» 1 1" f/^, ^ + !t)dy rjV - i JJta* + .1 7 J ]v 


- | j j23\Aj 2 * ^(aF 7 - 


^4 J(«v - i-»»] - M- 3 + ^ «11} f J.* 1 jrl^ - !_[' jy^ (Ir + p,^ ^ 



Kfcl VI I.TJPLh! I.VI KC RATION 


W. Let r.h<! li f Ml- ryli:!cl<ir> lw she . t iiKijy .ims. 1 ir \• e■ nr:is .'1 r.iiiLifrt 1 tus: re^icrn airiyvr th- [>arl of IV 

fajM octAiiL wbrnr ff < z. TJirfr i — \fr^— {tht t«ul ra *t visililr} ,\mi r*t 

V - « J'J = «{-K^ -^) s ^ - %r 3 

In Extretm 55 and 55. ttie iterated integral cannot by rraJirss^il weaeily in terms <yf elementary Ikftd&itt by the 
pvtD order of Integration, Hcvt^ the opS*? Qf inte£fa£lap awl perform ihe compulation. 

&fi r [ [ «n dr - [ f tf lift ffjAfj rf$F - I \x$lto vtf* V 1 dp = f J^lb 


rB. J j f ,j dr i iff 

B> TV rL^ioji ]{ ov>,T whirl* l]w double ibliM+TJd iri briti^. B.ik-rli N Iwimded by the 
hue? y ~ •/ — ], and Sty I hr- l± c.urv*±~ i — ry and ± = t. ji ilsastrased in the 

fl^iJT^. We SsiAj- ,il-ri.- regard ft ail b&Litldcd h\ LIjc LlIic* j? 0 , T — 1 , 

and by the Curves' y - 0 and jr - -r- Thc?efon% 

f l fV«bd,= ['[V**™ fVtU- [VW£ 


I3J APHLlLA'STON S UK HOIIHLK MTttGKAi£ 

If ^ linnifitt luvi tSir piEi4l‘h 1 uf a cl«***l refill K In p -he pSasir ,-ind tV itteliurt of p hr 

area density of the lamina at ^y point £-c.,p} of ^ w&iwm * is con binuous on ft, lien she 
nifrAJMJrt? of m*Mt vf thr limuM in bLv«pis by 

p(*,$j)dA 


M I Lm JI 

li in. ... 

L hc m-casuic Mj ■•■ thr- morr^il ttsiw will r -->4 j rI v> sf jiJtis of r-li-»- linJittua sf- given by 

M s = 5trn 52 v^f -V r, J A - [ ^p( jj)^A 

II i ; r J /f 

Anojo^ivdy, l?ir id :Ls innEne:i J h of ni.a 1 -.-- -A'il lj irsj.hxl LO the y 3.XL- li givcji by 

" || ^ !ll iCi £ U a rf“ a ' t .) i . A = | ; 

Tlir 07111 rr -of tttnwuf llie lutiiiin ii dmcrtei! by tlif (H.ihl |>, iwid 


[f the rtsfon ft and the -density function arc symmetric in j and v- ^hen j- — y- Sr^ h>pnc-i™- 12, 
Thr in^p^fl isf a ^Lrfklr. whoac jm kg, nlwnit -lxl^ j f^t 2 kg jii 1 , f 

meters b the perpeudieuSar distance from the particle to Ihe aids. 

Shipp-w Him wo are givon a bmirna ^eiioynig a region K m ihe- j], |>S>.nrt r,!u-.b ihjtL e!u- ii-wa 
denary at ih*- | kpI-ii h [j-.yl W nHwnirr whew ^ 3a coiLtiJiuora on [■! Then tbc lEi^^jrc 

uf the iiJuiLL-rL t of iiieFtla of ihe lamina abo^t ihe z asts. tienoted by tn d«finH by 

t'r a jtfUf tjJAjA - I [ ytif.ym 


r Jj "■)—*0c A I 

Siinrlnrly, ib^ oif^ntc of Uif- moment of ia^rtj^ of tlw lamina atotit thr ^ nxi*. d$q.oted by E i= 
is defined by 

y iiuh-lly, lliH! jio'slF.leei; d f LJli* l-l^uf j/ju-iv. rrj( o/ j ii f r! ci'j.. diriSOfled by L^. by 

If I is tfrr- rnTJUFtpr of thr rnriasMFnl of inrrtii-L -niTHaUl Oil -aiciri L of A. distrLbolLor. of mass ID a 
F.hLutt ruid M iri the mt'JMurK-of tbfi [OLil iiJdib of the (UsLnb-lftiOD, then the nradzjLii a/ of 

tin- distribution abwt t k.v. moaitafc r. vrhfrr- 


a 

y 

7 



/ 

ill 
|l ^ 

j 

7 ! 


i 







I3.:s AhH.ir.A-l OK nOl’M.K IKTtXiRALii 2!H7 


flisrfjMJt; Antii 3f n Mrrf;u:n s- rkfirm] by lhr |uw.irnrlJTi: ^rirLl iutis mtr it ragzan hf. 
tbea the surfaec area is given by 


r = f 1 Jl fa* *V-V *-l) lh * = | { £ / [' 

In lira special ceise * = j y = y " — /(a.yl 
we havn- ^Thi'rthTii 13.3.-3) 

.„|J /TSTTSTTST- 


+ 


1,11 dfc rfl' 


If a surface ss gjwhi by jrt^, - L 4 a^cl ii? proaectiore *w E.ti* x^ pJane is Then 
f - 

JJfl H " ' JF| :- ‘ r’f r 

l/Anei'i:- SA- 


“ ■- “■ ■■ ■ ■■ - - ^ b- J 1 JJ L V ■'* ! ^ .' — -Jl .. f i -.3-L-.-TL-.-I, V.- r I. 

J fly- Slir t'iV'Trkwi! -ll. 

;>f the <&1tr j' 1 ' + Jj 1 - j - || dA ' '/- *F*A(RJr £« Efenff'ii- 


Coom- For 

ftavolotiiua Suppose this the fti-nr-.son / p= po^tive nu /: b\ nnrI /' b fOBlinuCrti;-: *rs [a.i>l. Shcn the 
mriuiinr (>f [3 lm navn uf Lhr j-iirTHtCf uf revolution obl^Luf d by Involving ihe Wiw y ~ J{--)> with, 

iz < x < A-, itbuuL ibf x -aStih ts gJii.'JL by tf — j /(* + Id* 

PjtppLL-i Theorem ir.nu .i ic <jf f - ;:.glb 1. uqeIk j- fuv.rlvciJ .ib" •' ibr j ft* n, IIit k;;-T.h-i- 'tuarc "mil-- 

Rplim- Ti:« of a =.;>here uf radlu* r units is 4xr" squaic unit?- Ths a- r <ia of a rone, che part 

of :hc surface cm off by two pwalld ;ibirn-. h umi* apart m ^zrr’j squatr umt>. Src J a. 158. 

£g( ftmt £&3 _ 


In Eotkssc? I 32- find the mz» .mif the reni^r erf" miw. of a Uhifna tit-* given shape if the area density w ns 
iiuLU&Lrfh Masa is nfLtfzuiirfd. Lu LiLogtaoi& and c .-^\-.ih tnessurcci in cneLera. 

^ In RatfiKui^ 1 \'J. M l! 1 itie niJbv uf 1-1 ^ lurniua R. ^1, kg =;i ■.:■■! kg- = « ore Lhr- mtimndH cif tiiKM IH 
respect 4o liie 3 .=: 7 i<l £■ ase?. an^ the etnler -r.? ma : -- i^. oi !-" n y ■ i : .--U‘- Mi/ rr| " '■■ iJl« mu* density -at ilLe point 
k =■ ;i- fsonhljuit of propurtionalUy, 

L R Is bounded by x — 3, y - 2* aad the eoofdanriie mch- r - Ty~- 

" Jf = LT w ll ifl 4z =r Ij *^^ j3 ^ ]2 • 

M -==} f n vjA=j* 1 x,^ - j* *** <* rfi =^ S E - is 

M = lim £ ^ -A = [ f = J' Jix ( dar = f S ± a dir = S at 3 F = 24 

. J!ilh^Li i i J J ft , ! n Jp hj m% l- 1 J 4 3 

*^Tf = H ^ 2 * n ‘ :l TT = t§ = S 

3t R b? bga^fd ihy lh^ <-rcnliiuil.+*j ^xe*s. x - t ;mH ?\ — r,. , j-. ;.- - x 2 +- y. 

M ’{ { +ay A - IJj V+»Xjr to = JVs +yjto = (W+flto+ 


M ' = |f// Jfi + i ' ):r rfA = J* L^ : +i '^^* = {.V^ + T 1 ^ = [K * = ^J'45 = | 

»«-j| Jh* - rfA = JJ JVy+^ ix ^ 0^ +^|d* = j VjV t 1 ” jto - i- f. 


_ iMO =; w 3 l-’uXi _ ISO 

= ~S^f “355 ^“W 


21 

T 


3. It ii bounded by ihf coordjnali- idJ j ^ 2^ — u. ^!-r ..-: = ?j~, 

-Vi — J J — | 3 2 r y 2 d* d*j — j" - J fGjr* - ^)dy = ^ ^ ir' 1 ^ ■ 

- y -- jj a *v*A - nr*^ dii= =§ s , .-i**i 

- P-|<a*J= t^**) - W- *=sfW. "|*#=r 

M,= | f VJA = 0 a " _i V*^= {* = 20 fS-Jr)V^ 

- 10 - «^+ /to =*^3/-|/+|^ -1(^ + |(3 J )] = f -x = ^ %■ ^ = |. 




4. Trir je^ioL :ti tht fij’bt tjUinham bounded bv iLe paiabola y - the- Ime p - 1. etn^ tb* .y f±\:M. Tie 
drlip^tty Jrtiy pyifil i* (x + Jr)fcft/tb j . , d 

& Tb* figure 5=1 lcr-JL'ft. die rK^osn R. T.e-_ l}( Jr. y] -t+y. Then the number nf kLiogruns 
h tile uiiii of the Lunina ii gEvea by 


M “ J J R rt*'V )*A “ \l * - [jxfl+^^i- 

= p+*-* ^ ^ ^. g CD 

Thus Urn ihrai i* kjktfriurir*. SlortHaver* if (*,y) lfi llie fraln of ctwjs, ^ lmvi- 

** v = f j j£*wi* JA = [ u |!j(* + V>* dy dx - | 

- f> + ^^;,;_^- a^s: - & w 


Mj = || - J o I f (*+iriirJl(iE- : 4 jS^ ^ 

- fV *• - i** -§**)*=i* 4 w - v -8 


From (1;. (2) »ei-t| (5). *■* Haw 

- _ I _jn i _ * .-_ I if _2tj is _ iso 

* “Sf “ iV in i-i " ll, 5 f M r TT'*! fS 

rbertfol* 1 , I 111- ri l ,i:%’F of [riJUx-- ir, rtf (yb. ~). 

!>* tt IE-iii iii*= firs*. fnwSr?uiL I h>ui .di-tL Lh> z* - s^, y - ^ OiULi ifcu? yaxl*. p(jr.y) - J^y-+ 0. 

V. Ii... v , A I. . - ! Ji A i -■ + I :'A i. I '' ' ’. ■ I :> ■■«'•. i : i ' ; v ^ 

delM e=l JJ* JoJfl Jo J - 

- M J“ <v V!l 4 j v Vv * v«|g /' J +J ^ J 4 = *f<yA - ^ * 

™ Bm^ £ ^t*|V -j. J ))-l a A - k [ j 4 y)JA _ t ' J V^fo* I y^T jtfjf = i 

- *Jy v 1$ 4 /^ u =^s» + if!*i=k^M + 14 - *4^)*= ^ * 

li„ ^ Hm ii) U||t(v.- + 1 )|A:A = k I [ iS,y 4 IJdlA = k f [ '^**(3 4 JJy — i f i at 1 ^ + 1J Iv^**-*' dy 

w ||A!-Kh r 1 J J ft JD Jo J o ^ B 

= i- ‘ + i)4r- 4t[| y 3 -1 /1 - «(f+i) = *| t 

ri ® » 


M T 1 "fit STp 


&. It i£ bownd^ :iy i hn cowdiiH&c ?; — r 31 , ^nH j- = I, ?/) — 


H — | | 4 = j ^ — | = ^i’ 2 * | — — 1) 

"•■ L’ J;Vp»p.. |„Vr- ^ 


l t. Jt ia. m 1 !■■■ Fifvi ^irfulrjmfc bwirdHl by * ► ff J —-r. ft*, jj) = A'i> | it;, 


M - liiip Efc(ir h f f 4 )A,A - f| fr(i^ -b sr>ifA ^ f tfa + Mir £ - * + i ‘ * 4* 

||At-Oi=E JJR io Id JftL 2 i# 

=* {u* - ^]fa=^ - *r* + W' - j 4 »- § *«* 

Mj. - iim £ u, 4 uj]A t A - [ f kft!/ 4 j 3 )rfA = t f [ '/n i: -' J { r9 + y 2 )dv 4* 

l A!:--o..iii A—- J J R JftJn 

=*J‘K + !*t * , =t C ,Sfl “ 


HKS ML L.T!H.h; INTEGRATION 











Amu'Attossot ix>s m.t. intijiikals m 


Let r ~ o .sin 0. d,i - a coe f jn the ettond tern.. fiirai Lxeittse 15.2.4:), 

tf -*ri ** -i ^Tj.l°i f" u ijv tii.a i. 


because o-i symnwliy L.h»- lin^ y — j. 


Tire regJOTI hKHindod hy Stnangk wbosr S-ldrs -wpirenw L>f 1-,- c,™>tlI i pain mre-Jiaid I III' 
TIw tu^ifc drflWlv mrirfi nx Uii- produnql. of E-be djxt.kE.ci'x fi^hl EJli- ciME'EliiuaLN 1 A#£>i, f 

I rL^ur-s l3ir region R_ E,.«L ^:x,y « — irz-y. Tim iiiKiiMim uf lti£ uratfs si 


ixy c/y d^ 4fc 


= §*J -sr^-s-w^* - ^ "*■ - 9x' - as* 

TJhi*. thr ist**.-* t; ^—1- kiJafti&jSis. If It tire center^ wy have 

iJi' "' " * ,J ’" 4jl rfjf 


tid, Kvtrsirsg. i. Lac- order of inli-gra-iran U« expand a En-Wer n if - w « i T 


■i 


= -- I aeaVp = - V +1 ?*'[ - 

SabMilulirq; frqHik {I j- I'i) and (3). wf him- 

. J,v| - * im± - 1 % 5 _JL,« _ 2 21&7k _ ig 

-r^-ia'T-T “ d ?-h *»“ste « t 

Therefore, ;he center of mass is vy.y). 

S. II is bounded bv y - i :a js and [Q.x on tie ^ axis, /(*■, yj — *y- 

rr f 1 bAti a*~ b f x m- 1 !"®*r#*-riin 


M - fcim 1_ u ; (Jfrr )A A =■ fcjrrfA s * 

J £i 1 J 1 J J » hh 

- Wo (1 - “*■ *“ * ** ~ M ^ + W r [ - W( 

; - ^ Sjrc&uso tj . dri ^ b ay limit trie w P !b rnpti l m ,■ 
Eti. H in hwmdrtl by y - n/r And y — t, “ kr. 


tr; iEiiEf jKrtiHJetlL of £. 


m w =* j *sr = J - r * *: 

IL R ix in !Jir* fir*t quhdmnl boimdWl by t * - 

M= litH L^"AA=[[ ^*-Pf’ 




I A||—Os--!. 


S' = f Ij^CJiysP- of syiri rrjrtfy uLlIj It* EhL' Viltv # — J', 



m m rrn ple ilvtigs 


12. The region bouitded Lk eh«- cirr.l*? x" + y~ and Imes x - L y— 1. ['be area den&ily at [x,£; ia xy kg..-:as £ 
t- Tin? -jtjnsvs 1 Jk fc’niah ft. M'Ji-r ny.-mb*'? uf kilti'gfiiEi* th> iIn- actu#.* i■• sj*nn by 

w “ f f J* ■ f! \l/—m ft** -£ 


’ ; IfiJr^riLm if (r i/| m i be ranter nr :iiua-. I ti«i :',• — X 
r^:i(>ii nikd ch. j i!rn::ii> fimrtiuii *re rmi^trix rn xai.r! y. s iiu* 

■ ^ A [ r —% 4* wl [ *V 1 1 


Therefore. the oenu-r of jasats a {£.!}. 

Cil 13— J P-. find i!v montuf of itmiii of Lbi- bojiLO^MLMjUk laiunm of the &ivrti sb-ape ntam. ih*' inel 

axis Lf the area density is k IdlofiTinw per *qu&tr. ni+tef ami rlisaaaioir in- inr^med in meSewL 
t- [ei Easr-ri^ff ]$--22, l z ^5.-111 ^ and l ?j kg-m* n-Ee the elwwiu.'U'.- -of inertia, of 1 h*' laudri* It about tli* rand y rvue*, 
r HI Ip f h.''- radius -Of gyirttion abo'iSE the X it-Vi?, rviil T t , ki^ ~m* I li^- pnbir Triumrnl h*F Eneii mi. 

O. K js bound™ by 4y - to. x — 4. and tl&t x asis. lhu z asia. 

I. - Jin. £ r’iA = f f kJdh = * f ^ f ^Vdu Jz .= J: ft i J F*^is! = & f Vj* = Mi * 4 1* = dt 


14. R it. buUjided by -3, to, s ~ I. And iJir: j- ,u k; ftbuius 'he line r 

* ..a. , .I, r*.*, ,. m.,*. 


li. it bounded by x 


l-'roj.;- taifr 13.2.4 


rris 


16. The rejioB bounded by Shi- j.«a/alwla j - 4 - -i [y ,inr| ;‘h i ^risi 1 -: .ihoart *U* - .-vuli. 
► Thi figojc sbowft Lbc r^Liii fL Tli^ iLumhcr of kg-m* ml I lie moment of iontia 
nilhiui 1 lw 1 j je ^iveu by 

'*= f f = 1 f 5 f , 4 ^V 4 * - i* f J jr^l 1 


I'l l lit. ihe niOmeiLt uf Ltit'rlin a1]em:L i.be x 


17. ft ]& bounded byx“ —4-4y ajatl lbr x axL;. 


u; +1 - 2 )iA 


if?. A iimin^ in thesbsi;>e ofn triau^ f>r sidos « m. I ni n r m. .ibn.: 1 n. 
p L«i A si lit* l.lir aln- irk-. Karr side ft r.r: tli - / lULvi. A ;j->t-a[osL _.■* InigLJ. pVr-y:. Th« =l»bA iif the triungk ip 

^ s =: l(fl ^ f r). Then 




13.3 APPLICATIONS Of DOUBLE ISttSO KA LS Sil 

En Eurdccs 19—22, find for the lamina eatb ai the foUowinj': (a) tb* nuHMeol of inertia about the i axis; (b) ill* 
moment of iflrtti* A twill Hu* y fixut; ft} tlsr twliuri of i&r*limi about lh* « wdm <d> lb* l»l“ mnnwnL of inertia. 
S£j. R is bounded by * = 3, jr = 2, wd the coordinate *xei. fr\T.>,'/ = T.y-- 

I*****=Jf; 4 & - J*£^* - LVfr^J.- - 

t b > ', = , “Im = [ |/***•- = J* 5 *Vt'’If/* **" 


(c) Front Exercise 1, M - i2. Thus r = - \/'J^' ” vlF - 5 V 

<d}lo = I,+l # »*l£+5*^ 

24*. Tiie lAmsito. of fixiKto -l- 

Thf ftpjTT fftr E-X'Crci&ff 4 hJl-uWU tht rcgmn E. In Lx-crfr-Mt* A wt ait gjvMi that ^(■^■■3'} — ■* + Jf’ 

(a) y=- | (#-fe - j* fft, + *#*■& dy = } 0 M^ + **L^> 

= 11*8 *+/ fl ¥v - J^dir* * y' ti ¥t = 5»^ + ty '" I - - ?J 

tJie rucmtni *>f jii^c-r-la aboui, l5w? r Asia it Vg^*- 

(b) i tf = J{ B t=■+ J+ J^L* 1 **" J/^** **“ 

= > 7 t-4 

Thus, the mwffli'inA intri-.U Jib^nl iht jj i* 

(*) Siilw.lEt.ui.iA? f™i? i*ift* •' a !• an-d l>?. fff kavr 

i_ 1 , _ae 25 _ aii 
r - jftir - n :r ia-1 

r=i^/i*3 1 _ 

E'ln:n t |W rJidfcUP Of fcyrntion About l.h- r AXi* LS ^V‘ 1 -3 1 ' 1 H^tfD= 

Thus, tbt pcLar imamtn ^ H?f iu^rtLa b is »«“* 

41 . [1 j* bounded by 3 = sin -r and [O.^J op tbs z am. ri(-r,.ir) - i-Ji- 

11****" **1X" liy * ni,,,,< " 

- ^tf- | sin 1 * CO* * + |£- i Sffi * cm * -I -1 4“}^ - |t ■ jr-i ‘ * - |? Tt 

(<) From Exercise 9, >f - |i*. TbeidoK e = = 5^' 

(d) i 0 =i r +',=^ *^- 4 ** = 

22. K js IjfhiiiilrwE by y - i/i and y — 3. p{s,y) ■- i'J. 

fa) s [J j ^ kxjfd* dji - it [ # ~ Hi*'* " 't* ii " 4* 

(b> Jj - | 1 rfir — = J* 'VL “ »*■ 

(e) F/oui Ejt«rc5*s Lfl, -'E = TLsreforc r - y ^ lj = ^ 5 ? ’" 

(d)V 1, + 1,'W* 


3 ^ R h boundrd h* p - -jT ? **wi tbe j 1 Ajcis. ^Uvf) - ^(4 - y)- If I » 

laimin?! aIkmiI lltC llJIt ^ ~ i 7 ^ 

I - is... f c 4 - Outbid - uHa. A = t i f [< jrJPrfA k |' \ iT ~ r ' (4 - sf<t» <t* 


thf m^rri-H::! of IDtrLia uf [ht 


A 3 i 



8sa m ltiplk mm:iUTK>N 


= *}* ^ = -$t£ 1(4 - 2. + = - J* jj j]3 + fc- 1)V - 2S&}«fc 

Lfft iu — z — 1 . lIsl-il (hr 1 — its. Tlni_-t 

I _ ^ [ 1 [(u- 3 + 3) 11 Hgfti&w i J 1 (ii <K 4 I3«^ * S-Hi? 4 i I0&* 3 I Ml 256)dw 


24. A bttina^DeftiM L^mJjsa of irt4 deiis-lu k tinj's/ft® m the ibi|^ of thi- bouii<l«i by ibe o-irv* * 

I be j- nJiif^ riiid th* 5 iirie 3 — a, “wb^-r n > 0. Find tin 1 momeikt nf iitet|bi ctf the l-Ari nihil About Ibf lill£ X — ff. 

^ 'L'h* fL^uic sbow/i tfat rogloi R. r * —j; it tfio distai^c from cusy poLot to (be axil x = a- ‘I’h** mwurt 

“f | 5 hr hiEitikNil rd iprrli-*. of lb* 1 latUmS rtlwml, I hr liisr J-■■ ^ 

Etorttst 25 

i 

/w 

i - 

B 

1 

I 

, _ r .& ._. 



27, Th'*- h'gmci R In thr- pNkn«- i 1 : Ihpium^I b* rh*' ei-i^Ln^l■■ v-i^i pxSi'tc r ; W. ji = U. JUid I t?. 

# - /{*.*) - 16 -41 - fA x >lt) - /.frrS) - ~T- 

? - 11 ^/; i ‘ i U.s>+/ lr V-p)+ l I ia dx - + V 1S+ ^ +l * “ - ^ lC;Ki [* !-?-* + flMaf 

= J^1633| -Iz 2 + 1>z * - vrtL033{-2 4- 4) - 2\/l633 

2SL Find ibr ajrjt uf I he Mirfiure- r.hjii k rul zh* p3»IC ■ W4 ^ by tbe plant* J — LI, £ ii_ Oy = D h Attd 

jy — &, when 1 jt II .inti 11> ■!*. 

I* Lot f(l\ ji) - a* + % k i£ [Jtu I'l'^iou !jl t!ie ziy jp!:iiip lnjumJmJ bv Iii:ht: s. — lj> x — a, jy ~ Ij, :ltuI iy — A. T'heri 
/ J>, *f ) - ti Puirl / H (x,y) = & 

Thertfere t]se aju caber of ilq-iiArt; ueiIIh ill Lhe nrrji uf lHh kieH^lh^ :s 

# — || iJ7l 3 f ^ ~y) + fy*[*7 ^ j L L Udy ■ ^ I \*3' 4 fr ; + lJ-- J ■■A* ■*■ ^ + Lii r,i 

— db v'^TFTT 

7 be sw:ii pr 41 ■ L tjTtltF 

t> Iti 2^ Aj^d 30, i(n j wLiutVr '*■- u^L: gr&ph of a fmct-LMi of x aod 


2H. lu ELi; fs!-=.i Ofl.iJLE Jf > 0: r 1 ' - y - v‘ r 9 - x’: — —- 7 ---a=^: 

(/x 

S-M-il jj>/S7+i7+* J*|J ^/^TuTidr jx 

- f 3(&— dx = i -llii I 40-j s ;i 

= 3 I5ni_ = 3 niqL [-(0-§ i ) 3/3 -r3| = 9 

i -'S *■ n—.t 


u 

p 

rJ-V.-O 





n.% APPLICATIONS OF not I1LL INTLCftAt* m 


3fi. ]u the first octant. y — /(j. z) = v^SS — g g , y r — - ■ . f* ■fr ± — & > __ I 

h/26 - ,T 

"■ >'*-* ' ||" ;i fEi 

-•Lv^fe*” 4 P 

31. I hn ff*lc>|J H in ifcu- |*]jU* A bouruM by thr iH.inglr vvlm-r- n.-*- thr lifH* ^ 1 ' i * 

^ - 2jt. x — U, Jirtl t/ - ■!. i — /(* h y) - 2 +Sx + y 2 : — oi /,/,*■ i = -y- 1 




ffj^v) +■ / + 3 Jff ^ = 


/■S+4^+1 Jrd*r = ryW + SoF Jy 


- 11 1 f (4^3 4 - ±iAtj 2 - se) 3 ^ - ^SD/ro 1® l/l5 - Wv®) 


32, I'mrt ibr «™ <>rtin- ^irf*rt in the first rctsusi iviikb i*rui Tram Hi*- cort^ -+ y 2 ^ by tin 1 plait* z + v-*- 
& J hr figure shOKS Lbr p?Tl nf lSi* s-jifaee Ehal fir.'; over ifcui ErilMI^> It Li the ty pUwii- bvtiluSad b>- -llr Jf nxiK 
UK if nxin, nnd thr Fin- * + - h frotH br-lirnd Ibr plarir. IV* lake 

«**>=v^+7 

Tin*, 1; : 11 ] j 11/ 

r> " 7^77 , ' n ' 1 /j * w> ~ 7777 “" ■ 




f,*l*-.p>+Vfrii +1 = ^77+?T7 +1 = :3 ’ 

Thn area of the trians^ L* ^ )! L) - £ square units- R™*. the measure nf Ebr suit'jwe is 

<r — J I rfA -W$ 




# # Tfc au 

This?!, th* of the surfoer - Sv 1 ’- squ^t* r- ■•■ 


33, TEi+* n^tiired »rt* li i tijifco 1 lvr j>r*r( nho^tr I he fif*t qujuErftfifc 

* - /(r.irj - V*-S-. fj&$ ~ /pA^.w>=0~-*Ji w \/ / ' :i(jC ' ! ' Hj, ^ :r ‘ JfKlrfA 

- 4 11 ^rf7 +0 *’"' - "b.'^TT? 4 ' ■*" “ J> ‘ " 

Jt j 3 fe ^ — 2r Ihi — 1)^ +^ a — L Thr TMtuired area Is 4 ise:^ tlir pan a\xtx* l lir fin*t quidraut. 

-Ji* -+- ^i 2 to /j. 1 +/ p ^ + 1 = 2. Aiea of ihr twmieLrek sp jT. o ™ 4 J = 4^1-Jr = 


35. z-/(x t Ej) - VjM 7 / 5*/,“ + / : + S - 2.■ f - 2 




v'2 di*- d'y 


= *7*l\ (2+!r-y t )«f4f = 2 v^ 2 S+|» i -^f_ l = 2 ^+ 2 - 3 ) (-a+^ + ^) ; ^»v^ 

p fu]^ iEui area ef the jwrnr>n of ^lai?c x - j that h^v/et-t the plan>-^ — Q asid > — ^ =inj withia the 
iiypeiboLobii Uir J — 14-1, 

f The prcjnri ion of the sntcrerctiop of ^ - i ajwJ h >jt 2 -- 4Tf 2 + US- — I'Ll on thr jy P^ f 3 s hypetbeia 
2 Jjt 3 - iy? =. We Uik-rt 1 Mice iht pait over linr finsj quadfant x-^y^-4 3Ci, L«t 1 - /(t,&) = ^■ 


Thf’n 

Ifcl-rtrf^rt’H 


tf - [ [ yVtir.TL I + I JA - a jjv'v 11 ' to+l <tid v = t 7 v\ a *^/* 

- jv£ [ S i/7Tafi dv +as j*[#+ v®t+Pl£ = S \7tfm7i + M bit +■ n %^) - 58 1" ®I 


= ^p+l/2l»<l+l/Slj . 

Thu?-, the are* of ihr surf^uie & -^{2+ v£ Ln{l + v*}] «|uaTr uiw- 




SIM MULTIPLE INTEOltA CIOS 


37, llir line Iron - U,'J - to (u.b) lias equation y — /(»■ ■ — f'tx) — !j. t rom J lioorem [3.3-4, 

^ jV) += w n**r= ^^- 41 = 

Oi\ by PippUs, lir^mrni has km^Ei inud ihr miHpntni ^ from ths x ;i/k, so if -= 2r -^6- y'tf * 4- i T . 

$K. ffe rev<?ke thr drrk x" f p? = r 2 abont tbf j w#- jy = /'V; = vA J fl*) - -*/V? — 

HT = =■ ;^r | ^r ¥ - - T L rJlz — 2* j r Jr - 2ffr(£—-fl) & 2irfi 

tf h — ^r, W* fi ljicl 9 |irl fltrtl Lif Lllr. ^tliiTr* hjjllrri- it. Iejt*. 

39r T.nt * T rt?ni d«*inytf lht~ n-Hutauf* i?f ill*? nurfftae whtfi w rurvi* l| FnvoWcd aWut thr x awd y jiKi^ KpvrPiLnj. j 
and jl Theorem ] 1.3.2 ^iv-rs - ?r J j*' ds. Ai&o. oy - | j: ^f- [f y - a cav-h 


f? v = 2x| r^TT^ rfx = rf sinli^ J* = jjhrf * fWfr | rJx -‘2*[ 

-= 2i(ii\fii3ii I — 0 ^otk 3 + -n 2 ) — —-p™ 1 ) 


n-j- flsnh J - fi ; ™h " 

□ Ojj. 


ilOL Find- r=h« aitHt uf lTiu- j(urfajfi« of rryull^ tIuji ubtajiitfJ htv irt-'ullluc izaViita-ry tf — a -cofili(^/e) from x - = 0 to 
i i- j Ihc j- Axirt. 

W* laiifi 

f(x) = urwlL-r/a) 

/'(t) - *lrch.(*/<t) 

j/tA- c tf 2 + ] “ ^anh a (jf/ar + 1 = - cteiiL- a) 

ihfi fiir^JV^itrr l3l-- NILrfftTf 1 -’iftf’li I-. 

— 2^ I o ra*fo(x/iO ■ f^lk<;^/rO - n.- I 4 f , '>fl3L(2,i , / rt l i l^ 

Jo Jo 

— - *b( 1 + j-fl sdnh 2) 

Iltn^ tlw suifac-o asca x-j(i - Ja- ainh 2) ^qunir^ uni'^ 

41, iiptt* a > 0. CS«f - Jt(fi - J-)' 1 gives y - /(rl = ^6J 1 * 11 - r 3 '' 2 ): /'(*) = - |r 1 ^ 

-v - /{t. /[/'(x)] 2 i- ] rfx - a, I " r V - y'l - ^{Str" 1 ^ rlx 

= ^: (1 Tt/i fs x),y] . ,‘ijttfT' 1 V I <fr - i * 1 'T}^j(r -1 4 1 4 I*)*- 

- |V5| l S'Hs -*)b r tJ{*- Ui < k L/3 )W = |P , ^1/±J4* = |JJ (« + 

- *[ftf rt s --1(36 + - 3fi> - l?= 

43. y — !» x,. g — x — liwj iij\ + [itf/ily '/ii t Jr | x/l - r iv r''ijy. I, r i r v i-m n, <jTi;. 

Lnri l ■= 3. »er i— tJ£. it - 2t = r/iee ^ tun « -flnliiw u «;>j* 

» »|3^-^5 + l«if\/i + 2l-lirfv^+ Hi 

43. Ofooesc- tlae c^ordiitaih: ro that thf V^fUcftf} of tht &ri:ui£[i* ,m fc al ^l, —nfr}. a^d (Q,^ P Ad fquattcci of 

f.hr ?id*‘ o| ifit irtatDElir i?i tfi«- Teij;? qjLartrwU ^ - ftj 1 Ik, 

M - * I f- ! *LT'“' ■'■' “ “ I! “I _ 

Thr t. nitist i:- thr nxi:-4»f :ijisi[rn'?r\ nnj r = \f\r “ y' ^L'i ' ^V^' — y' ?i j — 1 % 



JoJt Al’PJ.j). AllONS OJ : UOtliLK IM'EGKALS Mi- 


44 Suppose llw / and iia fii*t paniaS deriva! Rr* -nr ^nimutuK wn the rfcracr! rag?an )t -ti -~ift **i pi* nr. S^o<w 

l-l-mt iT i7 N^tl-irr laSLiln w f.tlr Mrh nf the porb|o£i &f Of (jic uirfiMr? - — f[*„!/} Shfll hgA OV^t li, ihrh 

& - 11 ^ wl »mv ^-.Vi - & - = - 

t l We- -apply the dfifildtiiCHi L>f -gfAdieiil. mid harm Lit I,hr rip.liE aiidr rjf Ihr rrq’itilrd rqn, iLli'ui . TlitHi, 


[ Ifc*) — | | J (_r_i-l>rTj) JpjJ J=,mK - ■) 1^- ' 


y) - jJ’Ux-i/} - i - < 


More generally, if a surface is pven by #[±. < — U iud its jjcujei. 1 Lon on lilt jy plutc is It, then 


JJ ^ + V + lrfe * = f j w /(-^) a +(-fef + jf y 


r ivjt 


^ * Fb“ i I?, 7 


13.4 THE I>OUm,K INTEGRA L< in POLAR OOOfLmNAT^ 

Le t f be a funfCion of Ewp vari ablet r and f 5 , Ut 31 be a r^K^n in the jml.it plane Iwund^ by 
tht i-jlw 0 — £-|, & — flj, iind by t]^ r.urvfrj t —jp(fl) atujj r = where 0 ^ 

I hnsL | hr dnubdi? i|2l4£tai ■"■ f / on R h ■'--quividclqt 1 ■' , jit. i k^silnrl riP-r^rnl. ii-'l 


| [ JtrJWi = { J V<Mtr * M rr J fl 'J jjjjfl r, fl> *>. rf* 


rinulilr in Ijif^iRs in pnlar roar-rljr.il.ri-: air iiiwurJ lo liiErnlftlr itrttft.-;, niU^ volume, EKuOmenta, and 
o'L!Leo of ijj.l.-^. just Jia WiT-r dauhJr _£iI -r^ :-:d .21 il 'afrjuor[|iiiiU>. I'or f'K-lilllJjk, if S i'- Ji 
snir^l 11 - nl w lunrnrlrrl SirlriT.- say r i>mr- n^fr^nn li i llir jan pljurr, Unnd-'il .-ilnnaVt! 3?y llaw >;laJfrtir^: 
z- — >0, ajsd iMHiuded ibr tidri by a e^diiidrlejd surface »hote rdir-gs 

arc pc-Epcndjsiaiar to ibv iwE^r plwir. thr o Mar- isir^ur*- of thr of $ is given by U) and 

ihr iitrfjbrr [a gi vrfi by 

*= [f 'j!,%■*) i h i W)+ 1 i- dr <10 P) 


Krcrfaf Si 1 :>*.hjLurd 11 l* TnaFP B*rTtjnr Into J'];rorC?n *i- Qb J ..iij: 




+ / J- +• i * 


= J | ly/fsiw. ^sn f/t)*'4-i>ii>-J/ r — i- ,; /.j r sb 1 I 6 

vrhkh k equivalent to 1 II). 

^xerru^jf 


ta E)ct+ii*rt E ti, nte datable jaiEc^tilr Ui fatid die m<sl of the ar^jui,. 
t- A sqisajt units fcS ihe rr<]ul-f (3 nci;n jumJ V cm bee iznar_s llie n-qiairwl volunar. the mnl^ raf SFae givetn 

lamina juicI fcs-m ami M tf tg-ni Jt* maiiv«us iLbcitt Uar- r anrl J u lf£-rii 7 is the pt>la: mouatnt u/ 

ineftta, f rn ja- llh? inquired mdji^ rtf fty r^ktEiaii.. Ic^^iei^ p hlir- n.~M rlnud^y al tEir fKalait (r.i), and Jt tfi A 

eoaslant of pioporiioLiaJjiy, 

L Thr rrstloai lH-liiKr«J^ ^lir cttrdmirl i-L r ( I + ^rn 

A = iim r^-A-j- Afi = [[ rdrd& = 2 ['^ \ 2 t t+iMiL ^r dr M = li** 2 

'lil-oiSi c 3 1 iln i *J*h ft 

= 4j r ^ (l-h2sEn ^+ein%)rffl - ^ - 2 to*S 0-i ^Ln 3S^ a ^ 4-|-f^-(^ u)j = ^ 

2 . <Jne leaf of the rose: r — a cm 2 ^ 

A = 2 j * | r dr d? — | J / 5 ( E + cos -jci^4 ^ijs 4^ 

3_ '['Lr it. 11 .:.. 1 Jc~ LJir cjtnliujd r ” iz\ I f r-is. :■) ;xJli3 l>ii ■ dr Lhi 1 elnrh: r ^ di_ 

a "i jj^D £ r ' xr “ 11 / * r 40 - dr 49 - a* ® 

J {.* + fa’« I + Au* - ,** - $■* J ^ ^ f? (-«» 8 + taa ! &)dil 
- ^3 Aa 0 +i # + i*.i a# f ^ ™ ^“[(s + e -r |) - (+ a - 3 ^■ f) j = ^ t 4 + h T ) ^ + ^ 


MULTIPLE INTI’HRATBOW 


4- Tht T^Rton lw\6# the cirtk r — I and oulsidt ilue Irmuiscaie r s - cos. 20- 

& J'Jw ftpaiC ibO'wp the KgtpiHl. R b* fifit.qb&rlrflJifc (?krt «r I hr ptHiii-: 

in^idf l^-niiiLscatc We tike tbt area oF lie aide luluus four times the 

r\Tr,’, oT H, Jtrrniiv fin — 0 when <0 “ Jt, Nik rcR "li 11 R tauticM by th«- 

r*y» tf -sfl ■t iitl ff = ~a>. Fdr^yMiBbi^ R re bounded by ibe mv® r = 0 and 

r = a £& fur & < 0 < --rf. Thip, I Iji* mc^L-.uri' u^ Ll.i .■ 11 •.-_l ! ■:" H. Ls jftv- ii l>v 

*®ii/**'* i/ 1 * r m = 

H?nc«i 4A ~~ L UfccfriHw ilw ^ d" the circle b t squata units, then tb* 

Itimsiflcaie Mid Liaaicte tbt djeLe aa ( tt — I j sqiinn uuiis. 



n.r™ of tEm rrtfion GUlabdo the 


S- A. And A ; iquicmt* tin hi ur** th« ncii^i of thr Inr-g^ fruE $rrui|l luoput cjS f ~ 3 ■- -1 *b 0. 

A, - to ±r A r Afi „ f [ , * d» , 5 \' lG Jr #> - 1 ["* * r* P 4 *' 

1 II-i h-n i=i 1 JJ fi J *nh J »/* J * 

= | (S - 4 du &ydH - 4 | ) - 4 ,Ln 0 - I wu'ifltifff a .|f 1.1 ■Hr-Qit) T?<J- sin ->ii 

- 4- 'S\/5 + * — ^v/il “ (“ ^ ll ~ r + (!/( — 4 */5J — £ r -I- 6 

Aj — to E>ArV-tf 

1 || A Hu 1 ' L JJ« Jr/ej # ,rf (.2 (i 

- f *^j2-4dn^ s rf#=^+4easS + 3e-aii2ff W- ki|gt.4Ur-«)-1®» + 2V 1 ^ 

= 4(r jjv y 5)=-t- 6^- LlwKf&reA iAj-A^ - (Sr + av^J-fij-av^) - lli/3. 
f. 'T'hr linutciMi f = 3 fm <7 irirfli. •:•!*• nrflr / • itn - tvbcti J- (• >* leom 1 , «w» J p J, ff *• 
a - a[ J ' 3 j^'r Jr ,tfi «ppl rf cicrl,. |s :|'|^(2 - m »?M ■ ^(|f ] 

- -ttfrtf+ ^(i +<w MJlrfff- gir + = [5* — S #iiv C? + 3fl- jfyir -r 

* ? + + «- 4v^-b*V«-+#V^ + 6v^ 



In EsrTrlnr^ ? ”12 s Hiarl thr voJyme of the K>lld 

7, Tbe-solid i& LtOLEid-etl by Lhc -“ + vi " — $. 

V“||AM> 3 ' t r r’i if * r i\ r [ r(lIftl = 24 [ J ' |fJ | , -(1 -r'j'^dr d# 

- ^ j '^ 1 - fi " r i * - s r /!rffl - 4 r - ^ 

& Tbt iodid till out of l3w: ii^hf r<: +■ r r -3 !>y liw ryBimU*?- r — \ , 

> The H-qulMd volu:ELt :-■ Wticr LhaF, of i>,T.rl *Wvr thr ]4>\sir p'/vnf. ^ec I hr i|Tiir--. R ■ ■ Emv nrlt-d Ky ih^- citcIc 

t — \. Solvi^ fqu^tioa of nit sphett ^or [.h” positive '. a'-.-j of j, obi^.:i j -/'■■,(?. — v-S — r*. tl V ie 
illir m^siirr of i'n* vcl^nir of t ,Eif p ml re ftosirf. la-- h^AK V — 

211 n fl r '*y dp =2 j g lr f q X 4-rIr Jr dtf = = -ij^ca 3 ^- a)(W =^3-3n/1) 


'iV^iTorw, l.!h^ vdEame of ih^ solid is - 3v 1 ^) cubic uziLts-. 
Ejcrrri:^ T En«-ci?ea 


IC.ierriiW ‘H 


! / 


fiTccrfis^ 10 







I3.-1 nil no I I’ll •- lVTEfiFUl. EN KlLAEt (XXJRD1NATE-S B9T 


9* list solid i& cut out of 1 S 10 spbcw ; 2 - r 2 - 1.6 by Uw cylhvdcr r — 4 cws j1 - 

V- tim E{lt-(- f *) l ^4jr4^= f f r{l* - <tf =3 4 f I 14-f a ) lf, dr 46 

||AMt.=i ' 3 ' 1 JJw Ju Ju 

_ -ff TfitMt -1« ^0) 3>i -^\di - 

«-ip J'*« ki • ^p = f(-«™ « -1 «Ap»v ifx 

- -fft-a + □) - t-i 4 i i j + ?f x = if- ^ = >pa. - * i 

10. V = 2^ = (1 -cw^f= 

+§([+<«• S*)li(? + ^ ['{-!™ Si - JCM'iiW + f- 

J u " Jo " 

H_ IV r^nlrfl i* bcMiiirftrti ±ij tV paraboLoid ^ — 4 — p 2 h tbc cyliiidfT r= I> tlse polar plane. 

v= \ j tt)T * ^ n: ^ - ** # =a? -$*$ *=* jr ^=h* 

12, TV solid Jthftv-r* 111 r rufPkhnlii'id - — r^jmcL Lk , L&w> J .'[jJlU^- : — '!*■ ^iL ft. 
p- Wc find the intersect™ of thr penaViahE aiw3 pbinc!. FlitniEi*E-iJtK :■ from '-■ 

1V twu given n\ urttiun^, w-e have k 

r 1 - 2 t Ein =. ft 4 

r(r - 2 sig 6) = 0 

r — 0 (tV jxifc) anti r — 5 sin f (witlth coiziainj tJie polt | ^-, 

The lurfrcn intTratl cum *'1 iwt p;qy*riion c^iN? lh>- |Kd.ir ptnrif 

]¥ tbc CSDT^ r - s -si n 5. Sew Lh<: figure, T3 lc VOiitOlft l»E tht Solid is gjviD by 


f2rSfrl*-r S tfA 


[ :fe sjn d - r u 1 rfe 


— ( -Jr 1 ^ *dt) — j| J" ili ' - M - ! | ; I '£ COS 2$ - wef/'iffjd# 

“ D | (2 ~ - ™ “ I ™ 4?.^'' - s^n T n ^ — j^r 

Thus, the volumes J-r cuhu: 

In Exercise in 1 y, (ir.il ll.<i Itua* iUL-d fPEiU-r mf iii^n .Ijl ('itWsiisi C*4TflLhAt'^ i nf .n Umilliu tx^MlS the -vl.rt.jw iif 
tic given region It' the OT'VL Henr-ily i:- tv indir F i|<?d- Mraw is= mrar«:ir+td in LiU»glr&m£ 4isd dist-aatce iff- measured in 

piei^riiL 

1J. 'E'he is inp^le ill*’ r.-u-dinjd r = Uf I i ‘=in — .Sr. 

hi = lira £ (tTjJrji p \6 =. t [ f rUv if - Ik f ^ r/1 [ ‘ V Vrfr Jf = K f * 1ft i r S T £(l+ * in %8 

II4I-.D..I * f 1 1 1 JJh J-»/.Jl) ■ J-ir/li! ij 

-i|it J *6(1 j- 3 si n tf 4 3 sin s 0 + 

fjecaisse M-in r ajtd sin S^ are ckLiI and sin *0- — 4:o^ 25 j Li even, 

M,-. I*m £ yW/ "V= ij™ JCtJ'.sin trj r At AjP - [ f J^Vd <> 4r 4$ 

l a 11—0 i=j 3 JJH 

— 2k * f2 IL' 1+1JaiS ^n P d# — af ** 16(1 f 

^fit f r/2 (3ift P + -1 ^f! 2 fl-fifjirtf- i ‘.ln'i 1 4atu^Si?_M* f "*m1»+sn ! W 

J-x/J ^ Ja 

= 6'1i o*» + j|sin' J # 49^* = 64 fi |0 + sin 8 1« 9 -i= 64 fr -1 -5-1 = SSlti 

EKiUSf It is syTZmtZZ ic Wltkl irep?OI to tic :y a^i.s, ihe peiil^r nf mast zk aL (fl.j/j P-izd 

— _ 1 vi _ -uj-l_2X 


■S9K ML LI N'l.L I NIL- I RATION 


14. Tlir region is inside the rose r — a (mM = jtr. M =■ i J P ^ 4 j * w ■ p dr <J0 = 

— (1 - fiifi ? 20)ces 23 s d& ■= ^tin^jsi n 33 - |?i n~^0 = Jtot 5 ■ | = Jta 13 . p — d by symmet-ry. 

M P = 2 trfr CD* fl)r dr e£0 =: ™ tf c0^20 d0 — .^s' 1 j ^ (1 — 1 SlTa^J^COS # 

-^ | j/4 (I-G“n J P+ ]2jm f 0-PfiAKsm f £*i n ^-H ^in*0 Sin 7 tfJ r;1 

= Jv/2 - yi> - |/a - v=) - T^v^. * 

ib- I'hr r4^ifNn is crsrdr the]scnitcon r = ‘1 -cos-.-. pir_0] „ tr. 

M ■=■ lira J(ir^ ^ r &fl — I: f f r*4rd$ = t [ %*tfp d0 =r k \ 1 r^jj "“^d# 

BAR-W i**i " J J Jt Ju Jo ^ Jo r ” 

= | J ** (5 - a* = lj |(S - 1 1 con t + 6 ™ 5 ( - cwtyd# = | f*%■+ 6 cro ! 0 W 


tog "!* dfl 


^=i£ 


(F 12 cos. 


:|| e Jl (ll+3co £ 2W-||J ,r El J0=3^j, 


■*S("iffei,^s* = 


lAt-tft PBl ' 
F2W 


tr'V-cw !? riV ill? 


- fcj 25T P Vom # dr 43 ^ * J _t | r*? "™W * d0 = -j-1 ^[2 -e« 0 dfl 

- ^ J 2 (>* c® 0 - 32 ™A 4 34 W0 S + ™ :, 9jd0 - Jtj h I eoAjrffl 

^ -k^mmi 3 # nil, 0 +{J + -i)|to 3fl iwj" = -a*■-^i ^im tf mu 0 1 ^r r s ■ 2 *-; 


- fW M 0 + (J + 1 ;J iSfltffl rf# S ■ y. ^ era* 3 mu 0 | JJ f' = 3* 1 y * * = Jt* 

Because R er symmetric with itspttt to thp jn-j-hr ihr raril.raid m ftt (f- n ) ratrl 
■= _ J_;l| _ 

_ 5T M v - m? ^ •■ 44 

16, I he region bounded by the convex iLma^ou /■ 2 + tet-f. m < r < 5, und rht' e^Ia^ axI?-. T]lp a ceA d^ttstty 

nriy pd=n( i»i ^ ih| 0 lfg/m^, 
p Thr mpji>urr nf l.hr mav is Eivrjs by 

M ^ 11 Jt sij, 0 rJA - | r |****** Kin 6 r Jr iifi ~ |tJV“ f> r *^ + "*^ 4 ® 


jt: [2 +iCi*0t i iln 9 rfff - ~^k{'l t r/k?, 


Thu*, i.he mass is. hiLogiiEf’.s. 
M = [ [ (Jt hb Q)r dA = [ 


11 *ii. 9)[ f c&* 0 \r dr M - t t 


bin & ee- ff r^dr dJ 


=■ ^ f sill ^ t!OS 0(2 -r C*-H — T^i- | ciw ■? -+■ 33 ■!!ris' ; ^ + Ij CJIS' 1 ? ■+ cas J t : ' ->-d fik; ^ | 

Jo J U 

- — gJtj-l tm 1 # + 4 1 tuh J 0 + bci\n"$ j - =^jt 

M f = JJ (ft sin tf‘fjji dA — | J (Jfrsin sin fi*Jr d’r dtf = k J r^iEi a 0rfrdff 

- |i| £LO J 0f2 -i- <ot- J eaB 3 ^(fi + 3 2 eos #4-6 cm 2 # + cj«V)d# 


tin*0 .a# 4- 12 I sin J 0 eoa 0 dff+fi 5su A 0 e*s J 0 d& + 

Jg Jo 


c>? 20J40 + U 


-cos 40)^+ 0 


= itS da a 0 d#4- 12 [ sn a 0 eoa 0 dQ + fi [ 5^0 ecs^S d0 + [ sln% coe 3 0d0 

r Jg Jg Jq J 

= J{* 4 fi-j»«a0)J*+i'-!‘i>+|( (i -cos-wjrfs+nj 

m 4(f _ £aan 20J + 2(ff - i sii, 0>J = 

4‘he iategiati; involving odd powetsoF eo&irjr- ovei [fi. v 7 vanish, SubEiituting from (is, (Si and [:\], wn 

*=4 ¥ = ^ V = K 1 il^ = 5i' r 

Therefore th^ ce:ni^rof =-^ 


L3.4 THE DOUBLE IVnittRAt. IN POI-AH ■ l OORDI„VA 1 LS 


IT. The Kgj<m ift i it* top half *F the limacon p _-Jp msfl ;;{r/ — kr fun fl_ 

\\ — fifti SJr-iT i-tf ■= f & dr 

t <A|]—n a = | J J i? HJO 

= JfcJ' 6 M = + COB rf)\3n « <t$ = ^-+<2 + -**) = y k 

M - Jam V jjjtFj-in fl a i- E i a r A.fl — LLm 3 l fr/os Afi 

y 'I A E—0 N-s II A 1 ... ;-i 


||j1]->0 ini 


=: jfc 11 r^sin * ™ * Jr Jfl — Jc | | j^sin. fl cos $ dr Jfl — 1 ^ r* j? + *?n ™ £ Jfl 

= |j* (£-*-cos J) 4 sin fl ws fl Jfl -1 f (16 ra ?+ 32 cwr™ + 2i Mtfl* + & cos 4 * + ra 5 0frln ff dO 

- - f Wfl - fl «* 4 fl - | w*U “ c^l" - ^ff+| + f+ |) = § * 

M = lirn £^,(1^11 ^>A f E l ~,^ri VftkTjaiA &;\r { \r Afi 

II A 3—0 il l 11 A ■— n ■'“ l 


II A I .tl 1 S 


= * 


J ^r^tEi 3 * Jr -ffl - it J P I H p 3 ^U , P Jr Jfl - t | | 1,1 ^ + ^ 

*[t f M- fl}SiTC J fl rf* - & f € (1S 4 32 «M * S El + K r«^fl . rnf^fltf t « Htffrjdt 

□ 4 Jo 

( - 3 <c»ir J fl - 23 - 2-S I UK 1 # (- * ■*'< h»^fl + s? GOt A + 

10 ™ 

! " (-oos”* - 23 r«s J 4 + ft ™s s } ■+ 1«) Jfl _ jf ■«*« 5i,.tf+J „ jj^coo V + 8 PW** +1*)« || 

™, - * j 1 ■ ■■ 1 j Li, S Sit JSi.l U - 3 lJ7fcTT _ . 

The «owr Of itiAiE t3 at (j,sr) Mid t = ^ -®=f 30t- 


-IW 1 


lft, M — 2t| j ^ f r - r dr dtf 4 | fr ^ 2 r ' r ^ ^j ^ }t/J — COE ^ ~ ctK 1 

* I f-d/2 f J-ewi 1 

= p by symmetry- = ^ I pfr cos tf)r dr ^ 

ir ^ * l J *7 :l J & Mm .J J T / 3 

= Jjf |^*[(S-«)■• -(5cos tf)V4- |' /s (3 (OS «\*M - - ^r- ? T) - ? - M / M 

19. The repon h tlw small loop of ihe Eirna^ort r — 2 —d sin fl. p[r^) =.ki, 

- 3^ J ff t T(4 ?1b S ~ 3)I<iS “ T J * v* 2 iiQ ff_ l),<i6! ~T*’ ? /r '* ” 1 " “ 6 £iD ^ - 1)<w 

= -IM ■" 5 • IU f-l2^-f|'#4^S-i pff} 

= J l*§‘ -i T^ +<? 5,1,1 B+ f - t# + l) Hl 

-1 V5+[-^« 0 ~->»\ w %- T*(iv^-f%£+ T-y *- T '■** 5 = S^ 7 

M, -., &» v - Km EfF^rin *iK*»,ff,V A/- ‘ f »Ato ? * O 

|| A 1—-u «~I ||A|—lO x=.S J « 

- *JjJI | u 4: “* i* rt- * «jjJ ijjj 2 - 4 " s () ^ n fl *" 

sftt [ Tr, ' 2 (2 MiP S 3 J^«i J* — St3. Urthfi r^uHioJi Tor |wwf» sivp?.< 


J (2 sin * - I^hiii * Jfl ’e J (US ssh^fl - 32 m 4 $ +34 «ii 3 fl - 6 *m 2 i +*5a Pfoi* 

_ -ifi ■ J sin 4 !? cos * + J2 ■ «* *+ [ (ifi l + M^iin V - f« - |+ a)±rt 2 d + aid flpfl 



tHH) Ml'LTIPLL INTEORATIOM 


= -s-Hiitf’Jeo.# • J fca^cotf-H 32 • £ tin#™*# - f[( i 5 i - jj+l Sin tf - 32• i |rf(» 

= -sniV < at ff + 8 616 *# rat # - stn^coe# + IfisanScat# -'^co® » 16W 

iU'l - Mi/' ^/S + ^l}) 5 W*- lli(Jj\/S r tti(lr) 

l-kM-UHe R j.'- vymmtltlC wiifr re^lKi U> till? 'J *Xu tin? r'r’UW w[ mJim in nl Mill 

,S5i4-~ :i6 ^*uw 

” 1 ioT^V3-Hir) 

3 1 J 4l) 2 li, flniL I.Ij' 1 Liiojij^nl a. I" j.urlLi <.h|' a 3 ?uel:jlil dei lIm - shiijjh oJ LiLr «givTB r^ic-a iuilI rtrtfLi drjiHii(.£ k 

ke/ciL 2 flbovi r,hr Hid'ratal or pornK Mn.w r-: rn<raizrvd in kilt^nESkN Atid rfisfJJKft :L melefE. 

3UJ- I ' , i+‘ "i-j^i^fcia j , i.'.-|ii!-,i-lI hy L:.c *m:!lK r - r :ri tf. aJjijj!. I. I.i ~.i rt.tLs. 

> Tlir UiFMtt l hii 1 ' recent The distance from jXMitf tr.fl tij ihi- J-- sitfis 

ii j-_ r cos fl '3 &IUS Uk ETiftftsisrr*- of Lli i- e r i •::• i iwiilE. of iuntia. abou* tL-C f. i. .• J 

J-ff 4 cxm is. siv-fii by 

I - fj^cos fl^d A = if j * J*“‘ VW* dr J» - J* sill J fl cos 3 # d# ' 1 


^ sirj"’#(6jii 0 cot $ ) J tf# = J (1 - tos 2 #j* <?f ,i 

JtwS# Kin^tf ««20)d# = -0~0 = JjI* 

r S'W mcmsr-nl 5>f incrl.i/i i -= hp ^n J , 

2t. l T -. Ii«i t A e = i I$> fefo* hH*)TAfl\0 - * f f rW# Jr 0 

116^-r- ^ |i; -:■ ral _ _ J J F? l 

- .:J ---:! ■ - : dr ffl T- Jt J -y :■■ ■ '■ ■:, I - :■ -y j-.• * ■ :. ■ _ * -}. *.■?'* ■ v, \. . |.j <■;:'•-■■ -U* 

- j[* - f \*«'*™* +f-f J atofl - |f -1 f H + i-l'w = M- rs* w sr* w 

22L = it [ I ?4rd8- (1 - «h T.-l u - ^ [ )? = Iflfca 4 I " ' : ;Ln s u rfy 

Jij J>^ tl " Jtl 1 

= 1 n 1 n -rrHi Tt + | ^ S piiii e ii dtjJ =■ I ^ ■ vi:i & ir ^ + s * 11 dv; 




= j j^ih 1 rj-rrtH. ti + ^ 


nit\*ri .-i'll 


-|-s-t«Ln S 4cwi + I "'Wfldn I- Irtur^O- H ■ J ■ « t** f 

33, J he rtsnoa if hoaDdcd by a t^didd r = cd H -r-w *7id ^ rjj-di" r - 2ra c<sk 


L = JJllS £ 

3 i rMO + T J JK 


d'i? - 




= n f r i n j 1/3 1 ^ <B,t de = H /1 ’’((i-r,* ay>-H 

™ J ( 4 TW^#+ 6fut 2 #+ i cm fl -f- 1)Ji5 — jj (—OuK^ff -^- (L -4- l)d# 

= -“- + sJtCB* z S + =na*Jfl + ^'j-coePsiDJ + ^‘J + l^(l^ = V i:n '“ < 

■24. Thr h'^i^TL by ibn- Icmnucatr lifV; -ibont thr poJsr | 

& The figure shows ;he legion. By syumaelTj-. lh^ mom^Qt i* 4 tiring i W mncm-ji: 

Hut part ill thir fir^i rtuadtiinl I'hr tEiMUan'r Fmni tn i Iw Jir?t 

^|UJidr?uii r^ci ihu |w2aj ixis b- ^ — r 3ia Titus tiw mocLicai of mertia is 

r sin #) s r dr (Nf = -J* J *^A| n'*e 

= Jto* j" W ' 4 «^2S sSa*# J8= ^ 

= itn i p *['(H-c™M#>-{l -sln^fl^cos 

- jJto 1 - isjii -If - iiin 20 + i*i 11*2# ^' 1 - Ua + (|t -t ,‘isj:i - - □ jf - jsin 1 





Lis ; :in no m i.vj'tiOK.u in i-olah < ookisivatrmhj: 


= - £) = 

■ T 3 k i iiuiEir.nl ttf .iirrl.i*. L-, - ’I If m' ! - 

2S- Tlw rtRion L» bound«d t>v «iir lii« taini inroirr ' i n* if, fd'A t, _ 

M - lim ^ Itt.i.r i i’ - k I [ r Jr- df - IA I 3l, f <tv df ■ ■ 3* [ i r J f 3 

iiiM),=i * k 1 J Jn J q Jo Jo * » 

= » J ttx 30 rfi} = J lift _ J 

L - liin £ K*< t)o,A r lk.f> = t f 1 Ah rf» - s* f T, "‘ I tA« w r *(jr J.o »»t f t/+ i rT 

0 ||i|-.6.ti 1 ' J J Jj* J<h Jo Jo * u 

hkt ■» - i|^ti*p 4 =h=#-=v®;- - w*- 

“■ * * irf/^ * * - n> -* j,^ * 

27. J | R** +Jrl rf A = | |‘ l /* 1 - Jr iff = [ " ’ i r’ 5 M | (r* - = ft 1 ' f j 

2S. Evaluate by polar coord] ns S»«i ibc double a 
where ft 5* r.bt* region in the first quadram 


J T 


integral I | -f —j-dA 

J J Ry r r- + y J , 

I hounded iiv 11 " drrV -r" 


+ _iy" I And itn'! coordinate a.\es. 


I rp 7—f-wdA ~ [ r l f Jr Jfl - J [ $ rf0 — ^ r.i|| ^ 4 

J J RyV* 4-*T Ji> Ja ? rf Jn * ja 


BecauRr j x.f y r j!" j- y" 3 1 <| jt/jt | — 1 uul the intceiarja. conlinusas except at the n-igin. tin* in'.fitfml -t-xi»t^. 

29. x L ' + + z J — 4* iLrid! ft? T r" — s~ ieil^rert’t m !iIf rerdr x = 3 ? 5 1 + — -I wbitb bidftCIS the sphfiie 

\t - ’J:) 7 4 +■ I Th=r -i])hfrr tin* mdiwa 2. This* Fr^ri Kffhmisk 7 with <r 2. r - 2T(L h i f - 

30. r 2 +■ ^ 4- 1 2 = M.j a +tt 2 < 3. r = 4-1 * + 1 - 


— 1 - 


Sfi 


Sfi-. 


j-5 

-J 


3(J 3fl ~ j* 2 - 

, “ a Jj ^ ls -V:/ A - K rfefar* a - 4 r-^^&'-' 3 r < ‘-*^ 

-■iMM»'fc.*-»WL-vSCT. v //.’ + 1 - t«+ 1 - 

3L 4- z 2 =. and r 1 4 -= 3^ intoKeet in iht- origin ^nd t!l£ drd« a = ^ + BMiiiw the LArgei: 

pnrE tif Llir- o|Kl|rfr* |-, wUhiii 1 hr |Lhtnlu-h f|. find 1 1 - Jif. -’. & *1 [hf tifiiaLLvr pjir 1 v h-^h he* bdo^ 1 tile 

in^rscftion, and subtract It Ikm tla- areat oF u-f ihi' wl^lr splLi^ uf rasiiftjs 2 uni Is. Frrtidi HjtatnpJe 7 with 
:r = * p ili ix is "£ ■ nquart* unit*. 


- “ /(X. Jr) - 2 - s/d - t? - ji 1 ! / r (x,Jr) s= 


. /JiMtf - 


. 

tf " IJ +/ >’ 3,)+1M =11 " r^h? +1-A = 1 f 

Wt nft? jjidar COEmlinnSj^ti. Ef 4 - — r J a.-ij ^ \ — r dr then 

ff =- ^’ T | ^ ■2(^ - t (ir =r j ^ -3(J - d\! - | - S + = 4 J^ dfl = 4 t 


AliittiWivdy, z = J\j,6) = 5 - r/'L - r J , y/ r * + p-% s t L = 

EJnLC^ Ehe l'LUji'iE:-f'L uf ^zuArf- uiialK in ' ■i-t* rf^uirnl aTi'jn \y- '6 » -t — \ ‘/.r. 


V ''a/\ rl* IJ i ' vV ri 



m MULTIPLE INTEGRATION 


35. Kijsd liW AMi of the plrlLort « the .surface -jf else- pazAboluid i 1 + y — ^ which lies within Uk sphKf 

JE ? + + 5 s = 4 jjt- 

& \\V find trie mlcrxTlion of the paJibg(Joid An<: Hie hphi'R- ElAnmstLny, r~ and y from the equation*, Wf £f- 
z^ — j_ the surfnfeii in[.:r^[ In lire ptuftn : - IJ Jdld Z — L. Tilt 1 firrvr* «f iiiUwhorlioEi Ln tis*- Miffm 




z tt 1 is thr dtdft t z +=3, z = I _ Ctoupderjrqg tbr &quaifc on ^ in the K|U&tioai of thf sphere. i™ (iat* 

at 1 -r b* + - ■ 

Tlsrjs^ I-lit- E-ipIrerr has fnif.fr At f0,fl|2; Arid r&iJiiSA- E_ The ftfiU I ■• showR the 
back hall 1 of ihe sphora. and the- surface* which :ies o*er Ji. the circle 
j- 2 4 -^ — 3 in 1 ii<- t y ftSaam- Wf '^e 

= ^ a +tf 1 ? 

Thai. 

/J*^)=5* and / w Sr,s)=^ 

We CAkmJntc the l3ErA>icfr or the jrfr-n and It) E^ilr*? fdKsrtfNhftl*a, 

| .y/^=r,y) f /. j (r.y]4 IrJA - ^ + 

, IqV^ 5 ♦ 1 r ' 5S rf(L = rfr - **$$$» + I r’^Jj/ 5 = |4fi/^T- 1 > 

Tlirj«foie. lire Alfa of the surface is %F{r u '/' t i\ l-fron- *qujiif imi^. while *hc vrm of ihw~ ™r,e of the 

sphere from = — ft tii i - L l.-= — L h T(L h ] -** s^iiire unite 


J3. -a..- - X]/ — ™ ^ is o ht-pcrhoJk piraTwiioddL r = a" 1 j|jr Im&U jr+'f? »-a 3 in lilt fiw& edllrt 

<r - Jf + MA ^ j" J l^A =|| fi a" 3 ^^ + p a +a a rfA 

- [ f T,/2 n~\/r i t n M i' dfr tiff - ^a _l [ (t^ + d-V^^-J^jrar^r 1 | ^ 2 ^ S i 

= iV 


34_ 


Kind T-hi' AP-ea of the gurfke Tut from thr- hyin^holir pr^miK^loKi 7 J - z" f!-: by t::■■:■ cvhoder x" + ^^= 3 ^- 
=■ ifp 1 --r 3 )- TW* vuid y Jj-, y)- ^actl 

^//, 3 UVyJ + / i , 3 (ffi + I - y^(-f 3 - &*) + t 


The nitfaee li-n^ uv^r i'ajl'I araJcifi theeifdr R, n. the r ,v plftQe ih^i i= the sr-T-plh n: r a h 7 " - 3ft- Tli+ifeforr- 

*= = rrvF- *'&&--*\yy^ t dr 

- 2*(fKjX^ s + if /3 [ - -1) 


J3Ji THK TKll'LE 1STBCKAL 

If / is 3 conSsnudu^ function of x. y, aitd = *n ^>ine c^giL-n :S La K.^. iheis the infejrfff nf / 
oh S in- jimt 

“ Iff : ^ 

vihen- S -;; divideil into lirre^s In plaa;«s |iArAllel Lu Lh-fi eoo?diiWlte- pJ<vne-= -Vld I A is lire len^,L]i 
of the Jcul^nI d^.i^orml of ,H !-^K. 

Wf HHP the Lviple iistp^Tjai tit find riir ;u;kI iili-i of A soikl with vatiaViJc density. Tf p(r,p,z) eh 
l.litf impure of I in- voLllilu 1 dctiaity oC ,l solid ihal- OfOliptrt Mu' r*-£m=l S, tl.eia [kr ttlAftSLUE of 
Lhe of thfi- f^]Ld s ssivr-n Ljf 

M = |j| Ti-Cn3)f,:)rIV 

\Vht;n J-U,i'.Zi — I, IJie lrjpis LatAfCtil fQT JT.aEJ ^L^OS the measure of ‘.:-i l \-jlume Of itiA solid; 
1 ■ ■ hi::: 1 ■ 1 :.*.■'! I.r-d |R m dirtily - v :- :. -r ::v.-- iw ■< 12 -i:v '■ r:: - .- I i!.■->■ 1 -‘i !■■ ■■-l- i: .U ■■ iri^ 1 v.^I-ie 

of a triple integral- T" S :s bounded by lLp pJaiies z - x-| and x - z-.^, hcirmd«l hy the 
y “ Ij-i-lz) fifld y ■ t]L*l Are pcfpcwfklkhu Ut I he pliwi-e, mu\ lwundfll Ity the NNirflvCm 

z — lij; r,! - ) nud r — r i^(x.y), i^heh- < X z . tfjfx) ^ -inti ^L|i’r,p) <. h^tx.y) AJfcd the 

funeLutns y 3 , y 2 . hj,, Mid h-^ are f-snEKMli (i,e. t’i^> have citnliuHLOUT deriVAtL^H Of 
rlerivnlivrs), Llar^ii 





IJ.fiTHK L'FtIPLK INTEGRA]. 


The roLtf of z, 5f. aud j an Ay tr- inr.ririi;Lii^ML so 13 &C. there: nre >i* :H*^iljie order* iff 
iti Legation I liar 331,1;, he izsvd Eo i- .-iliio'.* .1 L . An' L1 jL■ -l-..■ I. 

If the limits: of iii C+r^rnt icm, ns-* cnnst^il.-':, fjr.' r.hiLL If. i? a Err-cia.TipiilrT.r -rvTrji'ielpliied juicI / earn be 
^xprciserl a* i 3 if ppadyfi f(x, 5 ,-, i) _ j(r)A-(^i=jt(i then the Iterated integral celei be cJCpJrt-H^d m 
a product 

C Cl J^ 1 ***"^ d# = f WsMsrjJ Vv' 

Simpm T « frEnl* in §7rb showed ib&t Simpson's rule was exact foi polynomial* of d*gm < 3. I l=e Mnwiii^ 
a»l-nli>V. in 3 -sjhm t rjii; ’ibnCtrn rriiuiv r,'df- iIl.H- S Fh- * ti'lTiiFiisIrirli ^ith icrl-ict* A. B, 0. 
D. centroid Gaud mlume V r and Jel /i>, y,£) be a poffEiomiil of degree <■ 2 ihen 


y(r^p 5 }dV = ^LfCA) + /(B)*/(C)+/W + 16 /( 0 )]. 


■Eicrrurj J 5.5 


Tn EmkIw* 8 g L the ileraicd integral, 

*■ CIn Jr* 2 * i: *;* = £rH* rfi =I! +**-*»**»* 

= 0’ * «<»-!)“{“'*■if*(* 


Join 

rj fi fjfTflT 


xjf dy (?jt ~ | J + jry - ] dr = J J^ V + f ^ 

= J>v+i*v - = J|V- i^ 1+ ^ ™ 

j 0 i jx h ^ + ** ?)rf? ■*=jo £ ^ _ia+ i .«*£** ** * - nr d +s ^ + 1 

=j>^§v+a>x 


D JO JO 


nf, r % * * ^ = Jr/^i ;i & ^=n ^ * * 

= jjjs 4 y-VV)^^^-V-3^+&*£ = !? 

m *,n % fir U,. 3 fb 

p In - t*n t dx elf? = | : jr Jn 7 ]eS«c r| 1 |r In £ in 2 dt dy 

- | |p(]n 2)f(Ln ; - dff = J 2)^y rfj - [e{3n 2)f 1 [j i £ t * -^ln 2)^ 

6 - 1 "\f jr***'* rfc ^ = fif ^ t r<iz iv ■ jt if vit - ] * x ^ * jm ^ 1 - m ¥« 

- b ?- b 4 + y ] i . g 

7 ‘ [d I " | D f '^ ^-" = ^ | ~ r *ztQi tdt ~ ! j 4 - + <<W i ^ 1 = - J 


f 4 > f2*f#/3 r2 

I? I !> — Irin ^ ,^t: df? — 

S -1 J- Jo J-lJ F 


j:j:i 

f 3 |^ 


?m=- rfVu-v-^ 


^Ltiti"' s /3 — Uuii" t i!hif 1 dy 


= Jo Jo hld ^’ J - '* JM> “ ■^Jo 5 * = 


in riepeita’ri 0 18 . ^vuluale the triish' inhgnt 

In Keerrjnrs W .md 16 , S is Sm:nelrtH bv the pbine 12 jt - + 15 : — 60 and ihc coordinate planes. 

„ f f f n r ff f4[l-r/5mri-p/i-*/0 p , p /*)- 








1H! i Ml I.TiN.f IV KlfHA HOM 

it rrr ^*+i a wv= r f r 411 


| <„*+,**_ fM f <(1 ^H 511 " 3 *V**+ [ JfL *' 

s J U J t*D J Ji-fcft Jl 

f 4 M ] ^Si -i^- + f M> -»/*!, ] - j /a-[ 


J(l- */i) 




= Jo “f'C 1 ” D “^K 1 “D J f *f = 3 r‘K 1 ^f) A ^ tfT ™ t ' v ^* ,, " , ■' l "™■ /i&M* 1 )'« afdufpw 2 , Wf 

TTi.iy injp Sfeipom'* mlr. TW wrtittft m (, r .,«.OK(H. 1 SI ),J 0. M i. od (0.0; •)- V -i-S-3 -4 - 20. G = (£.?. 1) 
! = 2f)[/l&. *>■ ft} + J(0: X l>) 4 /(«,0, 4Y+ /( 8.IS.0 ) 4 16/(^. I)] = $5 + 0 ^ 14+4 + 16 ■ ^? = 41 
11. TJst v«Ttk« (1,1,0), (1,0,0). 1 1,0,1) Ik i n Ui* s>lajLL _ x - y ■ the 4ih vertex is O- 

jit/ ** - jo jar** = I 1 &“ ^* ■ jo -& = ^ = ft **i ■ & 

L2- fJI^ JV i*St fea iIm- r^iuu bounded by r.|j.- tetndird™ living, (0,0,0), (i r L.U) f (1,0.0) arid (LOj), 

P- Th’t rij^nrr ^hriws lln L rprfj i.Ki S„ wlilrJt is IkhjSii^.L by the pLiTCS 7 — 0 3Jld _ 

j- — i 1 Ibe e_y linden — iJ and y — x_ and %lht surfor** j -- 0 and ibt plant of 
(0,0,0), (1,0,1) and (1,1,0) ^hieb has c^ua^wn *-#■*** —*. .ftfc 1 

^lnivalwLtly, £ - X- j. Therefore. the given Liiple integral YYiiy be expressed Af 3 ,KJ,]> / 

**antcgrbJ ai [■oILoH'pl _ / f >■ 

- zET 

“ Hu L ir *‘+lfV 9 *r ~ i J j J*V w * y La v *■ 


- H 0 1 ( i^ + - a J 3 *' 1 * - ™ 

Iwcayer /(x.y L i) — y; i& dtgm- 2. mny o.^ Sirtiiisan’^ mk. (’ — and V —| - 3 -1 -1 - 

JJ ,^v = *ki'Mi+fa-i D+=$p+o+*+a+n &*=ik 

li S b (wundwl by 5fc* owndj^at* plan?^. and. [lit pSatwi £ -1!, ^ - 15, and - — -1- 

^ dV — | | | rtf dz dy = J | -l£y rfv cfr j ,^r^ 7 E ^ = l^j dx ^ 3x s J^ - :!■!_■ 

14- S- is th'K Lnl.ralix^rcin LHkUEidnl by [lUi ptand j! tt 3^ -r = tf, X — 0, Jt — 0- ■? = 0- 

| x ifV. .MsLIiijcl ]. IJmJ tlw Jliriiiod <sf 1 >, LTU^jMlnjt; lli^l willi plh.|*ci l* i. MciLcd 2- 

/(x.f.i) x ofd.^ ■• Tl ’ t ' *rr (IJ.0,0), in.S.O}, (Q.tt.Jl. (tt.0.0). Vr{-(^!^«,C- (?!';)■ 

f * JV - ^/f6,0.0} +/(0.3 t 0f-p/(0.0.2)•=■ /fO.0,0J + 16/f^J.J)]-^T0 + 0 + n-0+18-|> ^ * 

15u S j? bouiHcU'd by ? — r‘ 4-v 1 - • ~ -7 - -J* - 2^ z interwcnnK in the cerck ft x 2 -f - y s — 0. 

Ill,"-[J„J:. 7 ;?’-' =Il„ <3r - i:j; i"-*’!-** 

a k-’-h— 

15- Jf^y 2 JV if S i-H the rrni^n lxumdchJ by Uir cyljsidms ^ + 'j - 1 a-nd z 1 + y - I and the plane y - IJ, 

& The regjkm S aud mlt^rand arc qpmmrtdc with ikm]>kl to Lbe ry aad #2 

|j).m«?p. Tl,r- H^iire k!ii.p^x Sj. iIk fff S in sbe- fi«i 4ethhi. Wr talenSftlt 
tJit val-ue the iripk idL^ral ovtr S, multiply by 4, Iltc regiem 
bemud*d *bd-. a e by tbe cyEmdrf £ ^ y^.l y 4vnrl by l3i r xy pUiuv. 

FurtheimoTC-. the rcgLf?r> ^| tkHiod«l by ihe cylinder jp = y ,f i - y ihe t.- ^ v 

plan-Cx Tbt vjdnt of Llir L e;i Vrii isiLcrvrd Ls thus- ™ J r / * 

|J| - -1 J 3 | j dt rfti s 4 j v ^~Vy' S - yJj t/y £i,o,^ 


= -1 .v a /r- y/l - $iiy - -3 [^ (y 2 - s ,1 j i-y 1 “ {v 11 ^ i 


L 

■ ■[ 



" / 


< 1 asiA^" 


*S -1 

" 



13.5 THE TRIPLE INTEGRAL !>0a 


1?. 9 iri Ijoijjl.J-; sj by rh<: ryliriLlrTX - ■ 


b 1 apd i for pi anc* r + $ - 3. z — Cl. arid ^ - U - 
jF .t(t - dx i f t 


lit Take S times tbt par; in ibe fistt octant, V — 6 


xi] 4 - dy dx — 2 


Ira Eftcrc-isps JLfl-3^ ic^r triple uategratlci. 

j> V cubir unit.-; ir, Llu 1 v-oLuuie--iif ihr r^iiM. ?> Mid \-l i*, i J .:: n .l-i-,. 

IS, f> is Iwonded by the ?7t p)*ne L i pkinc 7 — p L i ho rylisider $r — j and i-Jje plane x - I. 

v= fll/™= \l\f\l* z d * dI = I! I / 7 **’*= 1 ! \ V T '* = C 

“20, Find ihc volume of '.he solid in ttic first oelairt bouurdcd by Lhtf cylinder ^ + z* - 1G. the plane r. t y 

ihe ihr^e e^oonl i Ifcfttr plruif^. 

fr The- fifuie skews the solid S, ^bkii if bounded.by (for planes x —0 and * = 2 t the tjilfkikti j 
jr = 2 - r. -and the futfaett z - 0 and ; = Vlt - ar_ Tt*acrfohe r the manure *F tfoe volume oF £ m 


Tift the fim integral in (I), 1*1 / = ■} *i i ■ #. Then 
I" V16 - ■r i </j — f ' 16 eos 1 *! 40 S 


.' | -+ w 


Fm the-weend integral in CL] V# have 


ftubE-ljluljJi^ fj'j'jii {5: And i]3) inLo (E), we hnv-* 

V — T 4 - v/i>! — i.-vr — £ y/31 — 4 !■ - — -j- 

The-n?Jb?rr. thn \uJltIttc id ■+ Gy^ “ t*l Cllhk tfujis. 
Ejtctdie IS Erarem 21 


Ewts-rifi^ 2' 


2L S is in ifor fiiT-l orlaai by j* + ir I, r* + 

v -jft"-E' CT /r- w ‘ Wh ***i 

Ut x ■=■ 2 ftiii 5, dx = 2 r/M 0 Then 
V =■ 9 f #/ * v#*9W - 44 wWfcin« t * f 


I .^lld the riK^rdilLMr 1 phi nr--. 


'■|>H ^ rl n I? r 


22. Tint valuri'M- of a. ounc L-s y.ligjjft aren)foeig|u, i -.i- bw -‘n L ellipse -|x J - Sjy" _ 36, 
*<3)2- = ft*. V ^ - 2* 


I of *rrs 





Mi MULTIPLE INTEGRATION 


23, TLt piogfction. of ;hc jatoLSKt-boa of ; — 3r* 4 j 5 and ; — i - i 1 ia -Sj: 3 •* y 1 - 4- 

V- lira £aA'=[ \ d\ - 4 f 1 f f ■*:' T ofjrfp = d f' f (4 —fa* - sj*)^ di 

IIaj-u.=i ills JoJ® +V J«Jo 

Lti \f - 'h l, dy 2 db. Tbto last i* -+ u* - du dr - d A = * dr d$ r 

V X | 1 jVi-**(4 - 4 ? 1 * - 4«* w« U - K ! 01 - r*)r dr rffl 9 38 jj 1 ^ r J -1 r 4 Jdtf = IS £’ ^dt = *t 

£4. ViBii 1J|H- Hllwmi- nf |.hi-H>li*l IT| |i IcHi^lS 3by lifer fejllirfr- # J — y J 4 dJ 1 , 

e> If V cubic units is the volume of the soliA; —- * - - i 

v = U J- ? ,.. 

The integrai in, bracket* rcpces+n*,? the ats-ji a c.wc.-.r at ndms v^- - -- and ^1 ^ ■■ 15^- 

V- |° (» 

Therefor*, t-hr vfiliirnf fhf tU+ -moE^I jfi ^Tid- 1 rmfc?j«r tm>u Nd:* ijLan (1! 1a pquLvjdfflX !-■ ibr- Ni^tfcod of nlkins. 

Eb. S is the riit|b*oicl e 2 /#? 4 4- — K 

Ltf -r — m:, dx — c du, y - tv, d'j ~ t> rfV. Then let- if — L ; — r 3 , dtf di' = d.A _ r dr d$. 

V-^pbr| - ii J —v* d\ f da - Bate J '* J { I ■*■ r s } J ^ 2 r dr deJ — ^Idtir j ' 1 - £ dfl 


~r* 


d$ - 

o 


2G. fi is bounded by Ihe cylinders z = Tjx z suid : — 2 r* L tuJ 1L1-, iitasic^ ^ -r : - -a. y - 0- " -1 - x J 7 " \ 

* * m" - i-'v&fc ' 1 ir* 1 - if* 


- f _vj^j a fl2 - in 3 - ^|i) - 6i : * t* ■ • ’2Uf : + ’-V’yj-r - ' !xi " 

= ^ - Tr* + ^s' J/^V' 3 = ^ 

27r § t* boundH bj cyUftft^r 2 - 4 ^ r? and liw coorsELnatr? pSa:ii-«- = X 1 . 

M — lim I [ dV ai t [ I n - * 4z dy rfx = t f I ri rfjfdc— J-[ I [A^r 2 )dydt 

lilPaffi * jJJ* JdJoJs JaJa * Ju la 

- ^ «* - * J* £» - ^ ! »*£ - if* ■ t)= f * 

Find lUt iif llw- ^<3^! ^iirLir,^! u.,- L,';;.xhi^!Eji J i^c .mxd by planr l<H>.‘ + 2Jy4 IGj - -100 and tb* 
CMdlnale planes it iht voiumt dosill> varies as titt distsJKft r'mrn tli# 3 >Islh?. The volujtw density is 
rne-atfur^; in bg/m 3 , 

fr Lrtpft, ji. j) - kx fat the me*sure of (bt voiiune density ^ (i.jr, Thm the nwasuK of the mass of the soiirl 
S U b ¥ 

U= [[[ * f dV.[ i4 f 1 ^ 1, * } ^f W ^ W,,0 *, rf .d P dr 


M = jjj ^ dV = | ^ ( 

J u Ju ^ Jo ' ^ ' Jo J <1 


M ^' dar d: 


„ apflfl 3 (--sp 


— ]r]x)' 




1 3 J 

D 13 


rteoso 1 


( 40 fl-l 6 =) J dr 


'T 7 iuoS 5 S‘ 4 ( i¥f' 




1W* .«« 

r.ii.MHHNi: iv; 1 ~1T 


Tlium tlie mass i* ^it kilo^Mns, 

Also, Waus*- - — Jbr 3a *f dc^iTM 1, uy m*y us^- Simpson's mtr,. The v^tiiees 4N- (tU.O), (A*, l&,0) h 

i|fi,0,.?>■. acid (O.0.D). The criuLroid k C - (M- 7 f) V — J-d ■ 16 THr^fore, 

f JtufV = ^jl/(4,0,d) + /CO, 15 , 0 ) + /<0,n. 23)4 /(«.<!. 131 * ]b/(l,4,f)] - ^f1* + 0 4-0 + « 4 16lt{ = 


IWIHK TFtIPl.K ISTEGftAl.MC 


29- S is bounded by j — and the plioti ^ — it and _■ - ij. pix,^. =j - Irx^ Itf/ttV 5 . 

“ ■ i w AV - *f I J/ si " ■ 1 C Ir J * * '"*L' L ' 1 i ‘•■’r ^ 

7 'v; ... tj; a.. 

30. late 4 times the part in ik first rtbidrAJiL. n?i — 1 v 4 -y / 2 I J is " v ']± z j- ir 

= 6 JJ J*** _ -J.- _ 5 ,= ;.**#, rfj.. - JjJ |V-^r 3 -jy^jv^^nTj, - ± JJtf - 3 ff&y 

-±J*fp 4 --lSjy ! + J 2 if' l -t S yj) = JfS 4 ' 2 - ]S -8 + ^-J 2 -l- 12 S: - =j£ 

31. 5 is bounded by r zz xjp wid the ptanra T - 1. y - 1 FUL-d ? = 0- J,y h 7l = v" fcg/m' 1 - 

m ■ j =i j j i s k/^t? 4 v - j jj } p nvrow* * 

= 3 J ^ | p =irfx a +■ = 3 ^ [*(** + l) a/i - *V* - + lj S ^ ~ 

32. A =alid J.a.\ [Ijl? shn\ k- uf d ri^Jsi Ljrrulj-LT ry liis-iler n~ r»ci. _s r isiM ars .-lijlS. heLy.hl b rtteteta. jfjncj I !_■■ ■ kiaoa <rf~ 

Lfre solid tf the vfllunsr -dc^ulitv varies as lie distance from one of the braes. I'hc vr-lun .■ .k r.----v ; ■ in 

hs/™ 5 - 

> Let oilc hnxc -of ihe *o1id Iw the T^pcm EE enelfW^d by a CfcPCtf 5ft the jj/ plmm with emir* .H ibr- origiiL rind 
iadiuf e meters. An equation OE’ tLe f ixide i^- x - +p - ~ r‘_ Lr! p(z.y, z- — Then (.he mindin'cf uniE.'-: in the 
VtaMH Dl I-he- mil id h 


« == 1] X j ^ * ja ^ II f ^ *■■ 

etws of the solid iiJM?ai;:-. 


■ 2 ) 


The nwif of the solid u jtrjfrft**" aiJo^Tams. 

13.6 THE TRIFLE I STBGBAL IN CYLIKDRICAL AND SPHERICAL COORDINATES 

CyLLudriedl (>KKdiiLaitiH Imri / b* * continuous functioii of f. and -. Le? S Jk a Ln twttind*d by sh* 

plaits y, b \Ih 3 ff — f? 3 , E-Eir ryEEmErrv ?|l^j a^irl r= ilinl arr- pcrpeodiculaF Lo 

(he polar plane, hzid by tbr ^urEu*K< z — A^{r T 5) juid z — wEieir- 

?■,($) s &?}:&)<• *»d i 1 !j{et f‘ ^.lr, : ni!*l Mir fimrhrKii' ^ L , j/j, and ■LOf’ -inoodJi. 

Ttien ikf sripk of / ou S Is eqijivalent to an Lcetatud Lnte^rjd. iv]i]l 


J{r,S.z)dV T7 |j [ ^/(r.rt.TiT. <f; Cfr iO 

m " ^ f . ... 

*m\Zr'\ nTA, - ii)r,ti<iTdS 


Oilier oidra in L^futiirjn m -t|:v. po^jhti*. Appiopiiate » ! heiL cheie b syjiijn^tfy wEth 
r^p«r! tn An a eylindei whkh n’rvii t^i ia^ m axtM. 

Spherical CooEdinates / be a ^nlEnitouS function of p. (?. and o. L« S he a rvfiion in bounded by t-be 
pEutics 5 - tf, aid ^ 0^, :kh cutu - .-J — j L | .‘3) :l\k: = j^fl? j and l3u^ htirtwi-x p - A L ^,^j 

A;td ^ < $ 2 (&) and <. ami the fm^Lioits $ v 

i l 3 ] . and A a are jsoiauUi. Then the i r i]* 3 !^ imegraL of / on i is eetui^akELL to an IletaLcd 
iip^igtal witlL 

J f{p m & n &)4\ — /fp,tf,o)p^in $t£p do-d'fl 

- ft»U 4 rf /7 *> rffi 

Other ordfJS of LCte^T3C-LOn ati- .-lI?.u |>UKs:!nle. Ap|j’Lj.irinle wluen ;-. !hj uniLi-ury 1 is a. nine, nr ft. 
upbcrr center^ i hr ori^Mi of eoEnajjLLng t3ie brigin. 

Because- i hr factor r. and p 2 . some Enteflfals wbieh at* improper in rect±uig^Lar eoonh- 
juites bnroiiLi 1 pjofM-r whesi we f-wiidt to eyliJidficaJ oe spb.eTkaS coordiuatei. See Lx. 32. 


\m Ml l,TiPI-K INTEGRATION 


JEmYtSf.* _ 

III Fli-L-JI |-f$, ^vrJiLite The it-il^t^ isLCi^r-iil. 


n;r-—- j^cr****** n.' w# * 

f | ^ V «B rfr # = f ■"* fW%, 

J 0 J y *hi ff } I? J fl J 2 nH 1* 

= [ =r/j| J!f{2MB^ 4 -(J^in syisin » era 9 dS - -I [ ’ (l - 2 sin 2 Pfan <f toe 6 & = 4^ 

. J* * . . .’ is. „ .. 


"Sleiis f ffl® fl di — 4 ^ ^ 


, g^«.=I.'j:-^—►- ''ITJ.''* --=•*- ■» 

J. j | 

* 0 a:ly***’** -n>- *1** - 4 nr* - c^i" 

r 2 t 

_t 2 fW - I6r 

5 . rr^ * 

if* - -i^i -1) - 

*. Sift * ri, « 4 - [J' 1 j * /4 J( A W«»i<lA *» 0 Jf <« - K J;£ j *„«■* *»■ ♦ * 

- in' 1 I r/ ~( I - roE <#fein O <f? = \n A |^ T ' 'i'ssq <S ry« 0)do - -n« ■? -siu — j : ; ' V' ' 1 

- J J ir | H'c> 2 - T^^dr dtf - -1|^ [a* - r , ] S ^ = I ^ | n ^ ” f* 0 * 

^ v s A - * ijj^ ixj; t r 5 

- $ «* j j'* "to « <* -w - | ™ 3 j rt oF r si* I*** *J, - jH 1 

|,|f S Ii r|ii> 1 : 1.1 id jn itir T=r>l i<li«il bounded by the Fph-rT- t 2 4- ^ -E-i 1 - '.S And the rooniinatt pUnw, 

evaluate she triple integral JJUp*«<V by tbet methods: t4 P*W spherical moodtoaU* |l>! "- "-S rectangular 

flif?ttpdLhj;!.n ii iY) nmNH cy|ir^dtpr'-nl r(Hi+4iinn?^. 
p. frb'i In f.^LexicaI (■ot>r^pn=itr'_f ha^x- 

a? s ^ win ^ f4* f? y - p yj.Ej ^ nIh (? i ™ ptrw- ^ 0 dp dd 

Thuf5 f 

| iyl dV — If 4TO£ p ^fisi fl raw & \ip d& do 

IWaifee s is bow*? by L(w pmrii. »plwM p-U «-«l U* sphere <■ - 4 Itowid.-I by ih* ejfHndeo. *-(I «"<■ 
p ^ U. Mid by Che ™» d = « Mil * “ J- I lie triple inieftnri may be rrpliaml hy an integral. Thus, 


p 'a'^O tos & sirs & t'Drt !■ dp tiV <i* 


| rfV = - f ^ i p^sin 3 ^ £<* O SiR tcr« 5 sJV i^-O 

JJJ 5 :, “ i ’ ■ c ■ " , l. 

Si *p*dp f 9 cos dP J ^ dd - [- f 

- I -1-i ^ ^ ^ 

(In lit recUmgnpL-iir r^tdi Eat^. s L: boiusd^ by ibt* z - U aj,s! = - \/ui-* J - j 1 , ib*LiJicli^ hy 

.■> ituHrtT: y ^ fl «k! y - - x-l an?d bcwrisLltd by tk planrs r — Q Jtn ^ af - 4. Thn** 


,fV = P J V^T-j 1 | ^r.-T 1 -,/ Jjt 


xy; ii rf>i dr ~ 




-« t~ dj: 


A |g T ! lc - = ■? 


13.6 THE TRIPLE INTEGFlAF IN t , VLISS>ltLCAl SFHKldOAL ■f , :OOKLJlNA'rfS SOU 


(■c) Eti cyLLtidfkal vfe have 

X ^ r *!<» P jr 2 f urn £ rfV — r Jz dr dfl 

Thus, 


J ipjdY^JJJ f^sLa $ tofc 0; dtr dr dP 

J.SrXnuMr' Si ut IhhjjhJ4-lI by It-- HuifarHt- ^ - i; ;uiiL ’ — s/tfr — r\ hy liar fylii kIt.-i r — til .-iftsl r = S, J4IVH hy L!i•■ 
[d.uirs P rz L"l n.ml fl — Khr inlrgral rriJiv hr ixplju-rd isy nn itaFiifrd inU^rjtl. ThiiS, 

|" x&t — | ^| J y/ii- r* £i^ _- j- dr tJ£ = W ^*| fiiri ttia P r a (H5 — Jtf 

= I« f <0 - r> V r - -yl = k'l- l -¥-W 

In t]3C£!tis-« y 16. us* cyliuErkat e4x>KiLtiaie*. 

► V rslMe L| I :'|! ■-. ; 4 | 1 ip- hmplirvmj ¥ 11j=: ■-i !■. \E k K i" - hi" t^Clircd IJLIIS-, Ji ]* tSn ! valum* <^si^ity. 

3. r = r CM V, Y = lira £AV=[ f tfV = [* /Z P di dr <& = f ^ f 1 rW # rfr rf$ 

iia ii—i* 1=1 1 JJJs Jo Jo Jo Jii Jo 

Ifc : - I - (i ! + - ] - " J . V - £|j" ri r * rfr <0 - r*>dr' ^ = 4* 

II. t 1 + 1 / 2 r s - V c LAjV III (TV ||" [|'. ■ ** J‘ ii tir M ||" || (4- r f )r iff <M 

= | ** ir 1 - J r*£ 40 - |‘ T 4 M - 


-1 

i^b:... 

griSL 


ESTfitisc 3 b 




Ewrriw ]£ 




Jl» 




33?- Find th^ volume ol tht sofcid hn>iktz(Lod by eylSndr? x J -i- ^ T " - panbalui^ x’ i-y*— 2z. nud gIl* xy 
^ F J'hf figure - sflQWh tUl-e- eolid which is bounefol al?in^ liy lh^ |<ir;Lhnr«iH wlii^n rylindibLl nqiml.icm is- £“ — 

u.t\d btfinw b;, ike s?j plurnf, ji[i^ boTf^ilwl by chut cylmd^r wbo^- eylirbdibcsJ equalioii r — ~f s-in U < # < r. 

Thr vdiim-r of ikp p^xn by 

V = JI JV - |J rf, efr (ftf _ f;|| 1 Jr ^ | \ iin*t 4# 

— 2 - ^sin^ rofi fl . J ■iin'' 1 rU> — ^0 — jj-jain $ cm Si +^->iff2,!- 
]o. Tbr nuJjd k IwuridoiJ Ere Gh* H[hhea-K r 2 i z m — tz~. ?i(r ■ r) = f .t "1 kg nj^ 

M -.. lim £ t(r, J 4 : : ‘|AV-if ' f |r J + r*)rfV = # I ' ' ? “ ^^tr 1 + ;*)r d; Hr HU 
UA.|—>□ .=| „ —a JJJ,^ Jn i cun 

= -r l ^ jr ** 

Ltl- K ? = ■s 1 ' ■ r^H 2li Cft - -2r dr. Tbtfe M - 4xk j la 2 — ^i 2 }a + JU 3 ju ifrj — -Ixt - rjV n Fl - 5- 

14. x 14 i- j 2 =■ di- n r 2 c 4r ens J 5 r — ^ <-<k . 0 < fl iT. JT* + ^ -I- £* = p* + r S — 16. p — A 1 1. 

m =r ^ ^«=* V 

— ^ < I - fan 4 fi)({& = Ifiiw - isin^^w 4 ^ 2 &sir0 

— Ifitr —; 32l|o - J • Ipui 6 ™ -f-1 ■ j - iftt IT - 6^r — lot jr 







11-10 l % l BGftjVl'lON 


15- S Li iKmuded hy r ~ "t. x- - f ? a.isd Lhe ig p'laftv- p — .t aJisg/Fl 3 . 1 ± is in slug-fa S , 

^ A - v =* 11 i / ajv = *j: n>* jr _ c j^i* *-n> ** 


Jo * * Jo 


■a>! = im"rir 


]6. k'iod Lht nuETionc of inertia of (bo solid bounded luv *. riehL-i-iHmtnj L:sllUjz- of allLLudc tmltn and radius n 
rnf-Lflcfi* with resect ot Lb* Mtii oF the cylinder. Th* volume density v.-uiips » Lb* distance from the rats of the 
cylinder and ]& measured in kg/m 11 . 

;> T.-lfcn tlir = ■ Li Hit Ar?i> iff 1i:- f^lilldiT ^VJlli C.h-r- ba?e of (hr cyliTirlrr in (A* |»[ar plftH-0„ We WO gjvon thni 

Uht isiribatt-of tbe volume deoeiLy Is f(r. — hr. Tf !> L* ill* region occupied by ibc solid, then i\m measure 

cfstN iatnirtml nf inrftitt ■ftFth r^jN-Cfc U> lEi* of the fjLIndcP LF j?ivcp b/ 


I, 


- JjJ T^JtrK^ dr d® d;) = i| ® , |} J> 1 ' J|fJr = * 2 *-^ 5 — 


Thus, the moment of inertia is JirfrAor kg-m 
n L M = lirri ^ fc^A * f f kp 2 d\' =■ Kir [ \ fi \ p? ■ f J SJ]fc G (if rffr 

Sil!-<V - JJ is Ju Jo Jo 

=l>:j;- f ' *; d d-ip iz I c^t f ^^-sin 0 dtp ^o^xil-Gos 

Jo Jo 5 ^ ^ Jo & 1 ^ ^ 3 

1BL ji m frr — hp sin o- M = J J J tp sin:a-i dp 4$ — k J —-roe J jfidp 

- 2 j — jfin -Jo^ = ji-t/B - 2 

In P'xttcbcs U« frpS^ckal pyorxIiriEt^, 

Up * 1 + s? + z z - 4s: p* ■» COI #; P = 4 tm& apd r 1 + ^ - 2p^«?p a fi: cew J a- — [ydiz -jT 


- ?rr - f-M-wnr ■ wh + ')- *•” 


V= lim £ A V - 
IIA 4-o S N 


fin c .fi;' rfy 


% Find tt* volunuf nF llw rwplid hind* Unn h-pbwn ^ +; 1 - ^ Afid 4ho^c t he fWdbotoLfi + 3 ? ™ i, 

& TCliirmuitiriji r juid y,i fru.ni thtr Riven tt[uaiwDB. we obtaiu Tbo?, (h« and the piiaboJoid ini^rars 

Lu [Jlr plaor : - t, whefr * And !:i tbr 4 >pi^iEi, conripondLn^ IO # - ^ B4WWIH* ill * 1 ^sbtiPit Iia.* lJw 

f^Liation at z +-y 2 '+ - lP - ]. Lts renter Jies an. the p.-ir^ r - 1 And its radios is L Thr fitrure shcjws I hr 

Eolid. ? r ■*- +■ ~ And 3 — ,. rai?. a 11 ■:■ rj■ j-lI L^uft^lorj of the spheie- is 

p 1 — 2p MlS ^ 

f ^ !i: cos ^ 

pinrjiM^ - if 7 — T 2 — f fi *i 0 *!*’. ^ ^-ihfrifAl rYinn^io-Ti -I t hr pnJ,-ilmU>id 
f res — f S ?.iri 2 :? 

f — eot ^ ^ 

Til* inwariurr uf ih* volume of the entire sphere is V E — l ie measure of she 
volume of tbe fcdLd, ai V, ~V, 2 , ^befr \- 2 ■' thr meAAurv thr volume hiF Uh 

sphere outsit she parah^iloid. Then 


r 5- s . _ , „ rrftrt™*4 *, J t 

Vn - P^SJE ^ df d$ 2t /listen ^ tip da 

J J */4 J p J=-/4j-«tO-Ocd 

=^ | ^[^ in ^ Xz *«^=^ ^ ^ 

-^-i««v + ^g = 

Ifec^Misr Vj 



• v i = 5 t 


.'.- — l .t, i Sic* vlJuulp of sht =olid is Jr cuh:e unttE- 
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iL ^ r“-sr > no* fl; r - 2 <OS ff; p = 2 fflli 0 Milt J 3 + jl 3 4 -J 3 - 2 A p 3 ZfPcOB*#, $ = ^T. If 

] f kfl-111 7 Eh ill* momral of inerTm iVilii ?r*port Nj Ibr * Jfll*. IliPU 


r f t /3 j' r/1 F "J > '■« * i~v: ■;- _ .. v 

sm = i' j ^ , J r ■" J ( Aun^)0?sih £■ dp d(i rffl 

- j" !■ j_^ , j ^ ^ d$ 4B 


f l -IliWW^ rfi-l 


lff “nJffc*5 ^ ^ A ' v "J J J H-* I 'i P r?r 

iSi™*-'-* UM = f Jff 

- J 2 *■ cot 4$l M - |= i t ~_'* r «w* Jt''”" y k | T/i U - 2 rid* h wo*S>™. (J d». 

-¥ 4 ^-J**^ **p SI?* - 

f 1 — [jfrfiiq (i) 1 , ^ ■ j>Vui J ri ■ t^sln $ tSpdf d$ Jt d*J \ i 1 — contain *p i /I 

Ju Jo Jd Jo Jo JO 

= - o« *0yj - 'rr=*$** 


]ft Exete i#r ±23 2 S r liMi tjip cuu 3 dii:ri!«f' Mj-- J r|[i i;Ui(. Vni| ijtr.UJp n I.^F fine [hr pruV.'HJ- 

iS. Ilii; solid is t2i*- upper hs-lf of Lhe spheje ^ - 2. pf/v.A^) - jfi- r T Ig/im 3 '. 


— Jam ^ ij&^A E V — ^ ! [ [ — 4t ! j f‘& i/: 1 ? | — J 1i)r ' jr/j^ f^iri rJ-^f 

1 i (HQ a=-l J J J $ _ J D J o J § _ Jo Ju ^ ® 

EGff I ^ ' mA i? — 1J ' ( --COE - Efi£ ^ d& - fttff 


2L Find tbr sums yf the homc^nacwis soELd EasEd* th« jHirahdoid If* 2 + — ; and outside the jj 3 + y 3 ^ 

iTlb<i if^khl.'SIlL VtKLLLU^ ls it kg/lTl 1 - 

> Q-tlndricaJ tofjhdici:Lr« ;lt^ Emwi Waasc ^ evliiitlhkal ^uation rtf the <" j ,' ". r ' - : . 

jjajit*rtl4*id Ji z - 3r^ ^.nd. * ejiiifidtkaJ ^itiiiwui cJ tfi<- rfi^i-r i$ ’ _ r, ,' V- - _j l .' :»v', 

UlicriinnCrnfr j frwil tJw CjiindtW-rtl «iun1aon?, kt^ flb^Ln ^ — 3r 3 . TElIJ^ 1 - 1 

i 1 — U m r — 1. i in- fgiij^- shows uhe solid, which i> byowtlwl Mow Jiv = . 

ilbr psqtfo&M i>h^wT5 P131 open) fibov^r by ibc Coin, and benjoded h> H 

tl« cylinilpir r = 1- If II is the meaiuit of the fttew of thf sotld. ihtn 

“* rr.r-»**-«nv-»* '%sk-_ ^ 

J® J* Jn tSST- 


‘The moss if 


3S j^STt !■£- 




Iw A*<l the JOlW i* bounds.| by l-hr- ipEirt#-^ p ™a .uilI p - - k r ' ai hhj^i/ft 3 . 

25- FT 1_ shis-ft* i.s the mofaeoi of liw-rtio of the solid alx-ut tht z ihrn 

*.■ . ;_■•■ . ^ i.-‘ ,: '■ 4 tj-V _ j :~*: m .:~+•.*•;- ic:V ■■ v - ii i - v y -1 

= I. = ^ ri ^ [ sssn" 1 ^ rf# rfi — ^ A-_ H=ira^ j sin'V -dc 1 

- -Yf C: 3 t| j J - ™^)f3r: i3 dd = ^*.n' |, lj -tlis <? ^ .1 n^JSr 

2 G. S=i|^ kp-^fPsba $ dp <flf =. ^ J -biel d dd-J d® J dp — £ -■?- 2 tt -o — 

lu K^rci.s«: 37 ^.nd 3^, solid is inside ibt parahotokl x* + ^ - - n,ml mPi^dc tbc cone j 3 + y 2 - i 2 . The 

Liji'i;- L-:u.r vuLlseeie tlrti issty |s ■; kg/m. J 

27. it 2 -*- y 3 - z; r = r 2 anti /* y 2 - i 2 ‘. r - r 


“-,*.£“- v -‘jn,"-*n.‘)>‘ b **=*n 

-*J. S r,_ 5 rJ t‘ W = R i |. w = S rt 

ff tfi-i'n the Eiionienl of ma&s nfr-h h^j^T:- Lo r. n 1 zry pEnnp, rh^ 

“-'ii*. s ' mvi ‘ji L'"* ret -***<[. ) r -' , i**‘" 


•ci 


- r^lrJr ^ : 






" = 0™-* 
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BeeAU.se of eymmctry with nwp: w ih^ - axis :h« crniet of maas is at (OlG.s ■ where 

28 - Fisid Lht EVuoraent of inertia willi irsprer. in .he - :s.k ir- uf iWa sttlid. 

► KlimtnWinK r bImI jpr from (ft# fliwn niuwtkmK, w* i* — Tfat* jr*"" 

the pvirn :;nrJ"»u r^, inienttiri ]jl tlrf planes m — 0 and - - L 3 :■* flgjue A ,<■ 1 

Mhowfi tl>fl uglifl jjh! i Ia projceL-ioffi on ttiu ry pLuie. We w* a eylindri- ^ 

ml nxmliiHil* system. Thus. the solid b iwiicidwl E**!** by the parabo- S;,' 

Uifcd .* ^ r 2 {ifenwn tut open) *.r*d abdv^ by 1 Im» nm r » r, * 

bcuiided by the cylinders r — 0 and r zz 1 r I) < 0 < 2*. Therefore, the' 4 
iiteMUte of the moment of ukiihi wiili ™^fL :c the : axi^ isi yj.vrn by I 


The Enorru’Ei t of iatfiit m jnr. 

in E* mi sea 20 3TJ, rv.ilnwlr thr iLtirftbd integral by using either tyiiifbdrkai or sph^riral ™*j«3ii tales. 

»■ r f 4 fy^ #**** * **| g ^ <f " dr ^ ® 

1 1 r* * - 3ft f ' ' tiii _ 1 ■■ rr 


rf-? - 4 


^ L - r^)drdf) ~ fnjf 


'(f ^4 <f r d\t) 


j V*-^ ^ £ J= rijp rfy 

Jojfl M ^ , - , ■ , I n. I - , i 

The giwei iEit'frft&E d IijU-^-elI b equivalent k> -i i npl** t--et a segtom b which is 

j —13 and 2 ~ IsoHodwl by ibr cylLndrfr J: «J And 4 1 - t/1 — Jf a , at' 

y = (I 1 jind j — 5. Tims. S k the part of (he spfierieJil soTid e^elosed by x* f ^4^' 
\Vr. UM 1 aplj^'E 1C .uL gOOrdlVIJU^, \Vr hAW 
y 2 +- z 2 — ^ And i£V - O^siEl & 

[ I '/* it* | ’/‘J ^ _ r - A .i rfj if / ify I I I .r'^ni ^ J#* - *1$ 


Mps^ I hni- whita thr- oi^fin^ inntT.iJ ih mipTii-pr^, r.l^|iji«-nei*l intefira] w p-^jK-r, 


^fiireflfln^Dfcj , c .-•- m • n ••= y.-. ; C.'^pffi- jy 


I ■=■ r = p sin (J = 3.sitl jtf = 3(jy4) — ft/!3. fl ~ t p z 3 -cos = JS(^J — 

:v!LiidriLht — (s V^i T ' ?) - - 

j - (-3, v^h2). p - + -* + ^ a4i #.'» ^ -h it = fti*" 1 |f^ ^^Moal 

. Kli41 , i- ■; J- — P % |" 4- 1 - ;. [5?ca«-.Kr z - r ^uri P .Uid V - ’^'n *. ^ryUwfr- 

S ^ — r &ia i?) 5 + 1; 7 - T J i 0Si-fJ - 2r*5 is P eos 0 1 r^sirr'fl - !: z — >' 3 + + I 

-woj. is 25^ +4jj a inn ISeciiusp r - - car- $ and ,u - '■ 9. S. h | il ,,., 1 .. fi i ^ 

1 + ^fliA - iutJ: + - ua 


“ rT: jicri' *i 
t* . 


VI3>l"'!■.I ! RSFRHSRS FOR rHAFTER 13 913 


■1. Find an hqua.Liti:i in *pl:*-r:r;i.i coordinurj^-of l3jj« p.rftpls of «^jcsi of [iwi fi>Jlc>vi ijLC* "Guar kr.s: 

(a) = J (b) 4i* +■ 9? 3 .= id 

> (aj Wl hm 

<*' Z H t ■*) h 3r ? ^ -I 

Rrr;tLisf" y 3 + ■+■ = 2 — ft 1 .uni = — . h - u* r. w<‘ olilaii; 

j* 3 + 3^-tce z $ - ■? 
i? J (l +■ 3 ™ 2 tf) ■” -3 

^b) Substituting tom Lqs. (Ell ■ s-f Seclioa Lft.D Lnl-o iht gtv<rn &qg*ijren, wk ohtaia 
i:(fr 3 fl - s.iTi 3 ^ 4- Gj/crts 11 * • 3ft 

4^fflii i ^ccsi 1 ^ - hd 1 #) -+- S^ra 3 ® — 3ft 
9p J ^o - 3ft 
p 2 (4 sio^ COS ??+ 9 cos 3 *) = 3S 

Jd lixctriftfa 5 12, Xk* iterated 

1 fo}/*^ ds dxm Jo i sfl 3/' ^^ i 


ft, J ds dy ~ 0 bMAtLM R La symcMtiicAE viih. rtsp«l to \h*- hiiJ List Lfitegt&Bd Lb odd. 

V, '" " - ■- »-•:• -■“ J'- - | ’ ''(i 'V ■■■-'. i " ■:• ■=•■<..-■•■ ' -ii,• L ■ :■'•■• 




cav- £ 8 dd 1 




: £ -ws 4«>W - an «£'* =|r 




» r |^ 1+ ™ f * I r 2 ,™ 0 Jr rfff = JJsln l["r 1 ^ |1+ ™ #) irtl *e| V + cos UV’sin 9 <19 ~ s[-J( ! - ci* 6)* [ - 36 

9. | | J e T f 1 Vdi dy dt = | | < J r " 4: — | (e**" - I )r l, r z <S?j tiz 

- J! j S V**** - * v >* di - L l ji ■*** - tVf % *=, l G fj= - r3= - p* + ^ 

v* r i 

10. I ' i | V^ M , y fiy 4s _ j * JI An" 1 § tf* =_ !,? rf# }dx f - 3 J 1 ]^ - 

11. j r, ^ Z {^C| I ^* nd ^ J# d-pdS - 4 j [_ '^Ein d{cos 

[2 ' | * n | v r <?~ *tre-^dt dS rf: 

■" j ^ -=j; -=- - >- - 




r:<P v 


- _-)df? Ji 


= -i* -^ S 1) 

In RjrroA*?-. I.I^NV. rtrv^lualhr Cht ts'LliEti pfle iDtC^Falrc 

13 , J | iy ifA;w p^j (mw tf)(r at dt Jfi — J p^sul & tos ^ Jr — J ^ 


lx !!«— ,rj> c “ fi 

1A + 


rn 


MJ; if CDS 5 


<** = i . J 1 +cOH “ F 


“■ i I =*i; J/^L 




im MULTIPLE INTKtiKA HON 


C. | j y + - ji-A : S i ; i nfgifln bounded by eJic cylinder x - y* and die pJan-es ± + _- 

Th« figure sJjnws 5hr su!k! s winch iB bounded WLov by the plane .- u_ above by tbe ptasu- 
bounded «i. the nek* by tire eylimli^H ^ — fH and jr ^/j-. u < < Jr? ThpnTufw’ 

f ^ ■+■ ;}J\ T ~ [ Tj " [ ^ I " * %cof(x + j)iz J|f dx 


Jim to r - r 


Jn hxcrriK- i!> dm: 20 . evaluate ibe iterated inle^ra] by ir-r-r^ziv order of LtiwigtAoic.".. 
iy_ I dr. I^dy At. = \ [ dy - j ' J F ^Lll y*dy - T i'sLn ^ - i- CO* £ 


ffcgjAn St in tlw jejf pl*nn* on whi^h 1 Sie double tnttEta] ia taken h, bounded by Ihti curves x 
mu t nnd she Lines ? — if and i — T r - Th i j a-, 

f “■' v-, f , * - f r ' s r ~ v«*, ^ - r ’z*™. _ ^-i*>*_,_, 


]|j LiiTCitT} 21 a£id 22, 'Ji-vJ duiiblL- Lul-t;^ r r,iJi:- In find Lin 1 aitvL uf r.h*' frgjrjjj bounded by lb* ■TTiJ'v-tS-. Sketch.. 


In Fitrrtscs 23 am I £4, evaluate mlc Liemi. L ijs^uil by to r.|ir- jiylindrtnC at -|11 reii-.-i! <-,„>r. Munir-. 

^ *it ,» 


+ jr dr 4y ds 


v-i w v- - f ^ ^dxdrdy 

J-o- Jo Jo 

Th? sivc^ i bg.Jbed iutoSIftl U ^wlkVlIrnL to a tfiplr jn1rF r r,iS mrt - n region S wh:rb jtb btHjfidtd by tilt ■Ufftfrg 
- — 0 *b 4 ± - \/4 — j 3 — bounded by liue eyLindeia t — 0 and x — - jj'* ? surd ijcmodnl by tbe plans 

y - D npd y 2. Tim*. S ir. tlie ynvi »)(thm .sfhWwnl ■inbd rnfkwfd by r 1 h y* t z 1 tbut h m. thr flixi oeuuit, 

[be imegraDd Zi/4 — JG 3 — ii staily eJIpfiSjrfd in ierm.^ nf cylbidrirjd i <Kwrlin.il« 1 Ii' 

ty!ia4»k»l enardinatH'N Uh rv±jinL!.- Ihr givm fCiI^ ij.f-h.1. A rylilldiKfr! cqumL-Lin of iLc [mil Of ibr hoJu'Tif Jjl IEjp 

All' first u^LfuiL is: - - v' t T%, sod an cq-Jat"UKl of iip. ptolrcticni ujiSo r.h^ sy i|'-M 1 iM i-: Th 1 cinrE* r — 2, 

ti<e<kr. IIiuMfim 

7a f 3 


I - - y~th 4 -p dy 


r fif; dr 


y -1 r* Jr d $ 




KXliRClSES tOK CIlAPTFB 13 915 


In F iniivtK 35 .tud 2", R isiai the first quadrant bounded by llie parabolas z' 
35 - A = 1 i .(x dp i ' f V* is dp - f' \dziy - [ 1 djl ’ 


4v 4Ad x' 


In Exercise? ftad 2& u&e doubJe integration to find :!if mm .: i.hn Lu the j?p plane bounded by th* 

para bo Ira jyr = 5 — r* and jf = j J +L * t 1 * t 

26- TivkL wfctb. tfttfittt toys \ f 

a= s f 1 f «r a * ix - 3 f *« - ^ w, - i»* -fc*r =. s? \ /m / 


2fi. fnl^rat* firs* with "csptcl to ;r. 

d The SlstUif* *b<SW* thr h^jion of whsen hnlfip 'horod. 1 br pcviibirian irtl- -—-. <-, *hen 


/f^T it 1 <\j< .'i 
if 


ThrwTnhr. tHn-.‘irfn :s HfUlifr kifitln. 

In tin-Tirol's rTiyd 33. lisr -ImibEr int^T.sti-uti y limJ I !.-■ th^ volume of ill* 1 '-&u::d boond-cd f>Y :ho p2s.;nrv- j- 

jf — 0, - — ft, x — l r frjtfS : — L 

v = JfC ll dxJvz : ' (1 h 


31 - v - J J fi “ A = Jo Jo 49 * x= J. 1Jj ^n 2 

III fixeI* i’n-H 30 JLiidi a?, lihl-- doiilhle triL^mi.;< j:i 1 o IjSiJ 'Iri 1 volninr it’ rb-f 1 Miiiil aUluv 
the pknr: hn-isinffftd hj l.he ryliin,l«r ^4^“ tf? a.iiO like plant 2 — 

X. V = 21 * Jy iy d* dy - 4 JVlA-ff 1 tf d j - - 3( IS - p*} 1 ' 1 ]* = *S* 

J2, rn t+ljrfi rr.l. with rt5C|i*rl 1^ 1 '. 

t The lieurc Ehovr® tfee half ih^ wlid llkat b la Site flTst cktifitu. We take- It Id 
be the <;ufwlrAin of the tlecLc r* h =16- Wf r+'^sind H n.: k-Lti^j, 
bound ed bv the Linra *■ — tJ -find r — I 4 i:hI the curve? y — ^ 

y — Vl6-?- TbiB. ih^ mtasuiM of tiw- voLLnit e by 

V = 3 [ f 2p dA - 2 [* T ^ *%dsi dt = 2 [‘‘(IS x s X^ 


cutoir 


Tlu'rthjrfl, tlu’ v-uLujill- tv 


[x 4 j- ex'* - Ux 1 1- e. 


1 

1 1 J. 


L, 

■^J 

U-i, 

F" 

l 11 




9]6 MULTIPLE I KTEf NATION 


35, La tbe Frret ocemu y > 0 so x 1 + ^ pvte jf = i/9- *?. Tittn ^ sued ~ — Ik. 

- nr^F**- 

* e | ^0 -x^>" h/2 rfjr =■ -fi ^tin^ ( 0 -* 3 )V 3 £ - -$ p- fi 2 ) 1 ^ _ 3 ] — 15 

36 , Find Iht area oF tlrf surEacr of tbf pan of (be cylinder * ? + jr 2 •= a 2 ih&t ues inside the cytinda jr* -j — a“- 
\* T3i«- iintI of tlw- ^tirfpirf Mini lit- in tl^ ftrnt urlum ih dfcnwci ^IwM iii Mi* 

5gm Thin Is ftftfr-tiigjrtii (if Lbs erttijv surfhc*. Wr lake iftr -j- plan* as the 

boriiuDlat plan*, iwlvin^ tbr equation of she ryLLntkr v — a s Fot f T we -. _.-' .,>. 

obtain 1 = ± 1 /a 1 — y y . We take ^^CxVxVjX 


Tb*», 

/ y (Vi=J - ' , < and /^-r} = 0 

V 4 _ 5' 

Kcnrt, 

LrT Ft b* the r«|.:.:jri in L:ie FilSt r^i j^jl! r.M.i i! of tIih y= pLtnr- I.h:■ u j 11Jt'<I Ini lb 
dr-cSe y 2 + ?’* _ a ? . The ppi***urr of the nurF^ 1 *tlnj, Lk j^wpi b_j 

p - 8 [ — J T 1 1 jA - lim b-o. I I -*d; - Ieei^Hu 

J J /CyeT - |T 6-Ml ‘ Jfi Jfl i/ft 2 . h— a 




. ± —in,;, lifi* - ScELi M 8a du - S«3 

Jr 


* Tbe Mafl*fC ra^fi i L j|iP;»;t unilrv. RrT-uira- llin ^ tepvmd i-* 'imbnimded r.i’-ir (Oi.n,U)<, Ifo*’ iiH-rpinl improper. 


!! - i *iit«5 rA *' v " JiV** KJ, "‘'*‘-\'l’„l'“Y-t’~.‘m»" 

3S. "t'bc lEmafOu f :i-«4:o» 0 kmkL» lb* f4tl-,I« f - T? 4Hjk 9 w||e-ji .1 - ^ d 6„ d - ■ ± ji, 

M = ^ f i "i «la # n dr d!fl - L 1 * ^ [2S co*“0 — (3-<w P dlS -s —?25.«» 3 fl 4- (3--cefi 
JCI Jj-erwSi Jo 

^ m= hI 1 ^ =J l n ^ dA ■ LT ^ ^ _ D **l d * - f j: 15 

[f M r kp^ 111 and M u Vr_ in axr 1 b*- mranrn^ m&w with lb^ ^ -rind jf asf-i. 

- iiat S fc. i r fti i T i - ;iA | A - f - i r rji^rfif^r= [ c d* =. ? — 18 

Ui ih-My *m\ J J /f Ju Ju ' J IJ il 

**= n &* * -1 - j: j; * - g =si** a * “ 1 ■=■ - 4 

If [f J w tbr renl^f of Ibc mattp, r — ^ - '«! ;l;h3 $ — '-j/- - ^ 

Find l^if rvrtrr f'A 11 i.=l .- o[ Eho lamina in ibf i\iA].y civ rs^iun '-inrm^il hv llv p;unE>ol^ jt - — [y jmd 

j: 2 = — Sy If ttiH 1 auFJi dtatuqLy JiE Jiny g K 9-int kl* kg/ED*. 

^ Thr Jiffur^ fdi^ws the repou LL »'hieh i-- larauir-iFi-d by the Ym** s — -2 ntid ji 

-n — houiitM Wtfw by she eurv? aad abovs by ibs curve 

if -‘■jfj* + t- rir^->iiJKe E Fie* rr^bwi ih --y 111 i3 if 1 r.rii-,iiI -ivilh cr^fircE Co Tbe fj adsi r - 1 - 

-r - (J- The nwAsurr oef iht- total niEti is pit-cG hv \ j/ 


= * \[/a-k* J + 1)- n- J - j )\£* 


FuritujriLLOK, 


M, 11 A cfA - i V * ~ l*G^*[f-i»*+|) a - U-' -1 





MISCELLANEOUS EXYMJL5VS FOR t’H AFTER U !?lf 


\x* 4- 


TlrfhJotS. Itir- rt :;H-r uf mass (0 

41. M - lirn “ 

i ji n—*u ihi 

-i f ^'"‘fl-jc l 








+ jr^JA — *■ 


ifr iJfl - * 


Jl: Sell £■■ 


^cufcntf 


r\fr o'? 


4, Use spberswl wtrEiinascs to find :ht rcass of a spherical ^>Ik: nf rwd]^ u mtsers jf t-fK volmrw U&mriy at each 

jju: n i ia p^ipCPr.!*HflJ 'O ihi dutfUKt (>f H'f'- [m-ijit j'pom Etar frJitrF rrf E-h^ Tlw tf'olusn.c JnrtJkty i« 

measured m leg/ m s - 

t - WLlJt Etc ut' liu: sphere fli Mir origssk n ■^[i-1ii , jw , .:lL r*(ijaiiuu uf Usr bplbfftf j- 1 «- Wf ;*jc ^jvc 3 tbaL the 

volume dnnsiLy is Jt /3 |i|/m s , Thr m*Aeiite of (hr 1 mass of the *o 3 iH is f(iv«Gi l?y 

M-z f H* fVpJ^Sn 

}a J l| J-tt 

TV IfPW h n-ira J ktf. 


sin o <ie> 


!y* ^0 


if.- Jf dff 


]u Etancisre 47 rjlc) J-*. a Ewnlna js r.h« ^-is; 
c-ucmtiiwLa rtjtc'j;. 1'lir *uen ilestihy ai any pc 
47. If kg-m 2 is the moment op jnerl'iA *»r 

I - ]im £ p^u-fjji.A — jy J 

* J AIM) - 1 J } F? 

=- A* 4 * £= &(** +« 

4-1f. Find the j-jjLrfstt r jil of Lamia abwit the ^ of th* lamina, 
fr Til* fifltj-fi: ihtJWii «llT fetfiuh, Th^ m«Anlir» uf ifct RAHIfln flf iiwrti* akkriet the y 
fisis ts p^vsci Li-y 


Tjray d 


i* US*- Ili 


Thus, liui manjfcnt of hurts* L& 


yl>- Mi LTEPIE iNTEc:RATIO.\ 


I el Ek-crriiies 45 5 L lamina it the region botiaiied by iliti IrismiMzale r 2 — 4 M l-hr slThS* i& ft kg/nA 


V.). II'ltg-;n* ir. ihe moment of luereia of ih* lamina about the # asis, 


rVof^rfr rf* 


T„ ~ (tin £{?.- to, 0 , )?(*:)*. A — Sr f f r dr 46- f V 1 ™* 5 i^m*^ Jr r(* 

f A||—*> e ] J J rt J -=r/4ii;< 

= VJt I r'JjJV^ M1 f# J# _ H* Wtf rfd! rv ™!(iJr 

— >:* | ^ (rtB 1 ^ + hm^S^)J i) — St | ' T ^ 1 1 .! 4 in* 40 + (t - sln^Jrea ifljrt 1 

--6tf |« +£*■ *6 +^ln 2«-£rfnV^ 1 - WsQ-th £ -|J -*(t + |) 

50. M — 4t | ' 1 *^r 4t d? = St [ tos20 46 — It sin 20 " Tl * = 4t- Thf rn*s» ir- -It kg. 

Jo in J-n JQ 

51. If 1 D kg-m* k ih-c polar mom-eni of inert 3 a of the lamina. 


J a — Ima V 
V P—0 4=1 


= feft J ^ ^ d# = tik ' (14™ 4&’\d$ = # *j ft 1 | si n 4fl ^ ' 3 - "j 


Fmrn isr^ fsfj, w* h.tvr fcl — Ik. If r m+ , ErFN L-t I lift radiiut i>f jry c\;iJ iim, r — 1^, — y-=f^ — 

S' 2 P Flad Sli? ^AUjcdI -cif j uc-4-Iea ib-jut ttj? p h^ji uf Ulu m the jbaj.-c of tbr fedon haUrid-rd by lltf 1 [WlMl 

5 = x-lt^ aifcd the Ituft x + j=U, if like ^A-nt density n! ftiiy fK>i isE b( fr -r j)fcg/m . 

^ The figure yfciow^ ibc legion IL Let p(T r - r + ji. ‘1 he number of umts jn the X-J 

moment of inertia about the j axis Es xxL-^?^ , , L J 


r ~ J, M^*+SrM 9 ^ - lyp- v ?l-*'d± 

= i|V{2x - -1| % 6 - 4x s -t-IttV* = |k T -|x <i +^'^ 


I I ..L 

i -Ji 




11 ^ "1 “ -7 »^ s > ion 

The moment of Eriteiia b -^r kg-nr. 


In W ruiii y.| 'Ik 1 r-nhrl :#. l>oumcllr^ by tine spatre? f - - and ^ - 3. p — V>- kg/Ki a - 

“■ m= 1 i^d - j j dv =j„ ir j" ip ■ ^ # ^ ^ ^ _ k i ir ^ ,4 i 

-yl ^ ^ tiji O d& Jp s- ~ i: ' j' ^irs ^ | sm $ dp — ^ri| 

S4_ M_ - | J |.p iin ^) 2 - ft/J- ^ cJi? dtp — VtI j f | j^lTl ^ rf p| 

^ l^Jtj-OCS 


I.P r..!. ^ r - f sin fi 1171 ctfG ^ — VtI ( I TXK ^ j'!!!! ^ lip j ^ fi 'dfi 
^ ^ " ■■ 


54. Tht soJi^ is bfmridtd by - 2 — t- %y 2 - r ; 2 - 4r 2 , ; - i J aj:d j - -., If l 2 is id bg-ni^. 

■* •* •? - iiL**” *r ji * * *«' * *rc a l * * 

= “Lr -" ,i<r ^ =,, ris '■ -5’*t “ -Jr 5* - a -i- j ' - f" 

M. Find th.e center of mast of -be wlid bounded by tbe sphtit it* + y* + i 5 — = 0 and \h& cbe le 

AEiiJ rtlfctv*' tht- roEi^. if the vduinv driiiiEty ral aeiy |ooiiiS w h kt/m 1 , 

EliiDinftiing + ^ from the ^pven. equations* we bitve fli - z 2 — -~, *1 

r(r-3jr- 0, Thus, tbi-r Mirf-Mru iLLc[»eet ia Hr pJ-tu^- :—0 vijd.I : — !I /■‘r'Ki!V"z-\V?\ 

FuilbermOTC. by wiDpkting t hr. iquaw have for “he ^ipialiois oF the 4 ,ov' :'-j_ j 

sphere r " 

I'he ^phew has- eenter (tJ.U.J and ladivs 3. The figure shows ibe solid S. 

liifi apheif 4 iR4m] cohr eoEitaiEi (V we fiiJhrtirjd 7%^. J 

Bw-m^ iV J 


MISCELLANEOUS EKEH^ESES I'Olt OUAPITtft 1% $1$ 


r J 4 y* 4- ir M - p 1 and i — y cos ^ 

LJic gLutli rtliiAtL-OLi ot Ulc sfphrrtT- JKC&lliftf 
p 2 — ftp -cofl O 
p = 0 cos -> 


in ^ahaiw^l ^inlmiiLi-s. FHvehm- mi thtf i'ih. - j - .'■. Skr 1 tH^Ation of the tone 

$ ~ i* 

Thiwi S i* UMUMtal hy Hir nuif-ru 1 ^ tf - fi mi d ft- IwumJcd by the 1 ™mrr- & - fl :«hI 4 - Jir H for 

O £ 0 < 2r. Hence, the measure jf the ci - i-ai==- of Eh.*- &-;“■! i> 

M — HI Jez JV - I ^ | | *{kp cus ^V^in a - ^±| ^ I sin ^ cm ™ 

- 64S^t f ^ ran ^ — $-iSTrif—= E4lfcr*(l — g)-= 

t'urtbennoTf, 

= J|| jtr*JV ±± | " | | " Jt{^ rty? i) 2 p^i.o £ jfp eftf *f<9 

= 3it J * j «nco^^fO i) 5 cW rfp = J ' ■ ^' 1 


_ ^k0 - te^Igrk 

i _ _l_yr 2 T39tt* 37 

' “ M « MftTt- 3 ”3 


Bftriiuw: M and. the density function. are syitimdric iriik ri^|>scL to aha - axis. the center of nuv>* fc w r.hr s- 
4tKls, THw*, llir (WEUT of llJa^n ih *;Q,ty,^) F 



FOUR TEEN 

INTRODUCTION TO THE CALCULUS OF VECTOR FIELDS 


14-! VECTOR FIELDS 

l4,Jr1 Snpfws^ Liiat M and M arc fi:nfLipq of itvO vreFuiblrv- X ruirl jt Oil Mk open di*k 

E5(( l-g,. r ) ill njlrd and- HiTH COIll IiIEJOIES lift B. Th£kL ibt VttWf 

T Nfrfljj 

ls 3 jpvKbHii d-ti M if ^-nd only if 
at aJI [K?nlft in ft. 

14.1JS Til to* cm Lt( M. N, 4nd It be fy.ne&Lons of three vsiiabk* j, And - drfiswd ou ml open ball 
F' : .. ■■ .; n ■ • ih K : 'V 4nd SI M . N. , I?, And :i n ■ -■■ r(?nMni:nn:i n- W. : V '■ i ':i' ■■'■-- 

l ^-)jt Eil>,jr n ^|lk 

sh ji ^r-ftdiyjil on H if and only if 

=Nx(J\j&3J Kt^fevit) 

H-t all fKrtkr>: ih B, 

A rfdtftr jroW is a funcllon that, ASSOCI-aUf 9- v*cUjr wiib ;l point in xpar*$. A scalar field. Is a 
■■■h .-.ilh .: !■■■: ■ 

Cbiisefvaiivt rF F h a vetuu lidd that is :tir: gifadkftL of some aciUj field d. thit b. P~ iben F b wIM 
a eefMeu-ij.hr r held and o i.* a ^urif-Ahaf fimttMn for F. dd ~ M dr 4 N" b 

said to be au £ 2 <af 2 


Oe F !.:-r a vector FreEd on jwpw opon iit Ft 3 ?nrh ifo-tr 
v, x} - ME *■ **)i + N(x, f , -B + H(* lSf .;JJ* 

Cirri Tbr csirif of F if= drfiiird by 

if ^H£t juaiLia! derivatives catkrL 

Til tomti of vectors. THeOnan 14.3,1 bro^ro^ 

14.1,5 T.b«He-m J>; f be diflfrecniLabje od ao open bdj B in K 3 Then F - V/ ii and only If curl F _ 0. 

Tf curl F - 0, tben F in -Mild E& be Ip ollwf imd?, F b i,fte>U*iiWl5J if (Mid only if it » 

oonsejvaiive. 

LHvrrgj-rj;^ i'hr divv-rgenee of ¥. dtr L oted by d:v F. is dfflneti by 
if [Hcsf- jwir I derivAi’VPs c^t. 

[f F And G aj* Vbbctvr fi^ldn, th^n cut F + Gj — njrl F 4^^ G =Vtr| div(P + G^ = div F -y cliv G 


14.1.Ei TbeOJetLi Lfil (j be difTeferLCi^bk u:i iHi o|.k:iL bh.:: :t. TtiTii G — ^itrL K if and ousy ::' Jiv Ca — Q. St*r F^-s.. I". 
Tf div GlO, ’hen G b f-iid io b?- eo^u^i^uf. 

Tf lIk: dr-: «^r*tOF ill llin'-c din?co>ion¥ b Hfll qcm. 3 by ^ -F j: 1 ^- 4 tliKn 


i j 1 

fart r - 7 k r = j 3/a* 3/a ; 

M N R 


Mid db 1 F - V F 


i'Lt Lapkacsaji of / is gie-esi by 

Two UimjfQsioas If Y ia a v«ior ileJd on seme opeu dbk ld Ji'. siucb tbac 

then curl F(i.Kj=|^-^ and dwFTi.si - 



L-l-1 VECTOR FIELDS S21 


Frst\rrs.'it -i Ij.J 

In 1-6, filwlV 6B A figure tJfcf h-A^tPR initixl poiitE At of the V+tHLw* ill Hhi vpctof 

field, x i* i; 1 *t s 2 -and y is ± i or =2. 

1. rS-y) 2- - -xiT-.vj 2L l^y) ^ tyi +’&j 



p- 'iEstcid^ J- The ktbJs l*-fow Lisas lL-p fuatt-ion v*;^- iVit P ^ rj%ch of ibe pwen ponnic. For f-orH poiot (±,y) in 

ifcp EjhJr, Vri' isr-* 1 ■Ix.y) .i-. ttl« inir.i-%1 pmitt, WwJ ^uU e|}u -cttlisctrLC rapmttlUtFcm ra|" thr vrclof P(£iJf)- Ktv 
16lC 1l£llC4 J -_ 



-2 

-l 

] 

2 

—1 

61-Aj 

Hi - tij 


-63 - 

“1 

6 i — 4j 


-4i - 4j 

-fil 'Sj 

I 

til -4- 'lj 

AS H 4j 

-$i -I- Ij 

-S3 - Ij 

2 

fi-T + 8J 

vlfe 4 Xj 

-3i 4 Sj 

— *-Cj 3 4 hj 


Id Ejrerri^ 7- M, find ft eoEkwtv&Itvc ’mwtor Geld having \h* gi-vm patatit-l*! fuse-LL-on- 
& The desired eamervAtive 1 veri nr fiHd s:: F — T/. 

7* / , !-r,?,'j — Sx 2 4 2t/. P>. - I - V/fx, JJf) = Sxi - fijjj. 

«. Hx-V) = J* 4 - ?rfV+4^ 4 

c. Thri leqoijed toaservatclvc v «ew tlel-d E n the iif /, Tin-., 

Ftr. r ) - V/{/^x.jrli - (Sr® [-!«*»? + 16^H 

9. = tMfVjV ft*,*) ~ VJ{i.y) = - i+ J i , i' 

l + x y l fi S 


ID. p f| 7 . yi = W T rr*. Pfx,?.! - Y/(x,y) - -f*VI + ■!■ r - rr ff lj 

11- *, = 2^ - - -ty a . ffo*i) =* V/< z. ft j) - *6z 3 - Bit + f§f + ( -Z±* + 2r^ - 

12 - /(r.ft^) - y/P + 1 T+ - 3 

& ]f V » r.t M - jfqured vccLot fii*W, 11 im» 


F(,r. y, *} = 7 M (Zi 2. r Ji + / v i x, v- - U + / J>. y, z )fc - 




vV*,= . - 


13, /<**«> - jV* 4 - -) “ V/(f,Ir.-) - *V“4'j -ts-V "k. 

H. ;) - ; wii* - ?). Ffr.y.s) - V/li;,.v.:'i -Sj-.-twIx 1 y!i c«n!<(«^-vj] -#h(x*-y)l 


<j?j iNTRonsjci tax m tejk t'Ai.cirt.ELS nt vt:rnm fifujm 


In Kj^ilLsk^ L-r 2Q. rJi iji.^ 1 if iL-u vector fkild ia cuL'raiirviilLvi". 

IS. F(*.y) [3*? - 2jr*)i 4 *3 - 4xyJj Mfripli ■*■ Ni>,irtj- MJ--Ijr, \f(^sd - 

BwiOK Mjj - N ¥ . F ik cGD&rvflXive. 

1C. F(x,p} («’(!* 
p- Let 

M (x, y) »#***+ S(±.4) = *-V* - 3 ** 

K^vJsfV' 

fiwxiue M (t. y) = it Eoltow'i c h^i F is a gr-adie-Dl. *fbd hfac? a rcKtsnvaiivt vodnr fir Id. 

17. K(± n Sp) - y mab(it +ff}[ — .r t-jx^.-r -i- y}\ - .Vl( 4 NfJ.tfjj. 

M v (^t|f) = I y) Df wnf* * jr) M^-sr] - *-Biu[x 4f* eos(f + If) 

FSbc^um* VL +■ N__ F If: iiot ukatHcnratjw. 

y " J ‘ 

Lfi. F(x,y,-} - (-S* 3 +2^ijl + (2^ ■+ fijtf )| + [2(* + 3si a -£:)l M(r, 5 i,*]i * !«{*, ih-rli + K<-=, Sr -)k 

Mjr,if,*l - - * Kfo**) = 2y 

M J>, y, *j = 2y 2 ) - 2* + 6^ ll B {jP, y,;*J ts 2* + fly 

Doraase M v — N x . M t — E i r . n.nd N f - R y . F i* nmi<Jie4V,nJLi*e. 

19- = (apt 335 4 i J )i4(3« a4r 4-t ,i *E 4 (*ilr ? 4 j* 4 S|^^fS+ iltav--)* 

=ft?" lLJ*i***) - ** 

f T - Zt 1 * 

Ii«au£* — Pf z , M a — ft rh Acid ’v - R yl F s* oogwrr^tl«:- 

20. F(2,y,:) = h-h.Ve +. (i_w / r T ^ _ i*jl 

t- We if-ply Theortin 14.1.2 to determine if F is a cradicat, Let 

— y atA Nix ? y, z) -!an i-: Bc*y K{x, y, j) j see J 143 2 

M v l I. JVl -) — fff 1 J- N r i>, if, -) = ZTC~r ii r i r, ff, r] — w - L5VT1 _ 

M s i.-=i If > -1 » 0 S J.*, Vi =) ~ — acx.:”y H ^r, y,z) - fl 

Wr have M e) ^ ?). Hctw^virj, becaupe M t) ^ 3l,(ir.y. ?). ihen P is ityl ^ p^vri+tnt , *f*d 

f.hu? uni r£>n:«-FV.Ttiv+ j . 

Jli Kjuiixuu.'b- _L 32, jjrutr C.b^L Lbc Vlt Luj Field Jn-rrj.ljtvrValt'ri 1 auJ fincL a. frtb&ILliJLl fjUTtHD. 

\y W« ffritV [K-flvr 111 n. F c^nr^rv.-iliVe b| r:< In Ijalfnp^. I.W paErnl^nl fn nrlicKic Q fSUth r.kiii F = -v^w 

21. F(r,y) — + rj — wJhm $[x. - ly 4f. 

22. F(4!,y) - j| + Jr] - ^ wh it*- Jy 1 + C. 

23. F(r.y) - f*nbi ,i/i + fVw ,^j — wlif-r^ ^(j.y) - --^in 4 f'. 

24. Fie.jf) - [<in y ricil* 4 et* xr eo^ii ^li - (eot jf eos-h i- - alii tinb 

d F ip -eoDCTVJLL \v* if and only fF - i.he gradi^Fil. of No&m 1 r m-y- IVe Rl 
M(^ ri — i-ili y stn h /■ 4 iTni+i ^ j 

,N(jE,y) -1 COfi Jf et>sij I 511L y SlQ?L J 

TIpfi* 

M^(jc n y) — to? y ?tnh ^ ™ fin y co?3l x - Njjfj.j?) 

f h id the KfikdicnL frf "&m<? RlfiCt5« t'UFtfuTFVi**^ we l^ve 
y) ~ -itfi y sinh ^ 4 f.a s r(wh t (L) 

^ B Es,y)= y f**b tf-ilm JrtifiSi r (3) 

lnl^F_r;Ll,iu£ w\l\t r^--LH h r : - Thst iw'h gife of f LI. t.'O have 

0(^i p) ™ &in. y c£*b x 4 tLi* y aiiiti x 4 i( jjr) (3J 

i ? ;'.-'i;i.l tlinViPinr.iniriini; ^ ifls rr^pi^ ' kh y ms Im-ll; ai-ilo/- ** f (3 , wi L h;Lvr 

^ J-ae jf friedi i 4 e r {^i) (4) 

CronptfLi-itifl (2 ; find ( '3 J v. >■ Hird 
^(y) - 111 

_ *{y)= C 

S-ijbfl.iilUi'n.g f^r c(’.; aaiDi* (J„». the rw^guir-tfrL jkj tiriaci.il f l= e i h: 1 ij 

= tin ]f C*?h r + tc* r/ dt*h f + t' 

25. F(i,irj - (ixf - j,’}i + <2 j-V - 3ij J + 2Jj - »rliov ^r.jyJ. - rV - O 4 + 2jf 4 < 


J4i1 VEXjrOB EmDS 923 


2$, F(*, j) - (3x i + 2y - jV)fi+ - &cjf + 2y = wh«5re *{*, v } = ** ^ J*y yV 4 C, 

27- F(j\£. -) - - g)l — *x - 3j )j - (;* 3y)k ^ *hr*r ■■'. J%y ,?) I/ 1 - xy — 4*Jr* + C". 

2ft. F(Jr.jf.r) = if:i-l- rxj 4 jrpk 

p Bfflr-wi** 1 F i? ropse-rvaJivc LF and oak if F is o gradient, wc let 

yr N(j! n jf,:3 -5 jrr ftf?, p,-: ] - 4p 

= * *,<*.*-)-If 

Mjtfnfl.-!) ■ tf H^MiS]*I K s (r,S.5)-^ 

Nw-jwisr 

- N±<^M = SJr,y,0-iy*.^:) 

then F ^ Ijw 1 gradient of* i^benti*! function tf, si.nrh iki'. 

Sf- - ) - S- *J *, r - ) *=' *± * J*i ifi - 1 - J-J ( 0 

BtitOM d^! r. ^; ■ - y;. then by integratiiiK ^itb respect is? j ■ wt bovr 

^T^i-S “*¥-4j(sf n x) 

Fafti,aEMdinfrrcqlpaEin^ fr:r,h txvjpTtt <0 y on htllh aid* 1 !*, H ! e get 

-xs+gjx.}) 

Eirtiin*- 4pf *.lh- ) a rl in {1), Frtrtellitfc Mill r)t^ rthil iJntl sj = In.;)-, jusi| 

— =S= + ^( = ? 

i J _-irLrii!- ili ffii-r' u! jlj f .Lli j. 1 , With hupnet io S, «r tiJlVr 

=^ar + *'M- 

AjuI because O - ■ r :-' i* {l)i ihrn fc'i.r) - U, and '■ ;} ■ O. Thu*, ihe IWti.uii Ls giveg by 

*U.V^ ) - Jyi+r 

It is ptd«i|jf legitimate to ~ sir- <11 ■: 11 i^-rvly vc-rify Eqppiifrm (3). 

H PfcSLl) '*= «BP* 4^]! + l>* M , *)] + ( -yr* 4 * J )It - ^ whrsr jr,y, -1 &* 4 fr* -tff r + C, 

20. Kifx.y.f) - \Ijlh y * 2fy *«- r}l 4 i> ■ **>-c ;1j Hm: -(^ ? Er Uut - wt = -fc 

^{r, — ^ Lftn if 4 ~~}f ^ — Evm ^ 4C 1 

J|_ F(x,y^l - fSfrtararj — 3)i — Ix^SaAy — (2y- - 2)t V& d - j 3 Cj£Hiy — -If — y: S 42; 4C. 

52- r v (^y ? -E (a^-^)i4(GV+llf-(fa^r+3 4 >]lt 
P" WchM 

M(jf,^. r) - 2y -1 - At: 2 tSir .y.: | - bxy 2 + 1 1-Lfx. v.:i- sir 1 ? h3^ a ) 

ff * - > = W $&>* - > = -ite 

M a (aHy P .T)= SS^rv N ] ^^;» = U = 0 

(kaiLv 

iJwtt F i 1 - 11 jn ■■.r-.'M^niil nt ri-pci-mLln.1 HiFi-i fiinc C- 'itl^h lli n.: 

=2aj 3 -a*i' ! (1) 

Inte^rbltDg th* fiftit «qiait]tHi of I) ^iili r«p«l u>/. wp 

X*. Vi if) = + siXt i) (2) 

ri2ii?d-difftEcELlifl(tEi^ wllii f-ts|*rf r lo-y on ijolli weg^l 

4j*, V,*) =0i|r*-S-J,(tf.r) 

UorupoiLns with second equation in (IJ, gel 
SyCr-i) - 1 

= y + A(z3 

^-ilpitEtif'-inn thi 1 vuluc fox ?fy.; i inio F2). bavr 

p( -) “ 2^^ - ^^ 2 - J + sr + f3) 

F*rtt»j“difrficnta4iiii 1 K wult rcnjwt lo w Iww 
i a (ac t y.;)= = ■Si ! ;+V(i) 

CMtupiring wiili ■ lJ^Lpd cqua-tioTi ?n (1), wc have 
*'(-') - 

*w= -**+c 

inljfj jUJ, me obULia ific jwkaitiaJ r«Eici.!«n 
p( i r y,: ■ - ^3* + j - - s + C.1 


1KM I HTfiOmrrTriO* TO TH K CALCULUS OF VEt TOIL f j EWS 


hi Ks+OTL-ki-; .t.'I 4?, Ilriit r.iaai F juul i\\\ !■' T<h? l.lw- wrlj-iF J1KH, 

53. Kfr-ri = 4- Sj-] r M{x, iV ) _ 3 j\ = *r#_ furl F= (K a - *yk - fl; div K = 

54. — cos fi - an jJ. M = efts x. N — —f-cit ff. narE ¥■= (K r - M^Jk. =■ fl: div ¥ = 4- = —sin t — cob y 

SG_ F(ir.ff) = C J C« sJ. M(ir. j] — f'fdb. y. N^x_y1 = c'uio j. curl F =■ — M w )k — 

{ k*3mii ^^r^vln - fr*iiri yk. dav F - M # + N s - 9 +■ r^rtm jr “ jf. 

M. 

> M(av) = N(7.jr) = I 


Then 


curl Pt^n *>) = 9 1 } “ M !t )> - ( \ 


Mill 

div Fj-M?) = + >'^x. jr) = ^ 

S7. F(x.jr, z) - r 2 i- jfj 4- rk, - tf 2 . EtU->0 - 

^HF-(a^N = )i + (« T ~^)j + (N r -M ff )ic-0, dk F-M x ^N ¥ +H I -?ir+±y + 3-. 

34*. Ffe.jr. *) s r^i -? jr T J + psk. .Vi^.y, *} * 4^(x. jj,x) „ y 2 , 

4inHF = (E^->i = )i + (il T -It jt H~|-^ r -M ? )k-0. dEvF-M^N ? +R ± = ;-+2 3 r+^- 

3». F(x. y, _ i - ft & yi—«* _-j + eu:t xk. Mij.v..- —curt y, >1 >.u. r — tfsOi z, Ru. y. :) - fOft J. 

curt F = JE^ M ± ^i 4 (M ± It,)) b (N f = Utt £1 I mi zj Min yk. div F ~ fcf . < N fr ! It f ^0. 

411. Ffx.y, l ! — (j* 3 + jj — zr^cift zfc 

^ curl F(,t,^l^) 

i fc 


VxF — 


5/Sr 


i 


a/Sz 


o - n.-xr^ Dy+^jj + in,^*™ .-l-u> 2 + M 

— i r +■ ^F^sin M I -i^j j. (^iccg 3 - 2y-t 

div F( £. J,i> = V-F = D^fa* + X 1 ) + Dj^jof^co*i)4-*' J< ™ t ) 

— I + ^alai Z — Jr T (H Lt 2 Zf 

4L = v ,jJ + IT* 1 + M + iS-r 3 2 k- M " v'-^ 2 + jT +'’], N = V^" 3 + P + T R - ; J . 


<«rt F - (R, - rg* + (M f - A*)* 4 [N, - M^k - -^g + i 


t, div !■' 


Ml; 


^-+ s ;t1 


VL K- 


<i*+ 7¥&* +^v t/2J '" " r?+ 7F* 

cud f - lt„- NJi + {M 4 -KJj + tN.-jyi - 0. div r- 


T j+L M-- 


. N - 


<7+7F 7f ' 

J_ 


a= ^ 




2 , 


In EMrcfws 4^-46c pi^-^- tlwt. the scalar Junction b har-tLiuiLLc by slso^Ltig that iis LapJaciau is 
13- — r^in x + jf, ~ ^me -r 4* e^co^ ^ - c^sLd x - c*$m y. 

Because ^-4, + ^ 7 -^ — 0 . / is haimciEiijc, 


m «. , j?v s . 

— —r^ii n x -+ r rcn. y, f JT - C CM 



H A VfcC'lXJll tlKI DS 525 


■14. 

e> Wt bavf 

-ty- i 

T"tufi i 

*/ _ ±_ , 0/_ & 

5"?+7 fll,r j 3 *-* 1 

i ? 3 / (r J - jK^J) _ -J^+Jjf 

3? j> 2 4- /F” (J! f + ?!* 

Ukd 

3 s / _ ( j j -i Tjj. [) - iiK-y) _ j 2 - s' 1 

W <i* + lr'}' (* S +VV' 

Therefore! i?** Lni^l^iAn of / is 

r j f ,., ,,. &i .#r' z£l±£ d 'ii u 

- 30 9t* + v? ts'+fr <*■’ + 7? ~ 

fachiV"- tlw LlHplHfl-nn of / I* WTO, I vr| J t-: ■ijvpm:.i ; Li-. 

<5. /(if, Jf,i) = J* 5 4 3jr - .«*, II “ 'I*. || flv- % - -10*' 

-IQ, g + g M * 0 . / » k*mm> 

&X % ?T" cfr P- 

-I*- /<*, y. •-j - <* = + 7+** r* /a . f T - - +s' +■ i l y Vv ■ 

f ±x ^-^4.^+=*}-*/»+j«V * p*+ 

- j£x 7 + Ji 7 4 f T l _ ‘ 1rt [-(x i - tf* + : J ) 4- 5r ? ] - ji> : - v + = J j( Vx 3 j- si 3 + ; 3 }. Th<; Him of -i sacb trim* p* 0. 

«. Ti M.IJ>. <iiv(curl F) = NJi + [M,-R r ih (*,- M Jk) - <R„ »„>+ (*«-■£#! * <lf„ - M ) 

S bf ]I^M.iNl (WHfrM fii'JI vrih-.ir, I'-Tr rtl|L.-J if LI h f-J. ILPf. 1 ^ JJ2?!!LUOUi I, "l"']l., 1|| 40(1 « ■ I I ic- - lilt, .rt £*10- f 'O D VfiTStl >', 

\*l G =■ Fi + Ql 4- Hi ^Uh d]v G — V M 4 Q v - . - 0- Wf. shnll find F — Si +Tj such ibat G — F+ Le. 

P _ -T t . Q = rti-.d Tt. - T_ - Syr t'ur fL^wd r. _l iiid inj 1 fucicuon «: r,v). L lii- :^o **ifcflEtoi fc>y 

T T — I rtiid H To Hie Hllfij Wi- v«d 

J 

Q — T — S — ft - I .l',u.^.0 + Q,«»■.?.<))* V *.p) - ITr-.iP.xj 

fi Ji=0 

- J R - r^T#} 

= I - lU^sr^O) - r jf af - Rpae-.Sf--: -Rfi-y-O) - c Unjf) 

r pf 

iftTii-rli L-i ^iEisfinl c(j: n y; — - Hl\r,i! n tJ!Jt. If 13 .- -l.[i} dt-h^ kJiiHoti J .lie:s i; iet.■ f t IIj - {.r — (I — 0 SO 

J i~V 

tlir cLiff+^Jtnirr! is tJii‘ ^radi-. :lL >.A hSUlu fufjiCLioiL. 

43, Provp Th wnrii M. 

& ]f / is-a ecaiai tlc-d oat eui o£wn bdl in fi 1 . tfn-:: ihr gradi^ui uf / L> l?v 

Tliu cttfl of Ihc griwlkul of / "m- 

1 j k 


curlfV/)^ &ffi? ttffht 8j0z 
fl/fdr af/dv asm 


f&i JPJXtM - tfVv 

ly^rV- : ri_-flxv V'TJ-^b 1 


U^r/- i'- 1 - ^lji XCiTnz d-&T: Xitzfiy #!/&£/ 

tJieeeamd g^ajtiaJ deriv^lircs of / ronc^iuuus E3, iMn by TIico-tcr' VJ i-'i.. 

gif ■:7 J / jy . W 2 / #/ _ UPf 

&g&± ~ <^£% d'jH: ” 'iV 1 ^ 

I'fseitSoFe, -eMr|(T/) - Ui rtj J- flk □ 

J19. UcTiiu^ Ms + ?ij - Rl i * M E mi1;eis|. n / *\n\t Us^S M, / L , /, ' R- 

M , fi . N . P.j. ^.nd K.^ rxisl rj-f. mufjii-ooiiH tifi ]i. Lt e"o3Lovt.f fro:r: Tn^r.eiii c-b-sr, 

K - h v - /„* = M, ■ /„ - /„ - It,. **t TTj “ - U V 


m iK - riu?i>ucTiON to tije c oi* vi:cmdh m:s,ns 


14J!n UKi: INTEGRALS 

I4.'i.a IkliuiUoD l.r I 0 In- -l viiiuoLh cu.m- lysag jis Jt:i uycn «Si.^k. IS jsi H‘ Mint JL.sfc=ntf lhr 1 ^ Ll ? i «n|iiaImim 

J..T F l^a v«tOT field 021 LS dcfllfoKl by 

whrrv M rim 1 1 N rirr* rnnLinuMJS od J-L llwn, by using ilwr dtfitreDii&J form ^ossiEon, the tin* 
iikiCKial of MU. ^ Ji.ii 4 j j . -j-Wp uv*r ( ' in gjvch by 

| MCt.kM* + - j + 

or, oqutvalcisdy. by using vector AoWnn^ Hl£ J]bc integral of F w r » (: is gfcym by 

f F da= f k F(R(tH-aWt (i) 


The Ih^ irUcgr*l I 1 - 1.-1 ihe vmh« value for any puumetrte rcpictea ta-Lian aft:. Furlberrnore, if C 
;y closed cujix. the value [=■ lhe ft); nisial jiohiL TJir sEEfferttnlifrl fom notation 

in be i.« «pp|y, Sice Lxcreisc 4. 

li 3 J Otifloftic a [, 4 't Lhr l-utw f nxiiuift i t r smooth him L‘, C„ ('„■ l ben the hut Jrtfcjrai! af 
M (jr r r.rld'j: i % ■ j\ y -tv over t' is deFLoed by ib*-" following vqoatwm: 

[ *1 -t IS(jt, yVy “ S( J ( . M( —ry1 ^l.^i27&v) 

OF, equivuLcmly, by using. Vector ituE-itE-insi. The !ilar iiiiln-^prxS -iif F rtVftr 4 ' ::. 1 1 1 1 li 1 .nI I- 

{ f■ rfn - r(}%'{«() ■ *'(i*t) 

l-'' = 1 — inte^inb irv’ n:^rl la cakvi-4lc the 1ot-.il work hj -i VAftFtrbie funr-H UwiC, ejtiSH^ rl 

p^rtrcJc io move along a ciit-v^. 

14-2.1 ftafiiutian I.h t ! 1«- :l ’mhuch-Ei e-urve lying in ihr opeft di^ H io K s for which a vector will oh In 

+ a c 2 < ft. FitrLli^rLFLore, Erl a fence field on II be ddioffid by 

s t Ni J-.iijj. whet* M 4Hd iwr- ctiHliiiuo^ih- on 0. if W w Um- lucfliEurr of Elc 

^■tKk dtMic by A fence T ? partide T from (J(a}< jio.)} to liinn 

w - | V</(()- tfttDH *)+ s { r) ) s '{ fJ] 

wi, cq.uLv*l4WLt> P b> n.si iLjg v+rtjjr iMrt&lkun, 

W= 

nr. n|iiivoli'^tiy. uojip t Jiait- EntrRrft] Iti 1 1in^rmUal rrOUt™. 

W= ^ M(*,y)(i* + N(f.2)d'j 

The folkiwiri^ dfiftniricins r-K^nd ibe o>ioept of a :3jh- i:i i4%rn\ io fnnrLioJfi? of ibm variables, 

Smooth CTfc*wd The ^utvc C havijLtf t! a ,- L;sr rr^i.ii.^h fty) “ /(j ;1 k pJDd A(J X P * £ ? < ft, ir- .nwoodij wt 

[&,y zf f r , tj f , and rJ Wd COiiIioUO-dS and ln p >er ill! |1 in (ra,ft .. C w= rfopr^ if RjV’ cl RjCft). 

IfW EVTintLiibn Lei E! be a S!ff*Oth CUJI- Lvj:i55 in .-J| Ihj^n l-jall s:i U? Jiiv-lng Lbr VtK&Or 

|.H r ^ a •t-hvs.ot fifLd oil □ 4i )fi3!Td Liy 
FIj-.jj) - -i H (t. rj, e'lfc 

w1if*re- M ; ^jtd bt a k- coaittiiiijLi.1 on 11. Tbcii Lbre Ime snU-gial of <dx 4 

+ HtVi y.m )iJ.- u¥rr C i*. u.ivpn by 

I M{ J« Jf. 2 4 Ni J 1 - >djf 4 K!X, $ r z)d~ — 


EttTttMA 


iW(*I.?(0,A(< 1;./'(() + >'(/(!I-jir ^ LW(0-?(O.A«)Jrf( 

J ■ i 

"if. «luivgjeiitly b by lining vector notation. III* liiir inL<nF p rvd nf F n\cr C"! is given by Bq r (!}, 


In Ewttism F^r%birTlr Ih* 1 Imr bllegfal wv-TT thf Clirvf 
L F(i,ri - pi 4 rj. r.R{r) - li - ( 3 j. o < i < I. 

| K'(JR- f = j’Si^Jx-- ! 



: i ■■ r i*}; JS-lEiWhALS M" 


= 2a=»S — 3icj- C: ftft) - 3l a i - <j, 0 < I < L 

t)dt^ f 1 CS^a^H—i>. —-(S<, — l>rfJ f ( K(H«*JA=-Tfi^ + a^l 1 --5* 

Jc ' ' ' Jr, Jfl- -lo 

3. Ykz. p ' tf’ji * (r ■ ?y)j- ORiO - ’"=■ (I - 2 «w fj. Q < i < »■ 

J^F-dft - | (2 sin If-f<*nJ►_5ii h 1+1 east) -{tos l,2s(n ftf* 

- | h 2^n ? E +fiiin i ™ ijrfi =]ic fi < J i 4 ™ tlJ + 4 Hi5"l£ -=-ir-| 

4. J r F JR; F{:n, ff ) ^ C[ K(*) - 1 7 \ 4 ^j P fiwrn site paillt (1,1) to tilt P«lnl 

* W* &pp]y Definition i 1.2,2, Benm-fit- 

Fix,p)-(JTT.V) and AfO = (l 7 .f*) 

l|l*ll 

K( Jtf m - PCI 3 . ?) - [fV,-(( J ji*) (t*,-* 4 ) *nc! R'(I) - tff.Sf 3 ) 

FmiW^ b™is* R[i) - (1,1) and -2 j - (■!_-£)_ the* I =. 1 *t lh« pflirtl (3,1) and I = -2 an List point 

(I, -fi)r Thcttfof* 

J r-dR = | F{R(t)) - R'ttjdf = J"V. -**) - pi, Zfya = | L X*P-Z?}it -!* T -§^£ = *¥* 

W-e may alfo p*t f.hr differ hgIbJ form noiAtivn. Wr Haw 
i - 1* y = 
cE t = 2i dJC rfiy = 3l S rff 

Tll.H!lL 

J F ■ dR= f xy <!*■ - #4y - ["V^pr <ff) - (iVl***) = ! "W “ 4* 

Sc Flf ,y) - (t — p)i-+ lx + idj. C: R(J) - 2 t*jt. 74 + 2 r.n ij. W < ■ < ?n\ 


tp-4*= VX*«*0 - l<*ft »**) = }, W - 3f*Wi - ftf - - 4® 

6. F{j: h jr: - [t - p)t + (jt 4 y)j, C* R(0 r- 2 eoa fi+ 2 tj., W < I < £n-. 

|" F - <fA - | (2 ™ J - 2 afp f. 2 ™ 1 4 2 sin (} ■ (-- 2 fin t+ 2 r^s ijirft 

— J (—4 sin % ro^ i a 1 srci 2 f + ^ cxrt^t-t- 4 till t f )dff — i rff — Sf 

6_ j£ = 3«ei f. 51 =2^in f. {*-?v)d* + *& dy — j^ S (5 tws i -4 sin idl} + 6$aw r ec* t{2 «w i dt} 

— (jfinJ P |(1 -^^fi + l^cos 1 : datldf = -| san a f + &(-3 an 'if - 4™ 3 ^ 3 =5ff-^ 

7. Ffz.,.^1 = ^ si il ri —nua zj. C. Hi E) — j(t + ■*■ fj. 0 < i <.3. 

J F-rfR- j ant* 4 lj-j, Hnd<t 4 I )*} • <|, l ) <,f = •«"(< + l}|jjl --(«*( i + ijfl = 1 

9. Jf,,F-JIL - |V J - y& (■■■- itic ri»is-r y ^ f :l A \ from f 1,2) to ('l,S9)_. 

^ Bkmk IJk <t| u^ion of C is ntpiwscd in &cmi^ -pf ^ w-e a|i|tfy JJefmalion H-2-2 ^itii paraHic-ter j. We i«pLw* 
^ by x J + I AJid. by wii.h < s < ;i. Wi; li.ivi 

j K dUs J -r - ph*!,' J^3^ 5 [j- 3 + 1 )dj + [ b* 12 - (j 3 - 1 )K 3:p3 ^) 

JV* 4 ftr 1 + li» 4 - Id 1 - 3^1 - + I Ij 1 4 tfyb 4 f« 4 ^ t «r‘- WM 

9. i': jf w x riotn (0.0) i® f), Wit h ^ ^ P4TMwter, 


(2- 1 4 ■+ (j^ a — i?yI ^ ■» ^ }dr + (jf 


? - *> - I J 

f . 




jc jc i r - J t > 

JO- C-. JJ --^j: 3 from. [9,0: to 2,2^. Wiib j: pamn^er, 1 TivM^ +(JT - 

” |^[i? + jJT 5 Wsf -4 (^ 4 - d-r) = (j 1 4 + 5 jJ * ■+ = ^ 

11. Oo C,, r is paiameier. 0 <j:< 2, j = (L On p h 0<jr<^, J-i 

Mp+-*jr)<f* t (v--ijMsr= 4[]V -J' , || = 5 + (5 _4 }“3 

12, L^f*cfi + (t + 0 Is the tine p =■ ftwil ih^ &rlgiis to Un- j>cSb 4 (l, -1 }- 

&. We Ip!: a- Ik 1 l3ir pnzuKi«T, anH rrpJ^ct 1 $ by -r and di hy -4-r «;^ti 0 < ^ < I. Tlri-- 

| jyx z rlj:4 (T + if)dsE — t ^ — --ji: 1 ^ 


92a iKTROiHiriitjN m inr or vector fields 


IS, £ — ■--■'' L | 0 <j * < J. Willi x Aft peyrAmM^r 

+ (i + y)nTtf — J C-^^dr+ (ft - m J [2e : ‘ ■ 1 Wy " /" - ^ 

H. C’|i f -- 9, y — 0 - E rod C^: p - —]. # - D u i, 

+*>** = | B "’s 4 , + - Jp*]"' - |i?| -i-i-i 

!&,. With i as- par-ameiei:. C r : y — 2x -r 3, (j C t. < 3 j^d C\= y = jr. -3 < t < iv 

J £ 3 ±( 2 * + J}dx + (|«* - 3 ( 2 * + 3}]2 J* + J * J*(**)ic + ( 4 ** - J* j ) 3 * 4 * 

- f*(i4»*-a*- iajd* -s- f*ia^i£i = [y J ^ _ | l)!_ l&t E^[§ I< E = l4 s_ y _s4 +ff s<_31 ) 


[ 6 - f c (r$ — - 4- 3 ^, when: C is Eht Ijju- brgmtitL L'rctis (1.11,0) :& (S.-S, S|i. 

E> The-Moment has the d.iln:;k'h (l h 2,'l;. Th ;?-. p*iKirnelric rpunlunL:: of C ,irr 

* = 1 4 -1 y = 2? r — -if for 0 £ f £ 2 

Bhum* dft - rfi, - 2dl h fcird — MJ, frftvr 

| (*sr -Wj- + f’rfp +* d* = [‘f(i + tM2t)- it]dt -s 1+, (2 t r;! + [*0(4*) 


= J tTH+ir+ae** 1 )*- 3i 1 +§f I +a> ,+1 : - Af + 2 (r s - *} 

17- C; s = t, j = Zi, : =. 4i_ 0 < f < 1. 

^(x + irWj; 4-Cjf - z)d;- ' ff+ 2l)d( + (2i +4t}2 di + (f +«)4 di - | ' 

la. (j -1 - t +i, ^ - r 3 . .- — f 3 . (i < i <. i 

J J-rfif sjdx-i -4 p^rfr “ ’^(r a 42 f * d+1 43 (*)dt - 4 2 ft - 3 + §f*F 

]#, t'(lLll.r) -■ Si 4 zj 4 j/lj Rif! — I M + is .-in Ij 4- fl, 0<* < Sir 


K ■ dR — {l,6 CDS Ld MIL £) - (-6 ftin i,a *:■-; ?.]}d£ ■ 


J Sir 


!'-ad sin t +- 4 ^ ■'in 


= o(( t-w i: ^ fin £) + 4 ^sin Ht -& tot t— (ti-2* -t u 2 t - iij - (-cl — -=- 2d) 

2p. _fy. F ■ F(T h ^,^) - 2x^i 4 (6^ 3 - x^)j 4 lQ^k; C: iJit c willed iiibic R(f) — 0<K I- 


e- W^cappty DefmEtifiSi E4.2.-I. Vi* IijiVv 


.v - : 
djr = 4 £ 


rfji- dr fifs - Jir 3 di 


P-rfR— ‘ 2rg-dar4{^ ^j)d|f4 10: di 


- J 1 {sj[i 3 W( 4 [((i 1 ) 1 f(r J )](:/ dr. + ioi*( 3 r s JO} - J 'of 3 + 40 f , )J< - Jr 1 +- ^<"j‘ - S 

21. Fti.p.i) — 2xyi + (fijr 2 - xr)j t 1^:1 

C,; *,(<}=& a <t< h Cjt a(tj-li+V(><i< l:Cj; Wt) =« 4 -j + t 0 £ L < 1 . 

\c r ^ h*-**+l«£'«* J, -k T -' n °- 1 >* + 

2fl L r = y = z = f r D < t < 1. | 2jcy 4 ( 63 ^ - rz\dp ~ 10; ir - | l (2f 1 + ^ 4 10t)dl =|i 5 4 ^J^ — ^ 

III Ksti^ri-co Vi ii6_ fine. Lhe 101&2 kpd?». dOM ill an L-;->!L (5 tilt giveD curve C If Lht iidOtL-tn Id q-dubtti 

b^ 1 ibe (piiXri force fi^Jd. A^nsri^ ihiir- knRlli w in mctwB utd foeec is mtasur^d in s£#tauis, 

fr W j-uuJtM uf '.vurk is dr>.i|r. 

2J, 4 (j 2 4 R(rl - li 4 ^j, 0 ^ t < 1. 

w. r (2^-fu^t=£ ^* 0 *} 

2^- — 2xv"l t ( 7 " 4 y" ij; C is lilt arc of the pajibeda ^ S trum Lii+: nnjpn lo Lite ^li-nL (3,!). 

br W'r U3q LVIiiSillozi H.2J tfi dinVfei|LiaJ ftm-Tt QCHotion with Jj .-L- ft paiftthclcr. XVr Sf^LiiCc J3 by D^yC), 
jintl dj: by 2p 

w w fc ^ 11 dT+ ^ x2 ^~ | g ‘fej4 Kj^ f - J g ( 5 ^ + ihfa = \y h 4=I 

I 1 1 ils. r.h« ’.uIljJ Vr\irW lLi ij!t* in * jmilra. 


14.2 I.CNE im RCfRALS !*29 


25 IV.,) M {s- *)*+ **W + (31 -SAIS»< 3' „ . , TS . 

«= f F.dB.- fN3i-2-P,e J (3*-3SJ'{l.3Wf- [' (Off*—6^+at-alAf — ii +i -21^-3^ 

C,i V -f 3 , (j- zrJtfj+J^F- + x 4 (&d*l = ^*-|f*+^ e ] ( = — 

ST. nt. it) - (5- *)« I ¥*wi <V iMO = (i * <i 1 * £ 7 j ^ “£* + J!j ’-_ 4 ' , 

w _ p (t - f,9«■+ p < f - -(o t iy* > j o <** + [ o « dt = £<*$ + * L “ 2i i 

pf* „] - -x*vi l Stjj- C is the IVftL* Ksnu-Bt flTIELL (fl, 0) (Dh“J. n 

7 Ki— 1* ite *«***«({->■!)■ 11 - «£«•* rfC,« ™-l »«l >f- r 0 < I <*. 

W - | -,>-!» <fp " J^ <« - J 0 < ( *- + aft + St)J( 

- I 7 * -^ [1 + + lS f u ^ IF’ + ° 2 

'Jl]f:r 4 *-ibfi. she l«t*L w&Tk is yv :- 4 + ff" joa!^- 

29. «T.yJ - -»V+ 2 Ki : C: R( t) - o ™» ll-*■ o™ Sj*; 

w = ipv*«^ «<*<+*“**" r«#*y( 

J p ■ 1-1 

- j %!i Q f -ros t)rfl -1- $<** ij4q i Mb I l£ A - -g «'* > ®* 

30. O t ; («.B) to K«); <V&*> * IMS W “ * tj"^ + ^ # ' L*" ^ + L^' = " I+ 5^ 

to- *U+jO*: C: fj-fj 

W - j F Jit - f J ' (I + l. f ■+ i. * + !■}’( 1 t U W “ | 4 St JT " 3r b “ 3 
S3, ffeyfcj) b * /j «r j.-Ii C fe th= line s^mt Jrem tV ftrifiin t* tht point (4-0 }^ 
t, Paiaun!irit tquation uf C an* 
x-41 y=fl .- -3( 0<t<l 

T tlU E i ^ .-. | i | 

w = P^dir + JP^SI + r: * - + B T (***- J D ' Rl,J ' - f 2,1 

1 he wierk dotit b ^-1 j«u]«. 

31 + !«() = » +< a j + ' 3 k *°^ ( S 2 ‘ 

Hy_ f’ [*^+ 3 #e f 4 & 3 * 1 1 * = f 1 +« [ 4e J + «' l + f fi - S 

jo J 11 

M. t -( iy sl», ff- |>. B<l 2. W = J_ K)U+ *Wr4-fA-4 yy»4-«5 5 .V + *)* = 

J D V + n+ (f* + ^<20 +■ {•* + ^i*>V< - [V + I + 3^4 si 5 + 3 ^ 4 3t 4 Vf = 4 ^ 4 ^ 4 ,^^ 

3 S. Ftr, j r i) - (rpz+ t)\ \ - y>j + t?^F+ ^ 

CtJ = et, Q < I < 3; rL: IftJi} - i + fj. -U ^ ^ < li Ctf ^(1) = i +1 + ft - n ^ ^ 

w j 1 ^ 1 ^ j/^ ^ Jo, (i+ 

26. K^|riy=-^ + «j + (f-— *)fc c b R(t} = 2»i 4fi»T U < f < l- 

Wft biw 

x.-at - 4 ? 

dr. dt d$ •=■ tii J: - 12 f 
TItik, 

W - | ^ dr + J si +■ - r Jd 5 ^ CteJJi ^)+P* 1 + l* # f 4T *» - nt IS' 3 '> 

_ f ’(4Pl T -it2J } 4 'UJd't - 6 i s 4 ‘it 1 j' - i 

Id 10 

The -^oik is jDuJes, 


SSft iNTROWtTIOJfl TO TH Y CALCULUS OK VICTOR FIELDS 

I« tim 1NTBCIULS INBEFEKDENT OF int: |i*TW 

iC3rl Theteem Lei C hr any scdiunnlh- muwje.Ii l-. i i v i- lying 1 it 4 open dlii B idi K a from Cite point (x 3 ,jr L )> u> 
the point If F i* a. ^QEtwvjUive field ecuifiifiumfea uc B and £ is a potential 

fnnrtjra f*r K, then tJic Mjll: jiil^kpaI 

I F dft 

iq 

i* iadepiSHiul uf ihe pn?h C and 

f c . F " dR “ 

14.3,2 Theorem If r jusy ^tinnrJIy xqnoolb dosed curve hin£ Id scans open disk B ld ind f isa 
CcMlHTPViSlJvf Vrf top FV3d on H-, iJKPI 

J F-rfR- ft 

TlwiHffi l*H C l*“ «i) srciLonalsy smooth cuiv-e Eyianp in a op*u hfdS R ir. from th* |iuinL. , ,i; t * 
Lo lJl-t poLdi (,-Tj, If K‘ b * r-otitcrtulhr VrtLOJ frc3d COtLLiltUOm uU L5 atu!I if- in >l 

potential fnnrL:mi for K then the Sine integral 

L'-“, 

i& nfcdependtnt -of lJu 1 path ( amt 

J ^ H rfR - Fj* - j)-" ^{' r |i i'll -1 ) 

jaafreracN _ 

In Exercises ] 32, use dtp mull of the indicated Exercate in Exercise* 31J tu prov^ lii^l r.hr liiie iiitr*y*I b 
■inIv^jr 1 !i'.!mI of Lbr jKLl.h. I'h-r rygJoale the line iL:*£r4i b\ applying; either Tlbflerem !«■ I or E‘t-3-3 iUi d UdlBf tlb- 
patHit-i.il funeison found in the indk^-d In ™ch psrrrlsr- C is -any section ally smooth curve from the 

point A lo the point B. f 

Jr F = V* h jth ^j L ]/) zy, J ^ *j r it + z cTy - af3,2) d| t, 4) = Fi = 2- 

2. F- r* wslh <24*.it} jfc?+£|^ j - yrlif s <*(1,3) « j, 2) - a y — -~-p 

3. F = V0 with ^(d 1 . Jr) - y. y T ^«w y dir - d(2, J?) *(0,0: - e" z - D — t 7 . 

^ l r [ N ' lp ?/ Mfih J- i eii^ ^ colli + i r<^ y fpsh r -flitl j/ StElh A i> | l„d) rvtlci H ( J j. l]: tSMfUffl ^(, 

p- l— ¥&*zcjix H.3.2-1 nr pmvftd inest the vector field defined b> 

¥ "kih IT + ee* p «wh r)^j 4 (-T» ^ r&bh J - -.Lli ^ .slbfi xjdEj 

k eonservativt: ^ir.li a pu!' i ril iai h:?ictioni given by 

^(^,iPr hin .1/ X + COft y MUill J 

Thopcfoit. by Theottm IA.HJ P the g^vpn lipr inirgraf is ind-epeodent of the path C, and Ihe vaJuo of ihr 

LuE.i’-j^r.tl [ji 

¥ — i(2 , *) 1,0) =■ (sin x <hm4j 1 4-dW *tnh SI —(wn L + oup 0 mt\h I ) = -slnh 9 - ilnh I 

J c t 

5. rsV«mh - *y - + V F ^ F Jft = - i(—3,-1 ■ 0-4- 

6. F-V-J wilh ^»,jy) = s^ fSrj,- jV. ' F.JR= #(1.-3)-^0.2) -(-4) --1-Sc 

7. r - wilEi *[j,v,r) = |a 3 ry -i 3j^; + JE i*. ' F.rfK-^3,S.4)-i(-M.a) - 17 ? = !S. 

&. f Jfj ds tt: dj-T -T£> •/_: A h U n -2 P 5) Arid II i a (-1. J, -,] j; KlCCreiw 2Ji. 

t r?'rKsHri^ 34.1,2^. proved that the Tmcc Ikld deflij^J 

is njicwervat ivc irUh a potential function ^lve-, by 
^T,y,z) -zrr-T 

'i'firrrforc, by TtttMfii H.3-,3, the given Eine mte!(raJ b intlfpptidTnt <d"the (mlh C, and 

| FJ ■ir + in <tv - it W 4: - «(4,1.-3) - ©E0.-7.5) - (4)(11(-3>- (0J(—2K5) “ “« 



i-t:< I.TNP rYrrcttAlJt WDEPESOKvr CW I HE PATH !»l 


9 . I' =■ ^ will. *(*,**) t= :t* + *r» - | F-Jft - *{0.3,Ij - *( 1 . 0 . 4 ) = I - 3# - it t = -lit. 

10. a = * ran 1 — tan s. f t-4K ~*( = iTM + 9 -2- -r 1. • U-Va 

J <‘ i 

11. K~ ** wir* *{jyf,r> - rAon y- 3r - jk* 2j. j S’■ o'H.-*(1, r,0) *(-l, 0, J> - -4 - 10 - -». 

15, J {5jr»_ Sx’^dr + + ljrfi) \* zi - + A in (3.M) and tl ii (A.3,t)l Ejnsrche 33. 

> Eli ExcTtise H.1.32, we proved that ;nr- iwinr fold ifceflimj Ejj 

fW I !li-(fc*+li 3 )k 

is eenwr^ AtSi'c with n ixitmLlftl rniii-rlLGii p^n by 
*( I. ir. 0 = W* - -li 3 -- -r Jf - i j 

Tli/n-Jocf, by 'J’hwrtf’m i O.S, Ibr Refill lie? LUtCj^t i* indt!]>rndrirt of Ihr l»t.h C' h utd 

| *(2,0.0} =13 

In Ban-rises !3-2EI| show that the value oF the i:mc integral J .F- .iTt For the given fi.ifitrioD ¥ and C li mile|icodeni 
fll l lie- path, aj 1 dcv 4 j.luj 1 .tr 1 slu? [sitigjAL. 

t- In E^hebts 13 13 wt show r.fcic 3m« itit^raE Is. patb-reuAeprcidraLt by exhibit in? a- peteJrtial. 

13_ j) — l!(r — yji + 2(3^ — sf)i = V& wait = -c a — -^3f + 3 jf*. J P ■ rfft- — 4(3^ 3) - 4(3,O) = 27 — 9 =■ 1& 
U. e, y) - (Sx* + $T.y - - {3a' 1 - 4*p ^ ^- Tp with p r,y)~ 3jc*J r ’iiy 2 + - 

j I' da = ^(1,4) ^,0>- K-37 = —If* 

IS, ■3^-'^i+(ac 3 sf ■ $c*r*Jj ^ Tp With *{*.£:■ - Th* Fotaa. of the partbob 

^■=4* is at (1,11 > w the sKi-dpaatii of c-be Latus nclum is at (1.2). 

j F-<%-«( 1,3}= {Be 1 -3n’i 3 + e*)-(2-3 (■ 1) - 2e I -3± 1 -r£* 

It, F{*,y} = <'<«)) - e'dn (J m ifia Mgmtvi V the Line 3 z + 4 y = 13 ftcm Uw point *lur it imsmef* Uw B 

to the pflint. it inUT9Frs-w ihc 

> By Lfl^sec.i.iAiL, wt a«- tha,i 

= c^™ y 

is a fUDClk'H, In frvrr 

if) = D,(4 a M i/)i + wli - f'™ S*- ^ r «?i Jij 

ThiLs, we may apply Ihwnsm K-3-1 1 * evaluate the LDie?rtil- 

| T-rfEL-4(1.4)-4Q.3) 

U. F(*fs* a) - +3^j + k - Vp wilt V%4l} s -* 1 K J! 3 +■ -- | r ,^ 1 - ^0.0,3) - 4($.U- a J = 3 * - J 

19o FU.y. s) - +■ : J H 4- f** + (2*-- - (?)t - V* with ^ +1-- V 2 - 


J F-dK- o(Q.0.]) a(0.l,0)- Cl-ft -A 

13, , p,;) = ^1+ 3f^ + ,li s k — Fo willi ^(r, p h ?) - y* 1 * + 

| Y 2 1 2 F 3)-<Kln4 1 IilJ= 6 + S- 1 - 1 = ls 

30. ^,*,4} - (1- ^)t +{1 + ^ 

C iA uy JcCt?gjMilly nuoU curve frgtin. ths* poiftL (t,2, ~l j ie the jwinl -2). 

& ]>t 




t~~yi 


*)= ~ 


K y (x,ii,i) - X 


lL(*,y,el —j- Mjfolhi)”—j- -J 

T T- 

M,(*»*>*) = -f Sj(r,y,:) = -■$ K y (*.|l.i) - 4f 

BW 4 H« MJa.y.j} - M^x. y.t) *. R/f.y, r). and H,(x. y, = &Jr. y, zi. then _tl»c given verier 

fi^Ld 1" Ls cooser^atiw and E-ljt- Lint mttgr^l ■- inpil^rjdtiit of the pair C- VV* lei -C br a line with 


dircCI.ki-il E). PArJihnrLNr ctliSrtE^Mi fc-l O 4TC 


«3 introiwct ion TO no. • :alci liss or vrcroR uti tw 


J! = l + I *-*+21 * =-(! + !> 0<*<: 1 

Thtn 

At - dt A* = 2 At A: = -At 

and 

~ la (r+r - jT+Tj*)* 1+ fr^i" tf! * ~ fchl 4 (ir^fX" Jl1 

- } 0 (- 3 +I+l>t$T-® 

Id ExeKUbt 2I-3IL nIi n* 1-h.a.t the iioe Integral Egdependrat of the pathr and M^Hne the u*fc* in ?mj 
convenient matiner, !i. k*£h AXL-rcL-ir:. (' n *ny sshootIl curve fW*jsL jnim A il> 'KjjaU li. 

p- We may show ih« line inte^ral is patli-iiukpciKtait by ^xiiihil.in^, ?t potential foi the ixctor function. 

Sin F(j % \f) — ($$ — l)l 4 ( y 2 4 zi F* with £(*„ y) ±± 2xy - -x^ 4 ip 5 . 

| t f Md»=*(l T 3)-«(0,-1)-(1-|+|) ( $)=£ 

S3- I (!■' ■* tS|r#* + {t* + Slfds =• [ (lBjr(ii + (2 9 dr4 2idj f )+ J r 1 'dj, = i-I B + ^ + 


T}.. (iBT+ajf^x + ^ + S*^ - f flfl *4*+ m4x+&49}A-&9-*bx~*+tt+ 

jc Jr JCMJ 

j “-3 in 3 ■+ 2 4 e'- ir 

— ^ti pi 4 * - ^e- wikb ^1, p) - j: Inn y. | F- dJi ^ tf4^] ~ I - U = -I, 

24, f^ELQ yd* 4- {ton y 4 j enti p}dp; A is (-2. ftp and B is £2,^0- 

► iDitf^rrtLiis^ r.ih is +■ r r-op y tvltlt fL^pocl m y. <-nn.j^<iin i that 
£ - -cos jr 4 jt Etn p 

i* a|M4£DlfcSil i&r rhr iriUrgraDC.. CWkiJIft, We find 

V( CAS If i J- ftin p) hil. pi 4 (nili y — x nvi »li 

ibu&L it'll' iniRgrnL If LDdtiKndcnt of [J^ ;j;s.i‘:: .imlI hLrn value 


<*&!*) -4-*.*) * (-4v®+a - i) -(-I - ? - ivl 


3&- F£^lf) = 


l s + "r:frv3! = T ^ ^ th * 


larp4J) (Tjf+l) 


*s+l Jc 


F'-i/Rs 0 (I|&) ?,•!'□_^;i _ ^ + 2 - ft 


27. = (if +^)s t(? 4 ;;i - (j - fj)k - wilt o|T,p,z.. - 7ji + jy 4 JIJ. 

f F-rfft = <s<l,l 1 lJ^rtM,fl) = J-a=i 

J C 

36, f c (yr I I (ar+ if)rf|p + (*p+-]a(r>A i*(0,ft,fl), and II it (1,1, LJ, 


Let 

4 j? N(r.y, I: ^ j: 5 ^ ^ Rfr.y.i^- xii 4- 

Then 

Sj p ,;) ^ ; SJ*.y,*\^± R z (r.y. S J - y 

M f(*1 l y. = j" R y ( y, i J - X 

Dcca,'j<e M v ir.]jr.;} ~ \Jr.p,.-;.. M .(ij, x) = Ei ± .‘r,y. i/. Mid 'i_\ x, y-z j — R,,1 x, y, -'), then -,bc gLvo. vcclo: 
fidd F in ednrpr^v^ivir mwl ihe line inbrjcral » indep*ndtrU cf itrt pblh C, We I-mi C be a line c**sgnLcitl fram 
l.O.Oj to- il.IJi. with iSirer.iinn {-.2, S), Pajamottit LquaicdDSfar C 

jet r -l 0 £ I<I 
Th«rrfn-TY:. 

J^(pz4x)dx 4 f^+F|d^:+(iy4f^; - | (i“+ :r' 4^4[2 s - i)di - f J '(3i i 43fj^ 

1,-^ 


2 S. F(^ P, ^(r T an ji 4 jj)i 4 (e'eos y 4 r aiti p 4 xrjij 4 {xy - cw y}lc = ¥& iriih 

<^ 4 , |f,;) ~ #*«ui y 4 £i!J5 : w ! P»k -Q, t, 3> - ii;‘J n ft, I j ^3+1 - 4 

_ J a 


\j.-r I" V-- - 


~mr y )Aj- 1 >' )^jr h (-’-- ' -'J-: i; F*lnjr+j*li 


Jo.t.n - 


a + 6c 2 -s^ , 


M ..1 f.rsi: tNTMittALS irroePEVDKVT OF HIH PAT* 933 


81. PHi.jf.-:) =(4tf-3jr-Ol + ES*-^+ r!i+-(-i' + ff+3JlJ£ r^wilh 

6f,e,y..i) s li^ + 2/y “ Ji - ^ + *.1 +A J K(fR=#T 1.2.9) 5j4.-2. !)=■$ i = - 13. 
37. Pre^'f Tkoftm M.JL3. 

f> If O ms ssmutvi I. curve, we ruay Let para-mei rir ■■ f-_s .ujlj. ul‘ <’ be 

f = m v rf*s t = H*i 

where 

(■t |. I/i ■ - 1 ) {fi* 1 3 ■ sft ^ e )• 1 31* rt?Ni *' J 2 ' Pi> ^ ?- ^'' j j- H J s !• ■ 

Let 

Fl( *.#.*) - t S,r.»,.*li i R(Ai)r*)k 

Because -p ls * pcjtenSr.il fiiwrlloii fnr F 

V, ?) = M i/i "> ^ * -) - ^ (** S* ■) L-‘- - 1 r - j'-/ 5 

Then, with th^ Mpfif L3ir ch.iiai ruk find the PeCOT^ fiamfmru-iUal i-hecr.-m nf I hr ciLlndilb. 

F ■ dTt - | M( it,y.2)dl + JV.-)^1T + .ijdi 

- J ' X. Jj. I Wz + 5f. - W 51 + #*1 >-y - 


- *(/**,), rffjW,!] eifittUU, 

= ~ "1 ) , 

if C is only 3tttLo!Utlly -^i|icuhtEl. (Iikis .L|Lhiu Jn.vU.LL 111 r.'irfh MMOcrai pictc; The 1 Valise mirh 

ialeniK^loJe pmcii WiLI ftAjFCeh 

]n Eicrci^ 33-3£. fi ielI iIlv total ^ock ikme isi nw-,^\r m ;l im-tkle aJQEg are U it the njcmiiai is caused by thf fwr* 
Jep]d F. A-wli mi - Itn.j'r.h i. nitirvMf^i in jsnlct* *ani fore* i* ecl-^^u tcmS in a^v/i-lki.s. fliinir Fiiftl F h 

consefTaliVH.) 

t W leuJft; of work i* dom. 1 - 

35- F J,y- — 3( £ + :■ 'i + 3{x - p} a j - Yp V. 1;h ^(x.y) - l> + fr) ' VV - P|^-L j ^(Hjl ■ 2]^ - I) — 216, 

U. Vf==■ | (2zy—5gj + fc/Vr + (** “ 5* +-lis).fs - Jg-ixy + = 0-0 = 9 

JS. Fl + Ar.}/^1 + iLr/i-k - Y^ with KAS,:) - 

W ^ <§P, 4, S) - M 1.1 ■ IJ - «3,TftK 2 = 33JW6 

3fi. Fc J, y.- eJ = ■ty i rF - teryz j - 4(3z J -f xy 2 ;!^ ^'; the arc of the rinMiliir h*>liK Rj(f) — 3 eos- fa + 3 Cj + ik ftotu 
l — fS uj i |^r. 

p Inteffratini; the r wnips^b^nl 12s 3 +41^ with respect io wc ccnywlurp! that 
cK )/■> -) - 3- l - l£ir- v 

b ^ poten'm fpr the imtrjT^ni, f'linfkins.. we firna 

Y(3^ J + - ^_y“.-i +£ry£j + ■ xy- k 

Thus, the rptesja] J i;t Lwfo'pncfADt *>r the path unci i(^ vJor i^i 

- J(3.0,0) = + £» 4 ) -o ^ J +^ 


■ITl-C I (Hill ivrul. .jin.'" |. L1 }u'd I 

^_ *=t=i+SS+A) 

r = V4 Wict * [*. y, f) = — - J -' _ 1 / 1 - w = ‘‘f 3 - 0 - *) - *( A Oh 03 = - ^ +1 = ^ i- 

(b) With ; as parameter. 1 ■- r = 3, y = Id<i <4. 

w=t f'* (—- * C ;<9+ ^ ■&* 

Jo ru i «+ -- I r /3 1 


: —- =*■ -77J. W = <4(3.9.4) - 4(3.0.03 = “F +1 = 4 t. 

[T i IH' + :-r 0 5 1? 


m IWftODUCTtON TO 11IT; OAJ.OSiLUS ur VKr-rOk ytfclJTS 


i 4.1 t> keen h s t n kokkm 


TIm 1 t!«»P SR nhntaft aji 0|i>*l *. ruujLd in station;ilK mih4oUi i jiMiyd rurvf 

cuci b* found h j ,1 ^aai-r- integral- Gtc«i^ llinmen' rr:vi*s els r,lir option nf using 

hj dttlbJc lu cviiluAEc ll.<: llill 1 ifflltariJ. I'br liur mlc.i'c&l .l; C Lie ibc 

counwjclockwLs* dlj^-tloui ]i tknoixL bi £ . 

' r C 

Lei cue lb! losing ibrcc iheoeems, it zni S are Fine timis of t«-o vanabLrf j 1 y wbi-rli 

biivr 4 'i11 ' jjliin-1 \ fir-ir. dcfiv&lii^l Ctfl fl.fi r.i(W: (Utb F* 111 R"" t C S ' ft uTl-jtiEIJlUj' 

smooth sample dosed eutw mrirdy En B arid Ei Es the re^im* bounded by O. 

14.4,1 Theoftm ■ i ire* □'t Theorem i 

&*** + "|f H (£r “fr)** 

14.4,3 Tbtorcin DU-rtgrlK^ 'nuWprttt hi E.tu’ I'Luti-ri If F(j-, y\ - M( *+ rtlid Plbj ti 

tin- unit, olilv.mrd nnrrrui 1 Vrelar of {’ d P jS uiiilft t- the JsDJ*;h ot‘ SJC measured 

flOJia 4i ||£|t|cub&r ljOlu L uu {" fc* 1\ L Iil-j: 

| F nd*“ | div TrfA — J J V■ F >lk 

Tlir til(e- elitLXTttl £ f li ifji In rflJM th*" ft HI «[* H IUT<»x* f’. 

M4.4 Tbwntn (SEat^n Thwipni in Um Plane} If F(f, ^) = and Tb} i* Lhr unit 

tangent viT^r 0-f O <1.1, P, iv^rn 1 f riniE -1 is trir lmglh af iJM-JiMiml fniiru * pArtkuliu 

peanf tm f’ lu P. iWti 


iiF-T*- ! j ^turlP'kJA 


The line integral j _P-T di l-e- taked the ccrcculafieii of F «vund C- 
W h^l'. Applying l 'F:nl-rrt|SL^ 14.4.1 Tifld 14-4-4 *,■- l-»Jiy II**: i h-r- rtqiiAtiOni 


| F-TJn* - N(j. 


Tlir folhi*iiiE r-lr-i r^ni e. v*"* .i urr^hi^l fur Iml-!^ -i ";ni r iuf.i •/..■ iI lu fiaifl lFm- -Lh'-fl i^f ,l 
le^Lftn botmdfd by a set-.LOSiaiLy sotb &otb simp3+: tii?ve. 

]4,4,^ TLi^Fr^lSL Tf F .I ^ulun Ii^il^t ■'■■ ilx Uml -I-t n m L - ic M :-vI ly -n h n mfl|fIe* dif^nP t. r lirv* f. 

A square units is ihs aiea of K. then 
A = | £ j - y -dr 

J'bf af t-n. Fkf * SiyjwtyfloLd pr cusp- sv fl -]Yl r ' ri V" =?- Ihf «F -nn *^.TOtd ;•* 
Sef P^K-crriflo- 2 <f. 


^n-H^ J + .J 1 


Iel L'^txclici J H, 42VrtJii£iW l!:l- Mj:l- LrttcgiAL l^> f iiwjL^ Verify tli^- Kwjll Uy tf.i 1 iLU'Lti^i S^'lIJl»;l H4- 

1. 6 _ 4y dx + 3s <fy =. | J *■ - -]r Ako 


-rfA --]. Als? 


I tjit) = (L0<i<l:C,; &.(<) -i*ij. 0 < i < Ll C :> - Rgff) - (1 0i>i j, 0< ( < S; 

C,; ft 1 ('<) =(1 - < l< 1- ^4¥<ir+3jctfp= J" J <fi t (-4)<fi+ |%d( - J- i - ■ 

i- ”|| ® | a - 2»)<£r djf = 2ry|^dji =■ f L — 2jrJd|) 




UA (SHEEN’S THEOREM Li-I:!■ 


1. i 'Jjj t dx - z*dy t wime C is ihe irwngl^ with v+ircic^ at (Q.-B), I11. 

E> Let 

= Szjr and N(x,yJ ” -r 3 y 

TJitu 

N,(*,sr) - ~ -V 

EEtc^jwk the rejirvrc R is rnctowtd by tb« CilrVt: Cl ie bounded b)' tbft X illis, 
Lfa* llu * ^ 1, usd lb* ||«e y^x- («e the ftgwrr]!, we |pt$ 

£ Jrji tfr-**D t/f - [ f [Ji T (r.|0 - Mjjff.tfHJA = [ [ (-Se» —SrHsr dx 


-J -£&* - - J (-* ■ J* He =—}* “S-* J.. -ft 

W* verify ibe mull by lJw method «f Section M.2, Lei Cj fcw the i^pncnl from (0,0) to (l-,0) £*»* *hr figur*): 
let C 2 !» ihd Kir^j’isuL from. (1.0) to {1,1); ar.c Lc; 0 ;1> be the segment from fU) !n Th™ 

£ Jjf - 2i§f dx - r’^ dy -i- ^ L p jgr -z-y d‘y 4 3:ny J* - ^ (J' 

ParamstrLf equal isist y - 0 ^ f < I Thux 

i J (*>(0) = ft 


, 2#^ if# 

Parairalrk equations for O-j ace x - L y - f, 0 < I < ], Therefore, 

*£» dz ~ z * s dv - } # { 2, W®) -tdt = -*^]p = "1 
Parametrle equations for w x ~ t, $ = t, from f = I to £ — 0- 
j,, i-i; dr - d ¥ - [% l dl -t'til- jf 5 - id-' [ - 0 - (£ - jj - -jk 
SLilmituiLn^ from. (3‘L (S|„ ond ('t) into fcq. (1), wc ahtun 


which agrees with the result obtained by usjng Creeks theorem 
4 x^dx-l, 2 !^- f I j#--y 2 i)- - 4'i 


[toA sin 4(—Ain I) —sin‘i oo* i(«a l}jrfl 


«z 1 - t/V/j- *2 x^djf 


^ 2 >fx + 2 z j rftf “ [ ’eoft 3 !? 


( J iy“ 2 >hiA — n iiefiiis^ ir i* qH 4 - hU«*, 







m ivi'kom rrioN to thk calculus or vkcioh j- lkli^ 


8 l X (jr i 'Jxjf ef ry.. tt’h-i'-rr'- C ik the dcmitf! c.ifctVE CObitiLlj^ -of Lilt arc of 

•if — From (fl.flj i4i (2*3 md th.«- Ksk sejpneot from (H,2) ia ((UJ). 

p 11k figure the curve C awd the ™j^ri ft i.hpd. i* tindosasi by C. Applying 

(■iffrnV UhXMWR, Vfr Uftvr- 

1 (r? - 'fyiz + lx}/ d\ 


[D,(izy! D.U^y^KA - J | py + Sp)dA 
a,Wytf*- fVL»,* 


Wr verify shr- rrr-iill by ttir m i-l hinE ui" JnetfSioJl! H..I2. Let C j be ^En j pur nf tEif- 
rufv« iy - r* 5 Ipjjse (0.0) To E'ammirtFEi: Hjuai iorir. w\ C. Are 

T*t v = Jf 3 
Thus* 

X t-J — i.lu-r J_ ->*4, As, - fV* _ j. 1 — f 2 |#® 4- Wi : 


^ (** - - |^( ( -iV P ^* + ” J 0 ( f3: + ravW* = $ 

i.*t c a be the LLqt #e$Htctf from (£,2) io (Q.OJr FftfAjrrKifLe oqUilidpi Cj iiiv 

■i - t y~ $ from t ~ 2 lo £ — 0 

lienee. 

ju !? ! - 5 'Vf - iff if *v - [ V* - = - ■£ 

TWdm, 

i { X * — y~)dz + 2xy dy = |j.. r 2 - tf 2 jdx + ^-4- | c (** — iTtf* ' ^ 

which agrees with the resuU obi&ineti by mains (,;r«a J a theorem. 

Ie Exercises O-lh). Gr^tT* l to evaluate the Leu- integral- 
0 . | {x + $j)d* t- ry tSst - [[ |]ct*lrj &(* ■* pjlrfA = f f* (jr-IVfe * - 


t’if “ SjrJdar * 


(-r + *)dy 


£ — u her*- t is ;he nasi*: nirv? <ii^i^.-':MRml bv r .Ei« r itstL-- fsiiJ the parabola jj 

E^ie flgEin 1 vi^iW} L|-.i- eiirv-r t ■ rt!i<E Ike r^uiyii It 4 !eic.Ukic.tJ by ( \ Wt 

nipialy Giwifc T ft f.hftii+ifi wilL Jr]i>. — f" 4- y and M'^,p) ~ 0 

<6 (Jf?+y)d*= f [ 


y)kA 


^lb^—fu«V 







s 4.-1 GRfcJv** TVfiQR&M IK 


[sm 4 *. + r 2T 'Uix ■+ fcctf\ r T \d}} 


IS- # t iin jr-f t -where C is the reelanpfa wilA wjliefei nr, f|,^ (^^ ($ 
> Ice figure szio^fih ihe r^ciaii^lf C hiilI the region li erLcli^ il lay fl. 

Applying i iran'* f bcxVrcm. wr hnvf 

(t x sdn jf— \t eoa s- 


(H ,f-J «s J- fi - I^^l! r *in ]/)WA 

' f r/4 

(?/ <-ui 7- X ere ^ jrfy 


•7 W- X 






* .tun [J 4- x tfcn“£ rfy, whm C U the ^11^ x 
AppUircg Gmrai'f f.hmrrm wr <?h's;n 

^ tan + I£E^ = [[ ff>j(i tan 2 jfj 


— J J —IJrfA = -fireaof R\ = - Jx 

because the aica of an tEtipst of Masses J *nd j- is = jfr- 

la Exercises 21 use 'llieoycm 14.-L2 iu find i lie- a.nsi of ilj* region, 

*■ A = 14 x <(# i rfr 
- J ^ 

n- fV Ft,ci) - ii h 1} < r < 4;C a i Rg(i)= (4-iJi+Zfj, r? c e < i; 

Ctf 63 ( 1 ) * (3 - 10 * +(?-III, 0 < I cl; C^: BJi) = fl -fli + (1 

A - i r 0 rfi + U J jS(4 ■ 0 4 i(]rff 4^i' f-(,t - it) -T Hi - t)\il 


ldf + 0 






338 1N TROD lenow TO THF CAUH' I.US OF vECTOR FIELIM 


'Ihe region bounded by th? p^raboL^ et = 2x 2 tW linr p « H±. 

'J Ik iiftitiT+ 1 :-.hi l>■. , ii■- iiir regi".. Ii!. : Ihonviitecl lay I.Im cu i ■.■.: t . LlL Cj be Lbt are of 
tli-- (riy^holi xr — 2s? from (D.P) to and 1 m C^ b<! i i>« liii* sssment 

y = Kit from (4, to (13. U I. fiy T'hmrpri.i ! -1.^.5, l.lrf ;±rt*Ji of Et is 

A ^ j | £ d)f - ^ dx - £ | y . jr jty - ^ Jj 4 | i * dy - y tfi (I) 

3 rfor Q < r < i. Tliiw, 


Pvametrie ^fiMlbon* oF C| .wf * 

j i(4i-3 

Farannelnc equal ruiis nf ?in£ - — :! auri y from. f= 4 to ( =■ 0- Thus. 

rfl) - Gt4* - ft < 

SulwCijIijtjng. from (3) nrid JjiLti lj£t- (! : . vl'c 0 b Lain 


V rfT 


The area ie ^ square ynits. 


l"tt eoe^iSa siii 2 V c-ns £) -|- aj=Nrt 3 l(3d cot 3 * sin 


rwt of astfold x 


er siq 


^ j eW*f *-m 2 H cwrf - »n 3 ?)Jf = ^ 
For ihr Lypocyloitl of s/fr ^ m cusps, 1*4 £ 
A — i ( 1 [(tli eo& t + F«re ££){** cfl# * - 


\n Eyrteises 27 30, verify (r^u^'s divr'r^mrr ibresrrm in Lh* [dnhT and Stokes h e ihcwenii in the plane for ¥ and R, 

& VliV rmisL sh^w ^a.) C F ■ N di — J dav F dA eldl 
SJ7- Pi w) - 3±i + 2§>j, H. i) — cos si 4 sin sj, a £ s < J: 

i' a) hf(i) — cos a! -t- an sj. | F ■ JJds — ! (3 cos si 1- ^ si it -sj > - (ctw si + sin &j_kJs 


eurl F-i a A. 


"i- + 


(» Tt'sl 


hllL £l 


rns 


"38. FIjCtp) = 3jp ILrj .iml R. Lh t3it! =r ku j<_►:i boaDdod. by £ 1 + v — I . 

e 'IJbif t'.i;uit 1 tll-c legion lv T]k hiiuiidAjy curve t.- b AJ 1 iStCOld. 

parrufL--t.rLC ec|U»$ions of C arc 
X - cos 5 f ],' — SiSL^f 0 < i < 

Thus 

dx - —3 OOS^ l sLo i d i liy = 3 idtr 

IktilaC FfJ. y) “ 3yi - th«i 

- 3y = 3ain' 3, ^ = - 

Tr^ kf- :t!dr rtf thi-Ln^iH jjl l\\c yF^tic m 

if F - » cf* = £ 4 jff{x.||)^ 


.3 Ji'-3 cofl 2 - sin r) + 3 sin 1 1(3 tin 2 t eoa f)| 


- [ [fl Bin* I cc* l - 5 cw* f idia f) 

Jo 

TfK Taehl '-id^ r>f nau.ss’s diversenc^ -hror^m in tlir plsu;-*- is 


I • u! CHUB'S TIliiORKM 93‘J 


; dw IMA* j[ R l W T (±,jr) + = j JJl %$1& + D „(- r ^ A = JJ * M “ f> 

^rsc! w* lu^e verified GaW* dj verges theorem in til** jiNmr :br ttaffiivtu Junction rc^tou 
'Chi* Is^ft sid^of SlolnY f brivrr'-m m Jflf r-S-nm- 

i f - T d* - i- lf(r ?■, dr - ,V ■-,$) J-t ~ * p tin* t\\ -3 ™*a? i fin M4( 2 nx? 1 ™ i)] Ji 

Ic iC . ’i, . 


— [ -3sin 2 ^ rre; 1 f(;^^iu^ J + - C-C 
J Li 

Si -3 ! * r tit? 2±( J - m 2ft r/( -S 


_ « ., ., ' 2 ‘ ..fain "i. 1 VTu 1 -fOS-2f . a I + ,:!lf 

no 1 1 + 2c«* d) tfd — I —<S^- j -j |3- 2 - **Y 

2ft tit -S P" 151 'Os 41) - ‘in 3 It cm 2f] fit 


= -«[S* - |-1 5, 1“' - ) = v* 

IV TEgbL- rafe -or StofcttV jji the pJww =s 

j «- j j,® t)" - 1 j jihhW*- 


l*rt x = .CQ?.^ i? MiA iVx - r.to 2 & StD & dfl. Thus 


hV f (W } »[ a 

-3 DoS 1 HQ & -J0. Thus 

curi f*k .N —lft| U f1 -cos* A) w l -3«»** sin *] cl* = -M J q fain* *) S/i ab & dfi 


- -30 | (hlfi ; ^ f^fl)!=n» 3 &dS — — 30 j| [ -^ ) - ™ ^ ^ 

= - a " [ 17 dEIL^ w I - CHM ) d& - -i? I S - t*s 40 J - Hie 3 ?W «*K !*fl) rfdf 

* Jq -*o 

“T^-^ 4(? - jjsin 3 

juirl K'f tiAve vwified Swkcs's iSi^oifEti in she plane for sh* 1 - k-' ,,,,el vector fi-ciiti 
19. + |^j. RjE^ - 3 f*» tS + ^ mu ej, ft < ^ <• 

(*) | F ■ H dj - -j- | - |~*[ M *in a f]{-£ iitt I) +■ (35 ^ 5 £}r? cos 

_ | ‘ and | | L!i^(x :a i+y 3 j;.dA - j ^{Sr + l^JdA ■= D l&tbd pwji™ii}. 

{b} F-Tds-| *'*rIx + y 3 ^- j -|- 4stn^^(fnn - yea^l ► 


enrl F UA 


0 ■ t rfA ■ 0 


30. fj) " +x’j. It: £ - 5 COS (, J ^ *=2i r. ft I- f < 3“ 

f*} -ji r - H d 1 ^ - ^ ■*• ly^j “ i rfi je 3 4 - ft rmd | J ^ div(^ 3 i + a^WA - | | ^0 M = U 

(b) 0 F s | 5f 3 - , l/- 4- At* j h trtH r rfO w r dT? > — ft and 

| cujJ F ■ k JA s || [*£r- — U beenu&r erwii term ]g «Lt| 

Erl K^irfsrt ill rjrtr RmitV iVgjpJrt to find tlw total w*th Hon^ 1 TV having 4ri objnrl in thr eftuisUrclocikwiw 
direc;ii?r' oncK rrru-isjd tiifvc C sf ?hr rr: ciuscd by the fortv: firi(l ¥"(£,#'}. Lf-n^th is ni!iM*jnJjfed in n^etcT? and 

forr^ leifitiiijord In ihr, k ivu*rcri. 

> 3n F»ciTi?yv; ‘if 1-33 \Y ioiiiea of worlc b don^.- 

31. Tbe dBpw ^ = L tu* area. - -Jr cm 1 . 


: (3x + |r)dj 4- (4x - Jbiijdi, 1 - I | J 1 c by) - ^“l 3:z t - 9 ) P^- 


,1^x1 - 3 = L^tt 



■iun fji J'RODUCTIO^ TO THE CAL Cl Ll-SOF VECTOR HELDS 


C b Ibprirrle T 2 + ji a - 2">: -(<*+^+(0+“ J'B 

Lrt K lir i.lir r-f^iuu oudofitid by tlit ciicl-r, TSk rmirL^i d ]o’j;^s in :n- *rbrk . ... In 

IV = | (r' + 3^3 Jx + (**!/- C*a yhfy j | ’D^J^sr - «« yj I- - 

|h-h .H'.IM' -.Ini :-:crTc.i:ri :. • odd funrtlivii j/*nc! li is svrrilii^rii- with l-Cipttf 

I (r- + „>*+(.* f f +*V-j|[e* ^V A = LT 


r is. 


= - j 'J#'*****.. * - - J e & -t*w* = - Kt - -w 

\el Eswrejs** IMS, find ihc salf of rb*^ *f iS* fluid nui • .r dir■ Ti-tfuu 9L btmjad^J hy 
>i!trinity field fflf iLc fluid- Vdodty b crwasuird in r«i l.i tickle p*r woond; a™. 1$ measura 

35. F(j. sr) - {if 1 + (Lt)i - 2y Thr dLipat Tj + ^ - I bas «rm - : »){1\ -3s cm'. 

« J + B 

pTOffl Causs’ diverfenrfi ihccrujsi lLic tnillkbcl «yf .:l the CiUS-flo- 1 * *1* I l v lluMi ift 

flu* aj V N A* = * | ^.ILw F d.K - | J ft (0 + 2)dA-rt^T = lEr 

fw. V{jf.j yjS (hr y-')i - (3 j -3iil5; C » Hie right tRanak Win* wa-SliM-^ : l.'JJ. I *. ^ ?■ 

3 Tine rat* of flow of i>f fluid: bi Ihr flux. We apply C*ujkhV than™ sn iSr plan* 

L* cvnksitr thr Sin* Thr fig-im nhnw* lfcn- 12..’ rrsjLiitl 14. Tin- a It* yf dlF J 


= J J wjb* - + ryir - 2y)idA ^ j j z d s - m 

Tht lAir of flow die fluid upi of tire rfffiK>n R ls 1$ tm 2 f&ct. 

i/ 3 j- Tb* tiLneubcT ut nipr/irfc Lp Eh* outflow ..f tEi * 1 nui 

flux •-■ f F ■ N <S. - [ f .[iv F JA “ [ [ (S** t l» 3 )rf \ - '^ | 1 


£b, Es*r^|?Hri 39 SU, F is :h^ v^Uw’Ay fln'ld uf .i f.-jul iir^minl a do-rd \ nrw\' i. . L 
compute f F ■ T P-r, ;iEid from r.hc n^uU d* , t*Frrii'n^ wlt«h «F th* foLLo^iog appl 
coujJttrcJflAwi^; I_jj; c-Im- eLreyl^limi nt , .-li+* ?.:Ai\ j* ch*****■. (til !■ «■■ irrotaiii 
is o &1 iTiot^tsajvi!. r ^ r 

+ faj. ciltJ K — (6 - 4;.t - 2L i F-Tds - ruri I 1 ■ t dA 


M. tiw) 

40- y3 - Wffi 4 ifjl C I hr r:Llir«c - i. 

j '] hr chtS <?f F iff <,i V-ftlf tpy 

npdF-fD^ajj-D^lt^-at . 

'Hw wa of Mic i«gion K feoundrd hy Hit *11]^ is- r,rfi ^ ■; 

Uk pliaoe, we have 

4 b’ -T dt = J | ^curt F-1JA - j | \ -&lo ■ k d\ -i| 

j f F ■ T 4 r < &, Uw 1 T:pnil.il:-ici d\ ttir fluid i» d«ltwbf, 

41 . F(s, y j = + ^ i ' J vj. curl F - 0 - Hnnrr (iii;. 

42. I P-TJs= [[ cufI^+^A- f [ [Ir 1 -JyV-C-H 


tb tore in in 


J A in C^reers r s ih^r^ni wiiii — U, 



14.5 SURFACE IflTHtiBALS 


E.+:l S be ; be smtJac* tim ls ihr of Ihr «juaJ 

pel’ll ^fivsifvrs n.r^ cHuir.inu^llb: wn ;l 7*£i0n D in t- 
*F j. y* - u-hirh ]k coaliowntri I'h™ 1 -hr ai 

«X]iI^+e<l 4* n. ilrniUr liaV^FhL tl^ L l*tP | WS l? an il 

| t.i (it. jr, ;'kiV = 11 - 

hi pxJajr eoor-din&U^ if iie suites*- a fli mi by j = J\ 

\ G(r,fl,t)*t = f f <Mr-S ; firMfirhr.<n + 


fl) + [ F dr d*) 

j ■>!! Hi rihtrf*qf S i» - )■ WS(t if 


Eif-rust* 14 -5 


Eel Ekcicw 2 ■ 1^, cvalwir id*£icc ireU^ral J f^C(r. 

i. = ■ = V* ~v'- /*(■«. y)■ /, Vi—77 


Circle t» hr« ^ 


C;(s> y f s) - ;; S iri Lb* pOfftteft or iSi* p\mw. ir I + z - (i i 
The Jigur* shows the surface S. The piqjerl.imi of f? on;^ th^ 
A/i^iitar lejiftis bn Isauhtled by If if - i line) y HX-t* -tT^E 13 k (Lp * 1 
i = /^ir) = 6-41-3? 
ititn - U'^ uf G ui'rtr.S i& giv^ll hy 



9 ><? ivrRom'trnos to the calculus or vector kikuis 




Al /■(!> vl = I = S - U - 3p- / x (i-9) = -2, = -3. j | TV* *" - J | ijr(*-2*-isrlV |r ‘J+Sl + > 

= Vh f iz = vflj *»**■ 

= iMl * - ^ - h /lA -H' *>'-> - 

'■ /<* »>*»* /.[*, -') - /^>-* 11 /%— i' n ' irfA -L l U?&3 * dx 

- " = j> f "" M)<,# "** 

T. /(*, S)> - f - ** /,('-. V) = ** ■ «r II * rfp - I j r> z\/U r * 1 - | o | JS *^ I ' ,, + - rfu 


r, /(/, t!> - t a x 2 . f^v) = K?, /^m) ■ «- J J ^ ** - J J D * v4» + 1 rfA - ! 0 + - * y ** 

=■ rfi = ; j ■ |(4i a +1)^ 5 ? = ifs VS -1) 

&. ,^r) - p: ii w the portion nf ibc eyliatLif ^ _ -S - y- in she first ueciiii b*iiB<fe«i by i-h* ™pdjjut4j |daana 

surd tEi*" pl-ndhe x — 3- 

& The fig.me shows the 5uri*d: S- The ptoj^ciioD of onLo xy [dam* ii the ^50; 

r*cL»n£is]ait Tffcioh D, hounded by the r and =7 «**' «HJ ihf lirtw *= 3 Mid V'v 

jy — il. Because - V'".': \ x ' V" 

i -/(**) = W 1 ... ' 

lWi tbt surface integrat oC G nv^r J> is gctfe:n by 

j|/*=i f = cJnV^ )+i ^^ v $s^ 


saso& 




= | \ v^TTdjf = 3® (|[H V + * =* |j it -1) 

1st Edettasca 9 and 10. /fe, $ = ^ - v^+?- /ifr+F) = 

*■ \l /* ■ f ) l}* +"' 1 M ‘ */*I !„<'* 4 SW " •fi\l' J’ '*!’■ d '"i 

TO- | |" -tlfi dff — | ■+ n Iwtai^e bnngtJKuS in add 

H- /(-c,lf) = -" - 2-|i: fjm, jf) = - J, /j/i-s) - -i- 

|[ (x-HffJ-Jor- I I (x + sf)J^Tj+T2A[ f’ l,F, % H - ^v/iir | 

- i: 1C 4 - if ~ b'H-{ 4 -if -l - * +6A] -W 6i 


12. - v> # ~h v J + 5 “ the ptnrtioft ocf the to nc ^ ^ beft^etn Lhs ry pLaoe and the plane i^TL 

t- Itw* rig'irr «SL4i» . tSi' 1 huxf^i&c S. L hr pfop'fLi^l nf R VUiO t|-r pi-ail* ill The _ p 

D bounded by ihe rk4p ^ i jr 1 - 1- !>atvLDg tht equaiitm of lt( 

SUjfw triF 5, wr LhllLntQ *1 


: a /(*, ri = v> 3 + IT 

"Euat 

/ s (*-f)-- 7 -^— 7 / ~~rrr^ 

i/E i ^ V- 1 




\V« evaiitatjc the surfac: 1 ijirjcgmL erf G ove? S with »ho h^ip ti^ ]mbr i^kirLliiJdtc-i 

|J ^VP^rTT-^ - ] J n \& +^+(x 3 4 3t 1 )i/t77+?7p^"i^ 

“ f I = 2 IJ ,/ TOja 1 « 


F*+/dA -S 


r(r dr^ = W- 




M.S.'HJRTACE INTEGRALS 943 


Ht<y) =i = \/4^7 3 _ jfj = ~ J / j,|* 0 

v4 j- 


[ | jt^iz ^4r = || r ^ J iy ± \ dA — J | 2£p tfj* *ly “ ]* ^ Jsy — ft 

M. LrL T W the fi^ife Mpho?* J" J _ 1;J J jp^rfp * : tf i* 2 4 J 1 + 

= ^0ij f 

la LsHidsti 1-1 2fl r find il^d ij3amk u| l|j r surface 5 if the arm. dwwity *4 w^y poiiu ■:) un S i» ^i> ? p T ^ j kj/i[i a - 
IH. fU^>- V‘4 i 11 ? / r IXyi! - ^ j. V'! 1 ■ ■ ^ _~^ _ if M J^i » tlw m*M 


sl = lJ* kv7 


+ - 


2 k '-i- 

[5 V '1 - J- 


:=4k f ff Pi(r [** ld£ = 4t-2* = tok 

Jo Jfn r Jo 


■ST 4 - x - tf 


= - j. «r a - 4J< 


-V—4—jJA 

OyOl -f 2 -^ 2 


16 . S :s the poitLOE] of the f>Jasi£ ^ 4 - 2yt 4 - i - ft ta the firSL Ltflas*: /r‘,z,y. — j? -J- --■- t- 

► Th^ fjgNpr 4 io*-i the aurfaee 5 . The Eti-ttw. of (he suifaer la M fc£, where M i& * t 

py-en by the surface integral j'\ 

M=J| L\ 

t hK tiroj^iaii uf j:Li i Hie plane 3 %: ihe region bounded by the axis airf [he j t . m y 

lire .V 4- e 2y — 6. snSvinjs She ^nation oF Ihe hurfaee Fop s, wr obtain _ .-.a„I— j;ili— 

I - /(x 7 p) =.« - Ji- 2ir “* ■ 1 _i 

Then, *tib*4itutiofi s, *■ ‘ 

Its JJ Atr+it^f^Y )+- I I (IS - s* - +(-2)* + ua 

— Si/T^ j | (4 - 2x - >j)dy dj _ J 2(2 — xl(f — Tjr^j^" - ’ r '^ J Ja - 

. i»v^| J («? *? - J? = f^U f‘(2 - jfJx l.'j/TT 


17, “ - - 1 ^ >/■ /x(*. V) = = -Sir- rf* ' v^C 

Jf M kft is the msss, j f Jtrj v^ l ~P * iy 1 -i I = f 1 rfA — !i— . 


i?A. h i'. ■'i ^irckof r-irtLu-. J. 


1^, I^-t T hr th^ mswp sphere. 


M = J| \r 2 t y^>riF - l| [ t ^ 2 4-|" ^i> 2 + j 2 + = l \ j Itfe =.][’ 4x = J*- 

19. /<jr,pj = a = v'V 2 ' /,(*.#} a -- 7 , - ■ ,f ■ ir^J h. I he ^ AS, 

i- y p> J y'xS + v-T 

”-((/■’'• - “ ' ^Jf 

- V5 ; j * rWflti^r dr di = /i f* | ^ «>*» - S|M f J' ^ - «n, W)d9 - 

7 J] P ^ ij= thr por,ion of the sp-boer- ar - 5 P -i- r ? — 16 in iht fit^t oclinU 7. - jEi' : . wlirjir ^ in- n ronsh-urr.. 

& ‘31,* jiLt-ti eiI i.ho siurfATP h M J;g.. where M [9 ^veu hy iJie riurfme iiiL^ra] 


M = 


By tt;/iHimrtiy w-i- «hi« (uiv^ 

M - J [ Jdi* dtf (2) 41.111 1 

AddsEi^ (1). (2) imi - :S) and hy i, tft- 


i= Jl.y' 


b! J* 4- y -■- * - -y/: Jl< ~ rLrt ' Jl “F i us l j — y* - ^ - -I r( i J = L ^Jrx 


fN-I INTKDlH'GTiO^' TO THE GALGL LliS Ot WClOll fJtLDS 


III focnim 23 *1, fl: I lltf flUK of F A-ftOSS trU; SUmee 4 where t" |r. -v,; I iJis vvlnc]ly Efcld of llK fluid. 
21. F<j% y. r) - rfc 4 yj + ;k. /(jr.y} = r = 4 Jr 2jy, / T s 3, /„ - J i. U * Jl uEupcIp uf *i«« 3. 


Hy n|Mnliu-i3 «'l), flits 


F H(lh- [-*i^-^-a) + f6-3r- 2^nrA 


« rfA - TS. 


32. F(r,y.e) ‘ A + ±j + hM d4wtU#n of nflftd ** l 1 ft" v- 1 '* * ^ “ 1 ait.i 


»'•"'•= Us 


23. F - -£jji + 2-rj + 4fc, •■ - 




By equation. (#J 4 fiux= | f^F-N dp = JJ j) + (—l)+* j^A = !j JJ^dA =5ur{3J^ = 4S 




S4_ = 3ri +Jtjij 4 fi vic S is tin 1 portion uf Uit* i^triiLhjLuLJ j — A — z r ^ live jty plsne. 

tk Itf figure shows kho svjrf*i«* S, u hiriii Mh:h j.Lkp'. f ihe tv i* ion 0 lit l he jy |tl4inr T 

D bt IjouiitlT’ij by the dfde j -2 a - •*, wJiutie Aren is ■itr. Let 

= M *. v ), .i - x» = .i Aft Mk 

" ld 1 

Mt*. s,i)—Jx k(*-.v^i=os fy;M" i.vjQjfi 

Ifnhia Li Tail nipper -normal wti» r fnJ S, thru 1?ie f]HI X of I' nrrww S i> |M»ri: hj V ,._ r 

f| ^. B *7= j| (_M/ r _K/ |r + RWA 

= jf J{-3rK-Ix) - (aff)(-2jr) + 6(4 - i* - lr*)WA - 8-1J j j JA 
3 = 24(lV)? 9fiff 

35. Ffi, j. zf =- j?\ 4- jhiJ + 2;k_ TaJe the sides of the rube in the order x — ft, jr = 1, p ft* y = 1, ; = II, z =■ |. 

F ■ N i/tf J' f 't2iki ‘(-IiJsf <f: + f' f f (i +JO t 2-k) -1 <iy d- + ' f^ U J ! r 2-k) - ( JV^ d - 


i:j;^ 


I+xj4-2;k)-j cf? *» \ i-r J i4x3tfH-k)rf±da- (j t s l-j®j4 Hk )-t Jx dy 


dy d' 4 0 4 


1 | 2 dx tfy - l — ^ 4- - — i 


2fi. F(t, ;) = 3ii + |f^j 4 yak* t?J;r *hr of ifie rube i ia the utdet Jf — 0_£ — l,y-ftx^ — 1,= — 0, ±=1- 
j" f‘N J?= j j (jr*j 4- pjzfc'f ■ (—i)Jy Jz + | j \Ti — y 2 } — - i dz 4 | | (3Jti) -1 -jjdr di 

+ | ' (3it+j + jrkJ ‘ j dz d,:- - f'T -kjJi dy+ {Sri-^4 .vki-kdrJ, 

= D+| f 3j)fd.t +0'+ f j dxd'x+u+ j J if dx djp - S — I + i - J 

14.S GAUSS’S IWVKRGRPKTK THEOREM ASI) STOKiiTS Til BOltEM 

|jk lIjk fallowing, l™ theorems. M. N R xire fuju:1kiO£f -4 three viiiablM j. y, and 7, 
huvLag ctMilismoti?. fjfnl isirtinl drt^nis^ on #n o^n hhdl in ft^^nd lri 
ft =) = M<x,*---i 4 Sfr.3P.zl| 4 R{x.y.: !-k. 

H.ILL TluMireeib ■ IJiv^:i^:ifr 11:«..r. i r4 Ijt u KKtSboMMJy xEpEMHh elMrtl "tirfftr^ lying in H. 

Irl F be the re^iun IxjObdiod b'-- S. aod If. n fv a mil- ■jyL'.vi-’.r-i llofttlR.; vector of S. T^on 


Tbwieni Theorem) Let S br asertionAlUy HFio^ib twoHidnl ^ixifaee with one side calM 

‘-up" Jylog in B -und kt t! Iih a j^ii*iqa)ty *inuoiij Hiiikph eisrvf ibni I-, i.Lr liuundjur_M of 
S. ft is ft lcLijI ^ipwafii normal r’.nil i i;; :l iniiil Lau^efil ^WtOI t-O G. w'iiftre s unibi \n- the 
a^ngili jLr<- 11 iTiL.’ zn!tl fiuiJL X |AUiSfu]w [-oii-E on C l& l J itL Lbc ewni.^rrE-nr^wi^ 
din aion when viewed froaci ata-vr. TIk-ii 


Y T dt -- 


cu rl F - n dir 


Stokes's T-fteoTtaiL d-oe^ no 1 . .t|ip.y tu .s Mofc-ius hand: if ^ cHie-sidwl. 


Id.GCAlfSS'S IMVERGPKilE THRDREM AND ‘TlliiORFM JJS 


£t erases __ _ 

!n txrn'ih-^ I L verify [InrcTRrncr tlinornsi firt- F Aim! S, 

L F = 2 j¥. div F =. 2 , K is ike sphrfr #? + j 1 + z* = L | J &v F dV = 2 1J J ^ JV — £^|*) — 3 "- 
On the upper hemisphere* by ^ujilieEi 14^.9. j | F- Jl dfr - J j (Cl 1 Q4 ?=)JA 

= 2 | J (1 . 3 j’" J* (1 -r*) ]/ V lir 4? itff - JC -* 

Qti ih* ]&Ffr hcniEEpJiwe lh*^ of z aiuE Pf see reversed so the Fntejjal is the s*me^ 
licr.c^ th<- la inJ flu^ L=. ~s and Cains" div#-rgrne.c ihw>n«nj is iwifted. 

2 . F — xi + srj + ik- K n the fphtnf .r- ■§■ y* 4 4 * S- JJJ dSv F dV - ^Jjj^ JV - £(^*27] r Mi8= 

F- d =■ v'x" + -r — 1 so |j F- adc ^ 3- - -*1 =-[3-*} - lW$r 

3. div F-i Ef + O+fl = Ei*ti*e£uhe ft < j: £ 1, 0 < y < L & < * < i. 

div F dV - ' | ^ | 1 dx rif- - J' % dy ^ y 3 | 3 , ss L. Allpnitti «i>', 

J F-Nfifff - , ' (yj5)-( i)dj^++ J=+0+(xi +Jj) dr 

4 | ' j {*$*)- -*)d-E + J ( ^ + si) -1 dT 

= 0 + Jo J* 1,1 ^ + ' 1 + lo Jo * dZ d * + 0 + B + H) = 2 + 2 = 1 

^. F^ir.p.;) - ■Eii-Sij/j - -k: S i* the boimdaty of ihe legitm crw-fiSMfld b> tbe paraboimfl ^ + y~ and the 

pEjHl* i ^ 

■& Ths figure shows the suifar^ S- F?| is aLe |jart Ob the pajnbol™! 3*t!ow the 

plEHir 1 Mid 3^ L-. the phi: uf S L:i tlw- pl.^n-. Nir i^r^ijrT LLUfi uf M jil “Jin Zjy 
plane is the reg;o-'n ! P hmiriih^f t>y 1ii« eircie j-' 4 — ■!. \\‘<‘ hn-v-p 

/(•*.») = J-' + V = --? 


R(^Sr--) - - - r f 4 Ji ! 


(1) 



Tile lrll rud^ 1 Ctf t-iLLiiWh diVrr^rne-r tllruTrrii i“. 

11 F‘tide m J J #1 F-W * + j } „-/ ■ »to 

BtfJULw il^ outward unit noimal ?o is d«nTn™:Ll, h> have 

J ****[ 4 NJ W ~ RJrfJ - 11 JW2*)- Wls) = J j J 7 **-^'1 iA 

IV* switch co polar coordici^ie^ with x — r rjxt y =■ r sin ff. J.-l - r dr 0- 
| ? r ■ K da s | * f ,C " (7r l m 1 # - Sr ! siu 1 S> jif Jr - | ' J [?[ 1 t r* 1 rf<t ,ir 

— J* {I 4 t, ctm 5 #)r^ li? lir — | Sir 1 dr = ~ 61 

Uil S’, N - fc, Ulrj F ■ N ; =-1, Tliij» 

,_. K-K^jr = | j ^ 1 Js “ iffcrr* eirsk of r«liI k2 ] f “ 16 * 

S-idj'-!iE.uLi^^ frurn (2) and (J) IQtO (l) n Iizlv* 


( 3 ) 




IL. . tw _ i 

Ihe nghi ficdi, L of s divee^cuee theorem 

111*' *•-11 • $}■¥ - ’j j j> 

We oompuio tbe voNnie of E by the Httlhod of hieing- A $«ileu peependarnktr u> tM ^ iiit b a circle 
TTUttlLl.% illld APl!,1 T-, Thus 

( h 1 ^, « Isitve i-tL-ifled Gwr* 1 '. di\ ew%zaoi theorem - hi- p ? :v«n i Aud -S, 


INTRODUCTION TO lilt CALCULUS OF VECTOR El ELM 


In EstJ-ebies. o- ,S. fcrUii F -md H ul' the tsetejstf in E\. M.j Hut! Uu- Jlus of F across N j>y Caul's. d.:>'cigenco sbtOKtn. 
5. Evh.^ 21. Fl( j-, ” j-i + + fill, djjv F ~ 1 + t 4 t = 3. ^ Ji UtrJihnltfaii ^plijntn- ^ - 2 ■ 3 J $ -* fi. 

Plus- | I" - a-ft - IS *ml r.bs n US Over tli h fajoe.* pAlvdW Np Lbft OOOHfniate p-laiWS ATC II. 

6- Ea- 22- F(.rz) — ii — j^'j — ilc. On (flt£ t0 jilaur^ F ■ rt ~ (xi t-iu)- k = ft. Let- T be the closed herniapliers 


vtij-— 


jj j ^ 

f J f 1 f 1 [^ + 2)4* if; 

J-D- J D ID 

-j:j, 


7. 43W<j- j i i *n f- 5:1) = f* + r I- ? = 3* 4 2. Fits* = 1 I I [Ar 4 2)4* 4* 4: - i dll' d* =■ $. 

JojdJs Jo J o - 

& Kxctfjiir s) - 3^i - 4 ?J’k- S ** iheeubr in \A» fir*L mcuhl 1k>uiL.d*d by \ht ^oordina;*: p-latra 

nml ili-t* puuir*. j: — I i jr — I. and z — I. 
fr Wt haw 

«* F(* lJr ,rl - n^rJ + D^^i- D^yi) 

- ,1 -r 4 y — 3 4 3j/ 

Applying thcdjvtfgctt? th^nern, wph^vf 

Dux = 11 # F-t> A? - j|| M FJV- [ 1j*(3+ lv)dx ir <J« a. |J(3 4 3j)ijr - Jjt H = ? 

Iti Fson-ir-H-H 3 Ifi, tiw CTait-aFs diverg^nw ihconni 1o ewtliutlr -li-p : urLvr ( J fl F-n dvr for F jutd FE. 

Sl F^r, ?j n i ■ = -^ J ji/-i 1 J: y’ z i 1 ds* F' — jLti/z + Sxjrz -r 'Lr.-yi — fix^iz. E :l the teci-angular pai9l<dp:.peu 

fi < x < i. ft <2, Q < J <-l. 

Flux _ ' f I fix-.r JV - fi r*'.r f '* - fir - A . I X 3 ! 1 - L?f - A--P - G -I-1-? - 37 


FIua = | dV = e| o *4 bJ^ jf ? d« = 6' 

10, I j^F■ R At = ||J dhffd t-Arjj + = || SI (fV = 1 i1 )(2)- 11 

■ }J a K ‘ M ^= J|J rti'- , (rf+*S + *lt»dV = | |^JdV= sjff(2f =32ir 


dhf bari k* M 4 2-kWV = [ 1 1 .?fV = ] ] ■ ‘ ( 

ft JJj F 

[ 4b(ri + sj + *k}dv = j | * dV = 3 ■ = S 2 t 


mum- II 


12. Fl>, ^, 7J -- Ti + M} + ;k -4 In Uk Ilf she ^rlWd an Ifar vile by I hr ■rylander j i H ,V^ — 

l-w'hnvr liy l.lie rjf pLine. ;vshJ uibrKV^ t>y Oie plrtire r — 4. 

> ITw? wtunic df Llw ccgjuu F el|.t3ijwd by llir taujfoer S i> 

Y = xr*A - = 3fir 

Bteausc 

div F - Djr) + jy„, 4 Dji) H+I41-3 
[■ben by Gaiiii’s divcccduc iheourcj ft have 


j F IH^^- j"| 4ivFifV=|Jf 3 rfw ■= 3f3S?| = lOitr 

4 + T 3 kJdV = | J j ^2(jr 4 * + j]dW 

— “| | J ( r ^ + r sin tf + s)r Jtf dr dr = 3 j |r aLn ^ - r cob # + ^ r 4r dr 

= 4x | J ;r cf3 - 4^ | Br dr = = 14 J 1 r 

ff F *da- I ; diip(x !i i+ s^j-i- z*k)dY - f rlx + ^ + 2 r)JV-0i*dd) 


■ ta — | divi;.r J 5 -j- y - j-f- r"kjdV — | 

IS- fJ^Kri.^fjl ^llivfjLri 4 2yO + Sik)dV - Ll^ ^ + 2i}rf - 

-:i: + ^r x ”’= 1 - * ■'* +(i - * - ^ = u- 

* 0&t 


i f j - - p i - * - 5 ? 


(S 4 2z)dz iig ilx 


X-^l 3 -^ 1 - T-Tf) 1, 


M4 GAUSS'S DIVETMiE.NCE THEOREM AND STOKEJFE THEOREM Ml 


___s _ JI + ®J -r-fc 

16, F:Ay.?) a ——j 

+ 4 *r 

fr Let, 

M i : + y A 4 ? * j:* +- p + ? ^ " J* + p + ? 

Tb*n 

l{r i -.V+i 1 )-x(fcr) -P + g^+r 1 

&* r^+V-M 5 ~ (j! 1 + y 2 + i 2 )* 


Ifx ~ J 2 + J*+J? (x^+TTi 5 ? 


an t(* T + )/ + .-“]-*(;*} r 1 +y 3 - ; a 

£ = - —~ 

Thu#, 


T + 3f" + r- 


(J 2 +3f*+TT 

,,.. .. i?M dPJ.r?H_ **+** + -* I 

ast r - £ h 3 - + gs - ( ,*+p+^-7+?+? 

A ppLyiFlK (*;mi»c l * divrri^mn* rl^LWfilt Mid UHiB£ spherical euonii&iJitrti: jo evaluate th-e- triple integral. we obtain 

- | Pin d Jd J iM | tip = -cos ipj^ [2;f)l - ^tt 


In Evfcceiacs 17-22. verily SWkefA iEi*onim foe F and S. 


P We EC1US& slcow TJc-LEt y - "1“ 4-S 


-11 


r^rl >' - N r ter. 


17. Fl {z.p. e) _ + r r*j ■ - a |(, S ia 1- y* 4 - 3 - J. . > 15, R ■ «:■* 4*m ij. tl < t < 2*. 

J f ■ t iU ^ 4 £*4* - P"f(#in^K i) - L«;y* 2 j}(*o* 0 + G {«**} 

[J CiNMr*. j" dfcr - j ^rk-Nd*- f| ^ \ -H dff = o |*}TnHMitry} 

IA Sim m: ah LV. wnh dirwiien: cd rirde li.i iJ Aieveracd. 

19. y^ +Jrj4: 2 fc, «# U + lie Us 0 £ t < 2ff. 


-j; 




pin ■ i -Hin r :■ + ^-3^ 


= 

JO 


?'T?Ur if j \y*dx + J^- 

?r (—iln j f 4w + = IJ ^ ff + 0 s it. Alfwn, fKPiu Equation I -1.5,5 

tr 


{ wri^ + 


| >■ nrl y - ffl dtf = j | {I ■ 2j))l! ■ fi rjfl J i ^-ZfrUA - j" [I - Sr #LF 1 P)r d® dV = J ^ (Sr^r fir - j 

»_ PUTKy.i) - 4:^4 pj + 5 is Iht portiw of ih* pitabal^fcd : ss x a f ll« pN(Wi 4 s 1- 

p- lh^ ^lirhvs rlie surface S and Its projeriinr FJ emiio tin- lt^ [ihw-. 0 

:is>iij! 4 lk;d by tl* ciiek j' f — 1. The bAuindntv u] S in '.m: ctri'lr C v, h 

(ipuIct at the -pp^ 11 • O.fl- 1} radius '. A wr^r rqiiiii infi of f wiili art 
StfiE^h - i : as. tMifarc'irte.r is given hy 
R(j« ) cw -ca 4 Fiu 4=i + t 0 1 j t 2 a 
Th-e unit- to the naive C ;? 

TfjJ ■ = ’*ati Hi - 

Brt-JMItfS 

y(R(j|)) ™ P(n?h ■, I ]' till d aid *\ + ?h 

then Lk 1^ side Lhf ,Stokts s tbrorem For chr F aad is _ 

| F -T ,L: - | (eoa £ an si + sin h] 4 51)- {-siji ii + tos sj^ = J {-tovPa ta& & + siuV 
VtV ^vjJuaiif lIjb ti^bt side of iSn^ram for Ihe given P niwl S. 

j ^ 

i= -rk 



■curl F — 


d/aj £/£$ 0/0- 
*!) V s 1 


Thus. 


IHd IN illODUd'EUN it) 'lilt CALL: L Li:s OF VLCl'Olt FIELDS 


ourL F - c 


-Jt ■ ii - !■ 


bctaiast- t is an odd. funocdw* &&■d .4 is symtEitu-k ^ieIi aspect m tttt yz pdaa» + 

hw.-ui^r Iaj' 1 ] si<3r^- of ^NjI: l3pwrt*in wzr- CT*rn. wr hsv? irrifiiil Slok^"■■ r.hfipnirn fur iTpt r. •• •■ i« F and -S. 
2L Fit. 17 . .■ - -Siyi 4 krj -|" 2 k. f ■ 3 ran 4 3 sin Jj f k. 

| F - T d.s — | - ii-?} As -J 3x rJy 7 5 dr = | J 3(3 sin J i-j 3 sin ^ j- 3(3 £)(3 nm J — 

= J 3 ‘ 27 Jl- Sfjr> A3™ 11 curl F- N -for ^ 1 1 Fit -1 dfj -r 6 | J dtf = Stfir) =.5dr 
22L F[±^.:J-^+3xj-4A. V |i/i? - 2«wli + 2«i (J. 

| F-Td*?;| ijJi + Jrrfy +4rrfr= | 1-L (0 + 3(3™ f)(2 (M^ + dJdf = fij 2# (i 4™ ^ 13* 

[f curt F-t = || |^j43t)-kdff =i3jj d* =. 3 ■ rr(2 ? | - 12sr 

lb Fjtrrfwm Et~ 2 J$ h me Sl*fce*ls U> 9 ¥fclitp£f ihr liiw? iiM-fcgnd f F ■ *T d a for F Mtfi r, 

53. eurlf-lyi - 'izj - j-l; = 3r - j - 4k. N - “V^‘ ■ + J - t;. Tin- *q niteler-ai triangle aas aiw 

•ij?-TA» - j | tod F ■ 5f Jit — iy^51J (3 - I —l)dix = - - 1 

54. F(i ? y n r) — (j — i)i4(x- ^lj + {s — jJ-L; r is tlic trisuiL'le ii&viug. v'tftki.-ces st (2.D.Q j. {&.2,U.L acid (0.0.1). 
& TJit figure nhi>ws Irlsngjr, \VV ^flkiiLftc*- r.hr <iirl of F h*Tor*- ■■focusing tin- iMrfao* S, 

i j t 7™ 

ffUrfFpr />/ r -jT fl/0§f |l/ar --j 

y r r ; t ■ jr Ls,/ 

'Vo simplify l3i h f aIh-i:!^! i-:>i.i. wt: iJujur-s! S lo rtriisisL li f Llie I.Ijw* l.riiLii L'jrr- S_ / 

wSiti normal i. S h with n^nnal j. acid witli ngrcn^ o" c.tu' cipa^Sin^i^ ~~V/ 

plwifcK bn ? th^ gjvfn [.riju^KV. A]?pljisi^ Slyit^'s ^I^nw-rr!, TV-t: h^v-e 

| T- T Jt - 11 Clift F - n IliT - jj^ —j 4 dcr + j" 1^ —j - j rin 4 11, ’-j ' t tin 

fl - |^ri** of Sj} +0 “ 


27, P - (1,0,0). Q .0,3,0R (0.0,5]. € ii LhJMigJ* l s QR. 

f f-Tds - J | euH[J^^»ii 3 rf)T + ^ + (* + i„( J+ ;j)|] Nit- j J J-j ?k)- N rff 

3S- F{^ r p-, -■' s |3,' - + ; j-' 1 + ^Ui i]j - iit A ibh i)k:C Iw ^'cii.r rH|H(ilaeri Rl M - f»n> fi h nLd Ij 4 fc,0 < i < 2it, 

> \ , i L i 


1 

1 — 

K a , 

-2 


F2 

V = 

Jft 

4 


i J * 

a $ & 

5s5 

J £z - jr 5 4 fed y ^ 


■ '/ v i 4 5j + H^k 


BrtaDSO- L’ l& In a pJan# paialEc-l CO tbt X2f N — k. ApiaSyisig. ^ I.TiPur^rn. -wr +- 


CUJJ F - N filiT - 


JL 8 * 1 " 


Wt t& poJar ■:oocdinarci n-j-h z — r to?, t 1 , d.4 ?■ Jr Jtf. TIliu 

■ T(^ - J ! " |' JO w P)*r Jr ii# = | ir |' ir 1 Jr M = [ *' ’tus 1 6 M 

= g(l-ttsSflJdS = ^# + |s(B^s| | a %|w 



MlXOELLANiiOCS RMIRC1^ FOR t HAPTKEt 1-1 Mtl 


n^tti fjeri£j-.tff!£ Jfor (.E-a/picr J^T _ 


hi E-Jirrtiws 1 -i. d*l*fmiru- 1: Eiie WCtm gfildieilt. arid ]f .: I*. find A I il:m"Iiihi h-Li Li:^ ike j.lIL tjs.c. 

J j 

S. \l> apply I'lLuorf iii 14.1.1 to lJw vrtiM Ttir* lii yi e r , j - <j\* i tin'll 

M_,(JT-. - V rr " a*d Nj*. art = ? ;f Mn - N_.ini Urt'ftifcfn vwtar 1* Gradient V/(j- lS f}* 
v v ^ z 2 

J ± (*Y If) - tct** 13L jj And / y - /(r, jr) - *** Jh]f +*(10™ /^tf) “ “ f sfaO ” £ p-- 

rUv) “ Ot Jr) - C- TTierrioH! /(*. p) - r 1 in y + 0. 

2, II - r'lwa jf-src y* W = c* tfcV- r see y taa &f. = f'WV - sw: f tan y = X, 

/ri-c-y) e*tat if - s« /(r-sy.) - f'iso y r :«*- y + jf yj.; /^(x.y ;■ - i- r *vf*$ j. *** y uui y + - X 

/fo) - jrfy) - 0- - r J t#a |r-r «e |r + T 

3. tV* apply Tfafortm H.L2 to ifar vector f- .-^».— ■+ --^ + * T j — --k. 

ItJ+lJ* M j - J 

U* M(i, Jf. =) - —^-77 - -4. X| X. y. a) - =-'-_. and Rl>. if, -} = —^ ^ 

{x 4 ;) M x* r t " [i + if r 


M.Cr.y.^-'^, 


=; 


£-f i =)* 


Rji'-ffi-T = . 

- - 




Ztecjuisr M y = 'S jr . VS_ - K r , and N ± - H, r the f&vtn vmor ?s a-gradient wfcitie 

WW^-aJj -'.'•■»■ 

Fiom /* ? f{=, 3f r -) ~ ^ 4- jfe fyi** V\ -! - jrlr: + **{*") - JTT- ^' ■ - Wr 

*bR 4 = 1*U)- /{c.ft4 = ^*4^ “ | + hi ff > - 4 S : 

fc(7) - - = +C Ttw*fo« /(^.jf,4 - y|~j - 1 ^ t O- 

4. i-.c*e j — ; aitL f ,«i + :(cos x f 5tn y[j (no* y y rcw j)1 

t 1*1 

^ COS JF - ?ta N(^,3f n Z If + t tKJli Jf = -hH36^ 4 J| I 

Wr Imivp 

M ¥ {i.^£) = me i-2 K3n x and NJt, ^r) — -z t. 

Utfeau^r MJj h JhS) ^ N s|, l.larJI lllr Vrt-Usr M mi A ^CJuilclLE. 

In Karirevirww h B Uic1 ft.. Hi id n cwnitar votive v-cctgr fif-M ha^-i np J .h* ^U’nii^l fimctlon f. 

5. {a;. ¥U,v) - V/ - f(ij: 5 }t * 3»S*) - Itey+tffi t (2.-* + 

(b) f(A V . i) - V; - - ,*>»} = f 1 + - #«* - K*a - 

fiL {a) F(t, y) ^ V/ ** Vjr 17 ™ y + j sin y} = (e r ™ ^ + ?3n y]l + (- r'pin y 4 t ytj 

(b) tf(z, S( ?} = */= V(i* + j* + :*}-’ = -atx“ - ^ ^) ■- ■A -x Sfj + ;k) 

In EKfielsra 7 IV. pr avr eIlai ilw b-ecltw fisid P u <ojsi*fviMLV*, and find a- potential funeilan. 

7 r l ^Th : + ■ --?*—a j w ^uiiJH-r^ALive Imimif F Vo wiUi d(f. y} - ?Ein -1 ^j-y J -i- C. 

l-rdiTy' J 

B. - fftj: - 4 (- - -1^ )j + ■! V “ S->k 

d- Let 

= R(t.y.^=y 

Ttiesi 

N^tn-y,:}--* K,(^,y,f)i(l 

.M r (*.y,xi=0 S t (£ r y,xji=l K v (x.. v ,r}= I 

Iktiiu*' - S^, M ± St ttj. «[l(l tV r = ftj,. K.hie-1* f it lL: fyjdictil iff liHlir wnkr li»Ul. unj tllilp f il 

conservative h V A pn4«iU-n] fi i NrtcC':i. tJLdt 

* r (i, s, -') - m i*, y, -} - ^ *v 

Ir.'.rr.rriimp! wMh r^'ir^i r l'j ft'C get 

d(if n ys,*) - Sar s - Ixy + y[y. ?) 


1* PRODUCTION TO TSJK t ALOtfLTK Of VWTOK KLJ5LDS 


Pil-tiAJ-dinVj^itluatLJlg with Jtspwt to wr Jutvr 

Hrroo^ o tf ( r. Jf.: X(jf -)- 1 htn 

^ + JT v Cs. -> = - - 4* 

+ ftfil 


M - It* + ^ ?J 

P^ifoMifff-ren I lM*ilJ( wlHi tvKjn*-- In r, w rrllkun 

£ a (j, y p ; ) TEf 4, s), 1 &.-h 

* V) - 

fo{ ?) = -4* 1 4 c 

ajbd ji pultfhLinJ function js 

= 3**--try 4 yt-A.z 2 -Q 

S. Frx.y, j — r-«rr a xi - 4 (Sjr 2 4-- tin xjk is oft.-u«i!TvatLvK F - V# with q[z, 'j. ■?} - j 2 ian z 4 yM* 4<\ 

10 . — {y iLis x — -"iLci j}i .it rxw y ■ eos-rjj = V{-> cos jf—.Jt sin 3 ) 

Id FbcrcLa-tfi 11 14 r Ejtd uL.r! [■' uni dU F. 

11- S’(*.!r,i) - t*‘i + r“j - ^n, die f = j^} + _ g. 

i j 

flirt K - ipSril/0.,(1/(1; ^ (*f r * - n* r ]«+ (** J - ?<■•*$ + f.v" - 
, r** f r: r™ 

12. FX^p) = -!uii >i | -Mil ffk 

i J fc 

b turl K - 3/i9ir fl/tf- — . c« 33 - r« yk 

nj 11 J7 U H4h J- 

and 

dLv P = IJ^iin a) + D^03 4 t>j£\h j.-) - I) 

i j t 

n- T(*.lr.flirtF - »19*9}9i9f9* - ~,i- 4jj-4*.d« F-^j) ► . *(;) = £ +1 +1 

111 EKtsptpw: 1 1g 2-. cY4lil4lr Mir Mil*’ Owf Ciarvc 4", 

15. -3jrt-4ij; Rft> ^ a* 3 ! —Jj. ^F-JR= J* (B( -1 >. —If at^JJ *(4f. - J )rf I - = - jj. 

16- J^.F ■ <tRi - (x4 p)i - {y - jpJj- O: Ri'.'S ~ £ ,5 i 4 1 2 } from -he i»ini '8.-1. to *hr i^mt (1,1). 

& K(^) = si + 4J, r.bcxi f 2 ai ih« point (M,4;i. liftdiow R^L)-i4j. i.ls^n 1 = 1 iLt live- poLui (l.l). 

I'liTtJH'THKiFP, 

Ptmoj - K(fV] - (<" + f J !i+(r*- Jr’jl 
and 

R'(()-3^i 4'^ 

Therefore. 

f^F-rfR-{jlf* 5 -!-**)i+ f! a -< j )j|-( 3i*i +2Hi)d( = |^»+ it* + gi 3 - 1^+^ + ^]' - _3j» 


17. lilt) ■ 4 ain rt-*-c« ^j n 0 < E < *4. %Jir 4 *|f rf|f 

f pt/s - 1 f- 

= I [2(4 s®n I) 4 3 (-«m *)]* ™ l rfl 4^ sin (Main I rfi) 

- | ^ r^2 sin d ™ d 12 ™ 2 d 4 Fin^d cos l}rf; - Ifi siti^X M 




2 ™ 2 * t 5 lh ? £ c ea l !-tf; - Sfi sln^ - l ?(,’ H i + J- tin 2f) - si a 5 * ’r /2: 



MIM'KI I.VNF.OIIS RXFRniifJS FOR t'HAFTLIl 1-S !KSI 


IS. x = 3anI, g =■ Jcosf- J (2x + #JJi + (i- J £g)dj/ — J [(6 an (+ 3cosf]S «si + fjsini— fitoslK—3ciu.d)Jt/E 

= | (3$ mu l rtr; I - ^ - 9 ftEii 3 1 lcfI = 0 

W) - [t - [l 4 Ifr-S-Ple. I? <: I ^ ]. i 3 d$! 4 jV- t 

- [£f 4 I ) a + (f J )*4 ( f _ 1 ) 1 . 2Qdt = (if* + + - 1 1 + i)dJ = 1 |* 4 - P + ?( 2 4 f jj - ^ 

20, J i *cVjt-*i' J rfjr+4- , <fff: C in Rf*} - ii 4 C 5 ] -S-^ls, fn T V< f < i. 
t Paiametiic equitkuts of 0 aie 
if - t y ~ f z r r? I 1 fW? 0 5 t ^ I 
ThsroJofc. 

| ier*dx - + r J ^z = j tfd —& c {21 dl)4* r f3i*df)| — Jf* jt-' 4' r |^ 

31. Ffr.jf, g) = 3s V i 4- (V -*s]j + 6<k; Itil. - (»+ «*j + ! J *. 0 < ( < I. 

Y JR I*.St 3 )- (1 .?P,3iV - \ ' (3^ + 341^1=1 ** * ^ 

23. r-2ri + »jfi< ,’k- J(j e U) <** + *» if#+• i —J-"+ ' 2r2 

In Kl^rcisrs J jj :;i.l, provr ill al r.h-t' Vfilur of i tie: Haiti tLlUflTaS IS- ]E depend^ ol" lEi* path. ATl-d compote Ihf vnlu?’ in 

sny ronvt-nitiriL iiittjjru:'. Lu ■•■via !l vKrfti&r C is any ’^fliwittlly *ri iahj 1 Ji cdtVu ham pojES A Eo ;w>-’ - H. 

23 , Ri ^ 4 Vi viib - *V- i-' ■ «ffl it 3.2] *U .*>) = ^ ^ 

Hi | (^j- +(- "J - A h (0. E) and E is {fl-SI* 


M^jyl - --v 


¥ 


BecA-iitc Mjp) — !S^.i' j - -^ ah^n «:m lsn^ i:;Ltr^raJ is- ]:id^pindeist of _ »£L-c path- We LakH -1 pidih. from A iO H 
«?Mhi^inj 5 eif Iwth (’j In* thr line Mfiu>rfcii fwrn Afl)J ■ ict F>(0,3J, and In ^ lIh; I mu M^rfi-hl 

fni'ri i 3>(f>. 3) &o ^(^3). Ikeauw j: - 0 at. ev^y poifii on C : . 

J c ,8“^ + (-J->= 0 

At (Wf,*y pcinl «;■: 0^ Wi' k:svt- y 3 fLtid i£& — U O ^ I !ni^, 

Jc.S - - ; - « 

By JUldiliR E hf^ two partp of r.h^ liiso intr£fn.l -^p hflv^ 

jys “*'_)* + ( _ ^" ^ = ° * <_w)=_w 

AlJtfflnwtivHyj hy iT^pEtitEon 

55. Ff-r,y]l » y - p toa — (fiia * - r bin ^)j ^ Vtf iv i 1 li y) - j.- ■nxi, -y ;j Kan j 1 . 

36, J [(2*f-3y)J4(e 1 ’a* -H4fi?JI3-WR. = * a ji ■ + J3 +n-(-4+t-n It 

37. F(i iff+ --3 - !Syq 4 (!^J ■* 2rk = V<i i(ir. y, :! - Tf,U 4 2}/ 1 Z 2 * 

Y It It-1.3,0) df»,J,-l) = H-t - i,l 




9H IM'RODUri JQN TO THE CALWUJ5 OF VECTOR FIFi fJS 


J - srn jr J- t cos ^ % ■+ J sin ^ tf;: A is (D.L'.O) and U is- (5.3. V}. 

Iiite*iai£ Lhlrprntifi^ _ r Atn ij wilJi jit.j.^1 I c* j\ iriL^PAt-’it; ;z am ji u.- i |] ■ PH-sjprH'1 I it y 7 jjie! =eiiiiR!.-il.i i ift x 1 ■ y 
wil h m j s|twl ll> ~ .ill ftl'v*’ i: s-iu y, v:r h-iv^ 

f . j . # , . f.CMriA3J . t 

_ -i-i11 . (I- - j:. - njr- v djj — xAeu y m — fits.: siei i: — i: s;n ■. 

J c ^ P-a.Dj 

— !t- !-: El il - IJ — r riiri 3 

; j 1 , ■ "S B ■+ fl + A ^ ’■■ > |J| ^(*^1 — £ +■ V ■ '?■ 


30. ■* ( - 1 * *Jf- H 3«)3 - 3l^)fcJ-rfn 

In Ksrnri^ 31 31, tiw Grern 1 ? itnwrni lei r>;jJi«d,C Lhr ■: tk 1 intr^ra: 
31- The nllijftW xT^ + s/v-r - ■ bzll ima *(b-.4) - 3 Ut_ 

£ (3* t^Mx + Edr + j/^ - [ f " "fe' 1 * + W 


2 and the interval 


wSiATf V jm tJbi r L'ktMEd curv-tr dtTte^iikm^d Ijl LI i■.■ rurvif 


LH.i] <>u LJs(“ r Jiud ]/ Aife. 

L hf- iipirrv r-l-niv^ !."h r r^msi ht. Hucindtd li^lnvi- hy r h^ r aiis m*rl 
bounded above by the parabola £ A. 10.3!?) y — (2 - 0 <_ s <. 4. Because 

M ( f — Eei{^ 4 l J N(j p jf} - - 

then 

AppEyir^ Grin's Ltiwnftm (Ld.4,.1), vnp hare 
6 bify + ] hi!x - -~.-dy 




(4 - A * jt )(ij 




In Ek excises 3 f) and 3G. ia^Tli«un«ni t -1 A.'l r.i: find !h« nrpa^fhli^ r^>rmEi. 

JS. -r J ■ r. - 2 gives r - I, 2, Cjt Jf - r 2 . C 7 : y _ r -'J!. -1 £ J ^ 2. ESy tk|iVic»t 14,1,2. 

(*+2Jirr = i[f^+lWe = 


A - ij' r dji -p d,r --|j ^ j-(i?^ rtV) - r 2 di r - 

,16. Tbf rcfsioEi eiKln^L h v rb^ uvt> y^rvihujE;^ ? - r" €md r'~ _ |>- : 

^ Tbt ftguie sEjows cb<a T^ra. Tbe 'botindary (" & Lhrf uufafe if ■! 
^ la tbe |Mj*bola +i> — ^ fto«i (-3,S) L& {3.&J, mpd Cj i? jw 
fnc>i!i 1^!^] ( -VJ). Hiy l h«ir-ttn E 4-4.^ Iboanea of ih* ieg}&L. > 

A-y| ^ flTr | 

Ow^k y - r A mi C| 9^4 -3 < i- < 3 f tln-n nnd 

I'. . ^ - jp ^i 1 - •' ^ - |fl 

Bcwus? y = Ifi - for Cj and C £ is I&mii to (-3,ffj. then 


I x'H ttfW.r 


Rnlfttlt ixtinp, TrH3iii !_ :?)■ ^nd (3-1 inlo «' i ■ w 

A -j(|S+ 135) -'5 
TIm; Area of lie le^irm is 7^ ^?rHjv* units. 



MTsen.uvKors k^fiioses for chapter u ™ 


Eh 37 40, fiuct iht ioUd wo>». done jin lllouhr ,>l object along 0 i:' vn* m»i]usi is txuLz^d by ibc force 

Ili’j.d, i■■' l jTi 11 :■ CLLH 7 a.s 1 . 1 rrd in nsHrr* -ind farrr is r: ^l^uhhI ih 1 s t-utir--. 

37. F(x,y} - 2x a yi4-{x* + 3jrjlj; y - 3* 1 42*44, 0 < - v <' I l J w jon'les n-^rlc iri dOaiU 


15&S 

15 


\V = j P ■ rfjt - |' 4 :ix - + HV f 2i + -t... - (1.dJ 4 

- f (8>* t B4* 3 H War ■ Mx + 2-1jif-- ^ | i 1 -r IS/ 4 8* - H21 a 4 J4t£ - : 

f r m 

3$. r = ! J cot t. y — 2 5UL i 4 y <4 < ^si- W = J diy - | "lfijcos i sln^'■ - sin Ij - coa"* sm l(cos tjjdf 

s —161 (sun 3 ! cos I +ioe j J lie Ittfl - —-lj - «us*t j " 1 * — —6 joules 

39. K(j:. l\ i) - [eg - j}i 4 j(j - ;t. R(r - ti't-i- ij + ?it If W joules woil :* iImh: 

W - [ r-dO. - P (H(* - 2 t.t, if) - (1,l,2}rff J 1 IMI 8 SOrfl = If «* -f L a £ - y 

40. .-) -xyjj-r'Q+(*+** C: Rf :'• = 3fi I r'j > 2tk; 0< < « 3 

&■ Ef W is !hf -vt'orlf;. th«n 

w=r fV3M a ,2<M*C*} = f , («/ , i+e ,1 j + &(t}-{ai-r5ij-i-2k)ii i = Nil* 1 +2fe' 3 4 

ju Jo Jo 

= '■£?4 / 4 (l»J = [f(*)4e*4 W 1 )] - < tt = ±f*4 
Th* work l3 approxiaiattLy 1H Y2'l joules, 

|jt Egerristt 41 &ad 4S£ L veij-fy divftfffrrt** fJtL’*»aiL iiid £(^kn.* ibi-orniM' I■ ■ ilu 4 pJaAL 1 foe F atid R. 

41. Ffx.jr) - 43*j. C> R(i) = cc^fi 4 au 3 *j, 

(a) j F- N d* — £ -S* rff-r4Mff- [—3«S 3 '-I ^/ rEBrljc )+ Mh a f 

- —4 — 0 and J|^div F JA - || tiA = 0 

■b) C P-T — j' 4;y di 4 dy ~ I ' [i sin t) 4 3 yin a ^ cw E)]Jr 

- 3 eos^lljl ™ 3 ( ~ *5 sm 2 E)rff — ^ j ™ Et - ] j di 

9LD ^Ji htw J ll d-T ’J. I (1 - e.cw ll)rfr — ij - -^r - 7 t — -”T. AJeo, i4.-1.25 ^itE L a — 1 4 


R J'.rvf- liTH 1 * J r , 


h-utJF tdA = 




( It kdA ^ 


rfA -|r. 


42. F(>. ip) — 3r 2 i - ^vii- r - =1 rn« y ~ 3- sin E. 

r -i) ■; F - n f!y, - | -Aijilx 4 3s: 2 L!> - Jjr [—-I.& sin.^J(—l sio t) - 43 r.-^ J E.;3 J - tt odd poivTrj 

|| dfcv{3z ,i i— - || (Ssr + 8^"n'A - U 

fb) | V ■ T rift — 3i ? Ji4 — | l- j , rn-j-.Vi 4 — | U dA = 0 

[:i Bxgfccases ^3 asd 44. use E.ircen"s iJKorowi ic 1 find thr iniitl vurV clH?n« ;:i riMving an objccs in pauaiLt j vrloe.‘k- 
wbw dLr*rtlon on^ juratn^ (’ if lKh sihuLion u- cjuuti-d by chc fd^eo firfd Ffjvjyb & nsrasutcd Lp ttnK4CH umI 

foe tit is mjtaAurod lb nektons, 

43. W = £p*d<t= || ^ || ^tx - 2xjr)rfA = 0 (fl«td fimetimi of x) 

■11. r is tkt idlcft:-K 9a.- 2 4 y 5 - !): F !>.};) - 'llx - %)i 4 tx -► 2y [J. 
tk Thu Aicituf tbr the fc^i^rv II fwlcud by jJlc idJjpii I- T£t - »(.J !.!3> ” 3r. J..-I 
\T(x. = 2x -3j* - J 4 ^Df 

3f W .ioule* tin 1 loLaI wurk dosL-c. itauti by (.-irt-n'^ i : !iT«n i !:: 

W ^ ^ M(A.yldp + N(x.y)dy - | [ ^5 y (T^JldA - [| ^ J " 1 11 ^dA 

The iot-n.1 woii; is ]2 joute- 



m iNTHOHircnoN to the calculus oi \ lctor fields 


J iv. F — — 3^)1 + The triangle (G, t ) h ^0 + 4),. (4 H 4) has area i - a - 4 — G. By the divtiftfu# theorem. 

ill* number of cm^fiK Lii Lht flow.' b j ]■' ?C dj - JL div F dTA — | _ V4 4 i)dA - -fi - :A 
46- C: ~ -1-^= 1- j> E-pdff =■ J"J rfjv[^ + 12* )i + (4|/ - r l tt]dA - | (12 + 4JrfA - 16 ■ T(4tf2) = 138* 

47. F(x.yl - — rz —'—7 1 4——- j — V.- wr"!' -ftf-T-w] - lnr 1-1 y) — inn lr is- ntri ili*fi (kji lljff x iiJdPKj . 

^+jr rK $ 

\ f = ^ f-^1 - j*. 

48. Apply Gwo 1 * tbwnflcri ir. oompin^ r.heAroa nf i.H? ^.ladrilar-HT^l having v^r.icfl* (6,0), (3,2),( LG), jind 

e> Let C be the boundary of the given. qnidriJAEitti region H. Wi choose tune liana M And M eo Ib&t 
S^x.gf)- ) — 1. Tl'ifn rhe- rijjhl *1 Jp *>f GrnenV theorem will give lh<' rne^Aiara n>f thf «x<!;j tff R. and we 

tti&i eaJcuEate the «i*a. hy -L-raJuaiLLg the iiau^al ou the Left sLdr- l-l Grega'a theorem. There are many possible 
rhmrr^ few I hr FimriirenF M *nd N, Wc let, M( j,jp) =. 0 and X(j. j} ■= J, Tbc area tff I be region It is givrai li) 

A — j; Mfx,y)d^4 N(x,y)rfy — x fiy 
The closed curve C centrists ckT four pieces. 

W« evjUuitfr J £* dy where C in I hr -.- -m- 'urn (j^y,) Ur tf ►ri U thr slap* of £h* »gme»l n theft 

dyfdx — rr; and _ m d*. Thus 

I I Ji = | - - 5 ■ -1] 1 *) = JC-i “ if I )<*? + ^} (P 

Applying (L} «o- ib^-wgin^ni from |<J,0: i^> vrr £*: 

J c r d s “ — fl)(3 t 0) = 3 

ApptyLug ( t) l« iite (wgment from i'-l,2 - lo (1,6). wh- r/4 
| Cj rJf ^^5-2X1+^ =6 
Applying ■ I) io segment from {l n 5} i&i - 2J), wr- get 

j Cj rd S = ^-S)(_2+ 1 J = 3 

Apinlying (L) le iHu* ^gment ftom (-2,1) t* (0,0), we ^eL 

IMS S)=> 

Tllmfwtr* 

A = ^ + a rfj = ^ * dj + s dj -F Jf dir + ^ x if^ — 5 + 6 + 2 4 1 = t a i 
I he aiea o-f the quadiJJaieiaJ is E2 square units. 

-I&- - - = 3z 4 2y. /^(i. y — 3. / y .Jx,^} - 2. Teiai^Lt: U jijl- 5 z-i<h ?tx - 2y - fi. 

1 5 ^ ^ * J | D *S\^ 2 s + i a + l dA = h/H J* j; * T/, ' m ay dy eft - i/Ti j_" cix 

« ^ ll xt6 - ^ - ife* ■- ~ - & -1 

50, 5cr r^rrrE-M 1 ST,^,B 

H* /(?.j) - - - S-^ 2 - //*,s) - d. r j: rf(T_ | j , v / 1* r TTrfA - j ^ J S*Msf s -l) J ^*rfc 4<j 

- } /\l ^A* 1 + U 3/ T‘ j x ~ r j 0 2 - i]Jjp = -1] 

55i. Ev&4h,iU th< ■jurf^w'e irateRTai J f zy; df, wh-rr^ h in Ui«- m*Ttiw\ of thv 
cylixd^r it 1 4 - 9 hfiw^n the pi^n-r?. 4 -: I mh3 -c - 4. 

fc I'tijc id rlhe-p in ^Iiowd in the Il^utl 1 . Ekcn.UM' the- iLni-U'i.* In nycmirtfifl wtLli 
r»».s[}«cE to tllR i: phsaif y — K ;uw3 r,hf> nl^pr^nri xiy. - :-= rin orl d frmrlmn of y, 
then tin? noJujp. of the itnegrftl tb 




MittULLANtOus mp t jhaftikk u 955 


51 Pix.y, i) = f\ J!, J) - --- -/-t - r 3 - y 1 , /, == — 7 y v Tb* uiau L> Mkp. 

M = j 1 ?bj A — f tr ^ * ^JL j. * 1 rfA - - fc |} rf 

Jb Ja Jfl 3 2 5 rf :t ---- — 

M. i - -**- if- M - [ \ - ;)lfr 4 J } a ' i<f - f J 0 ^ - /J - ? \!yi * 4 - is" ; /i + 1 lfA 

-4 [J rtr-2 J! rfA — 4■ a-JTl'? 4 } — 3■ =i 3-t-» 


M 




'„-ii ^ + l ' fA 




55. mn = - = </?+?. fj^yi-^r^j'/»(*.»>- v /^ ¥ + ^ -* 3+P +1 * A -^ rfA - 

fl n Mi innuh* *f r*4ii 3 &flet 4- ^(*,£1 r] ^ {10 - j]kn/m 3 . Jl kfi ^ fiaiirwk* mn*r± 

M ■ J I (ia-t)dir = jj (M- iSA. - f^jVci -T)r* it- 3 ^= lHfi-/Eir 

56, S if. iliAr part of the- sphere f 2 + y a + V - 0 Jhnt it abo** 1 thm fr&vn I) in Hit! ay plain 1 mr3o?*-d by tilde 

j: 5 + jj* = 1. If the vcfocix? field of a Fluid is given by Fte,y, - 3 “ -yi + *j + JL, find ihc fUs, *f 1? 1 

& Wi bvf 

MfjCjIf.j) =■ -jr N(^.y,r - IT Et[±.^.il = 3 
^fO^v j |L^ ijjir- rt|isalLcm of l.lir *|llicrr fm .n, ^ dtl□ t j|. i m 

:=/(*.&) = r f P 


^-Vr? = 

If u if a usiLi. upjtfr norrasd v-tw-'tw of S. Hui of I' ac/os** S i= : jf vj-h 1m 


fj/- 


rf^r- ( M/ r NJ f +R«W 
J J o y 


y v r — ¥ 


3jcfA - 2 


S IJ „ rfA 


Betfluse c,hr area of the r^gton D is xr 2 =- j, IJkiu tbfi fltii ot Y mjok S is 3a cubic ueissh per umt of time- 

57 n*, Jf.r) =2*i + 2ai + 35fr-/{*-sr) = * ai-J-f. jf) = -ti. ~ -?!■'- » in ^+y > <•* 

flux — || V -» du = [ J fl t(-fcX- 3 *>+ (~ 3 ^H--V) + 3 {t J r 1 - ' | J J,** + lr' + 

-■'| | 3 (r 11 i2)r dr it - ttj’ (r* + 12lJJr - t™ -f Ur ! ? _ Sr-aia Mr 

M- F(x,^f) = ^ii,S:i ;l -Hy T 4-E , = 4, 

I '.-I II iff — V bMaiWrf i ■ I] :-. ^VC-|i. 7 n udl! WLtll riSiJrt'Ul to pl-aiLC I, (livlijjfiiiY -■ |J| (I tv ^ it. 
tq ^HnelM Atid Vw CittUttsV rliwTf^h« tl>«wLisp tc rValu4ip Llw iliii'AMd f f N for F WM3 5, 

59 . * w * 30 , I f r- W rfr - | • dlv PdV=| | 5 «[V - 5 (lftT)( 3 ) = WOtT. 

60. - y £ j - S is iW bouadary of tEic region fn-rb^d by shL- 


rofit' i - t]sc planr ' 3, 

^ BflVi 'be fi^urn. By GatiSS';- div^genr^ thMiTf'm 

the Trgioo KyirriiMrit: with 10 the pJatK'i: -r — tl And y !.■. 

li]c ib|d<|f|-4Ji- 'hf Hh- fitsl. two Lffipp afr U. Tn rvaluntr. ll^F third. Eiritch to 
r -. lindrical coordinate ^"i tV dr -= TdrdB <iz. ’rtioi 





- 


f 1 f iBb f*2zri/r lUdi- [ l f *i^rTdff iz 

X Jo Jfl Ju Jt>Jo 



Kfc ISTRODL'CTIOX TO THK CALCULUS OK VEPIOB KIKI.IIS 


In I'Ci^r'T- *j*L <J 1 <J V-CJlf^ 1 -Slti&ts'ii tlsmmii fi>T f l and S. 

$]. (_ - si 3 fl» tl 4- ft hci (I < I < J i»i }’ .=. si * x lcJ+ 2m\ 5* 3? fj. Bjr ir-.il ion 1.4,4* 11 

♦ K ■ Til.v = ['* |i» + (12 CM £}[} «» <)]* = *> ^ «**< <fc - 36 -1* 2» 3#*. Also 

^inl I-' — Ijf Ik /(?■. = f - S — T/^. Frwi *q;iai[OEi Lfl.a.S). 

[* | ^riiH F N tiff = j j ^(0 - 1 ■ 2 pt t 4}rfA j J 4 r*A - 4 ( 9*3 - 36* 

. O. HI t} A ™ it - A sin ij u U < i < ^r. Y - ryi -i- yz] + - r :k ^ F ■ T rf-s - 6 Jfj dr = U ]i is odd. 

^Jturi Fender - JJ —- 2j — xt) -|(.zi + jj -t- -kWff = \ j fgry + y: + i z)dr - 0 ^odd Lli j and 

l-i 3iiC^ic]n«i jit.H 6^, usr Slolwi's Elkeortill l* « Voluble iJtr liiu* iijL^^raJ £ K-T riv ]aj Y J:^rl i_' 

<t3. S F. .r" - : v' a < L : _ 1 . J ^ I" ■ T -: j - | j + b(J!* - 1))i + (-Cot -0 - £*)} + - i “)k" N dc 


612 


JJ, 


(%i j 2*k)krfA 


dA ~ 0 b+cause £ is wfd. 


(H. =3 - I + -3k; C U the- j* * 1 in Lhr f|r plate. 

■ j k 

*■ fiipi F 4? ; rile 

- 2 * 3* - 

Applying, ^lotess thtoitttt, ws tit^ 

i y T da -i J ^ tilt] F ■ n d* j |" \,k ■ a rfp 

H*™!-*' ^ In AtijK ^FTtinnally Tcn'pDt h * iFfiMr wUtip*' In ■ ih3^f/ L-. r':, vip nny |S -.o L jr fhflt pflsMai^fl tin •■ ry 
pUnr ww^Mifd hy ibe tirtbt C- □ Ls a uoil uppti JiottJ-iiJ v+ectiw rtf S ? IImfi □ - k ,-inrf fr« n = 1, 

Tb^ ALirfarr of S ih tr( l’r **■ ^ ■ Wf rt3n^ludF Eh.ii 

j; F-T(J^ = ^| dF - ?5fl- 

In UzitTtiflftE- a.™-! 66. proie the ideality :f / L-- jl rred vaJih.^ fnnrUon aorf ^ is a vect«^va]y*d enik^fh-. 

& Ltt V = pi -\■ ~ rlL 

65 V -(/¥> - 3> r {/^: +■ D p (/g i + Dj/r} - f r p + /p r i- / <r ■* l-,/ a p + 

= (/ J P+4^/ = ^+/[p J -+^4r 2 J_(T/)-v+ J f(rvi 

fiF. V* «/v> =5 V Sf -4 /(! + /r^ 

[^> - &*>} - ^4 


* J 

#/&j a/a? -&f&z 
fp /? fr 


= f z pj + \fj - /_, p-fc 4- 1/r^ / f J p - f/- /pji + [/f r - 

i j t 

/, 4 /i 

P 9 r 


i i t 

+ f\3J3zd/&yVf&: 
P ^ r 


“ V/xt+/{’Pk¥3 



